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ENERGY DECAY TO TIMOSHENKO SYSTEM WITH INDEFINITE DAMPING

L. H. FATORI, T. O. SAITO, M. SEPULVEDA, AND E. R. TAKAHASHI

ABSTRACT. We consider the classical Timoshenko system for vibrations of thin rods. The system has an
indefinite damping mechanism, i.e. it has a damping function a = a(x) possibly changing sign, present
only in the equation for the vertical displacement. We shall prove that exponential stability depends on
conditions regarding of the indefinite damping function a and a nice relationship between the coefficient of
the system. Finally, we give some numerical result to verify our analytical results.

1. INTRODUCTION

In this work we consider the Timoshenko system which models the transverse vibration of a thin rod of
length L by taking into account the shear forces given by

prpee — k(@z + 1), =0 in  (0,00) x (0,L), (1.1)
P2 — bge + k(s + ) =0 in (0,00) x (0, L). (1.2)

Here t denotes the time variable, x is the distance until the beam’s centerline in equilibrium, the function
¢ = @(t,x) denotes the vertical displacement of the beam’s centerline and the function ¢ = (¢, x) denotes
the rotation of the vertical fibers in the beam. Moreover, the coefficients p1, p2,b and k denote positive
constants and they depend on the density of the mass material, the area of the cross-section, the second
moment of the cross-section area, the Young’s model, the modulus of rigidity and the shear factor.

The system (1.1)-(1.2) is conservative. So, if we want to search about asymptotic behavior we must add a
damping term. In this direction, the main types of dissipative mechanisms considered are frictional, thermal,
viscoelastic and their combinations.

Recently, researches have shown that the exponential stability of the Timoshenko system is achieved
regardless of any specific relations between the coefficients when there are a dissipative mechanism in both
equations. We refer the reader to, e.g. [14, 8, 20, 22] and the reference therein.

However, if we consider only one damping term the scenery can be changed. Soufyane in [24] proved that
when there is a dissipation of the type a; (o > 0) in the equation that models the rotation angle the system

is exponentially stable if only if
k_0 (1.3)
P1 P2

Taking into account the condition (1.3) several extensions and generalizations were established, including
dissipations like viscoelastic, thermal, memory etc. Among the various references we can cite for example
[1,2,7,6,9, 11, 12, 13, 16, 23].

Still in this context there is only one work related to indefinite dissipation in the Timoshenko system given
by Rivera and Racke [17]. In this work, they considered an indefinite dissipation acting on the equation that
models the rotation angle, i.e., with a damping mechanism a(x)y; where the function a(z) may change its
sign, present only in the (1.2) and proved that the system is exponentially stable under the same conditions
used in the positive damping case, and provided

1

L
a= E/ a(x)dr >0 and |la—a| g2 <e, fore small enough . (1.4)
0
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In general, the aforementioned studies that considered one dissipation always did it in the rotation angle
equation. The first work that considered the dissipation in the transverse displacement was due to Almeida
Junior et al [3]. In this paper the authors studied the Timoshenko system with a constant frictional dissipation
acting only in the equation displacement (1.1), ie, they consider the following system

P1Ptt — k(@z + 'l/))a: +ap; =0 in (Oa OO) X (07 L)a (15)
pathi — by + k(p, +9) =0 in (0,00) x (0,L), (1.6)
with boundary conditions given by
cpw(~,0) = @I("L) = ¢(70) = ¢(7L) =0,
where @, p1, p2,b,k > 0. The main result in [3] asserts that (1.3) is a necessary and sufficient condition for
exponentially stability to the system (1.5)-(1.6).

Keeping in mind the last results our aim is to complement early works by establishing the exponential
decay when we consider a Timoshenko system with a indefinite damping in the transverse displacement, that
is, we consider the following system

P1Ptt — k(‘pw + w)w + a(x)wt =0 in (07 OO) X (0’ L)7 (1'7)
prtt - bw$z + k(@x + w) =0 in (Oa OO) X (07 L)7 (18)
with initial conditions
@(Oa ) = Yo, Qﬁt(o, ) = ¥1 1/)(0, ) = ¢07 I)Z}t(O? ) = 111)1 in (Oa L) (19)
and boundary conditions

We assume that a € L*(0,L) is a real function that may change its sign and satisfies (1.4) for the part
on the exponential stability. Our goal is to proof that the conditions (1.3) and (1.4) are sufficient to yield
exponential stability to the system (1.7)-(1.10).

The paper is organized as follows. In Section 2, we state the results on existence and global well posedness
to the system (1.7)-(1.10). In Section 3, firstly we discuss the exponential stability in the positive constant
damping case and then we finish with our main result to the original system. Finally, in Section 4 we show
some numerical results.

2. EXISTENCE AND REGULARITY

We will study the existence and uniqueness of solution for the Timoshenko system (1.7)-(1.10). Putting
U = (p,®,1,T) where the prime is used to denote the transpose. Then U satisfies
U =AU t> 0,
{ U(0) = U,
where Uy := (o, ¢1,%0,%1)" and A is the differential operator given by

(2.1)

0 1 0 0
ka2 _a() O
A= P1 8I p1 1 kpl 0
0 0 0 I
—k9, 0 Loz kr oo
P2 P2 P2

We denote
L
L3(0,L) = {u € L*(0, L); / u(z) dz = 0} and H!(0,L) = H'(0,L)N L0, L)
0

and let us introduce the following Hilbert space
H = H}(0,L) x L*(0,L) x HX(0,L) x L2(0, L),
with the norm given by

U115 = e, @, 9, O)5, = pal| @72 + bllvoa T2 + Ellga + ©lIT + p2/ )L (2.2)
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The domain of A is given by
D(A) ={U € H;p € H*(0,L),® € Hy(0,L),¢ € H}(0,L), ¢, € Hy(0,L),¥ € H}(0,L)}.

Setting
Aw=A-"2p,
P
where as = ||a||L~ and B : H — H is the continuous linear operator given by
0 0 0 0
0 I 0 0
B= 0 0 0 0
0 0 0 0

Observe that, D(Aw) = D(A) and for all U € D(A) we have that

L
Re(AxU,U),, = —/ (a(z) + ao)|B|2 dz < 0,
0

which yields that the operator A, is dissipative in H. It is not difficult to prove that 0 € p(A) (more
detail, see [21]). Thus, by Lummer-Phillips Theorem, we have that A, is an infinitesimal generator of a
Cy-semigroup of contractions.

Now, using result about pertubation by bounded linear operators (see Theorem 1.1, chapter 3 in [19]) we
have that A is an infinitesimal generator of a Cy-semigroup.

Therefore the well posedness of (1.7)-(1.10) is summarized by the following result

Theorem 2.1. Assume that Uy € D(A), then exists an unique solution U = (@, ®,1¢,¥) to the system
(1.7)-(1.10) satisfying
U e C([0,00), D(A)) N C*([0,00), H).

Remark 2.1. The semigroup S(t) generated by A satisfies
IS@)| <ert Vix>o.
In fact, S(t) = T(t)e%th where T(t) is the Cy-semigroup of contractions generated by A.

Remark 2.2. If we consider A for the arising constant coefficient operator instead of A when a(x) = a
in (1.7) then A is an infinitesimal generator of a Co-semigroup of contractions associated (1.5)-(1.6) with
boundary condition given by (1.10). In particular, the system (1.5)-(1.6) with boundary condition given by
(1.10) is well posed.

3. EXPONENTIAL STABILITY

In this section we will see that the mathematical hypothesis £+ = % the average @ > 0 and [la—al[z2 <€
are sufficient to conclude that the semigroup S(t) = e associated to Timoshenko system with indefinite
damping is exponentially stable.

The main tool we use to show the exponential stability is given by the following result due to Gearhart,
Pruss and Greiner (see, Theorem 1.11, chapter V in [10]).

Theorem 3.1. The Cy-semigroup of contractions S(t) = e over a Hilbert space H is exponentially stable
if and only if

p(A) D{AeC:ReA >0} and M:= sup ||[(M — A7 < oo (3.1)
ReA>0

hold, where p(A) is the resolvent set of a liner operator A and I is the identity.

In order to get (3.1) we first need to show the exponential stability to the positive constant damping case
which will be done in the next subsection.
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3.1. The constant coefficient case. In this subsection, we will show that the Timoshenko system given

by (1.5)-(1.6) is exponentially stable if £- = % is holds and @ > 0 ( @ is not necessarily the average of a). In

fact, we use the same techniques used in [3], with minor adjustments and presented here only for the sake
of making self-sufficient text.
The energy associated with the system (1.5)-(1.6) is given by

E(t) = ||U[l3; = prll @72 + blloallT2 + kllpw + ¢l 72 + p2] V(72
and obeys the following dissipation law

%E(t) = —2a||®|2, <0, Vt>0. (3.2)

Now, we will establish some lemmas. Let us introduce the functional

L L
Fi(t) := lee{/ @pdx} where  p=o +/ Ydr.
0 0

Lemma 3.1. For every § > 0 there is a positive constant C s such that
d k L L 5L2 L
*.Fl(t) < **/ |<Px+¢|2d$+01,5/ |<I>|2dx+p17/ ‘\I/|2df£
dt 2 Jo 0 2 Jo
Proof. Multiplying the equation (1.5) by p, integrating by parts and using the boundary conditions, we have
L L L
pl/ @tﬁderk/ |<Px+w|2dx+&/ ®p dx = 0. (3.3)
0 0 0
Using that &;p = %((I)ﬁ) — ®p, in (3.3) and taking the real part in both sides, we have
d [t L L L
Re{pl/ @pdx} :pl/ dp; dx—k‘/ o + dx—aRe{/ @pda:}.
dt Jo 0 0 0
Hence, from Poincare, Holder and Young’s inequalities in the last term on the right we obtain

d k L 6,262 L L T
4RO <=5 [Clecrvrart (m+ 52 [Toracsn [C1a] [Cvas
0 0 0 0

T

dx,

(3.4)

where ¢, > 0 is Poincare’s constant.
Again from Holder and Young’s inequalities in I;, we have that for any § > 0 there is Cs > 0 such that

L 612 [F
() < 05/ @ dr+ - [ wpds
0 0

_2C

2k

SN

Therefore, using the above estimate in (3.4) our conclusion follows with C 5 = p1(1+ Cs) +

Consider the functional
r bpr L
Fa(t) := —p2Re V(g +1p)dz p — TRB Y, Pdx
0 0

Lemma 3.2. Assuming that p% = p%. Then F» satisfies

d L L b L
—Fa(t) = —pg/ | U |2 d + k/ lox +9)? dx 4+ —Re / Dy da p.

Proof. Multiplying the equation (1.6) by p, = (¢ + ), integrating over (0, L), we have

L L L L
pg/ U, 5, dx—f—pg/ \Ilt@dx—i—b/ V(e + ), dx—l—k/ |<px+z/J|2 dxr = 0. (3.5)
0 0 0 0

Note that 4 J
U5, = ﬁ(\p@) — 0P, = o [(V(px + )] — Wytp — [¥> — U, (3.6)
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Replacing (3.6) and using (1.5) in the third term in (3.5) it yields

d L L o L L
p2— \1/(%+¢)d:c:p2/ \I/<I>$dac—|—p2/ |\I/|2dx—k/ |z + 1| da
dt Jo 0 0 0
ba [T— b L_
2 By de— 2L | B, da
k- Jo k- Jo
I (t)

Rewritting Z»(t) as

L L L
Iz(t)zbﬂ/ Tibndr= 2L [Ty de+ 2 [ v, Fdn

kE Jo k dt J, kE Jo
we get
d L b L b L L
ﬁ[m/ Up, +0)do+ 24 | B, da :pl(”z = k) / ‘I’(I’zdx‘f'm/ V[ da
0 0 P1 0 0
L _ L
b _
—k/ o + |? da — i‘/ Ty, da.
0 k Jo
Using ,Tkl = p% then taking the real part of the previous equality our result follows. (Il

Finally, let us consider the functional

Falt) = sze{ /OL wwx}.

Lemma 3.3. The functional F3 satisfies

d L 3b L 02k2 L
GO <pn [P [P ot B ek vPdn
0 0 0

Proof. Multiplying (1.6) by 1, integrating by parts and using the boundary conditions, we have

d v _ L L L
pr/ w\lldx:pg/ |\I/|2d:c—b/ |¢m|2dx—k/ (pr + ) da.
dt Jo 0 0 0

Taking the real part of the previous equality and using Cauchy-Schwarz and Young inequalities on the last
term on the right our conclusion follows. (]

Now we are able to show the main result of this section. For this, we define the following functional

Q(t) = N()E(t) + N1.F1 (t) + Ngfg(t) + fg(t),
where Ny, N and Ny are positive constants chosen conveniently so that the functional G(t) is equivalent to
the energy E(t).

Theorem 3.2. Suppose that % = p%. So there are constants M > 0 and w > 0, independent of the initial
conditions, such that
E(t) < ME(0)e™“".

Proof. Using the Lemmas 3.1, 3.2 and 3.3 we obtain

d L k L L
—G(t) < —2&N0/ |<I>\2dx—N17/ |¢m+¢|2dx+N1015/ |®|? dx
dt 0 2 Jo “Jo

2

5L L L L
+N1p17/ |\I/|2d$—N2p2/ |\I/‘2d.1‘+N2k‘/ |<Pw +¢‘2d$
0 0 0

ba - t b [*
+N2aR6{/ %xd””}+Pz/ WP de— 2 [ gl da
k 0 0 4 0
2k2

c L
+ 2 / |z +¢|2d$'
0

b



6 L. H. FATORI, T. O. SAITO, M. SEPULVEDA, AND E. R. TAKAHASHI

Applying Holder and Young’s inequalities we have

d 1/ , b Lo 1/ k 2k
dtg(t)gpl<2CLN0N101,5N2k2>p1‘/0' |(p‘ dxf% N1§7N2k7 pb

1 §L2 L b [E
(N1P12+N20202>P2/ |W|? da — 5/ |the|? da.
0 0

P2

L
k/ oo + ¥ do
0

2,2
cpk

Taking Ny > 1 fixed. First, we choose N; large enough <N1 > %(Ngk + 5 )), 0 small enough (5 <

Nip1L?
ko > 0, such that

2”2(1\[21)) and finally taking Ny large enough (NO > %(Nlcu + N22b]g22)> we conclude that there is

96(1) < ~hoB(1).
As G(t) is equivalent to the energy F(t), there are M > 0 and w > 0 such that
E(t) < ME(0)e™",
Therefore, the proof is complete. |

Remark 3.1. From (3.2) and (3.1) we have that, if U is a solution to (\—A)U = F, then there is a positive
constant such that
Ul < el Flia

3.2. The Indefinite Case. We will show that the Timoshenko system given by (1.7)-(1.10) is exponentially

stable since Z—; = % and ||a — a||z2 is small enough which will be guaranteed by verifying (3.1).

Firstly, we will show that for any A € C the operator (Al — A) is invertible, that is, for any F' € H exists
W € D(A) such that (AI — A)W = F, which can be written as

piN2p — k(pe + 1) + g = pA (@ — a(z))p + Py
02/\2¢ - bwww + k(‘pa: + ’(/J) = Iy,

where Fi = Ap1f1 + p1fo — (@ —a(z)) fi +aft and Fy = pafs + p2Afs.
Our goal is to determine ¢ and using (3.8) deduce .
So, from (3.7), we have that

e — %0 = P2 (a(a) ~ 2o~ T — i,

with
o2 = (A +aN)
p .
Now, for each (v,w) € H(0,L) x HL(0, L), we define
A F
qg= %(a(x) —a)v — ?1 — Wy

The Dirichlet Problem given by

{um(x) — o?u(zx) = g(x),
u(0) =u(L) =0,
has the following solution

u(z) = Dalg) = 2D (a(x) ~ @)0) — 1 DalFy) ~ Daluy),

where
D,(g) = é /0 sinh (o(z — s))g(s)ds — ;MA sinh (a(L — s))g(s) ds.

Therefore, for each (v, w) € H}(0,L) x H}(0, L) we consider the following system



ENERGY DECAY TO TIMOSHENKO SYSTEM WITH INDEFINITE DAMPING 7

p1A* 0 — k(py + )5 + arg = p1A(a — a(z))G(v,w) + F
P21 — by + k(9o + 1) = Fo (3.9)
90(0) = QO(L) = %(0) = %(L) =0,

where
A 1
G(v,w) i= B2Da ((a(x) = @)v) = £ Dal(F1) = Dalw,):
Observe that (3.9) is related with spectral equation

M- AW =F

where 4 is the operator A with a(z) = @ and F = (p1A(a — a(z))G(v,w) + Fy, F>)'. From Remark 2.2 we
conclude that (3.9) has a solution (p,1) € HE(0,L) x HL(0, L) for any A € C such that Re X > 0.
Thus, for each A € C with Re A > 0 we can say is well defined the following operator

P:Hj(0,L) x HY(0,L) — H(0,L) x HX(0,L)
(’U,w) — P(v,w) = (go,d)),
where (¢, 1) is a solution of (3.9), where H}(0,L) x H}(0, L) is a Hilbert space with norm given by

L
| (v, w)|I3 ::/0 (p1| M| + pa|dw|? + blwy | + klvg + w|?) de. (3.10)

Now, we will show that P is a contraction. Before, we observe that, if we consider d; € R, such that

|
P1

then from Remark 2.1 and Theorem 5.3, which can be found in Pazy’s book [19], we have that for all A € C
such that

Rel>d; weobtain A€ p(A) and |[[(M—A) <1

It is easy to show that 0 € p(A). As p(A) is an open set, we have that there is r; > 0 such that for all
A € C, with |A| < 71, we have A € p(A), in other words, there is a ¢y such that [[(Al — A)7!|| < co.
Henceforth, we will consider A\ € C such that

0<Reh<d; and |\ >r. (3.11)
Since 0 < ReA < d; there is Cp > 0 such that the functional D,, defined in (3.2) satisfies

C
I%@Wﬁﬁwm (3.12)

(more details see Lemma 2.61 in [21] ).
Lemma 3.4. If |a — a@l|12 < € with ¢ > 0 small enough, then P is a contraction.

Proof. Let us consider (¢!, 9") = P(vi,w') with i = 1,2. Putting (¢,) = (o' — %, —9?) and (v,w) =
(v! — v, w! — w?) then (p,1) and (v, w) satisfy

p1>‘2§0 —k(pz + )z + arp = pl/\(d - a(x))gl (v, w), (3.13)
P2 — bibas + k(pa + 1) =0, (3.14)
where Gy (v, w) = iDa((a(x) — a)v) — Dq(wy).

k _ -
Multiplying (3.13) by Ap and (3.14) by A\, respectively, and integrating
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L L L L
pJ/ |A<p|2d:c+sz/ |Aw|2dx+bX/ |wm\2dx+l&/ oo + 0 do
0 0 0 0

L L
+ EL/ |\o|? dx = pl)\/ (@a—a(x))G1(v, w)Apdz.
0 0

Taking the real part in the last identity we have

L

L
Rl )3 = —a / |Aso|2dx+Re{p1A (a(x)—a)glw,wwczac}

0

IA

L L
~a [ DePdotpr [ la(e) - alAGi(o,wl Al da, (3.16)
0 0

Multiplying (3.13) and (3.14) by % and % in L?— norm, respectively, and taking into account (3.10), we
have

L L
)2 = —xa / (o2 dx + A / (a— a@))G (v, w)p dz
0 0

IN

— L L
a —
W/o |Ael® dx+p1/0 la — a(z)||AG1 (v, w)||¢| dx.

From (3.11) we know that |A| > |r1], so

L L
a _
e,k < — | I/\<P|2d$+p1/0 |a — a(@)[|AG1 (v, w) || da

1

IN

L L
o(a [ Dol dotpn [ la-al@)Giow)]lel do)
0 0

where ¢ = max{%, 1}, that is, for o = % > 0 we have

L L
ll(p, )13 S@/O \/\sO\de+pl/O la(z) — al|AG1 (v, )| da. (3.17)

Adding (3.16) and (3.17)

L L
(Rex+20) )13 < 1 [ lale) = alGu(wwllel o+ g1 [ falo) = alAGs (v, 0)] x|

that is,

L
Wl B3 < oo / a(@) = allAGy (v, w)| (Il + Al ) da (3.18)

once ReA > 0.
From (3.12) we can estimate |AG; (v, w)| as follows

by 2
36, (0 w)] < PE 1D, ((af@) — ap0)] + XD )
CD CD
< —_— 2
N v AL
< C(vpilla—all 2| Mol e + Vblwe] 2)

lla — all 2 || Avl| 2 + v

C 11
where C' = T”max{m,%}.
Now, if |ja — a@||z2 < 1, then
[AG1 (v, w)| < Cl(v, W)

Using (3.18), we obtain
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L
ol Bz < C(U’w)x( / |a<x>—a|<|¢|+|w|>dx)
< Olww)lala—alz (el + [Agl ). (3.19)

A

Note that, from |\| > 1 we have

1 L
Il = 3 / Nl da < —||Aso||L2,

thus, using the last estimate in (3.19) we conclude that

I 01 < |z (5 +1) 0 la = allsl )l )l

Therefore, if ||a — a@||L2 < min {1, [

IN

—1
%r( + 1) C} } then there is a constant d < 1 such that

(@, ¥)lIx < dll (v, w)]]x, (3.20)
that is, P is a contraction. O

Lemma 3.5. Under the same hypothesis as lemma 3.4, if (go, w) 1s a fized point of P, then (4,0, w) 1s solution
of (3.7)-(3.8).
Proof. Consider
b= Glp. ) = P2Dy ((a(x) ~ a)g) — 1 Da(F) ~ Dali).
As (go,i/)) is a fixed point of P, then it is solution of (3.9), that is

A
Ppe — O = E(a(x) —a)p fFl V. (3.21)
Futhermore, ¢ satisfies
. LA 1
@zm*az@: %( a(z) —a)p — *Fl Vg (3.22)
Taking ® = ¢ — ¢ and subtracting (3.21) from (3.22), we have
Dy — 20 = é((z — a(x))(f
B B k (3.23)
3(0) = (L) = 0.
Observe that, ® is a solution of Dirichlet Problem, so its is given by
~ Y ~
o =D, (k(a - a(m))@).
Now, using (3.12) we can estimate
~ by B C o~
3= 320 (a0 - 08 )| < Plta - )
which give us
CoVL,
@]z (1 - =2 lla—allz:) <o.
If |la — a2 < then ||E>HL2 = 0. Therefore, our conclusion follows. O

cf’

Now we are able to prove the main result of this work.

Theorem 3.3. Assume (1.8) and (1.4). If |la — a||p2 < € with € > 0 small enough then the semigroup
associated to the system (1.7)-(1.10) is exponentially stable.
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Proof. Using the previous lemmas and keeping in mind (3.11) we have that for all A € C with ReX > 0 and
any F € H there is a unique solution W to (A — A)W = F, that is, (A\I — .A)~! exist. Now, our goal is to
show that this operator is bounded, more specifically, to show that the second condition of (3.1) is satisfied.
So, consider W = (i, ®,9, V) = (A — A)~1F, where F = (f1, f2, f3, f1) € H, that is

W= ((p’)‘w - flﬂ/%)\z/) - f3) = (QO, A(paq/}a)‘/lz[}) + (0’ _f1707 _f3)
Thus,
1o, )lIx = [1(0 Ao b, M) [lag = (W = (0, = f1, 0, = f) llag < [[Wlae + (| F I (3.24)

On the other hand, let W be the solution to (N — A)W = F, that is,
W=(2.2.0.9) = (3784, 7)) = (0,~ /1,0~ f).
Then,
[Wllee = Wl < W =Wl
= 169, A, ) = (B33, 6, M) ¢
= ll(p, %) = (@) -
From P(0,0) = (p,%), P(v,v) = (¢,%) and the fact that P is a contraction, we have that

Wl = W3 < P2, %) = P(0,0)[x < dll (9, 0))]]- (3.25)

Hence, from (3.24) and (3.25) follow

IWllae = Wl < dlWlla + dllF 13,
that is,

(1= d) Wl < [Wllw + dl| Flla.
Finally, from Remark 3.1 follows that there is a positive constant ¢ such that
[Wlw < el Fllu,
that is, (Al — A)~! is bounded. This completes our proof. a

4. NUMERICAL RESULTS

In this section, we present some numerical results illustrating the asymptotic behavior of the energy and
as well as the relevance of the condition (1.4) for the exponential decay.

We study numerically here, the decay of the energy. For this, we use Finite Difference (of second order in
space and time). Furthermore, the method of /—Newmark is a second order method preserving the discrete
energy always when the discrete system of equations of motion is symmetric (i.e. matrices associated to the
system should be symmetric).

4.1. Finite difference method. We consider J an integer non-negative and h = L/(J 4 1) an spatial
subdivision of the interval (0,L) given by 0 = 29 < 21 < ... < 5 < 541 = L, with z; = jh each node
of the mesh. We use ¢;(t), ¢;(t), for all j = 1,2,...,J and t > 0 to denote the approximate values of

Vi1 =205405 1
h2

@(jh,t) and ¥(jh,t), respectively. In addition, we denote the discrete operator Ap¥; = and

;= %. We assume the following finite difference scheme applied to system (1.7)-(1.10)
Gl = Vi 205 Y

Plsp;{ _ I{Ah@j - oh a; 1 = 0, (41)

1 s 1 20+
psz’—bAwﬁm%“%% Ly it Z’J R N (4.2)
wo = g = 1=t = Yy -y = 0, (4.3)
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where a; = a(z;), for j =1,...,J. We note that ¢(z;) and ¢'(z;) are approximated by

+ 295 + )4
4 b

V() ~ Oy = et 2? Him

!
41
7/)/(%') ~ @?/41/’; =

respectively. These approaches are particular cases of the well known 6-scheme with § = 1/4, in order to
obtain uniform observability for the discrete Timoshenko System (see for more details [2, 3]). The discrete
Energy of (4.1)-(4.4) is given by

2

J J 2
h h bty | e — Civ1 — @5 | Yiv1 + Yy
EA(t) = i /|2 e 112 —1p Jj+ J J J J J 4.5
sty =g D lei+pag D Il + 3 P e R e (45)
7=0 7=0
4.2. Equation of motion and time discretization. The system (4.1)-(4.3) can be rewritten as
$n Pn ®n
M| | +c| |+ K - o, 4.6
S ]eli]exl2] «

where M, C and K are the mass, damping and stiffness matrices of the system in My (R), and ¢, =

(P15 00) T o = (Y1, ., 9s) T €RY,
The Newmark algorithm [18] is based on a set of two relations expressing the forward displacement

[p ™t T and velocity [@7F, TPt T = (o)t .ZH]T. The method consists in updating the displace-
ment, velocity and acceleration vectors from current time " = ndt to the time t"*1 = (n + 1)dt,

Ot = O 4 (1 — )5t DY + ot dp! (4.7)
A = el (5 8) o 8+ g 8 (48)
Uptt = R4 (1 )6t Ty 4 ot Byt (4.9)

W= un (é B ﬂ) 018 W, + pot® W, (4.10)

where 8 and v are parameters of the methods that will be fixed later. Replacing (4.7)-(4.10) in the equation
of motion (4.6), we obtain

2y [ O ®; ;
(M+~6tC+ Bot°K) | .h | =-C hl+(1—my)bt| .n
vy, T v

w((F]ef81EDelB) o

The acceleration [®7, U7 1T is computed from (4.11), and the velocities [®77!, W] T are obtained from
(4.7) and (4.9), respectively. Finally, the displacement [, 17T follows from (4.8) and (4.10), by simple
matrix operations. Thus, the fully discrete energy of the system (4.7)-(4.11) is given by
noo_ LieT oT Dy Le v T ©n
gh T Q[Qhawh}M[ \Ilh :| +§[@hawh]K 'll)h (412)
which is an approximation of energy for the continuous case. The increment of this energy can be expressed
in terms of mean values and increments of the displacement and velocity. Then, we choose v = % and g = 7,

reducing the above expression to
n+%
(I)ZJrl ]} <O
2
vy,

With this, the fully discrete energy obtained by the f—Newmark method is decreasing and we expect
that its asymptotic behavior be a reflection of the continuous case (see [15] and also [4, 5]).

1 Aoy, n+3, n+3z,
gy = —Q{Msoz,mﬂc[ﬁl}”t[‘bf Lo
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(A) a(z) h = 1/1]‘7*2'2"‘ ifa<f<l-a (B) Asymptotic behaviour of the energies in semilog-
A) a(z) = —2a
-1 otherwise. scale.

FIGURE 1. Asymptotic behavior of the energies for different cases of indefinite dissipation
functions; Exponential decay is observed for a < 0.4.

4.3. Numerical examples. We make simulations with parameters p; = ps = § = k = 1, taking into
account the condition (1.3). Our purpose here is to test the asymptotic behavior of the energy for different
kinds of indefinite damping of type a(x)i;. More precisely, we focus on the following family of damping
functions (see Figure 1(A)):

b 1/L+2a

a(z) = T 1-2a
-1 otherwise,

. T
1fa<z§1—a

where « € (0, %) This family of damping functions changes its sign and

L
Ld:/ a(x)de =1>0,
0

which is compatible with the condition (1.4). On the other hand, The condition ||a — a||z2 < €, for € small
enough, is satisfied or not, depending on the value of , where the distance between a(x) and @ in L?-norm
is determined according to Table 1.

o 00 02 03 04 041 043 045
lla — al| 2 H 0.0 2.0412 3.0619 5.0 5.3359 6.1962 7.5
TABLE 1. Table of distance from the indefinite dissipation function in relation with its average.

4.4. Numerical simulation of critical cases and initial conditions. In order to evidence the impor-
tance of the second condition (1.4), which guarantee the exponential decay of energy, we perform here several
numerical experiments for different indefinite dissipation functions and a simple initial condition given by

QO(O,JZ) = sin %Txa ¢(Oa$) =T — %7 ‘Pt(oal') = d)t(owx) =0. (413)

Furthermore, we consider L = 0.25, J = 1000, h = L/(J + 1), T = 10.000, 6t = 1.

Considering the family of indefinite dissipation functions for different values of «, the results of these
simulations are observed in Figure 1(B), where we see exponential decay of the energy for @ < 0.4, and lack
of exponential decay for a > 0.4, reaching even an increase of energy due to a phenomenon of anti-dissipation
for cases o = 0.43 and o = 0.45.

From this graph and based in Table 1, we can interpret the second condition (1.4) for the exponential
decay of the energy of a numerical point of view.
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FIGURE 2. Eigenvalues for different indefinite dissipations (L = 0.25, and fOL a(z)dr =1).

In the proof of Lemma 3.4, it was necessary at least |ja — @||L2 < 1 to obtain the exponential decay of
energy. On the other hand, in this section we check numerically that if ||a — a|| 2 > 5, then the energy grows
(see curve for o« = 0.41 in Figure 1(B), and Table 1). As an open problem, it remains the critical value of
€ > 0 for which there is no longer exponential decay of the energy, independent of the initial condition and the
shape of the indefinite damping function. Indeed, it is likely that for a not so smooth initial condition, and
perhaps for other family of indefinite damping functions, the energy grows with a smaller value of ||a —al| 2.
These numerical examples are not intended to find the critical value of € > 0, but simply to highlight that
indeed there exists ¢ > 0 small enough, such that the condition (1.4) is necessary for the exponential decay
of the energy.

Now, we made another approach through a numerical analysis of the eigenvalues associated to the Timo-
shenko System (1.7)-(1.10).

4.5. Plotting Eigenvalues. We present numerical results on the linear stability of our system. We use
normal mode analysis and set

p(,t) = MP(x), (1) =eMQ(x).
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Thus, (1.7)-(1.10) become the following eigenvalues problem:

K(Py 4+ Q) +a(x)A\P = N’p P (4.14)
P0) = P(L) = Q(0) = Qu(L) = 0 (4.16)

We approximate P(z;), Q(z;) with j = 1,...,J, by p, q € R/, and we discretize (4.14)-(4.16) by finite
difference as in (4.1)-(4.4), obtaining a 4J x 4J matrix equation given by
(@) pilI O O
Ki C K; O
O O O p—121
K, O K; O

(4.17)

N O =T
N O =T

where K;, with i = 1,...,4 are the J x J hyperbolic terms matrices given by Ky = kA, Ko = K} = xdj,
K3 = bAy, — /ﬁ@}f/él. On the other hand, C = diag(aj)@’f/4 correspond to the indefinite dissipation matrix,
O is the null matrix, and I is the identity.

We obtain results for different values of a, in Figure 2. The case a = 0 (see Figure 2(A)), corresponds to
the possitive and constant damping a(z) = 4. In this case, all the eigenvalues are away from the imaginary
axis, except the case A = +i1/k/pa, where the eigenfunction corresponds to a constant different to zero. This
eigenfunction is easy to avoid in the study of the decay of energy, imposing [ ¢(x,t)dz = 0. It is inevitably
seen in the graph of the figure 2(A) but since it was not the goal of our study, it was discarded.

The case @ = 0.3 (see Figure 2(B)), correspond to the damping a(x) = 11.5, if 0.075 < = < 0.175,
and a(x) = —1, otherwise (see Figure 1(A)). This case is similar to the preceding: all the eigenvalues are
away from the imaginary axis, except the case A = £i1/k/pa, which was discarded, due to the aim of our
study. On the other hand, the case a = 0.41 (see Figure 2(C)), correspond to the damping a(z) = 26.8,
if 0.1025 < z < 0.1475, and a(x) = —1, otherwise. In this case we observe four eigenvalues close to the
imaginary axis. In fact two of them are on the imaginary axis (A2 = +iy/k/p2) and the other two have
slightly positive real part: Az 4 = 0.0007 £ ¢25.63. Finally, in the case o = 0.45 (see Figure 2(D)), there are
many eigenvalues with real part postive which is not surprising by the fact that energy is strictly increasing
in time, as seen in Figure 1(B).

4.6. Graph of the solution. Finally, in this subsection, we show the graph of the complete solution ¢ (z,t)
and 1(x,t) for the case o = 0.4, and with the initial condition (4.13). This example corresponds to a critical
case when the energy slowly decays according to the graph in Figure 1(B). We observe the decay of both ¢
and ¥ in time in Figure 3. The asymptotic behavior of ¢; and v; is completely analogous.

0.1

0.05

-0.05

0.1
10000

5000 015 0.15

0.1 0.1

. .05 . .05
time t[s] 0 o rod x[m] time t[s] 0 o0 rod x[m]

() ¢(z,1) (B) ¥(z,t)

FIGURE 3. Asymptotic behavior of the solution ¢(x,t) and ¥ (x,t) for the case a = 0.4.
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