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A FICTITIOUS DOMAIN METHOD FOR THE NUMERICAL SIMULATION OF
FLOWS PAST SAILS*

ALFREDO BERMUDEZ!, RODOLFO RODRIGUEZ? AND MARIA LUISA SEOANE!

Abstract. This paper deals with the mathematical and numerical analysis of a simplified two-
dimensional model for the interaction between the wind and a sail. The wind is modeled as a steady
irrotational plane flow past the sail, satisfying the Kutta-Joukowski condition. This condition guar-
antees that the flow is not singular at the trailing edge of the sail. Although for the present analysis
the position of the sail is taken as data, the final aim of this research is to develop tools to compute
the sail shape under the aerodynamic pressure exerted by the wind. This is the reason why we pro-
pose a fictitious domain formulation of the problem, involving the wind velocity stream function and
a Lagrange multiplier; the latter allows computing the force density exerted by the wind on the sail.
The Kutta-Joukowski condition is imposed in integral form as an additional constraint. The resulting
problem is proved to be well posed under mild assumptions. For the numerical solution, we propose
a finite element method based on piecewise linear continuous elements to approximate the stream
function and piecewise constant ones for the Lagrange multiplier. Error estimates are proved for both
quantities and a couple of numerical tests confirming the theoretical results are reported. Finally the
method is used to determine the sail shape under the action of the wind.

Résumé. Cet article concerne I’analyse mathématique et numérique d’un modele bidimensionnel
simplifié pour l'interaction entre le vent et une voile. L’air est modélisé par un écoulement stationnaire,
plan et irrotationnel autour de la voile, qui satisfait la condition de Kutta-Joukowski. Cette condition
entraine que ’écoulement n’est pas singulier au bord de fuite de la voile. Bien que pour le présent
analyse la position de la voile est considérée comme donnée, 'objectif final de cette recherche est de
développer des outils pour calculer la forme de la voile sous la pression du vent. C’est la raison par
laquelle nous proposons une formulation du probléme en domaine fictif, qui inclut la fonction de courant
et un multiplicateur de Lagrange; ce dernier permet de calculer la densité de force exercée par le vent
sur la voile. La condition de Kutta-Joukowski est imposée en forme intégrale comme une contrainte.
On démontre que le probléeme qui résulte est bien posé sous des hypotheses légeres. Pour la résolution
numérique on propose une méthode d’élements finis qui consiste & approcher la fonction de courant par
des éléments finis continus linéaires par morceaux et le multiplicateur de Lagrange par des fonctions
constantes par morceaux. On démontre des estimations d’erreur pour les deux inconnues et on résout
deux problemes test qui confirment les résultats théoriques. Finalement, la méthode est utilisée pour
obtenir la forme d’une voile sous I'action du vent.

1991 Mathematics Subject Classification. 65N30, 76M10.

Keywords and phrases: finite element approximation, fluid-structure interaction, fictitious domain, flow past sails

* Research partially supported by Ministerio de Ciencia e Innovacién (Spain) under research projects Consolider MATHE-
MATICA CSD2006-00052 and MTM2008-02483 and FONDAP and BASAL projects CMM, Universidad de Chile (Chile).
1 Departamento de Matematica Aplicada, Universidad de Santiago de Compostela, 15706, Santiago de Compostela, Spain;
e-mail: alfredo.bermudez@usc.es & marialuisa.seoane@usc.es
2 CI2MA, Departamento de Ingenieria Matemdtica, Universidad de Concepcién, Casilla 160-C, Concepcién, Chile; e-mail:
rodolfo@ing-mat.udec.cl

© EDP Sciences, SMAI 1999



INTRODUCTION

In the last years the competition in nautical sports, as the America’s Cup, has been the source of many
important developments in mechanical engineering. The computer aided design is the key to the most efficient
use of the wind force and steers the configuration of the hull and the sails in order to reach a greater speed.

The aim of this paper is the mathematical analysis of the interaction between the wind and a sail and its
numerical solution. A large amount of research has been devoted to model and solve the flow past a sharp
obstacle with changeable outline. This problem deals with numerous application domains, yacht and aircraft
design among others. But, even if the aerodynamics are very close, there is a notorious difference: the sails,
contrary to airfoils, are flexible structures. Therefore, the flow around the sail depends upon its shape, whereas
the shape results from the aerodynamic pressure exerted by the wind. The whole problem is very complex, both
from the physical and the mathematical points of view. On the one hand, the more sophisticated fluid models
include viscous effects and the laminar-turbulent transition near the sail, which is considered a curved elastic
membrane subjected to large displacements; on the other hand, these two nonlinear models are coupled in a
fluid-structure problem. Moreover, apart from the theoretical complexity, their computational solution becomes
highly expensive, as is pointed out by Parolini and Quarteroni [11].

The first mathematical model where the sail and the pressure are considered as unknowns was developed by
Thwaites [14] in the framework of the two-dimensional potential flow theory. It involves a linear model of an
elastic flexible sail and an integral equation which expresses that the tension due to the sail curvature is exactly
counterbalanced by the aerodynamic pressure. More recently, an extension to the three dimensional case was
made by Schoop [12] involving the Navier-Stokes equations for flow simulation. Related to the structural sail
problem, Muttin [10] proposed a nonlinear membrane model in large displacements and small strains, which
he solved by a finite element method. However, the approach in all these papers is merely computational and
no rigorous mathematical or numerical analysis of the models is intended. On the other hand, a mathematical
study of steady irrotational plane flows past profiles with a sharp trailing edge was done by Ciavaldini et al. [3].
In particular, they proposed a rigorous mathematical formulation of the classical Kutta-Joukowski condition.

The present paper is somehow inspired in this article, but we consider the case of a sail instead of a wing
profile. Thus, the corresponding flow is singular at the leading edge, which makes the mathematical analysis
more difficult. Moreover, we envisage to consider the full fluid-structure problem, i.e., computing the sail shape
rather than giving it as a data of the problem. This is why we propose a fictitious domain method for the
numerical solution. Thus, we will be able to avoid remeshing the fluid domain when the sail shape changes
along the iterations. The analysis of this method follows essentially the papers by Glowinski et al. [7] and
Girault and Glowinski [5]. However, as explained above, we have to adapt these techniques because of the lack
of regularity of the solution, due to the singularities on the boundary of the flow domain.

The outline of the paper is as follows. After this introduction we state the flow model to be considered along
this paper in Section 1. In particular, we formulate the Kutta-Joukowski condition as an integral constraint
guaranteeing that the flow is not singular at the trailing edge of the sail. The mathematical analysis of the
whole model is performed in Section 2 for a fictitious domain formulation involving the stream function and a
Lagrange multiplier defined on the sail. Although the full problem does not fall into the Babugka-Brezzi theory
of mixed formulations, the latter is the main functional tool to prove the existence and uniqueness of a solution
under mild assumptions. Section 3 is devoted to the numerical solution. A finite element discretization involving
continuous piecewise linear functions to approximate the stream function and piecewise constant ones for the
Lagrange multiplier on the sail is proposed. Appropriate error estimates are obtained for the approximations
of both functions. In Section 4 we report numerical results for a couple of test problems which confirm the
theoretical results. Finally we apply the numerical method to solve the fluid-structure interaction problem of
determining the shape of a sail under the action of the wind.
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1. THE MATHEMATICAL MODEL

In this paper we study a simplified flow model similar to the one considered in [14] (see also [3]): a two-
dimensional flow past a sail modeled as a plane curve S.

Let us denote by «, and xr the two end points of S. More specifically, let a1, be the leading point and xr
be the trailing point of the sail. Let us denote the uniform flow velocity at infinity by v.,. For the sake of
simplicity and having in view the numerical solution of the problem by finite element methods, we suppose the
flow takes place in a large enough bounded domain €2, with a Lipschitz-continuous polygonal exterior boundary
I' and such that R := QU S is convex (see Figure 1).

Voo

FIGURE 1. Flow domain

We assume the fluid is inviscid and incompressible, and the flow is steady, so that it is governed by the steady
incompressible Euler equations, namely,

p(gradv)v+gradm =0 (motion equation),

dive =0 (incompressibility equation),

where p is the (constant) density, v the velocity, 7 the pressure and b a body force. This is a first order nonlinear
hyperbolic system of partial differential equations. However, assuming that the body force is conservative (i.e.,
b = —pgrad ¢ for some scalar potential ¢) and the flow is irrotational (i.e., curlv = 0), it is well-known that
these equations are fully equivalent to the following simpler ones (see for instance [9]):

curlv =0, (1.1)

divo = 0, (1.2)

@ + 14 ¢ = const. (1.3)
2

The latter is the Bernoulli’s equation.
To either of the above systems, the following boundary conditions will be added:

v-n=0 on S, (1.4)

V' N=Vyp N onT. (1.5

Here and thereafter n denotes a unit vector normal to a particular curve, which will be clear from the context.
When the curve is the boundary of a bounded domain, n is always taken as the outward normal.
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Let {e1,ez2} be an orthonormal basis of R?2. We denote by St and S~ the two sides of the sail and by
tt = tliel + tQieQ (respectively, n* = tziel — tlieQ) the unit tangent (respectively, unit normal) vector to ST,
chosen as shown in Figure 1.

It is possible to obtain an approximation of the force acting at each point of the sail &, which can be used to
determine the sail shape, as follows (see [14]):

+12 -2 + .4+ -
v vttt —v -t
f=rtnt 4+ n = —p% nt — p% n-=pTtt+ov -t 5 n-
N = proo (vt +0T )0 (1.6)

This shows the interest of an accurate computation of the jump of the tangential component of the velocity
field: vttt o™ -t
Another quantity of physical interest is the circulation around the sail, which we denote v(S):

¥(S) = /s+ vt -ttds + /7 v -t ds. (1.7

Since the domain € is not simply connected, problem (1.1)—(1.2) with boundary conditions (1.4)—(1.5) has a
one-parameter family of solutions. In fact, it will be shown below that there exists a unique solution for each
arbitrarily given value of the circulation 7(S) € R. Thus, in order to have uniqueness or, in other words, in
order to determine which solution corresponds to the physical flow, we need more information. This is achieved
by the so-called Kutta-Joukowski condition which says that the physical flow is not singular at the trailing point
x7. Roughly speaking, this leads to the continuity of the velocity at this point and, since v* - n* = 0 on the
sail, it means that taking limit for € S,

lim v (x) tT(x) = lim v (z)-t*(z).

T—TT T—TT

In the next subsection we will give an analytical formulation of the above Kutta-Joukowski condition. More
specifically, we will introduce an integral equation to be satisfied by the physical solution, which will allow us
to determine the right value of the circulation v(S).

Meanwhile, let us introduce a stream function. Since the velocity v is a solenoidal field, v-n =0 on S and

/v-nds:/vm.nds:O, (1.8)
r r

we know that there exists a scalar function v defined in € such that v = curly, where

N N

1Y i = —e; — — es.
curly s el o1 ey

From the irrotationality condition we deduce that ¢ must be harmonic, i.e.,

Ay = 0. (1.9)
Moreover, boundary condition (1.4) yields
Y=c on S, (1.10)
for some unknown constant ¢. Finally, boundary condition (1.5) becomes
0
v =V ' N on I,

ot
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which yields, by integration, the Dirichlet condition
V=g on T, (1.11)

where, for any « € T', g(x) is the integral of v, - n along T" from a to x, i.e.,
g(x) ::/ Voo - N ds, (1.12)
I'(x)

a being a chosen point on I' and I'(x) the counterclockwise path from a to x along I'. Since I' is polygonal,
Voo - M is constant on each edge of I' and hence g is linear on each edge. Moreover it is a continuous function,
even at the point a because of (1.8). As a consequence, g € H'(T').

For each constant ¢ € R, problem (1.9)—(1.11) has a unique solution in H*(£2). Furthermore, it is the unique
solution of the following weak problem:

Problem 1.1. Find v € H*(2) such that v = gon T, ¢ = c on S and
/gradd)-gradzdm:O Vz € Hy(Q).
Q

Let us recall that 9Q = I' US and, hence, functions in H}(£2) have a vanishing trace on S as well as on .

For each value of ¢, if ¢ is the solution of Problem 1.1, then v = curl satisfies (1.1)—(1.2), with boundary
conditions (1.4)—(1.5). In principle, for an arbitrary value of the constant ¢, the solution ¢ has two singularities
at points x;, and xr. However, the physical solution corresponds to the case where the singularity at the
trailing point @7 is removed. This is the classical Kutta-Joukowski condition for which we will give a precise
mathematical formulation in what follows.

1.1. The Kutta-Joukowski condition

As stated above, for an arbitrary value of the constant ¢, in general the solution of Problem 1.1 becomes
singular at the two end points of the sail profile. However, the Kutta-Joukowski condition establishes that the
physical motion is not singular at the trailing point. In principle, this condition does not look suitable from the
computational point of view. This is why, following the ideas from Ciavaldini et al. [3], we will give an integral
condition that guarantees the previous regularity.

For any r > 0, let B, denote the ball of radius r centered at xr, C, its boundary, S, := SN B, and
B, =B, \ S;. Let R > 0 be sufficiently small so that B CC Q and xp, ¢ Br. For the analysis we will assume
that Sg is a straight segment. Notice that not the whole sail, but only its piece closest to the trailing point
is assumed to be straight. Moreover, the computational experiments show that the integral condition we are
going to derive also works although this assumption does not hold.

Let us introduce (r,0), r > 0, 8 € [—m, x| a polar coordinate system centered at the trailing point and
such that the segment Sk is contained in the straight half-line § = 7. When needed, we will distinguish the
segments corresponding to # = 7 and # = —x by introducing the notations 8; and S, respectively.

Consider the function &(r, ) := r'/2 cos g. Notice that ¢ satisfies

AE=0  in Bg,
£E=0 on Sgp.
An easy computation shows that £ € WhP(Bg) for 1 < p < 4, but £ ¢ W*(Bg). According to [8], the solution

of Problem 1.1 can be decomposed in a neighborhood of @ as the sum of a singular and a regular part. The
former is a multiple of &, whereas the latter is smoother than H?(Br). More precisely, there exists o € R and
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Ve Wz’p([;’R) for all p € [1,4), such that the solution of Problem 1.1 satisfies
Yv=af+1  in Bg. (1.13)

If « =0, then ¢ = 9 € W2P(Bg) for some p > 2 and, from the Sobolev embedding theorem, v = curl
is continuous in the closure of Br. This closure must be understood by taking SE and Sy as different parts
of the boundary of Br, with the trailing point @1 being the only common point. Therefore, although v may
have a non vanishing jump on &, it has to be continuous at xr. Instead, if a # 0, this cannot happen. In
fact, straightforward computations show that |curl¢| = %7‘_1/ 2 and, consequently, for a # 0, curly is not even
bounded at .

Let wg be defined by

r

9) := [ —1/2 _ i Q
wo(r,0) == r 7 ) cos 3 (1.14)

Then, the function wy belongs to W4(Bg) for all ¢ € [1, 3) and satisfies

Awyg=0  in Bg, (1.15)

wo =0 on 8Z§R=CRUS§. (1.16)

The regularity condition can now be characterized by means of an orthogonality relation. In the proof of the
following theorem and thereafter C' will denote a generic constant not necessarily the same at each occurrence

but always independent of the particular functions involved and, in the forthcoming sections, also independent
of the mesh-size parameters.

Theorem 1.2. The solution of Problem 1.1 satisfies ¢ € Wz’p(lg’R) for all p € [1,4) if and only if
8w0
—¢)—=——ds=0. 1.17
/C WG, ds (1.17)

Proof. First we prove that the regularity condition implies (1.17). Let ¢ € W2P?(Bg) for all p € [1,4). By using
a Green'’s Formula, (1.9) and (1.16), we have

lim ~gradv - grad wodz = — lim

e—0 BR\B( e—0 BR\Be

A wgde + lim / % wo ds = lim 8—1/) wo ds,
e—0 3(Z§R\l§s) on =0 Je. on

whereas, from the explicit expression of wg and the Sobolev embedding theorem, for any p € (2,4) we have

o
/ce %wo ds

On the other hand, using a Green’s Formula again, (1.15) and (1.10),

lim

e—0

< Cllgrad ¥l s, iy [ ol ds < C 0], 5, Ty /2 =0

lim grad vy - grad wgdz = — lim (¥ — ¢) Awg dz + lim (v —¢) o ds
e—0 BR\BE e—0 BR\BE e—0 8(33\36) on
8w0
= lim (¢ — ¢) =—ds.
=0 Jcgruc, on
Therefore,

/ Do (¥ —¢) ds = — lim Owo (¥ —c) ds.
C

L On =0 Jo. On
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Finally, for « € C,,

(@) —c| = [U(z) — ¢(er)| < llgrad |l o g, |2 — 20| < Ol , 4, €
for any p € (2,4). Hence, from explicit computations with wy we obtain

. Owy
lim
e—0 C. an

. ow .
(W — ) ds| < ClIlly,p 5, lg%e/c ‘67; ds < C ], 5, lim e/ =0,

which allows us to conclude (1.17).

Conversely, we have to prove that if @ # 0 in (1.13), then (1.17) does not hold. First, we notice that
1& = 1) — af is harmonic in B, satisfies the same boundary condition as ¥ on S* and belongs to W“’(B r) for
all p € [1,4). Thus, we have just proved that

8wo

/CR(¢—af—c)ands=O.

On the other hand, explicit computations yield

81110 -

Hence, for all a # 0, fCR (¥ —c) % ds =« fCR ¢ % ds # 0 and we conclude the proof. O

As a consequence of the above theorem we have that the stream function leading to the physical solution of
Problem 1.1 can be obtained by solving the following problem:

Problem 1.3. Find ¢ € H!(Q2) and ¢ € R such that 1) = g on I and

/ grad® -gradzdx =0 Vz € HY(Q), (1.18)
Q
Y =c on S, (1.19)
8w0 o

2. A FICTITIOUS DOMAIN FORMULATION

In practical applications the sail shape is unknown, so we are led to solve a typical fluid-structure interaction
problem. A standard method for such problem consists in starting from an initial shape, which is updated along
an iterative process involving flow problems for given sail shapes and structural problems for given aerodynamic
forces.

In order to avoid remeshing at each iteration as the sail shape changes, we propose a fictitious domain method
in which the presence of the sail in the flow domain is taken into account by introducing a Lagrange multiplier.
More specifically, the Dirichlet boundary condition on the sail, ¥ = ¢, is imposed in a weak form by introducing
a Lagrange multiplier and, accordingly, we eliminate the constraint on the test function z =0 on S in (1.18).

With this purpose, we endow H}(R) (recall that R := QU S) with the norm

, 1/2
el = ([ leradsae)
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which is equivalent to the standard H'(R) norm. Also, we identify H'/?(S) with the space of traces on S of
functions in H}(R), endowed with the norm

¢l 2y = it { I2lhgymy» = € HO(R) + 2[5 =},

which in its turn is equivalent to the intrinsic norm of this space, as defined for instance in [6, Section 1.1, (1.9)].
Finally, we denote by (-, -)s the duality pairing between H'/?(S)" and H'/2(S). Hence, the problem to be solved
is the following;:

Problem 2.1. Find ¢ € H'(R), A € H/2(S)’ and ¢ € R such that ¢ = g on T" and

/ grady -gradzdx + (A, 2)s =0 Vz € Hy(R), (2.1)
R
(h —c)s =0 VYueHY2(SY, (2.2)
8w0 _

Problems 1.3 and 2.1 are equivalent. In fact, if (i, A, ¢) is a solution of the latter, then clearly (1, ¢) solves
the former. Conversely, let (1, ¢) be a solution of Problem 1.3 and let

A HY/2(S) — R,
¢ — [yerady -gradzde,

where z is any function in H§(R) such that z|g = (. The functional A is well defined since, if 2 € H(R) also
satisfies 2|g = ¢, then 2 — 2z € H{(Q) and, hence, fQ grady - grad Z2dx = fQ grady - grad z dx, because of
(1.18). Moreover, A € HY/2(S)" since |()\,()s| < lgrad ¥ |12 ()2 ||z||H(1)(R) for all z € H{(R) such that z|g = ¢
and, hence, |[Allgi/2(sy < [lgrad i|2(q)2. Therefore, (¢, A, c) is a solution of Problem 2.1.

Remark 2.2. Consider the following mapping:

H'/2(S)" — H{(R),
= P,

where ¢,, € Hj(R) is the unique solution of the problem

/ grad ¢, - grad zdx = (i, 2)s Vz € HY(R). (2.4)
R

It is simple to show that ||p[|g/2(s) = ||¢u||H3(R)' In fact, first notice that

2
H(ZS#”Hé(R) = / grad (b# : grad(bll dw = </’L7¢M>S S ||/"LHH1/2(S)’ ’ ¢H‘SHH1/2(S) S ||/1’||H1/2(S)/ HQS/“”H})(R)
R

and, hence, ||¢u||H},(R) < |luellgg1/2(sy- On the other hand,

M7< S Hs2)8
[elliszsy == sup _m s sup z)s , (2.5)
CeH/2(S) ||C||H1/2(s) 2€H}(R) ||Z||H[1)(R)

and, hence,
J grad ¢,, - grad z dz

||I~L||H1/2(3)f = sup

<ol w) -
2€H}(R) ”ZHH})(R) HHL(R)
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Thus, we conclude that ||/‘||H1/2(5)’ = ||¢MHH(1J(R). This will be used in Section 4 to compute the H/2(S)’-norm.

Remark 2.3. The Lagrange multiplier A can be used to compute the local force exerted by the flow on the sail
by means of (1.6), as follows:

I = puoIn™. (2.6)
Indeed, testing (2.1) with z € D(£2), we have that ¢ is harmonic in 2. Therefore, by using a Green’s formula
in (2.1), we deduce, for all z € H}(R),

_ oyt P~ _ ot | oy
</\7Z>577/3+8n7+2d57 . an_zds/s<an++an_ zds,

as long as the integrals above make sense. Thus, for v = curl vy,

)\:_<a¢++aw_>:—(v+-t++v_~t_)7 (2.7)

ont  oOn—

which together with (1.6) yield (2.6).

Remark 2.4. The term above corresponds to the jump of the normal derivative of 1 across the sail:

[2] -2 e
S

om|<  Ont  on—’

2.1. Existence and uniqueness of solution to Problem 2.1

In order to prove the existence of a solution to Problem 2.1 we introduce two auxiliary problems. With
this aim, let w CC R be an open set such that SUCgr C w and let ¢, € H!'(R) be a function such that
supp(vy) C R\ @ and 14| = g. Consider the two following auxiliary mixed problems:

e Find ¢, € H{(R) and \; € H'/2(S) such that

/ grad vy, - gradzdz + (M, 2)s =0 Vz € HY(R), (2.8)
R
(w1)s = (w,1)s  Vp e HY(S). (2.9)

e Find ¢, € HY(R) and A\, € H'/2(S) such that

/ grad s - grad zdx + (\g, 2)s = f/ grad v, - grad zdx Vz € Hy(R), (2.10)
R R
(tbo)s =0 Vpe HY?(S). (2.11)

The existence and uniqueness of solution to these two problems follows directly from the standard theory
of mixed problems (see, for instance, [2] or [6]) by virtue of the H}(R)-ellipticity of the bilinear form (1, 2)
fR grad ¢ - grad z de and the inf-sup condition arising from (2.5).

Now we can prove the following result:

Theorem 2.5. Let us assume that the solution of problem (2.8)-(2.9) is such that
8’(1}0
—-1)—d 0. 2.12
o Grds (212)

Then, there exists a unique solution to Problem 2.1.
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Proof. Existence: We observe that (u,1,)s = 0 for all u € HY/2(S)’, because supp(¢),) NS = (), and then

/ grad (Y2 + 1g) - grad zdx + (A2, 2)s =0 Vz € H(l)(R)7
R

(1,2 +10g)s =0 Vi e HY2(S)Y.

Let the constant ¢ be defined as follows:

8’UJO
87 ds

8’[1}0 ’
LR (wl — ].) 87(:18

P2
Cr

ci=— (2.13)

Then, it is immediate to see that defining

P = chy + P2 + 1Py

and
Ai=cA + Ao,

(1, A, ¢) is a solution to Problem 2.1.
Uniqueness: Let (¢, A, ¢) and (1, A, é) be two solutions to Problem 2.1. Then, the difference (¢4, Ag, cq) :=

(1, A, ¢) — (¥, A, &) satisfies 1 = 0 on I and

/ grad i, -gradzdx + (\g,2)s =0  Vz € HY(R), (2.14)
R
(Ma —ca)s =0 Ve HYA(SY, (2.15)
0
/CR (Ya — ca) % ds = 0. (2.16)

From the uniqueness of the solution of (2.8)—(2.9), we deduce ¥4 = cq1p1 and Ag = cqA1. Hence, (2.16) implies

8w0
ci [ (Y1—1)5—ds=0,
/CR on
from which it follows that ¢4 = 0, because of assumption (2.12). Then, )4 = 0 and A\; = 0. Il

Remark 2.6. We have used assumption (2.12) to derive the existence and uniqueness of solution to Problem 2.1
and we will use it again throughout the next section. This assumption is quite plausible. In fact, problem (2.8)—
(2.9) is equivalent to Problem 1.1 with ¢ = 0 and ¢ = 1, which is a weak formulation of the following one:

A¢1 =0 in Q,
Y1 =0 on I,
P =1 onS.

Thus, as a consequence of Theorem 1.2, assumption (2.12) holds true unless ¢ were specially smooth in
a neighborhood of the trailing point @t (i.e., ¥y € W?P(Bg), with p > 2). This never happened in our
experiments.
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Remark 2.7. We have stated above that problem (1.1)—(1.2) with boundary conditions (1.4)-(1.5) has a
unique solution for each arbitrary value of the circulation v(S). Indeed, we have already shown that, by taking
v = curly and g defined by (1.12), these equations are equivalent to Problem 1.3. In its turn, equations (1.18)—
(1.20) from this problem have a unique solution (¢, A) for each value of the constant ¢. For this solution, the
same arguments used in the proof of Theorem 2.5 allow us to write A = cA; + Ao, with (11, A1) and (¢2, \2)
being the solutions of problems (2.8)—(2.9) and (2.10)—(2.11), respectively. Therefore, from (1.7) and (2.7),

—’)/(S) = </\7 1>5 = C<)\1, 1>S + <)\2, 1>5.

Since, ¥ € H{(R) and 1 = 1 on S (cf. (2.9)), (2.8) yields

2
(ut)s = (uin)s = - [ Jgradn da 20,
R
so that each value of the circulation corresponds to a unique value of the constant c.

3. NUMERICAL APPROXIMATION

Let {7} be a regular family of triangulations of R; h denotes as usual the corresponding mesh-size. Let
2y =1z, e HY(R) : zp|p e PL VT € 71} and  Z:= Z, nH}(R).

We assume all the meshes are refinements of a fixed coarse one, 7p,, such that oNJ{T € Tp, : TNT # 0} = 0.
(We recall w is the open set introduced at the beginning of Section 2.1, which satisfies w CC R and w D SUCg.)
Since g is piecewise linear and continuous on I, this allows us to choose, for problem (2.8)—(2.9), ¥, € Z},, such
that 1|, = g and 94| = 0. Then, as a consequence of the assumption above, 1, € Zj, for all meshes 7,. This
is the reason for such assumption, which, although not actually necessary, makes the proofs that follow a bit
simpler.

For each mesh 75, we consider a partition of S into curved arcs, Ty := {Si,...,Sy}. The mesh parameter
is in this case H := max {length(S;), j=1,...,N}. We will use the following finite dimensional subspace of
H'/2(S) to approximate the Lagrange multiplier:

My = {MH S L2(8) : /.LHlsj € Py VSJ S TH}
We introduce some additional notation and assumptions concerning the meshes. Let

Ny ={P1,Pa,..., Py} ¢ set of inner vertices of 7y,

©; : nodal basis function, for all P; € N},

w; = U{T €7, : T > P;}: support of p;, for all P; € Ny,
Qr ::U{T’eTh; T'NT # 0}, for all T € T,

h; == max {diam(7T") : T € 7, T > P;}, for all P, € N,

Q= J{T eTh: TNS; #0}, for all S; € T,

0 =J{ret: T #0}, forall S; Ty

We assume that each mesh 75, and the corresponding mesh 7z on S satisfy the following constraints:
Assumption: For each S; € 7y, there exists a vertex Py, € Ny, such that

i) W, NS cs;,
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ii) the sets wg;, j = 1,..., N, are mutually disjoint,
iii) there exists a constant L > 0 such that fsv ¥k; ds > Lhy; and
_ j _
iv) there exists a constant L > 0 such that length(S;) < Lhy,, for all S; € Tg.

Constants L and L above are independent of h and H. Therefore, as an immediate consequence of assump-
tion (iv), H — 0 as h — 0.

Meshes with these properties have been introduced and used in [5], where a thorough analysis of the fictitious
domain method to impose a Dirichlet condition is performed. In practice, the assumptions above are fulfilled
provided the mesh-size on the sail, H, is about two or three times larger than that on the domain, h, and the
angles at the corners of S are not too small, the latter in the case that the sail were not a smooth curve. See [5]
for further details.

Lemma 3.1. There exists K > 0, independent of h and H, such that, for all T € Tp,, #{Q;: Q; DT} < K.
Proof. Let T € T;,. For each Q; such that Q; DT, let Py, € Nj, be as in assumption (i). We have

diSt(T, ij) < diSt(T, SJ) + length(Sj) + diSt(Sj, ij) < Clhkj + Ehkj + Cghkj,

with €7 and C3 constants which only depend on the regularity of the mesh and L being the constant from
assumption (iv). Hence, denoting C5 := C; + L + Cs, there holds

#{Q;: QDT < # {ij s dist(Py;, T) < Cghkj} < H#A{P, € Ny ¢ dist(Py,T) < Csh}
and the lemma follows from the fact that the latter is bounded above by a number that only depends on the
regularity of the mesh, as well. O

The above assumptions allow proving the existence of a Fortin operator for the auxiliary mixed prob-
lems (2.8)—(2.9) and (2.10)—(2.11). From now on, the generic constant C' will be always independent of the
mesh parameters h and H.

Lemma 3.2. There exists a linear operator 11, : HY(R) — Z9 such that

IMlhgmy < Clellpmy V2 € HAR), (3.1)
(pm, pz)s = (pm, 2)s Vz € Hy(R) Vpg € Mgy. (3.2)

Proof. Let Zj, : H{(R) — Z5 be a Clément interpolant preserving zero values on OR (see [13]). There holds

17zl 2y < Cllzllm o,y V2 € H'(R), (3.3)
1/2
Iz = Tuzllpacs,) < Oyl lerad 2z, ) V2 € H(R). (3.4)

We define I,z := Zp 2z + Zjvzl Ccjpr;, with

_ ij (2 —Ipz) ds

j=1,....N,
fsj“pkjds

C]' :
which are well defined because |, 5. ¢k;ds > 0, as a consequence of assumption (iii). Therefore, by virtue of
S Pk,

assumption (i),

N
/thdSZ/ Ihzds—Fch/ (pkdeZ/
Si S, = S, s

Ihzds+ci/ gpkidSZ/ zds, i=1,...,N,
i Si Si

i i i
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which amounts to (3.2).
Now, from assumption (ii) there holds

= Zc? lex, HHé(R) ’
mR) =L

N
E CjPk;
j=1

whereas from the definition of ¢;, assumptions (i) and (iv) and (3.4),

length(S;)1/2

| <
|CJ| — Lhk

||Z 7IhZHL2(Sj) S C ||gradz||L2(ij) .

j
Thus, by using that for any regular family of triangulations ’|<pkj HHl R) < C, we have
0

2 N

2 2
< CZ |grad Z”LQ(Q;C].) <C HZHHé(’R) )
Hy(wR) 9=

N
E :Cj@kj
Jj=1

the latter because, according to Lemma 3.1, all triangles T' € 7, belong to at most K sets €;, j =1,2,...

All together yield

HHhZHHé(R) < ||Ihz||H})(R) + <C ”ZHHé(R) ’

Hj(R)

N
E CiPk;
j=1

which allows us to end the proof.

Now we are in a position to introduce the discretization of Problem 2.1:

Problem 3.3. Find ¢y, € Z5, A\g € My and ¢;, € R such that ¢, = g on I' and

/ grad vy, - grad z;, dx +/ Agzpds =0 Vzp, € z,?,
R S

/pH(z[;hfch) ds=0 Vg € My,
s

8w0
Y —cp) —ds = 0.
/CR< ) o

13

,N.

(3.5)
(3.6)

(3.7)

To prove that this discrete problem is well posed, we will proceed as in the previous section. With this aim, as
a first step, we will analyze the numerical approximation of the auxiliary problems (2.8)—(2.9) and (2.10)—(2.11).

3.1. Numerical approximation of the auxiliary problems

Consider the discretization of problems (2.8)—(2.9) and (2.10)—(2.11) obtained by means of the same finite

element spaces as above:
e Find ¢y, € Z;) and Ay € My such that

/ grad ¢y, - grad z;, do +/ AMuznds =0 Yz € Z,?,
R S

/unlhdsz/qus Vi € My,
S S
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e Find ¢, € Z? and Aoy € My such that

/ grad sy, - grad z;, de —|—/ Aopgzpds = —/ grad i, - grad z;, de Yz € Zg, (3.10)
R S R

/;LHi/JthS:O V,U,H € Mgy. (3.11)
S

As a consequence of Lemma 3.2 and the standard theory of finite element approximation of mixed problems
(see, for instance, [2] or [6]), both problems have a unique solution and the following error estimate holds true:

i = Yinlly ) + 1% = Airr e sy < €| nf i = znllgym) + | inf -l = NH||H1/2($)/:| »ooe=L2

HHEMH
(3.12)

In what follows, we will show additional regularity of the solutions of problems (2.8)—(2.9) and (2.10)—(2.11),
which together with the estimate above will allow us to obtain an error estimate in terms of adequate powers
of the mesh-sizes h and H.

The same arguments used in Remark 2.3, allow us to show that ¢; and 2 + 1, are harmonic in © and
that \; = [0¢;/0n]s, i = 1,2 (recall that 15 + 1y = 1) in a neighborhood of the sail, because 1, has been
chosen vanishing in w O §). Since 91 and 2 + 1), are constant on S and piecewise linear and continuous on T,
both belong to H!*#(Q) for all s < 1/2, because of the standard regularity estimates for the Laplace equation
(see [8]). Moreover, each of these two functions takes the same constant values at both sides of the sail S.
Therefore,

Y eH'TH(R)  and o +1py e H'TH(R)  Vse (0,3). (3.13)

On the other hand, the strongest singularities of ¥1 and v 41, appear at the end points of the sail, 1, and
x1. We focus on the behavior of 1; around xr, but the same happens for ¥ +1,, as well as for both functions
around xr,.

By repeating the arguments leading to (1.13), using the same notation and under the same assumptions, we
can write

Yr=oé+¢1  inBg,
with a; € R, &(r,0) = r'/2cos § and Y € W2P(Bg) for all p € [1,4). Explicit computations lead to

oy

on*

_ o 90
gt 2 on=*
R

+
SR

Therefore, the jump of 9 /On across Sg is given by

|[8¢1]l = 87’[}? + vy = —ayr V%4 |[31Z~11]] .
Sr

on Sk  Ont | on— on

Now, the smoothness of 11 implies that [0, /dn])s, € W'=1/PP(Sg) < LP(Sg) for all p € [1,4). Thus, since

fOR (T_l/z)P dr < oo if and only if p < 2, we have that \i[g, = [0¥1/0n]s, € LP(Sg) for all p € [1,2). The

same arguments lead us to analogous conclusions for A\; around xp,, and for Ay around xr and @xp. Thus we
conclude that

A1, Ag € LP(S) Vp € [1,2). (3.14)

Next, taking into account the additional regularity (3.13) and (3.14), we will introduce some results about

approximation by the piecewise polynomial functions involved in the discrete problems. The first one is classical
(see, for instance, [4]):
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Proposition 3.4. For all s € [0, 1], there exists a constant C such that, for all z € H'*5(R),

inf |2 = 2l ry < OB 2l -
Zh€EZ

To prove an analogous result for the approximation from Mg, we introduce the L?(S)-orthogonal projection
onto this space. Let Py : L'(S) — My be defined by

fs pds
Py = § : L!
HY = < fongth(5 x], p e (),

with x; being the characteristic function of S;, j =1,..., N. (Notice that {Xg} _, is the natural basis of Mp.)
We have the following estimate:

Lemma 3.5. For all g € (2,00), there exists a constant C > 0 such that
I = Prpllyas) < CHY 1ellmr2s) Ve € HY2(S).

Proof. For each S; € Ty, let rj : I:=[0,1] — S; be a smooth parametrization of the arc S}, such that ‘1"9 (t)‘ is
constant for all ¢ € I (for instance, the affine map which applies I onto the interval [0, length(.S;)], composed with
the arc-length parametrization of S;). Then, |r;(t)’ = fol |r;(t)| dt = length(S;) for allt € I. Let ¢ :=por;
and P be the L2(I)-orthogonal projection onto the constant functions. There holds P¢ = fHTp = Pypor;
and

le = Prollias,) < length(S;)

Moreover, since both, the canonical injection and the projection ]5, are continuous operators from H'/2 (I) into

L4(I), we have
¢ =1 @=d) =P @=L < Cle —dlleg,

for all d € R, because P(d) = d. Now, from [4, Theorem 6.1], there exists d € R such that

¢ — d||H1/2(I) <cC |¢|H1/2(1) <C |<P|H1/2(si) )

the last inequality because of the definition of the intrinsic seminorm |-[g1/2(y) (see, for instance, [6, Section I.1]).
Therefore,

N 1/q N 1/2

2

lo = Prlnas) < CHY? [Z |so|;al/2<si>] <oHe [Z |¢Hl/z<si>] < CHY el /aqs)
i=1 =1

Proposition 3.6. For all p € (1,2), there exists a constant C > 0 such that, for all p € LP(S),
i — 1/q
oinf = sy < CHY inllios) -

with q € (2,00) such that 1/p+1/q = 1.
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Proof. There holds

P _ . <IJ’_PHIU’Z>S_ ., </J'_PH/~‘LaZ_PH(Z|S)>S
2€H{(R) H§(R) z€HG(R) H§(R)
o M Pl 2= P Gls)has)
 2eHL(R) HzHHg)(R)

Thus, the result follows from the previous lemma and the inequality

[ — PHMHLP(S) < ||H||Lp(s) + ||PHH||LP(5) <2 ||H||Lp(s) .

The above results allow us to obtain the following error estimate for the auxiliary problems:

Proposition 3.7. Let (11, 1) and (2, A2) be the solutions of problems (2.8)-(2.9) and (2.10)-(2.11), respec-
tively, and (Y1p, A1mr) and (Yan, Aemr) the solutions of problems (3.8)-(3.9) and (3.10)-(3.11), respectively. For
all s < 1/2 and for all g > 2, there exists a constant C > 0 such that

ln = Canllagery + 101 = At lansasy < € [P Iallieeiry + HY Mllags)| < € (b5 + HY2),
2 = Yanliy ey + 190 = Nomllgssaqsy < € [B° I + Yollrragry + HY 9 Mooy | < € (h + HY1).

Proof. The proof follows from (3.12), Propositions 3.4 and 3.6, (3.13) and (3.14). Notice that for the second
inequality above we have also used that, since ¥4 has been chosen in 2, C 2},

_inf [V2 = 2nllua(r) = fnf 192 + g = 20y (w)-

3.2. Numerical approximation of the full problem

Our next step is to prove that Problem 3.3 is well posed, as long as the meshes are sufficiently fine, and that
its solution converges to that of Problem 2.1.

Theorem 3.8. Under the assumption (2.12), there exists h > 0 such that, for all h < h, Problem 3.3 has a
unique solution.

Proof. Existence: Let (Y1, A1) and (2n, A2m) be the solutions of problems (3.8)—(3.9) and (3.10)—(3.11),
respectively. From Proposition 3.7, |41 — ¢1h||H(1](72) — 0 as h — 0. Hence, from (2.12) we deduce the existence
of h > 0 and v > 0 such that

/ (Y1 — 1) o ds‘ >y  Vh<h (3.15)
Cr 3n
Let us introduce the constant
6’[1)0
¢2h87 ds
cp 1= — ok (3.16)

awo ’
/CR (Y1n — 1) o ds
Let vy := cathin + Yon + g € 2, and Ay = cpAig + Aog € Mpy. Then, it is straightforward to show that
(¥n, Amr,cpn) is a solution of (3.5)—(3.7).
Uniqueness: The proof is essentially identical to that of Theorem 2.5. ([l
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Now we are in a position to prove the convergence of the full discrete problem and an error estimate.

Theorem 3.9. Let us assume (2.12) and let h > 0 be as in Theorem 3.8. Let (1,\,c) be the solution of
Problem 2.1. For all s < 1/2 and for all ¢ > 2, there exists a constant C > 0 such that, for all h < h, the
solution (Yp, Ap,cp) of Problem 3.3 satisfies

Il = Ynllia ey + IA = Artllgszqsy, + e = enl < € (4 HY1).

Proof. We write ¢ = ciy +12+14 and A = cA1 + Ao, as in the proof of Theorem 2.5, and ¢, = cp¥1h +Yan +1y
and Ay = cpA\1g + Aop, as in that of Theorem 3.8. Thus, by virtue of Proposition 3.7, there only remains to
prove that |c — c,| < C (h® + H/9).

With this aim, we use (2.13), (3.16) and (3.15), to write for all h < h

Owyg Owg

C/CRW)UL—%)%dS-F/CR(?/th—l/)z)andS

lc —enl =
8w0
(1n = 1) 5 — ds‘
/c n on
C
< = [ = vanllymy + 162 = Gy
Thus, the theorem follows from Proposition 3.7, again. (]

4. NUMERICAL RESULTS

The numerical method described above was implemented in a FORTRAN code. This code was applied to
solve a couple of test problems with known analytical solutions, which allow us to assess the performance of the
method. As a final test, we used it to determine the unknown shape of a sail under the action of the wind by
means of an iterative process.

4.1. Implementation details

Let {%‘}?il and {Xi}ﬁil be the respective bases of ZJ) and My that have been introduced in Section 3. Let
1y be as in the previous section (¢4 € Zj, such that 14| = g and it vanishes in a neighborhood of SUCg). We
write the solution of Problem 3.3 as follows:

M N
Y=Y Cipi+t,  and  Ag =) Aix:
i=1 i=1

Let 1,/b\ = (1//;1) €RM and X := (:\\Z) € RM. The matrix form of Problem 3.3 reads:

A B 0\ (v b
B 0o d|l|Xx]|=]|0],
st 0 a cn 0
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where A := (A;;) € RM*M B := (B;;) e RM*N b= (b;) e RM, d:= (d;) € RN and s:= (s;) € RM, with

A grad¢; -gradp;dxz, i,j=1,..., M, d; :

ij =

S

—/Xids:length(&), i=1,...,N,
s

0
Bzg:/(sz]dS:/ Piy Z':L...,M,jzl,...7N7 81:/ gpiﬂds, 2'21,...,]\47
S . Cr on
J
811}0 4
bizz—/gradw -gradp;de, i=1,..., M, a::—/ —ds=—.
R ! ' cn On VR
The integrals over the circle Cr that define s; have been numerically computed by means of an accurate

quadrature rule on each triangle contained in the support of the basis function ¢;. The same happens in the
case of a curved sail S with the integrals over S defining B;; and d;.

4.2. A flat sail

The first test consists in computing the irrotational flow past a flat sail. The analytical solution of this
problem is well-known (see for instance [1]).

We consider a flat sail S = [—5,5] x {0} within the domain R = [—80,80] x [—80,80]. In order to obtain a
good approximation at the leading point xy, = (—5,0), we have used the initial mesh shown in Figure 2 which
is highly refined in the vicinity of the sail and rather coarser far from it. Subsequent finer meshes were obtained
by means of successive uniform refinements of the triangulation shown in this figure.

FIGURE 2. Flat sail. Initial mesh.

In this test, it would be easy to use meshes such that the sail be union of edges. However, since we are
interested in applying the method to sails with an arbitrary curved shape, we took care to avoid this. Figure 3
shows a zoom of the mesh around the sail where this fact can be clearly observed.
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AP AR N RS X

FIGURE 3. Flat sail. Zoom of the initial mesh around the sail.

The meshes on the sail were chosen coarse enough so that assumptions (i)-(iv) from Section 3 were fulfilled. In
particular, the initial mesh was taken uniform with only 4 elements. The other ones were obtained by successive
uniform refinements of this one.

The main features of the used meshes are reported in Table 1.

TABLE 1. Flat sail. Data of the used meshes.

Mesh level 0 1 2 3 4
Number of nodes in S 5 9 17 33 65
Number of elements in R || 1826 | 7304 | 29216 | 116864 | 467456

Number of nodes in R 930 | 3685 | 14673 | 58561 | 233985

We write the wind velocity at infinity as follows: v (cos a, sin «r), with « being the angle of incidence. Then,
according to [1], the stream function at each point (x,y) € Q@ = R\ S is given by

a® (rsina — scos )
r2 4 52

)

+ 2a sin alog (
a

V(x,y) = vso [scosa —rsina +

where a := length(S) /4,

x \/2\/334 + 222y? — 8x2a? + y* + 8y2a? + 16a* + 2(a? — y? — 4a?)
2 4 ’

o=

and

v \/2\/1'4 + 222y? — 8x2a2 + y* + 8y2a? + 16a* — 2(x? — y? — 4a?)

2 4 ’

the signs being chosen so that r2 + s? > a2. After some algebraic manipulations, differentiating 1 leads us to
the following expressions for the components of the velocity field v = (v1,v2) = curly:

S =

COS (v (7"4 +2r2s2 4+ s* — 2a%r? + 24252 + a4) +sin« (2(137"2 — 4a®rs + 2as® + 2a35)
(r2 + 52)2 +a* + 2a? (s2 — r2)
sin « (r4 +2r2s2 4+ §* — 2ar3 — 2ars? — a* + 2a3r)

(r2 + 32)2 + a* + 2a? (s — r?)

)

Ul(xuy) = Vo

UQ(xuy) = Vo

We chose for this test a wind velocity at infinity corresponding to o = 7/3 and v, = 1. The radius of the
circle Cg to impose the constraint (3.7) was taken R = 0.5.
The stream function 1, computed for the level-3 mesh is shown in Figure 4.
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FIGURE 4. Flat sail. Stream function computed on the level-3 mesh (left) and zoom of a more
detailed view around the sail (right).

The errors of the computed velocity vy, := curly, in L?(Q)?-norm, the Lagrange multiplier Ay in HY/?(S)/-
norm and the constant value ¢, of the stream function on the sail are reported in Table 2.! Computed orders
of convergence in powers of h for all these quantities are also shown in this table. It can be observed that
the experimental orders of convergence agree with those predicted by the theory. Actually, a superconvergence
phenomenon seems to hold for the constant cp, which apparently converges linearly. The table also includes the

errors of the circulation around the sail computed as follows (cf. (1.7) and (2.7)):

() = —/S)\Hds.

This is a quantity of physical interest and can be seen to converge also with a linear order with respect to h.

TABLE 2. Flat sail.

Errors and convergence order for the velocity field vy, the Lagrange
multiplier Ay, the constant value of the stream function on the sail ¢, and the circulation
around the sail v(S).

- Al /2 000
ligf,zlil anvilﬁ’;!?;)(?z Order || 22 har/2csn HMZI!;IZ(/;(/S) Order lc—cp| | Order || [7(S) — vu(S)| | Order
0 0.343E-01 0.177E4-00 0.141E4-01 0.289E+01
1 0.224E—-01 0.61 0.130E+400 0.45 || 0.494E+00 | 1.51 0.103E+01 1.49
2 0.157E-01 0.52 0.792E—-01 0.71 0.211E+400 | 1.23 0.427E400 1.26
3 0.111E-01 0.50 0.577E—-01 0.46 || 0.978E—01 | 1.11 0.200E4-00 1.10
4 0.798E—-02 | 0.48 0.348E—-01 0.73 || 0.485E—-01| 1.01 0.988E—-01 1.02

IThe Hl/Q(S)’—norm was computed by using the characterization given in Remark 2.2 and approximating problem (2.4) by

means of piecewise linear continuous finite elements on a highly refined mesh.




NUMERICAL SIMULATION OF FLOWS PAST SAILS

21

Figures 5-8 show error curves for all these quantities, namely, log-log plots of the errors reported in Table 2
versus the number of elements in 7;, (nel).
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FIGURE 5. Flat sail.  L2?(Q)%-error
curve for the velocity field vy,.
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FIGURE 7. Flat sail. Error curve for
the constant value ¢, of the stream
function on the sail.

4.3. A curved sail
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FIGURE 6. Flat sail.
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FIGURE 8. Flat sail.

Error curve for

the circulation around the sail v, (S).

As a second test we applied the code to compute the irrotational flow past a curved sail. In this case, the sail
is an arc of a circle with radius 5v/2 and central angle 7/2, the end points of the arc being 1, = (—5,0) and 1 =
(5,0). The domain and the wind velocity at infinity were taken as in the previous test: R = [—80, 80] x [—80, 80],
Voo = 1 and oo = 7/3.

We have used the same meshes as in the previous test for the domain R and successively refined meshes on
the curved sail, the initial one having 6 elements.
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Let us remark that this problem does not satisfy thoroughly the assumptions of the theoretical analysis,
because the sail is not a straight line in a neighborhood of the trailing point . Such a straight line was
used in Section 1.1 to define the function wq satisfying (1.15)—(1.16), which in its turn was used to impose the
Kutta-Joukowski condition. In spite of this fact, we took wg as defined in (1.14) with R = 0.5 and (r,6) being
a polar coordinate system centered at the trailing point @t and such that the half-line § = +7 coincides with
the secant to the curved element S; € 7y containing 1. We have also tried other reasonable choices for this
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half-line (for instance, the tangent to the arc S at @T) and the results do not vary significantly.

In this case, the solution is also analytically known (see [1]). We report in Figures 9, Table 3, and Figures 10
to 13 the same results as in the previous test. Once more the numerical results show a good agreement with
the theoretical ones and linear orders of convergence are apparent for the constant value of the stream function

on the sail and the circulation.

FIGURE 9. Curved sail. Stream function computed on the level-3 mesh (left) and zoom of a
more detailed view around the sail (right).

TABLE 3. Curved sail. Errors and convergence order for the velocity field vy, the Lagrange
multiplier A\, the constant value of the stream function on the sail ¢, and the circulation
around the sail v4(S).

S vl A )
%32}11 I HUHZ!(L;?Q Order W Order lc—cp| | Order || [y(S) = (S)| | Order
0 0.223E-01 0.735E—01 0.503E4-00 0.116E+01
1 0.143E-01 0.64 0.548E—-01 0.42 || 0.270E4-00 | 0.90 0.584E4-00 0.99
2 0.973E-02 | 0.56 0.369E—-01 0.57 || 0.838E—01 | 1.69 0.183E+00 1.68
3 0.685E—-02 | 0.51 0.250E—-01 0.56 || 0.408E—01 | 1.04 0.875E-01 1.06
4 0.486E—02 0.50 0.152E—-01 0.71 || 0.170E—01 | 1.26 0.371E-01 1.24
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4.4. Computing the sail shape
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As a final test we applied the numerical method introduced above to solve the fluid-structure interaction

problem of determining the shape of a sail under the action of the wind.

In accordance to the linear framework that we are using to deal with this problem, we consider a linear string
model to compute the position of the sail under the force exerted by the wind flow. More precisely, let us assume
that the segment (0, L) is the reference configuration of the sail. A point z € (0, L) undergoes a displacement
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in the y direction that we denote u(z), which is the unique solution of the following boundary-value problem:

2U
—T%(x) =f(z) Vze(0L), (4.1)
u(0) = u(L) =0, (4.2)

where T is the tension of the string and f(z) is the force per unit length exerted by the wind on the sail at
point x.
To compute the force density we make use of Remark 2.3:

f = pvocAnT,

where X is the Lagrange multiplier arising from Problem 2.1 and ™ is a unit vector normal to the sail. Recall
that the multiplier is evaluated on the deformed sail, which is given by

S={(z,u(z)): =€ (0,L)}.

Moreover, in agreement with the linear theory, we approximate the normal vector n~ by es. Therefore, we are
led to the following fully coupled non-linear problem:

_ %(z) = posc Az, u(z)) Ve e (0,L),

u(0) =u(L) =0,

To solve this problem, we propose a naive fixed point iteration which turns out to be convergent. Starting
with the flat sail (i.e., with u(°)(z) = 0), the flow problem is solved by using the method described in this paper.
Then, we take

f(@) = proc Az, u () = proc(z, 0), z € (0,L),
as data in problem (4.1)—(4.2). Since A is piecewise constant, this problem can be easily solved analytically.
Thus we obtain its solution, which will be the next iterate u(!). At the following step we use u(!) to compute
the new position of the sail and use this to solve again the flow problem. (To impose the Kutta-Joukowski
condition, we proceed as in the previous test: we take wg as defined in (1.14) with a polar coordinate system
(r,0) centered at & and such that the half-line § = +7 coincides with the secant to the curved element S; € T
containing @7.) The process is iterated until convergence. More precisely, the algorithm reads as follows:

Algorithm 4.1.
e Initialization (k =0): u(® :=0 and S© := {(2,0): = € (0,L)}.
e Tteration k > 1 (S*=V is known):
— Solve Problem 3.3 for S := S*=1 to obtain ), \¥) and ¢*).
— Compute the force exerted by the flow on the sail by

f (x) := P AF) (, w1 (x)).

— Solve problem (4.1)~(4.2) for f := f%) to obtain u®.
— Define a new position of the sail by

SH) = {(:c,u(k)(z)) oz € (O,L)}.

o Stopping test: ||[u®) — u*=V|| <01y < e (a given tolerance)?

The above algorithm was used with the following data:
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domain: R = [—80,80] x [—80,80] (lengths in meters);
wind speed at infinity: v, = 5m/s;
angle of incidence: o = 7/6;

air density: p = 1.2kg/m3;

string tension: T' = 1600 N;

sail length: L = 10m;

radius of Cr: R =0.5m.

25

The obtained results are shown in Figures 14 and 15 and Table 4. The final position of the sail (namely, the
set S) is shown after convergence for different meshes in Figure 14. Furthermore, the different shapes of the
sail along the iterations, S*), are shown in Figure 15 for a fixed mesh. Finally, the values of the differences
between successive iterates for the other physical quantities through the iteration process are reported for the

same mesh in Table 4.

0.5 : : : 05
— — — Level-0 mesh
Level-2 mesh 04f
0.4F 1 :
- T T T T % Level-4 mesh
_© =~
03f e S. i 03k
= , = -~
7 / R 5 -
o2p 7/ S . 02f S
// 7
v
o1f, N R 01F /
N
(x’ L L L L L L L L L o L L
-5 -4 -3 -2 -1 0 1 2 3 4 5 -5 -4 -3

— - — - lteration 1
— — — lteration 2

Iteration 3 | |

Ficure 14. Computing the

shape. Final sail shape on different

meshes.

FIGURE

15. Computing

the sail

shape. Convergence of the sail shape

(level-4 mesh).

TABLE 4. Computing the sail shape. Differences between successive iterates for the velocity
v®) .= curly®) the Lagrange multiplier A\(*) and the sail displacement u*) (level-4 mesh).

it | 0 = oS IS = XD g | [0 = ul D]
T 0.234F+04 0.493F+03 0.280E+00
2 0.671E+02 0.304E+01 0.352E—01
3 0.962E+01 0.713E—01 0.462E02
4 0.122E+01 0.728E—02 0.609E—03
5 0.160E+00 0.129E—03 0.815E—04
6 0.214E—01 0.235E—05 0.109E—04
7 0.287E—02 0.432E—07 0.147E—05
8 0.386E—03 0.205E—08 0.199E—06
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