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MATHEMATICAL AND NUMERICAL ANALYSIS FOR PREDATOR-PREY
SYSTEM IN A POLLUTED ENVIRONMENT

VERONICA ANAYA, MOSTAFA BENDAHMANE, AND MAURICIO SEPULVEDA

ABSTRACT. In this paper, we prove existence results for a Predator-prey system in a polluted
environment. The existence result is proved by the Schauder fixed-point theorem. Moreover, we
construct a combined finite volume - finite element scheme to our model, we establish existence
of discrete solutions, and shown that the scheme converges to the corresponding weak solution
for the studied model. The convergence proof is based on deriving series of a priori estimates
and using a general LP compactness criterion. Finally we give some numerical examples.

1. INTRODUCTION

Today the most threatening problem to the society is the change in environment caused by
pollution, affecting the long term survival of species, human life style and biodiversity of the
habitat.

The rapid economic growth of some countries is also accompanied by the severe deterioration of the
environment as evidenced by the polluted air, water, soil erosion, growing number of illness such
as cancer caused by company waste, and constantly increased deforestation and desertification.
Therefore the pollution of the environment is a very serious problem in the world today. Organisms
are often exposed to a polluted environment and take up toxicant. For that reason, it is important
to study the effects of toxicant on populations to determine permanence or extinction.

In the early 1980’s Hallam and his colleagues proposed a deterministic modelling approach to the
problem of assessing the effects of a pollutant on an ecological system [I3] [[4, [[5]. In particular,
Hallam et al. [I3] studied the effect of a toxicant present in the environment on a single-species
population by assuming that its growth rate density decreases linearly with the concentration
of toxicant but the corresponding carrying capacity does not depend upon the concentration of
toxicant present in the environment. Since then, such models have been the subject of many
investigations and improvements. Freedman and Shukla [I2] studied the effect of toxicant on a
single species and on a predator-prey system by taking into account the introduction of toxicant
from an external source. Shukla and Dubey [I9] studied the simultaneous effect of two toxicants,
one being more toxic than the other, on a biological species.

As species do not exist alone in nature, it is more biological significance to study the persistence
and extinction of each population in systems of two or more interacting species subjected to
toxicant. Dubey [9] proposed a model to study the interaction of two biological species in a
polluted environment.

In this paper, the model we considered is based on the following two species model with toxicant
effect in a physical domain Q C R? (d = 2, 3) over a time span (0,7), T > 0, with nonlocal diffusion
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terms: for i =1,2,3

(1.1)

O — dy (/ udx) Au + div (uKy) = F(u,v,Ch), in Qr:=Qx(0,T),
Q

0w — da (/ vdx | Av +div (vK3) = G(u,v, Ca), in Qr:=02x(0,T),
Q

6,501' = Hi(Cl,Cg, Cg), in QT =0 x (O,T),

’LL(,O) = Uo() > 07 U(',O) = UO(') > 07

CZ(,O) = Ci,O(') =0 fori= 1,2 and Cg(,O) = 0370(') > 0in Q.

We complete the system ([CI) with Dirichlet boundary conditions:
(1.2) u=0andv=0 on Xp:=00x(0,T),
where 0f) denotes the boundary of €2. The nonlinearities F, G, H1, H, and H3 take the form:
F(u,v,C1) = k(u) — 51Cru — w(u)v,
G(u,v,Cs) = —av — B2C5v + em(u)v,
(1.3) Hy(C1,Cs,C3) = k1C3 — g1C1 — m Ch,
Hy(C1,Co,C3) = kaC3 — g2Co — maCy,
H3(C1,C2,C3) = —hCs.
In our model, u(z,t) and v(z,t) represent the density of the prey population and the predator
population at time ¢, respectively. The functions Cy(z,t),Ca(x,t) and Cs(x,t) represent the
concentration of the toxicant in the organism of the prey species, the predator species and the

environment at time ¢, respectively. The constant —a (a > 0) be the natural exponential decay of
the predator population and e is the conversion rate from prey to predator. Then, we assume the

logistical growth rate of prey reads k(u) = ru(l — %) where r > 0 is the natural growth rate of

prey and K is the carrying capacity. The predation rate reads 7(u) = 1 f_u with 1/p the time
qu

spent by a predator to catch a prey and ¢/p the manipulation time, offering a saturation effect
for large densities of preys when ¢ > 0. The constants 3; and f2 represent the decreasing rate
of the intrinsic growth rate associated with the uptake of the toxicant, respectively. The terms
k;Cs(z,t), —g;Ci(z,t) and —m;C;(z,t) (i = 1,2) stand for the absorving rate of the toxicant
from the environment, excretion and depuration rates of the toxicant for the both organisms,
respectively. —hCs(z,t) stands for the loss rate of the toxicant due to volatilization by itself.

In this work, we assume that

(1.4) K1, Ky € L(Q,R?), div K, div Ky > 0,
and d; : R — R is a continuous function satisfying: there exist constants M;, C' > 0 such that
(15) M; <d; and |d1(11) — d1(12)| < C|Il — IQ| for all 6L,I, eR, for = 1,2.

The most interesting and real cases for this model are in dimension 3, but in 2-dimension it also
has a realistic interpretation.

We want to mention that in (), the diffusion rates d; > 0 and da > 0 are supposed to depend
on the whole of each population in the domain rather than on the local density. This means that
the diffusion of preys and predators is guided by the global state of the population in the medium.
For instance, if we want to model species having the tendency to leave crowded zones, a natural
assumption would be to assume that d; is an increasing function of its argument. On the other
hand, if we are dealing with species attracted by the growing population in, one will suppose that
the nonlocal diffusion d; decreases.

Note that, the parabolic (and elliptic) equations with nonlocal diffusion terms has already been
studied from a theoretical point of view by several authors. First, in 1997, M. Chipot and B. Lovat
] studied the existence and uniqueness of the solutions for a scalar parabolic equation with a
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nonlocal diffusion term. Existence-uniqueness and long time behavior for other class of nonlocal
nonlinear parabolic equations and systems are studied in [T, 2, [[7, [7].

Before we state our main results, let us give a relevant definition of a weak solution for our
model.

Definition 1.1. A weak solution of ([LIN)-(3)) is a nonnegative function u = (u,v,Cq, Ca, C3)
such that u,v € L2(0,T; Hi(Q))NL>(0,T; L*(2)) and Cy, C2, C3 € C([0,T], L3(Q)), fori = 1,2,3

T
/uo( Y1 (z,0) dz— // uOrp1 dxdt—i—/ dq (/udm) Vu - Vi dx dt
Q r Q Q
// uKi -V dedt = // (u,v,Ch)p1 dx dt,
T T

(1.6) —/ o(z)p2(z,0) de— // vatgagd:cdt—l—/ do </vdaz)/Vv Vo dz dt
Q T 0 Q Q

— // vKs - Vo da dt :/ G(u,v,Co)ps dz dt,
Qr Qr
—/ Cio(2)i(w,0) dw—/ CiOpp; d:vdt:/ H;(C1,Cs, C3)t; da dt,
Q Qr QT

for all P11, P2, 1/}17 1Z)Qv ¢3 S Og(Q X [Oa T))
Remark 1. Note that all the integrals in Definition [Tl make sense. In particular from (CH) we

get
T T
/ [dl (/udm)/Vu-chld:v] dt| < sup di (/udw)/ /|Vu-Vgol|d:Edt
0 Q Q te[0,7] Q 0o Ja

<C ||uHL°°(O,T;L2(Q)) ||VU||L2(QT) ||V801||L2(QT)
Our first main result is the following existence theorem for weak solutions.

Theorem 1.1. Assume conditions ([CA)-CH) hold. If ug,vo,C1,0,Ca0,C30 € L*(), then the
system ([[CI)-([C3)) possesses at least one weak solution.

We prove existence of solution to the system () by applying the Schauder fixed point theorem,
deriving a priori estimates, and then passing to the limit in the approximate solutions using
compactness arguments.

The next goal is to discretize our model. There are many finite volume schemes to tackle
numerically a nonlinear convection-reaction-diffusion system. One of them is the well-known
method introduced by Gallouet [T0]. In [3, 4] was used this idea by doing a convergence analysis
of the method. The inconvenient of this classical finite volume method of Gallouet is the restriction
on the admisible meshes which have to be rectangular, Delaunay triangulations or Voronoi meshes.
For this reason, an innovative idea was introduced by Eymard, Hilhorst and Vohralik [I1] by using
a nonconforming finite element method to discretize the diffusion term and the other terms are
discretized by means of a cell-centered finite volume scheme on a dual mesh, where the dual
volumes are constructed around the sides of the original mesh. This is the method that we will
use, besides we do a convergence analysis and show some numerical examples for our problem.
Now, we follow [IT] in order to do the discretization of the problem ([II) - ([C3)). Let 2 be an open
bounded polygonal connected subset of R3 with boundary 9Q. We perform a triangulation 7}, of
the domain 2, consisting of closed simplices such that Q = Uger, K and such that if K, L € 7j,
and K # L, then K N L is either an empty set or a common face, edge, or vertex of K and L. We
denote by &, the set of all sides, by £ the set of all interior sides, by £¢%¢ the set of all exterior
sides, and by £k the set of all sides of an element K € 7;,. We define h := maxge7, diam(K) and
make the following shape regularity assumption on the family of triangulations {7, }:

There exists a positive constant k7 such that

m(K)

1.7 _MA) S kr VRSO
(L7) Ker, diam(K)d = T ~
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Qr
FIGURE 1. Triangles K, L € 7, and dual volumes D, FE € Dy,

The inequality given before is equivalent to the existence of a constant 67 > 0 such that

diam(K
(1.8) max S o s,
KeTy, pK
where pg is the diameter of the largest ball inscribed in K. Finally, the shape regularity assump-
tion is equivalent to the existence of a constant ¢ > 0 such that

1 > .
II(%I% O > b1 Yh >0

Here ¢7 is the smallest angle of the simplex K

We will next use a dual partition Dy, of Q such that @ = U pep, D. There is one dual element D
associated with each side op € &,. We construct it by connecting the barycentres of every K € 7},
that contains op through the vertices of op. For op € Sﬁmt, the contour of D is completed by
the side op itself. We refer to Figure [l for the two-dimensional case. We denote by Qp the
barycentre of the side op. As for the primal mesh, we set Fp,, Fint, Fe*t and Fp for the dual
mesh sides. We denote by D}L”t the set of all interior and by D§”* the set of all boundary dual

volumes. We finally denote by N (D) the set of all adjacents volumes to the volume D,
N (D) :={E € Dy; 30 € Fi" such that ¢ = D N IE}.

Observe that
_ m(K)
(1.9) m(KND)= 1

for each K € 7, and D € Dy, such that op € Ex. For E € N(D), we also set dp g :=
Qe — Qp|,op,g:=0DNOIE, and Kp g the element of 7, such that op g C Kp g.

We suppose the partition of the time interval (0,7) such that 0 =t < ... <t, < ... <ty =T
and define At,, :=1t,, — t,_1 and At := maxj<p<nAtl,.

We define the following finite-dimensional spaces:

Xn:i={pn € L2(Q);§Dh|K is linear VK € 7y,
¢, is continuous at the points Qp, D € Di"'}.
Xg = {(ph (S Xh;@h(QD) =0 VDe Dzmt}

The basis of X, is spanned by the shape functions ¢p, D € Dy, such that ¢p(Qg) = dpg, E €
Dy, d being the Kronecker delta. We equip X}, with the seminorm

2 2
unllx, = Z [Vup|” de.
KeTy, K

which becomes a norm on X}
Later we shall need the following Lemma (see for e.g. Lemma 3.1 in [I1]):
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Lemma 1.2. Let u, € X}, such that up = Z up@p, then
DeDy,

> diam(K)* |ug — up|* < Ca, [lunl, -

G’D,EG}-;;nt

m(UD,E) 2 2
> —a o lue —upl” < Cap, lunll,
aD,EEJ:};’”t b.E

where Cq 1, > 0 and Cz/i,kf > 0 are constants depending on d and k. (recall that k, is defined in
D).

We approximate our model in the following way: Determine vectors (u})pep,, (V})DeD,
(C'p)pep,,, for n€ {0,1,...,N} and i = 1,2, 3, such that for D € D},

(1.10)  u% = %D)/Duo(x)d:c, ’UOD—%D)/D’U()(I)CZI, C?’D—%D)/DCLO(:E)CZI,

for D € D", n e {0,1,...,N},

(1.11) uh =0, v =0,
and for D € Di", n € {1,2,...,N},
(1.12)
n n—1
u —u n "
m(D)DAitD—dl ( Z m(Dp) uD0> Z Sh pufp + Z KlDEuDE—m(D)FD,
" Do€EDy, EeDint EEN (D)
(1.13)
n n—1
vl — v n n T n
m(D)L)AitD — d2 < Z DO 'UD0> Z S EUE + Z KQ,D,EUD,E = m(D) D>
" DoED), EeDint EEN(D)

n n—1
Cz‘,D - Ci,D

(1.14) m(D) N

=m(D)H]'p, i=1,2,3.
In the scheme given before we have:

1 [t
Kipp= / Ki(w,t) - fppdy(@)dt  i=1,2,
t n OD,E

for D € Di" n € {1,2,..., N}, with 7jp g the unit normal vector of the side op g € Fp, outward
to D, and, forD €Dpandne {1,2,...,N},

1 tn
) F.(z,t)dzdt,
D At,m(D) /tn1/D (@,t) da

1 tn
G = XD /tnl/DGE(:c,t) de dt,

1 tn
H'pi=—— H;(x,t)dx dt, i =1,2,3.
WD T At m(D) /t /D (z,t) da ‘

We define u}, i and v}, g, for D € Di*, E € N(D), and n € {1,2,..., N} as follows:

| ub i KPp >0
b.E wy if Kipp<O0

= vp it K3pp=>0
b.E nooif K9 <0
Vg 1 2,D,F
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The diffusion matrix S p writes in the following form:

be=-— Y (Ver,Veplox D,E€Dy ne{l,2,... N}
KeT,,

Remark 2. Note that under condition (), we deduce easily from Lemma 4.5 in [I1] that

(1.15) Sooubhe Y KlDEuDE>Oand Soovpe Y KQDEUDE 0.

DeDint EeN (D DeDint EeN (D
We will use frequently (CIH) in the prove of Theorem below.

To simplify the notation, we will write “u;” and “vs” instead of “up a+” and “vp a+” respectively,
“h — 0” instead of “h, At — 0”, and so forth.

For the sake of analysis, we introduce the following functions (“piecewise constant” and ” piece-
wise linear and continuous” functions): for n € {1,..., N},

up(z,t) = up and v (x,t) = v for all (z,t) € D x ((n — 1)At, nAt], with D € Dy,

(1.16) ap(z,t) = up(z) and Oy (z,t) = vp (x) for all (x,t) € Q x ((n — 1)At, nAt].

Note that if the below energy estimate BT is satisfied (see [I1]), we get
wn — wnllgqg, — 0ash—0forw=u,v.

The definition wy for w = u, v will be used later to obtain estimates on differences of space and
time translates. Moreover, the convergence of wy, is a consequence of the convergence of wy, for
w = u,v.

In this paper we assume that the following mild time step condition is satisfied:

1 q
1.17 At,, < min
This condition will be used to prove the existence of solutions to the scheme. To simplify the
notation, let us write uy, for the vector (up,up,C1 n, Ca.p, Csp).
Our second main result is the following theorem.

Theorem 1.3. Assume ug,vo, Ci o € L*(Q) fori=1,2,3. Then, as h — 0, the finite volume solu-
tion uy, , generated by ((CIW)-(CTE), converges along a subsequence to a limit u = (u, v, Cy,Ca, C3)
that is a weak solution of ([IJ).

The plan of this paper is as follows: In section B we prove existence of solutions (proof of Theo-
rem [[T)). In Section Bl we prove that discrete solutions converge, as the discretization parameters
tends to zero, to weak solutions (proof of Theorem [[3)). In section Hl we give some numerical
examples to our model.

2. EXISTENCE OF WEAK SOLUTIONS

Our proof is based on approximate system to which we can apply the Schauder fixed-point
theorem to prove the convergence to weak solutions of the approximations (see for e.g.the works
in [6] and [8] where this method is used). For technical reasons, we need to extend the functions
F and G so that they become defined for all u,v,C; € R for i = 1,2. We do this by setting:

0, ifu<0,v>0,
(2.1) F=2< k(u)—£Cu, ifu>0,v<0,
0, ifu<0,v<0.

—av — [B2Cv, ifu<0,v>0,
(2.2) G=<¢ 0, ifu>0,v<0,
0, ifu<0,v<0.
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We introduce the following system: for ¢ = 1,2,3

Oyu — dy /ud:c) Au+div (uK7) = F.(u,v,Cy), in  Qr,
Q

(2:3) O — dy / vd:v) Av +div (vK2) = G.(u,v,C3), in Qr,
0.C; = Hi(gl,Cg, Cs) in Qr.

for each fixed € > 0. Herein

(2.4) Fulu,0,0y) = — (. C1) Golu,v,Cy) = — L2 C)

 1+e|F(u,v,C)| - 1+¢|G(u,v,Co)|’

For w; € L*(Qr) N L>=(0,T;L*(Q)) i=1,2 the mapping

Q

is clearly measurable and thus belongs to L?(0,T) N L>(0,T). With w; fixed, let (u,v,Cy,Cs, C3)
be the solution of the system

Oru — dq /wld:c Au+div (uKy) = F.(u,v,Cy), in  Qr,
Q

25) 00 — dy /wg dz | Av+div (vKs3) = G (u,v,C3), in  Qr,
2.5 Q
0,Cy = H,(C3,Ch),

0:Cy = H5(C3,Cs),
0;C3 = H3(Cs).

Let © : (L°°(0,T; L?(Q))NL?(Qr))? — (L>(0,T; L*(Q2))NL*(Q7))? such that ©(wy,ws) = (u,v)
solution to

Oru — dq / wy de | Au+div (uK7) = F.(u,v,Cy), in  Qr,
(2.6) Q
O — dy / wadr | Av+div (vK3) = Ge(u,v,C3), in Q.
Q

Observe that for i =1,2,3
(27) 8tCZ - Hi(015027c3)'
is an ODE system, then we have the following classical lemma.

Lemma 2.1. If Cy,C2,C39 € Li(Q), then the system [Z) has a unique solution (Cy,Cs, C3)
with C1,Co,C3 € O([O, T], L?F(Q))

Then the idea is to show that the map © has a fixed point. First, let us show that © is a
continuous mapping. Let (w1 5 )n, (W2, )n be sequences in L% (0, T; L*(Q))NL*(Qr) and wy, ws €
L>(0,T; L?(2)) N L*(Qr) be such that (w1,,), — w1 and (w2,), — w2 in L2(Qr) as n — oo.
Define (un,vn) = O(w1,n, w2 n), i-€., (Un, vy) is the solution of ) associated with (w1 p, w2 ).
The objective is to show that (u,,v,) converges to ©(wy,ws) in (L?(Qr))%. We begin with the
following lemmas:

Lemma 2.2. The solution (un,vy,) to problem [ZH) satisfies

i) (un,vn) is nonnegative.
ii) The sequence (un,vy,) is bounded in (L?(0,T; Hi(Q2)) N L>=(0,T, L3(£2)))?.
iii) The sequence (un,vy) is relatively compact in (L*(Qr))?

Proof.
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i) The proof is based on the choice of test functions ¢; = —u, and @3 = —wv,,, where
u-

- = max(0, —u,) and v, = max(0,—v,). We multiply the first and second equation of
&3) by 1 and @5 respectively. Then integrating over (0,t) x €, we obtain

1 |u;(x,t)‘2 dx = /d1 /wlda: ‘Vun‘ dx dt — //u K, - Vu, dxdt
2 Ja Q Q Q
/}u 3:0 d:c—// e (Un, U, C1)u,, dxdt
Q
§—/ (d1 (/wldx)——>/|Vun‘ dxdt—i—c/ /‘un| dx dt
Q
OT 2
_c/ /‘u;| dx dt,
0 Q

for some constant ¢ > 0. Herein we have used the nonnegativity of ug, (C3) and Young’s
inequality. In view of Gronwall’s inequality, it follows from this that u,, = 0 a.e. in Q.
Reasoning along the same lines as u,, we get v, = 0 a.e. in €,

ii) Taking the test function p; = u,. We multiply the first equation of H) by ¢1 and
integrate over €2 to obtain

Up|” dx + dy (/ w1 dx) / Vuy|® dx
3% | | 5 Q| |

:/unKl-Vund:c+/Fs(un,vn,Cl)und:c
Q Q

M
< _1/ |Vun|2 d:c—|—c/ |un|2 da:—l—r/ |un|2 dz,
Q Q Q

for some constant ¢ > 0. This implies

(2.8) th/ un|? do + (d1 (/ wld:c) ——>/|Vun| d:c<(c+7")/ lup|? da

Using the nonnegativity of the second term of the left-hand side [Z8) and the Gronwall’s
inequality, we obtain

/ lun (z,t))* dz < ¢, forall te (0,T],
Q

for some constant ¢; > 0. Integrating ([8) over (0,7") and bearing in mind the previous

thing, we get:
M. [T
/ un (2, T)|* dz + —1/ / \Vu,|® dzdt < ¢y,
Q 2 Jo Ja

for some constant co > 0, which proves

(2.9) lunll oo 0,7502(2) F 1Unll 20,711 ) < €35

where c3 > 0 is a constant independent of n.
Reasoning along the same lines as u,, we multiply the second equation of ([ZH) by a
test function ¢9 = vy, thus we get for v,,

(2.10) ||Un||Loo(o,T;L2(Q)) + HUn||L2(0,T;Hg(Q)) < c4,

where ¢4 > 0 is a constant independent of n.
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iii) Finally, taking a test function @1 € L?(0,T; H}(2)) and we use the uniform boundedness
of (un,vy,) in L?(0,T; H}(£2)) to have

T
/ Optiyp1 da dit
Q

IN

T
/ dy </ wld:c)/Vun-Vgald:rdt
0 Q Q

unKl . Vgﬁl dx dt

([

+ 1 Kl oo (.m0 lunll 2 () IV L2(0p

’LL Ol (pl dzr dt‘

Q

IN

prdxdt| + sup Vuy, - Vi dx dt

te[0,T)

Q Q

1
ET €2 ||801||L2(QT) t¢s ||VunHL2(QT) HV<P1HL2(QT)

IN

+¢6 lunll L2 IVOLl L2000
< erllerll e o, m ) »

for some constants cs, cg, c; > 0, where we have used Holder’s inequality. This implies

Hatun||L2(07T;H71(Q)) < ¢s,

where cg > 0 is a constant independent of n.
Reasoning along the same lines for v,, we get

HatUnHL2(07T;H71(Q)) < ¢
where cg > 0 is a constant independent of n.
Then, 4i%) is a consequence of i) and the uniform boundedness of (J;uy, ), and (Orvy, )y in
L2(0,T; HY(Q)).
O

From LemmaBTland 2 there exist functions u,v € L?(0,T; H(£2)) such that, up to extracting
subsequences if necessary,
u, — u strongly in L*(Qr) and v, — v strongly in L*(Qr),

and from this the continuity of © on (L°°(0,T; L*(Q)) N L?(Q7))? follows.
We observe that, from Lemma Z2 © is bounded in the set W, x W,
Wa = {u € L*(0,T; Hy(R)) : Opu € L*(0,T; H1(Q))},
W, = {v € L*(0,T; Hy(2)) : v € L*(0,T; H*(Q))}.
By the results of [I8], W, — L?(Qr) is compact with x = u, v; therefore, © is compact. Moreover
it is easy to obtain the uniqueness of the solutions to (). Then, by the Schauder fixed point

theorem, the operator © has a fixed point (ue,ve) such that ©(ue,v.) = (ue,v:). This implies
that there exists a solution (uc, v, C1, Ca, C3) of

T T
/ <8tu5g01>dt—|—/ dy </ Uge d:c) / Vue - Vi da dt —/ / u K7 - Vipy da dt
0 Q Q Q

(2.11)
/ / (e, ve, C1)p1 da dt,
Q
T T
/ <8tv8902>dt+/ do (/ vgdgc)/Vv8 chgdxdt—/ v Ko - Vo da dt
(2.12) 0 0 Ja

/ /G (te, ve, Ca)pa da dt,
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T T
(213) — / Ci)o(,f)’lbi (LL', 0) dr — / Ciat’lbi dr dt = / Hi(Cl, CQ, C3)’§/Jl dzr df,
Q 0 Q 0 Q

for i = 1,2,3, for all o1, ps € L?(0,T; H} () and 11,12, 15 € CL(Q x [0,T)).

We have shown that the problem (3)) admits a solution (ue,ve,C1,Ca,Cs). The goal now is to
send the regularization parameter € to zero in sequences of such solutions to obtain weak solutions
of the original system (CI)-([T3). Note that, for each fixed € > 0, we have shown the existence of
a solution (uc,ve, C1,C2,C3) to [Z3) such that

u: >0 and v, >0 for a.e. (z,t) € Qr.

Lemma 2.3. There exist constants cio,ci1,c12 > 0 not depending on € such that the solution
(ue,ve) satisfies

(2.14) ||us||Loo(o,T;L2(Q)) + ||Us||L2(o,T;H3(Q)) < ¢1o;
(2.15) ”UEHLOO(O,T;L?(Q)) + ||Ua||L2(0,T;Hg(Q)) < e
(2'16) ”Fa(uav Ve, Cl)”Ll(QT) + ||Ga(uaa Ve, CQ)HLl(QT) < c12.

Proof. By the (weak) lower semicontinuity properties of norms, the estimates ([29), and (ZI0) hold
with u,, and v, replaced by u. and v, respectively. Moreover, the constants cs, ¢4 are independent
of & (consult the proof of Lemma EZ2). Besides, from Id) and ZIH) we get

// |F8(u8,v€,01)|dacdt+// \F (e, o, C)| dar i
Qr Qr

(2.17)
< e // (j0el? + e + [Ca + |G ) drdt < v,

where ¢13 > 0 and c14 are constants independent of .
O

From Lemma 3 we have that u., v. are bounded in L?(0, T; H3()) and dyu., v, are bounded
in L2(0,T; H-Y(Q)) + L (Qr). Note that L'(Q) c H=%(Q) for s > 0 large. Then, dsu., v, are
bounded in L'(0,T; H=%(Q2)) for s > 0 large. As H}(Q) C L*(Q) C H~*(Q2), therefore, possible
at the cost of extracting subsequences denoted u,, v., see e.g. [I8], we can assume that there exist
w,v in L2(0,T; H}(Q)) such that as € goes to 0

(2.18) {“e — u,v: — v strongly in L*(Qr) and a.e. in Qr,

ue — u, v — v weakly in L?(0,T; H}(Q)).
The consequence of [ZI8) and Vitali’s theorem:
Fo(ue,ve,C1) — F(u,v,C1) and G.(ue, v, Ca) — G(u,v,Cy) strongly in L' (Qr).

Finally, using the following weak formulation

T
/uOE( Y1 (x,0) de— // U0 p1 d:cdt—l—/ dy </ usd:c)/VuE V1 dx dt
Q T
// usKq - Vo dedt = // 2 (e, ve, C1 )y da dt,
Qr Qr

/v()s( Yo (x,0) de— // vsathd:cdt—k/ ds (/ U5d$>/V’UE Vs dx dt
Q QT 0 Q

— // Ve Ko - Vipo dx dt = / Ge(ue,ve, Co)po dx dt,
Qr Qr

for all p1,p2,¢ € CH(Q x [0,T)), we can let ¢ — 0 and obtain a weak solution.
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3. FINITE VOLUME SCHEME

1. Existence of solutions to the combined finite volume - finite element scheme. The
existence of a solution to the scheme ([CI0)- (T4 is given in the following proposition.

Proposition 3.1. Let D, be a discretization of Qr. Then the problem (LIW)-CIA) admits at
least one solution (up, v, CT' p, C3 b, C3 p)(Dn)eDyx{1,....N} -

Proof. First, we introduce the Hilbert space
Ej = X(Q) x X)(Q),
under the norm

Uy = 3 [ VO da,
KeT,

where Uy, = (up, vp). Let @ = (¢u, ¢v) € Ep and define the discrete bilinear forms

Th(Up, @) = Y m(D)(uppu + vhpn),
DeDy,

cn(Up,@n) = > m(D)(Fppu + Ghey),
DeDy,

an(Up, @) = Z (dl( Z (Do uD0> Z Sh pUEPu

DeDy, Do€eDy, EeDint

+d2 ( > m(Do UD0> > Sh EUES%>

Do€Dp EeDjnt
and
bn (U, ®n) = Z Z KY p gD pPu + Z K3 p pvp gev
DeDy, \EeN(D) EeN (D)
Multiplying ([CI2) and ([CI3) by ¢, and ¢,, respectively, we get the equation

1

A (T @) = Tu(U ™ @) —an (U3 @) + by (U3t ®1) = e (UF, @0) = 0.

We define the mapping P from Fj, into itself

1
[P(U), ®n] = E(Th(Uff, ®p) — Th(U~ Y, @) — an(UF, @1) + bu (U, @1) — en(UF, @),

n

for all &}, € Ej,.
Note that the continuity of the mapping P follows from the continuity of the discrete forms ay(, -),
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br(:,-), en(s, ) and Ty(-,-). We observe that

(3.1)
1 1 "2 2 -
[P(UR), Uyl = Z AL > m(D) up|® +an > mD) b [* + M [lup 5o + Mo [[vp [0
DeD,, DeD,,
1
by X B Y Kippty X WP X b
DeDjrt EeN (D) DeD;’;l' EeN(D
— Y m(D)Fpup— Y m(D)GhHup
DeDy, DeDy,
1 n 12
~OAL Z m(D) |up|” — C(Atn) Z m(D) |}, ‘
n DeDy, DeDy,
1 n |2 n—112
— x> mD) Wl = C'(Aty) Y7 m(D) |}y
" DeDy, DEeDy,

>(gag, =7) 2 m0) W + (5577 —ev/a) 3 m) e

€Dp DeDy,

ni2 ni2
+ My il o + Mz 05 5o — C(At) - m(D) Jupy |

DeDy,
—C'(Aty) S m(D) |yt
DeDy,
> M ug|xo + Mo [0 5o — C(Atn) Y m(D) up™[* = C'(At) S m(D) o[
DeDy, DeDy,

Herein, we have used (CH), (), (CIT), (CIDd) and Young’s inequality. Finally, for a given
up ' v we deduce from (B]) that

(8:2) [P(UR), U] >0 for ||U}| 5, =7 >0,
for a sufficiently large r. This implies that (see e.g. [16] and [20])
PUR) = 0.

Then, we obtain the existence of at least one solution to the scheme ([I0)-([CT4I). O

Remark 3. Note that we only proved the existence for u and v because the equations for C;,i =
1,2,3 are an ODE system then the existence and convergence of the solution generated by the
scheme are trivial.

3.2. Nonnegativity. We have the following lemma.

Lemma 3.2. Let (u%,vg,CfD,C;D,CQD)Dephme{o ,,,,, N} be a solution of the combined finite

). n n n n n
volume - finite element scheme (LIO) - ([CId). Then, (up,vh,CT p, Cs p, C3 p)pep, nefo.,....N}
is nonnegative.

Proof. Note that since (T4 is a discrete of an ODE equation, it is easy to obtain the nonnegativity
of Cf'p, for D € Dy and n € {0,...,N}.
Multiplying (CI2) by —At,u’, ™, we find that

—m(D)up” (uh — ufyt) + Atyd ( Z m(Do) UD0> Z Sp,eUEUD

DoeDy, EeDint

—At, Y K7'p g pup” +m(D)At, Fpuf,” = 0.
EeN (D)

(3.3)



PREDATOR-PREY SYSTEM IN A POLLUTED ENVIRONMENT

Observe that for 1 < Ng < N

No
ZAtndl( Z (Do uD0> Z Z Sh eupup
n=1

DoeDy, DeDyn EeDint

No
:ZAtn(h( Z (Do uD0> Z u'h” Z ShH.euE
n=1

DoeDy, DeDy,

EeDznt

No
(3.4) = —ZAtndl ( Z m(Do)u%[)) Z (Vup ™, Vup)ox
n=1

:ZAtn Z K7 p g (up(uh™
n=1

Do€eDy, KeT,
No
=2Atnd1< S (o uD0>
n=1 Do€Dy, KeT,,
No
> M1y~ Aty [lupllyy > 0,
n=1
and
No
San Y S Kipsibaih - > A Y uh
n=1 DEDy EEN (D) n=1 DEeDy,
(3.5)
oD EE€Th
K?,D,EZO

Taking h(s) = —s~ a nondecreasing function, we get

Z / ’Vu,f’ dx

Z Kip E“D E
EeN (D)

(H(up) — H(uf)) < (h(up) — h(uf)) up

which implies

2 2
_ _ uh~ u"
uh (upy” —uh )S—(‘ DQ‘ —“‘;')

Using the previous inequality in ([H), we obtain

NO /n/72 n —
;At Z Z KlDEUDEUD < - ZAt Z KIL,D,E<‘UD2’ _’uE2’

DeDyn EeN (D) op, gEFint
Ki p,p20

k=1 DGD;L"t
Besides, we have

S At 3 mD)FR 0.

n=1 DEDy,

Let f € C? function. By using a Taylor expansion we find

_’2

< — At,, L% K7 <0.
Z Z D) 1,D,E

EeN (D)

(36) F(0) = (@) + ()b~ a) + 5 £(€)b— a),

— u%_)) )

)
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for some 57 between a and b. Using the Taylor expansion ([B8) on the sequence f(u},) with

P
f(p):/ sds, a =ul, andb:u’f,_l. We find
0

u%il_’ ’uD7‘2 " n n—1\2
= 5 - 5 —gf (5)(UD—UD ) .

up (up —up ")

We observe from the definition of f that f”(p) =1 > 0, which implies

| )
(3.7) wh(uh — ) < -
2 2
Now, using B4)-B) to deduce from B3)
2

Ny ‘u%_|2 u%—l ‘ ) Ny ‘u%_|2

Z( 5 5 >+Ml ||“h||xg+ZAtn Z T Z Kipr<0.

n=1 n=1 DeDjnrt EeN (D)
This implies that

1 2 2

(3.8) 5(}ug" } - }u% } )<0.
Since u% is nonnegative, the result is u,~ = 0 for all 1 < n < N and all D € D;,. Along the
same lines as u'}), we obtain the nonnegativity of the discrete solution v for all 1 <n < N and
all D € Dy,. O

3.3. A priori estimates. The goal now is to establish several a priori (discrete energy) estimates
for the combined finite volume - finite element scheme, which eventually will imply the desired
convergence results.

Proposition 3.3. Let (u,vp, CT b, C3' b, C3 p) ped, nefo.....n} be a solution of the scheme (LIM)-
([CTA). Then there exist constants Cq,Ca,C5 > 0, depending on Q, T, ug, vo, such that

n |2 n |2 no |2

(3.9) max Z m(D) (’CLD’ + ’02,D’ + ‘CS,D‘ ) <,

ne{l ””” N}DGD}L
3.10 max mD(unz+vng)§O7
( ) ne{l,...,N}D; ( ) | D| |D| 2

N

n|2 nn2

(3.11) > At (Iluh||X2 + ||uh||X2) < (s

n=1

Proof. First since (LI4) is a discrete of an ODE equation, it is easy to get B3).
Second, we multiply ([LI2) and [CI3) by At,ul, At,v}, respectively, and add together the
outcomes. Summing the resulting equation over D and n yields

Ey + By + B3 = Ey,
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where
No No
Er=> > mD)uh—up Yub+> Y mD)(wh—vp
n=1 peDint n=1 peD;nt
No
By = _ZAt"dl ( Z (Do uDo) Z up Z Sh puf
n=1 Do€Dy, DeDint E€Dint

No
_ZAtnd2< Z m(DO)v%()) Z vh Z Sh Ve
n=1

Do€eDy, De'Dint EE'D;LInt

No
EsZZAtn Z up Z KlDEuDE+ZAt Z vh Z K3 pphe
n=1

DeDirt EeN(D) DeDirt  EeN(D)

No
n=1

DeD;’ft DeD;’ft

where 1 < Ny < N. From the inequality “a(a —b) > 1 (a? — b?)”, we obtain

330 S ) (b s ) 3 X X o) (b )

Ey >
E'D'Lnt E'Dznt
1 012 1 012
=5 = w0 (i ) 3 3 moo) (o] - epf).
D znt DG’D’LTLt

On the other hand, we have the following

No NO

By > My Yy Aty [upllio + Mo Y Aty 07 o

n=1 n=1

from (CI3)
Es > 0.

and from the definition of ' and G

No No
E4§T2Atn Z m(D)|u7[l)|2+ep/qZAtn Z m(D) [vp 2.

n=1 DeDint n=1 DeDint

Collecting the previous inequalities we obtain

L oo () T o (|

- o)

DeDjnrt DeDjnrt
No NO
2 2
(3.12) +M121Atn|\uznxg +M221Atn lop %o
n= n=

No No
<r Z At, Z m(D) |up | + ep/qz At, Z m(D)|v|?.

n=1 De'Dznt n=1 DED};M
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This implies

2 2
Z m(D) ’ug‘) + Z m(D) |vN°
DeDint DeDint
No
2 2 n |2
(3.13) < lluollz2(q) + llvollzz (o) + 27‘2:1&% DZD:_ m(D) |up|
n= c ;/L’Vlt

Ny
+ 2ep/qz At, Z m(D) [vp]?.

n=1 DeDint

In view of ([BI3), this implies that there exist constants Cy, Cs, Cs > 0 such that

2 No
3 m(D)’ug‘) + 3 m) ey <t 0> At Y mD) upl?
DeDjnrt DeDjnrt n=1 DeDjnt
(3.14) N
+C6 Y Aty > m(D)]up)*.
n=1 DeDint

An application of Gronwall’s inequality, we deduce from BI4)

(3.15) 3 m(D)’ugOQ—i- 3 m(D)’UgO

DeDim DeDint

2
S C77

for any No € {1,..., N} and some constant C7 > 0. Then

neﬁlﬁf}v} Z m(D) [ulp|? + o hax Z m(D) [vp)* < Cr.

Moreover, we obtain from [BIZ) and BIH) the existence of a constant Cs > 0 such that

N() NO
Y At lluplFo + Y Aty [lop 3 < Cs.

n=1 n=1

O

3.4. Convergence of the combined finite volume - finite element scheme. In this section
we derive estimates on differences of space and time translates of the functions wy,, v, which imply
that the sequences @y, 9y, are relatively compact in L?(Qr).

Lemma 3.4. There exists a positive constant C' > 0 depending on Q, T, ug, vo such that
1) [ ) - ane O dodi < Clyl (sl +20), on = n.
Q' x(0,T)
for ally € R3 with ' = {zx € Q, [z, +y] C Q}, and
(3.17) // (o (2t + 7) — (@, )2 dzdt < C(r + AL), T = i, n
Qx(0,T—71)

for all 7 € (0,T).
Proof. To prove ([BIH), we define a function x,(z) for each o € Fi"t by

1, ifon[z,x+y] #0,
XU(I)_{ 0, foNnfz,z+y]=0.

A simple geometrical consideration leads to

[0n(z +y,t) — wn(z,t)] < Z W _w%lan,E(x)

op,EE€F;™
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for a.e. z € Q and for ¢ € (¢,—1,t,], considering that wy, is piecewise constant on Dy, the boundary
condition ([LI). The last inequality is not valid for x € € such that the segment [z, z+y] intersects
some vertex of the dual mesh. The Cauchy-Schwarz inequality yields

(3.18)

[ (z +y.t) —on(@, ) < D> Xopp(@diam(Kpg) Y

G’D,EG.'F;;"t UD,EG]:;L"t

wig — wp|?

dlam(KDyE) XO'D,E (‘,E)

for a.e. € Q and for ¢ € (t,—1,t,]. We know that (see [Z1])

(3'19) Z XUD,E(x)diam(KD,E) < Cd,‘r(|y| + h)v

G’D,EG]:;L"t

where Cy r > 0 is a constant depending on d and ¢7 > 0 (the smallest angle of the simplex K).
Now we integrate BI) over Qr, this gives

T
| [t~ wnto0)? dw
0 Q

<Od’7(||+h)iAt Z M (z)d
(3.20) =g W n | Xopp (@) d

. dp.E
n=1 UD,EG]:;Lnt ’

Cdﬂ— N (w%_w%)2
oS At Y mlons) EZ By gy 1),
n=1 G’D,EGJ:}int DB

IN

where we have used (BI9) and the following

diam(KDyE)

dpp < SELEL [ e (@) do < mio.6) ol
Q

Finally using the apriori estimate @I in (B20) to deduce (BIH).
The proof of [BI7) will be omitted since it is similar to that of Lemma 5.2 in [T1] (see also
Lemma 4.6 in [10] )
O

From Proposition B3, Lemma B and Kolmogorov’s compactness criterion (see, e.g., [23)]),
there exists a subsequence of (un,vn, C1,n, Capn, Cs), which converges strongly in L?(Q7) and
a.e. in Q7. Moreover we have

(3.21) F(un,vn) — F(u,v) and G(up,v) — G(u,v) strongly in L'(Qr) (from Vitali theorem).

Our final goal is to prove that the limit functions u, v, C, Ca, Cs constitute a weak solution of
the system ([TI). For this purpose, we introduce

U= {cp € C21@ % [0,T]), = 0 on 92 x [0, T, p(.,T) = o}

Taking an arbitrary ¢; € ¥, we multiply the discrete equation ([CIZ) by At,p(Qp,t" 1) for all
D e Dy and n € {1,...,N}. Summing the result over D and n yields

Tr+Tp +Tc =Tk,
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where
N
:Z Z B —ul Ne1(Qpy ta1)m(D),
n=1DeDy,
N
2 —zAwh( 5 o) S5 0 T (Ve Ten), 0@t
n=1 Do€Dy, DeD;,, EEDy, KeTy, 0,K

&
i
WE

At, Z Z KfDE%%?l(QD,tnfl),

1 DeDy EEN (D)

3
Il

[
Mz

TR : Aty Z Fg@l(Qthnfl)m(D)'

1 DeDy,

n

We have to show that each of the terms defined above converges to its continuous version as
h and A; tend to zero. We will not do the proof for the convergence of T because is similar
to that in [T1] , and the convergence for the term Tg is easy by using Vitali. The proof for the
convergence of T¢ will be omitted since it is similar to that in [TT]. Therefore, we will concentrate
our attention in the proof of the convergence of Tp. Observe that (recall that u}} € X})

N
Tp ::ZAt"Ch( Z m(Dy) uD0> . / Vup(x) -V Z ©1(Qp,tn—1)¢p( ))d
KeTy,

n=1 Do€eDy, DGD}L

Next, we will prove that

(3.22)
N
ZAtnCh( Z (Do UD0> Z / Vuy, (v V Z 01(@Qp,th—1)ep(z ))d
n=1 DyeDy, KeTy, DeDy,
N
—ZAtnd1< Z m(Dy) uD0> Z / Vup(x) Ve (z,tp—1)de — 0 as h — 0.
n=1 Do€Dy, KeTy,
Set
I, (tn1) == Z ©1(@pstn-1)eD
DeDy,
and

N
=Y At,dy ( > m(Do uD0>
n=1

Dy€eDy,

Z / Vuy (x (pl(x tno1)— cpl(x,tn_l)) dx.

KeTy,

Then using the Cauchy-Schwarz inequality, we estimate

N
T, | SCZAtnd1< > m(Do)u}’)O> lunllx, Mo (5 tn1) = o1 ( ta1)ll,

Do€Dy,

N
< C(Cror)h Y Aty dy ( > m(DO)U%(,) ||UZ||Xh,( > et |2K>

n=1 DoeDy, KeTy,

< C(Cr,Cy,,0 hZAt d1< > m(Do)ug0> upllx,

DO GD)L

< C(Cy,Cp,,0 (Zm HuhHX) (ZA )1/2

where 07 is given by ([[J), C; comes from the interpolation estimate. Thus B22) is obtained by

using BIT)).

n=1
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Our next goal is to show that

N
ZAtn dl ( Z (DQ ’U,D0>

Do€Dp
— / dy / wdx Vu(z,t) - Vi (z,t) de dt,
0 Q Q
as h, At — 0.

We introduce the following integrals

/ Vup(x) Vi (x,ty,—1)dx
(3.23)

Tp, ;:/O d1< > (Do)u’,:‘,0> / Vil (z,t) - Ve (,t) da dt

Do€Dy,

T
—/ dy /ud:c /Vu(a:,t)~V(p1(:zr,t)d:cdt,
0 Q Q

The convergence ([B23)) is a consequence of the convergence of Tp, and T, to zero when h, At — 0.
Observe that for t € (t,—1,t,], we have

Vi (z,tn-1) — Ve (z, 1) < g(A?),
where g satisfies g(At) > 0 and g(At) — 0 as At — 0. Therefore,

N
ITp, | gCg(At)ZAtnd1< 3 m(Do)u%()) 3 ’VUZ|K‘m(K)
n=1

DoeDy, KeT,

KeT,

< Cg(AHCY > TV 2 m()1/2,

Herein, we have used the Cauchy-Schwarz inequality and the apriori estimate (BIT).

Next, we show that

T
(3.24) Tp, :_/0 d1< >oom )

DO GD)L

Z / Vup(z,t) — Vu(z,t)) - w(z,t) dedt — 0

KeT,

as h, At — 0 for all w € [C*(Qr)]?. Using the Green theorem for u and w, we obtain (recall that

ujy & Hg ()
Z / Vup(x) - w(z,t)dedt

DOGDh KeTy,

+/0 d1< Z m(DO)u’f)O)/Qu(:v,t)v-w(:v,t)d:cdt

DO GD)L

N tn
:Z/ d1< Z m(Do) uD0> Z / —up(z)V - w(z,t) dzdt
n=1"7tn-1 Do€eD), KeT,
N tn
+Z/ d1< Z (Do uD0> Z / z,t) - ndy(z)dt
n=17tn-1 DyeDy, KeTy,

+/0le< Z m(Do)u%()) /Qu(:v,t)v-w(ac,t)dxdt.

DO GD)L
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Reordering the summation by sides in the second term of 77, as follows

N .,
,;/tnl dy ( Z m(DO)U%()) Z /BK u(x) w(z,t) - ndy(z)dt

Do€eDy, KeTy,

N tn
= Z/ dy < Z m(DO)U%()) ( Z / (UZ\K - U’Z\L) w(z,t) - ng L dy(z)

Do€Dy, UK,Leg;L]’nt

+ Z / up g Wiz, 1) ng d”y(x)) dt :==1Tp,,
oK

oK, LEEFTT

we can estimate 77, in the same form as in [[1] for (6.13) and obtain the following

N tn
|Tp,| < Cw2h2/ d1< Z m(Do)u%0> Z ’VUZ|K‘diam(K)3 dt
n=1

tn—1

Do€eDy, KeT,
C N
< _W2hZAtnd1< 3 m(Do)ug0> 3 ‘VuZ‘K‘m(K) dt
kT n=1 Do€eDy, KeTy,
< ﬁzhcg/QTWm(Q)l/?
RT

using the fact that each Vuy, ;. is in the summation over all sides just 4-times, m(op) < diam(K)?/2
and diam(op) < diam(K) < h for all op € €k, ), the Cauchy-Schwarz inequality, and the
apriori estimate (EI1). Thus 77, — 0 as h — 0.

To conclude that TJ’DB — 0 as h — 0, it remains to show that

N .
_;/t d1< Z m(DO)u%()) Z /KuZ(;E)V w(z,t) d dt

n—1 DyeDy, KeT,

T
+/ dy ( Z m(Do)u’f,[)) / u(z, )V - w(z, t)dedt — 0.
0 Do€Dp, Q

This is immediate, since we can rewrite it as

[af

which is a consequence of the strong L?(Q7) convergence of uy, to u.

Dozejph (Do), /Q (o) — un(, )7 - w(a, £) dodt — 0.

We next show that the density of the set [C'(Qr)]® in [L?(Qr)]® and @Z4) imply a weak
convergence of Vuy, to Vu. In fact, let w € [L*(Qr)]® be given and let w, be a sequence of
[C1(Q7)]? functions converging in [L?(Q7)]? to w. Then

T
/0 dq <D0§)hm(Do)uDo> /Q(Vuh —Vu) - wdzdt
T
_/0 d1< Z m(DO)uDO> /Q(Vuh—Vu)~Wnd:cdt

Do€eDp
T
+/ dq ( Z m(Do)u%()) /(Vuh —Vu) - (w—w,,)dzdt
0 DD, Q

The second term of the above expression tends to zero as n — oo by the Cauchy-Schwarz inequal-
ity. Therefore, the whole expression tends to zero as h — 0 for each w € [L3(Qr)]?, using @24
for the first term.
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Finally, we conclude that Tp, — 0 as h — 0. We can write

T
Tp, ::/ <d1< Z m(DO)u%U> —d1</udz>> / Vuy - Vi dedt
0 Do€Dy, Q Q
T
—/ d1</udx>/ (vu—vu;;) Ve da dt,
0 Q Q

The first term of the above expression tends to zero as h — 0, using the boundedness of |V1 |, the
apriori estimate ([BIT), and the Cauchy-Schwarz inequality. The second term converges to zero by
the weak convergence of Vuj' to Vu shown before. Altogether, combining (B22) and B23) gives

T
(3.25) Tp — / dy </ udz) / Vu - Vi dx dt as h,At —0
0 Q Q

4. NUMERICAL RESULTS

The numerical study that is done in this work, does not try to be an exhaustive study of the
influence of the non-locality of the diffusion on the behavior of the solution, but we show by means
of examples and with a particular model of non-local diffusion that this non-locality alters sub-
stantially the behavior of the populations.

We now show some numerical experiments in two dimension. Let us consider a two-dimensional
closed rectangular habitat Q =]0, 1[x]0,1[. The calculations were based on the above combined
finite volume - finite element scheme. We performed a triangulation of the domain €2 using the
free software triangle, a two-dimensional quality mesh generator and delaunay triangulator. In
our triangulation, the maximum triangle area is 0.000062. For our simulations, we use a time step
At = 0.01, and we take the following ecological parameters:

r=03, a=03, (=5 p[f=2 =09 p=09, ¢=02
k1=0.5, ¢g1=03, m;=035 k=02, ¢go=02 my=02 h=04

for the carrying capacity parameter we take K = 2. The values of the parameters were taken from
B] and [22]
To do the numerical results, we divided the domain [0, 1] x [0, 1] in four regions:

Ry =[0,0.5]x [0,0.5]; Ry =1[0.5,1]x[0,0.5]; Rs=1[0,0.5]x[0.5,1]; R4=1[0.5,1]x[0.5,1];

Evolution in time of the toxicant

0.35

0 5 10 15 20 25 30
t [sec]

FIGURE 2. The behavior of the contaminants Cy, Cy, and Cs, for ¢ = 0 we have
01 = 0, CQ =0 and Cg =0.3.
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In Figure @l we can observe the evolution in time of the toxicants. The evolution of the toxicants
depends neither on the populations nor on the parameters (diffusion, convection). On the con-
trary, the behavior of preys and predators depends on the distribution of the contaminants. We
have the following initial conditions for the contaminants, for ¢t = 0 we have C; = 0, C> = 0 and
Cs = 0.3. We observed that the behavior of the contaminants is exponentially decaying, for this
reason for large times, we do not have contaminant in the environment, neither in the organism
of the preys and predators. However, even having exponential decay, the initial presence of the
contaminants afects the solution in both cases. When we have constant diffusion (see cases(2) and
(3) in Figure@and H) as much as we have non-local diffusion (see cases(2) and (3) in Figure @l and [)

Let us first precise the initial conditions. The initial distribution of predators and preys is given
in the following form: a horizontal band of preys crossing a vertical band of predators, see Figure

Prey Predator

FIGURE 3. Initial data

In Figure @l we use constant difusion d,, = 0.001, d,, = 0.001 and we can observed the predator
prey interaction for 4500 time step. In case(1),Cy = 0,Cy = 0, and C3 = 0 for all the domain €,
we can observe clearly the effect of the diffusion of the two populations. At first the predators
are attracted to the coincidence domain, which grows due to the diffusion, while we can see an
evasion of the prey population toward the lateral edges of the horizontal band. Simultaneously this
horizontal band grows with diffusion in the ortogonal direction. The two population interact and
grow or decay. In case(2),C1 # 0,03 # 0, and C3 # 0, as in the previous case, we can observe the
effect of the diffusion of the two populations and in this case we have a constant contaminant in
all the domain. And due to the contaminant the diffusion is a little slower. At first the predators
are attracted to the coincidence domain, which grows due to the diffusion, while we can see an
evasion of the prey population toward the lateral edges of the horizontal band. Simultaneously
this horizontal band grows with diffusion in the ortogonal direction. In case(3), we can observe
the effect of the diffusion of the two populations and the contaminant. As we said the contami-
nant is not in the whole domain, it is only in some regions. The contaminant in these regions is
distributed in the following form:
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Prey Predator

Prey Predator

Case(3)

FIGURE 4. Prey-predator interaction with diffusion d,, = 0.001 and d, = 0.001,
after 4500 time step. Case(1) without contaminant; Case(2) constant con-
taminant in all the domain; Case(3) contaminant in some regions of

Q.

Rll 01 = 0,02 7é 0,03 75 0, RQI Cl 75 O,CQ 75 0,03 7é 0, R31 01 = O,CQ = 0,03 = 0, and R4Z
C1 #0,C02=0,C3 #0.

In Ry we have contaminant in the environment and concentration of the toxicant in the organism
of the predators. In Ry, contaminant in the environment and concentration of the toxicant in the
organism of the predators and preys. In R3 we do not have any contaminant and finally in Ry
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we have contaminant in the environment and concentration of the toxicant in the organism of the
preys.

At first the predators are attracted to the coincidence domain, which grows due to the diffusion,
while we can see an evasion of the most prey population toward the left lateral edge of the hori-
zontal band where there is not contaminant. Then we can observed that both populations go out
to the region with contaminant. As the time passes the toxicant in the environment disappears
and for this reason the preys can escape of the predators and go to the right side of the domain.

We use constant diffusion d,, = 0.001,d,, = 0.001 and convection K; = (0,0.02), K5 = (0.02,0),
in Figure B, case(1), C; = 0,Cy =0, and C3 = 0 for all the domain 2, we can observe clearly the
effect of the diffusion and the velocity of convection of the two populations. At first the predators
are attracted to the coincidence domain, which grows due to the diffusion, while we can see an
evasion of the prey population toward the lateral edges of the horizontal band. Then we can
observe that the displacement of the populations is given by the direction of its respective speed
of convection. The preys try to evade the predators. In case(2), C1 # 0,Cs # 0, and C3 # 0, as in
the previous case we can observe clearly the effect of the diffusion and the velocity of convection
of the two populations, and some little changes because of the contaminant in all the domain. At
first the predators are attracted to the coincidence domain, which grows due to the diffusion, while
we can see an evasion of the prey population toward the lateral edges of the horizontal band. Then
we can observe that the displacement of the populations is given by the direction of its respective
speed of convection. The preys try to evade the predators. Finally, in case(3), as in the previous
cases we can observe clearly the effect of the diffusion and the velocity of convection of the two
populations. For this simulation we have the same distribution of the contaminant in the regions
Rl,RQ,R3 and R4 of the domain, in R12 Cl = 0, CQ 75 0,03 75 0, in Rg: Cl 75 O,Cg 75 0, Cg 75 0,
in Rg: C7 =0,Co = 0,03 =0, and in Ry: C; # 0,C5 = 0,C3 # 0. At first the predators
are attracted to the coincidence domain, which grows due to the diffusion, while we can see an
evasion of the prey population toward the left lateral edges of the horizontal band because of the
distribution of the toxicant. Then we can observe that the displacement of the populations is
given by the direction of its respective speed of convection and the two populations escape out of
the contaminated area. The preys try to evade the predators.

We can observed that the non-locality of the diffusion alters substantially the behavior of the
populations in the sense that there is more dispersion of the prey population and the opposite
occurs with the predator population, they localize in some region and the population decreases.
This can be observed in Case 2 of the Figure [l
Aditionally, in Figures @l and [ in the third column of each case is possible to see the graphics of
the non-local diffusion which are proportional to the total population. As it is observed in both
figures @ and [0 the non-local diffusion has in general an oscillatory behavior. Besides, while the
non-local diffusion of the preys tends to increase as the time passes, the non-local diffusion of the
predator tends to decrease reaching almost void values in some cases (See Case(2) in Figure H
and [) In Figure[@ we have non-local diffusion, we can observed the predator prey interaction for
4500 time step. In case(1), C1 = 0,0y = 0, and C5 = 0 for all the domain €2, we can observe
clearly the effect of the diffusive spatial dispersion of the two populations. At first the predators
are attracted to the coincidence domain, which grows due to the diffusion, while we can see an
evasion of the prey population toward the lateral edges of the horizontal band. Simultaneously
this horizontal band grows with diffusion in the ortogonal direction. At the final stage, we can
observed that the prey population diffuses almost over all the domain. In case(2), C; # 0,Cs # 0,
and C3 # 0, as in the previous case, we can observe the effect of the diffusive spatial dispersion
of the two populations and in this case we have a constant contaminant in all the domain. And
due to the contaminant the diffusion is a little slower. At first the predators are attracted to the
coincidence domain, which grows due to the diffusion but it grows slower than the prey popula-
tion. While we can see an evasion of the prey population toward the lateral edges of the horizontal
band. Simultaneously this horizontal band grows with diffusion in the ortogonal direction but
evadind the center of the domain which is the coincidence domain with predators. In case(3), we
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FIGURE 5. Prey-predator interaction with diffusion (d,, = 0.001, d,, = 0.001), con-
vection (K7 = (0,0.02), K3 = (0.02,0)). Case(1) without contaminant; Case(2)
constant contaminant in all the domain; Case(3) contaminant in some regions
of Q.

can observe the effect of the diffusive spatial dispersion of the two populations and the contam-
inant. As we said the contaminant is not in the whole domain, it is only in some regions,in R;:
Cl = 0,02 75 0,03 7é 0, in R2Z 01 7é O,CQ 75 0,03 75 0, in Rg: 01 = O,CQ = 0,03 = 0, and in
Ry: C1 #0,C5 =0,C3 # 0. At first the predators are attracted to the coincidence domain, which
grows due to the diffusion, while we can see an evasion of the prey population toward the left
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FIGURE 6. Prey-predator interaction with nonlocal diffusion, after 4500 time
step. Case(1) without contaminant; Case(2) constant contaminant in all the
domain; Case(3) contaminant in some regions of €.

lateral edge of the horizontal band where there is not contaminant. Then we can observed that
both populations go out to the region with contaminant. As the time passes the toxicant in the
environment disappears and for this reason the preys can escape of the predators and go to the
right side of the domain. Finally, the preys diffuse almost over the whole domain. In this figure, we
also can see in the third column the graphics of the behavior of the nonlocal diffusion for each case.

In Figure[d we have non-local diffusion and convection. In case(1), C; =0,C2 =0, and C5 =0
for all the domain 2, we can observe clearly the effect of the diffusion and the velocity of convec-
tion of the two populations. At first the predators are attracted to the coincidence domain, which
grows due to the diffusion, while we can see an evasion of the prey population toward the lateral
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FIGURE 7. Prey-predator interaction with nonlocal diffusion, and convection
(K7 =(0,0.02), K2 = (0.02,0)). after 4500 time step. Case(1) without contami-
nant; Case(2) constant contaminant in all the domain; Case(3) contaminant in
some regions of €.

edges of the horizontal band, its evasion is to the left side more than the right one. Then we can
observe that the displacement of the populations is given by the direction of its respective speed
of convection. The preys try to evade the predators. In case(2), C1 # 0,Cs # 0, and C3 # 0, as in
the previous case we can observe clearly the effect of the diffusion and the velocity of convection
of the two populations, and some little changes because of the contaminant in all the domain.
At first the predators are attracted to the coincidence domain, which grows due to the diffusion,
while we can see an evasion of the prey population toward the lateral edges of the horizontal band.
Then we can observe that the displacement of the populations is given by the direction of its
respective speed of convection. The preys try to evade the predators. We can observed that the
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prey populations increase and the predator population decrease and concentrate in a small region
of the domain. Finally, in case(3), as in the previous cases we can observe clearly the effect of the
diffusion and the velocity of convection of the two populations. For this simulation we have the
same distribution of the contaminant in the regions R, R2, R3 and R4 of the domain given before,
in Rll Cl :O,CQ 750,03 750, in RQS Cl 750,02 750,03 750, in Rg: Cl :0,02 :O,Cg :0, and
in Ry: C1 #0,Cy = 0,C5 # 0. At first the predators are attracted to the coincidence domain,
which grows due to the diffusion, while we can see an evasion of the prey population toward the
left lateral edges of the horizontal band because of the distribution of the toxicant. Then we can
observe that the displacement of the populations is given by the direction of its respective speed of
convection and the two populations escape out of the contaminated area. The preys try to evade
the predators. In this figure, we also can see in the third column the graphics of the bahavior of
the nonlocal diffusion for each case.
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