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A coupled mixed finite element method for the interaction
problem between electromagnetic field and elastic body*
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Abstract

This paper deals with the coupled problem arising from the interaction of a time harmonic elec-
tromagnetic field with a three-dimensional elastic body. More precisely, we consider a suitable
transmision problem holding between the solid and a sufficiently large annular region surrounding
it, and aim to compute both the magnetic component of the scattered wave and the stresses that
take place in the obstacle. To this end, we assume Voigt’s model, which allows interaction only
through the boundary of the body, and employ a dual-mixed variational formulation in the solid
medium. As a consequence, one of the two transmission conditions becomes essential, whence it
is enforced weakly through the introduction of a Lagrange multiplier. The abstract framework
developed in a recent work by A. Buffa is applied next to show that our coupled variational for-
mulation is well posed. In addition, we define the corresponding Galerkin scheme by using PEERS
in the solid and the edge finite elements of Nédélec in the electromagnetic region. Then, we prove
that the resulting coupled mixed finite element scheme is uniquely solvable and convergent. More-
over, optimal a priori error estimates are derived in the usual way. Finally, some numerical results
illustrating the analysis and the good performance of the method are also reported.
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1 Introduction

A successful strategy has been developed in [4] to analyze, at the continuous and discrete levels, a class
of variational formulations defined by noncoercive bilinear (or sesquilinear) forms. More precisely,
though the analysis in [4] was originally motivated by the study of Maxwell equations, the author
succeeded in setting up the corresponding technique in a quite general framework. In fact, the key
issue is the utilization of a Helmholtz-type decomposition of the main unknown, which allows to reveal
hidden compactness properties of the formulation, and hence the classical results conecting Fredholm
alternative and projection methods (see, e.g., [19], [22]) can be applied straightforwardly.

The method from [4] was extended recently in [13] and [15] to deal with a time-harmonic fluid-
solid interaction problem posed in the plane. The model consists of an elastic body occupying a
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region {25, which is subject to a given incident acoustic wave that travels in the fluid surrounding
it. In [13] the fluid is supposed to occupy an annular region 2y, and a Robin boundary condition
imitating the behaviour of the scattered field at infinity is imposed on its exterior boundary I'. On the
other hand, instead of using an approximate boundary condition on I', the approach in [15] considers
a non-local absorbing boundary condition based on integral equations defined on I'. In this way, a
combined double and single layer potential representation of the scattered wave allows to incorporate
the far field effects into the continuous and Galerkin formulations. In any case, the usual primal
formulation in the fluid region €y and a dual-mixed variational formulation for plane elasticity in
the obstacle 2, are employed in both works. Actually, in contrast to the usual dual-mixed approach,
the elastodynamic equation is used here to eliminate the displacement, which yields the stress tensor
as the main unknown in the solid ;. As a consequence, the non-compactness of the imbedding
H(div; Q) < [L?(Qs)]? motivates, following the original idea from [4], the introduction of a suitable
decomposition of H(div; ), whereas the compactness of the imbedding H'(2y) — L?(Q;) simplifies
the analysis of the terms defined on Q (since the Fredholm alternative arises naturally there), and
then no further decomposition is needed. The corresponding discrete schemes are defined with PEERS
elements in s and the traditional Lagrange finite elements in Q. The stability and convergence of
these Galerkin methods also rely on a stable decomposition of the finite element subspace used to
approximate the stress unknown.

The purpose of the present work is to further extend the approach from [4] to the transmission
problem arising from the interaction of a time harmonic electromagnetic field with a three-dimensional
elastic body. Actually, this model can also be seen as the one resulting from the 3D version of [13]
when the acoustic wave is replaced by an electromagnetic wave. Moreover, similarly as in [13], we
assume here that the electromagnetic field occupies an annular region €2, on whose exterior boundary
I" a condition compatible with the behavior of the scattered field at infinity is imposed. In addition,
according to Voigt’s model (see, e.g. [10] for details), we discard the eventual penetration of the
electromagnetic field inside the body and assume that the interaction between both media is governed
only by the equilibrium of tangential forces along the interface 0€2s. Hence, our aim is to provide
and analyze a corresponding coupled mixed finite element method that permits us to compute the
scattered electromagnetic wave and the stresses of the solid. However, we will see below that the
non-compactness of the imbeddings H(div; Q) < [L%(Q)]? and H(curl; Q,,,) < [L?(,,)]? stops us
of employing a Fredholm alternative for the original form of the resulting variational formulation. In
order to overcome this difficulty, we follow again the technique developed in [4] and introduce now
suitable decompositions of both H(div; Q) and H(curl; Q,,). The corresponding Galerkin scheme is
defined with PEERS in the solid €5 and the edge finite elements of Nédélec in the electromagnetic
region €2,,, and hence stable decompositions of these finite element subspaces allow to prove the
associated stability and convergence of the discrete method.

The rest of the paper is organized as follows. In Section 2 we collect some known results on
tangential trace operators in a generic space H(curl; Q). In Sections 3 and 4 we describe the interaction
problem and derive its coupled variational formulation. The approach from [4] is employed in Section 5
to show that the continuous problem is well-posed. The corresponding Galerkin scheme is introduced
and analyzed in Sections 6 and 7. Finally, numerical results illustrating our analysis are reported in
Section 8.

We end this section with some notations to be used below. Since in the sequel we deal with complex
valued functions, we let C be the set of complex numbers, use the symbol 2 for v/—1, and denote by z
and |z| the conjugate and modulus, respectively, of each z € C. In addition, given any Hilbert space
U, we let [U]? and [U]>*3 denote, respectively, the space of vectors and tensors of order 3 with entries
in U. When no confusion arises we simply use U? and U3*3 instead of [U]? and [U]3*3, respectively. In



particular, I is the identity matrix of C3*3, and given T := (7;;), ¢ == ({;j) € C3*3, we define as usual
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the transpose tensor 7% := (7j;), the trace tr(r) := Zm, the tensor product 7 : ¢ = Z 7ij Cij
i=1 ij=1

and the conjugate tensor 7 := (7;;). Finally, in what follows we utilize the standard terminology

for Sobolev spaces and norms, employ 0 to denote a generic null vector, and use C , with or without
subscripts, to denote generic constants independent of the discretization parameters, which may take
different values at different places.

2 Preliminaries

We denote by Q C R? a generic bounded polyhedral domain and let n be the outward normal vector
on its boundary ¥. We recall that

H(curl; Q) :== {W € [L*()]: curl(W) € [L*(Q)]*}

endowed with the norm ||WH%—I(curl Q) = HW||[2L2(Q)}3 + ||curl(W)||[2L2(Q)}3 is a Hilbert space and

that [C°°(Q)]? is dense in H(curl; ). As usual, curl(W) stands for the vector defined formally by
V x W. We also recall that

H(div; Q) := {7 € [L*(Q)]*?: div(r) € [L* ()]},

endowed with the norm HT”%—I(div;Q) = ”TH[ng(Q)]ng + HdiV(T)H[zLQ(Q)]g is a Hilbert space and that

[C>®(Q)]>*3 is dense in H(div;2). Here, div stands for the usual divergence operator div acting on
each row of the tensor 7. It is well known that the mapping

Yn o [CX@Q]C —  [LAE)P
T — A,(1T) = T|zn
can be extended to define a normal trace operator
. H(div; Q H=12(3)3
Yoo H(div; Q) — | ()] (2.1)
T — 7n(T)

which is bounded, surjective, and possesses a right inverse.

Tangential traces of functions in H(curl; Q) are also well understood even in the case of polyhedral
domains thanks to the recent results of [5, 6]. We give here a brief summary of these fundamental
tools. To this end, we begin by defining the space

L) = {peL’®F: p-n =0}
and the tangential trace mapping
Yo CF@QF — L{®)
v = y(v) = vy xn

together with the tangential projection operator



Because of the orthogonality condition defining L?(X), this subspace of [L?(X)]3 is considered in what
follows as a space of two dimensional tangent fields.

Let us now introduce the spaces

H2(®) = 7 (H'QP)  and  H2(®) = m((H(Q)),

which are endowed with the natural Hilbert space structure that makes both 4 : [H*(Q)]® — Hll/ 2(E)

and 7 : [HY(Q)]? — Hﬁ/2(2) bounded and surjective. Similarly, for any § € (0,1), we define

H (%) = m([H Q)

and provide it with an inner product that renders 7y : [H*1/2(Q)]3 — Hﬁ(E) continuous. We refer to
[5] for and explicit definition of these spaces in the case of Lipschitz boundaries with piecewise smooth
components. In the following, we will also write v, (@) (or m¢(¢)) for ¢ € [H'/?(X)]?, which should
be understood as v (7~ (¢)) (or w¢(y 1)) where v~ : [HY/2(D)]? — [HY(Q))® is a given bounded
right-inverse of the usual trace operator ~ : [H'(Q)]* — [H'/2(%)]3.

Next, we introduce the dual Hll/z(E) of Hll/z(E) and the dual H[1/2(E) of Hﬁp(E) with respect

to the pivot space LZ(X). Then, it is easy to deduce from the Green formula
/ {u -curl(v) — v - curl(u) } - / ve(u) Te(v)  Vu,v e [C°Q)P (2.2)
Q b

and the fact that [C°°(Q)]3 is dense in H(curl; ), that v, and ¢ can be extended to define bounded
tangential mappings from H(curl; 2) onto H[1/2(E) and from H(curl; ) onto H11/2(E), respectively.
A more precise result is given by the following theorem (see [7]) (we refer to [5, 7] for the definition of
the differential operators divy, and curly, on piecewise smooth Lipschitz boundaries).

Theorem 2.1 Let

H2(divy; X)) = {H € H[m(E): dive(p) € H_l/z(z)}

and
H2(curly; ¥) := {u € Hll/z(Z): curly(p) € H_1/2(E)} .

Then
v : H(curl; Q) — H™V2(divg; 8)  and ¢ : H(curl; Q) — H™Y2(curly; X)

are bounded, surjective and possess continuous right inverses. Moreover, the [L?(X)]3-inner pro-
duct can be extended to define a duality product ( -,- )¢y between the spaces H~/2(divy; %) and
H~/2(curly; ¥).

As a consequence of this theorem, Green’s formula (2.2) can be extended to functions w, v in
H(curl; Q) if the boundary integral of the right hand side is interpreted as (v (u), 7¢(v) )¢,5, that is

/ {u-curl('v) - 'v-curl(u)} = (7(u), () )ex  Vu,v € Hcurl;Q). (2.3)
Q

In addition, exchanging the roles of w and v in (2.3), we find that

(e(uw), me(v) ez = — (ve(v), me(w) Jox  Vu,v € H(curl; Q). (2.4)



3 The model problem

We consider a bounded, connected and simply connected polyhedra £y C R? representing an homo-
geneous elastic body immersed in an electromagnetic medium filling the whole space. We assume
that the system consisting of the electromagnetic field and the elastic body only interacts through the
interface X := 0€);.

Let €, 4, and o be the electric permittivity, the magnetic permeability and the conductivity of the
medium, respectively. These coefficients are piecewise regular real valued scalar functions satisfying

in R?\ Q,
wo < p(x) < f, e < e(x) <€ and 0 <o(x) <7, (3.1)

where the constants €g and pg denote the electric permittivity and magnetic permeability of free space,
respectively, and [i, €, and & are given upper bounds. Moreover, we assume that we have vacuum
conditions sufficiently far from the obstacle, i.e., there exists R > 0 such that

u(x) = po, e(x) = e and o(x) =0 Va, |x| > R. (3.2)

The incident electric and magnetic fields £ and H? are supposed to exhibit a time-harmonic behavior
with frequency w and complex amplitudes E' and H', respectively. Hence, the total electric and
magnetic fields have also a time harmonic behavior with frequency w, namely,
~1/2
E(x,t) = Re {ea;p (—rwt) ey E(w)} ,
~1/2
H(x,t) = Re{e:np(—zwt) o H(az)},

where the complex amplitudes E and H satisfy

curl(E) —1kbH = 0 in R3\Q,, (3:3)
curl(H) +1kaE = 0 in R3\Q,, '
k = w /€y pig is the wave number,
a(x) = =) + Za(:c), and b(x) := plz) Ve € R3. (3.4)
€0 €ow Ho
It is clear from (3.2) that
a(x) = blx) =1 Ve, |z| > R. (3.5)

On the other hand, the solid is supposed to be isotropic and linearly elastic with mass density ps; and
Lamé constants pus and Ag, which means, in particular, that the corresponding constitutive equation
is given by

o =Ce(u) in Q, (3.6)

where e(u) = 3 (Vu + (Vu)?) is the strain tensor of small deformations, V is the gradient tensor,
and C is the elasticity operator given by Hooke’s law,

C¢ o= Atr(Q)T + 2u,¢ V¢ € [LH(Q)P. (3.7)

Since the elastic displacement is also a time-harmonic field with the same frequency w, the unknowns
o and wu satisfy the elastodynamic equation:

div(e) + k2u =0 in €, (3.8)



where ks := ,/psw is the wave number in the obstacle.

We now let n denote the unit normal on ¥ oriented towards the exterior of €2;. Then, according
to Voigt’s model (see [10, 21]), the transmission conditions coupling (3.3), (3.6), and (3.8) on ¥ are
given by

Exn = uxn on X,

3.9
%Hxn = —on on . (39)

In addition, the scattered electromagnetic field exhibits the Silver-Muller asymptotic behaviour

(E—E)x - 4 (H—H) = o(—

= 2] (3.10)

T
as |x|] — oo, uniformly for all directions —. We notice that this asymptotic behaviour implies

x
that the outgoing waves are absorbed by the far field. Motivated by this fact, and aiming to obtain a
suitable simplification of our model problem, we now introduce a sufficiently large sphere I' centered at
the origin, define §2,, as the annular region bounded by ¥ and I, and consider the boundary condition:

(E-EYxn+ (H-H)=0 on T, (3.11)

where n denotes also the unit outward normal on I'. Actually, in order to avoid introducing later a
nonconforming Galerkin scheme, we may simply think of I' as the polyhedral surface resulting from a
sufficiently accurate approximation of the given sphere.

In this way, equations (3.3), (3.6), (3.8), (3.9), (3.11), the expression E = —(1ka)~! curl (H) of
the electric field in terms of H, and the fact that @ = 1 on T' (cf. (3.5)), lead us to the following
formulation of the problem: Find H : Q,, — C3, o : Q, — C>3 and u : Q, — C3 such that

curl (a 'curl (H)) — k*bH = 0 in Qp,
o = Ce(u) in Q,,
div(e) + k2u = 0 in Q,
(o) + K2 s 519
alcurl(H) xn +1kuxn = 0 on X,
K2on +1kHxn = 0 on X,
curl(H) xn —1kH = g on I,
where g := —ik(E" x n + H"). Note here that the transmission conditions on ¥ and the boundary
condition on I' can be expressed in terms of the tangential trace mapping =, respectively, as follows
~vi(a teurl (H)) = —k~y,(u) on X, (3.13)
kv (H) = —k*oen on X, (3.14)
and
Yi(curl (H)) = +kH +g on T. (3.15)

4 The continuous variational formulation

In this section we derive the full continuous variational formulation of (3.12). We begin by noticing,
as we will see below, that the natural space for the magnetic field is given by

Hr(curl; Q) := {W € H(curl; Q) : m(W) € L{()} ,

6



which, equipped with the graph norm

||W‘|%{F(cur1;gm) = ||W‘|%{(cur1;9m) + Hﬂt(W)H[zm(r)]S, (4.1)

is a Hilbert space.

Now, we test the first equation of (3.12) with a function W € Hp(curl; ©,,), use Green’s formula
(2.3) and the fact that a = 1 on T" (cf. (3.5)) to obtain

/ {a_lcurl(H) ~curl(W) — k*bH - W}

m

(4.2)
+ (el eurl(H)), (W) )ex — (g(curl(H)), 7e(W) )er = 0.

Then, incorporating the transmission condition (3.13) and the boundary condition (3.15), and using
the identity (2.4), we find that (4.2) becomes

an(H, W) + 1k (v (W), m¢(u) )¢5 = /Fg-ﬂt(W) VW € Hr(curl;$,), (4.3)

where a,, : Hp(curl; Q,,) x Hr(curl; Q,,) — C is the bounded bilinear form defined by

a,(H,W) = / {a_l curl(H) - curl(W) — k:2bH-W}
m (4.4)
— 1k /ﬂ't(H) - (W) VH,W € Hr(curl; Q).
r

On the other hand, in the obstacle Qs we proceed similarly as in [13] and introduce the anti-symmetric
part r := Vu—e(u) of the tensor Vu and the trace ¢ := vy(u) on ¥ as additional unknowns. Then, we
multiply the constitutive law (cf. (3.6)) C™'o = e(u) = Vu — r by a test function 7 € H(div; Q)
and integrate by parts, to obtain

/c—lazrz—/ u-diV(T)+<‘)’n(T),'l,b>2—/ rir V7 e H(div; Q,),

s E] E]

where, hereafter, (-, -)x stands for the duality pairing between [H~'/2(%)]3 and [H'/?(X)]? with respect
to the [L?(X)]3-inner product. Next, the displacement field u is eliminated from the last identity by
using the expression:
L. .
U = — e div(e) in Q, (4.5)

which follows from (3.8). In this way, we arrive at the following variational formulation in €
as(o,T) — k2/ r:T 4+ B {(y,(T),¥)s =0 V7 e H(div; Q,), (4.6)
where a, : H(div; Q) x H(div; Q) — C is the bounded bilinear form defined by
ay(o,T) = k? {— Clo:m+ iz / div(o) -div(r)} Vo, T € H(div; Q). (4.7)

Qs K

Finally, the symmetry of the stress tensor o and the second transmission condition on X (cf. (3.14))
are imposed weakly through the equations:

k2/ o:s=0 Vs e [L*Q)55, (4.8)
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and
K (vn(0), 0 )s + 1k (v (H),m(p) )ex =0 VYo e [H2D)?, (4.9)

respectively, where
[L2(Q)]3%8 = {se [L2(Q)]P3 . s = —s'}.

asym
We now introduce the spaces

X := Hp(curl; Q,,) x H(div; Q,) and M := [HY?(Z)]® x [L3(Q)]323

asym

endowed with the corresponding Hilbertian product norms. Then, (4.3), (4.6), (4.8) and (4.9) yield
the following global variational formulation of problem (3.12): Find (H,o) € X and (%, 7) € M such

that
A((H,o),(W,7)) + B(W,7),(¢,7)) = L(W,7)) V(W,7)€X,

(4.10)
B((H,o),(¢,s)) = 0 V(p,s) € M,
where A : X x X — C and B : X x M — C are the bounded bilinear forms defined by
A((H,O‘),(W,T)) = am(H7W) + aS(U7T) (411)
for all (H,o), (W,T) € X, and
B(W,7),(¢,s)) := —kz/ Tis + K (va(m),e)s + 1k (W), i) )en (4.12)

S

for all (W, 7),(e,s)) € XxM, and L: X — C is the bounded linear form given by
L(W.r) = [ g m(W).

5 Analysis of the continuous variational formulation

In this section we proceed analogously to [7] (see also [13]) and employ suitable decompositions of
Hr(curl; Q,,) and H(div; Q) to prove that (4.10) becomes a compact perturbation of a well-posed
problem. In particular, the splitting of H(div; €2;) is defined in terms of an elasticity problem in
with Neumann boundary conditions, whereas a well-known result on divergence-free potential vectors
is the basis of the splitting of Hr(curl; €,,). More precisely, let us first introduce the space

Ho (div; Q) = {W € H(div; Q) : div(W) =0 inQp, and (~v,(W),1)x = o}.
Then, we recall from [16] the following classical result.
Lemma 5.1 There exists a bounded linear operator
L Ho(div; Q) — [H' ()]
such that  div(L(W)) = 0 and curl(L(W)) = W for all W € Hy(div; Q).

Proof. See Theorem 3.4 in Chapter I of [16] or Lemma 3.5 in [2]. O



5.1 A splitting of Hr(curl; ©,,)

We first observe that, given W € Hp(curl; Q,,), curl(W) belongs to Hy(div;,,). In fact, it
is clear that curl(W) is a free divergence element of H(div;€,,). Next, in order to show that
(Yp(curl(W)),1)s; = 0 we recall that v,,(curl(W)) = divy(v¢(W)) and that the adjoint of divy, is
— Vsx (see [5, 7]). It follows that

(Yn(curl(W)), 1)s = (dive(v¢(W)), )z = = (%(W),Ve(1))ex = 0.

Then, it is clear that the mapping curl : Hr(curl; ©,,,) — Hy(div;Q,,) is bounded. In addition, it
is easy to see, using the trace theorem, that the injection i : [H'(2,,)]®> — Hr(curl; ,,) is also
bounded. Hence, we can introduce the bounded linear operator P,, := io L o curl, that is
Pm : Hr(curl; Q,,) — Hr(curl; Q,,)
(5.1)
W — Pp(W) = Licurl(W)).

Now, from Lemma 5.1 we have that curl(P,,(W)) = curl(W) in Q,,, which implies that P2, = P,,,
and therefore P, provides a stable and direct Helmholtz-type decomposition

Hr(curl; Q,,) = Pn(Hr(curl; Q) & (Z — Pn)(Hr(curl; ,,)). (5.2)

Hereafter, Z stands for a generic identity operator. Equation (5.2) means that any element H €
Hr(curl; Q,,) admits the unique splitting

H = Pm(H) + (I - Pm)(H)v (5'3)

and the norm

1/2
W — W et et 2y = { 1P 9 g eurtenn) + I = Pod (W) B curt ) |

is equivalent to W — [W|lgp (curt; 0,,) o0 Hr(curl; Q,,). More precisely, since [Pl = [|Z — Pl
(see Lemma 5 of [24]), there holds
1
—=— [[[W curl; < |W curl; < \/5 w curl; 5.4
NN Wl curt; 2, < W Bp curt; 2.) W [l ar curt; 2,0 (5.4)

for all W € Hr(curl; Q,,).
Finally, thanks to the compact imbedding [H!(,,)]> C [L?(Q)]3, we have the following result.

Lemma 5.2 The mapping Py, : Hr(curl; Q,,) — [L?(Q,,)]? is compact.

5.2 A splitting of H(div; €;)
Here we extend the analysis of Section 4.1 in [13] to the 3D case. In fact, let RM(£25) be the space of
rigid body motions in €1, that is

RM(S,) = {’U:QS—>C3: v(E)=a+Bxz VreQ, aBecC } (5.5)

and let M : [L%(Q)]? — RM(Qs) be the [L?(£2,)]3-orthogonal projection. Then, given 7 € H(div; ),
we let @ € [H'(92,)]® be the unique (up to an element in RM(€2,)) solution of the boundary value
problem

Q:

= Ce(u), div(e) = (Z—-M)(div(r)) in Qs, 6vr =0 on X. (5.6)



Owing to the regularity result for the Neumann-elasticity problem on Lipschitz polyhedral domains
(see [12]), we know that there exists € € (0, 1] such that the solution @ of (5.6) belongs to [H*¢(£2,)]?
and satisfies

@]l (e, < Clldiv(T)llz20,)5 - (5.7)
On the other hand, following the usual procedure we deduce that the dual-mixed variational formula-
tion of (5.6) reads: Find (&, (w,7)) € H x Q such that

c—l&;%+/ {a-div(%)+f:%} = 0 V¥eH,
Qs Qs

(5.8)
/ {'D-div(&) n 5;&} - / o (T - M)(div(r)) Y (9,5) € Q,
where 7 is the auxiliary unknown (named rotation) given by
- 1 - .
7= §(Vu—(Vu) )
H := {T € H(div; Q) :  ~v,(1) =0 on E}, (5.9)
and
Q = (T - M)([L*()P) x [L*(2)25% (5.10)

Then, adapting the theory from [3, 20], one can easily show that (5.8) is well-posed. Moreover, using
(5.7) we deduce that there holds
10 a3 + N@llfaveaye + 1Tl < Clldiv(T) 22,3 - (5.11)
Then, we introduce the linear operator
Ps : H(div; Q) — H(div; Q)
B (5.12)
T — Psr):=0.

The continuous dependence result for (5.8) insures that Ps is bounded. In addition, from the second
equation of (5.8) we find that Ps(7) is a symmetric tensor and that div(Ps(7)) = (Z — M)(div(T))
in €. The latter implies that P2 = P, and hence there holds the following stable splitting

H(div; Q) = Ps(H(div; Q4)) & (Z — Ps)(H(div; Qy)). (5.13)
This means that each tensor 7 € H(div; ;) admits the unique decomposition
T = P(1) + (Z—"Ps)(7). (5.14)
Moreover, the identity ||Ps|| = [|Z — Ps|| (see Lemma 5 of [24]) yields
1
——— |lI7llla@ivio) < ITla@v: 00 < V2 [ITlllH@v 0 Y7 € H(div; ), (5.15)

where 12

T — ||ITlll5@iv; ) = { 1Ps(T) [ fxqaiv: 00y + 1T = Ps) () 3xcaiv: ) }
Lemma 5.3 The mappings Ps : H(div; Q) — [L?(Q4)]**3 and div(Z—Ps) : H(div; Q) — [L?(Q4)]3
are compact.
Proof. The first assertion is a consequence of the regularity result P,(H(div; Q,)) C [H(9)]>*3

and the compact embedding H¢(£2s) — L?(£s). The second one follows from the fact that div(Z —7Ps)
is a finite rank operator since div(Z — P,)(T) = M(div(7)) € RM(Q,) V7 € H(div; Q). O
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5.3 Well-posedness of the continuous formulation
In this section we apply the stable decompositions (5.2) and (5.13) to reformulate (4.10) as a compact

perturbation of a well-posed problem. To this end, we first introduce the bounded bilinear forms

al(H,W) := / {a_l curl(H) - curl(W) + /<:2bH-W}
m (5.16)
— 1k /ﬂ't(H) - (W) VH,W € Hr(curl; Q,),
r

and

al (o, 1) :=k* {/ Clo:T + iz div(o) - diV(T)} Vo, € H(div; Qj), (5.17)
s I{S Qs

which arise, respectively, from the forms a,, and as (cf. (4.4) and (4.7)) after performing a suitable

change of sign in each one of them. More precisely, note that

at(H,W) = a,(H,W) + 2k* VH-W (5.18)
Qm

and

al(o,7) = as(o,7) + 2k? Clo:T. (5.19)
Qs

Then, employing (5.3) for each H, W € Hrp(curl; ,,) and (5.14) for each o, 7 € H(div; ), we
deduce from (4.11), (5.18), and (5.19), that the bilinear form A can be decomposed as

A((H,O‘),(W,T)) = AO((Hvo')?(W?T)) + KO((Hvo')?(W?T))v (520)

where
~ 2k /F (T = Po) (H)) - (T — Prn) (W) (5.21)

and

KO((H7U)7 (WvT)) = 2a;7i_1((z - Pm)(H)7 (I - Pm)(W)) + a:z(/Pm(H)? (I - Pm)(W))
b 20k [ (@~ Po) (H)) - il (T = P)(W)
T

AT~ Pu)(H).Pu(W)) — 28 | bH-W (5.22)

+ 2af((Z - Ps)(0),(Z = Ps)(7)) + al(Ps(0), (T —Ps)(7))

+ al (T —P,) (o), Ps(T)) — 2k Clo:T.
Qs

Similarly, it is clear from (4.12) that the bilinear form B can be decomposed as

B((W’T)v (907 3)) = BO((W’T)v (907 3)) + KI((W’T)v (907 3))7 (5'23)

11



where

Bo(W. 7). (.8)) = — k? / Tis K (1) 0)s, (5.24)

and
Ki(W,7),(p,8)) = 1k (7(W), () )t.5 - (5.25)

Next, we let Ay, Kg : X — X and By, K; : X — M be the linear and bounded operators induced by the
corresponding bilinear forms, and let By, K} : M — X be the associated adjoint operators. Then, the

continuous variational formulation (4.10) can be rewritten as the following matrix operator equation:
Find ((H,o), (¢,r)) € X x M such that

(8D (D) e

where . € X is the Riesz representant of L.

In what follows we prove that the matrix operators on the left-hand side of (5.26) are invertible
and compact, respectively. For the invertibility we apply the Babuska-Brezzi theory and begin the
corresponding analysis by establishing the inf-sup condition for the bilinear form By.

Lemma 5.4 There exists 5 > 0 such that

|B0((” 77)7(9073)”
A M. .27
W) eR\(0) (W, 7)[lx 2 B o)l (#:9) € 27

Proof. It is easy to see that

By T:8 2 T
sup ‘BO((Wﬂ-)v(‘PaS))‘ o sup ‘ k /5 + k (771( )7‘P>E

(W, T) ex\{0} (W, 7)lx T eH(div0.)\(0} 171 Ex(divs 2.

Hence, the rest of the proof reduces to derive the corresponding lower bound for the latter supremum,
which proceeds analogously to the 2D case (cf. [13, Lemma 4.3]). We omit further details here. O

We now aim to show that A is bijective on the kernel of By. To this end, we first observe from
(5.16), recalling the definition of the coefficient a (cf. (3.4)), that for each W € Hp(curl; ,,) there

holds
i ==\ _ €0 € 2 2 2
Re{at,(W. W)} = /Qm{ieu(a/w)?) lcurl(W)2 + k25 |W/| } (5.28)
which, acccording to the definition of b (cf. (3.4)) and the assumptions (3.1), yields
Re{a:;(W,W)} > o [Wlkeuno,) YW € Hr(curl; ), (5.29)

where

2
e _f% g2
c = mm{€2+(5/w)2,k¢ }

Also, we notice here for later use that

Im{a:;(W,W)} _— /Q %\curl(WW — Bl (W)Za s - (5.30)
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Lemma 5.5 Let V be the kernel of By, that is
Vi— (W) € X: By(W,r)(p,s) =0 V(ps) €M},
Then, there exists a > 0 such that

| AO((H’U)v (Wv T)) |

sup > of||(H,o)|x V(H,o) € V. (5.31)
(W,T)eV\{0} (W, 7)llx
In addition, there holds
sup |Ao((H,o),(W,T))| > 0 V(W,r)e V\{0}. (5.32)

(H,0)eV
Proof. From the definition of By (cf. (5.24)) we deduce that V = Hr(curl; Q,,) x V, where
V= {T € Hdiv; Q5): 7=7° in Q and ~,(t) =0 on 2}. (5.33)
Now, given a parameter 1 > 0 to be chosen later, we let Z : X — X be the linear operator defined by

EW,r) ==(W,T) + Eo(W,T) V(W,r) € X := Hr(curl; Q,,) x H(div; Q5), (5.34)

E1(W,r) = (2P —Z)(W),2Ps —Z)(7)) and Z(W,T) :=1n(W,0). (5.35)

It follows from the boundedness of Py, and Py (cf. (5.1) and (5.12)) that = is bounded. In addition,
since Ps(7) is symmetric and ~,,(Ps(7)) = 0 on ¥ (see details in Section 5.2), we deduce that
(2Ps—I)(tT) € V for each 7 € V, and hence Z(W, 1) € V for each (W, 7) € V. Thus, we have in
particular that

su |A0((H’0-)7(W77-))| |A0((H70-)’E(H75))| o
(W,T)egf\{O} [(W,7)lx = I2(H,7)|x VH, o) €VA0},  (5.36)
where o o o
AO((Hvo-)’E(Hvﬁ)) = AO((H’U)vgl(H’E)) + AO((H’U)752(H7E)) . (5'37)

Since P2, = P,, and P? = P, we observe that
P 2Pm —I) = Pmy (Z—=Puwn)2Pn—-I)=—(Z—"Pn),
and analogously for Ps, whence we obtain from (5.21) that

Ao((H,0),51(H,7)) = a,(Pn(H), Prn(H)) + a;,(Z — Pn)(H), (I - Pn)(H))

(5.38)
T 20k m(T — Pu)(HD)) Pz + af (Pul(0),Py(@) + a2 (T — P)(0), (T — P)(@)).
Applying (5.29) to the first two terms on the right-hand side of (5.38), we deduce that
Re{af, (P (H), P (H)) + a5, (T — P) (H), (T~ Por)(H)) } )

2 { HPW(H)H%-I(curl;Qm) + H(Z_ Pm)(H)”%I(curl;Qm)} VH ¢ HF(CU_I'I; Qm) :
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Next, employing the same arguments of the 2D case (see Section 4.2 of [13], particularly Lemmas 4.6
and 4.7), one can show that there exists ¢z > 0 such that

Re{af (Py(e), P,(@)) + af (T Po)(0), (T~ P)@)} > & lolfama,) YoV, (540)

In this way, thanks to (5.38), (5.39), and the above inequality, we deduce that

Re{AO((H7U)751(H’E))} = {Cl H,Pm(H)H%-I(curl;Qm)

(5.41)
+ a H(I - Pm)(H)‘|%—I(curl;Qm) + ||0-H%—I(div;ﬂs) } \V/(H,O') evVv.
On the other hand, it is clear also from (5.21) that
Ao((H,0),%:(H,5)) = vy { & (P (H), Pr(H)) — a5(T ~ Pou)(H), (T ~ Pyu)(H)) } i

+ 2kn|m (T - Pm)(H))”%m(r)P -
Then, using that Re(22) = —Im(z) and (5.30), we obtain that

€ (0/w)

W |Curl(Pm(H))|2 + k‘”’? ||7rt(Pm(H))||[2L2(p)]3

Re{Aol(H.0).Z2(H.2)} = 1 |

m

[ lowrl(T ~ Pu)(ED)E + kel (€~ o) Oy

which, thanks to the assumptions (3.1), and defining Cy = 7 / (epw), yields

Re{Ao((H,U),Ez(F,?))} > {anﬂ't(Pm(H))”[Zw(r)P
(5.43)
+ knllme((Z - Pm)(H))H%LZ(F)p — Can (T - Pm)(H)”%—I(curl;Qm) } V(H,o0) € V.

Consequently, having in mind (5.37), adding (5.41) with (5.43), choosing n € (0,¢;1/C3), and then
applying the equivalence estimate (5.4), we find @ > 0, depending on ¢;, co, k, 7, and Cb, such that

Re{A((H,0),2(H,2))} = a|(H,0)} V(H,0) €V, (5.44)

which, using the boundedness of =, yields the existence of a > 0, depending on & and ||Z||, such that

| AO((Hvi)’ E(Hv E)) |
IE(H,7)||x

> af(H,o)llx  V(H, o) € V\{0}. (5.45)

The above estimate and (5.36) proves the inf-sup condition (5.31). Finally, the symmetry of Ay and
(5.31) provide the inf-sup condition (5.32). O

Therefore, as a consequence of Lemmas 5.4 and 5.5 and the well-known Babuska-Brezzi theory,
Ay B

B. 0 > : X x M — X x M becomes an isomorphism.
0

the matrix operator <
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Lemma 5.6 The operators Ko : X — X and K; : X — M are compact.

Proof. We first observe from (5.22) that the bilinear form K can be decomposed as
Ko(H,0),(W,T)) = kp,(H, W) + ks(o,T),

where
Ko (FW) := 285((Z — o) (). (T — Po)(W)) + & (Ppu (), (T — ) (W)
+ o2k / (T — Po)(H)) - (T — Pon)(W))
T
+ (2~ Pu)(H),Pn(W)) — 2l<:2/ bH W
and

ki(o,7) = 2a]((Z = Ps)(0),(Z = Ps)(7)) + af(Ps(o),(Z —Ps)(1))

b at(T—P)(o), Po(r)) — 2k2/ Clo:r.

S

Then, according to the definition of a;, (cf. (5.16)), and using that
curl((Z — Pp)(W)) = 0 VW € Hr(curl; Qp,),

we find that
k,(H W)= 2k b(Z —Pp)(H) - (I —Pp)(W)
Qm
2
+ k /mepm( ) (T —Pm) Zk/rﬂt mt((Z — Pm)(W))
+ k2 b(Z —Pn)(H)-P zk‘/ﬂ't H))  7(Pon(W))
Qm T

— 2k? / bVH-W ,
which, after simplifying the terms involving integration on £2,,, yields

ks (H.W) == 12 [ b{2P(H) - P(W) + Poa(H) - (Z = Po)(W) + (T Po) (H) - P(W)}

m

_— /F e (Pr(H)) - 70 (T — Pr) (W) — 1k /F (T — Po)(H)) - 704 (P (W)

The compactness of P, : Hr(curl; ,,,) — [L?(Q,,)]® guarantees that the operator associated to the
integrals on (2, is compact, whereas the compact imbedding ¢ ([H'(2,,)]?) := Hﬁ/z(I‘) — [L3(I))3
(cf. [18, Lemma 3.2]) implies that m¢ o P, : Hr(curl; Q,,) — [L?(I)}3, and hence the operator
associated to the integrals on I', are both compact.

On the other hand, since div(Z — P,)(7) = M(div(r)), Ps(7) is symmetric, and ~,,(Ps(7)) = 0
onY V7 € H(div; Q,), and Vv € [L?(Q; )]igy?,’n Vv € RM(Qs) (see Section 5.2 for details), we
deduce that

div (Z — P,)(o) - div(P / M(div(o)) - div(Ps(T))
Q,

_ /Q VM(div() : Pa(7) + (4u(Po(7)), M(div(e)) )5 = 0
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for all o, 7 € H(div; Q). It follows, recalling the definition of al (cf. (5.17)), that

ki(o,7) = —2k> [ CT'Py(o): Ps(r) — K /Q C' Py(o) : (T —Py)(T)

Qs
2
- CHE-P)0) s Pulr) + 2 [ div(T =P () div(T - P)().

which, thanks to Lemma 5.3, shows that the operator induced by kg is compact.

Finally, the definition of K (cf. (5.25)) and the compact imbedding Hﬁ/z(E) — [L2(2))3 (cf. [18,

Lemma 3.2]) yield the compactness of Kj.
g

We are now ready to establish the main result of this section.

Theorem 5.1 Assume that the homogeneous problem associated to (4.10) has only the trivial solution.
Then, given H', E* € H(curl; Q,,), there exists a unique solution ((H,o), (1, 7)) € XxM to (4.10).
In addition, there exists C > 0 such that

I(H, o), (¥, r)xxm < ClI(L,0)]|x - (5.46)

Proof. It suffices to observe, in virtue of Lemmas 5.4, 5.5, and 5.6, that the left hand side of (5.26)
constitutes a Fredholm operator of index zero, and hence the well-posedness of (4.10) follows from
uniqueness. O

We end this section with a uniqueness result for (4.10). Indeed, let us first notice that there may
exist singular frequencies w for which the homogeneous problem

o =Ce(u) in Q, dive + w?p;u =0 in €,
(5.47)
uxn =0 on X, on=0 on X,

which arises from (3.12) assuming that H = H® = E' = 0, admits a non trivial solution.

At this point we recall that, thanks to our assumptions on Qs and T, €, is a connected and simply
connected Lipschitz polyhedra with boundary 92, consisting of two disjoint connected components
¥ and I'. Furthermore, in what follows we assume that (2, can be decomposed into J connected
polyhedra Q2. such that Q,, = Uleﬁin and Q¢ N Ol o= 0ifi # j. Then we have the following
result.

Theorem 5.2 Assume that (5.47) only admits the trivial solution. In addition, suppose that the
magnetic permeability p is constant on each subdomain Q. and that the restrictions of € and o to Qly,
belong to H3(Yy,) for all j € {1,---,J}. Then, there is at most one solution to (4.10).

Proof. Let ((H,0o),(t,7)) be a solution of the homogeneous system corresponding to (4.10), that is
when H' = E' = 0. Then, taking W = H in (4.2) gives

/ {a_l\curl(H)]2 —kzb\H\z} + (’yt(a_lcurl(H)),ﬂ't(ﬁ) ‘o — (ve(curl(H)), m¢(H) )er =0,

m

which, employing the boundary condition v;(curl (H)) = +kH on I' (cf. (3.15)) in the last term,
leads to

| o leunt(ER — b} + (o eurl(FD). (D))o = o (D) ey = 0 (549
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Now, from the transmission conditions (3.13) and (3.14) we have, respectively, that

me(a tcurl(H)) = —1kme(u) and ~(H) = —1ken on X,
and hence, using also (2.4) and the fact that on is tangential on ¥, we deduce that

(ve(a™ eurl(H)), me(H) ez = — (7o(H) me(a™ curl(H)) ez

)

= k2 (on,m(u))s = k2 (on,u)y = k? { Ce(@m): e(u) — K2 Hu||[2L2(QS)]3} ,

Qs
where the last identity arises after multiplying the equilibrium equation div(e) + x2@ = 0 in Q;
by w e integrating by parts. This shows that {v,(a~*curl(H)),m¢(H) )¢ is real and, consequently,
the imaginary part of (5.48) reduces to

[ ) lewrt(EDP — Kl (D)o = 0.

which, noting that Im (a_l) < 0, implies that w¢(H) = 0 on I'. Thus, applying the unique continua-
tion result of [11, Theorem 9.3] (as done also in [22, Theorem 4.12]), we deduce that H = 0 in £,,.
Finally, the fact that w is not a singular frequency for problem (5.47) completes the proof. O

6 The discrete problem

In order to introduce a Galerkin approximation of (4.10) we first let {7}, }x~0 be a regular family of
triangulations of Qg U Q,, by tetrahedrons K of diameter hy, and assume that, given | € {s,m},
Th(Y) = {K el,: K C ﬁl} is a triangulation of ;. As usual, the parameter h denotes in each
case the mesh size of the corresponding triangulation. Then, we denote by 7,(X) and 7,(T") the
triangulations induced by 75 (2,,) on ¥ and T, respectively. Also, for reasons that will become clear
below, we introduce an independent triangulation 7; (X) of the interface X by triangles T of diameter
hr and define h := max{hr: T e T (%) }.

In the sequel, given an integer £ > 0 and a subset D of R, Py(D) denotes the space of complex
valued polynomials defined in D of total degree < £. Also, we introduce the finite element spaces

Q) = {vel®(Qs): vk €PI(K) VK € Th(Qs)} ,
Q) == {veL*Q): vk €Py(K) VK €T},
Si(2) = {peC®@): ¢lreP(T) VT € (D)},
SH(E) = {(,p eC'(S): ¢lpePy(T) VIe i,;(z:)} ,
and
SiE) = {£€ L*(X): EreBy(T) VT eT(D)} .

In addition, for any K € 75, () we let RTq(K) := [Po(K)]* @ Po(K)z be the local Raviart-Thomas
space of lowest order (cf. [9]), that is

RTy(K) = {v: K - C?, v(z)=a+bx Yzxeck, acC’beC},

and denote by bx the usual bubble function on K € 73,(;), that is bx = H?:l M where {A\K}E
are the barycentric coordinates of K. Then, the finite element subspace corresponding to the unknown
o is given by

Xz = RTh(QS) o By, (6.1)
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where
RT(Q) = {7 €H(div; Q) : (7)%|x € RTo(K) Vi€ {1,2,3}, VK € T,(Qs) },

and
B, = {T: Q, — C3%3 . (Ti)*x € curl(bK [IP’O(K)]?’) VK € ’Th(QS)} ,

T; being the i-th row of 7.

On the other hand, for any K € 75,(Q,) we let NDy(K) := [Po(K)]® @ [Po(K)]> x = be the
local edge space of Nédélec, that is

NDy(K) == {v: K —C*, wv(z)=a+bxz VzekK, a,beC’}.
Then, the finite element subspace for the unknown H is defined by
X7 = {W € H(curl; Q,): W|g € NDi(K) VK € T,(Qn)}.
For the remaining unknowns r and v we introduce, respectively, the subspaces

0 S1 S92
M), = —s1 0 s3|: s €85(Q) Vie {1,2,3) and Mj, = [S}(D)]°.
—89 —S83 0

We recall here that X3 x [SP(€2;)]® x M, constitutes the well known PEERS introduced in [3] for a
mixed finite element approximation of the linear elasticity problem in the plane, which was generalized
to the three dimensional case in [20].

Finally, we let
Xh = X;? X Xfl, Mﬁh = M;l X Mh, (62)

and define the mixed finite element scheme associated to our coupled problem (4.10) as follows: Find
((Hn, o), (¥5,71)) € Xpp X M, ;, such that

A((Hp,04), (W, 1)) + B(W,7),(%5,r) = L(W,7)) V(W,T)cX,

B((Hh,ah),(cp,s)) =0 V(QD,S)EM;LJL.

(6.3)

7 Analysis of the discrete problem

In this section we analyze the discrete problem (6.3). We first provide several technical results in
Section 7.1. Then, in Section 7.2 we apply a classical theorem on projection methods for Fredholm
operators of index zero to show that (6.3) is well-posed.

7.1 Preliminaries

We let II5 : [H1(Q5)]3%% — RT 1,(Qs) be the usual Raviart-Thomas equilibrium interpolation operator
(see [9]). We recall that II7 is characterized by the identities

/ I (T)n = / Tn  Vedge E of T,(Qs),
E E
which yield the commuting diagram property

div(Ili (7)) = Qi(div(r)) V7 € [H'(Q)]**3, (7.1)
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where O : [L?(Qs)]> — [SP(Q2)]® is the [L?(2;)]3-orthogonal projection. Actually, it turns out (see
for e.g. [17, Theorem 3.16]) that I} can be defined as a bounded linear operator from the larger space
[He(2,)]2*3 N H(div; Q) into RT () for all ¢ > 0, and that the following interpolation error
estimate holds true

I7 =TI, (7) [l 22 (quexs < €A™ { 7l e (@< + HdiV(T)H[LZ(QS)P}- (7.2)
Next, for any 6 > 0 we introduce the Sobolev space
HC (curl; Q) = {W e [HY ()P :  curl(W) e [Hé(Qm)]?’}
and endow it with its Hilbertian norm
”W”%{é(curl;gm) = HWH[2H5(Q7,L)}3 + chrl(W)H%H(S(Qm)P'

Then for any edge E of 7;(Q2,,), we denote by tg a unit tangential vector along E. It follows from [2,
Lemma 4.7 that if W € H°(curl;Q,,) with § > 1/2, then the moments [, W - tp are meaningful.
This guarantees that the interpolation operator II}* : H5(curl; 0,) — X} associated to the edge
finite element, which is characterized by

/ (W) -tg = / W -tg for all edge E of 7,(Qn),
E E
is well-defined and uniformly bounded. In addition, the following interpolation error estimate holds
(see [1, Proposition 5.6]):

||W - Hhm(W)HH(curl;Qm) < Ch5 HW||H5(curl;Qm) VW € H(S(Curl; Qm) , Vo> 1/2 : (73)
Another useful property of II}* is given by the following result.

Lemma 7.1 For each § € (1/2,1] define the space
H)(curl; Q) = {W € [H°(Q,)]*: curl(W) € curl(X}) }. (7.4)

Then, the operator 11} is also well defined in H‘,Sl(curl; Q) and there exists a constant C' > 0,
independent of h, such that

W — I (W) 2@y < C B IW llgsa, 2 YW € Hj(curl; Q). (7.5)

Proof. See [17, Lemma 4.6]. O

Next, we need to introduce curlp-conforming surface finite elements on the manifold I'. Actually,
divp-conforming finite elements on manifolds are more frequently used in the literature since they
arise naturally in the BEM-theory for Maxwell equations, (see, e.g. [8] and the references therein).
We still can benefit here from the result announced in the last reference for the Raviart-Thomas finite
elements since they may be translated to the bidimensional Nédélec finite element by a simple 7 /2-
rotation in the space variable on each one of the faces compounding I'. To be more specific, the lowest
order bidimensional Nédélec finite element (also known as the rotated Raviart-Thomas finite element)
approximation of the space

H(curlp;T) == {p e L{(I) : curlp(p) € L*(I)} ,
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relatively to the mesh 7,(T"), is given by

NDL(T) = {p € HlewliT): @l € NDy(T) VT € To(D)}

where NDy(T) := [Po(T)]? + Po(T) < xj; >, <z1> being the local variable on the face containing
—x1 2

the triangle 7. The corresponding interpolation operator II} : Hﬁ(F) N H(curlp;T) — NDy(T)
(6 € (0,1)) satisfies the following error estimate.

Lemma 7.2 For each § € (0,1] there exists a constant C' > 0, independent of h, such that

le (@) lzaye < O {lelr) + lewle(@)ll 2y} Ve € H)(T) N H(curlrsT).

Proof. See [8, Lemma 15]. O

For tangential vector fields with a discrete curlp, there holds the following variant.

Lemma 7.3 For each § € (0,1] there exists a constant C' > 0, independent of h, such that

Hcp—l'[g(cp)H[Lz(p)]s < CH H‘PHHﬁ(F) Ve € Hﬁ(I‘) such that curlp(p) € SP(T).

Proof. See [8, Lemma 16]. O

In this way, recalling the definition of the norm [|-[|g.(curl; 0,.) (s¢e (4.1)), and using the commuting
diagram property ¢ II}" = Hl,: 7y together with (7.3) and Lemma 7.2, we deduce that for each
§ € (1/2,1] there exists a constant C' > 0, independent of h, such that for all W € H’(curl;(,,)
satisfying m¢(W) € Hﬁ(F) N H(curlp; T'), there holds

1/2
IW = 105 (W) et et 0) = {IW = TG OF) e, 0,y + 106 (W = T2 (W) [ | -
< Ché{”WHH‘S(curl;Qm) + Hﬂt(W)”Hﬁ(r) + ”CHrlF(Wt(W))HLZ(F)}7

which constitutes an approximation property of the space Xj*. The corresponding properties of the
remaining finite element subspaces are established as follows (see for instante [22]):

(AP?) For each e € (0,1] and for each 7 € [H¢(€2,)]3*3, with div(7) € [H(£2)]3, there holds

|7 = I (7) [l div 00) < ChE{HTH[He(QS)}BXB + HdiV(T)H[He(QS)P}-

(AP;‘ZD) For each € € (1/2,3/2] and for each ¢ € [H¢(Z)]?, there holds

;:Le—l/2

inf e = @pllgemp < C e llizzeye -
h

n €M

(APT) For each € € [0,1] and for each € [H(£2,)]3*3 N [L2(Q5)]253,, there holds

asym’
rhigl{dh HT — T'h”[L2(Qs)}3><3 < C h* ”’I"H[He(QS)]BXB .

(AP¥) For each € € [0,1] and for each v € [H(£2,)]3, there holds

[v— Qh(W)lliz2 < ChvllFe @ -
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Note that (APY) is actually a straightforward consequence of (7.1), (7.2), and (AP}).

We end this section with the following inverse inequality.

Lemma 7.4 Assume that the family of triangulations Tp(X) is quasi-uniform. Then, for each § €
[0,1) there exists a constant C > 0, independent of h, such that

ol grirae sy < Ch™° [l 12 sy Vo € Sp(%).

Proof. We first recall from Lemma 5.57 and Remark 5.58 in [22], thanks to the quasi-uniformity of
Tr(X), that for each § € [0,1/2) there exists a constant Cy > 0, independent of h, such that

[vlgss) < Coh™lullrze) Vo € SAE), (7.7)
and for each § € [0,1] there exists a constant C; > 0, independent of h, such that
el oy < Ch h~° lelrzsy Ve € SiE). (7.8)

Now, given ¢ € S,IL(Z), we denote by Vyx ¢ : ¥ — C? the piecewise constant vector field equal to the
gradient of ¢ on each face of 7;,(X). Then, applying (7.7) to Vx ¢ € SP(X) and summing el a (s
to both sides of the resulting inequality, yields

lelmrssy < Cob’llelum Yo € Si(E), Vé e [0,1/2). (7.9)
In this way, interpolating (7.8) and (7.9) with index 6 = 1/2, gives
lellgerss) < Ch0 ol Ve € Si(E), Ve [0,1/2). (7.10)
Next, interpolating (7.8) with § = 1, that is
lellgisy < Cs h! lellz2 (s Vo € Si(%),
and the obvious inequality |¢[|g1(z)y < |l¢llg1(s), we obtain
lellme) < Ch 2 lelmes Ve € SKE), (7.11)

which is (7.10) for the case 6 = 1/2.

Finally, we take 0 € (1/2,1) and let € := 6 —1/2 € (0,1/2). Then, applying (7.9) and (7.11), we
find that

ol gvzrsgmy = llellmees) < CRNella) < CR Y lellgzs) = Ch0llelme

for each ¢ € S}(¥), which completes the proof. O

7.2 Well-posedness of the discrete problem

In this section we prove the well-posedness of the discrete problem (6.3). For this purpose, according
to a classical result on projection methods for compact perturbations of invertible operators (see, e.g.,
Theorem 13.7 in [19]), it suffices to show that the Galerkin scheme associated to the isomorphism

< go I%O ) is well posed. Hence, in what follows we prove that Ag and By satisfy the corresponding
0

inf-sup conditions on the finite element subspace X;, x M , , thus providing the discrete analogues of
Lemmas 5.4 and 5.5.
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Lemma 7.5 There exist Cy €]0,1[ and B > 0, independent of h and h, such that for all h < Cyh
and for each (,r) € M; , there holds

- | Bo(W,7),(¢,7)) |
p
(W,T) € X,\{0} (W, 7)x

> B, 7l - (7.12)

Proof. The proof results from a slight adjustment of the one given in [13] for the two-dimensional
case. The following preliminary result remains unchanged (see [13, Lemma 5.1]): There exists C1 > 0,
independent of i and h, such that for each (¢,7) € M; , there holds

su |B0((W7T)7(11b7r)) |
p
(W,T) € X,\{0} (W, 7)llx

> C ||TH[L2(QS)}3X3 . (7.13)

Now, according to the uniform extension provided in [23, Theorem 4.1.9], there exist a linear operator
En [SY(X))? — X5 and a constant Cy > 0, independent of h, such that

(En€p))n =&, on % and [E(Ep)lm@iviey < Collénlli-1r2mp Yé € [SHE).
Hence, recalling the definition of By (cf. (5.24)), it follows that
| BO((W7 T)v (T:b’ ’T‘)) | > | BO((Ov gh(sh))v (T:b’ ’T‘)) |

sup >
(W.T) eX,\{0} (W, 7)]Ix 1€n (&)l (aiv; 0.)
(7.14)
2
> B H&w¥lsl o s VE, € [SHIP0}.

= O [€nllim-1r2(myp
Now, given ¢ € M;\{0} := [S%(E)]g\{O}, we let z € [H'(Q5)]? be the unique solution of the problem
—Az+4+2z=0 in Qg, z=1 on X.
Notice that the corresponding continuous dependence result gives
[zl < cll$lesys (7.15)
and, by virtue of the trace theorem and Green’s formula, we also have that
Collblpnnsys < 12 = ((V2) )5 (7.16)

Moreover, since 1) is a piecewise-polynomial continuous function on ¥ and €2, is a Lipschitz polyhedral
domain, the solution z belongs to the Sobolev space [H'+%(€2,)]? for a suitable § € (1/2,1) (see [12]),
and the following estimate holds true:

12l (r+s(a.ys < Callblligeessys - (7.17)

We now let & = (H;"L(Vz)) n. Then, applying the boundedness of the normal trace operator (2.1),
the approximation property (AP?), the fact that div(Vz) = Az = z in Qj, the regularity estimate
(7.17), and the inverse inequality provided by Lemma 7.4, we deduce that

1(V2)n = Eill-rzmyp < ClIVZ = TG(V2) m@ivie, < Csh {IV2lms@uypa + 12l b
h

é
< Cg h(s”zH[HH‘s(QS)P < CyCq hé”’(p”[H1/2+6(Z)]3 < Cr7 <Z> “¢“[H1/2(E)}37
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which, together with the inequality
1€x 1 -1r20sy2 < 1(V2) 0= &l i1z + [1(V2) 2120
< (Vz)n—&lp-remp + cllVzlr@vo.)
the fact that ||Vz|lgiv;a,) = IIZllja1 .)3, and the estimate (7.15), imply

€3l im-172myp < Cs lllgnegys Vh < h.

It follows, using (7.16) and the above estimates, that
<£;kw'l1b >E = < (VZ) n, >E - < (VZ) ’I’L—é;kl,'l,b >E

4
> {Cg - Cy <£> }”w” H/2(%

Cs Cy *
> {58 Gy ( > }WHHW oy W&nlliz-12yps Yh

s 1/6
In this way, replacing in particular & into (7.14) and taking h < Cp h, with Cy := min {1, <Q> },
we deduce that

[N
=

|B0((W77)7('¢7T))| k203
sup > P / — K2 ||r|| 2 JERER
wemoy W, mlx 26, Cs 1Pl anp = Kolirlizean

Finally, a judicious combination of the above inequality with (7.13) imply the required discrete inf-sup
condition (7.12), thus completing the proof. O

In the sequel, and in order to establish later on the discrete inf-sup condition for A, we define
discrete versions of the operators Ps; and P,,. To this end, we first introduce finite element subspaces
of H and Q (cf. (5.9), (5.10)), respectively,

Hy, = {7 € Xj : Tn =0 on X},

and

Qn = {[SP(Q)] N RM(Q,)} x My,

where RM(€,) is the space of rigid body motions (cf. (5.5)). Then, given 7 € H(div; §25), we
consider the following Galerkin approximation of (5.8): Find (&, (un, 7)) € Hj, x Qp such that

QSC_I&hif'Jr/S{ ~div(T) + 7 : T} =0 VT eH,, -
/Qs{ﬁ'div(&h)”:&h} = /Sﬁ'@—M)(div(T)) ¥ (%,5) € Q.

Hence, proceeding analogously to the 2D case (see Section 4.3 in [14]), and noting that the corres-
ponding Neumann boundary condition involved in (5.8) and (7.18) is homogeneous, we can show that
there exists a unique (&, (@, 74)) € Hy x Qp, solution of (7.18). Moreover, there exist C', C' > 0,
independent of h, such that

1o nll@ivien + @l + 7wl @apxs < Clldiv(T)llz2 @, (7.19)
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and

| — Gnlla@ivio,) + 18 — @allizeuys + 1T — Fallize.)sxs
(7.20)

< C{II(I— ) () lra@ivie,) + 1T = Q) (@)lL2,) + 5l 7 — ghII[Lz(QS)]SXS},

h
where (7, (@,7)) € H x Q is the unique solution of (5.8) and IIj : [H'(Q)]**® — RT () and
Q5 1 [L2(2,)]3 — [S2(£25)]3 are the operators defined at the beginning of Section 7.1.

In virtue of the previous analysis, we are now in a position to introduce a discrete version of the
operator Ps (cf. (5.12)). In fact, having in mind that (&, (@, 7)) € Hp x Qp is the unique solution
of (7.18), we define

Pspn : H(div; Q — H, C X¢
s HL : " (7.21)
T — Pon(T) := 0.
It follows from (7.18) and (7.19) that Ps}, is a bounded linear operator. In addition, it is clear from
the definition of Hj, and (7.18) that

Psp(t)n =0 on X and Psn(T):8 =0 Vs e M. (7.22)
Qs

Next, as a straightforward consequence of the error estimate (7.20) and the approximation properties
provided in Section 7.1, we are able to establish the following result.

Lemma 7.6 Let ¢ > 0 be the parameter defining the regularity of the solution of (5.6). Then, there
exists C' > 0, independent of h, such that

[Ps(7h) — Psn(mn)llu@ivio,y < CRONAiv(Ta)lliz2)pr  V7h € X (7.23)
Proof. It follows similarly to the proof of Lemma 5.4 in [13]. We omit further details here. O

On the other hand, we now let ﬁzn be the lowest order Raviart-Thomas interpolation operator
associated to the triangulation 75 (€2,,). It follows, using the well-known commuting diagram property

curl II" = II7" curl,
that for each W € X7 there holds
curl(P,(W)) = I {curl(P,, (W)} = Iy {curl(W)} = curl{II(W)} € curl(X}),

which, recalling that P,,,(W) € [H'(,,)]3, shows that P,,(W) belongs to H} (curl;Q,,) (cf. (7.4)
with 0 = 1). In this way, Lemma 7.1 implies that II}* can be applied to P,,(W'), and hence we define
the discrete version of the operator P, as follows

Pmp: X0 — X

(7.24)
W = Pua(W) = TP, (W)).

Lemma 7.7 There exists a constant C > 0, independent of h, such that

[Pin(W) = Prn W)letpeurt: ) < CRY2 W lbpeursy YW € X0
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Proof. It is easy to see that curl(P,(W)) = curl(P,, ,(W)), which yields

[Prn(W) = P (W)llH(eurt; 2,) = [[Pmn(W) = Prooa(W)lliz2 (0,058

and hence, applying Lemma 7.1 (cf. (7.5)) and the boundedness of P,, : Hr(curl; Q,,,) — [H1(Q,)]3,
we deduce that for each W € X} there holds

[Pm(W) = P (W)l 1 (curt; 0,) < C R Pi(W)llim, < ChIIW g (curt; 0.0) - (7.25)
On the other hand, using the commuting diagram property ¢ II7' = Hg ¢, we have that
T (Prp(W)) = wo (I (Prn(W)) = I}, (4 (Pr(W))) .

In addition, since curlpmy = divpy, and divp(y,(W)) = curl(W)-n in H-Y?(T') for each
W € H(curl; Q) (see [7]), we deduce that for each W € X there holds

curtlp (g (P (W) = dive(74(Pm(W)) = curl(Py,(W)) - n = curl(W) - n € Sp(I).

Consequently, applying now the boundedness of the operators Py, : Hp(curl; Q,,) — [H*(Q,,)]® and

e [HY Q)] — Hﬁ/z(l“) and the estimate provided by Lemma 7.3, we find that

706 (Pr(W) = Pous (W) liz2 oy = e (Prn(W)) =TI, (¢ (P (W) ) 2y

< ChM? HWt(Pm(W))HHim < C2 | Pl @uyp < C B2 W g curt; ) -

IT)
which, together with (7.25), yields the required estimate and completes the proof. O

We are now ready to prove the discrete weak coercivity of Ag. To this end, we let V; , be the
discrete kernel of By, that is

Vi = {(W.7) € Xus Bo((W,m), () =0 Vi(ps) € My, |,

.  ~m .
which becomes th = X} x Vh,h’ where

V;Lh::{TGXZ: /T:s—l—/rn-cpzo V(cp,s)EM;Lh}.
k) s 2 ’

Note that Vj , is not necessarily included in V' (cf. (5.33)). Then, using the 3D version of the
equivalence estimate provided by Lemma 5.5 in [13], one can easily show the discrete analogue of

(5.40)~, which means that there exist positive constants ¢, ho, independent of h and h, such that for
each h < hg there holds

Re{al (Py(0), P(@)) + ai (T~ P)(0), (T~ P)@)} = clloliaa, Yo EViy: (726)
Hence, following verbatim the remaining steps detailed in the proof of Lemma 5.5, we arrive at the

discrete version of (5.44), that is there exists a positive constant C, independent of h and i~z, such
that for each h < hg there holds

)

Re{Ao((H,0),2(H, 7))} = Ci|(H,0)|}  ¥(H,0) € V. (7.27)
The discrete inf-sup condition for Ag is then established as follows.
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Lemma 7.8 Let ho > 0 be the constant mentioned above. Then, there exist constants C, hy > 0,
independent of h and h, such that for each h < hgy and for each h < hy there holds

Ao((H
(W, T)ev;, ,\{0} [(W,T)lx 7

Proof. Following the definition of the operator Z : X — X (see (5.34) and (5.35)), we now introduce
its discrete version as follows

=n o X, — X
(W7T) = ((2Pm,h_I)(W)v(zps,h_z-)(T)) +“7(W70)7

where n > 0 is the parameter suitably chosen at the end of the proof of Lemma 5.5. It follows
straightforwardly from Lemmas 7.6 and 7.7, redefining € := min{e, 1/2}, that

[EW,T) = Ea(W,T)[x < Coh (W, 7)llx  V(W,T) € Xp.

Hence, using the above estimate, the boundedness of Ay, and (7.27), we find that for each (W, 1) €
V,, 7 there holds

Re { Ag(W, 7). Z0(W, 7)) } = Re{ Ao((W,7),E(W,7)) } — Co | Aoll n* (W, 7)1}
(7.29)
> O WG — Coll Aol n (W) = LW, )l

for all h < ho and for all h < hy = (m)l/e'

On the other hand, the boundedness of P and P, together with Lemmas 7.6 and 7.7, imply the
existence of C' > 0, independent of h and h, such that

[En(W,7)llx < Cl[(W,T)llx V(W,7T) € X.

In addition, it is easy to see, using in particular (7.22), that Z,(W,7) € V, ; for each (W,7T) € V, ;.

Hence, (7.28) follows immediately from (7.29) and the uniform boundedness of =j,. O

The well-posedness and convergence of the discrete scheme (4.10) can finally be established.

Theorem 7.1 Assume that the homogeneous problem associated to (4.10) has only the trivial solution.
Let Cy €]0,1[ and hg, hy > 0 be the constants mentioned above. Then, there exist ho €0, ho] and
hy €]0, hy] such that for each h < ho and for each h < min{hy,Coh}, the Galerkin scheme (4.10) has
a unique solution ((Hp, o), (V;,7h)) € Xj ¥ Mﬁ,h' In addition, there exist C, Co > 0, independent

of h and h, such that
I((H s n), (W, m0)lxxme < C1[(L, 0) [z (7.30)

and
|((H,o),(,r)) — (Hp, on), (%5, 78))|Ixxm

<o inf I((H ), (a6, 7)) — (Waora), (o) fsoase . (73D
((Wthh)v(‘PiLvsh)) EXp XM, p,
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Furthermore, if there exist § € (1/2,1] and ¢ € (0,1] such that H € H(curl,Q,,), m(H) <
H(curlp,T) and w € [H'™(Q,)]3, then there holds

||((H,0'),(’l,b,’l")) - ((tho-h)7(1nbflarh))”H><Q < 03 BE ||¢H[H1/2+€(2)]3
s (7.32)
+ O Ll e,y + 11 s eusten,) + 176D less urtear) }

with a constant Cs > 0, independent of h and h.

Proof. Thanks to Lemmas 7.5 and 7.8, the first part of the proof is a direct application of Theorem
13.7 in [19], whereas the rate of convergence (7.32) follows from the Cea estimate (7.31) and the
approximation properties of the finite element subspaces provided in Section 7.1 (cf. (7.6), (APT),

(AP¥), and (APY)). 0

8 Numerical results

In this section we present an example illustrating the performance of the finite element scheme (6.3)
on a set of uniform meshes of the domain. We begin by introducing some notations. The variable NV
stands for the global number of degrees of freedom involved in our Galerkin method, and the individual
errors are denoted by:

e(H) = [[H — Hpllg(cur;,0,,)»  €(0) = [l — onllaaiv; o.) »
e(u) == |lu—wuplz2@y3, and e(r) = ||r —rulz20,)3xs

where, as suggested by (4.5), uy, is computed as

1
up = div(op) in Q.
Also, we let r(H), r(o), r(u), and r(r) be the corresponding experimental rates of convergence. In
particular,
1 H)/e(H
(1) o Rl e )
log(h/h')

where h and I’ denote two consecutive meshsizes with corresponding errors e and ¢/, and similar
definitions hold for the rest of the variables.

We now describe the data of the example. We consider the domains Qg := (0.25,0.75)% and
Q= (0,1)3\ [0.25,0.75], and take the solid parameters ps = A\; = ps = 1 and the electromagnetic
parameters € = €9 = u = o = 1. We take the frequency w = 3 and ¢ = 0, whence ks = &k = 3 and
a = b = 1. The solution of the elastodynamic equation is given by

sin(mxy) sin(mwzg) sin(mas)
u(x) = exp(x1) exp(x2) x3 (14 Vx = (x1,79,73)" € Qq,
exp(z2)

whereas the function

kR,
H (x) := curl <%,0,0> Vx = (w1,79,23)" € Qpp,
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with Ry, := /(z1 —0.5)2 + (22 — 0.5)2 + (23 — 0.5)2, solves the first equation of (3.12) in Q,. It
follows that (w, H) is solution of (3.12) with non-homogeneous right-hand side of the elastodynamic
equation, non-homogeneous transmission conditions on ¥, and suitable essential boundary conditions
on I'.

In Table 1 we summarize the convergence history for a sequence of uniform meshes of the com-
putational domain Q, U Q,,. We observe that e(H) constitutes the dominant part of the total error,
and that the order of convergence provided by Theorem 7.1 when 6 = ¢ = 1, that is O(h), is fully
attained by all the unknowns. Moreover, we find that the convergence of w and 7 is a bit faster than
O(h), which could mean either a superconvergence phenomenon or a special feature of this particular
example.

h N e(H) r(H) e(o) r(o) e(u) r(uw) e(r) r(r)
1/4 | 1043 1.166E+01 — 2.743E-00 — 8.625E-01 — 3.350E-01 —
1/8 | 6913 | 6.794E+00 | 0.779 || 1.565E-00 | 0.810 || 7.717E-01 | 0.161 || 2.486E-01 | 0.430

1/12 | 21843 || 4.743E+00 | 0.887 || 9.913E-01 | 1.126 || 3.934E-01 | 1.662 || 1.270E-01 | 1.656
1/16 | 50057 | 3.627E+00 | 0.932 || 7.307E-01 | 1.061 || 2.597E-01 | 1.443 || 8.446E-02 | 1.418
1/20 | 95779 || 2.931E+00 | 0.955 || 5.773E-01 | 1.056 || 1.852E-01 | 1.516 || 5.919E-02 | 1.594
1/24 | 163233 || 2.457E+00 | 0.968 || 4.772E-01 | 1.045 || 1.405E-01 | 1.515 || 4.369E-02 | 1.665
1/28 | 256643 || 2.113E+00 | 0.976 || 4.068E-01 | 1.036 || 1.113E-01 | 1.509 || 3.367E-02 | 1.690

Table 1: Meshsizes, degrees of freedom, individual errors and rates of convergence (w = k = ks = 3)

Acknowledgements. The authors are thankful to Antonio Marquez for performing the computa-
tional code and running the numerical example.
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