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Abstract

We provide a new mixed finite element analysis for linear elastodynamics with reduced symme-
try. The problem is formulated as a second order system in time by imposing only the Cauchy
stress tensor and the rotation as primary and secondary variables, respectively. We prove that
the resulting variational formulation is well-posed and provide a convergence analysis for a class
of H(div)-conforming semi-discrete schemes. In addition, we use the Newmark trapezoidal rule to
obtain a fully discrete version of the problem and carry out the corresponding convergence analysis.
Finally, numerical tests illustrating the performance of the fully discrete scheme are presented.
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1 Introduction

We analyze a mixed finite element approximation of the linear elastodynamic problem with reduced
symmetry. Mixed formulations in elasticity provide a direct finite element approximation of the Cauchy
stress tensor and they are immune to the locking phenomenon that generally affects displacement based
formulations in the nearly incompressible case. There are several families of mixed finite elements with
weak symmetry for the steady elasticity problem, [4, 12, 18, 25]. Our aim here is to prove the stability
of the corresponding Galerkin schemes for the elastodynamic problem.

Mixed methods for elastodynamics have already been studied in [5, 7, 10, 13, 21]. In contrast to
the strong symmetry approach considered in [7, 13, 21] for the stress tensor, we are interested here
in a weak imposition of this restriction, as in [5, 10]. The displacement-stress formulation method
presented in [10] relies on a the dual hybrid method introduced in [15] for a two-dimensional problem.
Here, we follow [5] and carry out a multi-dimensional error analysis for a class of mixed finite elements
satisfying conditions that are known to hold true for the mixed families introduced in [4, 12, 18, 25].
More precisely, our present approach can be formally considered as the second order version of the first
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order hyperbolic system studied in [5], whose main variables are the stress tensor and the velocity. As
a consequence, we only maintain the stress tensor as primary unknown (besides the rotation) and end
up with a classical wave equation for a tensorial grad-div operator. The advantage of our formulation
is that it naturally provides an a priori error bound for the stress variable in the H(div)-norm, which
improves the L2-error estimate obtained for this variable in [5]. Moreover, our error estimates are
shown to be uniform with respect to compressibility at the semi-discrete and fully discrete levels.
Finally, it is worthwhile to mention that, while the displacement is not explicitly involved in our
formulation, it can be numerically post-processed by integrating twice the linear momentum equation.

The rest of the paper is organized as follows. In the preliminary Section 2 we fix some basic notations
related with well-known Sobolev spaces. Then, in Section 3 we consider a tensorial wave equation for
the grad-div operator and prove its well-posedness by using the classical Galerkin procedure. Next,
in Section 4 we show that under suitable compatibility conditions on the initial data, the solution
of the aforementioned wave equation is the Cauchy stress tensor corresponding to a properly defined
elastodynamic problem. In Section 5 we introduce a semi-discretization of the problem relying on
a family of finite dimensional subspaces satisfying standard hypotheses (for mixed finite elements in
elasticity problems with reduced symmetry) and prove abstract error estimates. In turn, in Section 6
we use an implicit Newmark method to obtain a fully discrete version of the problem and carry out
its convergence analysis. In Section 7 we derive asymptotic error estimates for an example based on
the Arnold-Falk-Winther element. Finally, in Section 8 we present numerical results that confirm the
theoretical convergence estimates.

2 Notations and preliminary results

We denote by I the identity matrix of R¥*? (d = 2,3), and 0 represents the null vector in R? or the
null tensor in R¥4. Given 7 := (7;;) and o := (0;) € R%*9, we define as usual the transpose tensor
7% := (75;), the trace tr 7 := 2?21 Tii, the deviatoric tensor 7P := 7 — 1 (tr7) I, and the tensor inner
product 7 : o = Zf’jzl 7ij04j. Let €1 be a polyhedral Lipschitz bounded domain of R? (d = 2,3),
with boundary 9€2. We denote by D(2) the space of indefinitely differentiable function with compact
support in Q. For s € R, ||||s,o stands indistinctly for the norm of the Hilbertian Sobolev spaces
H*(Q), H*(Q) := H¥(Q)¢ or H¥(Q) := H*(2)?*?, with the convention H(Q) := L2(Q). We also denote
by (-,-) the inner product in L2(2), L2(Q) := L2(2)? or L2(Q) := L2(Q)9*?. We introduce the Hilbert
space
H(div,Q) := {T € L3(Q) : divT € L*(Q)},

whose norm is given by HTH2H(div,Q) = HTH%Q + ||div TH&Q. Since we will deal with a time-domain
problem, besides the Sobolev spaces defined above, we need to introduce spaces of functions defined
on a bounded time interval (0,7) and with values in a separable Hilbert space V', whose norm is
denoted here by ||-||yy. For 1 < p < oo, LP(V) is the space of classes of functions f: (0,7) — V that
are Bochner-measurable and such that || f|[1»(y) < oo, with

T
A1) ::/0 IF@OIdt (1<p<oo), [[flleq) = es[ﬁi}]lpl\f(t)llv-

We use the notation C%(V') for the Banach space consisting of all continuous functions f : [0,7] — V.
More generally, for any k& € N, C*(V') denotes the subspace of C°(V) of all functions f with (strong)



R
derivatives dit;f in CO(V) for all 1 < j < k. In what follows, we will use indistinctly the notations
&f
dt?

.‘_ﬂ s
f=gp and fi=

to express the first and second derivatives with respect to the variable ¢. Furthermore, we will use the

Sobolev space

WP (V) .= {f : dg € LP(V) and 3fy € V such that

f(t)Zfo-l-/Otg(s)ds Vte[O,T]},

and denote H! (V) := WH2(V). The space W*P(V) is defined recursively for all k € N.

On the other hand, given two Hilbert spaces S and @ and a bounded bilinear form a : § x @ — R,
we denote
ker(a) :={s€ S: c(s,q) =0 Vqe Q}.

We say that a satisfies the inf-sup condition for the pair {S, Q}, whenever there exists £ > 0 such that

sup a(s,q)

>kllqllq  Vee@.
ozses |slls

We will repeatedly use the well-known fact (see [11] ) that if a satisfies the inf-sup condition for the
pair {S,Q} and if ¢ belongs to the polar of ker(a) in S’, defined by

ker(a)®:={x € S’; x(s)=0 Vse¢ker(a)},
then there exists a unique ¢ € @) such that

a(s,q) =4L(s) VseS.

Throughout this paper we use C' (with or without subscripts) to denote generic constants inde-
pendent of the parameters indicated at each instance. We point out that these constants may take
different values at different places.

3 A wave equation in H(div, )
Let Q € R? (d = 2,3) be an open bounded Lipschitz polygonal /polyhedral domain. We denote by n
the outward unit normal vector to 9Q. We consider a subset () # I' C 9Q and denote its complement
Y =00\ T'. We consider the closed subspace of H(div, ) given by

W = {7‘ € H(div,Q): (tn,v)yq=0 Yv € H'/2(6Q), v|pr = O} ,

where (-, ), stands for the duality pairing between H~1/2(9Q) and H/2(0Q) with respect to the
L2(09)-inner product. Alternatively, recalling that the restriction of 7n to ¥ belongs to H(;Ol/ 2(E) =

HééQ(E)’ , where HééQ(Z) is the subspace of functions in H'/2(X) whose extensions by zero on T' are
in H'/2(09), we can also set

W::{TEH(diV,Q): ™ =0 on E}.
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Next, we assume that {€2;, j=1---,J} is a set of polygonal/polyhedral disjoint partition of Q,ie.,
QN =0 foralll<i#j<J and Q:U}]ﬂ()j.

Then we consider piecewise constant functions p(x), A(x), and p(x) defined, for j = 1,...,J, by
e, = p; >0, Alg; == Aj >0, and plg, := p; > 0, and assume that there exist positive constants p,
fi, A, A, p, and p, such that

p<pi<p, A<SA <A and p<p;<p (1<j<J).

1

In turn, we introduce on L?(Q2) the inner product (u,v), := (p~'u,v) and denote the corresponding

norm
HU”P = (Ua’v)p'

In addition, we consider the elasticity stiffness tensor C defined by C7 := A (tr7) I + 2u7 and recall
that its inverse (the compliance tensor) is given by

1 A
—1 = A
Ct= o {7’ S5t d tr(T)I} .

We endow L2(Q2) with the norm

2. _ (o1 _ [ L v / 1 2
ol = e trr) = [ air [ty (1)

The following result proves that
2 2 . 2
ITlE.aiv == lI7lle + lldiv Tl
is a Hilbertian norm on W that is equivalent to the H(div, )-norm uniformly in A.

Lemma 3.1. There exists a constant o > 0, independent of A, such that

1 1
@ |17 fidivio) < 1718 aw < max(ﬂ, ;) I lfaiv,g YT EW: (3:2)

Proof. We deduce from (3.1) that

1 1
EHTD 5o <7l < @HTH%@ v € L*(Q), (3-3)

which gives the upper bound of (3.2). Next, given 7 € H(div, Q), we let 79 := 7 — ﬁ (JotrT) I. It
is proved in [11, Proposition 9.1.1] that there exists Cy > 0, depending only on €2, such that
IToll6e < Co (170130 + ldivrl5e) ¥ € H(div, Q).

On the other hand, it is shown in [17, Lemma 2.5] (see also [16, Lemma 2.2]) that there exists C; > 0,
depending only on 2, such that

iy 0) < CillTollfaivg V7 € W-

The lower bound of (3.2) follows now directly from (3.3), the last two inequalities, and the fact that
divTg =divT in Q. O



We now introduce the space of skew symmetric tensors
Q:={scl?Q); s=-s'},
and observe that the subspace & of symmetric tensors in YW can be written, equivalently, as
S={reWwW; (r,s)=0 Vse Q}.

In addition, we notice that S is closed in H(div,(2), and hence, the density of H(div,) in L2(f)
proves that & is also densely embedded in ]Lz,ym(Q) = {5 € L%(Q); s=s"}. We may then identify

L2,.(9) with its dual space and consider the Gelfand triple

sym

S—1L2 (Q) =8,

Sym

where 8’ is the dual space of 8. The following inf-sup condition ([1, 8]) is essential in the forthcoming
analysis: there exists 5 > 0 such that

(1,8) + (div T, v)
rew  ITlla@iv,0)

> B(lIslloe + lv]log). (3-4)

for all (s,v) € @ x L(9).
Having established the above notations and preliminary results, we now introduce the wave equation
in H(div, ). Indeed, given f € LY(L%(Q)), 09 € S, o1 € L2,,,(Q), and 7o, 71 € Q, we consider the

sym
problem:
Find o € L= (W) N WH(L2(Q)) and » € WH*°(Q) such that

d2

@(Cfla'(t) +r(t),7)+ (dive(t),divr), = —(f(t),divT),, (3.5)

(U(t)v S) = 0,
for all (1,s) € W x Q, and such that the following initial conditions are satisfied:

o(0) =009, 0o(0) =01,

r(0) =7y, #(0)=r1 (3.6)

We notice here that the second equation of (3.5) is the weak imposition of the symmetry of o, where
r is the corresponding Lagrange multiplier. In this way, testing in particular the first equation of (3.5)
with 7 € 8, we arrive at the following reduced form of (3.5):

Find o € L>(8)) N leoo(Lgym(Q)) such that
2
%(C‘la(t)n') 4+ (divo(t), divr), = —(f(t).divr), Vres, (3.7)

o(0) =00, 06(0)=o0;.

In what follows it will be useful to consider the energy functional £ : W1 (H(div, Q)) — L>((0,T))
defined by

E()(t) = %Hi—(t)”% + %Hdivr(t)”i VT e WY (H(div, Q)), Viel[0,T]. (3.8)

Lemma 3.2. Assume that f € WH(L2(Q)). Then, problem (3.7) admits at least a solution and there
exists a constant C' > 0 such that

eS[iSSTl]lP E(a) A (t) < C{HfHWM(Lz(Q)) + [loolle.aiv + ||01Hc}- (3.9)



Proof. We only give a sketch of the proof since it follows by the classical Galerkin procedure (cf.
[14, 23]). In fact, we first consider a family of finite dimensional subspaces {S,} of & such that, for
all T € S,

A i |7 = 7allnaive) = 0.

Then we denote by g, the (S, |-|/caiv)-orthogonal projection of oy onto S, and by o1, the
(L2, (), ]|||c)-orthogonal projection of oy onto S,,. It is easy to show, by using the classical ODE

sym

theory, that the problem:

Find o, € C}(S,,) such that,
(C16,(t),7) + (dive,(t),divr), = —(f(t),divT), VT E€S,, (3.10)

O'n(O) =00n, O'n(O) =O01n,

admits a unique solution. The first step of the proof reduces to deriving energy estimates for o, (t).
To this end, we take 7 = &,(t) in (3.10) and integrate the resulting identity over (0,¢), which gives

E(@)(0) = £(0)(0) = = [ (£(s).div i (s), ds.

Next, integrating by parts the right-hand side yields

5(0'n)(t) = /0 (f(S),diV o'n(S))pdS - (.f(t)v div o'n(t))p + (f(O), div O'O,n)p + 5(0’n)(0) . (3'11)

We now notice, according to the definition of o, and o, that

1 1
E(on)(0) < §|’0'0Hg,div + §||0'1H% .

In turn, using the Sobolev embedding WH(L2(Q)) — C°(L2(Q)) (see [24, Lemma 7.1]) and the
Cauchy-Schwartz inequality, we deduce easily from (3.11) that there exists a constant C' > 0 such that

max (o) /(1) < C{1flwra wa + loolleas + ol (3.12)

It follows from (3.12) that (6, ), is uniformly bounded in L°°(IL2, ,(2)) and (o), is uniformly bounded

sym
in L*°(8). We can then extract a weak-* convergent subsequence (also denoted (o), ) satisfying

T
/ (T (), T)E) + (div o8, div ), (t) dt
0 (3.13)

T
_ /0 (F(8), div 7),6(8) dt + $(0) (C-16m(0), )

for all T € S,, and for all ¥ € C1([0,T]) such that (T) = 0. A classical procedure shows that the
limit o € L®°(8) N Wh(IL2 () of the subsequence (o), satisfies

sym

T
/ (€6 (), T () + (divo(t), div )i dt
0 (3.14)

T
_ _/0 (£(1), div 1), (t) dt + (0) (C 1oy, 7)



for all 7 € S and for all ¢ € C1([0, T]) such that 1 (T) = 0. This proves that o solves (3.7) if the time
derivative is interpreted in the sense of distributions. In addition, we notice that o, also converges
weakly to o in Hl(Lgym(Q)) and hence 0,(0) converges weakly to o(0) in Lzym(Q). Moreover, since
0,(0) = 0¢,, converges to o in L?(Q) as well, we conclude that the initial condition o (0) = oy is
meaningful. Furthermore, it is clear from (3.14) that
d, . . .

&(C o(t),r)=—(dive(t) + f(t),divr), VreS, (3.15)
from which it follows that $C~16(¢) belongs to L!(S’), and thus C1o(t) € WH(S') — C%(S').
Next, testing (3.15) with ¢ € C1([0,T]) such that ¥(T) = 0 yields

T
/ (€ (), T + (divo(t), divT),(t) dt
0 (3.16)

T
= - /0 (£(t),divT),0(t)dt + 1(0) (C'6(0),7) g

for all 7 € S, where (-,-)g stands for the duality bracket between &’ and S pivotal L2 (£2), and

sym
hence, comparing (3.14) with (3.16) we deduce that &(0) = oy in L2, (©2). Finally, the stability
estimate (3.9) is obtained by taking the limit in (3.12). O

Lemma 3.3. The solution of problem (3.7) is unique.

Proof. Assume that o is a solution of (3.7) with homogeneous data f(t) =0 and o9 = 01 = 0. We
proceed as in [14, 23] and consider with s € (0,7") fixed

w(t):{(;fta(z)dz iiz e WY(S).

Then, testing (3.7) with w(¢) and integrating by parts in the time variable, we obtain

T
| @ivet.dive(), - 0. w00 dt = 0.
0
which can be rewritten as
Ldy . 2 2
3 (v wlE = lo]E)ar = o.
It follows that [|divw(0)|3 + |lo(s)[|Z = 0, and the proof is finished. O

It is important to remark that, following [23, Section 11.2.4], one can also show that the solution o
to problem (3.7) is actually in C°(S) N CH(IL2, ., (2)).

sym

Theorem 3.1. Assume that f € WHL(L2(Q)). Then problem (3.5) admits a unique solution. More-
over, there exists a constant C > 0 such that

max||o(t iv.) + max|jo(t)|loo + ||7(t 100
[O’T}II () ln(aiv.0) [(mH Ollog + lIr@®)llwree ez s

< c{Iflwssar@y + Ioolawe +loiloa + lroloa + Irilloa



Proof. We only have to prove the existence and uniqueness of the Lagrange multiplier . To this end,
we consider G € C1(W') given by

(G(t), THw = (C_lo'(t),T)—i-/O (/Os(diva'(z)—i—f(z),divr)pdz)ds
—t(C oy +71,T) — (C o + 1o, T),

where (-, -)yy denotes the duality bracket between W' and W pivotal L?(€2). Integrating (3.7) twice
with respect to time yields
G@), 7 w=0 Vres,

which means that G(t) belongs to the polar set of S in W’. Moreover, S is the kernel of W x Q >
(1,7) — fQ 7 :r and (3.4) implies that this bilinear form satisfies the inf-sup condition for the pair
{W, Q}, which guarantees the existence of r € C'(Q) such that

(r(t), ) = —(G(t), T)w vVreWw. (3.18)

We conclude that the pair {o,r} solves the first equation of (3.5) by differentiating twice the last
identity in the sense of distributions with respect to ¢t. Moreover, evaluating (3.18) and its time
derivative at ¢ = 0, we deduce that r(0) = r9 and 7(0) = ;. Finally, using the inf-sup condition
(3.4), the Cauchy-Schwarz inequality and (3.2), we deduce that there exists C; > 0 such that

. (t) : T g t), T
80l < sup 2T gy (0T
rew ITllH@iv.o)  rew I TllHG@iv.0) (3.19)
< Cu{lloron +Imllon + max€(@) () + | F sz |
Finally, we deduce from the fundamental theorem of calculus that

lo(@lle < T%}%!ld(t)llc +lloolle and [lr@)foq < TI[I(}%IIW)

0,0+ [Irollo.e (3.20)

so that (3.17) is obtained by combining (3.9), (3.19), and (3.20). O

4 Relationship with the elastodynamic problem

We assume that 2 represents an isotropic and linearly elastic body with mass density p and Lamé
coefficients p and A. The solid is assumed to be fixed at I" and free of stresses on ¥. The elastodynamic
equations with body force f: Q x [0,T] — R? and initial data wug,u; :  — R are given by

pt — div Ce(u(t)) = f(¢) in Q x (0,77,
u(t) =0 on T x (0,77,
Ce(u(t))n=0 on ¥ x (0,77, (4.1)
u(0) = uo in Q,
’U,(O) =u; in Q,
where u : Q — R? is the displacement field and e(u) := 1 [Vu + (Vu)*] is the linearized strain tensor.

=32
In order to establish a relationship between problems (4.1) and (3.5) we need to introduce the subspace
V= {(a,r) EWxQ; (Clo+r,t)+(0,8)=0 Y(r,s) ek x Q} : (4.2)

where

IC::{TGW; diVT:O}.



Lemma 4.1. The linear operator D : V — L2(Q) uniquely characterized by

(divr,D(o,7)) = —(C o +r,1) Vrew, (4.3)
is well-defined and bounded.
Proof. We deduce from (3.4) that the bilinear form (7,v) — [, div 7 v satisfies the inf-sup condition
for the pair {W,L%(Q)}. Moreover, by definition of V, the linear form 7 + (C~'o + 7, T) vanishes

identically on the kernel /C of this bilinear form. This proves the existence of a unique D(o, ) € L?(£2)
satisfying (4.3). O

We are now ready to give the main result of this section.

Theorem 4.1. We consider the same right hand side f in (3.5) and (4.1), and assume that the initial
data of these problems satisfy

(o0,70), (01,71) € V, wug:=D(o0,70), and uy:=D(o1,7r1). (4.4)
Then . .
u(t) = /0 {/0 p_l(diva(z) + f(z)) dz} ds + ug + tug (4.5)

solves the (primal) weak formulation of problem (4.1). Moreover, the solution (o (t),r(t)) of (3.5)
coincides with the stress and rotation tensors associated with u(t), that is

o(t) = Ce(u(t)) and r(t) = % [V — (Va)*] . (4.6)

Proof. We first notice that, testing (3.5) with (7,s) € K x Q and taking into account (4.4), we
deduce that (o (t),r(t)) € V for all ¢t € [0,7]. Hence, Lemma 4.1 ensures that there exists a unique
u(t) := D(o(t),r(t)) € L?() satisfying

(div 7, u(t)) = —(C 'o(t) + r(t), T) VreW, Vtelo,T]. (4.7)
On the other hand, integrating the first equation of (3.5) twice with respect to time yields,
t s
Clot)+r(t),7)=(C oo+ 710, 7) +t(C oy + 71, 7T) — / (/ (div o (2) + f(z),div T),dz)ds.
o Jo
Comparing the last identity with (4.7) we deduce that w is given by (4.5). On the other hand, testing
(4.7) with 7 € D(Q)?*? yields
Vu(t) = C o (t) + r(t) € L?(Q), (4.8)

and considering the symmetric and skew symmetric parts of this identity gives (4.6). Then, integrating
by parts the left-hand side of (4.7) and using the last identity yields

(T n,u(t)so=0 YreWw.

Consequently, u € C'(HL(Q)) where HL(Q) := {v € HY(Q); wv|r = 0}. Multiplying (4.5) by p,
testing with v € HL(Q), integrating by parts in space and differentiating twice in time we find that
u € C1(HL(Q)) satisfies the week displacement-based variational formulation of (4.1), namely,

2
s pult), v) + (Ce(u)(), (v)) = (£(1),v) Vo€ H(Q),

and the result follows. O

Henceforth, we assume that condition (4.4) is satisfied, which will permit us to interpret the solution
pair (o, 7) of (3.5) as the stress tensor and the rotation associated to the solution w of (4.1).



5 Semi-discretization in space

5.1 Finite element subspaces

We consider finite dimensional families of subspaces
W, C W 9, C QO UhCLQ(Q)

indexed with a parameter h — 0, and assume that there holds

1'{'f _ : inf |r— inf flu— }:o 5.1
im {int o~ malluaive +inf Ir = suloa+ inf flu—valos 6.1

for all 0 € W, » € Q and u € L?(2). Besides the approximation property (5.1) we need to impose
conditions ensuring that the triple of spaces {W,Uy, Qp} provides a stable Galerkin approximation
method for the dual-mixed formulation of the (steady state) elasticity problem with weak symmetry.
By virtue of the Babuska-Brezzi theory, such a stability is guaranteed by the following two hypotheses
and Lemma 3.1 (see [4]).

Hypothesis 1. There exists 8* > 0, independent of h, such that

(1,8) + (div T, v)
TEW,, HTHH(div,Q)

> 5 (lIsllog + v

0.2); (5.2)

for all (s,v) € Qp x Up,.
Hypothesis 2.  diviW,)=U, and p tdiv(Wy) = U,.

We point out that in practice, as p is assumed to be a piecewise constant function, we will be able to
choose the triangulations upon which the finite element spaces W), and U}, are constructed in such a
way that the two conditions of Hypothesis 2 are equivalent.

Finally, we assume the existence of an operator satisfying the following stability and commuting
diagram properties.

Hypothesis 3. There exists a linear operator Iy, : H(div, Q) NH () — Wy, with € > 0, such that

HHhT

00 < C{HTHQQ + Hdivrum} vr € H(div, Q) N H () (5.3)
for a constant C' > 0 independent of h and
div Il 7 = Updivr V7 € H(divQ) NH(Q), (5.4)
where Uy, is the orthogonal projection from (L(Q), ||-[lo,q) onto Up,.
We now introduce the discrete analogue of V (cf. (4.2)), that is
Vi = {(o'hﬂ“h) EWLXQu; (CTlop+7h,T)+ (08, 8) =0 Y(r,s) €K x Qh}7

where

ICh = {T eEWy; divr = 0}.

Then, the discrete version of Lemma 4.1 reads as follows.
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Lemma 5.1. The linear operator Dy, : Vi, — Uy, uniquely characterized by
(div T, Dy,(on,71)) = —(C oy + 71, T) VT € Wy, (5.5)
is well-defined and uniformly bounded.

Proof. The result is obtained by following the same steps given in the proof of its continuous counter-
part and by using the discrete inf-sup condition (5.2). O

5.2 An auxiliary operator

In order to facilitate our analysis we now introduce an auxiliary operator = and its discrete counterpart
Zh. More precisley, we define

where (o*, 7%, u*) € W x @ x L2(Q) is the solution of

(Clo* +r*,7)+ (u*,divr) = 0 Vrew,
(dive*,v) = (dive,v) Vv e L3(Q), (5.6)

(o*,s) = 0, Vse Q.
It is easy to prove, using the continuous inf-sup condition (3.4), Lemma 3.1, and the Babuska-Brezzi
theory, that = : W — W x Q x L2(Q) is well-defined and uniformly bounded in A. In addition, we

notice that (o*,7*) € V for all ¢ € W and u* = D(o™*,7*). Moreover, it is crucial for the forthcoming
analysis to observe that

(", ", u*) =50 = (o,r,D(o,7)) V(o,r) € V. (5.7)

Indeed, by virtue of Lemma 4.1, given (o,7) € V there exists a unique u := D(o,7) € L%() such
that
(divr,u) = —(C lo+r,7) Vrew,

from which it follows that (o, u,r) € W x L2(Q2) x @ is the unique solution to problem (5.6) with
datum divo.

In turn, the discrete counterpart of = is given by

Epn: W — Wy X Qp XU

o — EZho:=(o;,15,Up)
where (07,7}, uy) € Wy, x Qp x Uy, is the solution of

Clor+75,7)+ (uj,divr) = 0 V7T eW,,
(divey,v) = (dive,v) Yvel,, (5.8)
(o7,8) = 0, Vse Q.

Similarly to the continuous case, the discrete inf-sup condition given by Hypothesis 1, Lemma 3.1, the
first condition of Hypothesis 2, and the Babuska-Brezzi theory imply that =3, : W — W), X Qp XUy, is
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well-defined and uniformly bounded in h and A. In addition, there holds (o} ,r}) € V}, for all 0 € W
and uj = Dp(o}, 7). Furthermore, we have the Céa estimate
lo” = hllcaiv.e) + 7" = Thllog + lu” = uhlloo

<c{'f . _ - inf |r*— inf [lu* — }5.9
<of g llo* = Tulbwane +_inf Ir = sloa+ inf [u* —vilon} (9

with C' > 0 independent of h and A.

5.3 The semi-discrete problem

From now on, we assume that the discrete initial data are given by
(00,1 T0,hs U0 p) 1= ER0O0 and  (O1p,T1hULE) = SRho, (5.10)

which, according to a previous observation, yields wgp := Dp(00p,Ton) and uyp := Dyp(01 4, 718).
Then, we consider the following semi-discrete counterpart of (3.5):
Find o € CY (W) and 7, € C*(Q},) such that
(C7Lon(t) + 7u(t), T) + (diveon(t),divr), = —(f(t),divT), VT € Wy, (5.11)
(on(t),s) = 0 Vse Qy,

and .
on(0) =0ooph, o,(0) = o1,
rh(()) = 7"0711 s ’I'“h(O) = ’r‘17h .

The kernel of the bilinear form Wy, x Q, 3 (7, s) — [, T : s is defined by

(5.12)

Sp:={TteWy, (r,5)=0 Vse Q},

which, being the subspace of W), whose elements are symmetric only in a discrete sense, is generally
not contained in 8. Then, as in the continuous case, we now introduce a reduced version of problem
(5.11):
Find o, € C}(S}) such that
(Cent), 7) + (divey(t),divr), = —(f(t),divT), VT €Sy, (5.13)
on(0) =0o0n, o1(0) =014,
whose unique solvability is ensured by classical ODE theory.

Next, we prove the existence of the Lagrange multiplier rj(¢) by proceeding as in the continuous
case. To this end, we let Gy, (t) € CH(W),) be given by

(Gn(t), 7 = (C_lo'h(t),T)+/0 {/Os(divah(z)+f(z)’diVT)de} ds
—(0_10'07}1 + 7o, T) — t(c_la'l,h + 71n, 7-) .

Using the fact that o, (¢) solves (5.13), we deduce that Gy (t) belongs to the polar set of S;, in Wy,
and hence, by virtue of the discrete inf-sup condition (5.2), we deduce that there exists a unique
rp, € C1(Qp) such that

(ru(t), ) = —=(Gn(t), T) VT EWy, (5.14)
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which proves that (o,(t),7,(¢)) is the unique solution to (5.11). In turn, since by construction (see
(5.10)) (o0, 7Ton) € Vi, and (61,4, 714) € Vi, we find from (5.11) that (o (t), rn(t)) € V), for all
t € [0,7]. Consequently, we can propose the function uy(t) := Dp(o(t), 71(t)) as a semi-discrete
approximation of the displacement w(t), which can be computed by solving a saddle point problem of
the form (5.8) with datum div o, (t). However, comparing (5.5) with the first equation of (5.11), we
easily obtain the following explicit expression for the semi-discrete displacement field:

uh(t):/ot{ /Osp—l(divah(z)+Uhf(z))dz}ds+u0,h+tu1,h. (5.15)

5.4 Convergence analysis

We begin by recalling from Section 5.2 (cf. (5.8)) that (o7 (t), 7} (t),u;(t)) = Epo(t). Then, we
introduce
eon(t) =0 (t) —op(t) and e p(t) :=ry(t) —ri(t),

and deduce from (5.10) that
e@h(O) = emh(O) =0 and éajh(O) = éT’h(O) =0. (5.16)

Lemma 5.2. Assume that the solutions o € C°(8) N C (L2, (Q)) and r € C1(Q) to problem (3.5)
satisfy the regularity assumptions o € C*(H(div,Q) N H(Q)) for some ¢ > 0 and » € C*(L3()).
Then, there exists a constant C > 0 independent of X and h such that

I[TOI,?F)](H(U —on)(t)|lcaiv + I[lgfﬁiﬂ(d(t) —on)(t)llc
< C{HU —pollweem@iv,o) + 17 — @nrllwzeowz + u— Uhu”WQvOO(L?(Q)}-

Proof. Let us first notice that, as (o (t),r(t)) € V for all ¢ € [0,T] (see the proof of Theorem 4.1), we
deduce from (5.7) that

(a*(t),r*(t),u*(t)) := Za(t) = (a(t),r(t), D(o(t),r(t))) Vtel0,T7], (5.17)

and because of the regularity assumptions we also have

dig* dir*  du* o d'Zo(t) B _dio
( dt? ®), dt ®), det (t)) oAy T A ®)
dio,  dir die  d'r

(S, . D70, )

(5.18)

Vie{1,2}, Vtelo,T].

Moreover, by virtue of (5.9), (5.18) and Hypothesis 3, there holds
o™ — opllwzee maiv,)) T 177 — Phllwaec ) + |u” — upllwzeowe(o)
< Co{HO' — Hha'sz,oo(H(div@)) + ||r— Qh’r‘HW2,oo(L2(Q) + [|u— UhuHW2,oo(L2(Q)} , (5.19)
with Cy > 0 independent of h and A. Next, it is straightforward to see that
(C Y emn(t) + & p(t), ) + (divey,(t), divT),

= (€ (64(t) =), 7) + (#4(t) —#(t),7) + (div(ey(t) — o(t)),divT),
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for all T € Wy, and, as a consequence of (5.18),

(Creépn(t) + €mn(t), ) + (diveypn(t),divT),

= (7N ER(t) =67 (1),7) + (i) =7 (1), 7) + (div(e,(t) — 0¥ (1)), divT), 2
for all 7 € Wp,. Now, by definition of = and =}, we have that
div o (t) = Uy divo™(t) Vtel0,T], (5.22)
and the second condition of Hypothesis 2 implies that
(div(oy,(t) — o*(t)),divT), =0 VT eW,.
Consequently, e, ;(t) € Sy, and e, ;(t) € Qy, satisfy
(CTreon(t) + €rn(t), ) + (dive,u(t),divr), = F(1) VT €Wy, (5.23)

L=
(esn(t),s)= 0 Vs € Qy,
with
F(r) = (€7 (67 = &%) () + (% — #) (1), 7).

Taking T = é,,,(t) in the first equation of (5.23) and using the Cauchy-Schwarz inequality yields

E(eqn)(t) 1 /
Qg(e};h)(t)g\@{(c(r —#)(), (=75 ) + (6 —o'h)(t)Hc}’

which, using (3.3) and the fact that
Cs=2us VseQ, (5.24)

implies that

Elean)®) L L e
2\/E(eon)(®) ~ V2 | V20 '

Integrating with respect to time gives

o + /20| (7 — 7'*}i)(t)Ho,Q} :

E T
r{x&aﬁ((‘:(eo,h)lﬂ(t)ﬁ/o {2\//7’(0' —ap,)(1)

On the other hand, we deduce easily from the identity e, ;(t) = f(f éon(s) and (3.8) that there exists
a constant Cy > 0, independent of A and h, such that

leon(®)|lc.aiv + l|€sn(t)]lc < Co %%:ics(eg,h)m(t) vt e [0,T). (5.26)

)

o0 + VEIGF* —#3) @)oo } dt. (5.25)

In this way, combining (5.25) and (5.26) with the triangle inequality we arrive at
(e —on)®)llcaiv + [[(a(t) —an)(t)le

< llean@llcav + leon®)le + (0" —ap)(@)lcaw + (67 —ap)()lc,

which, together with (3.3) and (5.19), imply the existence of a constant C > 0, independent of h and
A, such that

(e —an)@)lcav + (6(t) —on)(B)le

(5.27)

< G { o — o lw2ee (m(aiv,0)) + 17 — Qurllwzec @2 + lu — Unullwzeo @) }

for all ¢ € [0,7] and the result follows. O
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Lemma 5.3. Under the hypotheses of Lemma 5.2 there exists a constant C > 0, independent of A
and h, such that

7 = Pl oy < € { maxll(e(t) = Qui)(B)og + max|divie — o) Bl
0.7} (0,11 (5.28)

Proof. By virtue of the inf-sup condition (5.2), and the identities provided by (3.18) and (5.14), we

find that
Jo(rn(t) — Qur(t)) : 7

+ o1 —o1nlloo + 1

B l7n(t) — Quir(t)]oo < sup

TEW), HTHH d1v Q)
. . —T'h T
< (1) — Quit) ol ®) —7u(®) : 7 (5.29)
TEW, ||THH div,Q)
. . G G
= 1#(0) — QuDllog + sup IO =G TIw]
TEW), HTHH(dw,Q)
In turn, using the Cauchy-Schwarz inequality and (3.3) we have that
(G(0) = Gn(t). mhw] < T waxldiv o (1) — div (6] 1 div 1],
1 ) ) 1
g6 = onle + 5 llor —aupllon+ Iri = rialba} Il
V2 H
< 1T madive(t) - divon(®)ll, + —=—[& () — &a(0)] (>:30)
— max||divo(f) —divoy —||o(t) — o c
VP [0.1] ? /21

1
+ ﬂllm —oiplon+llrs — Tl,hHO,Q}||THH(div,Q) .

In this way, combining (5.29) and (5.30) we deduce that

[7(t) — Pr(t)]lo,0 < |7(t) — Qui(t)llo,o + |Qur(t) — 71 (1)]l0,0

1 1 T
< |1+ > T Qnr(t)|o,0 + — max||dive(t) — divoy,(t
(1 55) 190 - @l + 54 o maldivoto) o
=60 = antle + 5-lor — avaloa + Ir = rial
—|o(t) — o —|lo1 — — .
Ner n(t)lle 2 1 1,rll0.9 1= T1all00
Finally, the bound for ||r(t ) - rh( )lo,o is obtained from the foregoing estimate and the identity
r(t) —rup(t) =ro—ron+ fo — 71(s)) ds, which completes the proof. O

Lemma 5.4. Under the hypotheses of Lemma 5.2, there exists a constant C' > 0, independent of A
and h, such that

le = wilwewge@y < C{lu - Unulwesge) + max|div(e — o3)(1) 00 }-

Proof. According to (4.5) and (5.15) we have that 4 (t) := D(&(t),#(t)) and @y, (t) :== Dp(6x(t), #1(t)),
which satisfy

(div T, 4(t) — @py(t)) = (div(e —op)(t),divT), VTreW, VYtel0,T]. (5.31)
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Then, it follows from (5.2), (5.31), (4.7), and Hypothesis 2, that

B in(t) — Unia(®) oo < sup Lot = Unii(t),divr)

TEW), HTHH(div,Q)
o () _alp o .
_ g B 8 dVT) Ll o) — diven(®)os,
rEW, |7 ler(aiv,) P

which, thanks to the triangle inequality, gives the estimate

, " 1 " N I
max||i(t) — wn(t)lloo < Z7 max|a(t) — Unii(t)]og + z—lldiv(e — on)(®)]oq-

[0,7] B* 10,1] B*p
The same estimates for ||u(t) — wy(t)|loo and ||w(t) — wp(t)||o,n are obtained after integrating, and
the result follows. O

We conclude by providing the following convergence result.

Theorem 5.1. Assume that the solutions o € C°(S) N CY(L2,,.(Q)) and r € C(Q) to problem (3.5)
satisfy o € C*(H(div, Q) NH(Q)) for some € > 0 and r € C*(L%(Q)). Then, there exists a constant
C > 0, independent of A\ and h, such that

lf[{)l%(HU(t) —on()lla@ivo) + 7 —rallwiewz@) + lu — unllwzewz)

<C {HU — o |l w2.eo m(aiv,)) T v — Unullwzeo e ) + 7 — QhT’Hw%oo(M(Q))} :

Proof. The required error estimate is a direct consequence of Lemmas 5.2, 5.3 and 5.4, and the norm
equivalence provided by Lemma 3.1. O

Remark 5.1. We notice that the uniformity of the error estimate provided by Theorem 5.1 with
respect to the coefficient \ shows that the semi-discrete Galerkin scheme (5.11) is immune to locking
phenomenon in the nearly incompressible case.

Remark 5.2. If the Lamé coefficients A and p are constant in ), it is shown in [22, Lemmas 3.2
and 3.4] that there exists an index € € (0,1] such that V. C H(2) x H¢(Q2). Hence, we only need to
assume in Theorem 5.1 that the solution (o, ) to problem (3.5) satisfies o € C*(H(div,)). Indeed,
in such a case, the reqularity o € C*(H(div, Q) NH(Q)) for some € > 0 is guaranteed by the fact that
(o(t),r(t) € V, ¥t € [0,T].

6 Time-space discretization

6.1 The fully discrete scheme

Given L € N, we consider a uniform partition of the time interval [0, 7] with step size At := T'/L.
Then, for any continuous function ¢ : [0,7] — R and for each k € {0,1,..., L} we denote ¢* := ¢(t1),

where ¢ := kAt. In addition, we adopt the same notation for vector/tensor valued functions and

. t tr 1 k+14 gk _1 kygpk—1 . . . .
consider ¢, 1 := ’“*%ﬂ, PFts = %, P2 = %, and the discrete time derivatives
2

E k-1
and  9,¢" := %,

_ (Z)kJrl _ (Z)k

k.
0" : At
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from which we notice that

5t¢k+1 _ 5t¢k B at¢k _ at¢k—1 B ¢k+1 _ Qd)k + d’k_l

_——
KOG = At At At?

In what follows we utilize the Newmark trapezoidal rule for the time discretization of (5.11): For

k=1,...,L—1, we look for (o’ﬁ“,’rﬁﬂ) € W), x 9y, solution of
o, ke

5 (01 ek o ok O - oy . .

(8,58,5(0 oy + 'I"h),T) + (le—,leT) = —(f(tk),d1v7'> VTeW,, (6.1)

p P :
(ohtts) = 0 Vs € Qy,

where, for the sake of simplicity, we assume that the scheme (6.1) is started up with
%, ™)) = 5,00, and (o},7}) = ZLo(t)). (6.2)

Then, we introduce the functions

e(’;h =07 (tg) — a’ﬁ €8;, and efih =71 (tg) — rﬁ € 9y,

where, as usual, (o} (t), 7} (tx)) := ZEpo(ty). We note here that (6.2) permits us to ignore the error
at the first two initial steps since e&h = e}nh =0 and eg’h = 6,1"7h = 0. Next, it is straightforward to
see that

; ehn +enn’
(&@t(c—le(’;h +efy), 7') + (div — T div T)p (6.3)
= (0}, 7) + (div Xk, div T)p YT €Wy,
where
X5 = 00, (C 7 o (tk) + T (tk) — (CT16* (k) + 7 (1))
and

o} (t) + 205 (t) + o (t-1) .
X5 o= Z . — o (tk) -

Moreover, thanks to the second condition of Hypothesis 2 there holds

(div(oy,(ty) — o*(tx)),divT), = 0 V1T eW,
and hence the consistency term X§ can be substituted in the error equation (6.3) by

_ % « o’ (tk 1) — 20% (tk) + o} (tk—l)
X5 = x5 — (oh(ty) — o™ (t)) = L - ’l b .

6.2 Convergence results
We begin the analysis with the following stability result for the main variable o.

Lemma 6.1. There exists a constant C > 0, independent of A\, h and At, such that for each n there
holds
n . n+%
max|dhety e + max]|divel ||,
(6.4)
< ¢ {maxCxille + max|divaxs oo + max|divxs oo} -
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k+1 _ k—1

Proof. Taking T = % in (6.3) and using that
k41 k-1 _
%ﬁ_%ﬁ %f‘%mz_@¢ﬁ+@%;
2At N At N 2 ’
we find that
1 _ _ k k=%, .., k+i k-1
ﬂ (C 1(8te];,h — (%e’;hl), (8te§7h + 8te )) + @ < le( + 60_’h2 )7 dlv(efﬂhZ — eO’,h2 ))p
k k-1 kts k=3
_ ( & atea,h + atea,h ) n (div e div eath — 60,h2>
1> 2 X27 At p7
which can also be written as
1 k k—1 1 k‘+ k—
S (100 2 = 19051 12) + o (v el 212 = ivel 2
k41 k-1
. ( ateah+8tegh ) i (div—k div eth _60_7’7/2)
X1> 5 X2 — Ar .
In this way, summing up the foregoing identity over k = 1,...,n, gives
k+2 k-1
o,ek h—l—&geh B e’
B ”*2 2 _ oAt ( % g ) 2AL (d E di ¥)
|oves, 2 Z - kz v b, div 2w}

orer —i—@e 1
= 2Atz< ok T Uh) — 2Atz dlvﬁtXQ,dlve h ) +2(d1VX2,d1V€ na “)p-
k=1

It is now straightforward to deduce from the last identity, the Cauchy-Schwarz inequality, and (3.3)
that there exists a constant Cy > 0, independent of A, h and At, such that

n 1 n+%
mgx”@lgemhnc + maXHdlvea,h o

A . (6.5)
< Co {AtkleClec + ﬁk 1 W }

and the result follows. O

We now turn to prove stability estimates for the Lagrange multiplier r.

Lemma 6.2. There exists a constant C' > 0, independent of h, such that for each n there holds
max| Oyl oo < C { max|ext e + max|divaxs oo + max|divisoa b (6.6)

Proof. Given k > 1 we deduce from the error equation (6.3) that

k+1 k—1

_ _ e + e
(Brektt — ek, ) = — (CT ekt — Bk ), ) — At (div% dlvr)p

+ At(xF, ) + At(div x5, div T)p,
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which, summing over k = 1,...,n, yields

k+3 k—%
+
(el it ) = —(C'oet !l T) — At E (dlvu d1v7'>
) ) k 1 2 p

—l—AtZ (x¥,T) + Atz (div x5, divT),.

It follows from the inf-sup condition (5.2), the Cauchy-Schwarz inequality, and (3.3) that there exists
a constant C7 > 0, independent of A, A and At, such that

o en—i—l
6 ||at€n+1H0Q < sup (t rh7 )
TEW), HTHH div,Q)

1 1
< {maX(H@te"HHc + \%maXHdlveghQHp + max||Cx1Hc + pmax||d1vx2||og} ,

and the result follows from Lemma 6.1. O

Lemma 6.3. Assume that the solutions o € C°(8) N C (L2, () and r € C1(Q) to problem (3.5)
satisfy o € C*(H(div, Q) NH(Q)) N C*(H(div,Q)) and r € C4(]L2(Q)). Then, there exists a constant
C > 0, independent of \, h and At, such that

) . +1 .
max & (t,,1) — dflle + max|diva(t, ) — o ), + max|#(t,. 1) - arflo
< C{ o — Iho[lw2eo(m(div,)) + 17 — Qrrllwzeewz(a) (6.7)
o+l = Upulhwe oy + (D02l llwes(aiv o)) |-
Proof. Tt follows from the triangle inequality and the stability estimates (6.4) and (6.6) that
. n+% . n
~diva] ), + maxi(, ) - oo

max||o(t, 1) — Ao llc + max||dive(t,, 1)

o (tni1) + oy (tn) ) H
2 P

< max|é(t,, 1) — 0 (ta) e + max||div (ot 1) -

. . nty
+ maxi(ty ) = it + maxloiesle + madiver i, + maxjoetle oo

max||g(t, 1) = Qo (tn)llc + max||7(t, 1) = 0ry(ta)lo0

, i (tnt1) + 07 (tn)
+ mT?XHdIV(U(tn+§)_ b n+12 e )Hp

+ ¢ { maxliexille + max|div x3lo.q + max|divsloo |-

Then, using Taylor expansions centered at ¢ = t,, with integral remainder and keeping in mind (5.24)

we have that ., . ) .
Cx1 = 63,(tn) — 6" (tn) + 2u(Py(tn) — 7 (t0))

1 it dhok (1) A (t) 5 (6.9)
+6(At)2/ ( dt4 + 2M dt4 )(At—|t—tn’) dt,
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P B L
=g [ s, (6.10)
tn—1
and
1 Or(the2) — 307 (tng1) + 305 (tn) — o} (tn-1) 1 /tn+2 d302 )
_ — £ (tnga — £)2 dt
03 At sar )y, ap Dl —0)

6.11)
tnt1 d3o_* tn d3o_* (t) (
h 2 h 2
- Z TR () (tyeg — )2 dt “Oh g )2de .
3 /tn ErEal QICEE L)) +/tn_1 35 (tn-1—1)

In turn, Taylor expansions centered this time at t =¢, 1 give
2

O'Z(tn-i-l) + O'Z(tn) * 1 [tn+r ] " At
U(tm-%) - B = U(tm—%) - o'h(tm-%) 9 tn o-h(t)(? —[t— tm—%‘) dt, (6.12)
. . . .* 1 [t A3 (t)
(1) = Ooh(tn) = 6t 1) —n(tor1) — 517 /t T’?,(tnﬂ —t)?dt
nty 6.13)
1 [ted dBa(t) i (
T2 h 2
- — tp —t)?dt.
2At /tn de3 ( )

and

. . . . 1 [t A3 (1)
T(tn—i-%) — Oy (tn) = T(tn—i—%) - Th(tn+%) - M/ T:g(tn-‘rl —t)*dt

fntd (6.14)

1 flary (1) 5
- tn —t)2dt.
2Nt /tn a3 (n =)

Having established the above estimates, we now deduce from (6.9), (6.10) and (6.11) that there exists
a constant Cy > 0, independent of A, h and At, such that

max||Cx7[lc + max||/div dix3lloe + max||divxzloo < Ci { o™ — opllw2e (1(div,0)
(6.15)
+ 7" = rillwzeewz@) + (A2 (Irhllwaeewz@) + lohllwasmaiv.o)) },

whereas (6.12), (6.13) and (6.14) yield the existence of a constant Cy > 0, independent of A, A and
At, such that

max |6 (t, 1) — 407 (1) + maxli(t, 4 1) — D4 (1) o

. p (1) + o7 (L * «
+ mﬁx“dw (a(thr%) _ il +1>2 il ))Hp < Oy { o™ — opllwiee (H(aiv,0)) (6.16)

+ 7 = rillwreeuaivigy) + (A (Irhlwae@zy + ok lwseaiv.) }

Finally, we deduce from the uniform boundedness of =3 : W — W), x Oy x U}, with respect to h and
A, and from our regularity assumptions, that there exists a constant C3 > 0, independent of h and A,
such that

okl waeo (ri(div,0)) + TR lIwae@2@)) < Csllolwas maiv,0) » (6.17)
and thus, combining (6.15), (6.16), and (6.17) with (6.8), we conclude that
. . . n+i .
max|[&(t,, 1) = doyle + max||dive(t,, 1) —dive, [, + max||F(t,, 1) = dirylloa 6.15)
< Oy { |0 — o} llwzeem@ivo) + 17" = Thllwze @) + (A1)?]o|lwaeemdiv.o)) }7

and the result follows from (5.18) and (5.19). O
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Lemma 6.4. Under the hypotheses of Lemma 6.3 there exists a constant C' > 0, independent of A\, h
and At, such that

n+% n+%
mj}XHU(thr%) —oy Plle + mT?XHT(thF%) =7y, *log < C{ o — o |lw2.00 (Er(div,02))
+ 7 = @arllwzeo @) + v — Unullwzeo w2y (6.19)
(A8 (0w i,y + 7l equgay) b
Proof. We first notice that

(0t ) = o) = (ot y) — o) *) = oltyy) — oty
- %(d’(tk-{-%) + d'(tk_%)) + %(o‘-(tk-}-%) — Qo) + %(d’(tk_%) — 9oh™h) (6.20)

and

k+3 k—1
(7'<tk+%) - Ty ) — (T(tk_%) - Ty, ) = T(tk_%) - T(tk_%)
At At

= St ) + (1)) + S () — ) +

At

5 (F(ty) = By, (6.21)

Then, using a Taylor expansion centered at t = tj, we find that

At . ) 1 [t dPo 9
Oltiny) ~ ol y) = 5 Gy + o) =5 [ GE O, -0
1 [ dPo 9 At [l dPo At (6.22)
+ 2/t 1 @(t)(tk_% —t)°dt — 2, @(t)(j — |t —tg|) dt
k—% k—%
and . 5
At . . 1 ["+3 d°r 9
Plthss) ~ 7ty 1) = S ((tyes) + 70 1)) = 5 / Oty s — 07 e
1 [t d3r 9 At [terd d3r, At (6.23)
k-3 k—%
In this way, substituting (6.22) in (6.20) and (6.23) in (6.21), and summing the resulting identities
over kK = 1,...,n, we deduce that there exists a constant Cy > 0, independent of A\, h and At, such
that

nt+i n+i
maxy |l (t, 1) = o e + maxyllr(t, 1) = 5 og < Co{ (AD* (o lwse o)
I llws e eey) + maxlé(t,,1) = dohlle + maxlli(t, 1) = drilos |

Finally, (6.19) is a direct consequence of the foregoing estimate and Lemma 6.3. 0
It follows from (6.1) and the fact that (¢, 79) and (o}, 1) belong to V}, that for eachn € {2,..., L},
(o}, r}) belongs to V), as well. Hence, we may define uj, := Dy (o}, 7}) € Uy, which is characterized

by
(divT,u}) = —(Clol + 7}, 1) VTreWy, VYne{0,...,L}. (6.24)
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Moreover, we propose u2+5 and aj := 0;0,u™ as suitable approximations of the displacement field
ult, 1 ) and the acceleration (t,), respectively. To this regard, we remark again that, one can
1

1 n
compute uZJr? by solving a saddle point problem of the form (5.8) with right-hand side div ah+2.

However, a better option consists in using an explicit representation of the fully discrete displacement
1

field UZ+§> which is obtained as follows. We first notice from the characterization (6.24) of the operator
Dy, that

(diw,étatuz) - —<8t3t(C_la'Z + rz),T) VreWn, Vne{l,...,L-1},

whereas from the first equation of (6.1) we have that

n+% n—j
<div7‘,5t8tuz> = (div% + f(tn),diVT) VT eWy,, Vne{l,...,L—1}.
p

It follows from the foregoing equation that

an+% + o 3
ayl := 0;0mu™ = p~ 1 { div % +Unf(tn) ¢ » (6.25)
and summing twice the last identity we obtain
n—1 1 0k+§ " Uk—%
ul = (At)? Z Zp‘l div % + Upf(ty) p + ud +t,0ur Yne{2,...,L}, (6.26)
I=1 k=1

with u) := Dp,(69, 7)) and u} := Dp(ot,7}).
Lemma 6.5. Under the hypotheses of Lemma 6.3 there exists a constant C' > 0, independent of A\, h
and At, such that
. ntl
maxii(t) — afllog + maxlu(t,,s) —u lon < O (Ao lwerqrama

Tl-‘y—l n_;’_l
+ |l = Unuflweoe e () + max|lo(t, 1) — o), *[lu@ive) + max|lr(t, 1) —r),

O,Q}-

Proof. We begin by observing, thanks to the inf-sup condition (5.2) and Hypothesis 2, that

(Upa(ty) — ap,divT) ((t,) — ap,div T)

B Upu(ty,) — aplloe < sup = sup (6.27)
TEWS |7 e (aiv,0) rew,  ITlla@iv,e)
Next, we notice that by definition of (t) = D(&(t),7(¢)) and a}}, it holds that
n—l—% n—%
(i(tn) — a, div 7) = (div (o (tn) — W),div 7') . (6.28)
o

In this way, writing

tn+ 3 . At 1 n+i 1 n—1i
| EOG Dt 5o, )~ ) e, )=,
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we deduce from (6.27) and (6.28) that

i(t,) — ay, di At)?
ﬂ* max||Uh'i'L(t ) _ ahHO 0< max sup (U( n) a;,div T) < ( )
n Tewh 7 [t (div,0) 4p

iv(o(t, 1)~ o) *)

o[l w2 (11(div,0))

1 .
+ %mgXHdIV(U(tm%) — o, I

which, combined with the triangle inequality, gives

max|[i(t,) — ajlloo < max||@(t,) — Upia(tn)llo0 + max||Upit(tn) — ahllo.0

. At ntl
< mgx”u(tn) Untt(tn)llo,0 + (4 5)* [0 [ w2.00 (B(aiv,0)) + madelv( (tn+%) —a;, oa-

2 5*
On the other hand, in order prove error estimates for the displacement, we use again the inf-sup
condition (5.2) and the identities (4.7) and (6.24) to obtain

n+% .
41 (up, * = Upu(t, 1),divT)
B*|luy, 2 = Upult,, Dlloo < sup e
TEWY, HTHH(div,Q)
(w "~ ut, 1), divr)
= sup
TEWY, HTHH(div,Q)
_ n+ n+1
. (C 1g(tn+%)+r(tn+%) C~ O'h - Ty ,’T)
TEW), HTHH(div,Q)

n+i 1 n+i
< rltney) =75 oo+ 510 () = o3 oo

Finally, the triangle inequality gives the estimate

nti
max|u(t,, 1) —u, *loo < max|u(t,, 1) = Upu(t,, 1)loe

41 41
+ g max ) [7(t,y1) =7, 2 loe + g maxallo(t,, 1) =0y log,
and the result follows. O
Theorem 6.1. Assume that the solutions o € C°(8) NCH(LL3,,,(Q)) and r € C1(Q) to problem (3.5)

satisfy o € C2(H(div, Q) NH(Q)) N C*(H(div,Q)) and r € C4(]L2(Q)). Then, there exists a constant
C > 0 independent of X\, h and At such that

n+3 n+i ..
max|o(t, 1) = o ? [ngaiv.e) + maxl|r(t, ;1) = " 2o + max|i(t.) - apllo.

n+i
+max|u(t, 1) —u, *lloo < C{ o — o [lw2.eo ((aiv,0)) + 17 — Qnrllwzeo (L2()
+ [l — Upullwee 20 + (A1) (lolwace raiv,)) + 17 lwaeerz@))) } :

Proof. The result is a direct consequence of Lemmas 6.3, 6.4 and 6.5 and the norm equivalence provided
by Lemma 3.1. 0

Remark 6.1. We end this section by remarking, as shown by Theorem 6.1, that the fully discrete
scheme maintains the convergence properties obtained in Theorem 5.1 for the semidiscrete Galerkin
scheme as discussed at the end of Section 5. Indeed, (6.7) shows that the fully discrete scheme can
deal safely with nearly incompressible materials. Finally, we notice from (6.26) that the displacement
field can also be post-processed at the fully discrete level.
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7 Asymptotic error estimates for the AFW element

It is important to notice that Hypotheses 1, 2 and 3 are satisfied for most known mixed finite elements
[4, 12, 18, 25] for the steady elasticity problem with reduced symmetry (see [5] for more details).
However, for the sake of brevity we restrict our choice of finite element examples to the Arnold-Falk-
Winther (AFW) family [4]. We consider shape regular affine meshes 7, that subdivide the domain
into triangles/tetrahedra K of diameter hx. The parameter h := maxgcT;, {hK} represents the mesh
size of Tp,. In what follows, we assume that 7j, is compatible with the partition Q = U}-Izlﬁj, ie.,

{KGE, KCQJ‘}:Q]' Vi=1,---,J.

Hereafter, given an integer m > 0 and a domain D C R?, P,,(D) denotes the space of polynomials of
degree at most m on D. The space of piecewise polynomial functions of degree at most m relatively
to Ty is denoted by

P(Th) == {v € LX(Q);  vlx € Pm(K), VK €Tp}.

For k > 1, the finite element spaces
Wi = Pu(Tn)”0W,  Qui=P (T NQ  and Uy :=Pr1(Tn)"

correspond to the Arnold-Falk-Winther (AFW) family introduced in [4] for the steady elasticity prob-
lem. It is shown in [4] that Hypothesis 1 and the first condition of Hypothesis 2 hold true. Moreover,
the fact that 7, is compatible with the partition Q = U}Llﬁj implies that the second condition of
Hypothesis 2 follows from the first one.

We also let ITj, : H!(Q) — W}, be the tensorial version of the BDM-interpolation operator and
recall the following classical error estimate, see [11, Proposition 2.5.4],
|7 —p7lloo < CR™||T||m0 Vre H™(Q) with1<m <k+1. (7.1)
Moreover, thanks to the commutativity property, if divr € H*(Q), then
|div(T = II7)|jo0 = ||divT — Up div 1|00 < CA™||div T|;ma for 0 <m < k. (7.2)

In addition, it is well known (see, e.g. [19, Theorem 3.16]) that IIj is defined on H(Q2) N H(div, )
for any € > 0 and there exists C' > 0, independent of h, such that

I0hrloe < € {ITlea + lldiv Tloa}, (7.3)

which proves that Hypothesis 3 is satisfied.

We deduce from (7.1), (7.2) and Theorem 5.1 that if the solutions o € C%(8) N C'(L,,,(©2)) and
r € C'(Q) to problem (3.5) satisfy o € C2(H*(Q)), dive € C?(H¥(Q)) and r € C2(H*(2)), then there
exists a constant C' > 0 independent of h such that

T[IS?%HUU) — on®)lu@ivey + Ir = mallwieee@) + o — wnlwzeqe@) < CRE. (74)
Similarly, it follows from Theorem 6.1 that if the solutions to problem (3.5) satisfy o € C*(H(div, Q))N

C2(H*(Q)), dive € C2(HF(Q)) and r € C*(L2(Q)) N C?(H*(Q)) then, there exists a constant C' > 0
independent of h, At and X such that

nti n+i
max|o(t, 1)~ o v + maxlr(t,, 1) — i 2o
(7.5)
+l
00 + maxfu(t,, 1) —u oo < C{h’“ +(AD?) }

+ max||i(t,) —ap
n
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h=A eh(a') rh(a) eh(r) rh(r) éh(u) fh(u) eh(u) rh(u)
1/8 |4.65e—01 — 3.18e—02 — |9.53e—00 — 1.23e—01 —
1/16 |1.08e—01 2.11 |9.03e—03 1.82 |2.27e—00 2.07 |3.05e—02 2.01
1/32 |2.65e—02 2.02 |2.47¢—03 1.87 |5.59¢—01 2.02 |7.56e—03 2.01
1/64 |6.63e—03 2.00 |6.47e—04 1.93 |1.39e—01 2.01 |1.89e—03 2.00
1/128 | 1.65e—03 2.01 |1.66e—04 1.96 |3.47¢—02 2.00 |4.72e—04 2.00
1/256 |4.10e—04 2.01 |4.19e—05 1.99 |8.67¢—03 2.00 |1.18¢—04 2.00

Table 8.1: Convergence history in the case A=p=w =1 and k = 2.

8 A mixed FEM example and numerical results

We present a series of numerical experiments confirming the good performance of the fully discrete
Galerkin scheme (6.1). For simplicity we consider a two-dimensional model problem and the AFW
element element for the spatial discretization. All the numerical results have been obtained by using
FEniCS [20].

We choose 2 = (0,1) x (0,1), T'=1, p =1 and select the data f so that the exact solution is given
by

u(x1, x9) = sin(2nwry) sin(27wrs) <sm t) : (8.1)
cost

We also assume that the body is fixed on the whole boundary, i.e., we take I' = 0{2. The numerical
results have been obtained by considering nested sequences of uniform triangular meshes 7; of the
unit square 2. For each mesh size h, we take At = h and the individual relative errors produced by
the fully discrete Galerkin method (6.1) are measured at the final time step as follows:

L—1 -1
lo(t_1) = o, *laaive) lr(te_1) =7y *log
ep(o) = 2 , ep(r) == 2 ,
HO'(th%)HH(div,Q) ||7“(75L7%)H0,Q
=
lult,_1) —u, oo |a(tr—1) — akYoq
ep(u) == 2 én(u) := — —,
[tz 1)lo.0 [a(tL-1)loq
where (o,7) and {(a7,7}), n = 0,..., L} are the solutions of (3.5) and (6.1) respectively and a>~*
is obtained from (6.25). We introduce the experimental rates of convergence
_ log(en(a)/ej () _ log(en(r)/e; ()
rp(o) == . , rp(r) = =
log(h/h) log(h/h)
_loglen(w/ey(w) . log(én(w)/E, (w)
rh(u) = S rh(u) = S
log(h/h) log(h/h)

where e, and &;, are the errors corresponding to two consecutive triangulations with mesh sizes h and
fl, respectively.

We report in Table 8.1 the relative errors and the convergence orders obtained for the AFW element
of order k = 2 (AFW(2)) and with an exact solution defined as in (8.1) with A = p =w = 1. It is
clear that the correct quadratic convergence rate of the error (see (7.5)) is attained in each variable.
To test the locking-free character of the method in the nearly incompressible case, we consider now
Lamé coeflicients A and p corresponding to a Poisson ratio v = 0.499 and a Young modulus E = 10.
We fix the polynomial degree to k = 2, take w = 1 and report in Table 8.2 the experimental rates of
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h=At eh(a') rh(a) eh(r) rh(r) éh(u) i"h(u) eh(u) rh(u)
1/8 |4.18e—01 — 4.43e—00 — |5.28e+03 — 3.53e—01 —
1/16 [9.70e—02 2.11 |5.69e—01 2.96 |1.25e+03 2.07 |3.67e—02 3.26
1/32 |2.23e—02 2.12 |7.80e—02 2.87 [3.09e+02 2.02 |7.73e—03 2.25
1/64 |6.12e—03 1.87 |9.50e—03 3.04 | 7.67e+01 2.01 |1.88e—03 2.04
1/128 | 1.48¢—03 2.05 |1.14e—03 3.06 |1.91e4+01 2.00 |4.72e—04 2.00
1/256 |3.43e—04 2.11 |1.53e—04 2.90 |4.79¢4+00 2.00 |1.18¢—04 2.00

Table 8.2: Convergence history in a nearly incompressible case:

h=A

~+

eh(a')

rh(a)

en(r)

rh(r)

éh(u)

'fh(u)

v=0499, w=1,k=2.

eh(u)

rh(u)

1/8
1/16
1/32
1/64
1/128
1/256

2.25e+02
1.59e+02
2.44e+01
1.28e+00
7.82e—02
5.54e—03

0.50
2.70
4.25
4.03
3.82

1.22e+01
1.68e—00
1.78e—01
4.88e—03
2.29e—04
1.25e—05

2.86
3.24
5.19
4.41
4.19

3.16e+-04
3.08e+04
5.18e+03
3.35e+02
2.24e+01
1.43e+00

0.04
2.57
3.95
3.90
3.98

4.39e+02
2.29e+-01
1.21e—-01
7.75e—03
5.31e—04
3.37e—05

4.26
7.56
3.97
3.87
3.98

Table 8.3: Convergence history in the case A =y =1, w = 16 and k = 4.

convergence. We observe that the method is thoroughly robust for nearly incompressible materials.
Finally, we notice that the higher w is in (8.1), the smaller is the mesh size h needed to reduce the
predominance of the spatial component of the error. In such a case, it is meaningful to use a polynomial
degree k£ > 2 in order to make the error reach its asymptotic behavior without using too small mesh
sizes h. This is illustrated in Table 8.3 where AFW(4) is used with the choice w = 16.
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