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Finite element analysis of a time harmonic Maxwell problem
with an impedance boundary condition

GABRIEL N. GATICA* SALIM MEDDAHI'

Abstract

We consider an electromagnetic scattering problem produced by a perfect conductor. We pose the
problem in a bounded region surrounding the obstacle and impose on the exterior boundary of the
computational domain an impedance boundary condition inspired from the asymptotic behavior of
the scattered field at infinity. The operator associated to our problem belongs to a class of operators
for which a suitable decomposition of the energy space plays an essential role in the analysis.
This decomposition is performed here through a regularising projector that takes into account the
boundary conditions. The discrete version of this projector is the key tool to prove that a Galerkin
scheme based on Nédélec’s edge elements is well-posed and convergent under general topological
asumptions on the scatterer and without assuming special requirements on the triangulations.
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1 Introduction

This paper deals with the finite element approximation of an electromagnetic scattering problem.
More precisely, we consider a conductor occupying a bounded region 2. and assume that it is subject
to a given time-harmonic incident wave. OQur purpose is to provide a finite element approximation of
the scattered electromagnetic wave. We avoid here the difficulty related with the fact that the problem
is posed in an unbounded domain by introducing an artificial boundary I" (located sufficiently far from
the obstacle) and considering a computational domain represented by the region Q delimited by I’
and X := 9Q.. We impose on the exterior closed surface I' an absorbing boundary condition that
mimics the Silver-Miiller radiation condition. Moreover, since the scatterer is assumed to be a perfect
conductor, the eventual penetration of the electric field inside the obstacle can be neglected, whence
the tangential trace of the electric field vanishes on the interface X.

The importance of the time harmonic Maxwell system in real word applications is undeniable.
In spite of this, convergence results concerning the Galerkin approximations of this problem with
Nédeléc’s finite elements only appeared at the beginning of the nineties. Monk [14] was the first to prove
quasi-optimal error estimates for this model problem posed in a convex domain . Then, Hiptmair
[12] and Monk [15] extended these error estimates to the case of general Lipschitz polyhedrons. The
essential tool underlying all the strategies used to deal efficiently with this problem consists in a
suitable Helmholtz-type decomposition of the unknown. It reveals hidden compactness properties and
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allows one to handle the problem through a classical analysis. Actually, Buffa [3] succeeded in setting
up this technique in a general abstract framework for a certain class of noncoercive operators and
applied it to this model problem.

All the aformentioned articles consider a vanishing tangential trace as a boundary condition, i.e.,
they deal with a model problem posed in Hy(curl;2). Here we are interested in a generalization of
the technique to the case of an impedance boundary condition in a connected component of 9. This
task has already been considered in [16, Chapter 4]. The error analysis of this problem is achieved
in Chapter 7 of this book by using a collective compactness property when the finite element families
of triangulations are quasiuniform on I'. Our aim here is to provide a new convergence proof that
circumvents this restriction. Our technique is more in the spirit of [12, Section 5] and [3]. In fact,
we show that the bilinear form we deal with fits exactly within the theory exposed in [3] and prove
that this approach can be successfully adapted to deal with the boundary conditions considered for
the present Maxwell system (formulated in terms of the electric field). The construction of a suitable
projector is essential in our analysis since it yields an appropriate Helmholtz decomposition of the
energy space arising in the formulation. A similar idea was employed in [9] for a decomposition of
H(div, ). Moreover, the approximation property satisfied by the discrete version of this projector
(see (5.7) below) provides stability and convergence for a Galerkin scheme based on Nédélec’s edge
finite element. Compared to Monk’s strategy, our analysis is free from any special requirement on the
finite element triangulations and it does not need the regularity result proved in [16, Lemma 7.15]
under the hypothesis of a simply connected domain 2.

The rest of the paper is organized as follows. In Section 2 we collect some known results on
tangential trace operators in a generic space H(curl; Q). In Section 3 we describe the boundary value
problem of interest. Then, in Section 4 we derive and analyze the continuous variational formulation.
In particular, we use an adequate Helmholtz decomposition to prove its well-posedness. Finally, in
Section 5 we introduce the corresponding Galerkin scheme and show that it is convergent.

We end this section with some notations to be used below. Since in the sequel we deal with
complex valued functions, we let C be the set of complex numbers, use the symbol 2 for v/—1, and
denote by Z and |z| the conjugate and modulus, respectively, of each z € C. In addition, given any
Hilbert space U, we let [U]® denote the space of vectors with entries in U. When no confusion arises
we simply use U? instead of [U]3. Finally, in what follows we utilize the standard terminology for
Sobolev spaces and norms, employ 0 to denote a generic null vector, and use C , with or without
subscripts, to denote generic constants independent of the discretization parameters, which may take
different values at different places.

2 Preliminaries

We denote by Q C R? a generic bounded polyhedral domain and let n be the outward normal vector
on its boundary I'. We recall that

H(curl; Q) := {w € [L*(Q)P: curl(w) € [L*(Q)]* }

endov_ved with the norm waH%{(wrl;Q) = Hw||[2L2(Q)}3 + chrl('w)H[QB(Q)]3 is a Hilbert space and that
[C>(Q)]? is dense in H(curl; Q). As usual, curl(w) stands for the vector defined formally by V x w.

We also recall that
H(div; Q) := {r € [L*(Q)*: div(r) € L*(Q)},



endowed with the norm ||T||%_I(div;9) = HT||[2L2(Q)}3 + [|div(T) ||%2(Q) is a Hilbert space and that [C*°(Q2)]?
is dense in H(div; Q). It is well known that the mapping
Yt C@P — 12D
T — ,(7)=Trn
can be extended to define a normal trace operator
v H(div;Q) — H-Y2(ID)
T — 7n(7)

(2.1)

which is bounded, surjective, and possesses a right inverse.

Tangential traces of functions in H(curl; Q) are also well understood even in the case of polyhedral
domains thanks to the recent results of [4, 5]. We give here a brief summary of these fundamental
tools. To this end, we begin by defining the space

LAT) = {pe[LXOF: pn =0}
and the tangential trace mapping
ve: [C@Q)F — LiI)
v — Y (v) :=vrxn
together with the tangential projection operator
m: [CC@F - LD
v — mi(v) ;= nx (v|p xn).

Notice that, because of the orthogonality condition defining LZ(T"), this subspace of [L?(T")]> may be
identified in what follows with a space of two dimensional tangent fields. At this point we also recall
that

Hy(curl; Q) := {w € H(cur; Q) :  ~¢(w)=0 on 00}.

Let us now introduce the spaces

1/2 1/2
HAD) =y (H(QF)  and  HPAT) = w1 Q).
which are endowed with the natural Hilbert space structure that makes both v, : [H*(Q)]® — Hll/ 2 ()

and 7y : [HY(Q)]? — Hﬁ/2(F) bounded and surjective. Similarly, for any 6 € (0,1), we define

H{() = me([H2(Q)) (2.2)

and provide it with an inner product that renders 7y : [HO+tY/2(Q)]® — Hﬁ (T") continuous. We refer to
[4] for and explicit definition of these spaces in the case of Lipschitz boundaries with piecewise smooth
components. In the following, we will also write () (or m()) for ¢ € [H'/?(T)]3, which should
be understood as v, (7" (¢)) (or ws(y 1)) where v~ 1 : [HY2(I)]? — [H'(Q)]? is a given bounded
right-inverse of the usual trace operator v : [H'(Q)]* — [H'/?(I")]3.



Next, we introduce the dual Hll/z(F) of H1L/2(F) and the dual H[1/2(F) of Hﬁp(F) with respect

to the pivot space LZ(T). Then, it is easy to deduce from the Green formula

u-curl(v) — v-curl(u) ¢ = [ v¢(u) - 7 (v) Vu,v € [C®(Q)? (2.3)
Q r

and the fact that [C>°(Q)]? is dense in H(curl; ), that «; and 7¢ can be extended to define bounded
tangential mappings from H(curl; Q) onto H[1/2(F) and from H(curl; Q) onto Hll/z (I"), respectively.
A more precise result is given by the following theorem (see [6]) (we refer to [4, 6] for the definition of
the differential operators divp and curlp on piecewise smooth Lipschitz boundaries).

Theorem 2.1 Let

H™2(divesD) = {pe (D) dive(w) € H2(D)

and
H 2 (curlis) = {p e HY2(): curlr(e) € B0}

Then
v : H(curl; Q) — H™2(divp; ) and 74 : H(curl; Q) — H™/2(curlp; T)

are bounded, surjective and possess continuous right inverses. Moreover, the [L?(I')]3-inner pro-
duct can be extended to define a duality product ( -,- )¢ between the spaces H~/2(divp; T) and
H~/2(curlp; T).

As a consequence of this theorem, Green’s formula (2.3) can be extended to functions u, v in
H(curl; Q) if the boundary integral of the right hand side is interpreted as ( v¢(w), 7w¢(v) )¢, that is

/ {u-curl('v) - 'v-curl(u)} = (7v(u), me(®))er  Yu,v € H(curkQ). (2.4)
Q

3 The model problem

We consider a perfect conductor occupying a region represented by a bounded and connected polyhedra
Q. C R3 and immersed in an electromagnetic medium filling the whole space. We denote by X5,
j = 0,---,J the connected components of ¥ := 9., ¥y being the boundary of the unbounded
component of R?\ Q.

Let €, i, and o be the electric permittivity, the magnetic permeability and the conductivity of the
medium, respectively. These coefficients are piecewise regular real valued scalar functions satisfying
in R?\ Q,

wo < wp(x) < @, e0 < €(x) < e and 0<o(x) <7, (3.1)

where the constants €y and pg denote the electric permittivity and magnetic permeability of free space,
respectively, and [i, €, and ¢ are given upper bounds. Moreover, we assume that we have vacuum
conditions sufficiently far from the obstacle, i.e., there exists R > 0 such that

u(x) = po, e(x) = e and o(x) =0 Va, |x| > R. (3.2)

The incident electric and magnetic fields £ and H° are supposed to exhibit a time-harmonic behavior
with frequency w and complex amplitudes e’ and h’, respectively. Hence, the total electric and



magnetic fields have also a time harmonic behavior with frequency w, namely,

E(x,t) = Re {e:np (—rwt) 681/2 e(m)} ,
H(z,t) = Re {ea;p (—rwt) u51/2 h(w)} ,
where the complex amplitudes e and h satisfy
curl(e) —1tkbh = 0 in R3\Q., (33)
curl(h) + 1kae = 0 in R3\Q., .
k = w /€ ig is the wave number,
a(z) = =) + z@ and b(x) := piz) Ve € R3. (3.4)
€0 €ow Ho
It is clear from (3.2) that
a(x) = blx) =1 Ve, |z| > R. (3.5)

We now let n denote the unit normal on ¥ oriented towards the exterior of €2.. Then, according
to our hypothesis,

exn = 0 on X. (3.6)
In addition, the scattered electromagnetic field exhibits the Silver-Miiller asymptotic behaviour
, x : 1
(h—h)x 2~ (e—e) = o(—), (3.7)
|z| ||

T
as |x|] — +oo, uniformly for all directions —. We notice that this asymptotic behaviour implies
T

that the outgoing waves are absorbed by the far field. Motivated by this fact, and aiming to obtain a
suitable simplification of our model problem, we now introduce a sufficiently large sphere I' centered at
the origin, let © be the complement of Q. in the ball whose boundary is I', and consider the impedance
boundary condition:

(h—hYxn —(e—€)=0 on T, (3.8)

where n denotes also the unit outward normal on I'. Actually, in order to avoid introducing later a
nonconforming Galerkin scheme, we may simply think of I" as the polyhedral surface resulting from a
sufficiently accurate approximation of the given sphere.

In this way, equations (3.3), (3.6), (3.8), the expression h = (:kb)~! curl (e) of the magnetic field
in terms of e, and the fact that b = 1 on I (cf. (3.5)), lead us to the following formulation of the
problem: Find e : © — C? such that

curl (b~'curl(e)) — k*ae = 0 in Q,
exn = 0 on X, (3.9)

curl(e) xn —1ke = g on T,

where g := 1k(h’ x n — e'). Note here that the boundary conditions on ¥ and T' can be expressed in
terms of the tangential trace mapping =, respectively, as follows

Y¢(e) =0 on X, (3.10)

and
~v¢(curl(e)) = 1ke+g on T. (3.11)



4 The continuous variational formulation

In this section we derive and analyze the full continuous variational formulation of (3.9). We begin
by noticing, as we will see below, that the natural space for the electric field is given by

X = {we H(curl; Q) :  m¢(w) € L") and ¢ (w) =0 on s},
which, equipped with the graph norm
lwl% = lwlenrssy + e ()P (4.1)

is a Hilbert space.

Now, we test the first equation of (3.9) with a function w € X, use Green’s formula (2.4) and the
fact that b = 1 on T" (cf. (3.5)) to obtain

/Q {b—lcurl(e) -curl(w) — Rae. w}

+ (7 (b7 curl(e)), me(w) Jex — (ve(curl(e)), me(w) )er = 0.

(4.2)

Then, noting from (2.4) that

1

(e (b7 curl(e)), me(w))ex = — (ye(w), me(b™" curl(e)))ex = 0,

and incorporating the boundary condition (3.11) we find that (4.2) yields the following global varia-
tional formulation of problem (3.9): Find e € X such that

Ale,w) = /Fg'ﬂ't(w) Vw € X, (4.3)
where A : X x X — C is the bounded bilinear form defined by
Ale,w) = /Q {b‘l curl(e) - curl(w) — k*ae- w} —1k /Fﬂ't(e) cme(w) Ve, w e X.  (4.4)
In what follows we employ a suitable decomposition of X to prove that (4.3) becomes a compact
perturbation of a well-posed problem.

4.1 A Helmholtz decomposition

Let us first introduce a sphere I'g containing Q U, in its interior. We consider now the open annular
domain @ delimited by the boundaries I' and I'y and denote 2 the set QUI' U2. Then, we define the
spaces

V(Q) = {w € Ho(curl;Q); divw =0in Q, (v, (w),1)r, = o} ,
Vo(Q) :={w € Hyo(cur; Q); divw =0in Q, (~v,(w),1)r, =0},
where (-, - ), stands for the H=1/2(T) x H'/?(I'y) bracket. We recall the following useful result.

Lemma 4.1 The seminorm w — [lcurlw||z2(gys s a norm on Vo(Q) equivalent to the usual norm
in H(curl; Q).

Proof. See for instance [2, Corollary 3.19]. ]



Lemma 4.2 The linear extension mapping

£:X — V(Q
w — Efw

characterized by Ew € V(f~2), Ew=w inQ, and
/ curl fw - curlg =0 Vg € Vo(Q), (4.5)
Q

1s bounded.

Proof. Let us denote by 7; and 7; the tangential traces on I' taken from Q and @, respectively.
We know from Theorem 2.1 that there exists a continuous right inverse (v;)~ : H~Y2(divp,T) —
Hr, (curl; Q) of ", where

Hrp, (curl; Q) := {w € H(curl; Q); 4 (w)=0 onTy}.
It follows that the linear operator

L:X — Hp,(curl;Q)
w o~ Lw:=(y) 7y w)
is bounded, that is there exists a constant Cy > 0 such that

1£(w) [l (eurtg) < Collwlx VweX. (4.6)

Now, we let
M(Q):={0€ H'(Q); 0r=0, 0|r, = constant},

and, given w € X, we seek z,, € L(w) + Hy(curl; Q) and x € M(Q) satisfying
/ curlz,, - curlq —1—/ qg-Vx = 0 VqeHy(curl;Q),
Q Q

(4.7)
/zw-VH = 0 VoeM(@Q).
Q

The well-posedness of this problem is guaranteed by the Babuska-Brezzi theory. Indeed, the fact that
V(M(Q)) € Hy(curl; Q) and the Poincaré inequality yield the inf-sup condition

/ q-Vo /yveP
sup Q

g<€Hy(curl;Q) ||q||H(cur1 Q) |ve||H(curl Q)

= IVOlliL20y = B0l a1 ()
for all # € M(Q), whereas Lemma 4.1 ensures the ellipticity on the kernel
V@) = {a e Bufeur:@)s [ q-Vx=0 e M@}

which means that there exists C'; > 0 such that

leurlg|liz2qys > Cillalfeurg) Y4 € Vo(@Q)-



w in
It is clear now that Ew := ] satisfies the required conditions. Moreover, thanks to the
Zy In

stability results for (4.7), there exists a constant Co > 0 such that

Hg(w)HH(curl;Q) < O ||£(’w)HH(curl;Q) :

Finally, (4.6) yields the estimate

HE(w)HH(curl;ﬁ) < 1+ (CQCQ)2 HwHX Vw e X. (48)

Lemma 4.3 Let R : Hy(curl; §~2) — Hy(curl; §~2) be the linear and bounded operator defined by
R(w) = w — Vi, Vw € Hy(curl;Q),

where

ow € M(Q) := {9 € H'(Q): 0|, = constant, Olg, =0, j=0,-- ,J}
is the unique solution of
/ﬁww-wz/ﬁw-w Vi € M(Q). (4.9)
Then there hold:
o div(R(w))=0 and (v,R(w),1)r, =0,
e curl(R(w)) = curl(w) Vw € Hy(curl;Q),
e RoR=TR,

e there exists a constant C > 0 such that

IR(w)[x < C fwlg, Vw € Hy(curl; Q). (4.10)

curl;Q2)

Proof. The properties listed in the first two items follow immediately from the definition of R. It is
also clear that R is idempotent and bounded. Finally, it is known (see [2, Proposition 3.7]) that there
exists s € (1/2,1] such that

H(curl; Q) N H(div; Q) — [H*(Q)]°. (4.11)

Then, by virtue of (2.2) and (4.11),

HR(U’)”%( = ”R(w)H%-I(curl;Q) + HWtR(w)H%m(r)p < Cl”w”il(cm.l;ﬁ) + HﬂtR(w)HiI‘s‘—l/z(F)

< Ol eumy + C2IR@) I 6 < Cllwlly ey + CllR(w)IIE,

~ 2
H(curl;Q [Hé(ﬁ)] H(curl;Q < CH’LUHH(

curl;Q) curl;Q)’
for all w € Hy(curl; ﬁ), which proves the result. O

With the aid of these tools, we are able to introduce the following projector.



Lemma 4.4 Let P: X — X be the linear and bounded operator defined by
P(w) = (RE€w)|a Vw € X.

Then PoP =P and
curl(P(w)) = curl(w) Vw € X. (4.12)

Proof. The boundedness of P is a consequence of (4.10) and (4.8). The property (4.12) follows
immediately from Lemma 4.3. Indeed,

curl(P(w)) = curl ((RE€w)|q) = (curlR(Ew))|q = (curl(Ew))|q = curl(Ew|q) = curl(w)
for all w € X.

To prove that P is a projector we first recall that R o R = R. Now, notice that the field z :=
E((REw)|q) — REwW vanishes identically in Q. Moreover, it is straightforward from the definitions of
€ and R that z|g € Vo(Q). Hence, by virtue of (4.5),

/ curlz - curlz = / curl((RE€w)|q) - curlz —/ curlRé€w - curlz
Q Q Q

= —/ curléw - curlz = 0,
Q

which proves that curlz = 0 in ). Consequently, thanks again to Lemma 4.1, z also vanishes
identically in ). This means that
E((REW)|q) = REwW in Q.
Using the last identity together with the fact that R is idempotent yield
P(Pw) = (RE(Pw))la = (RE(REw)ln)lo = (RREW) |0 = (REw)|q = Pw
and the result follows. O

We deduce from the last results that P provides the stable and direct Helmholtz-type decomposition
X=PX) & (Z-P)X), (4.13)
where 7 represents the identity operator. Hence, any element w € X admits the unique splitting
w=P(w)+ (T -P)(w) (4.14)
1/2
and the norm w — [[[wlllx = (IP(w)& + I(Z - P)w)l%) " is cquivalent t0 w — [l sxicur;e)

on X. Namely, since ||P| = ||Z — P||,

1
V2|[P|

llwlllx < [wlx < V2]||wl]x, (4.15)

for all w € X.
Lemma 4.5 The mappings P : X — [L*(Q)]? and w¢ o P : X — L2(T') are compact.

Proof. The first assertion is a consequence of (4.11) and the compactness of the canonical injection
H*(Q) — L?(2). On the other hand, we choose 0 < ¢ < s — 1/2 and notice that the embedding
[H*(Q))? — [H*"¢(Q)]3 is compact and the tangential trace operator ¢ is bounded from [H*~¢(Q)]?
to LZ(I), see (2.2). O



4.2 A Fredholm alternative

In this section we apply the stable decomposition (4.13) to reformulate (4.3) as a compact perturbation
of a well-posed problem. To this end, we first introduce the bounded bilinear form

Af(e,w) = / {b‘l curl(e) - curl(w) + k*ae- w} +1k /Trt(e) e (w) (4.16)
Q r
which arises from the form A (cf. (4.4)) after performing suitable changes of sign. More precisely,
note that
At(e,w) = Ale,w) + 2k> /
Q
Then, employing (4.14) for each h, w € X we deduce from (4.17) that the bilinear form A can be
decomposed as

ae-w + 21k /Fﬂ't(e) e (w) (4.17)

A(e,w) = Ap(e,w) + K(e,w), (4.18)
where

Ao(e,w) = AT(P(e), P(w)) — AT((Z = P)(e).(Z — P)(w)) (4.19)

and

K(e,w) = A(P(e), (I - P)(w)) + A((Z - P)(e), P(w))

(4.20)
—2k? /Qap(e) - Plw) — 22k/r7rt(77(e)) - (P(w)) .

Next, we let Ag, K : X — X’ be the linear and bounded operators induced by the corresponding
bilinear forms Ag(-,-) and K(-,-) respectively. Then, the continuous variational formulation (4.3) can
be rewritten as the following operator equation: Find e € X such that

(.A() + IC)e =g (4.21)

where G € X' represents the linear form w — / g - m(w).
r

In what follows we prove that the operators on the left-hand side of (4.21) are invertible and
compact, respectively. We begin by showing that Ag is bijective. To this end, we first observe from
(4.16), recalling the definition of the coefficient a (cf. (3.4)), that for each w € X there holds

+o
Red (1 — A (w, @)} = [ { 20 curl(w)]? + k2 (X jw)? b + & 2 s, (422
{0 -0attwm} = [ {2 jeurtw)? + 1 D o o+ klmo) gy (422
which, according to the assumptions (3.1), yields
Re{(1—z)A+(w,m)} > allw|k  Yw e X, (4.23)

where
a = min{u—_o, k:z,k‘} .
i

Lemma 4.6 There exists a > 0 such that

A
sup [Ao(e,w)| > alle|x Ve € X. (4.24)
wex\(0)  llwlx
In addition, there holds
sup |Ap(e,w)| > 0 Vw e X\{0}. (4.25)
ecX
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Proof. Let Z: X — X be the linear operator defined by
Ew) == (1+2)2P —-I)(w) Vw € X.

It follows from the properties of P that = is bounded and bijective. Thus, we have that

qp  Aolew)| |Ao(e,E(|e))| y Re{Ao(a%)}

> — > — Ve e X\{0!}.
w0yl ECIE EOIL o)

Since P? = P, we observe that

PEP-7)=P and (Z-P)2P-1I) = —(T-P),
whence we obtain from (4.19) that

Ao(e,E(e)) = (1—1) AT(P(e), P(€)) + (1 —1) AT((Z —P)(e), (T —P)(e)).
Applying (4.23) to both terms on the right-hand side of (4.28), we deduce that
Re{(1-1) A¥(P(e),P(e)) + (1-2) AT((T ~ P)(e), (T~ P)(e)) |
> a{IPEIk + IT-P)e)lk } veeX.
In this way, thanks to (4.28), (4.29) and (4.15), we deduce that
=(e) Llell2
Re{Ao(e.Z(e))} > Fllelk Ve e X,

which, using the boundedness of =, yields

Re{Ao(e,%)}

1=(e)llx

> Bllellx Ve € X\{0}

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

with 5 = «/(2||Z]]). The above estimate and (4.27) proves the inf-sup condition (4.24). Finally, the

symmetry of Ay and (4.24) provide the inf-sup condition (4.25).

|

Therefore, as a consequence of Lemma 4.6 and the well-known Necas theorem (see [10, Theorem

3.2.3]), the operator Ay : X — X' is an isomorphism.

Lemma 4.7 The operator K : X — X’ is compact.
Proof. Using that

curl((Z — P)(w)) = 0 Vw e X,
we deduce from (4.20) that

K(e,w) = —kz/

A a{2P(e) - P(w) + P(e) - (T — P)(w) + (T~ P)(e) - Plw) }

- zk/F27rt(77(e)) i (P(w)) + me(Z — P)(e) - e (P(w)) + me(P(e)) - me(Z — P)(w) .

The compactness of P : X — [L%(Q)]3 and 7y 0 P : X — LZ(T') (see Lemma 4.5) guarantees that the
operators associated, in the last expression of K(-,+), to both the integrals on 2 and I are compact

and the result follows.

We are now ready to establish the main result of this section.
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Theorem 4.1 Assume that the homogeneous problem associated to (4.3) has only the trivial solution.
Then A : X — X' is an isomorphism and, consequently, given an incident wave (h', €"), there exists
a unique solution e € X to (4.3). In addition, there exists C > 0 such that

lelx < ClGlx - (4.32)

Proof. It suffices to observe, in virtue of Lemmas 4.6, and 4.7, that A := Ay + K is a Fredholm
operator of index zero, and hence the well-posedness of (4.3) follows from uniqueness. O

We end this section with a uniqueness result for (4.3). At this point we need to make more restric-
tive assumptions on the coefficients. We denote by €7 the connected components of € represented by
the cavities whose boundaries are ¥; , j =1,---,J. Let J := {1,--- ,J} and Jy C J be the subset
of indices such that o(x) = 0 for a.e. € Ujc 7. We assume that o is a stricty positive function in
Uje\% Q. For each j € Jy, we consider the positive increasing sequence {ké }¢ diverging to oo and
solving the eigenvalue problem:

find (k;g, w’) € R x Hy(curl; Q) such that

. . e(z) . . (4.33)
/ b~ leurlw’ - curly = (k7)? / —w’ - v Vv € Hy(curl; ).
Qi Qi €0
Finally, let us denote now by QU the connected component of 2 delimited by the boundaries ¥

and I'. We assume that Q° can be decomposed into L connected polyhedra Q! such that Q= Uleal
with Q' N Q™ = 0 if I # m and such that y, € and o are constant functions in each Q'.

Theorem 4.2 Assume that k does not belong to the set {0} U (Ujgjo{kfg}g). Then, there is at most
one solution to (4.3).

Proof. Let e be a solution of the homogeneous system corresponding to (4.3), that is when g = 0.
Then, taking w = € in (4.3) gives

/ {b_1|curl(e)|2 - k:2a|e|2} - zk||7rt(e)\|[2L2(F)}3 =0. (4.34)
Q

This shows that the imaginary part of (4.34) reduces to

2 [ () lef? = kllmle) iz = 0.

Noting that Im(a) > 0 in Ujen JOQj we deduce immediately that e vanishes identically in this
domain. In the other cavities {7, j € Jp, k > 0 is not a solution of (4.33) and then e also vanishes in
Ujes . Finally, since Im(a) > 0 in Q° we have that 7w¢(e) = 0 on I'. Thus, applying the unique
continuation principle of [8, Theorem 9.3] (as done also in [16, Theorem 4.12]), we deduce that e = 0
in QO. |

5 The discrete problem

In order to introduce a Galerkin approximation of (4.3) we first let {73 }r~0 be a regular family of
triangulations of € by tetrahedrons K of diameter hg. As usual, the parameter h denotes in each
case the mesh size of the corresponding triangulation. Then, we denote by 7;(I") the triangulations
induced by 75(92) on I.

12



For any K € T,(Q) we let NDy(K) := [Po(K)]® @ [Po(K)]®> x = be the local edge space of
Nédélec, that is

NDy(K) = {v: K —-C*, w(z)=a+bxzxz Vzek, a,beC’}.
Then, the finite element subspace for the unknown e is defined by X; := X N N'D;(2), where
NDL(Q) = {w € H(cur; Q) : w|g € ND1(K) VK €T,(Q)}.

We define the finite element scheme associated to (4.3) as follows: Find ej € X, such that
Aep,w) = /g-ﬂ't('w) Vw € Xy, (5.1)
r
In order to show that (5.1) is well-posed (see Section 5.2 below) we need some technical results.

5.1 Technical results

For any § > 0 we introduce the Sobolev space
H’(curl; Q) := {'w e [HOQ)P: curl(w) e [H(Q)? }
and endow it with its Hilbertian norm

”w”%{é(cuﬂ;g) = Hw”%Hfs(Q)}S + |]curl(w)H[2H5(Q)]3.

Then for any edge E of 7,(2), we denote by tp a unit tangential vector along E. It follows from [2,
Lemma 4.7] that if w € H(curl; Q) with § > 1/2, then the moments [, w -t are meaningful. This
guarantees that the interpolation operator IIj, : H?(curl; Q) — ND,(Q) associated to the edge finite
element, which is characterized by

/Hh('w)-tE :/w-tE for all edge E of 75(2),
E E

is well-defined and uniformly bounded. In addition, the following interpolation error estimate holds
(see [1, Proposition 5.6]):

0 — T () szgeurty < CH [wlesseunney Y € H(curkiQ), ¥6 > 1/2.  (52)
Another useful property of Il is given by the following result.
Lemma 5.1 For each § € (1/2,1] define the space
H! (curl; Q) := {w e [HO(Q)] curl(w) € curl(N'Dy(Q)) }. (5.3)

Then, the operator 11y, is also well defined in H‘,i(curl; Q) and there exists a constant C > 0, indepen-
dent of h, such that

||w — Hh(w)||[L2(Q)}3 < Ch6 ||w\|[H5(Q)}3 Vw € Hi(curl; Q) . (5.4)

13



Proof. See [12, Lemma 4.6]. O

Next, we need to introduce curlp-conforming surface finite elements on the manifold I'. Actually,
divp-conforming finite elements on manifolds are more frequently used in the literature since they
arise naturally in the BEM-theory for Maxwell equations, (see, e.g. [7] and the references therein).
We still can benefit here from the result announced in the last reference for the Raviart-Thomas finite
elements since they may be translated to the bidimensional Nédélec finite element by a simple 7/2-
rotation in the space variable on each one of the faces compounding I'. To be more specific, the lowest
order bidimensional Nédélec finite element (also known as the rotated Raviart-Thomas finite element)
approximation of the space

H(curlp;T) := {p e L{(T) :  curlp(p) € L*(T) },
relatively to the mesh 7, (T), is given by
ND,() == m(NDL(Q)).

The corresponding interpolation operator IT} : Hﬁ (T) NH(curlp; T) — ND,(T) (§ € (0,1]) satisfies
the following error estimate.

Lemma 5.2 For each § € (0,1] there exists a constant C' > 0, independent of h, such that

I~ TE@)lzsaps < O {lpllsr + lewle(@)l iz} Ve € HI(D) NH(eurlr:T).
Proof. See [7, Lemma 15]. O

For tangential vector fields with a discrete curlp, there holds the following variant.

Lemma 5.3 For each § € (0,1] there exists a constant C' > 0, independent of h, such that
e — T, (@)l reryz < CH H‘PHHﬁ(r)
for all p € Hﬁ(F) satisfying curlp(¢) € curlp(NDy(T)) .
Proof. See [7, Lemma 16]. O

In this way, recalling the definition of the norm ||-||x (see (4.1)), and using the commuting diagram
property Il = II} ¢ together with (5.2) and Lemma 5.2, we deduce that for each § € (1/2,1]
there exists a constant C' > 0, independent of h, such that for all w € H°(curl;Q) satisfying
T (w) € Hﬁ(F) N H(curlp; I"), there holds

1/2
o — T (aw)l1x = { 1w — T4 () By et ) + 170 (w0 = 1)) |20y |

< Ché{”w”H‘s(curl;Q) + e (w) e (o) + |’CHI‘IF(7"t(w))|’L2(F)}7

which constitutes an approximation property of the space Xj,.
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5.2 Well-posedness of the discrete problem

In this section we prove the well-posedness of the discrete problem (5.1). For this purpose, according
to a classical result on projection methods for compact perturbations of invertible operators (see, e.g.,
Theorem 13.7 in [13]), it suffices to show that the Galerkin scheme associated to the isomorphism A
is well posed. Hence, in what follows we prove that A satisfies an inf-sup condition on the finite
element subspace Xy, thus providing the discrete analogue of Lemma 4.6.

In the sequel, we define discrete version of the operator P. Let us first notice that for each w € Xj,
there holds
curl(P(w)) = curl(w) € curl(Xy),
which, recalling that P(w) € [H*()]?, shows that P(w) belongs to Hj (curl; Q) (cf. (5.3) with
J=s).
In this way, Lemma 5.1 implies that II; can be applied to P(w), and hence we define the discrete
version of the operator P as follows

Pn: X, — X,

(5.6)
w i~ Pu(w) = IL(P(w)).
Lemma 5.4 There exists a constant C > 0, independent of h, such that
[P(w) — Pr(w)x < Ch Y2 |wl|x  Yw e Xy,. (5.7)

Proof. Let I, be the lowest order Raviart-Thomas interpolation operator associated to the triangu-
lation 7,(Q2), cf. [16]. By virtue of the well-known commuting diagram property

curlll, = II, curl,

we have that . 3
curl(Il, P(w)) = I {curl(P(w))} = Hp{curl(w)} = curl(w).

Thus curl(P(w)) = curl(Py(w)), which yields
[P(w) — Pr(w)llcurt;o) = P(w) — Pr(w)lljp2(q)s-
Hence, applying Lemma 5.1 (cf. (5.4)) we deduce that for each w € X}, there holds
[P(w) = Pr(w)|lt(cur;0) < Coh® |[P(w)|ms @y < C1h° |w]|x, (5.8)

where the last inequality follows from the boundedness of P : X — [H*(Q)]3.
On the other hand, using the commuting diagram property 7 I, = Hg ¢, we have that

e (Pr(w)) = ﬂt(Hh(P(w)) = Hl,:(ﬂt(P('w))).

In addition, since curlp 7wy = divry, and divp(y,(w)) = curl(w)-n € H'/3(T) for each w €
H(curl; Q) (see [6]), we deduce that

curlp (m¢ (P(w))) = dive (74 (P(w)) = curl(P(w))-n = curl(w)-n = curlp (7wyw)) € curlp (N'Dy (1))

for all w € X;. Consequently, applying now the boundedness of ¢ : [H*(Q)]® — Hﬁ_l/ 2 (T") and the
estimate provided by Lemma 5.3, we find that

76 (P(w) — Ph(w)) 2y = llme(P(w)) — 0, (m (P(w))) | p2qryp

< G hs—1/2H7rt(7>(w))HHi,1/2 < 3072 [ P(w) s s < Cah®™ 2 [|w]x

@)
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which, together with (5.8), yields the required estimate and completes the proof. O
We are now ready to establish the discrete inf-sup condition for Ag.

Lemma 5.5 There exist constants 3%, hg > 0, independent of h, such that for each h < hg there
holds

sup > [ le|lx Vee Xy. (5.9)

wex,\ {0y lwllx

Proof. Following the definition of the operator Z: X — X (see (4.26)), we now introduce its discrete
version as follows

=n Xy — Xy

w — (14+)2P, —1I)(w).
It follows straightforwardly from Lemma 5.4 that
IE(w) — Ep(w)]x < Coh* V2 |lw||x VYw e Xj,. (5.10)
Hence, using (5.10), (4.30) and the boundedness of Ay, we find that for each w € X} there holds
Re { Ao(w, Zy(w)) } = Re { Ag(w,Z(w)) } — Coll Aol h*2 wlk

« 2 s—1/2 2 a 2 (5:11)
2 5 llwlix — CollAollh lwlix = 7 llwllx

— a 2/(2s-1)
for all h < hl = (m) .

On the other hand, the boundedness of = and (5.10) imply the existence of Cy, Co, hy > 0,
independent of h, such that

Crlw|x < ||Eh(w)]x < Caflw|lx  Yw € X, Vh<hs. (5.12)
Hence, (5.9) follows immediately from (5.11) and (5.12) defining hy := min{h;, ho}. O

The well-posedness and convergence of the discrete scheme (4.3) can finally be established.

Theorem 5.1 Assume that there exists at most one solution to (4.3). Then, there exists hg > 0 such
that for each h < hg, the Galerkin scheme (4.3) has a unique solution ey € Xj,. In addition, there
exist C1, Cy > 0, independent of h, such that

lerlx < C1llGlx (5.13)
and

— < Cy inf — .
le — en[x < 2 mnf le — wpllx (5.14)

Furthermore, if there exists 6 € (1/2,1] such that e € H°(curl, Q) and w¢(e) € Hﬁ(F)ﬂH(curlp;F)
then there holds

le — enlx < Coh® { el euney + Ime(@)lugry + lewlr(me(@)lzzey } . (5.15)
with a constant C3 > 0, independent of h.

Proof. Thanks to Lemma 5.5, the first part of the proof is a direct application of Theorem 13.7 in [13],
whereas the rate of convergence (5.15) follows from the Céa estimate (5.14) and the approximation
properties of the finite element subspaces provided in Section 5.1 (cf. (5.5)). O
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