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Abstract

In this paper, we analyze a mixed-FEM and BEM coupling for a time-dependent eddy current problem
posed in the whole space and formulated in terms of the electric field E. The coupled problem is obtained
by first proposing a mixed formulation of the interior problem in order to handle efficiently the divergence
free constraint satisfied by E in the dielectric material. Next, we incorporate the far field effect to the
latter formulation through boundary integral equations defined on the coupling interface. We show that
the resulting degenerate parabolic problem (with saddle point structure) is well-posed and use Nédélec edge
elements and standard nodal finite elements to define a semi-discrete Galerkin scheme. Furthermore, we
introduce the corresponding backward-Euler fully-discrete formulation and analyze the asymptotic behavior
of the error in terms of the discretization parameters for both schemes.

Keywords: eddy current problem, saddle point problems, mixed finite elements, Nédélec finite elements,
boundary elements.

1 Introduction

The eddy current problem is naturally formulated in the whole space with decay conditions on the fields at
infinity; see, for instance, [5]. Consequently, to apply conventional numerical methods, such as the finite element
method (FEM), it is necessary to reduce the problem to a bounded domain. The most common approach consists
in restricting the equations to a sufficiently large computational domain containing the region of interest and
imposing an artificial homogeneous boundary condition on its border (which must be “sufficiently” far away
from the conductor). This strategy yields the difficulty of fixing a convenient cut-off distance a priori. Moreover,
in case of conductors with a “special” shape or a very large computational domain, a finite element mesh can
lead to a very large number of elements. On the other hand, methods based on boundary integral equations,
like the boundary element method (BEM), in general can not be directly applied because the equations are not
homogeneous and have variable coefficients.

Since the equations of the eddy current problem are complex only in a bounded region, techniques combining
BEM and FEM look convenient. The first FEM-BEM couplings for the eddy current model have been proposed
by engineers: [9], [10] (using the magnetic field H in the conductor and the Steklov-Poincaré operator) and [17]
(using the electric field E in the conductor and certain harmonic basis functions near its boundary X). From
a mathematical point of view, more recent results based on the well-known symmetric method by [14] are due
to [16] (using E in the conductor and H x n on ) and [19] (using H in the conductor and the normal trace
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of the magnetic induction on X) for the time-harmonic problem. Another FEM-BEM approach for the same
problem in terms of vector and scalar potentials has been also recently analyzed by [4].

When the conductor is multiply-connected, the approach mentioned above requires the construction of
cumbersome (and expensive) cutting surfaces in order to deal correctly with the discrete problem, see also
[7]. Recently, [2] showed that the time-harmonic H-based formulation of the eddy current problem (posed in
a bounded domain) admits a saddle point structure that is free from the above restriction. (See also [20] for
a similar strategy applied to the case of a time-dependent eddy current problem posed in the whole space.)
Such a formulation is obtained by solving the problem in a box 2 completely containing the conductor €. and
by introducing a Lagrange multiplier associated to the curl-free constraint satisfied by the magnetic field in
the insulating region 4 := Q\ Q. surrounding the conductor. We adopt here the same point of view for the
problem under consideration.

Actually, our goal is to introduce a new method to solve the time-dependent eddy current problem, based
on a mixed-FEM and BEM coupling. We use as main variable a time primitive of E in 2 (see also [8]). The
divergence free condition in the insulating material is handled through a Lagrange multiplier, which gives rise to
a saddle point formulation in the interior domain. Besides, the integral representation of the electric field in the
complementary unbounded domain provides non-local boundary conditions for the interior mixed formulation.
This approach extends our previous work [1], where the eddy current problem is assumed to be posed in a
bounded domain.

A feature of our formulation is that the compact support of the current density is not necessarily assumed
to be completely contained in the conductor or in its exterior. Furthermore, we choose € simply connected
with a connected boundary in order to be able to introduce a certain scalar potential as a boundary variable
and use standard nodal finite elements to approximate it. On the other hand, in contrast with the formula-
tion given in [20], our approach fits well into the theory of monotone operators, because the reluctivity (the
inverse of the magnetic permeability) appears as a diffusion coefficient in the degenerate parabolic problem
at hand. Consequently, this approach seems convenient when the relation between the magnetic field and the
magnetic induction (given by the reluctivity) depends on the magnetic induction intensity, which is typical for
the ferromagnetic materials.

We perform a space discretization of our weak formulation by using Nédélec edge elements for the main
unknown and standard finite elements for the Lagrange multiplier and the boundary variable. We show that our
semi-discrete Galerkin scheme is uniquely solvable and provide error estimates in terms of the space discretization
parameter h. We also propose a fully-discrete Galerkin scheme based on a backward-Euler time-stepping. Here
again we provide error estimates that prove optimal convergence. Moreover, we obtain error estimates for the
eddy currents and the magnetic induction field.

The paper is organized as follows. In Section 2, we summarize some results from [12, 11, 13] concerning
tangential differential operators and traces in H(curl; Q). In Section 3, we introduce the model problem. We
derive a symmetric mixed-FEM and BEM coupling of our problem in Section 4 and prove that it is uniquely
solvable in Section 5. The construction of a semi-discretization in space and the analysis of its convergence
are reported in Section 6. Finally, a backward Euler method is employed to obtain a time discretization of the
problem. The results presented in Section 7 prove that the resulting fully discrete scheme is convergent with
optimal order.

2 Preliminaries

We use boldface letters to denote vectors as well as vector—valued functions and the symbol || represents the
standard Euclidean norm for vectors. In this section 2 is a generic Lipschitz bounded domain of R?. We denote
by I' its boundary and by m the unit outward normal to 2. Let

(f,9)0,0 = /Qfg

be the inner product in L?(Q2) and ||-|o,o the corresponding norm. As usual, for all s > 0, ||-||s stands
for the norm of the Hilbertian Sobolev space H*(€2) and ||, (, for the corresponding seminorm. The space

HY/2(T') is defined by localization on the Lipschitz surface I'. We denote by ||-||; /2 the norm in HY/?(T') and
(-,)1/2,r stands for the duality pairing between H'/?(I') and its dual H=*/2(I'). From now on we denote by
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v :HY(Q) — HY2(T) and ~ : H'(Q)? — H'/2(T")? the standard trace operator acting on scalar and vector fields
respectively.

2.1 Tangential differential operators and traces

We consider the space
L2(I) :={AeL*I)’: X-n=0},

endowed with the standard norm in L2(I')3. We define the tangential trace v, : C°°(Q2)?

Q L2(T") and the
tangential component trace 7, : Coo(ﬁ)g — L2(T') as v,v := yv x n and 7, v := n x (v
) =

=
v X m) respectively.
The previous traces can be extended by completeness to H'(2)3. The spaces H/ 1/2 (T) == ~,(HY()?) and

Hﬁ/Q(F) :=m, (H'(2)?), are respectively endowed with the Hilbert norms

”nHHlL/?(F) = H1 Q)s {” v, W = 17} ,
HT'HHV?(F) = weg}f(mg {llwlio: mrw=n}.

Let us notice that the density of H'/2(T')? in L(T')® ensures that Hi_/2(F) and Hl/z( I') are dense subspaces of

L2(T"). We denote by H_1/2( I') and Hrm( ) the dual spaces of Hi_/Q( I') and Hﬁ/Q( ) with L2(T") as pivot
space, with duality pairing (-,-) | Lr and (-, >H,F respectively.

We introduce the tangential differential operators
gradp ¢ :=m,(gradp) and curlr =~y (grady) Y € H2(Q).

Let H3/2(T) := v(H2(Q2)). It is well known that the previous operators depend only on the trace y(¢) on I,
which implies that

grady : HY/2(I) — H;”*(I) and  curly : H¥(1) — HY/*(T) (2.1)

are linear and continuous, cf. [13, Proposition 3.4]. Let H=3/2(T') be the dual space of H*/?(T") with L3(T) as
pivot space. We define

divr : Hf/“'(r) —H¥2I) and cwlp: HY?(I) — H-¥/2(D), (2.2)
by the dualities
(divem, @)sjer = —(n.gradpe), . Vo HY2(D) vyneHVA(D), 23)
(ewrleg, ¢)sor = (& curlrg), o Vo€ HYT) vEeH, V(D).

The following proposition is proved in [13, Proposition 3.6].
Proposition 1 The operators grady and curly given in (2.1) can be extended to H/?(T"). Moreover, grady :
HY2(T) - H| 1/2(1“) and curlp : HY/2(T') — HEI/Q(F) are linear and continuous. Analogously, the transpose

operators introduced in (2.2) are also continuous for the following choice of spaces: divr : Hi_/2(F) — H~/2(T)
and curlp : H/2( ) — H~Y2(T). Furthermore, analogous identities to (2.3) still hold for any ¢ € H'/2(T), n €

Hi_/Q( T) and € € H 1/2 (T"). More precisely, we have

(divrn, @)1jor = —(gradp,m), . Vo€ HYVA(I) vneHY?(D),
(curlrg, ¢)1j2r = (curlr ¢,€), 1 Vo € HY2(I) Vg € HY/A(D).
Let
H(curl; Q) := {v € L*(2)*:  curlv € L*(Q)*},

endowed with the norm 12
vl eure) == (0[50 + [curlv|3 o) "~ (2.4)
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Using the Green formula (see, for instance, [11] for the case of Lipschitz polyhedra and [13] for arbitrary Lipschitz
domains)

(u, curlv)g o — (curlu, v)o o = (V,u, 70) p = — (7,0, 7,u), o Yu,v€C*(Q),
and the density of C*°(Q)3 in H(curl; () (see, for instance, [21, Theorem 3.26]) and in H!((2), it follows that

v, HlewlQ) — H %), m,: H(curl; Q) — H,*(T)

are continuous. The space Hy(curl; Q) stands for the kernel of v, in H(curl; Q). The ranges of v, and =, are
characterized in the following result.

Theorem 2 Let

H~/2 (divp; T) := {)\ € Hﬁl/z(r) : divpA € Hil/z(r)}

and
H™Y/2 (curlps 1) += {A € HIYA(D) : curled € HTV/2(D) .

Then
v, : H(curl; Q) — H Y2 (divp;T), 7, : H(curl; Q) — H™'/2 (curlp; T')

are surjective and possess a continuous right inverse.
The spaces H/? (divp;T) and H='/2 (curly; T') are dual to each other, when L2(T) is used as pivot space,
i.e. the usual L2(T')-inner product can be extended to a duality pairing (-,-)_ between H™/2 (divp;T) and

H~'/2 (curlp; I'). Moreover, the following integration by parts formula holds true
(u, curlv)o,q — (curlu,v)o,0 = (v, u, 7 v), 1  Vu,v € H(curk;Q2). (2.5)

Proof. See Theorem 4.1 and Lemma 5.6 of [13]. O
Let € be a Lipschitz polyhedron. The following Theorem gives a characterization of the space

H-1/2 (divp0;T) := {77 eH /2 (divp; T) 2 divpy = O} .

Theorem 3 Let O be a regular bounded open connected and simply connected subset of R3, such that Q C O.
We set Qext := O\ Q. Let Hy and Hy the spaces of the so-called harmonic Neumann fields associated to Q and
Qext TESPECtively, i.e.

H; :={v € H(curl; Q) N H(div;Q): curlv=0, divv=0, v-n|r=0},

Hs := {v € H(curl; Qext) N H(div; Qoxt) :  curlv =0, divo =0, wv-nlgqg,, =0}.

ext

Let n € H-Y2 (divp;T). Then, divpn = 0 if and only if there exists A € HY/?(T'), v € H; and vy € Hy
such that
n = curlp A + w, v + 7,02 p.

Proof. See [12, Section 3. ]
If Q0 is simply-connected, it is well know that H; = Hy = {0}; see, for instance, [6, Subsection 3.3]. Therefore,

the previous theorem implies
H~ Y2 (divr0;T) = curlp (H/2(T)).

Furthermore, if I" is connected then ker(curlp) N HY/2(T') = R; cf. [13, Corollary 3.7]. Consequently, the next
result follows immediately from Proposition 1.

)= {ne w2 [o=of.

If Q is simply connected and T is connected, then the operator

Corollary 4 Let

curlp : H(l)/z(l“) — H™ Y2 (divro; 1)

is an isomorphism.
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We will also use the normal trace 7, : C*(Q)% — L2(T") given by q — ~q - n. It is well known that this
operator can be extended to a continuous and surjective mapping (see, for instance, [21, Theorem 3.24])

Yn : H(div; Q) — H™Y2(T),

where
H(div; Q) := {q cL?(Q)?: divge LQ(Q)}

is endowed with the norm [|v||aivio) == ([vll§ o + Hdivv||879)1/2. We denote by Ho(div, ) the kernel of v,
in H(div; ).

2.2 Basic spaces for time dependent problems

Since we will deal with a time-domain problem, besides the Sobolev spaces defined above, we need to introduce
spaces of functions defined on a bounded time interval (0,7) and with values in a separable Hilbert space V,
whose norm is denoted here by ||-||y. We use the notation C°([0,T]; V) for the Banach space consisting of all
continuous functions f : [0,7] — V. More generally, for any k& € N, C*([0,T]; V) denotes the subspace of
C°([0,T]; V) of all functions f with (strong) derivatives of order at most k in C°([0,T]; V), i.e.
k 0 ' f 0 .
o1y = {recorv: Glecm. 1<k,

We also consider the space L2(0,T;V) of classes of functions f : (0,7) — V that are Bochner-measurable
and such that

T
|m@@mq:Anﬂm@ﬁ<+m

Furthermore, we will use the space
d
HY(0,T;V) := {f € L%(0,T;V) : af € L*(0,T; V)},

where % f is the (generalized) time derivative of f; see, for instance [23, Section 23.5]. In what follows, we will
use indistinctly the notations

d
o =0t

to express the time derivative of f. Analogously, we define H*(0,T; V) for all k € N.

3 The model problem

We assume that the conductor is represented by a connected and bounded polyhedron €. C R? with a Lipschitz
boundary ¥. We denote by 3;, ¢ =0, ..., I the connected components of ¥ and assume that ¥ is the boundary
of the unbounded component of R3 \ Q.. The unit normal vector n on ¥ is pointed outwards.

Given a time-dependent compactly supported current density J, our aim is to find an electric field E(x,t)
and a magnetic field H (x,t) satisfying the following equations:

O (pH)+curlE = 0 in R® x (0,7), (3.1)
curlH = J+o0E in R x [0,7), (3.2)
diveE) = 0 in (R*\ Q) x[0,7), (3.3)
/ eE-n = 0 in [0,7), i=0,---,1, (3.4)
P
H(z,0) = Hyx) in R?, (3.5)

H(z,t) =0 (;') and  E(z,t) = O () as |z] — oo, (3.6)
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where the asymptotic behavior (3.6) holds uniformly in [0,7]. The electric permittivity e, the electric conduc-
tivity o, and the magnetic permeability p are piecewise smooth real valued functions satisfying:

go a.e. in R3\ Q,
0 ae. in R3\ Q,
po a.e. in R3\ Q.

g1 >e(x) >ep >0 ae inQ. and e(x)

o1>0(x)>00>0 ae inQ, and o(z)=

p1 > p(x) > o >0 ae in Q. and pu(x)

Let Q C R? be a connected and simply connected polyhedron with a connected boundary T' := 9 and
such that Q. UsuppJ C Q. We introduce Qq := Q\ Q. and ' := R3\ Q. We also denote by n the outward
normal unit vector on I'. It is important to notice that, since o = 0 in Qq, (3.2) implies that J must satisfy the
compatibility conditions

divJ =0 in Qq and (n(Jlag)s D1j2s, =0, i=0,...,1, (3.7)

for all t € (0,T).

For reasons that will be clear later, we need to consider a modified electric field. To this end, let us denote
by Q4, i = 0,...,1, the connected components of Qq with 9Q4 = ¥;, i = 1,...,I, and 9] = ' U 5y. We
introduce the function

0 in QUQLU---UQL,
F:=< 9 in Y,
¢ext in Q/'

where ¢ € H'(Q9) is the unique harmonic function satisfying vy, (grad¢) = v,E on I' and v (1)) = 0 on ¥
and eyt is the unique harmonic function from

W) = {w eD(Q); ——2— L), gradpe L2(Q')3}

V14 |z

satisfying the boundary condition ytexs = % on I'. It turns out that the shifted electric field E* := E —
go grad F' and the magnetic field H solve the equations:

O (wH)+curlE* = 0 in Qx(0,7),

curlH = J+oE" in Qx[0,7T),

div(eoE*) = 0 in Qq x [0,T),

fE,;EOE*'n = 0 in [0,7), i=0,---,1,
Y. (E*) = 0 onI'x [0,7),
V(B = ~HE) onT x [0,T), )
vo(H) = ~F(H) onT x [0,T),
Ot (uoH)+curlE* = 0 in Q' x (0,7),

curlH = 0 in Q' x [0,7),

div(egE*) = 0 in Q' x [0,7),
H(z,0) = Hyx) in R?,

H(x,t)=0(1/|z|) and E*(z,t)=0(1/|z|) as|z| — co.

It is important to notice that the change of variable leaves the electric field unchanged in the conductor since
E* = E in Q.. In the equations above, v refers to the tangential trace on I' taken from ' and ~ to the
tangential trace taken from 2. We adopt the same convention for any other kind of trace operator.

In order to obtain a suitable variational formulation for the previous problem, we proceed as in [1, Section 3]

t
and introduce the variable u(x,t) := / E*(x,s)ds. Next, we integrate the first equation of (3.8) with respect
0
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to t to obtain the expression H = —p~!

following formulation of the problem:

curlu + Hj of the magnetic field in terms of w. This leads us to the

Find u : R? x [0,T] — R? such that:

ocOu+curly tcurlu = f in Q x (0,7),
divu = 0 in Qq x [0,7),
Js, eou-n = 0 in[0,7), i=0,---,1,
u(z,0) = 0 in R?
Ya(uw) = 0 onI'x [0,7), (3.9)
niu = 7w u on T x[0,7T),
7 (uo teurlu) = ~F (gg'curlu) onT x[0,7),
curlcurlu = 0 in Q' x [0,7),
diveu = 0 in Q' x [0,7),
u(xz,t) = O(1/|x|) as |z| — oo,
curlu(z,t) = O(1/|x|) as |z| — oo,
where
f:=curlH, - J. (3.10)

We assume that both J and curl Hy belong to L?(0,T;L%(€2)). Hence, the right handside f also belongs to
the same space. Moreover, we deduce from (3.7) and (3.10) that f inherits from J the same compatibility
conditions, i.e.,

divf=0in Qq and (n(flog), D12z, =0, i=0,...,1, (3.11)

for all t € (0,T). Let us also remark that equation (3.2) provides at the initial time ¢ = 0 the relation
curl Hy = J(x,0) + o(z)E(x,0) in R3. (3.12)

It then follows from our hypotheses on J and ¢ that the support of f is compact and contained in §2.

4 The variational formulation

4.1 A mixed formulation in 2

We introduce the space

M(Qq) = {qGHl(Qd): / qg=0, and ~q|y, =0C,, i:07...,I}.
Q

It is well known that |-|, o is a norm in M(€q) equivalent to the H' (Qq)-norm. Let us consider now the kernel
V(Q):={veH(cur; Q) : b(v,q) =0 Vge& M(Qq)} (4.1)

of the bilinear form
b(v,q) := (ev,grad q)07Qd .

Taking into account that ¢ is constant in R3 \ Q, it straightforward to obtain the following characterization of
V(Q).

Lemma 5 There holds

V(Q) :{v € H(curl; Q) : divo=0in Qq; Yov =0 on T} <’yn'v,1>1/2)2i =0, 1= O,...,I}.
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Let H(curl; €2.)" be the dual space of H(curl;Q.) with respect to the pivot space

L?(Qe,0)? = {’u : Q. — R? Lebesgue-measurable : / olv]? < oo} .

c

We define
Wy :={veL*0,T;V(Q): wv|o € W' (0,T;H(curl; %))},

with
W(0,T;H(curl; Q) := {v € L*(0, T; H(curl; Q.)) : v € L*(0,T; H(curl; %))} .

We also introduce
W = {v € L*(0, T; H(curl; Q)) : v|o, € W'(0,T;H(curl;Q.))} .

Notice that W, endowed with the graph norm

T T
HUH%/V = /0 ”’U(t)H%-I(curl;Q) di +/0 ||875'U(t)H%-I(curl;Qc)’ dt,

is a Hilbert space and that W is a closed subspace of W.
We test the first equation of (3.9) with v € V(Q) and use the Green formula (2.5) to obtain the following
variational formulation:

Find u € Wy such that

% (ou(t),v)yq, + (n~! curlu(t), curl 1})07Q — {7, (ual curlu(t)) ,7r7v>ﬂ, = (f(t),v)y9

s

for all v € V(£2). Next, we introduce a Lagrange multiplier p(t) to relax the divergence-free restriction (implicit
in the definition of V(€)) and end up with the mixed variational formulation:

Find w € W and p € L2(0,T; M(Qq)) such that
d

7 [(u(t),v)s + blv,p(t))] + (;fl curlwu, curl 1))07Q — <’y; (ugl curlu(t)) 77TTU>T7F = (f(t),'v)o,Q (4.2)
b(u(t),q) = 0
ulo, (0) = 0,

for all v € H(curl; Q) and for all ¢ € M(Qq). Finally, testing curlcurlu = 0 with gradr, » € H' ('), and
applying again (2.5) we deduce that
divp [’yj (,ugl curl u)} =0.

Consequently, Corollary 4 shows that there exists a unique A(t) € H(l)/ *(T') such that
v; (1" curlu(t)) = curlp A(t) onT' forae. t€(0,7). (4.3)
With the last identity at hand, we can rewrite (4.2) as follows:

Find w € W and p € L?(0,T; M (£q)) such that

% [(u(t),v)o + b(v,p(t)] + (1" curlw, curl ”)O,Q — (curlp A\, 7,v) = (f(1),v)0q (4.4)
b(u(t),q) = 0
ulo,(0) = 0,

for all v € H(curl; Q) and for all ¢ € M (Q4).
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4.2 Non local boundary conditions on I

We deduce from the last four equations of (3.9) that w admits the following integral representation; see for
instance [16, Section 5]:

u(x) = curl, / E(z,y)n x wiudS, — / E(z,y)~{ (curlu) dS, — grad,, / E(z,y) v,iudS,y (4.5)
r r r

for any « € €. Here, E is the fundamental solution of the Laplace equation in R?, i.e.,

1 .
E("B’y) = $7y€R37m7éy'
Ar |z — y|

We will make repeated use of the integral operators formally defined below, for smooth densities ¢ : I' = R
and n: I' — R3, by:

so(@) = (2 [ B@wow)ds,).
Vi) = m (e [ Bems,).

Kn@) = % (2 el | Beyn)as,).
Kn@) = (o curly [ Blew)nxnw)as, ) - ()
Wn(z) = ~* [a: s curl, (curlw /F E(z,y)n x 1(y) dSy)] .

In the following theorem we summarize some fundamental tools concerning the properties of these integral
operators when mapping between Sobolev spaces.

Theorem 6 The linear mappings

S HTVAT) - HYA(D), VHYAD) - A, K HTY2 (divesT) — HOY2 (div 1),

K* :H /2 (curlp; T) — H /2 (curlp; T), W H /2 (curlp; T) — H /2 (divp; T)
are bounded and satisfy the following properties:

e There exist a1 > 0 and ay > 0 such that:
(6,901 /01 2 0‘1||¢H2—1/2,F Vé € H/2(T) (4.6)
and
(n,Vn),r= 042||7I||%rl/2(divmr) vn € H™/2 (divp0;T). (4.7)
e The operator W is related to S through the following identity:
(WA,m), = — (curlem, S(curlpA))y o VA, p € HTV? (curlps T). (4.8)
e The operator K* is the transpose of K, i.e.,
(Kn.&)rr = (0, K'€)-r vneH '/ (divr0;T), ¥¢ € H/2 (cwrlp; T). (4.9)

Proof. See Theorems 6.1, 6.2 and 6.3 of [16]. O
Finally, we will need the following result proved in Lemma 2.3 of [18].



4 THE VARIATIONAL FORMULATION 10

Lemma 7 Forn € H-Y/2 (divp;T") we have that

v (o [ B@unwas,) = [ Feydvnmas, o 2@

A coupled FEM-BEM formulation of (3.9) is obtained by relating the mixed formulation (4.4) of the interior
problem with (4.5) through the transmission conditions on T'. We begin by applying v; o iy ! curl to (4.5) and
using (4.3) to obtain

curlp A = g 'Wrtu — K (curlp \). (4.10)

Next, we take the tangential trace w7} of both sides of (4.5) to derive

T

miu=mnr (:c — curl, /F E(xz,y)n x wiu dSy> — V~i(curlu) — grady Sv;tu,
or equivalently
K* (uglﬂ':f ) = V(curlp \) — ot gradp Sy, u = 0.
Testing the previous equation with curlpn, n € H(l)/ 2(F), yields
— (curlpn, V(curlp ) + ot (K (curlp n), mu) =0 Vn € H(l)/Q(l").

Combining the last identity with (4.4) and (4.10), we obtain a symmetric mixed-FEM and BEM coupling for
our problem:

Find w € W, p € L2(0,T; M(Q)) and A € L2(0,T; Hy/*(T')) such that

d

T [(u(t),v)o + b(v,p(t)] + (1" curlw, curlv)

0,2

+pg (S (curlpm,u), cutlp 7w, v)y o p + (K curlp A(t), mr0), -

Il
—
“
g

-
SN—

<
SN—
(=]
fs]

(4.11)
— (curlpn, V(curlr \)) 1 + po !t (K (curlpn), mu)_= 0,

T‘,

for all v € H(curl;Q), n € H(l)/z(F) and ¢ € M(Qq).
In the sequel, for the theoretical analysis, it will be convenient to eliminate the boundary variable A from
the previous formulation. To this end, we introduce the operator R : H~'/2(T") — H(l)/2 (T") characterized by

(curlp x, V(curlp RE)), = (€, X)1 /0.1 Vx € H(l)/2(F) vE e HTV2(T). (4.12)

It is straightforward to deduce from Corollary 4, Theorem 6 and the Lax-Milgramm lemma that R is well-defined
and bounded. Furthermore, the second equation of (4.11) may be equivalently written A = g ' R(curlp K *m ).
Consequently, (4.11) admits the following equivalent reduced form:

Find w € W, p € L2(0,T; M(€q)) such that:

d 1

i [(w(0):0) 0@ p(O)] + (o7 curlu,curlo) o & e(w0) = (ft)whq Yo Hleurh2), o
b(u(t),q) = 0 Vg € M(a),
ulo.(0) = o,

where c¢(+,-) : H(curl; Q) x H(curl; 2) — R is the bounded, symmetric and nonnegative bilinear form given by

c(u,v) == py* ((curlp Scurlp + K curlp Reurlp K*) m,u, m,0)_ Yu,v € H(curl; Q).

T?
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5 Existence and uniqueness.

From now on, we assume that )4 satisfies the following topological assumption, which is necessary to prove
Corollary 10 below: there exists a set {w;, j = 1,...,J} of admissible cuts of {24 such that U}’Zlﬁwj C X% and
any connected component of

0._ J
Qd =4 \ (szle)
is simply connected. This assumption is satisfied for any geometry in practice.
We introduce the space

V() :={veH(cur;Q4): ~,v=00n%; blv,q)=0 Vge M(Q)}

Notice that, as e(x) = ¢¢ for all € Qq,
V(Qa) = {v € H(curl;Q4): divv=0inQ4, ~v,v=0o0n3%, ~v,v=0o0nTl,

<7nva1>1/2’2i:0, i:O,...,I}.

Let us clear up here that the shifted electric field E* has been introduced in order to obtain a variable u
with a vanishing normal component on I'. This boundary condition will play a central role in the proof of the
following Lemma.

Lemma 8 The embedding of L?(Qq)? into V(2q) is compact.

Proof. It is well know that the spaces Ho(curl; Qq) NH(div; 2q) and H(curl; Q4) NHp(div; 24) are continuously
embedded in H*(Qq4)?, for some s > 1/2; see, [6, Proposition 3.7]. Let ¢ € C§°(Q) be such that 0 <1 < 1 and
1 =1 1in Q.. Notice that v = ¢Yv + (1 — ¢)v for any v € V(Qq) with

v € Hp(curl; Qq) N H(div; Qq) and (1 —¢)v € H(curl; Qq) N Ho(div; Qq).
Hence, v € H*(24)? and there exists C' > 0 (depending only on €4 and %) such that
[olls.s < lYvllsa. + 111 =)ol
< Co (Hw'v”H(curl;Qd) =+ ”(1 - w)'UHH(curl;Qd)) < OHvHH(CUY'l;Qd)'

The result follows now from the compactness of the embedding L?(Qq)% — H*(Qq)3. 0
We now recall the well-known Petree-Tartar Lemma,; see, for instance [15, Chapter I, Theorem 2.1].

Lemma 9 Let X, Y and Z be three Banach spaces. Let A: X —Y and T : X — Z be linear and bounded
operators, with A injective and T compact. If there exists k > 0 such that k||z||x < ||Az|y + ||[Tz||z for any
x € X, then there exists a > 0 such that a|z||x < ||Az|y for any z € X.

Corollary 10 On the space V(Q4), the seminorm v — ||curlwvlg q, is equivalent to the H(curl; Qq)-norm.

Proof. We apply Lemma 9 with X := V(Qq) (endowed with the H(curl; Qq)-norm) and Y = Z = L2(Q4)3
and with bounded operators A: X — Y and T : X — Z given by

Av:=curlv, Tv:=v Yo € V(Qq).

As T is compact (cf. Lemma 8), we only need to prove that A is injective.
Thanks to our topological hypothesis on € (see the beginning of this section) we know from [6, Subsection
3.5] that for any v € V(Q4) there exists a unique vector potential ¢ € H(curl; Qq) N H(div; Q4) such that:

v=curly inQy, divy=0inQq ~v,¢¥v=0o0onl, ~,9=0 onZX,
<7n¢a 1>1/2,F = <'Yn'¢7 1>1/2,w3- = 0, j = 1, ey J.

Hence, if curlv = 0,

[ oo [ veewlo= o) o+ o), =0,
Q4 Qa ’ ’

which implies that v = 0 and the result follows. O
With the aid of the last result, the proofs of the next two lemmas are similar to the corresponding ones from
Section 4 of [1].
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Lemma 11 The linear mapping £ : H(curl;Q.) — V(Q) characterized, for any v. € H(curl;Q.), by

(Eve) lo. = ve and
-1

o (curl&ve, curlw) o + c(Eve, w) =0 Yw € V(Q4q) (5.1)
is well defined and bounded.
Lemma 12 The inner product in V (€2)
(W, )y (q) = (u,v)0 + (1" curlwu, curl '0)07Q + ¢(u, v) (5.2)
induces a norm ||-||v(q) that is equivalent to the H(curl; Q) norm in V(Q). Moreover, the following decompo-

sition is orthogonal with respect to the inner product (-, )y (q):

—_~—

V() =V(Qq) & E(H(curl; €2)), (5.3)

e~

where V(Qq) is the subspace of V() obtained by extending by zero the functions of V(2q) to the whole domain
Q.

Theorem 13 Problem (4.13) has a unique solution (u,p) and

T T
max [u(t)|2 o + / (8) g emrrr dt < C / 1O ¢ dt, (5.4)
te[0,T) 0 0

for some constant C' > 0. Moreover, if we define \ = ,ualR(curlpK*ﬂ'Tu) then (u, \,p) is the unique solution
of Problem (4.11).

Proof. The second equation of (4.13) means that w € W,. Hence, we can apply the orthogonal decomposition

(5.3) to write that u = uq + Euc, with uqg € L2(0,T;V(Qq)) and Eu, € E(WL(0,T; H(curl; Q.))). It is easy to
show that the first component uq4(¢) of this decomposition solves the elliptic problem

ot (curlug(t), curlv), o+ c(ua(t),v) = (f(t),v) 0, Yo € V(Qa), (5.5)
for a.e. t. On the other hand, w,. satisfies the parabolic equation

d _
ﬁ(uc(t),'v)o— + (pt curlc‘,’uc(t),curlf,"u)()@ +c(Euc(t), Ev) = (f(t),Ev)y o Vv € H(curl;Q),

with the initial condition u.(0) = 0. Now, using that c(-,-) is nonnegative, we can proceed exactly as in [1,
Theorem 4.4] to prove the existence and uniqueness of u. and ugq.

Notice that, for any ¢ € M(£q), the extension by zero of gradq to the whole Q belongs to H(curl; Q).
Hence, we deduce that the bilinear form b(-, -) satisfies the inf-sup condition

b(z, b(grad q,
sup (z.9) > (grad g, ) = colql1,04 Vg € M(Qq) (5.6)

zeH(curL) ||Z[|H(curt:0) [l 8rad ql|a(curt0)

and a similar reasoning to the one presented in [1, Theorem 4.4] proves that there exists a unique p(t) € M(Qy4)
satisfying
b(v,p(t)) = (G(t),v) Vv e H(curl;Q) (5.7)

for all ¢ € [0, 7], where G € C°([0, T], H(curl; Q)) is given by

(G(t),v) := — (u(t),v), 7/0 (ufl curlu(s),curlv)o’Q ds 7/0 c(u(s),v) der/O (f(s),v)mQ ds.

We conclude that (w,p) solves (4.13) by differentiating the last identity with respect to t in the sense of
distributions.
The last assertion of the theorem follows directly from the definition of R. |
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Lemma 14 The Lagrange multiplier p of Problem (4.11) vanishes identically.

Proof. Testing the first equation of (4.11) with grad ¢ yields

d
S 0(eradq,p(t)) + (K curlp A(t), gradr ¢).. p = (f(¢), grad ¢)g o, = 0,

where the last equality follows from the compatibility conditions (3.7). Moreover, as divpvy,q = curlqg - n in

H~Y2(T) for all ¢ € H(curl, ), we have that

divp (K curlp A) := divpy; (m — curl, / E(x,y) curlr A(y) dSy>
r

= curl (curlm / E(x,y) curlr A(y) dSy) ‘n.
r

Using the property curlcurl = —A + grad div together with Lemma 7 and the fact that @ — E(x,y) solves
the Laplace equation in €’ lead us to the identity

curl <curlaJ / E(x,y) curlp A(y) dSy) = / E(x,y)divr curlp A(y) dSy, =0 in ',
r r

or equivalently,
divp (K curlp A) = 0. (5.8)

This means that 4b(grad g, p(t)) = 0 for all ¢ € M(Qq). Next, taking ¢ = 0 in (5.7) and using the fact that
G(0) = 0 we deduce that ¢t — b(grad g, p(t)) vanishes identically in [0,7T] for all ¢ € M(q4). In particular
eolp(t)[3 o, = b(grad p(t), p(t)) = 0 for all t € [0, T], and the result follows. O

Remark 15 As a consequence of (3.12), f(«,0) := curlHy — J(x,0) = 0. Hence, solving (5.5) att = 0
shows that uq(x,0) =0 in Qq and then, the global initial condition

u(x,0) =0 inQ
holds true.
Theorem 16 If (u, \,p) is the solution of Problem (4.11), then

v, (o ' curlu) = curlp A in H™Y/? (divp; T). (5.9)
Proof. Testing the first equation of (4.11) with v € C5°(£2q) and using the previous lemma, we obtain
curl(p~! curlu)|o, = fla,-
Testing again the first equation of (4.11) with a function v that belongs to the space
Hy(curl; Q4) := {v € H(curl;Q4); ~,v=0 onX}

we obtain

~. (gt curlu) = g ' W, u — K curlp A in H~Y/2 (divp;T). (5.10)
Owing to (5.8) and (4.8) we deduce that

divr (v, (g * curlu)) = 0. (5.11)

The second equation of (4.11) implies that V (curlp \) — pg ' K*m,u € H™'/2 (curlp; T') Nker(curly). Then,
there exists ¢ € H/2(I") such that (cf. Theorem 5.1 of [13])

V(curlp \) — pg ' K* 7 u = gradp .
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According to the definition of K™, this equation may be written
T, U =T, (m — curly, / E(xz,y)n x 7w, u(y) dSy) — oV (curlp \) + po gradp . (5.12)
r

Let us now consider the unique harmonic function ¢ € W*(£)') satisfying the boundary condition 1 = ¢ on
T, and let z : ' — R3 be given by

z(x) = curly, / E(z,y)n x wu(y) dSy — po / E(x,y) curlr A(y) dSy + po grad . (5.13)
r r

We deduce from (5.12) and (5.10) that
w2z =m,u and pytey, curlz = pg 'ty curlu. (5.14)

Moreover, (5.8) together with Lemma 7 show that divz =0 in ' and curlcurl z = (—A + grad div)z =0 in
. Consequently, taking into account that z satisfies adequate asymptotic conditions at infinity, this function
is also given by the following integral representation

z(x) = curl, / E(z,y)n x wu(y) dSy — / E(z,y)v,(curlu(y))dS, + grad, / E(x,y)ynzdSy.
r r r

Applying 7. to both sides of the previous equation yields

Tz =T, (a: — curl, / E(z,y)n x 7w, u(y) dSy) — V. (curlu) + gradp S(y,2).
r

Next, subtracting the last identity from (5.12) and using (5.14) provide

V(po curlp A — v, (curlw)) = gradp(pop — S(ynz)).

Finally, taking the duality product of this equation with g curlp A —~, (curlw) € H='/2 (divp0;T') (cf. (5.11))
and using (4.6), give

az||po curlp A — v (curlu) “%—I*l/z(divr;l“) < (po curlp A — v, (curlu), V(po curlp A — v, (curlw))), -

= (po curlp A — v (curlw), gradp(uop — Synz)), r =0

and the result follows. O

6 Analysis of the semi-discrete scheme

6.1 Well-posedness

Let {75}, be a regular family of tetrahedral meshes of € such that each element K € 7}, is contained either in
Q. or in 4. As usual, h stands for the largest diameter of the tetrahedra K in 7;. Furthermore, we denote by
{Tn(2)}r, and {7 (T")}1, the families of triangulations induced by {75}, on ¥ and I' respectively. We assume
that {7 (%)} is quasi-uniform. From now on C' denotes a positive constant independent of h and that may
take different values at different occurrences.

We define a semi-discrete version of (4.11) by means of Nédélec finite elements. The local representation of
the mth-order element of this family on a tetrahedron K is given by N,,(K) := P2 _, & S,,, where P, is the

set of polynomials of degree not greater than m and S, := {p € I?Pf’n xop(x) = O}, with P,, being the set of

homogeneous polynomials of degree m. The corresponding global space X} (Q2) to approximate H(curl; Q) is
the space of functions that are locally in N,,(K) and have continuous tangential components across the faces
of the triangulation 7p,:

Xn(Q):={v eH(curl;Q) : v|g e Ny (K)VK €T}.
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On the other hand, we use standard mth-order Lagrange finite elements to approximate M (€24) and Hé/ 2(I):

Mh(Qd) = {qEHl(Qd): Q|K€Pm VKE’Th, / qg=20, q|zi:Ci,i=0,...,I}
Q

and
Ap(D) := {w eHY2T): O|peP, VFe Th(l“)} :

We are now ready to introduce a semi-discretization of problem (4.11):

Find up () : [0,T] — Xpn(Q), Ap(t) : [0,T] — Ap(T) and pp(t) : [0,T] — Mp(Q4q) such that

d
T [(wn(t),v)s + b(v, pr(t)] + (1" curluy, curl’u)o’Q

T (S(ewlrmruy), curlpm v)y o p + (K curlp Ap (), m70), p = (£(8),v)gq, (6.1)

— (curlpn, V(curlr A\p)) . + oyt (K (curlp ), mrup), p = 0
b(un(t),q) = 0,
upla.(0) = 0.
for all v € X, (), n € Ap(T) and g € Mp(2q).

Remark 17 For piecewise smooth functions, the boundary integral operators in (6.1) are structurally equal to
those for second order elliptic problems. The terms involving the operator S and V are immediately written in
terms of integrals. The same happens with the terms involving K. In fact, for any n € Ap(T) and v € X (),
we have ([16])

OE(z,y)
on(x)

+ /1“ /1“ grad, E(x,y)(curlr n(y) - n(x)) - w,v(x) dS, dS,
1

(K curlpn,m v)_ 1. :/ / curlr n(y) - m.v(x) dSy dSx
rJr

- f/curlp n(x) - wro(x)dSy.
2 Jr

We proceed as in the continuous case to prove existence and uniqueness for (6.1). Indeed, let Ry, : H~/2(T") —
A (T') be the operator characterized by

(curly x, V(curly Rif)), p = (6, X100 VX €M) VE€H VAT, (6.2)

Notice that (6.2) is a Galerkin discretization of the elliptic problem (4.12). Consequently, using Corollary 4, we
have the following Céa estimate

|RE — Rp&ll1j2r < C  inf [|RE — 1120 vE e HY2(D). (6.3)
n€AL(T)

Here again, using that A, = ug Ry, (curlp K *m u;,) we deduce the following equivalent formulation of (6.1):

Find up, : [0,T] — Xx(R2) and py, : [0,T] — Mp(Qq) such that,

% [(ur(t),v)s + (v, pr(t))] + (ufl curluy, curl 0)079 +cp(up,v) = (f(t)m)o’ﬁ Yo € X, (Q)
b(uh(t)7 Q> =0 Vq € Mh(Qd)
upl.(0) = 0,
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where ¢i (-, ¢) : Xn(Q) x X,(2) — R is the uniformly bounded and nonnegative bilinear form given by:
cn(u,v) = ,ual ((curly Scurlr + K curlr Rycurlr K*) 7, u, 71'Tv>T’F Yu,v € Xp(Q).
Notice that the discrete kernel
Vi(Q) :={v e X,(Q) : b(v,q) =0Vg e Mp(Q)}.
of the bilinear form b is not a subspace of V(§2). Let us also introduce the space
Vi(Qa) :={v]a, : v € V,(Q)} NHx(curl; Qyq).
The following result is a variation of Proposition 4.6 from [6].

Proposition 18 On the space V3,(Q24), the seminorm w — |curlw||oq, is equivalent to the usual norm in
H(curl; Qyq).

Proof. Let ¢, be an arbitrary function from V},(€4). We consider the unique solution p € M (q4) of
/ gradp-gradq = / @y, - gradg Vg € M(Qq).
Qq Qq

Reasoning as in the proof of Lemma 8 we deduce that there exists 6 > 0 such that v := ¢, —gradp € V(Qq) —
HY/2+3(Q4)3. In particular, there exits C; > 0 independent of v such that

V11724504 < CrllvllH(curtoq)- (6.5)

Moreover, as curlv = curly, in 4, the Nédélec interpolant Z,v of v is well-defined, cf. [6, Lemma 4.7].
Actually, there exists Co > 0 independent of v and h such that (cf. [6, Proposition 4.6])

IZnvllo,cq < C2 (hlleurleylloo, + vlli/2+60,) - (6.6)

Now, following the strategy given in [15, Chapter III, Proposition 5.10], we are able to build a p, € Mp(Qq)
such that Zj(grad p) = grad p,. Thus, ¢, = grad p, + Z,v and

/ |80h|2 :/ @y, - (gradpp, + Zpv) =/ @y, - Ipv.
Qq Qq Q4

Then, the Cauchy-Schwarz inequality, (6.6) and (6.5) yield

lenllogs < 1Znvllon, < Co (hlleurleylloe, + CillvlaEusa.)) - (6.7)
Finally, Corollary 10 the fact that curlv = curl¢, show that there exists C' > 0 independent of h such
that
lenllo.ga < Clleurley,[lo,a,

and the result follows. O

From now on, the proof of the well-posedness of (6.1) runs parallel to the one given in the continuous case.
First of all, using Proposition (18) and the fact that {7;(X)} is quasi-uniform, one can obtain the following
technical tool (cf. Lemma 5.3 and Lemma 5.4 of [1] for more details).

Lemma 19 The linear mapping Ep : Xp () — Vi(Q) characterized by (Epve) |a. = ve and
ot (curl Epv, curlw), o+ cp(Epve, w) =0 Vw € V3,(Q4) Voo € Xp(Q) (6.8)
is well defined and bounded uniformly in h. Furthermore, the inner product
(U, v)y, () = (8, V)s + (n " curlu, curlv)07Qd + cp(u,v) (6.9)

induces in Vi (Q) a norm |||y, (o) that is equivalent to the H(curl; Q)-norm in V4 (). Moreover, the decompo-

o~ —~—

sition V() = Vi (Qa) @ En(H(curl; Q.)) is orthogonal with respect to the inner product (-, )y, (), where Vi (Qq)
is the subspace of Vi,(Q) obtained by extending by zero the functions of Vi, (Q4) to the whole domain Q.
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Theorem 20 Problem (6.4) has a unique solution (uyp,pp). Moreover, if Ay = ,uath(curlpK*ﬂ'Tuh), then
(wp, An,pn) is the unique solution of Problem (6.1).

Proof. The orthogonal decomposition provided by the last Lemma permits to split the principle variable uy
into two components. Each component is easily shown to be the unique solution of the problem obtained by
restricting (6.4) to the corresponding subspace of V},(£2), see the proof of Theorem 5.5 of [1] for more details.

The existence and uniqueness of the Lagrange multiplier pj, is also obtained as in the aforementioned paper.
It is a direct consequence of the discrete inf-sup condition

b(z, (grad ¢, grad q)
sup ( q) > €0 0.8 _ €o‘q|17gd Vq € Mh(Qd). (6.10)
2€Xn, 5 (Q4a) ||z||H(cur1;Qd) || grad QHH(curl;Qd)
that follows immediately from the fact that grad(M,(Q2q)) C X5 =(Q4)- O

6.2 Error estimates.
Consider the linear projection operator II; : H(curl; Q) — V},(Q) defined by

v € Vi(Q) : (Ipv, 2)H(curt:0) = (¥, 2)H(curo) V2 € VA (). (6.11)
We deduce easily from (6.10) the following Céa estimate, cf. [15, Chapter II, Theorem 1.1],

||’U — HthH(curl;Q) < ze_l)?hf(ﬂ) ||'U - Z”H(curl;Q) Vv € V(Q) (612)

We introduce the notations
a(v,w) = (p! curl’v,curl'w)O o> Pp(t) =ut) —Tpu(t), u(t) = pu(t) — un(t)

and
Br(w) := [[(R — Rp)eurlr K mrw||1 2,1 (6.13)
Notice that, as a consequence of Proposition 18 and Lemma 19, we have that
[l Eurs0) = v = En(v]a.) + Er(vle) [H(eurto) < C ([v]og. + [lcurlv]joq) (6.14)
for all v € V(). In particular,
6n (O (curt) < C ([[6n(0)]l0,0. + [curld,(t)(o,0) vt € 10,77 (6.15)

Lemma 21 Assume that the solution u of (4.11) belongs to HY(0, T; H(curl;2)), then there exists a constant
C > 0 such that

T
sup 1040 rceunne + [ 10:60(3)]2ds
te[0,T] 0

(6.16)
<C

T T
/ 10:01,(8) [ Fr(eurr,y @t + sup [leurl p, (t)|[§.q + sup Br(u(t)® + / ﬁ;L(Btu(t))th]-
0 t€[0,T) t€[0,T] 0

Proof. A straightforward computation yields
(O8n (1), 0) + alBn(1), V) + en(B4 (1), 0) = —(Dpy (1), V),
— a(py (1), v) = cn(pp(t), v) + [en(u(t), v) — c(u(t),v)], (6.17)
for all v € V3, (). Then, it follows from (6.14) that

(0161(t), v)o + a(dn(t), v) + cn(dn(t), v)
<0l llvllo + Co (vl + [lcurl vl

O,Q) [”ph(t)HH(curl;Q) + ﬂh(u(t))}

1 1
< g0l + 5 llewrtold o+ Co (10 (17 + lon (1) s euriey + 01 (w(t))?]
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Taking v = d,,(¢) in the last inequality and recalling that ¢, (-, ) is nonnegative give

d _
S IBA ()2 + i eur] 6,1

(D112 + Cs [0 + 04 (8) rcurnr + Fu(w(t)?]

We now integrate over [0,t] (we recall that d5,(0) = 0) and use Gronwall’s inequality to obtain

t T
180012 + " [ llewrtu(s) G ads < Cs [ (10292 + 1249 Brceuesey + Au(u(s)?] ds. (618)

Analogously, taking v = 9,0, (t) in (6.17) gives

108012 + - % a(81(1), 8 (1)) + en (80 (2), 8 (1))

2dt
—(01py (1), 0101 (t)) 5 — jt [a(py (1), 0n(t)) + cn(py(t), 01 (t))] + a(Oepy, (t), 61 (t))
+ cn(Opy (1), 6 (t)) + % [en(u(t), 0n(t)) — c(u(t), 0n(t))] — [cn(Oru(t), 0n(t)) — c(Oru(t), dn(t))].

Next, integrating over [0, ¢] and using the Cauchy-Schwartz inequality and (6.15) provide

t
/ 1084 (s)2ds + [[curl 8,(8)]2.
0

t t T
160012 + [ 1onCo)zds + [ et du(s)loads+ [ 102009 eunsends

s€[0,T] s€[0,T]

+ sup [leurl p,(s)[lg o + sup By (u / Bn(Osu(s 1

Finally, using (6.18) we conclude that

t
/ 10:6,(5)|2ds + eurl 6,(1) 2.
0

< Cs

T
/ 1050 (5) [ Fr(curiyds + sup [curl p,(s)[[5 o + sup Bu(u / Br(Osu(s ]
0

s€[0,T) s€[0,7T]
The result is now a direct consequence of the last inequality, (6.18) and (6.15). 0

Theorem 22 Let u and uyp, be the solutions of Problems (4.11) and (6.1) respectively. Assume that u €
H(0,T; H(curl; Q) and let ey (t) := u(t) — un(t). There exists C > 0 such that

T T
sup Heh(t)”%I(curl;Q) +/ ||eh(t)||%{(curl;ﬂ) dt+/ ||ateh(t)||z'dt
te[0,T7] 0 0
T
. 2 2
<o [7] it 1000~ liieuner + _inf10A©) ~ x| (6.19)

+ su inf ||[A(¢ + su inf u(t) — vl .
[OII’)]XGAIL(F)H (t) = XH1/2 r selo PT]veXh(Q) [|u(t) ||H(cur1,9)}

Proof. Recall that A(t) = pg ' Reurlp K* 7, u(t). Hence, the regularity assumption on u implies that
A € HY(0, T; HY*(I))
and O\(t) = pg ' Reurlp K, 9;u(t). Tt follows from (6.3) that

Br(u(t)) <C inf JIA(E) = xlli2r,  Bu(Gu(t) <C lnf Hat () = xll1/2,r (6.20)

XEAR(T) XEAR(
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Furthermore, since 0:IIpu(t) = II,(d;u(t)), the result follows by writing exn(t) = p;,(t) + dn(t) and using
Lemma 21 and (6.12). O
For any r > 0, we consider the Sobolev space

H' (curl; Q) := {v € H"(Q)® : curlv € H'(Q)*},

endowed with the norm ||v||%p(cur1‘Q) = |[v[|Z o +[lcurlv|]? 5, where Q is either Q¢ or Qq4. Tt is well known that
the Nédélec interpolant Zpv € Xp(Q) is well defined for any v € H"(curl, Q) with r > 1/2; see for instance [3,
Lemma 5.1] or [6, Lemma 4.7]. We fix now an index r > 1/2 and introduce the space

X:={v e H(cur; Q) : vlg, € H (curl;Q.) and v|g, € H (curl;Q4)} (6.21)

endowed with the broken norm

||UHX = (H/U”%{T(curl;ﬁc) + ||’U||%{7‘(curl;ﬂd))l/2'

Then, the Nédélec interpolation operator Z, : X — X, () is uniformly bounded and the following interpolation
error estimate holds true (see [7, Lemma 5.1] or [3, Proposition 5.6)):

|lv — IthH(curl;Q) < Chmin{r’m}”'v‘lx Vv € X. (6.22)
Lemma 23 Let (u,p, \) be the solution of (4.11). If we assume that

wcHY(0,7;X) and p 'curlu c HY(0,T;X),

then
inf [IA(t) = xll1 /o0 < CR™M™| 4~ curlu(t) || x (6.23)
XEAR(T)
and '
inf_[|A(t) = x[l1j2,r < CR™™ ™19, (17" curlu(t))||x. (6.24)
XEAR(T)

Proof. Let I}: be the 2D Nédélec interpolant on 7, (I"). Using commuting diagram property
w0l = Z,l: o,
and recalling that curlr A =~ (1! curlu) we obtain

“Leurlu)) =7} (n x v, (! curlw))

=7} (n x curlp \) = Z} (gradp \).

7 (T (0" eurlu)) = T (. (

Then, we can find x(t) € Ap(T") such that (see the proof of Proposition 18 for a similar argument)

~(Zn(u~ ! curlu(t))) = curlp x(t).
Now, by virtue of Corollary 4,

inf  ||A\(¢) — <C; inf |lcurlr A(t) — curl _
XGAn(F)” ) =xlhzr < IXEA}L(F)” r At P X[z

< Cy|leurlp A(t) — v, Zn(p~ " curlu(t))|| -1 2,
= Cilly, (Ta = Zn) (p~ ' curlu(t))|| —1 /2,0
< Col|(Ta — Zn) (™" curlw(t)) || H(curt)

and (6.23) follows by using the interpolation error estimate (6.22).
Finally, the regularity assumption on y~! curlu allow us to write 7, (Z,(9;(¢ ! curlw))) = Z} (gradp 9;\)
and (6.24) follows by using the same arguments as above. a
The following convergence result is a direct consequence of Theorem 22, Lemma 23 and the interpolation
error estimate (6.22).
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Corollary 24 Let ] := min{r,m}. Under the assumptions of Lemma 23, there holds

T T
Sup ||eh(t)H%I(curl;Q) +/ Heh(w”%l(curl;()) dt+/ Hateh(t)llgdt
te[0,T] 0 0
T T
< COR*q sup fu(t)x + sup [ln~t curlu(t)|% +/ ||3tu(t)||§<dt+/ 180 (1" curlu(t))|fx dt 5 -
t€[0,T] e[0T 0 0

Remark 25 Let us recall that
At) = py ' R(curlp K*m,u(t))  and  M(t) = pg ' Ry (curlp K uy, (t)).
Therefore, using (6.20) and the uniform boundedness of Ry, we obtain

pollA®) = An(@)l1 /2,0 < Bn(w(t)) + [[Rpcurlp K77 (w — wp) (@) [[1/2,0

<C inf ||A\(t) — + |len(t curl: .
<c{ it O = dyer + lenOlheuon |

Consequently, using Lemma 23 and Corollary 24 we have

T
/O IA®) = A(®)[2 5 it < CH2,

with 1 := min{r,m}.

7 Analysis of a fully-discrete scheme.

7.1 Well-posedness
We consider a uniform partition {t, :=nAt: n=0,...,N} of [0,T] with a step size At := % For any finite
sequence {#": n=20,---, N} we denote

B 9n_9n—1
"= =1,2,...,N.
89 At ) n y = ?

A fully-discrete version of problem (4.11) reads as follows:

Forn=1,---,N, find (u},py, \}) € Xp(Q) x Mp(24q) x Ap(T) such that
(Oull,v)o + b(v,0p}) + a(u},v) + pg* (S(curlpm, u}), curlpm,v), 4, 1

+ (K curlp AR (1), m7v) p = (F(tn),v)o0 Vv € Xp(Q),

— (curlpn, V(curlp AR))_ - + ot (K (curlp ), mrup) = 0 Vn € Hé/Q(F),
b(ul,q)= 0 Vg € Mp(Qa),
u(})L|Qc = 0,
ph= 0,
A= 0.

(7.1)
Writing the second equation of (7.1) A} = pg ' Ry, (curlp K* 7, u}) we can reformulate the problem as follows:

Forn=1,---,N, find (u},p}) € Xn(Q) x Mp(Qa) such that

(Ouf, v)o +b(v, Ipy) + a(uf, v) +en(uy,v) = (f(ta),v)ogn Yo € Xp(Q),
bup,q) = 0 Vg € Mp(Qa), (7.2)
uplo, = 0,
" 0

P, =
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Hence, at each iteration step we have to find (u}, pp) € X, () x My (Qq) such that
(ul,v), + At [a(u},v) + cp(ul,v)] + blv,py) = F,(v) Yve X,(Q),
b(up,q) = 0 Vg € Mp (),

where
Fo(v) := At(£(tn),v)oa + (u) ™ v)e + b(v, pi ).

The existence and uniqueness of (u}, A}) is a direct consequence of the Babuska-Brezzi theory. Indeed, the
bilinear form b satisfies the discrete inf-sup condition (6.10) and the bilinear form

(v,w) — (v,w)s + At [a(v, w) + i (v, w)]

is elliptic on its kernel V3(§2) (cf. Lemma 19).

7.2 FError estimates.

Lemma 26 Let p" := u(t,) — Myu(t,), 8" = Hyu(t,) — ul, " = Ou(t,) — dult,) and let B, be defined as
in (6.13). There exists C' > 0 independent of h and At such that

k A gk 3
s, 18" aceunioy + A 31087 < C{A13 (100" 2 curtir + 17 i curtiy + On(@ru(ty))?

+ max (10" cumy + max Gu(u(t)} (73)

1<k<n

Proof. It is straightforward to show that

(86’“, v)e + a(6k, v) + ch(ék7 v)

_ 74
= —(0p",v)s — a(p®,v) + (7¥,v)s — cn(p",v) + cn(ul(tr), v) - c(ulty), v) (7

for any v € V(). Choosing v = 6" in the last identity, recalling that ¢n(+, ) is nonnegative and uniformly
bounded, and using the estimates

= 1
kk>—1 k2 kk> kj2 k—1,2
a(8",8") > 7t eurld*f o and  (96*,6%), > o (612 — 8" 1) .
together with (cf. (6.15))
16 lerceurrio < C 1% + eurl 8" o] k=1,....n (7.5)

and the Cauchy-Schwartz inequality lead us to the following inequality:

k k-1 — k
18115 = 118"~ H15 + At py || curl 675
o

< 2Tllfsk\li + CAL[[|9p" 12 + 1| e (eur) + (177112 + Ba(wu(tr)?] .
Next, summing over k in

At
18512 = 167117 < o

2 < o082 + Ot (19512 + 10" Wxieursen + 712 + Bu(u(t)?]

and using the discrete Gronwall’s Lemma (see, for instance, Lemma 1.4.2 from [22]) and the fact that 6° = 0
yield

18712 < CaeS™ (16812 + 16 Bgeurion + 11712 + Gn(au(ti))?) (7.7
k=1
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for n =1,..., N. Inserting the last inequality in (7.6) and summing over k& we have the estimate
167115 +Atz | curl 6*|[5 o < CAt <Z 19015 + Z 19" [Fxeurnay + Z 1% + Zﬁh 2) - (78)
k=1 k=1 k=1 k=1

Taking now v = 88" in (7.4) produces the identity

108%||2 + a(8",08%) + cu(6*, 06")

—(0p",06%) 5 + (T%,06%) 5 + a(9p", 6" 71) + cn(0p*, 8" 1) + c(vF, 657 (7.9)
) 1
— (T8, 857 + c(Opu(ty), 65 7) — cn(Opu(ty), 871 — Kt(yk_%,l)

with v := a(p”, 8%) + cn(3p", 8%) + c(u(ty), ") — cn(u(ty), 6%). On the other hand, as a(-,-) and ¢ (-, -) are
nonnegative, it is easy to check that

a(8",56%) > [ (8%, 6%) — (ak—l,a’f—l)}, cn (8%, 56%) > cn (8%, 8%) — ep (8", 5% 1] .

2At 2At

Using these inequalities together with the Cauchy-Schwartz inequality in (7.9) lead to

k2 4 k sk k-1 sk—1 L k k=1 sk—1
SI06°12 + 5 [a(6¥,6%) — a(6" 1,85 )] + o [en(6¥,6) — en(e™ 1 8]
< C (10082 + I7412) + al@p", 6 1) + cn(@p", 6 1) + (", 651 — (¥,

F (@l — en@(t), ) 1Ok — ).

Then, summing over k and recalling that ¢y, (-, ) is nonnegative, we deduce that

1 =
§Z||a5k\|§+
k=1

1 n
S lleurl 873

) . (7.10)
- 1
< 01> (19PF 12 + 17%12) + D7 (O1c + b2 + 05,) + a7l
k=1 k=1
with 0 4 = ’a(épk,ék_l)’, Oa i 1= ’Ch(épk,(sk_l) , O3 = ’c(rk75k—1) — ch(rk,ék—l)’ and

0o = ‘c(@tu(tk), sy — ch(atu(tk),akfl)‘ .

It is easy to obtain from the Cauchy-Schwartz inequality and (7.5) the bounds
PBUTE
k=1
D> <
k=1

n
Z 031 <
k=1
> fan <
k=1

1 n
[l < 116717 + 471”6111”1 8" 3.0+ Cs [lleurl p"[[§ o + Bn(u(tn))?] -

Jeurl 81 2.0+ o S eurl 33 0.
k=1

M:

b
Il
—

M:

|:||(Sk 1”2 + ||CllI‘l 6k 1||0 Q =+ 03”8[) ||H(curl Q)}

el
I
—

NE

k— k—1
(1657112 + fleurl 613 o + Call ™ [Eeunsey |

>
Il
—

M:

165112 + fleurl 8113 o + Cs 8 (Bru(te)?)

x>~
Il
_
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Substituting the last inequalities in (7.10) and using (7.8), we obtain

Atz ||56k||g + chrlén”g,Q < C7 {Atz |:||5pk‘|%—l(curl,9) + ||pkH%-I(curl;Q) + ||TkH%-I(curl;Q)
k=1 k=1

+Bn (u(t))® + Bu(ru(tr))?] + [leurl p"[| o + ﬁh(U(tn))Q} :

The estimate (7.3) follows directly from a combination of the last inequality with (7.8) and (7.5). O

Theorem 27 Let u and u] be the solutions of Problems (4.11) and (7.1) respectively. Assume that u €
H2(0,T;X) and let € := wu(t,) —uy. Then, there exists a constant C > 0, independent of h and At, such that

N
ni2 5 k2
 max el euro) +At; |5e* |2

. 2 . 2
<C {11<I;a<xN veglhf(ﬂ) lu(t,) — 'U||H(cur1;9) + lrgrzanN £ei\rif(r) IA(tn) — 5”1/2,1“

N T
- 2 - 2
At 1936 <l + [ dat, 100) ol ) o
g 2
07 [ 10O cunnen o -
Proof. The result is obtained by using (6.20) and Lemma 21 and proceeding as in Theorem 6.2 of [1]. O

Finally, with the aid of Lemma 23, Theorem 27 and the interpolation error estimate (6.22), we deduce the
following asymptotic error estimate for our fully-discrete scheme.

Corollary 28 Under the assumptions of Lemma 23 and Theorem 27, there holds

N
€ eunnen + A3 16412 < 002 { o, )+ ma ! curlu(t,)

1<n<N 1<n<N
k=1
T T )
4+ max [|0,(u~" eurlu(t,)) % + / ||atu<t>||%<dt}+c<m>2 / |Buu(t)|)? dt.
1<n<N 0 0

with [ ;= min{m, r}.

Remark 29 As \!' = ug ' Ry, (curlp K* 7, u})), we can proceed as in Remark 25 to obtain
ALY M) = Miljor < IR + (A1),
k=1
with | ;== min{r,m}.
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