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Abstract

For the Stokes—Darcy coupled problem, which models a fluid that flows in a free medium into a porous
medium, we introduce and analyze an adaptive stabilized finite element method using Lagrange equal order
element to approximate the velocity and pressure of the fluid. The interface conditions between both domains
are given by mass conservation, the balance of normal forces, and the Beavers—Joseph-Saffman conditions.
We prove the well-posedness of the discrete problem and present a convergence analysis with optimal error
estimates in natural norms. Next, we introduce and analyze a residual-based a posteriori error estimator
for the stabilized scheme. Finally, we present some numerical examples to show the quality of our scheme.

Keywords: Coupled Stokes—Darcy equation, stabilized finite element method, a priori error analysis, a
posteriori error analysis.

1. Introduction

The coupling between a fluid that flows in a free medium into a porous medium is of particular interest
by practitioners, scientists, engineering, and hydrology, for example, to predict how contamination spreads
into streams, lakes, and rivers, affecting the water supply (see [35], and references therein). This coupling is
also important in the filtration of blood through the arterial wall (for details of medical applications, see for
example [6]). In the industrial sector, it is studied in the design of filters and in the hydrocarbon extraction
process (for details, see [2 25]). In this work, we consider the coupling of a fluid modeled by the Stokes
equations with the fluid in a porous medium governed by the Darcy equations. At the interface, we have
mass conservation, the balance of normal forces, and Beavers-Joseph-Saffman conditions [0 32].

In the last decades, various ways of obtaining approximations of solutions by finite element methods
for both problems separately can be found in the literature (for instance, for the Stokes equation [3] [
13, 221 241 B33, [40], and for Darcy equation [4, 12 14, [29]). Although it is known that both problems
are mathematically very different, a unified study of both problems in a single domain can be found in
[, A1 151 17, B9]. In this shortlist of references, stabilized finite element methods are presented, assuming
that the physical parameters of the problem allow generating the Darcy or Stokes equations in a limit case.

Regarding the coupled problem, there is a long list of discrete schemes to obtain approximated solutions.
For example, in [23], a domain decomposition methodology introduces an iterative method to solve the
problem. In [31I], a complete theoretical analysis of a primal mixed scheme is presented using a Lagrange
multiplier to obtain velocities with continuous normal trace. In [38], stable finite element space for the Stokes
equations and a Galerkin least-squares formulation is used for the Darcy equations. In [27], the authors
presents a conforming mixed finite element for the corresponding coupled problem using Bernardi—Raugel
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and Raviart—Thomas elements for the velocities and piecewise constants for the pressures. In [41], the mini-
element for the Stokes equations and Brezzi-Douglas-Marini (BDM) with linear Lagrange approximations
are used to solve the problem. For more schemes, see [I8] [42] [19] and the references therein. Also, it is
worth to mention the interior penalty method presented in [I7], based in a Nitsche-type weak formulation,
allowing to obtain approximations of piecewise linear continuous velocities and piecewise constant pressure;
the scheme proposed in [37] which add jumps terms over the element edges of the velocities and used
nonconforming Crouzeix—Raviart piecewise linear element for the velocities and piecewise constant for the
pressures, and, finally, in [5], the authors used the classical mini-element discretization of the Darcy and
Stokes problems.

In this work, we introduced and analyzed a new stabilized finite element method for the Stokes—Darcy
coupled problem, which allows us to use equal order approximation spaces ]P’z X Pz, for velocities and
pressures, respectively, in both domains. Our discrete scheme uses the weak formulation presented in [38],
and residual stabilized terms, for the Stokes equations, inspired in [26]. Using a weak inf-sup condition, the
new method stability can be ensured; also by using a standard argument of stabilized finite element methods,
we prove the convergence of the method with natural norms. Therefore, there are two main contributions
in this work: the introduction and numerical analysis of this new scheme and the introduction of a reliable
and efficient residual-based a posteriori error estimator (for other references in a posteriori error estimator
for this problem, see [10, [I8] 2§]).

This paper is organized as follows: In Section [2} the model problem, with different boundary conditions
on the interface between the free and porosity domains, is presented with its weak formulation. The new
stabilized finite element method is introduced in Section [3} including its well-posedness. In Section [4] the
a priori error analysis for equal order finite element spaces ]P’g X ]P’g is developed. The a posteriori error is
presented and analyzed in Section [5| Numerical results, showing the theoretical convergence rate and the
performance of the residual-based a posteriori error estimator, can be found in Section[} Finally, a technical

result is proved in

2. Model problem and preliminary results

Let © Cc R?, d € {2, 3}, be an open, bounded domain with Lipschitz continuous boundary 9. This
domain is divided into two disjoint open subdomains Qg and Q p, both with Lipschitz continuous boundaries,
such that Q = Qg UQp. Here Qg and Qp represent the domains in the free and porous media, respectively.
The interface between both media is given by I':=Qg N Qp as shown in Figure [l The remaining parts of
the boundaries are I's := 9Qg\I" and T'p := 9Qp\T', with T'p divided in TB* and TN, with B nTRe = ()
and TRIr £ 0.

Figure 1: Representation of a possible computational domain .

The Stokes—Darcy coupled problem consists on finding the velocities w:=(ug,up) and the pressures



p:=(ps,pp) such that they satisfy the system of equations

-V -o(us,ps) = fg inQg,
V-ugs =0 in Qg,
us =0 on I'g,
(P) vup+xVpp =0 in Qp, (2.1)
V-up =gp in{p,
pp =0 onIHr
up-np =20 on I‘%e“,

1
where o (ug,ps) :=2ve(us) — ps I is the stress rate tensor, I the identity matrix, e(ug):= 3 (Vugs + Vul)

the deformation rate tensor, v > 0 the viscosity of the fluid, x > 0 the permeability of the porous media
and mp the outward unit normal vector on T'¥¢". Here fgq € L?(Qs)? and gp € L?(Qp). This problem is
completed with mass conservation, equilibrium of normal forces and the Beavers—Joseph—Saffman condition
on I' (for details see [9]):

up -np +ug-ng =0,

—ng - o(us,ps)ns ZPO?, (2.2)
—nS'U(uS7pS)Ti=HT;2us-T¢, i=1,...,d—1,

where «; are positives non-dimensional constants, and 7; are the tangent vectors on I'.
In the sequel we will use the following Hilbert spaces,

H%={ve H(Qs)": v=0 on I's} and H”:=L*(Qp)’
Q%:=L*Qg) and QP := {¢ge H'(Qp): ¢=0 on ngr},
H:=H°x H” and Q:=Q°xQ".
A variational formulation of problem f can be written as: Find (u,p) € H x Q such that

B((u,p), (v,q)) = F(v,q), (2.3)
for all (v,q) € H x Q, where B : (H x Q) x (H x @) — R is the bilinear form defined by

B(('U,7p), ('U,q)) =2vK (5(1145),5(”1)3))05 — K (pS7 V- ’US)QS + K (q57 V- uS)QS
d—1
+ [<;1/2 Zai(us s Ti, VS * Ti)F —+ H(pr'US . nS)F
=1

+v(up,vp)a, +K(Vpp,vp)a, — Kk (up,Vap)a, — K (us - ms,qp)r

1
+5(VUD+KVpD,—VvD+anD)QD, (2.4)
for all (u,p), (v,q) € H x Q, and F : H x ) — R is the linear functional defined by
F(’UaQ):: K;(fSavS)QS +’%<gDan)QD7 (25)

for all (v,q) € H x Q. Now, it is well-known [38, Theorem 1] that (2.3)) has a unique solution (u,p) € H X Q.
In addition, we will use the following norm on the product space H x Q:
2 1/2
w0 = {vmlhwsli o, + slirslBo, +wpla, + 5 lrola, |

for all (w,r) € H x Q.
Throughout this paper C' and Cj, i > 0 will denote positive constants independent of the mesh size h,
but who may depend on the physical parameters of the equation.

The following result will be needed throughout the paper.
3



Lemma 1. There exist positive constants Ckorn, Ct, such that
Ckorm [lvsll1,0s < lle(vs)llo,ns < Ct[lvsli,0s:

for allvg € H®.

Proof. See [20, Theorem 1.2-2]. O

3. The stabilized finite element method

From now on, we denote by {’7;5 two regular families of triangulations of Qg and

}h>0 and {ED}h>O
Qp, respectively, composed by simplexes that match at the interface I'. For a 7;15 or '7'hD, we will denote
by K the elements of the triangulation, and by Ef the set of all edges (faces) of 77LS , with the splitting
EY i=Eqg UEDTUEr, , where Eq stands for the edges (faces) lying in the interior of Qg, £ stands for the
edges (faces) on the boundary I'g, and &, stands for the edges (faces) on the boundaries I'. In the same way,

we denote by EP the set of all edges (faces) of 7,7, with the splitting £F :=Eq,, U EX U ERT U &, , where

Eq,, stands for the edges (faces) lying in the interior of Qp, and £ and EX' stand for the edges (faces) on
the boundaries I‘ll\;e“ and I‘%”, respectively. As usual hp means the diameter of T', h:= max hr, and
TeT VT,

hp :=|F| for F € & UEP. Finally, for each K € T,7UT,P and F € &; UEP, we denote by N(K) the set
of nodes of K, N'(F) the set of nodes of F', £(K) the set of edges of K, and define

wg = U K, d}}% = U K, of)f; = U K,
FeE(K') NE)N (K )0 N(F)ON (K )#£0
K'eTy, K'eT? K'eT?

wp= J K, @R:= U K',  op:= U .
Fee(K") N(E)NN (K )50 N(F)NN (K )0
K'€Ty K'eT,? K'eT,?

We introduce the following finite element subspaces of H®, H”, Q% and QP, respectively:

H} , ={veC@Qs)" : v|x ePu(K)?, VK eT }nH®,

Hp, ={veC@Qp)? : v|x e Pr(K)!, VKeTP},

Qi ={a€C@Qs) : qlx €PR(K), VK eT },

Qry={ae€C@p) : qlx ePu(K), VKeTP”}nQP,
with k > 1, where P} stands for the space of polynomials of total degree less or equal to k.

Let H, j,:=Hj,  x H} ) and Qi = Q5 xQP . and let wy, := (w5, un,p) € Hp, i and py := (pn,s, ph.p) €
Qn.1- We consider the following discrete stabilized scheme: Find (upn,pn) € Hp i X Qp i such that
Batab ((wn, pn); (Vn, qn)) = Fstab(Vn, qn), (3.6)

for all (vp,qn) € Hp i, X Qp i, where

Bstab ((wh; pr); (Vn, qn)) :== B((wn, pr); (Vh, qn))

h2
+rp3 Z TK < — 2wV -e(un,s) + Vpns,2vV -e(vps) + V%,s)

KeTfS K
hic 2
+0 Y, EAVouns, Voons | +vA D0 i (Veunp.Veovnp | (3.7)
KeT? K KeTP K



and

h2
Faan (v, qn) = F(vn, qn) + K8 Y f(fSaQVV'E(Uh,s)‘FVQh,s) +UA > Wk (gDav'vh,D> :
K

KeT,S K KeT,

C
Here 6 and X are no negative constants, and 0 < 8 < 71, where C7 is the constant appearing in the following

inverse inequality

Cr Z Wi IV -e(ns)tx < le(ns)ias  Yons € Hy,. (3.8)
KeTj’

Remark 1. The stabilized finite element method is inspired by the scheme proposed in [38], where a
standard formulation for the Stokes equation and a Galerkin least—squares formulation for the Darcy equation
was introduced. In this new method, we introduce an additional stabilization to the Stokes equation, allowing
equal order interpolation spaces for the fluid flow as for the flow in the porous media.

In the rest of this work, over Hy, i, X Qp, 1, we will define the following mesh-dependent norm

1/2
h? K2
I(wn, gn)lin = ve llvnslF o5 + K llanslEos + 58 > TK lan,s17 x + v lvnpllo.0p + ~ lgn,pl% 0, :
KeTy

for all (vp,qn) € Hp i X Qp k-
As it is well known, the subspaces H fk and Qi . do not satisfy a discrete inf-sup condition, but they
satisfy the following weak inf-sup condition

Lemma 2. There exist positive constants C, and Cs, independent of v and h, such that

1/2
an,s,V - Un,5)0
ap 25> O lnslons ~ G 48 Y Wlmnsliu - (39)
onseH? i)t [Vnsllios Kers
for all gn 5 € Qik.
Proof. See [26, Lemma 3.3]. O

The following result will be necessary to prove the well-posedness of the stabilized finite element problem
(3-6). The proof is based on similar arguments to those used in [4, Lemma 3].

Lemma 3. For all (up,pr) € Hy i X Qn i, there exists a positive constant C, independent of h, v, k and
«;, such that
By :
Sup btab((uh)ph)y (’Uh,Qh))

> C'|[(wn; pr)lln-
(Vn,qn)EH R kX Qh ik |||('Uh7 qh)mh




Proof. Using Cauchy—Schwarz inequality, (3.8) and Lemma |1} we get

Bstab((uhaph); (uhvph))

h2
> 2v /‘GHE(Uh,S)H(Q)Qs + /{5 Z TK ( —2vV - E(uhys) + Vph,S, 2vV - E(’u,h’s) + mes)

KeTj’ K
1
+ o (vup.p +KEVprp, —vVupp + KVPh,D)Q
> 20 wle(un s, ~ s 3 W IV el in w8 3 sl S lunolia, +

KeTj KeT?

25 K?
22Uk (1 - C) lle(un,s)3 s THEB Z VK |ph, sl? KT3 ||uh D||0 op T % |ph,D|iQD
KeT’
2 h% 2 v 2 K? 2
= Csvk|lunsllios + K8 Z W pn,sli i + 5 lwn,pll5.0, + o lpr,plT 0, (3.10)
KeT?

Let wg € Hg)k N H}(Qs)? be a function for which the supremum of Lemmais attained. Then

Bgtan ((wn,pn); ((—ws,0),(0,0))) = Bstab(((wh,s, wn,p), (Ph,s:Pr,0)); (—ws,0),(0,0)))
d—1

= — 2wk (e(uns),e(ws))as — £/ Y ai(uns  Ti,ws - Ti)r + £ (Ph.s, V- ws)ag
=1

+ K Z % <2uv-€(uh,s),21/V«€(ws)> —kf3 Z % <Vph,s,21/v‘€(ws)>

KeT? K KeTS K

h2
-0 > TK(V “Up,s, V- ws)k
KeT;?

Now assume that ||lws|l1,05 = ||Ph,sllo.0s, using Cauchy-Schwarz inequality, the inverse inequality (3.8))
with Lemma [T we have

Bstan ((un, pn); ((—ws, 0),(0,0)))
+ k (Ph,s, V- ws)as

> —2vk|lup,sll1,0s

1/2 1/2
— K fdv Z Wi IV - e(un,s)ll5 i Z Wi IV - e(ws) 1§ x
KeT,S KeTy?
1/2 1/2
—26¢8 Y Wk lpnslix B Y ik |IV-ews)f —do Y K||uhs||1Kst||1K
KeT? KeT? KeT?
1/2
> — Cyvk|lupsll10sllwslli,as + & (Prs, V- ws)as — CskQ B Z hic lpn.sli |wsl1,0s
KeTj?
Gl
1/2
060 2
> = |Gt —5 | velunsliesllwslies + Crrllpnsloes = (C2+Cs)w B Y hilpnslinp  lpnslloos:
KeT?
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Moreover, using Young inequality with positive constants v; and 75 chosen small enough, we can conclude
that

Bstab((uhvph)' ((_w57 O)’ (Oa 0)))

1 Ce0 7 Ce0 (Ca + Cs)vy,
> - E <C4 + ) V“H“h,s”iﬂs + K (Cl D) <C4 + mﬂ) v — T

G+ C
22 Y 7|phS|1K
2 KeT?

h2
> —Crvk ||uh,S||?,szs +Csk ||Ph,S||g,QS —CyKp Z TK |ph7$|%,K' (3.11)
KeTj’

Defining (vp, qn) := (un,pr) + 0 ((—ws, 0), (0,0)), and combining, (3.10) and (3.11)), we get
Bgtab ((wh, pr); (Vh, qn)) = Bstab((Un, pr); (Uh,Qh)) + 0 Bgan ((un, pn); ((—ws, 0),(0,0)))

2
K
> vk (C3 —6C7) | +r(1-0Co)B Y K|phs|1K+ HuhD”OQD g\ph,Dﬁ,QD

KeT,?

+Cgdk th,SHg Qs

B2 2
K
>C{V’€||uhs||1ﬂs +rp Z K|PhS|1K+V||UhD||OQD V|Ph,D|iQD}

KeT?

= C || (wn. p)I7, (3.12)

C; 1 1
choosing 0 < § < min { Ci Gy u1/2}

On the other hand, we have

Il(wn, an)lln < ll(wn, pu)lln + 602612 lpn sllo.cs < C ll(wn, p)lln,

which combined with (3.12)) proves the stability estimate. O

4. A priori error analysis

We begin this section by recalling a local trace theorem and the definition and properties of the interpo-
lation operators that we will use during the proof of the convergence of the stabilized finite element scheme

(3-6)-
Lemma 4. There exists a positive constant C, independent of hi, such that
19I5 0x < C {h}llwllﬁ,K +hi|Yl3 i}
for all K € TP UT,P and all ) € H'(K).
Proof. See [1l Theorem 3.10] or [I6, (10.3.8)]. O

We consider the Lagrange interpolant operator II; : H*1(Qg)¢ N H® — Hh x> and the Clément
interpolation operator Cy : H*(Q) — Qf,kv such that (see [24] for details) for all K € T,°, we have

us — Miusl,x < Ch5 ' usls k., (4.13)
lps = Ci;psllo,xc < Chi Ipsllszs (4.14)

7



for all ug € H*(K)? and all pg € Hé(d;}s;) with 0 <1 <1,1<s<k+1. Here C are positive constants
independent of k. Also, we consider the Clément interpolation operator C5 : H*(Qp)? — H hD, i, and the
Lagrange interpolant operator II7 : H1Y(Qp)nQP — Q}?,kv such that for all K € 7,P, we have

lup — €3 llo,xc < Chi [lupllszp, (4.15)

8K (4.16)

lpp — P pplix < Chicpp

for all up € H¥(@R)? and all pp € H*(K) with 0 <1< 1,1 < s < k+ 1, where C are positive constants
independent of h.

Lemma 5. Let (u,p) = ((us,up), (ps,pp)) and (up,pn) = ((un,s,un,p), (On,s.Pn,0)) be the solutions of
(2-3) and (3.6), respectively. If us € H*(Qs)?, up € H'(Qp)? and ps € H*(Qs), then it holds

Bgtan((w — wp,p — pn); (vn, qn)) =0,

for all (v, qn) € Hp o X Qp -

Proof. Using the fact that ug € H?(Qs)? and ps € H'(Qg), we get that fg — V - (2ve(ug)) + Vps = 0
and V - ug = 0. Using the fact that up € H'(2p)? we get V - up = 0, thus the stabilized terms in the
definition of Bgtap, vanish. O

Theorem 6. Let (u,p) and (up,pr) be the solutions of (2.3)) and (3.6)), respectively. Assume that (u,p) =
((us,up), (ps,pp)) € H*1(Qs)* N H® x H*(Qp)? x H*(Qg) x HF1(Qp) N QP, then

l(w = wn,p = pu)ll <CR" { |usllks1.0s + [Psllk.as + lunlkes + [Pollkr1.0n}
with C > 0 independent of h.

Proof. We consider the following notations:

s i=ug — Myug, nPs:=pg—Cips,
n“? :=up — Crup, 1"?:=pp - pp,
N =", n""), n"=n",n""),

o S D L S D
W= (ups — Myug, upp —Cpup), € :=(pns—Cyps,ph,0 — I} D).



Using the definition of Bgiap given in (3.7)), Lemma and Cauchy—Schwarz inequality, we have
Bstab((ez’ ez% (vha qh)) - Bstab((nua 77p)7 (vha qh)) - Bstab((u — Up,P — ph)7 (vha qh))

d—1
<2v k0" raslvnslies + 672 0 Y g Tillorlvns - Tillor 5 Y (072 lo.rllvn.s - nslor
1=1 FGSr‘h FEgrh

+ 5175 Ml0.0s IV - vrsllo.as + £ llanslloos IV - 1% lo.as

h2
+hB Y TK =20V -e(n™) + V"o 120V - €(vn,s) + Van,s
KeT?

|0,K

+vn*?lloep lvnolloen + 5 M2 [Lap lvnplloqs + & 10 lo.aplanolies +5 Y 7% nsllorlanollor

Feér,

1
+ > lvn™? + &V o o, | =von0 + £ Vanplly o,

h%{ us
+0 Y KV

v

0ox IV - onslox +vA Y XNV -7 ok IV - vhpllox

KeT? KeTP
<C {HU"SHiQS + > e+ D hE P18+ 1175115 00
Fegrh Fegrh
2 2
+ Y bk =20V e(*) + VPR g i + I 5.0, + PP 0, + 0™ + £VPP 5 o))
KeTj
1/2
- S it T sl
KeT?S KeTP
2
{”vh,S”iQs + Y helonslS e+ llanslios + Y. hk 120V -e(vns) + Vansll x
Feér, KeTj’
2 2 2 2
+ lwnplda, + lanolia, + > hrlanollsr + 1 —vvnn +5Vanols g,
Feér,
1/2
+ Y WV oonslie+ Y hillv"vh,Dg,K} : (4.17)
KeT? KeTP

Now, using mesh regularity, (4.13)), and Lemma we get

S ot I3 e <C D bt {hit I3k + huc 0™
Feér, KeT;

L) < OPFluslki,0s. (4.18)

Similar arguments allow us to obtain the following estimates:

> w18 p < C B |ppllksrop
FGSFh

2
S B 2w Vel + Vsl o < O [lusliEyaa, + sl o)
KeT?



Thus, it follows that
I 0s + D PR 1Ge+ Y hE'InP215.r + 1771505
Feér, Feér,

2 2
+ ) g -0V em™) + ViPE g ik + I 150, + PP R ap + lvn™ + VP25 o))
KeT?

Y R S e < C h%{nusniﬂ,ﬂﬁ sl o, + luplZ.a, + pDnzH,QD}.
KeT? KeTP

(4.19)

On the other hand, using inverse and Poincaré’s inequalities, mesh regularity, and Lemma @] we obtain

2
lonsllos + D>, hellvnsllr+ lanslBos + D bk 120V - e(vns) + Vanslly x
Feér, KeTs

2
+ llvnoldap + lanolio, + Y, brlanollsr+ 1 —vvnp +5Vanols g,

Feér,
+ Y hkIVeovonslie + Y PEIV-onollx
KeT,? KeTP

2
2 K
<C{||(vh,qh)||i+ Y helowsller+ D Wk ll2vV-e(vns) + Vans o, + > hFlQh,DH%,F}
Fégr‘h KE'TI;S Fégr‘h

<C (v, an)ll7- (4.20)

Now, from ([{.17), (£.19), (4.20) and Lemma 3] we have

I(eis e I* < ek ep)lli < Ch%{lusllﬁﬂ,gs + lIpsliioq +llunlia, + IIPDIIiH,QD} (4.21)

Using interpolation properties (4.13)-(4.16]), we obtain the estimate

67 m?) || < Ch%{ luslliros + Ipsllios + llunllio, + IPolli.e, } (4.22)
The result follows using triangle inequality, (4.21]) and (4.22]). O

5. A posterior error analysis

This section introduces a residual a posteriori error estimator for the stabilized finite element method
(3.6). Throughout this section, we will assume, for simplicity, that fg and gp are piecewise polynomials
functions in Qg and Qp, respectively.

5.1. Preliminaries results

For the reliability of the error estimator, we need to define standard bubble functions and some of the
results associated with them. We will define these functions considering the case in three dimensions (d = 3),
but the results are still valid in two dimensions (d = 2). For all K € T;° UT,P, we define the element bubble
function bx by

b= (d+ 1) ] A
zeN(K)

10



where )\, corresponds to the barycentric coordinates associated to node z. Let K be the standard reference
element with vertices 71 := (1, 0,0), ng :=(0,1,0), f23:=(0,0,1) and 74 := (0,0, 0), we define the edge bubble
function by
bI:’ = ddj\lj\25\4,

where F := {(:i:,y,O) eERY:0<i+9<1, &€ [0,1]}. For F € £ UE&P assume that wp = K; U Ks
with K1, Ky € 7-hs or wk = K; UK, with K1, Ks € ED. Let Gp; be the (orientation preserving) affine
transformation such that Gp;(K) = K; and Gp,;(F) = F, with i = 1,2. We define the bubble function
associated with F' € 5;? by

b bpoGry, on K, i=12, (5.23)
0 on Qg \wp,
and with F € &P by
)0 bpoGpy, on Ki, i=12, (5.24)
0 on Qp\wk.

Let IT := {(z,y,0) : (z,y) € RZ} and let Q : RY — II be the orthogonal projection from R to II. We

introduce the lifting operator Py : P (F) — Py (K) given by
§r— Pp(3) =50Q.
Let K; C wlg UwER. We define the lifting operator Pr g, : Pr(F) — Pi(K;) by
Pr,(s) = Pa(s o Gpi) o Gph.
Using these notations, we can define a lifting operator Pg : Py (F) — Py (w?) by

Sioy.— | Prr(s) in Ky,
s € Pu(F) — Pp(s):= { Prk,(s) in Ko,
for s = (s1, 82,53) € Pr(F)?, we define P2 (s) by
Pr(s) = (Pp(s1), Pp(s2), Pp(s3))-

Similary, we define
Pr(s):=(PF (s1), Pg (s2), PE (s3)),
where PR : Py (F) — P (wR) by

PF7K1 (8) in Kl,

s € Pp(F) — PR(s) = .
k(F) F (5) { Prk,(s) in Ks.
The next result can be prove using scaling arguments.

Theorem 7. Let b be the bubble function corresponding to K € T,° UT,P. Then for all vj, € Pp, n >0
there exists a positive constant C, depending on the reqularity of the mesh, such that

||’UhH(2J,K < C (bxvh, vh)K, (5.25)

Moreover, let by. and b2 be the bubbles functions defined in (5.23) and (5.24)), respectively. Then there exist
positive constants C, independent of hg, such that

[vnllg r <C (bFvn,vn)r  VF €&}, (5.26)
[onll§,r <C (bFvn,vn)r  VF €&, (5.27)

|67 PEsnllo.x <Ch|biPesnhx  VFe& K eT?, (5.28)
162 PE spllo.x <Chg|bRPEsn1x  VFe&P K eTP, (5.29)
b5 PRsnl1wg <Chp'Plsnllor  VF €&, (5.30)
(5.31)

bEPR skl W <C helsnllor V€ &P,
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for every polynomial vy, s, of degree n defined in K and F, respectively.

Proof. See [3, Theorem 19].

O

We denote by CS H® - Hh 1 C,? :HP - H,?,1 and CP : QP — Qﬁl, the Clément interpolation
operators. Let K € T,° UT,P and F € &7. These operators satisfy the following estimates (see [21] or [24]):
There exist positive constants C, independent of hx and the physical parameters, such that

lv = Cvllo,x <Chilvl s,

lo = Civllo,r <Chi? o]z,
lw — € wllo.x <Clwllo o,

lg —Callo.x <C hklali sp
o.p <Chil*laly sp,

for all v € HY, w € H” and ¢ € QP.

5.2. A residual error estimator
For each K € T,% and each F € Eq, we define the residuals

RK::<fS+V~ah>‘ ,

K
Fo_
RQS = [[O'hns]]F,
where o, :=2ve(uy,s) — pn,s I. For each F € &, , we define
oo
RENF = ( —Nng-opNs — ph,D> ,
F
Rf;&i = (— kng - onTi — kY 2q; up,g - 7'2»> , 1<1<d-1,
F
d—1
F .
RS,F '7RENFnS + ZRBIS iTi
=1

F o _
RMC = (uh,S ‘ng +upp - TLD)
F

Here, [v] . represents the jump of v across F. Similarly, for each K € T, and F € &P

)

R{(:D = <V’uh,D + vah’p>
K

Rg gD*V uhD)‘ 3
K

[[uhD nD]]F, F GgQD,
Rg: Uh,D * ’I’LD . F EgII\JIeu’
FE(S'BirUth.

Our residual-based error estimator is given by

1/2

ZWSK‘*’ ZnDK ;

KeT,? KeTP

, we define

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)



where, for each K € 77LS , we define

1/2
1
——_— {j B IRE2 4w IVt s S She|RENC .+ Y She ||R§,F|;§7F} ,
FeE(K)NEag FeE(K)NEr,
(5.47)
and for each K € T,P,
AL NRE|L o+ b [RED| o+ 5 hel|RE3
DK ‘= y 1,Dllo,x v KH Q,DHQK“" 9 Z v FH DHO,F
FES(K)QEQD
1/2
2
+ Z vhe||RBIIS # + Z vhi HRﬁCH&F} ) (5.48)
Feg(K)neNen Fe&(K)Nér,
Remark 2. Using integration by parts element-wise, we get for all (vg,qs) € H® x Q° that
B((w — un,p —pn); ((vs,0), (gs,0)))
= Z K (ng(,'vs)K + Z K (Rgl—\,’vs)F + Z K (Rgs,’vs)F —k(gs,V - uh75)§25 . (5.49)

KeT,’ Feér, Fefag
Similarly, we have that for all (vp,qp) € HP x QP

B((w—un,p—pn)i ((0,vp),(0,qp)) = Y k(R¥p.ap) .+ >, c(REc.ap)p+ > w(Rb.ap)y
KeT)P Feéry, Fe€qpUER™

1 K K
— iK;D (Rl,D’vD+;vQD>K' (5.50)
h

5.3. Reliability of the a posteriori error estimator

Theorem 8. Let (u,p) € H x Q and (up,pr) € Hp, X Qp e solutions of (2.3) and (3.6), respectively.
Then, there exists a positive constant C, independent of h, such that

1/2

h4
l(w—wnp—pn)| <CSn+ | > VTI;”V'U’LS”%,K
KeT;?

Proof. Let (v,q) = ((vs,vp),(¢s,qp)) € H x @ an arbitrary element, and v; g:= C}SL’Us. Applying (5.49))

13



to (vs — v1,5,¢s), using interpolation properties, and Cauchy-Schwarz inequalities, we get

B((u —up,p — pn); (vs —v1,5,0),(gs,0)))
< Y wRE gk lvs —vislo e+ D wIRERlyplvs —v1slyr

KeT? Feér,
+ > KRG o rllvs —vislyp+ D KlasloxllV - wnslox
Fe&ag KeT’
§C’{ Z ”hK||R§||o,K sy g + Z ”h}mHRQFHo,F |vs Loz
KeT’ Feér,
+ 3w IRE o e loshigs + > H||Qs||o,KV'uh,s|o,K}
Feéag KeT?
1/2
K K K
<o S SRIREL - S SRl 3 S REL e S A9 sl
KeT;? Feér, Feag KeT;S

1/2
2 2 2 2
{ E , wv|vsly g, + § : rv|vsly gs + Z rv|vsly gs + Z “||q50,K}

Keﬁ? Fegrh FegQS Keﬁ?
1/2
<CQ Y i Nl (5.51)
KeT?

On the other hand, let v; p ::Cfvp and q1,p ::C}?qD. Using a similar procedure, we have

B((w —wup,p —pn); ((0,vp —v1,0),(0,4p — q1,0)))
= Z H(RQD»(]D_QLD)K‘F Z K<R§cqu_q1,D)F+ Z K(RgaQD_QLD)F

KeT,? Feery, Fe€qp, UENen
1 K K
D) Z (Rl,w (vp —v1,p) + ;V(qD - q1,D))K
KeT,P
< 3 wlRED g lap =@l + 30 wlRiclpllan —avplor+ 30 sIRBlorleo —avplor
KeT,? Feér, Fe€qp UENe
1 K K
+ 9 Z HRLDHO,K [H”D —v1,p|lo,x + ;\QD —q1,D 174
KeT,?
) 1/2
2 2 2
gc{ > vhicREplg e+ Do vhe|[Riclor+ Do vhrIRGIGE+ Do — Rl }
KeT;P Feéry, Fe&q, UER™ KeTpP
1/2
/4/2
v|vpllo.ap + > lap|1,0p
1/2
<C$ Y mhry @l (5.52)
KeT,?
Let v, := (v1,5,v1,p) and G :=(0,¢1,p). Combining (5.51)) and (5.52)), we obtain

B((w —wn,p—pn); (v —0n,q — @) < Cnll(v,9)]. (5.53)
14



Similar arguments proves that

1/2

- hi
B((w = wp,p = pn)i (B,n) <C qn + | D S IV unslx (v, 9l (5.54)

KeT?

Therefore, from (5.53), (5.54) and Lemma[14] we arrive at

B((w —upn,p —pr); (v,q))

[(w—upn,p—pp)]| <C  sup

(v.0)eHXQ (v, 9|
1/2
M 2
<Cqn+ Z EHV'U}L,SHO,K )
KeT;?
which conclude the proof of the result. O
Remark 3. The term
1/2
T= Y 2 v, )2 (5.55)
= 3k Up,s|lo,K ) .
KeTj

appearing in Theorem @ is only present if 0 > 0 in the definition of Bstap in (3.7). In that case T is, at
least, O(h?) asymptotically, i.e. is a high order term compared to 7.

5.4. Efficiency of the a posteriori error estimator
In order to prove the efficiency of error estimate 7, we need some preliminary results.

Lemma 9. For all K € 7;{9, there exist two positive constants Cy and Cs, independent of v, k and h, such
that

IV -upsllorx <Cillus —unsll,x,

and

K 1
EmlRE e < Camaoe {1, 2 (R llus = wn sl + VR s — sl

Proof. Let bi be the bubble function associated to K € T,°. Since V - ug € L?(Qg) and using (2.3)), we
have that V - ug = 0 a.e in Qg. Then it is clear that

IV -upsllorx <Cillus —unsl,x,

for all K € 7,°. Now, let us define by :=brRE. From (5.49), (2.4) and an inverse inequality, we obtain

R(REbx)x = D w(RE br)xr = B((u —un,p — pu); (b, 0),(0,0)))
KT

=2vk (e(us — un,s),e(bk)) — K (Ps — Pn,s, V- br )k

<C {VFEHUS —ups|i,x + k|ps — ph,S||O,K}|bK|1,K

o.1¢ i [xcllo.c

< C{ vkl|lus — up s,k + K ||ps — ph.s
< {wnllus —un sl + s lps = puslo fht IRE o

Next, using Theorem |7}, it follows, for all K € 7,°, that

ki |RS llo,x < C {VHHUS —unsllix + lps = pu,s O,K}= (5.56)
hence, multiplying by 4/ ﬁ, we arrive to the desired result. O
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For the next result, we will consider the bubble function b}? defined for all F' € £q, U&r, .

Lemma 10. Let F' € &, . Then, there exist a positive constant Cs, independent of v, k, and h, such that:

1 1 h
\/; 1/2 HRSF||0F<C3 max{l ﬁ o V\F/» f} {MHUS‘ uh’SHLWE
} (5.57)

ERIRE o < 4 {1, 2 {anus uh,snl,w,g+¢E||ps—ph,s||o7w;}, (5:58)

+ Ve ps — ws +—

f

Furthermore, for F' € Eqg there holds

where Cy is a positive constant independent of h.

Proof. Applying Theorem m (5.49)), the definition of B and Cauchy—Schwarz inequality, we obtain

“HR F”OF CH(RSF,bf?Rg,F)F

SC{B((U—uh,p—ph);(( FPEREr0),(0,0)) = > w(RE,0EPER )K}

KEwls;

= C{Vﬁ(&?(us —uns),e(VFPERET))ws — K(Ps — Phos, V - (VEPERET))ws

d—1
+l€1/2 Zai((us_uh,s)'Tﬂb%Rf;F'Ti)F+K/(pD_ph,D7b§'Rg’F'nS)F— Z ( K PgRF> }
i=1 KEwIS;

+ £llps — ph,sllo wF|b PER& |, ws T K% s —

7WF

< C{W&“S —unslh wF|b ,PERS rl,ws
+llpp — i, pllo,FIBERE pllor + D ’i”Rg”O,KHbFPf?Rg,HO,K}'
KEwIS,
On the other hand, from Lemma (5.28]), Theorem |7} mesh regularity, and (5.56)), we have

—1/2 —-1/2
KIRE R 5 < c{wnus —unslhwshy? IRE pllo.s + kllps — prsllowshr” IRE pllo.r

4 k12

srllo,r + &llpp — proollorRE,

rhicl| RS o, [bEPERS pl1,w8 }
KEwg

< C{Wv|us — sl ws + ElIPs = Prsllows + £ lus — unslows

1/2

+5'2hp [us — wnsliws + 5D — P llown + £hE [PD = Phpliwp }h IR rllo,rs
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thus

Ko 1/2 1 1 hp
\/:hF/ IR rllor <C max{laf A \f} {VV"J||US—UhS||1wF

K
+ vk |ps = prsllows + 7 IPD — P,y wp }

Similar arguments, applied to F' € £q,, show that
F 2 F 1SpF
K[ Rasllo,r < COK(Rag: brRa,)F

<C|B((w—wnp — pu): (BSPERE,.0),0.0)) = 3 m(Rg‘,b%PERES)K]

Kew?

<Cvelus — wnslhog + s = prslog | EPERE, 15

[ 2
<C|vnlius - unsly oz + sllps —ph,sno,w;] BeY2 IRE. lour,

and the result follows. O
To prove the efficiency of 7, we will need the next result

Lemma 11. For all K € 771D, there exist two positive constants Cs and Cg, independent of v, k, and h,
such that

1 K
7 IR pllo,x < Cs {ﬁ |lup — wn.pllox + 7 125 ph,D|1,K}, (5.59)
and
K
ﬁhKHRé(,D”o,K <Cs {ﬁ lup —wnpllox + W lpp —ph,D|1,K}- (5.60)

Proof. From Theorem [7} (5.50)) and Cauchy—Schwarz inequality, it follows that

IR D”OK <C(R1 DabKR1D <C Z (Ry D7bKRfD)K
K'eTP

<C B((w—un,p—pn); ((0,-bxR{p), (0,0)))

<C {V (up — un,p, —bk R p)k + £ (V(pp — pr,p), —bk RY p) K+

(v(up —upp)+KV(PD — Pr.D), bKR{(,D)K}

<c{

which proves (5.59)). We can now proceed analogously, using Theorem |7} (5.50)), (5.59)) and Cauchy—Schwarz

|pD - ph,D|1,K}|

17



inequality, to conclude that

#IREDIG x < Cr(REp bRy p)x < C Z (RE 1 b RE ) ke
K'eTP

SC{B((u—uh,p—ph);((O,O),(OJ)KRé(’D))) (R1Da V(bKRzD))K}
<C{—/<; (uD—uhVD,V(bKRéfD))K—F( (up —unp)+K.V(Pp —Dphp), Vv(bKRQD)>K+

K
o IR pllo.se [bxR2 Dl }

12
SC{ ||R ||0,K} bR 1K
K 1
<C ||R pllox ¢ by RS
thus, using (5.59) we prove ([5.60)). O

Lemma 12. For all F € Eq, UER™, there exists two positive constants C7 and Cs, independent of v, k,

and h, such that
7 D}. (5.61)

D+f|pD Ph,Dl1we -
(5.62)

K
VP IR lo.r < &{ﬁ lwp = un,pllowp 7

Furthermore, for all F' € Er, the following estimate holds:

1 hgp
VAN

VI RYARE Jlor < Cs max{

F

}{mnus wnslli

Proof. We use the same ideas that in previous results, but now for F' € £q, UEF™. In fact, using Theorem
(5.50), and Cauchy—Schwarz inequality, we obtain

KIRDIGF < Ch (RD,VERD)

2
Kewp Kewp

go{B«u—uh,p—ph);<<o,0>,<o,b?7>£7e§>)>— >k (REp BEPERE) 5 3 (RID,V(bDPERF))K}

SC{ — K (uD — uh,D7V (bg,PFDRg))wIQ + ( ( Up — Up, D) + KV(;DD Dh, D) y V (bDlpglR,F)) b

WR

— 3 & (RE,bRPRRE) . ; 3 (RlD,— (bDPERF))K}

Kewk Kewk

2
<0 5 [slun - wunl 5 o < bt (Rl 5 RSl | 1EPERE]
KEwF

2
<C Z ln lup —unpllg x + % |pp — P01,k + K hi ||R§D||O,K +§ ||R§DHO,}(] h;1/2 ||R§HO,F’
Kewk
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which, combined with Lemma leads to (5.61]). Again, using Theorem |7} and Cauchy—Schwarz inequality,

we get that
K‘HRMC”(LF S Ck (RﬁmeRﬂc)

SC {B((u — Up,p _ph); ((05 0)7 (O’ bg PgRﬁc))) -
SC{ — K (UD —un,p,V (bFPI? MC)) wl T K ((uS
+( (up —unp)+ £V(Pp — Prb), VV(bDP

apIK.

(R3.p: bPPR RS,

Kewk Kewk
2
<C Z t|lup —un,pllo,x + - lpp — pr.pl1K
Kew®

BRE, }

KEWIQ

<o

+ /<;h;/2||us N uh’SO’F} h;1/2 HRI{ZCHO,F J

2
K
[H lup —uwnpllox + > |pp — Ph,D|1,K

thus (5.62) is obtained by lemmas [4] and

Z ( 2DabD7D MC) +% Z (Rle

KEwIE,’ KEwIQ

—uns) ns, bPREL)

%)),

wWr

i+ > (R 5V (0RPER Mc))K}

e [RED [l s + 5, IRED o

b [Rpl g+ IRl

v (

bDPDRF

b PR Ryl

O

Theorem 13. Let (u,p) € H x Q and (up,pr) € Hp o X Qn i solutions of (2.3)) and (3.6), respectively.
Then, there is two positive constants Cg and Cig, independent of h, such that

K
+ N lpD = pr,pll1wp +

ns,x < Co max {1

FES(K)QSQS

+ 2
FGS(K)ﬁSrh
for all K € 7;15, and

1
1D, K ngmaX{l,K,K} {\f|

D

FGg(K)ﬂ(ggzD Uggcu)
sy
Fe&(K)Nér,

for all K € T,P.

>

BN

lus — un,slliws + VEPs = prsllows

VK

wp ViP5 = prslog]

K
[v vk |us — un,sllyws + VEIPs = prsllows + 7 lpp — Phﬁlh,w?} }

\pD Ph, D|1 K
\/’

[fnuD—umewpD mohog|

{VVH|US—Uh,S||1,wg+WIIUD uhD\|0wD+f|PD phD|1wJ}7
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Proof. The proof follows from a direct application of lemmas [9) O

6. Numerical experiments

In this section we present three numerical examples to show the quality of our stabilized adaptive scheme.
All the examples were performed using the python libraries Multiphenics and FEniCS [34].

Recall that we use the notation Hp, 1, X Qp ; to mean that the velocity and the pressure, of Stokes and
Darcy, are approximated using piecewise continuous polynomials of total degree at most k.

We define the effectivity index E as follows

n

FE = .
[ (w —wn,p—pn)|

Thus our adaptive algorithm for the Stokes—Darcy coupled problem is given by

Algorithm 1 Adaptivity procedure
Require: ¥ € (0,1) and a coarse mesh T, = T,° U T,P.
1: Solve the stabilized discrete scheme (|3.6) on the current mesh.
2: For each K € Ty, compute the local error indicators ns x or np, i given by (5.47) and ([5.48)), respec-
tively.
3: Given K € Ty such that nx > ¢ Kma¥ nk mark K and generate a new mesh 7, refining the marked
S h

elements.
4: If the stop criterion is not satisfied, go to step 1.

6.1. A smooth solution in two dimensions

In this example (see [0]), Qg:=]0,1/2[x]0, 1] and Qp:=]1/2,1[x]0,1[, the interface between Qg and
Qp is given by I':= {(1/2, YER:0<y< 1} and, on the Beavers—Joseph—Saffman interface condition,
o1 = 1. The boundary I'p is divided on I'B":= {(1,y) e R*: 0 <y < 1} U{(z,1) e R?:1/2 <z < 1} and
r¥ev:= {(z,0) € R?:1/2 < z < 1} as shown in the Figure

~ ~Dir
s I'p

Ts

0 T's rb} w 1

Figure 2: Configuration of the computational domain .

The data fg and gp are such that the exact solution of our problem is given by

ug(z,y) = (vy(1 - y),2*(1 — y)siny), ps(z,y):=12c",
up(z,y) = (2ey(1 —y)(1 - 2),2y°(1 —y)), pole,y):=162y> — e - 2.
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Finally, we use » = 1,1072 and k = 1. The approximation subspaces used for this example are Hp, ; X Qp, x
with k=1 and k£ = 2.

Figures [3] - [0} show the orders of convergence for our proposed scheme in a quasi-uniform refinement.
We can observe that the error norms |[up — up, pllo,op, and ||ps — pr.sllo,os Present a better behavior than
predicted by Theorem [6} we assume that this is because the solutions of this example are smooth. In Tables
we present the behavior of the residual error estimator n defined through . Note that the error
estimator has a quite good quality reflected on the fact that effectivity indexes are close to one.

10° 10
107t} 5 100 L
1072} E o
. / 0
P —= R
5 g 10
@ 107 % ] o
h 10—5 hl& ] B 1073 E
10° s s '1'3‘—-—* A Ips - pus|oss
107 ‘ [up - uhD\oﬂ 105 ‘ Ipp = prolio, ——
1072 107! 1072 107!
log h log h

Figure 3: Convergence of the velocities (left) and pressures (right). Here v = k = 1 and the interpolation order is k = 1.

10° ‘ ‘ 10! ; ;
101 3 1[)0
1 0 [
w0 S
15) ) z 10—2
R T E
107 h — 1 107
_ Us — Up,S|[0.0s 1 -4 A
107 Huq - uh Sl —— 1 0 HI)S - Ph.SHU.(Z;
1075 ) l[up —w, DHnnD 10 ‘ Ipp *Ph.Dh.gzD —e—
107 107! 1072 107!
log h log h

Figure 4: Convergence of the velocities (left) and pressures (right). Here v = 1072, k = 1 and the interpolation order is k = 1.
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log error

HUS' ’lt/,
HuD uhDHﬂ”D

hS

OWs
1.04

1072

log h

107!

log error

h?
lps = paslocs
lpp - Ph.qh.ng —

107
log h

107!

Figure 5: Convergence of the velocities (left) and pressures (right). Here v = k = 1 and the interpolation order is k = 2.

log error

us — uUps
Us — Ups
Hu/) Up, /)HO Qp

h?

UR

1072

log h

107!

log error

10°

107!

1072

1078

107

1079

10—5

107 D5 = paso.s

10°8 ) \l)n Phn\mu
1072 107!

log h

Figure 6: Convergence of the velocities (left) and pressures (right). Here v = 1072,k = 1 and the interpolation order is k = 2.

H k \ h \ |[(w —wp,p —pr) \ order \ n order FE H
0.0625 0.5223353 — 0.5199705 — 0.9954727
0.03125 0.2601458 1.0056559 | 0.2605913 | 0.9966406 | 1.0017128

1| 0.015625 0.1299038 1.0018765 | 0.1304250 | 0.9985686 | 1.0040122
0.0078125 0.0649220 1.0006647 | 0.0652396 | 0.9994017 | 1.0048916
0.0039062 0.0324552 1.0002562 | 0.0326256 | 0.9997438 | 1.0052486

0.0625 0.0066269 - 0.0077845 - 1.1746854

2 | 0.03125 0.0016570 1.9997191 | 0.0019468 | 1.9994783 | 1.1748814
0.015625 0.0004144 1.9995227 | 0.0004869 | 1.9994128 | 1.1749709
0.0078125 0.0001036 1.9996771 | 0.0001218 | 1.9996247 | 1.1750136

Table 1: Orders of convergence and effectivity index. Here v = x = 1.
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h \ [(w — wp,p—pp)ll \ order n order E
0.0625 5.2212942 — 5.1711817 — 0.9904023
0.03125 2.6006875 1.0055144 | 2.5912903 | 0.9968233 | 0.9963867
0.015625 1.2986902 1.0018357 | 1.2968388 | 0.9986714 | 0.9985745
0.0078125 0.6490518 1.0006519 | 0.6486641 | 0.9994556 | 0.9994028
0.0039062 0.3244693 1.0002517 | 0.3243835 | 0.9997714 | 0.9997356

0.0625 0.0662295 - 0.0660592 — 0.9974282

0.03125 0.0165606 1.9997172 | 0.0165099 | 2.0004243 | 0.9969395
0.015625 0.0041415 1.9995226 | 0.0041278 | 1.9999050 | 0.9966753
0.0078125 0.0010356 1.9996773 | 0.0010320 | 1.9998723 | 0.9965406

Table 2: Orders of convergence and effectivity index. Here v = 1072, k = 1.

6.2. Simulation of a micro-filtration processes

Inspired by [30], we build a test case based on the simulation of a micro-filtration process that satisfies our
interface conditions. Let Qg:=]—1/2,1[x]0,1/2[, Qp:=]0,1/2[x]—1/4,0][, and the different boundaries con-
ditions are represented in Figure [T We consider v = k = 1072, a; = 102 on the Beavers—Joseph-Saffman
condition, and the data fg = (0,0) and gp = 0.

(49

ug = (0,0) (1; 5)

us = (0.1,0)

r

e Qp o

(+-3) (:-3)

Iy =0

Figure 7: Boundaries conditions for simulation of a micro-filtration processes.

In this test case we do not have an analytical solution, thus we compare our adapted solution with a
numerical solution obtained in a highly uniform refined mesh of 560.000 elements. In Figure [§| we show that
our adaptive scheme refine the mesh in the corners of the domain, as well as, at the out flow boundary.

In Figures [0 and we depict the pressure and velocity magnitude isolines, both in the case of our
adapted mesh and in the reference solution. Note that we get a good agreement in both solutions.

Figure 8: Initial mesh (left), with 224 elements, and final adapted mesh (right), with 8.674 elements. Here k = 1.
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Figure 9: Isolines of the pressure on the adapted mesh (left) and on the highly uniform refined mesh. Here k = 1.

Figure 10: Isolines of the velocity magnitude on the adapted mesh (left) and on the highly uniform refined mesh. Here k = 1.

6.3. A analytical solution in three dimensions
The final test illustrates the performance of our adaptive stabilized finite element to simulate a 3D
problem. In this example Q:= (0, 1) x (=1/2,1/2) x (0,1), with Qg :=(0,1) x (=1/2,0) x (0, 1), 2p := (0, 1) x
(0,1/2) x (0,1), the interface I':=Qs NQp, v = k = 1, and oy = ag = 1. The boundary I'p is split as
follows . —_—
Y= {(z,,00 eR*: 0<z <1,0<y<1/2}, R =Tp\IRen,

as it is shown in Figure The data fg and gp are such that the exact solution is given by

ug(z,y):=(e*siny, —e”siny, e cosy — e cos ),
1 1
ps(z,y):= — 5622 + Z(e2 -1,
up(x,y) = (cos(mz) sin(mx) sin(my), sin(mz) cos(mzx) sin(mwy), —2 sin(wz) sin(7x) cos(ry)),
pp(x,y) = sin(nz) sin(wz) cos(my).

Figure 11: Configuration of the computational domain €.

In Figure |12 we present the convergence orders obtained using our stabilized scheme ([3.6]).
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Figure 12: Convergence of the velocities (left) and pressures (right). Here the interpolation order is k = 1.

In Table |3| we depict the approximation error as well as the estimator 7 when h goes to 0. Note that the

log error

10721

1074

1074 ¢

10! /

Hus —Ups
Us — Upg
up = wnpl

10y —=—

log error

107!
log h

effectivity index E remains bounded close to a constant.

Finally, in Figures and we compare the isovalues of the pressures and the velocities magnitude
obtained by our adapted scheme with those of the exact solutions.

solutions.

10[]

107t}

1072 ¢

h
P —

[lps - 1’h.5HU.@2:

\PD - Ph.Dh.xzD —e

107!
log h

h (w —upn,p— pr)|l order 7 order E
0.4330127 0.7736884 —— ] 0.6859547 | —— | 0.8866034
0.2165064 0.3876403 0.9970342 | 0.3053558 | 1.1676221 | 0.7877298
0.1082532 0.1912973 1.0189023 | 0.1472243 | 1.0524756 | 0.7696100
0.0541266 0.0949678 1.0103059 | 0.0728948 | 1.0141285 | 0.7675735
0.0270633 0.0473340 1.0045612 | 0.0362839 | 1.0064853 | 0.7665505

Table 3: Effectivity index in a quasi-uniform refinement for (up,pp) € Hp1 X Qp 1.
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Note the good agreement in both
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Figure 13: Isovalues of the pressure py p (top left) versus the exact pressure pp (bottom left) and isovalues of the velocity
magnitude |up, p| (top right) versus exact velocity magnitude |up| (bottom right). Here k = 1.

wa_stotes Magninase
1 15 2104

'——_

e stokes Mognitude
1 15

ans+o0 os 218+m

Figure 14: Isovalues of the pressure py g (top left) versus the exact pressure pg (bottom left) and isovalues of the velocity
magnitude |uyp, g| (top right) versus exact velocity magnitude |ug| (bottom right). Here k = 1.
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Conclusions

In this work, we have introduced a new stabilized finite element method for the coupled Stokes—Darcy
problem. Stability and optimal convergence have been proven even when the polynomial degree used to
approximate the pressures is the same as the one used to approximate the velocities. In addition, we have
provided a residual-based error estimator composed by two estimators localized on each subdomain. For this
error estimator, we proved its efficiency and reliability up to a high order term. These estimates have been
verified by numerical experiments in 2D and 3D. The numerical examples presented testify that this approach
is effective, for academic illustrations and realistic applications. Firstly, we can look that optimal rates are
achieved, thus verifying the theoretical a priori results. Furthermore, it was verified the good performance
of the estimator with respect to the viscosity v, adapting on corner singularities and on interfaces. Finally,
It was shown that the effectivity indexes are bounded as proven theoretically.
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Appendix A. Inf-sup condition for B
The next result, used in Section [5] is an adaptation of the arguments presented in [4, Lemma 11].

Lemma 14. There exists a positive constant C, depending on €2, such that

sup B((u, p); (v, q))

> C|(u,p)l,
w0 Tl G- 2]
for all (u,p) € H x Q.

Proof. Using to the definition of B given in (2.4) and Lemma we have

2
K
B((u,p); (w,p)) = Crvsllus|fi o, + Covlunlia, + Cs—Ipoliq,- (A1)

On the other hand, by [36, Proposition 5.3.2] we know that for a given pg € Q7 there exists wg € H?,
wg # 0 and a positive constant (, such that

—(ps, V- ws) > (llws|1,0spsllo.os-

Now, if we define (w, 0) := ((ws, 0), (0,0)), assuming that ||lws|1,.05 = ||[Psllo.as, by the Young’s inequality,
a trace inequality and Lemma |1} we obtain
B((w, p); (w,0))

— Cyvillus|iosllws|1,0s — Csk/?

v

lusllosllwsllas — Corlppliap lwslias + Cxllpslf s

VKR 04 05 9 04711/ 05’)/2 C@’YgV 9 CG I<£2 9
> - — | —= — — — — [,
> 5 (”Yl + 72) lus|lias +5 (C 3 P o IPs 16,05 s v lppli o,

Y

K
— Crvk lus|? g  + Csk|Ipsllt as — 097|pD|%,QDa (A.2)
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where we chose 71, 72,73 small enough.

Let (v,q) :=(u,p) + 0 (w,0). Combining (A.1)) with (A.2), we deduce that
B((u,p); (v,q))

H2 H2
> Crillus|lt o, + Covllunlia, + Cs—Ipplia, — Croveus|ia, + Csorllpslli.a, — Cod—Ipnlia,

v

2
K
>v(C1 = 007 |lus|i op + Cavllunllia, + =~ (Cs = 6Co)lppli g, + Csdx [psli o
> Cig [|(u, p)|%, (A.3)

choosing 0 < § < min{

Cr’ Gy’ Gy’ V12
Finally, using triangle inequality yields

1w, )l < [, p) || + 81l (w, 0)[| = || (. p) | + 6026 Ipslo,0s < Cua | (u, ),

Cy Cs 1 1}

thus, using (A.3]), we get to the desired result. O
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