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with nonlinear porous media flow
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Abstract

In this paper we develop the a priori and a posteriori error analyses of a mixed finite el-
ement method for the coupling of fluid flow with nonlinear porous media flow. Flows are
governed by the Stokes and nonlinear Darcy equations, respectively, and the corresponding
transmission conditions are given by mass conservation, balance of normal forces, and the
Beavers-Joseph-Saffman law. We consider dual-mixed formulations in both domains, and, in
order to handle the nonlinearity involved, we introduce the pressure gradient in the Darcy
region as an auxiliary unknown. In addition, the transmission conditions become essential,
which leads to the introduction of the traces of the porous media pressure and the fluid
velocity as the associated Lagrange multipliers. As a consequence, the resulting variational
formulation can be written, conveniently, as a twofold saddle point operator equation. Thus,
a well known generalization of the classical Babuska-Brezzi theory is applied to show the
well-posedness of the continuous and discrete formulations and to derive the corresponding
a-priori error estimate. In particular, the set of feasible finite element subspaces includes
Raviart-Thomas elements of lowest order and piecewise constants for the velocities and pres-
sures, respectively, in both domains, together with piecewise constant vectors for the Darcy
pressure gradient and continuous piecewise linear elements for the traces. Then, we employ
classical approaches and use known estimates to derive a reliable and efficient residual-based
a posteriori error estimator for the coupled problem. Finally, several numerical results con-
firming the good performance of the method and the theoretical properties of the a posteriori
error estimator, and illustrating the capability of the corresponding adaptive algorithm to
localize the singularities of the solution, are reported.

Key words: mixed finite element, Stokes equation, nonlinear Darcy equation, a posteriori
error analysis
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1 Introduction

The development of appropriate numerical methods for the coupling of fluid flow (modeled by
the Stokes equation) with porous media flow (modeled by the Darcy equation) has become a very
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active research area in recent years (see, e.g. [10], [15], [16], [17], [18], [23], [31], [32], [37], [38], [41]
and the references therein). The above list includes porous media with cracks, the incorporation
of the Brinkman equation in the model, and nonlinear problems. In particular, a mixed finite
element method for a nonlinear Stokes-Darcy flow problem is introduced and analized in [17].
The fluid, being considered non-Newtonian in both domains, is modeled there by the generalized
nonlinear Stokes equation in the free flow region and by the generalized nonlinear Darcy equation
in the porous medium. In addition, the approach in [17] employs the primal method in the Stokes
domain and the dual-mixed method in the Darcy region, which means that only the original
velocity and pressure unknowns are considered in the fluid, whereas a further unknown (velocity)
is added in the porous medium. The corresponding interface conditions are given, as usual lately,
by mass conservation, balance of normal forces, and the Beavers-Joseph-Saffman law. Further,
since one of these conditions becomes essential, the trace of the Darcy pressure on the interface
needs also to be incorporated as an additional Lagrange multiplier.

On the other hand, in the recent paper [26] we have developed the a priori error analysis
of a new fully-mixed variational formulation for the 2D Stokes-Darcy coupled problem. This
approach allows, on the one hand, the introduction of further unknowns of physical interest, and
on the other hand, the utilization of the same family of finite element subspaces in both media,
without requiring any stabilization term. More precisely, in [26] we consider dual-mixed formu-
lations in both domains, which yields the pseudostress and the velocity in the fluid, together
with the velocity and the pressure in the porous medium, and the traces of the porous media
pressure and the fluid velocity on the interface, as the resulting unknowns. The pressure and
the velocity gradient in the fluid can then be computed as a very simple postprocess, in which
no numerical differentiation is applied, and hence no further sources of error arise.

Now, it is well known that in order to guarantee a good convergence behaviour of most finite
element solutions, specially under the eventual presence of singularities, one usually needs to
apply an adaptive algorithm based on a posteriori error estimates. These are represented by
global quantities 8 that are expressed in terms of local indicators 07 defined on each element T
of a given triangulation 7. The estimator 6 is said to be efficient (resp. reliable) if there exists
Cots > 0 (resp. Cre1 > 0), independent of the meshsizes, such that

Cots @ + hoot. < |lerror]| < Cre1 0 + h.o.t.,

where h.o.t. is a generic expression denoting one or several terms of higher order. In spite of
the many contributions available in the literature on the posteriori error analysis for variational
formulations with saddle-point structure, the first results concerning the Stokes-Darcy coupled
problem have been provided only in [8], where a reliable and efficient residual-based a posteriori
error estimator for the variational formulation analyzed in [23] is derived. More recently, and fol-
lowing some of the techniques from [8] together with classical approaches, a reliable and efficient
residual-based a posteriori error estimator for the fully-mixed variational method introduced in
[26] was provided in [27].

The purpose of the present paper is to extend the results from [26] and [27] to the case
of a nonlinear Stokes-Darcy coupled problem. More precisely, we develop the a priori and a
posteriori error analyses of the fully mixed formulation from [26], as applied to the coupling of
fluid flow with nonlinear porous media flow, where the nonlinearity in the latter region is given
by the corresponding permeability. For this purpose, we consider a dual-mixed formulation in



both domains, which yields the pseudostress and the velocity in the fluid, together with the
velocity, the pressure and its gradient in the porous medium, as the main unknowns. Moreover,
since the transmission conditions become essential, we impose them weakly and introduce the
traces of the porous medium pressure and the fluid velocity as the corresponding Lagrange
multipliers. As in [26], the remaining unknowns of physical interest can then be computed as
a very simple postprocess that makes no use of any numerical differentiation procedure. Then,
the corresponding variational formulation can be written as a two-fold saddle point operator
equation, and hence the generalization of the Babuska-Brezzi theory developed in [20] is applied
to prove the well-posedness of the continuous and discrete schemes. Furthermore, using some
well known approaches (see, e.g. [1], [2], [3], [11], [13], [14], [22], [30], [33], [34], [36], [39],
and the references therein), we derive a reliable and efficient residual-based a posteriori error
estimator for our nonliner coupled problem. The proof of reliability makes use of a global inf-
sup condition for a linearized version of the problem, Helmholtz decompositions in both media,
and local approximation properties of the Clément interpolant and Raviart-Thomas operator.
On the other hand, inverse inequalities, the localization technique based on element-bubble and
edge-bubble functions, and known results from previous works, are the main tools for proving
the efficiency of the estimator.

The rest of this work is organized as follows. In Section 2 we introduce the model prob-
lem, show that the resulting variational formulation can be written as a two-fold saddle-point
operator equation, introduce an equivalent formulation, which is easier to analyze, and collect
the main results of the generalized Babuska-Brezzi theory developed in [20] (see also [28]). This
abstract framework is then applied in Section 3 to prove the unique solvability of the equiva-
lent formulation, which in turn yields the well posedness of our continuous problem. Next, in
Section 4 we define the Galerkin scheme and derive general hypotheses on the finite element sub-
spaces ensuring that the discrete scheme becomes well posed. A specific choice of finite element
subspaces satisfying these assumptions, namely Raviart-Thomas of lowest order and piecewise
constants on both domains, and piecewise linears on the interface, is described in Section 5.
In Section 6 we derive the a posteriori error estimator and prove its reliability and efficiency.
Finally, the numerical results are presented in Section 7.

We end this section with some notations to be used below. In particular, in what follows we
utilize the standard terminology for Sobolev spaces. In addition, if O is a domain, I is a closed
Lipschitz curve, and r € R, we define

H'(0) = [H"(O)2, H'(0) := [H"(0)**?, and H'(T) := [H"(D)]?.

However, for r = 0 we usually write L2(0), L2(0), and L?(T") instead of H°(0), H°(©), and
HO(T'), respectively. The corresponding norms are denoted by || - |0 (for H"(0), H"(0O), and
H"(0)) and || - || (for H"(I") and H"(I')). Also, the Hilbert space

H(div;0) = {w e L2(0): divwe L2((9)} ,

is standard in the realm of mixed problems (see, e.g. [12]). The space of matrix valued functions
whose rows belong to H(div; O) will be denoted H(div ; ©). The Hilbert norms of H(div; O)
and H(div;O) are denoted by | - ||aiv.0 and || - ||aiv.0, respectively. On the other hand, the
symbol for the L?(I') and L?(T") inner products

& Nr = /Ff)\ Ve e LA, (€, A = /Fg-A VE A e LD



will also be employed for their respective extensions as the duality products H~Y/2(I") x H'/2(I")
and H-1/2(T") x HY/2(I"). Hereafter, given a non-negative integer k and a subset S of R?, P.(S)
stands for the space of polynomials defined on S of degree < k. Finally, we employ O as a
generic null vector, and use C', with or without subscripts, bars, tildes or hats, to mean generic
positive constants independent of the discretization parameters, which may take different values
at different places.

2 The continuous problem

2.1 Statement of the model problem

In order to describe the geometry, we let 25 and Qp be bounded and simply connected polygonal
domains in R? such that 9Qs N 90p = ¥ # 0 and Qg N Qp = 0. Then, we let I's := I\ X,
I'p := 9Qp\E, and denote by n the unit normal vector on the boundaries, which is chosen
pointing outward from Qg U X U Qp and g (and hence inward to Qp when seen on ¥). On X
we also consider a unit tangent vector t (see Figure 2.1 below).

Figure 2.1: The domains for our 2D Stokes—Darcy model

The model consists of two separate groups of equations and a set of coupling terms. In
Qg, the governing equations are those of the Stokes problem, which are written in the following
velocity-pressure-pseudostress formulation:

os = —psI + vVug in Qg, divog + fs =0 in (g,
(2.1)
diVllS:O in Qs, uS:O on Fs,

where v > 0 is the viscosity of the fluid, ug is the fluid velocity, pg is the pressure, og is the
pseudostress tensor, I is the 2x 2 identity matrix, fg are known source terms, and div is the usual
divergence operator div acting row-wise on each tensor. Now, using that tr(Vug) = divug = 0



in Qg, we notice that the equations in (2.1) can be rewritten equivalently as

vlod = Vug in Qs, divog + fs =0 in Qg,
(2.2)
psz—%tras in Qg, us =0 on Iy,
where tr stands for the usual trace of tensors, that is tr 7 := 741 + 7092, and

=7 — s(tr7)I

is the deviatoric part of the tensor 7. On the other hand, in 2p we consider the following
nonlinear Darcy model:
up = —K,(-,‘VPDDV])D in QD, diVU_D = fD in QD,

(2.3)
up-n=0 on Ip,

where up and pp denote the velocity and pressure, respectively, & : Qp x RT™ — R is a nonlinear

operator representing the porous medium permeability, | - | stands for the Euclidean norm in R?,

and fp are known source terms satisfying fp = 0. Throughout the paper we assume that
Qp

k € C(Qp xRT) and that there exist constants kg, k; > 0 such that for all (x,p) € Qp xR™T:

ko < k(z,p) < ki,

ko < k(z,p) + pgm(a:,p) < ki, and (2.4)
p
Vari(z,p)| < k.

In order to handle the nonlinearity in Qp we proceed as in [20] (see also [25] and [28]),
and introduce the additional unknown tp := Vpp in Qp. In this way, the Darcy model is
rewritten as follows:

tp = Vpp in Qp, up + K (-, [tp|)tp = 0 in Qp, (2.5)
divup = fp in QQp, up-n=0 on Ip.
Finally, the transmission conditions on 3 are given by
us-n = up-n on X,
O'Sn+w<;]71(us-t)t = —ppn on X, (26)

where k, the friction coefficient, is assumed to be constant.

2.2 The dual-mixed formulation

Let us first introduce further notations. In what follows, given x € {S,D}, we denote

(u,0), = /u (u,v), = /*u-v, (0, 7)s = /*(m,

2
where o :7 = tr(o'tT) = E TijTij-

ij=1



The unknows in the dual-mixed formulation will be the unknows of (2.2) without the pressure
ps and the three unknows in (2.5). Hence, the corresponding spaces will be:

os € H(div;Qg), ug € L*(Qg), tp € L*(Qp), up € Hr,(div;Qp), pp € L*(p),
where
Hr, (div;Qp) = {v e H(div;Qp): v-n=0 on Ip}.
In addition, we will need to define two unknowns on the coupling boundary

@ = —ug € HY*(X), X:=pp e HAY®), (2.7)

1

where Hé{f(E) = Héf(i]) X H062(E) and

Holéz(g) = {’U’EZ ve HYQs), v=0 on FS}.

Equivalently, if Eqg: H'/?(X) — L?(8Qg) is the extension operator defined by

Bos(v) = { Coon s Yee ),

we have that .
Hy () = {v € HYA(®):  Eos) € H(00s) |,

endowed with the norm [[9[|; /2005 = [[Eos(¥)[1/2,005- The dual space of Hé{f(E) is denoted
by H(;Ol/ 2(2). Note that, in principle, the spaces for ug and pp do not allow enough regularity
for the traces ¢ and A to exist. However, solutions of (2.2) and (2.5) have these unknowns in

H!'(Qg) and H*(Qp) respectively.

Next, for the derivation of the weak formulation of (2.2)-(2.5)-(2.6), we begin by testing

the first equations of (2.2) and (2.5) with arbitrary 79 € H(div;Qg) and vp € Hrpp (div; Qp),

respectively. Thus, integrating by parts, and using the identity O'g 1Ty = chl : Tg, we obtain

v (el 7d)s + (divTs,us)s + (Tsn, @)y = 0 Vg € H(div;Qg), (2.8)

and
(tp,vb)p + (diVVD,pD)D + (VD -n, )\>2 =0 Vvp € HFD(diV; Qp). (2.9)

In addition, the corresponding equilibrium equations become
(dives,vs)s = —(fs,vs)s  Vvs € L*(Qg), (2.10)

and
(divup,¢p)p = (fp,¢p)D Yagp € L*(p), (2.11)

whereas the transmission conditions from (2.6), being essential due to the mixed nature of
the coupled model, are imposed independently, which yields the introduction of the auxiliary
unknowns (2.7) as the associated Lagrange multipliers. According to this, we get the equations

<‘P ' n7£>2 + <11D -1, £>E =0 v£ € H1/2(E) (212)
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and
_ 1/2
(osn, )y + (B Ny — vy (P-tipthy =0 Yo € Hy (). (2.13)
Finally, the equation relating up to the new unknown tp is incorporated by:
(K,(',’tDDtD,SD)D + (uD,sD)D =0 Vsp € Lz(QD). (2.14)

As a consequence of the above, we find that the resulting variational formulation reduces to
a nonlinear system of seven unknowns and seven equations given by the set (2.8) — (2.14).
However, it is easy to see that this system is not uniquely solvable since, given any solution

((037 tD)v (u37 up, 90)7 (pD7 )‘)) and ¢ € R, ((GS —cl, tD)7 (u87 up, (P)v (pD +e, /\+C)) also becomes
a solution. In order to avoid this non-uniqueness from now on we require that the Darcy pressure

pp belongs to LE(Qp) = {v e L*(Qp) : / v = O}.
Qp

Now, it is quite clear that there are many different ways of ordering the variational system
(2.8) — (2.14). Throughout the rest of the paper, and for convenience of the analysis, we adopt
one leading to a twofold saddle point structure. To this end, we group unknowns and spaces as

follows:
(0s,tp) € X := H(div; Qs) x L?(Qp),

(us,up, ) € M := L¥(Qg) x Hp, (div; 2p) x HY (D),
(s A) € Q == L3(Qp) x H/2(S),

and consider the following product norms

ITllx == lITsllaivios + lIsplloes VT :=(7s,sp) € X,
[¥llm == [Ivsllo,os + [[vDllaivien + [1911/2,00,5 Vv :=(vs,vp,¥) € M,
lallq = llapllo.on + €llij2s  Ya:= (,§) € Q.

Next, we define the nonlinear operator A : X — X',
[A(os,tp), (Ts,sp)] = [As(es), Ts] + [Ap(tp),sp] (2.15)

where Ag : H(div; Qg) — H(div;Qg)" and Ap : L2(Qp) — L2(Qp)’ are given, respectively, by

[As(og), Ts] = V_l(acsl,’rcsl)s, (2.16)
[AD(tD),SD] = (I{(-, |tD|)tD75D)D . (2.17)

In addition, we define the bounded and linear operatos B; : X — M’ and B: M — Q/,
[B1(7s,8D), (Vs, VD, )] := (div Ts,vs)s + (sp,vD)p + (Tsn, )y , (2.18)

[B(vs, v, %), (ap,¢)] == (divvp,gp)p + (VD 0, &g + (P -1, &)y (2.19)

the positive semi-definite and linear operator S : M — M/,

[S(us, up, ¢), (vs, vp, ¥)] = vk;' (-t t)y (2:20)



and the functionals F € X/, G; € M/, and G € Q/, given by

[F,(ts,sp)] := 0, [G1,(vs,vDp,¥)] := (fs,vs)s, and [G,(¢p,¢)] := (fp,qp)p. (2.21)

Hereafter, [-,:] denotes the duality pairing induced by the operators and functionals involved.

Hence, defining the global unknowns
o = (037tD) € X, u:= (US,UD,LP) eM, and b = (pD7)\) € Q7

we realize that the variational system (2.8) — (2.14) can be stated as the twofold saddle point
operator equation: Find (o, u, E) € X x M x Q such that,

A B} 0 o F
B1 -S B’ u = G1 . (222)
0 B o0 P G

The abstract theory for this kind of continuous formulation is already available (see, e.g.
[20]), and its main results are collected in the following subsection.

2.3 Abstract theory for twofold saddle point operator equations

Let X, M and Q be Hilbert spaces with duals X’, M’ and @', and consider a nonlinear operator
A: X — X', and linear bounded operators S: M — M’', By : X — M’, and B: M — @', with
corresponding adjoints B} : M — X' and B’ : Q — M’. Then we are interested in the following
nonlinear variational problem: Given (F,G1,G) € X' x M’ x @', find (o,u,p) € X x M X Q
such that

A B} O o P
Bi S B ||u|=|a (2.23)
o B o0 ||p G

We have the following theorem.

Theorem 2.1 Let V be the kernel of B, that is
Vi={veM: [B),q =0 Vg € Q}.
Assume that:
i) A is strongly monotone and Lipschitz continuous , that is, there exist a, v > 0 such that
[A(T) = A(Q),7 = ¢ = alr = ¢k VY7 (eX,

and
[A(T) — AQllx < T = dx V7, (€ X;

ii) S is positive semi-definite on V', that is

[S(v),v] > 0 YveV,



iii) By satisfies the inf-sup condition on X x V, that is, there exists 1 > 0 such that

up B2
cex  ITllx
T#0

= by Vv eV;

iv) B satisfies the inf-sup condition on M x Q, that is, there exists § > 0 such that

[B(v), 4]

sup ———-—
ver ||Vl
v#0

> Bllalq VYge Q.

Then, for each (F,G1,G) € X x M’ x @', there exists a unique (o,u,p) € X x M x Q solution
of (2.23). In addition, there exists C > 0, depending only on v, «, f1, B, ||B1]|, and ||S||, such
that

lollx + lullr + Iplle < C{IFtlxr + IGilaw + IGller + 14@)x }. (2:24)

Proof. See Theorem 2.1 in [20]. O

Now, let X}, My, and @y, be finite-dimensional subspaces of X, M and @, respectively. Then
the Galerkin scheme associated with (2.23) reads as follows: Given (F,G1,G) € X' x M' x @',
find (o, up,pp) € Xp X My, x Qp, such that

[A(on), 7n] + [B1(7h), un = [F,m] VY € Xp,
[Bl(O'h),Uh] — [S(uh),vh] —i—[B(?}h),ph] = [Gl,vh] Yo, € My, (2.25)
[B(un), qn] = [G,qn] Van € Qn.

The discrete analogue of Theorem 2.1 is established next.

Theorem 2.2 Let V), be the discrete kernel of B, that is
Vi = {vh €My : [B(vn),qn] =0 Vg, € Qh}.
Assume that
i) A is strongly monotone and Lipschitz continuous (cf. hypothesis i) in Theorem 2.1);
i) S is positive semi-definite on Vy,, that is

[S(Uh),vh] >0 Yo, € Vi

iii) By satisfies the inf-sup condition on X, x Vj,, that is, there exists B > 0 such that

Bi(7h),vn

sup BUTRSUHL S g Y € Vi
mexn  Imnllx

Th7£0

iv) B satisfies the inf-sup condition on My, x Qp, that is, there exists 3 > 0 such that

B(vn), qn
sup [Bn), anl > B lanllq  Yan € Qn.
v, €My, ||Uh||M
Uh7£0



Then, there exists a unique (op,up,pp) € Xp X My X Qp solution of (2.25). In addition, there
exists C > 0, depending only on v, o, B7, 5%, |Bi|l, and ||S||, such that

lonllx + lluallar + llpallo < C{HFth;L + |Ginllag + [IGrllgy + ‘|Ah(O)HX;L}a

where Fh = F‘X;L; Gl,h = Gllxh, Gh = G’Qh? and Ah(O) = A(O)’Xh

Proof. See Theorem 3.1 in [20]. O
Finally, concerning the error analysis, we have the following result.

Theorem 2.3 Assume that the hypotheses of Theorem 2.1 and Theorem 2.2 hold and that the
operator A : X — X' has a hemi-continuous first order Gateaux derivative DA : X — L(X, X'),
that is, for any 7, { € X, the mapping R > p — DA+ p7)(7,") € X' is continuous. Let
(o,u,p) € X X M x Q and (op,un,pr) € Xp x My X Qp, be the unique solutions of (2.23) and
(2.25), respectively. Then there exists C > 0, independent of h, such that

H(O-7U7p) - (O-haufnph)H S C ( lnf ) ”(O’,’U,,p) - (Thavthh)” . (226)
€ Xn5 My % Qn
Proof. See Theorem 3.3 in [20]. O

2.4 An equivalent twofold saddle point formulation

In order to apply the abstract theory from Section 2.3 to our problem (2.22), we need first to
introduce an equivalent formulation. To this end, we now reutilize the equilibrium equation of
the Stokes problem in the form of the following Galerkin least squares-type term

(div og,divTg)s = —(fs,div Tg)s V1g € H(div;Qg), (2.27)

which is then added to the formulation (2.22) and placed within the operator A, thus giving rise
to a modified operator A (see (2.34), (2.35) below). In addition, we consider the decomposition

H(div;Qg) = Hoy(div;Qs) & Po(Qs)I, (2.28)
where
Hy(div;Qg) = {0' € H(div;g) : / tro :O} ,
Qs
and set og = g + cI, with the new unknowns g € Hy(div;€g) and ¢ € R.
In this way, the equations (2.8), (2.13) and (2.27) are rewritten, equivalently as

v (el s + (div Ts,us)s + (Tsn, @)y = 0 Vg € Hy(div;Qg, (2.29)
d(n,p)y, =0 Vd € R, (2.30)

(sn, )y + (P -n, Ny, — I/li;l (W -t,p-t)y +c(n,¢h)y, =0 Vi € Héé2(2), (2.31)

and
(div g, divTg)s = — (fs,div Tg)s V1s € Hy(div;Qg). (2.32)

10



Then, we define the global unknowns
g = (Fs,tp) € X = Ho(div ; Qg) x L3(Qp), p := (p,c) € Q = Q xR,

and group the equations (2.9)~(2.12), (2.14), (2.29)(2.32), which yields the following variational

formulation: Find (&,u,p) € X x M x Q such that

A B} 0 ol F
B, -8 B u| =| G (2.33)
o B o0 p G
Hereafter, the nonlinear operator A : X — X' is given by
[A(os, tp), (Ts,5p)] == [As(os),7s] + [Ap(tp).sp], (2.34)
with Ag : Hy(div ; Qg) — Hp(div; Qg)’ the linear and bounded operator defined by
[As(os), 7s] = [As(os),Ts] + (dives,divTs)s,
which, according to the definition of Ag (cf. (2.16)), yields
[As(os),Ts] = v 1 (ol 7d)s + (div o, divTs)s. (2.35)

_In addition, the linear and bounded operator B: M — Q. and the functionals F € X’ and
G € Q/, are given, respectively, by

[B(V&Vqup)v(QD?g?d)] = [B(V57VD7¢)7(QD7§)] +d <n7¢>2

= (diVVD7qD)D + <VD - n, £>E + <11b -1, £>E + d<n7¢>2 5

(2.36)

[f‘, (ts,sp)] = [F,(7s,sp)] — (fs,divTg)s = —(fs,div Tg)s,

and
(G, (qp,&,d)] =[G, (qp.€)] = (fp,D)D -

The following theorem establishes the equivalence between (2.22) and (2.33).

Theorem 2.4 If (g,u,p) := ((os,tp),u,p) € X xMx Q is a solution of (2.22), where og =
s+ cI, with 65 € Ho(div;Qgs) and ¢ € R, then (¢,u,p) := ((6s,tp),u, (p,¢)) € X xMxQ
is a solution of (2.33). Conversely, if ((6s,tp),u,(p,c)) € X x M x Q is solution of (2.33),
then ((os +cl, tp),u,p) € X x M x Q is a solution of (2.22).

Proof. It suffices to apply the decomposition (2.28) and observe that in either direction one
deduces that diveog = diveg = —fg in 25. We omit futher details. O

3 Analysis of the continuous problem

In this section we analyze the well posedness of (2.22) (equivalently (2.33)). To this end, we
prove below in Section 3.2 that the formulation (2.33) satisfies the hypotheses of Theorem 2.1.
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3.1 Preliminaries

Here we group some merely technical results and further notations that we will serve for the
forthcoming analyis. The following lemma is already well known.

Lemma 3.1 There exists C > 0, depending only on Qg, such that

Clrsllhos < HTCsl”%,QS + || div 75§ 0c V1 € Hp(div;g). (3.1)

Proof. See [5, Lemma 3.1] or [12, Proposition 3.1, Chapter IV]. O
We also recall that, given vp € Hrpp(div;Qp), the boundary condition vp -n = 0 on
I'p means (vp-m,Egp(p))sg, = 0 VY € Hééz(I‘D), where (-, )y, stands for the

duality pairing of H~/2(0Qp) and HY?(00p) with respect to the L?(9Qp)-inner product,
Eop : HY/?2(Tp) — L%(00p) is the extension operator defined by

_ ) on TIp 1/2
EQD(IU’) Ea { 0 on X VILL € H (PD)u
and s
HY(Tp) = {u e HYXTp): Eop(u) € H1/2(aQD)},
endowed with the norm ||ull1/2,00rp = [[Eo0,p(1)l1/2,00-

As a consequence, it is not difficult to show (see e.g. Section 2 in [18]) that the restriction
of vp -1 to ¥ can be identified with an element of H~/2(%), namely

(vb 1, &)y = (vp 1, Ep(§))yg,  VE € HYA(D), (3.2)

where Ep : HY2(X) — HY?(9Qp) is any bounded extension operator. In particular, given
¢ € HY?(X), one could define Fp(§) := z|apq,, where 2 € H'(Qp) is the unique solution of
the boundary value problem: Az =0 in Qp, z=¢ on X, Vz-n=0 on Ip.In
addition, one can show that for all u € HY?(99p), there exist unique elements us € H'Y/?(X)

and pr, € Héé2(FD) such that
p = Ep(ps) + Eop(pry) (3.3)
and

C1 (leslhijes + lersllijzoors) < lellijzo0, < Co (lusllijzs + oo /200, ) -

3.2 The main results

We begin by proving the continuous inf-sup condition for B (cf. (2.36)), which will follow from
the next two lemmas that separate the required estimate into two parts.

Lemma 3.2 There exist Cp, Cy > 0 such that

d(n,)y + (¥ -n,¢)
S1(&,d) =
1(¢,d) ¢;1(11)(/)pz<z) 1% 11/2,00,5

h#0
for all (€,d) € HY/?(X) x R.

2 > Crld] — Coll€lliyzs (3.4)

12



Proof. Let 1 be a fixed element in H(l)éz(E) such that (n,%()y, # 0. Hence, given ({,d) €
H'Y2() x R, we find that

d <n7 1/)0>E + <¢0 -, §>E

Sl(§7d) Z 2 Cl ‘d‘ - C2 HS”I/ZE? (35)
1%0ll1/2,00,=
where Cy = 12%obsl " onq 0y satisfies | (o - m,€)5 | < Ca 9ol 2005 €]l - O
||¢o||1/2,oo,z

Note that there is a very simple way of defining such an element v,. In fact, as explained
in [26, Section 3.2], we pick one interior corner point of ¥ and define a function v that is
continuous, linear on each side of X, equal to one in the chosen vertex, and zero on all other
ones. If n; and ny are the normal vectors on the two sides of ¥ that meet at the corner point,
then vy := v (n; + ny) satisfies that property. If the interface ¥ were a line segment (without
interior corners), we pick v as the continuous linear function on X, equal to one in any interior
point and zero in the extreme points, and define ¥, := vn.

Lemma 3.3 There exists C3 > 0 such that

divvp,gp)p + (vp - n,§
Sola.§) = swp | D085 5 ¢y {anloay + €l es - (36)
VDEHFD(div;QD) ||VDHd1V,QD
vp#0

for all (gp, &) € Lo(Qp) x H/2(D).

Proof. Let (qp,€) € Lo(Qp) x HY?(X). Then, we define wp := Vz in Qp, where z € H'(Qp)
is the unique solution of the boundary value problem:

Az=¢qgp in Qp, Vz-n=0 on 0Qp, / z=0.
Qp

It is clear that div wp = ¢p in Qp, wp € Hp (div; Qp) (since actually wp-n = 0 on 9Qp), and
Wb lldiv:op < Cllgplloop- Hence, using from (3.2) that (wp - n,&)y, = (wp - n, ED(£)>8QD =0,

we deduce that )
(divwp, gp)p

[Wblldiv;0p

Sa(qp, &) > > Cs3llgpllo,ap - (3.7)

On the other hand, given ¢ € H-/2(X), we define n € H~'/2(00p) as

0, W on, = (& ps)y V€ HY*(00p), (3.8)

where py is given by the decomposition (3.3). It is not difficult to see that

(1, Bop(p)gn, =0  ¥p € Hy'(Ip), (3.9)
<77>ED(£)>8QD = <¢7£>Z ’ (310)

and
I7Ml=1 /2,00, < Cllél-1/25 - (3.11)
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Hence, we now define wp := Vz in Qp, where z € H'(Qp) is the unique solution of the
boundary value problem:

1
Az = ——=(1)pg, in O, Vz:m=mn on 9p, / 2 =0.
] an

It follows that divwp = \Q—lDl (M, Doa, € Po(2p), wp-n = 7 on dQp, and, using the estimate
(3.11), [wpllaiv;op < Clinll-1/2.00, < Cll¢ll-1/2x- In addition, according to (3.2) and (3.10),

and (3.9), we find, respectively, that

(Wwp 0,8y, = (Wp 1, Ep(§))sa, = (1, Ep(€))aq, = (9:&)s

and
(Wwp -0, Eop(p))gg, = (0, Eop(p))aq, =0 Vo€ Hy)*(Tp)

which implies that wp € Hry (div; Qp). In this way, since gp € L3(Qp), we conclude that

Sa(qp,€&) > Hwp 1,65 > CM Ve H YY),

[wpllaivion  —  I9ll-1/2z
and therefore
(¢, &)sl _
Sa(qp,€) > € sup = C &Iz, -
peH—1/2(%) ”¢H—1/2,2
¢#0
This estimate and (3.7) imply (3.6), which finishes the proof. O

The continuous inf-sup condition for B follows straightforwardly from the previous lemmas.

Lemma 3.4 There exists § > 0 such that

[B(v), (q,d)] -
sup—-2 == > g {lallq +ld} V(edeQ:=QxR.  (312)
vem  [[vlm
v#0
Proof. Tt suffices to observe, recalling that M := L?(Qg) x Hr (div; Qp) x H(l)é2(2), that

Bv): (a.9)] )
sup o B [ Si€d). Salap. O} V(@.d) = (a0, 6).d) € Q.
x;l\(/)l ¥/l

and then perform a suitable linear combination of (3.4) and (3.6) (cf. Lemmas 3.2 and 3.3). O

We continue the analysis with the continuous inf-sup condition for By on X x V, where V,
the kernel of B, is given by

vi—{veM: B, (@d) =0 V@decQ}
More precisely, according to the definition of B (cf. (2.36)), we find that
V = {(VS,VD,'gD) eEM: divvp =0inQp, vp-n = —%-non, (n¢)y = 0}.

Then, similarly as for B, we recall from (2.18) the definition of By, and separate the required
estimate into the following two parts.
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Lemma 3.5 There holds

SD, VD )D
Sg(VD) = sup u Z ||VDHdiV;QD V(Vs,VD,’l,b) € V. (3.13)
speL2(2p) Isp llo,2p
s#£0

Proof. Given (vg,vp,%) € V| it suffices to bound S3(vp) by taking in particular sp = vp, and
then use that ||[vp|lo,op = [|VD||div:0p- d

Lemma 3.6 There exists Cy > 0 such that

S4(Vs,’l7b) = sup (divT87VS)S + <TS Il,'l‘b>

T g € Ho(diviag) I 7slldiv ;05
Ts#0

2 > Cu{Ivslons + ¥l 2005 (3.14)

for all (vs,vp,¥) € V.

Proof. Given (vs,vp,®) € V and 75 = 759+ cI € H(div;Qg) with 759 € Hp(div;Qg)
and ¢ € Py(Qg) (cf. (2.28)), we notice that (div7s,vs)s = (divTg,vs)s, (Tsn,¥)y, =
(Ts,om, )y, and HTSHfﬁv;QS = HTS70H?HV;QS + 2¢?|Qg|. Hence, the supremum Sy remains the
same if taken on H(div;(g) instead of Hy(div;{g). The rest proceeds exactly as in the proof
of [7, Theorem 2.1] by defining suitable auxiliary problems. We omit further details. O

As a consequence of the previous lemmas, and recalling that X := Ho(div ; Qg) x L%(Qp),
we are able to establish the following result.

Lemma 3.7 There exists $1 > 0 such that

Bi(T),v
sup BT 5 5 v vy = vy € V. (3.15)
rex  ITlx
T#0
Proof. It suffices to observe that
Bi(7),v
sup PUELY - [Su(vp). Salvs, )} ¥ (vevo.w) € V.
rex ITlx
T#0
and then apply the estimates (3.5) and (3.6) (cf. Lemmas 3.5 and 3.6). O

We now come to the strong monotonicity and Lipschitz-continuity of A : X — X'.
Lemma 3.8 There exist constants o, v > 0 such that
A - AQ).7 -8 > alz - &%

and . o )
[A(T) — AQx < Iz —Clx»

for all T, § e X.
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Proof. Let us have in mind the definition of A from (2.34). Then, thanks to the assumptions
(2.4), one can show (see e.g. [28, Theorem 3.8] for details) that the nonlinear operator Ap (cf.
(2.17)) is strongly monotone and Lipschitz continuous on L2(Qp). In addition, it is easy to see,
using Lemma 3.1, that the bounded linear operator Ag (cf. (2.35)) is elliptic on Ho(div ; Qg).
These results yield the required estimates for A. O

We are now in a position to establish the well-posedness of (2.22).

Theorem 3.1 For each (F,G1,G) € X'xM'x Q' there exists a unique (o,u,p) € Xx M xQ
solution of (2.22). Moreover, there exists a constant C' > 0, independent of the solution, such
that

l(e,u,p)[xxmxq < C{[Fllx' + [Gillm + IGllq} - (3.16)

Proof. 1t follows from Lemmas 3.4, 3.7 and 3.8, and a direct application of the abstract result
given by Theorem 2.1, that problem (2.33) is well-posed and the analogue estimate (3.16) holds.
Then, the equivalence result provided by Theorem 2.4 completes the proof. O

We end this section with the converse of the derivation of (2.22). More precisely, the following
theorem establishes that the unique solution of (2.22) solves the original transmission problem
described in Section 2.1. We remark that no extra regularity assumptions on the data, but only
fs € L?(Qg) and fp € L*(Qp), are required here.

Theorem 3.2 Let (o,u,p) € X xM x Q be the unique solution of the variational formulation

(2.22) with F, G1 and G given by (2.21). Then div og = —f5 in Qg, v* O'g = Vug in
Qs, ug € HY(Qg), divup = fp in Qp, up = —k(-[tp|)tp in Qp, tp = Vpp in Qp,
pp € HY(Qp), up-n + ¢-n = 0 on X, an—i—)\n—z/ﬁ;l(cp-t)t =0on, A\ =pp on X,
@ =-ugonX,ug =0onls, andup-n = 0 on I'p.

Proof. It basically follows by applying integration by parts backwardly in (2.22) and using
suitable test functions. We omit further details. O

4 The mixed finite element scheme

In this section we analyze the well-posedness of the Galerkin scheme of (2.22). For this purpose,
we also introduce the Galerkin scheme of the auxiliary problem (2.33), and establish suitable
assumptions on the finite element subspaces ensuring that both discrete schemes are equivalent
and that the latter is well-posed.

4.1 Preliminaries

We begin by selecting two collections of discrete spaces:

H, () © H(diviQs), Ln(Qs) € L3(%), AR(D) © Hyh (%), )
H,(Qp) € H(div;Qp), Th(W), Lu(Qp) C L3 (Qp), AP(Z) C HY2(Y).
According to this, for the Stokes domain we define the subspaces

Ly(Qs) = Lp(Qs) x Lu(Qs),  AR(D) = AJ(D) x AR (),
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Hp(Qg) == {7: Qs — R**?:  a't € Hu(Qg) Vae R2} ,
Hip0(€2s) = Hp(Qs) N Ho(div; Qs),
and for the Darcy domain we set
Tr(p) := Th(p) X Th(2p),
H),r,(Qp) = {veH,(Qp): v.n=0 on Ip}, (4.2)
Lno(Qp) = Ly(Qp) N L§(2p) -

Then, the global unknowns and corresponding finite element subspaces are given by:

o, = (osptpn) € X = Hp(Qs) x Tp(Qp),
&y = (Gsptpn) € Xy, == Hyo(Qs) x Tr(p),
w, = (usp, upp, @y) € My, := Ly(Qs) x Hy,rp () x AF(2),

= (pp.psAn) € Qn == Lpo(p) x AD(X),
(p,.ch) € Qn == Qn xR.

In this way, the Galerkin schemes for (2.22) and (2.33) read, respectively: Find (g, u;,p,)
€ X x My, x Qp, such that

[A(gp). 7] + [Bi(z),uy = [F, 7] VzeXy,
Bi(gy),v] — [S(u,).¥] + [B(v),p,] =I[G1,v] VveM,, (4.3)
[B(uy,), d] = [G,d VqeQu,

and: Find (Qhaﬂmﬁh) € X;, x My, x Qp, such that

[A(gy), 7] + [Bi(1),u,] = [F.r] VreX,,
Bi(6,),v] — [S(w,),v] + [B(),p,] =I[Gv] VveM,, (4.4)
[B(Eh)7g] = [G,g] Vg € Qh .

4.2 The main results

In what follows, we proceed analogously to [26, Section 4] and derive general hypotheses on
the subspaces (4.1) that allow us to show that (4.3) and (4.4) are equivalent, and that (4.4)
is well posed. Our approach consists of adapting to the present discrete setting the arguments
employed in the corresponding continuous analyses (cf. Theorem 2.4 and Lemmas 3.2, 3.3, 3.5
and 3.6).

We observe first that, in order to have meaningful spaces Hj, o(§2s) and Ly, o(Q2p), we need
to be able to eliminate multiples of the identity matrix from Hj,(€g) and constant polynomials
from Lp(Q2p). This request is certainly satisfied if we assume the following:

(H.0) [Po(Qs)]?> € Hy(Qs) and Po(Qp) € Lip(2p).
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In particular, it follows that I € Hy(Q2g) for all A, and hence there holds the decomposition:

Hh(Qs) = Hh,O(QS) D PO(QS)I. (4.5)

Next, in order to prove the equivalence between (4.3) and (4.4), we assume that:
(H.1) divH;(Qg) C Lp(Qg).
As a consequence, we have the following theorem.

Theorem 4.1 If (o4, uy,p,) = ((oshtpn)uyp,) € Xp X My x Qp is a solution of
(4.3), where o), = Gsp + cpl, with g, € Hpo(Q2s) and ¢, € R, then (Qh,gh,gh) =
((Gsh tD,n), 1y, (Eh,ch)) € Xp XMy, x Qyp, is a solution of (4.4). Conversely, if (Qh,gh,éh) €
Xp x My, x Qp, is a solution of (4.4), with ;, = (Gsn,tpp) and p, = (Rh,ch), then
((esn+ ChI7tD,h)7Eh7Eh) € Xy x My, x Qy, is a solution of (4.3).

Proof. Thanks to (H.1), it suffices to apply the decomposition (4.5) and observe that in either
direction one deduces that diveg; = divogy, = —fs. We omit futher details. O

As already announced, we now analyze the well-posedness of the Galerkin scheme (4.4),
thanks to which we will conclude the well-posedness of the equivalent scheme (4.3). To this end,
and in order to apply the abstract result given by Theorem 2.2, we need to introduce further
hypotheses. We begin with the following:

(H.2) There exists ¢, € Héé2(2) such that
Py € AS(X) Vh and (- n, 1)y # 0. (4.6)

It is easy to see that (H.2) yields the following inf-sup condition, which constitutes the discrete
version of Lemma 3.2: There exist C;, Cs > 0, independent of h, such that

d :
S1.n(nydrn) == sup n(n,y)y + Py -1, 8n)
’l/’heA,S(z) Hwh”l/Z,OO,Z
), #0
for all (&, dp) € AR(X) x R.

Next, we assume that the discrete version of Lemma 3.3 holds, that is:

= > Cyldn] — Collénlliyes (4.7)

(H.3) There exist Cs > 0, independent of h, such that

leV 3 —|— VvV .n7
Son(qn,&n) == sup (divvh, gn)p + (v -1, &)y

vp€Hp 1y (D) thHdiv :Qp
Vh7£0

V(qh,fh) S Lh,O(QD) X AE(E).

> Co{llanllogn + gl jps} (48)

On the other hand, we now look at the discrete kernel of B, which is defined by
Vii= {v €My [Bw,), (a,.d)] =0 Y(a,.d) € (QuxR)}.
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Moreover, in order to deduce a more explicit definition of Vj,, we introduce the hypothesis:
(H.4) divH,(Qp) C Lp(Qp) and Py(X) € AD(X).

It follows, according to the definition of B (cf. (2.36)) and (H.4), that v, := (Vs., VD.h, )
belongs to Vj, if and only if

divvp, € Po(2p), (v 1m,&r) = — (%), - n,&)y Vé € AL(X), and (¢, -1, 1)y = 0.
In particular, taking &, = 1 € AP(XZ) we find that (vp, - n,1);. = 0, which implies that

divvp = 0in Qp, and hence

Vi o= {(VS,haVD,ha'ﬁbh) € My, := Ly, (92s) x Hy,rp (20) X AR() : divvp, =0 on Qp,
(4.9)
($p-1,&n)y = — (vDu-m,&) V& € AR(D), (¢ -m, 1)y = O}'

In virtue of the above, and aiming now to establish the discrete versions of Lemmas 3.5 and
3.6, we define

Vh(QD) = {VD,h S Hh(QD)Z diVVDJL = 0}, (4.10)

and consider the following hypothesis:

(H.5) V,(Qp) € Th(2p), and there exists ¢4 > 0, independent of h, such that

(div Ty, vp)s + (Th -0, 9p)
San(vn,¥p) == sup : X > 04{||vh\|0,gs + H¢hH1/2,oo,z}
TheHy @ 171 |l div ;05
Th
(4.11)

for all (vp, 1) € Lp(Qs) x AZ (D).

Hence, it is easy to see that the condition V,(Qp) C T,(2p) allows to extend the simple
argument employed in the proof of Lemma 3.5 to the present discrete case, which yields

(SD,hs VD,1)

Ssn(Vppy) == sup > |vpalldiviop YV (VSh, VDR ¥) € Vi (4.12)

SD.nELK (D) HSD,hHO,QD
sp,n#0

Furthermore, since divHy(Qs) = divHj,o(Q2s) (cf. 4.5), the inf-sup condition (4.11) implies
the existence of Cy > 0, independent of h, such that

(divTsp, vsn)s + (Tsan,y,) ~
i 7 —= > C {”VS,h”Oﬂs + “¢h|’1/2,00,2} (4.13)
Ts,n€Hp 0(2) ”TS,thiv;Qs
Ts,n70

for all (VS,havD,ha'l/’h) S Vh.

We are now in a position to establish, under the hypotheses specified throughout this section,
the well posedness of (4.3) and the associated Cea estimate, which follows straightforwardly from
the corresponding results for the equivalent scheme (4.4).
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Theorem 4.2 Assume that (H.0) — (H.5) hold. Then the Galerkin scheme (4.3) has a unique
solution (gh,gh,gh) € X X My, x Qp. In addition, there exist C, C' > 0, independent of h,
such that

(@ py) e < C {IFlx, lx; + [Guing, gy + (Gl llgy } > (4.14)

and

lo —aullx + lu—w,lm + [p—p,llQ
< of wlfe-mlx + nf lu-viw+ wf p-gle}. O
- T,eX) viEM, T T q,€Q, —

Proof. We first observe, thanks to (4.7) (which follows from (H.2)) and (H.3), and proceeding
analogously to the proof of Lemma 3.4, that B satisfies the discrete inf-sup condition on M}, x Qj,.
Similarly, using (4.12) and (4.13) (which follows from (H.4) and (H.5)), and proceeding as in
the proof of Lemma 3.7, one can easily show that B; satisfies the discrete inf-sup condition
on X, x Vj,. In addition, we recall that the nonlinear operator A is strongly monotone and
Lipschitz-continuous (cf. Lemma 3.8), and that S is positive semidefinite on M (cf. (2.20)).
On the other hand, it is known from [4, Lemma 3] that the operator Ap (cf. (2.17)) has a
continuous first order Gateaux derivative DAp : L?(Qp) — L(L?3(Qp),L2(Qp)’). Hence, due
also to the boundedness of the linear operator Ag (cf. (2.35)), we conclude that A (cf. (2.34))
has a continuous first order Géteaux derivative DA : X — E(X,X’ ) as well. Consequently,
straightforward applications of Theorems 2.2 and 2.3 imply the well-posedness of the auxiliary
Galerkin scheme (4.4) and the associated Cea estimate. Finally, the equivalence results provided
by Theorems 2.4 and 4.1 yield the unique solvability of the original Galerkin scheme (4.3) and
the required estimates (4.14) and (4.15). O

5 A particular mixed finite element scheme

In this section we follow very closely the analysis and results from [26, Section 5] to define specific
finite element subspaces verifying the hypotheses (H.0) — (H.5). In this way, a particular mixed
finite element scheme (4.3) satisfying the estimates (4.14), (4.15), and the corresponding rate of
convergence, is derived.

5.1 The finite element subspaces

Let ’Z;ls and ’Z;lD be respective triangulations of the domains g and p, which are formed by
shape-regular triangles of diameter hp, and assume that they match in 3 so that ThS U ’ThD is a
triangulation of g U ¥ U Qp. In addition, ’Z;LS and ’Z;lD are supposed to be quasiuniform in a
neighborhood of 3. Then, for each T € ’ThS U ’ThD we consider the local Raviart—Thomas space
of the lowest order

RTo(T) := span{(l,()), (0,1), (xl,@)}.

We also define one Raviart—Thomas space on each subdomain and their usual companion spaces
of piecewise constant functions: for x € {S,D}

() = {vi € H(divi): valr € RTo(T) VT € 77},
(5.1)
Lh(Q*) = {qh : 0, — R: qh\T S PO(T) VT € 'Z;L*}
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It is clear that (H.0), (H.1), and the condition divHy(Qp) C Lp(Qp) in (H.4) are satisfied.
In addition, it is easy to see that in this case V,(Qp) (cf. (4.10)) is contained in Ly (Q2p)x L (2p),
and hence, in order to have the condition V,(Qp) C Tp(Qp) in (H.5), it suffices to choose
Th(QD) = Lh(QD), that is

Th(Qp) = {qh Qp — R:  qulr € Bo(T) VT € ThD}. (5.2)

Furthermore, it is well known (see, e.g. [12, Chapter IV] or [35, Chapter 7]) that the pairs of
subspaces (Hp(Qs), Ln(Qs)) and (Hprp (20), Lno(2p)) (cf. (4.2) and (5.1)) satisfy the usual
discrete inf-sup conditions, that is there exist Gy, Op > 0, independent of h, such that

div Th,vp)s ~
sup TR 5 B legs  Yon € Ln(@s), (5.3)
T, €H,, () 7 ldiv ;05
T}L#O
and (d )
V'V, qn)D =
sup  —————— > Bpllanllooy  Van € Lio(€lp). (5.4)

vR€Hp rp (D) thHdiv;QD
vy 7#0

In addition, the set of discrete normal traces on ¥ of Hy(Qg) and Hy(Qp) is given by
By(3) = {¢h 'S > R: dple € Pole) Vedgee € zh}, (5.5)

where, hereafter, X;, denotes the partition of ¥ inherited from ’Z;LS (or ZLD). Note that the local
quasiuniformity around ¥ and the shape regularity property of the triangulations imply that >
is also quasiuniform, which yields a classical inverse inequality for @, (%) (see [27, eq. (5.3)]).

Next, in order to introduce the particular subspaces AP (X) and AP(X), we first assume,
without loss of generality, that the number of edges of ¥, is even. Then, we let Y9, be the
partition of X arising by joining pairs of adjacent edges of 3. Note that because Yy, is inherited
from the interior triangulations, it is automatically of bounded variation (that is, the ratio of
lengths of adjacent edges is bounded) and, therefore, so is 3op,. Now, if the number of edges of
Yy, is odd, we simply reduce it to the even case by joining any pair of two adjacent elements,
and then construct Yo from this reduced partition. In this way, denoting by zg and xy the
extreme points of 3, we define

AE) = {vn € C(D): Wl € Pile) VeeTon, wi(wo) = vulen) =0,  (5.6)

AE) = {& cC®): &Gl €Pi(e) Ve e Ty} (5.7)

It is clear from (5.7) that Po(X) C AP(X), which completes the requirements of (H.4). In
addition, if we assume that the elements of Yo, are segments, that is no element of Yo, crosses
a corner point, then we can construct 1, satisfying (H.2), exactly as explained at the end of
the proof of Lemma 3.2.

Furthermore, at this point we recall from [26, Lemma 5.2] that there exist 55, BD > 0,
independent of h, such that the pairs of subspaces (®,(X), A7 (X)) and (®4,(X), AP (X)) satisfy,
respectively, the following discrete inf-sup conditions:

sup M > B\S‘|¢h‘|l/2,00,2 Y, € A;SL(E), (5.8)
o £ 2 (2) [énll-1/2,5
h
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and

sup {Onbn)z > O llnllijes Ve € AR(D). (5.9)
o £ 1) onll-1/2,s
h

5.2 The discrete inf-sup conditions

In what follows we complete the verification of the hypotheses required by Theorem 4.2. More
precisely, according to our previous analysis, it only remains to show the discrete inf-sup con-
ditions (4.8) and (4.11), which yield (H.3) and (H.5), respectively. This is the purpose of the
following two lemmas.

Lemma 5.1 Let us recall from (4.2) that Hy rp (Qp) == {veEeH,(Qp): vn =0 on Ip}
and Lpo(Q2p) = Lp(Qp) N Lo(2p), with Hy(Qp) and Ly (Qp) given by (5.1), and let AP (%) be
defined by (5.7). Then, there exists C5 > 0, independent of h, such that

leV s + (v - n,
52,h((.7hafh) = sup ( h q’l)D ( h §h>

vh€Hy, rp () vallaivson
Vh7£0

V(qh,fh) S Lh,O(QD) X A]}?(E).

Proof. Let (qn,€n) € Lpo(Q2p) x AP(X). It is easy to see, using the estimate (5.4) and the
boundedness of the normal trace of H(div;Qp), that

2 > Cy {lanllog + a1y

divv
Son(an,&n) > sup (divvp, gn)p
vh€Hp 1 (2D) ||VthiV;QD
vp#0

— [[nlli2,n > B lanllo.on — I€rllijes  (5.10)

On the other hand, given ¢, € ®,(X), we proceed similarly to the proof of Lemma 3.3 and
define i, € H-Y2(0Qp) as

(s Mooy, = (dnus)y Vi€ HY(0p), (5.11)
which satisfies o
(s Bop(P))ag, = 0 ¥p € Hyl*(I'p), (5.12)
(Mhs Ep(€n))oay, = (n:En)y - (5.13)
and
7]l —1/2,000 < Cliénll-1/2,5 - (5.14)

Then, according to the result provided by [26, Lemma 5.1] for the Darcy domain Qp, we deduce
the existence of v;, € Hy,({2p) such that

divvy € P(](QD) in Qp, vp-n=mn, on 0JQp, (5.15)

and
[Vhllaivon < Cllnnll-1/2.00p - (5.16)
In this way, thanks to (3.2) and (5.13), and (5.12), we find, respectively, that

(Vi -m,8n)y = (Vi -1, Ep(&n))aq, = (M ED(En))aay, = (Dn:En)s
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and
_ 1/2
(Vi -n, Eop(p))gq, = (M, Eop(p))gg, =0  Vp€ Hy*(p),
which implies that v, € Hpp (div; Qp). Moreover, it is clear from (5.14) and (5.16) that
1Vallaivion < Clignll-1/2,s - (5.17)
Hence, bounding from below with v; = vy, and recalling that ¢, € Lg(QD), we deduce that

[ (divvn,gn)p + (V-0 8w | [(Va- 1, 8n)5 | S o | (Dns&n)s |
[Vhlaivson IVallaivion = lonll—1j2x’

So.n(qn, &n) >

which, noting that ¢y, is arbitrary in @5 (%), yields

bn, €
So.n(qn:&n) = C sup {Onne
op, € 2} (2) H¢h\|—1/2,2
¢h5£0
This inequality and (5.9) imply that S2(qn,&r) > C a1 /2,5, which, combined with (5.10),
completes the proof. O

Lemma 5.2 Let Hy,(Qg) and Lj,(Qs) be given by (5.1), and let AY (%) be defined by (5.6). Then
there exists ¢y > 0, independent of h, such that

div Ty, vn)s + (Th -1, )
San(vh,p) == sup ( ’ TVE > c4{||vh||o,ﬂs + \|¢h||1/2,00,2}
T pEHL(9g) HTthiV;QS
Tr#0

for all (vp, ) € Lp(Qs) x AF (D).

Proof. Let (vh,¥n) € Lp(Qs) x AP(X). We first observe, using (5.3) and the boundedness of
the normal trace of H(div;{)g), that
div ThsUh)S ~
Syn(vn,tp) = sup (divTh on)s _ l¥nlli2,005 = Bsllvrlloos — [1¥nlli/200s- (5.18)
T, €H,, (2g) 75 ldiv ;05
Tr#0

Next, given ¢y, € @, (2), we apply a slight modification of [26, Lemma 5.1] for the Stokes domain
Qg, and deduce the existence of 75 € Hp,(Qg) such that

divr, =0 in Qg, Tp-n=¢, on X, (5.19)
and
1T nllaivios < Cllgnll-1/25 - (5.20)
Therefore, bounding from below with 7, = 75, we deduce in this case that
Sun(oms tn) > |(leTha’UhZS + (Th -1, Y)y | _ | <7-,_L ‘0, Yp)y | s, | {Pn, ¥n)s | ’
178 ldiv ;05 178 ldiv 06 onll—1/2,5

which, noting that ¢, is arbitrary in ®5(X), yields

Sap(vn, ) =2 € sup {onYn)z
bp € (D) ||¢h||—1/2,2
n#0
This inequality and (5.8) imply that Sy, (va,¥n) > C[[¥ll1/2,00,5, Which, combined with (5.18),
completes the proof. O
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5.3 The main results

In this section we prove the unique solvability of (4.3) for the subspaces introduced in Section
5.1, and establish the associated rate of convergence.

Theorem 5.1 Assume that ’Ths and ’ThD are quasiuniform in a neighborhood of .. Let Hp(g),
H;,(p), Li(Qs), Lu(2p), Th(Qp), AF (), and AP (X) be the finite element subspaces defined
in (5.1), (5.2), (5.6), and (5.7), respectively, and let

Hy(Qs) = {7:9s —>R¥?: a'r c Hy(Qs) Vac R?},
Tp(Qp) = Tp(Qp) x Th(p),
Ln(Qs) = Ln(Qs) x Lp(Qs),
H,r,(Qp) = {veH,(Qp): v-n=0 on TIp},
Lyo(Qp) = Lp(Qp) N L§(2p),
ARE) = AR(D) x AR(D).

Then the Galerkin scheme (4.3) with the discrete spaces Xy := Hp(Qg) x Th(Qp), My, =
L,(Qs) xHyr, () x A (Z), and Qp, = Lpo(Qp) x AP (X) has a unique solution (@h,uy,p,) €
Xn X My, x Qp, which satisfies the estimates (4.14) and (4.15).

Proof. Since the hypotheses (H.0) — (H.5) are satisfied by the specific finite element subspaces
Xy, My, and Qyp, the conclusion follows from a straightforward application of Theorem 4.2. [

Our next goal is to provide the rate of convergence of the Galerkin scheme (4.3). To this
end, we now recall the approximation properties of the subspaces involved (see, e.g. [6], [12],
[29]). Note that each one of them is named after the unknown to which it is applied later on.

(AP}?S) For each § € (0,1], and for each 7 € H®(Qg) with div 7 € H’(Qg), there exists
Ty € Hyp(Qg) such that

|7 — Thlldivas < Ch° { I7lls,0s + Idiv 7l5.05 } .

(AP;P) For each § € [0,1], and for each s € H’(Qp), there exists s, € Tj,(Qp) such that

s = sulloc, < CH lIsllsen -
(AP}®) For each § € [0,1], and for each v € H(Qg), there exists v;, € Lj(Qs) such that
v —vallogs < Ch°|[v]sas -

(AP}®) For each § € (0,1], and for each v € H°(Qp) N Hr,, (div; Qp) with div v € H°(Qp),
there exists vy, € Hy, r, (Q2p) such that

Iv = vallawion < OB { IVllsan + Idiv visap }-
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(APZD) For each § € [0,1], and for each ¢ € H‘;(QD) N L3(Qp), there exists g, € Ly o(Qp)
such that
lg — anllo.n < CR llalls,ap -

(AP;‘LD) For each § € [0,1] and for each v € H/?+(%) N H(l](/)z(E), there exists 1, € AJ(X)
such that
1Y — ¥ullij200s < Ch 111 /2455 -

(AP}) For each § € [0,1] and for each & € H'/?*(%), there exists &, € AP(X) such that

1€ = &llijze < CRO €l 2165 -

The following theorem provides the theoretical rate of convergence of the Galerkin scheme
(4.3) under suitable regularity assumptions on the exact solution.

Theorem 5.2 Let (o,u,p)) € X x M x Q and (g, u;,p,) € Xp x My, X Qp, be the unique
solutions of the continuous and discrete formulations (2.22) and (4.3), respectively. Assume
that there exists 6 € (0,1] such that o € H?(Qg), div o € HY(Qg), tp € H(Qp), up €
H’(Qp), and divup € H’(Qp). Then, ug € H'(Qg), pp € H™(Qp), ¢ € H/?H(N),
A€ H1/2+5(E), and there exists C' > 0, independent of h and the continuous and discrete
solutions, such that

l@np) = (@nw.p,)lxxuxq < CA { llosllsag + [div osllsa
(5.21)

+ litollsen + luslisas + lupllsg + 4iv unllsen + Ipolisen |-

Proof. We first recall from Theorem 3.2 that Vug = v~! O'g and Vpp = tp, which implies
that ug € H'(Qg) and pp € H'9(Qp), whence ¢ = —ugly € HY?H(X) and X =
pply € H 1/2+6 (X). The rest of the proof follows from the corresponding Cea estimate, the
above approximation properties, and the fact that, thanks to the trace theorem in 2g and Qp,
respectively, there holds

[ellj2+ss < clluslhisos  and  [IMlij2465 < clppllivsarp -

6 The a-posteriori error analysis

In this section we derive a reliable and efficient residual-based a-posteriori error estimate for our
mixed finite element scheme (4.3) with the discrete spaces introduced in Section 5. Most of our
analysis makes extensive use of the estimates derived in [27] and [8] for the corresponding linear
case. We begin with some notations. For each T € 7, U T,P we let £(T') be the set of edges of
T, and we denote by &, the set of all edges of ’Z;LS U 7T,P, subdivided as follows:

&, = 5h(rs) U gh(Qs) U 5h(QD) U Eh(g),

{ee€& : e CTs}, En(Q) == {e€ & : e C O} for each x € {S,D},

where &,(I's) :=
= {e €&, : e C X} Note that £,(X) is the set of edges defining the partition

and &, (X) :
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Yp. Analogously, we let &5, (2) be the set of double edges defining the partition 3op,. In what
follows, he stands for the diameter of a given edge e € &, U &, (X). Now, let x € {D,S} and
let ¢ € [L2(Q)]™, with m € {1,2}, such that ¢|p € [C(T)]™ for each T' € 7;*. Then, given
e € Ep(Qy), we denote by [¢] the jump of ¢ across e, that is [¢] := (¢q|77)|e—(q|7)|e, where T” and
T" are the triangles of 7, having e as an edge. Also, we fix a unit normal vector n. := (n1,n2)* to
the edge e (its particular orientation is not relevant) and let t. := (—n2,n1)* be the corresponding
fixed unit tangential vector along e. Hence, given v € L2(f),) and 7 € L2(€,) such that
vlr € [C(T))? and 7|r € [C(T)]**?, respectively, for each T' € T,*, we let [v - t.] and [7 t]

be the tangential jumps of v and 7, across e, that is [v - te] = {(V|7/)]e — (V|r»)|e} - te and
[Tte] := {(7|r)|e — (T|77)|e} te, respectively. From now on, when no confusion arises, we will
simply write t and n instead of t. and n., respectively. Finally, for sufficiently smooth scalar,
vector and tensors fields ¢, v := (v1,v2)* and T = (7i;)2x2, respectively, we let
8’01 8v1 .
R 8ZE2 83:1 . ﬁ _ﬁ
curlv := % Cduy | curlqg := 92y’ 91 ,
8ZE2 83:1
. Ovs  Ovy 4 rot Otz Oty Otz OTo1\"
rotv:= — — — and rotrt := — — .
8:E1 8ZE2 ’ 8:E1 83:2 ’ 83:1 8ZE2

In what follows, (g, u;,,p,) = (s, tp,n), (Ush, WDk @R)s (PDR, AR)) € Xp x My, X Qp
and (g,u,p) € X x M x Q denote the solutions of (4.3) and (2.22), respectively. Then we
introduce the global a posteriori error estimator:

1/2
©:=4 > Oir+ Y Obr , (6.1)
TeT? TeTP
where, for each T' € ’Z;LS
®§,T = ||fs+divas7h||(2)7T + h2 |lrot O'CSl,hH(Z),T + h%||0'g7h||(2)7T
d d
+ > helllo€atlllse + Y. helodatlie + 0 D hellusn + enllde
e€&(T)NER(Ng) ec&(T)NER(Ts) e€&L (T)NEL(X)
1 2 1 d /|2

+ Z he |lospm + Apn — vy (cph-t)tHOe—Fhe vooogpt + 4 oo [
e€&L(T)NER(T) ’ ’

and for each T' € ’Z}lD

% = Ifo — divup sl + b2 Itpalld 7 + ICs[tpal) ton + upsllg -
2 2
+ > he ||[tp,n - t]llg,. + > hellton-tl3,
BEE(T)ﬂgh (QD)) GEg(T)ﬂgh (FD)

2
+ Z {he HtD,h t - A;’LHO’G + he HU-D,h ‘n 4+ @y n”g,e + he HpD,h - Ah”?),e} .
e€&E(T)NERL(X)
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Here, ¢}, and\) have to be understood as tangential derivatives, that is in the direction imposed
by the tangential vector field t on ¥. In addition, it is important to remark, as announced at
the beginning of this section, that some components of the a posteriori error estimator (6.1)
coincide with those obtained in [27] and [8]. In particular, Og 7 is exactly the same estimator
for the Stokes domain provided in [27].

The main result of this section is stated as follows.

Theorem 6.1 There exist positive constants Cre1 and Cess, independent of h, such that

Cets© < |lo—aylx +lu—um+lp-p,llq £ Cra ©. (6.2)

The efficiency of © (lower bound in (6.2)) is proved below in Section 6.2, whereas the corre-
sponding reliability estimate (upper bound in (6.2)) is proved next in Section 6.1.

6.1 Reliability of the a posteriori error estimator

We begin by noticing, thanks to the assumptions (2.4), that the Gateaux derivative of Ap at
any rp € L2(Qp), say DAp(rp), is a uniformly bounded and uniformly elliptic bilinear form
on L2(Qp) x L2(Qp) (see, e.g. [28, Theorem 3.8] for details). Hence, as a consequence of the
continuous dependence result provided by the linear version of Theorem 2.1 (cf. (2.24) with
A linear), we conclude that the linear operator obtained by adding the three equations of the
left hand side of (2.22), after replacing Ap by DAp(rp), satisfies a global inf-sup condition.
Furthermore, we observe that the continuity of DAp guarantees that there exists a particular
tp € L?(Qp), which is a convex combination of tp and tp,p, such that

[DAD(f‘D)(tD — tD,h)7SD] = [AD(tD) — AD(tD,h)7SD] VSD S L2(QD) . (63)

Hence, applying the above described inf-sup estimate (with rp = Tp) to our Galerkin error
(@ —opu—u,p—p,) € XxMxQ, we find that

(@ —apu—u,p—p,)lxxmxq < C  sup Bz, v, q) , (64)
- (T.v.9)€XxMxQ ||(IaX,g)||XxMxQ
(T,v,9)#0

where, according to (2.22), (6.3), and the definitions of By, B and S, the residual functional
R: X xM x Q — R is given by

R(r,v,q) := Ri(1s) + Ra(sp) + R3(vs) + Ra(vp) + Rs(¥p) + Re(qp) + Rz (€),

for each 7 := (75,sp) € X, v := (vs,vp,¥) € M, and q := (qp,§) € Q, with

Rl(Ts) = _1/ O'Sh TS_/Q us7h-diVTs—<TSn,Q0h>g
S
Ry(sp) := / (-;|tp,nl) tp,n +upp) - sp,
Qp
Rs3(vg) = /VS (fs+divogy),
Qg

27



Ry(vp) = —/ tp.h - VD —/ pp,pdivvp — (Vvp - n,A\p)s
QD QD

Ro(w) = —(osamd)s — (-m s + il (@6 @y b
Rolap) = /Q ab (o — divupy,).
R7(&) = (upyp-n,&)s + (¢, n,&)s

Hence, the supremum in (6.4) can be bounded in terms of R;, i € {1,...,7}, which yields

”(Q_thﬂ_ﬂh’E_Eh)HXxMxQ < C{ HRIHH(div;Qs)’ + ||R2||L2(QD)’ 6.5)
6.5

+IRsllez@sy + 1Rl ey + IRsllgyrzy + IRsl i3y + IRzl }-

Throughout the rest of this section we provide suitable upper bounds for each one of the terms
on the right hand side of (6.5). The following lemma, whose proof follows from straightforward
applications of the Cauchy-Schwarz inequality, is stated first (see also [27, Lemma 3.1] for the
estimates (6.7) and (6.8) below).

Lemma 6.1 There hold

1/2
[R2llL20p)y = 160, [6D,n]) to,n + upplloon = { > H%(v!tD,h\)tD,h+uD,h|!(2),T} , (6.6)

TeTP
1/2
[R3llL2sy = IIfs + div ospllons = { > Iifs + div Us,hllg,T} : (6.7)
rezs
1/2
[Rell2(py < [lfp — divupalloey, = { > llfo - diVUD,hH%,T} - (6.8)
TeTP

Next, we give the estimates for the suprema on the spaces defined in the interface X.

Lemma 6.2 There exist Cs, Cy > 0, independent of h, such that

1/2
| Rs|| H/2(xy < Cs Z he —Vhy (cph t) tH ) (6.9)
e€&h (%)
and
1/2
IRl rrzmy < Cr QY he HuD,h'nJFSOh'an,e : (6.10)
eESh(E)
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Proof. See [27, Lemma 3.2] for details. O

It remains to provide the upper bounds for |[R1||gqiv.0qy and HR4HHFD (diviop) - For this
purpose, we also proceed as in [27] and apply Helmholtz decompositions of H(div;{g) and
Hr, (div; Qp) (see, e.g. [27, Lemma 3.3]), the usual integration by parts on each element, and
the approximation properties of the Clément and Raviart-Thomas interpolation operators in
both domains. More precisely, applying the same analysis suggested by [27, Lemmas 3.6 and
3.7], we observe that the estimate for || R1||gqiv.0q) 18 exactly the one provided by [27, Lemma
3.8], whereas the estimate for ||R4HHFD (diviop) arises from a slight modification of the proof of
[27, Lemma 3.9]. These results are established as follows.

Lemma 6.3 There exists C; > 0, independent of h, such that

1/2
HRluH(div;QS)’ < G Z 9%,T ) (6.11)
TeT?
where, for each T € ’ThS
6%,T = h?pHFOtUCsl,hHg,T + h?pHUCsl,hH(Q),T + Z he||[UCSl,ht]||(2),e
c€E(T)NER (Qs)
2
+ > hellodptlie + 0 D0 {he I heHus,wsohH%,e}
e€E(T)NER(Ts) e€€(T)NEL(E) ’
Proof. See [27, Lemma 3.8]. O

Lemma 6.4 There exists Cy > 0, independent of h such that

1/2
1Ra (vl viony < Co 3 S OBz s (6.12)
TeTP
where, for each T € ’Z;lD
élz),T = Wy |[tpallsr + Z he ||[tp,s - t115.c
ecE(T)NERL(OD)

2

+ > heltoa-tlge + > {he [tp,n -t = Xallg. + Pellpp,n —Ah\lg,e}-

e€&(T)NEL(Tp) e€E(T)NEL (D)

Proof. It suffices to apply [27, Lemma 3.9] with tp j instead of K-! up p, noting that rot (tp )
vanishes since tp j is piecewise constant, and then recalling that in the present geometry the
boundary of Qp includes also the additional part given by I'p. O

We end this section by observing that the reliability estimate (upper bound in (6.2)) is a
direct consequence of Lemmas 6.1, 6.2, 6.3, and 6.4.
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6.2 Efficiency of the a posteriori error estimator

We now aim to prove the eficiency of ©, that is the lower bound in (6.2). We begin with the
estimates for the zero order terms appearing in the definition of @%,T and @%j.

Lemma 6.5 There hold

A

Ifs + div ospllor < llos — osullave VT €Ty,
Ifo — divuppllor < lup — uppllavr VT €75,
and there exists ¢ > 0, depending on k1 (cf. (2.4)), such that
[&(, [tp,p))tp,n + uppllor < C{ [tp = tpullor + lup — uD,thiv;T} VT €Ty

Proof. For the first two estimates it suffices to recall, as established by Theorem 3.2, that
fs = —div og in Qg and fp = div up in Qp. Next, adding and subtracting up, and using
also from Theorem 3.2 that up = —k(-,|tp|)tp, we find that

[( [tp,nl)tpn + uppllor < [l&([tpr))tps — &( [tp)tpllor + lup — upallaivir -
Then, proceeding similarly as in the proof of [4, Lemma 3] and using the assumptions on  (cf.

(2.4)), we deduce that

(-, [tp,al)tp,r — &( [tp))tpllor < 3k1lltp — toullor,

which, replaced back into the previous estimate, completes the proof. O

The derivation of the upper bounds for the remaining terms defining the global a posteriori
error estimator proceeds similarly as in [27] (see also [8]), using known results from [13], [14], and
[19], and applying Helmholtz decompositions, inverse inequalities, and the localization technique
based on element-bubble and edge-bubble functions. We omit further details and just provide
the following lemma that summarizes known efficiency estimates for thirteen terms defining 9%,7“

and 912),7“- The corresponding proofs, as detailed below, can be found in [8], [9], [13], [19], [21],
[24], and [27]).

Lemma 6.6 There exist positive constants ¢;, i € {1,...,13}, independent of h, such that
a) hillrot ol |8, < cillos—osallf, VT € TP,

b) he|[tps - t]Hae < ¢ ljup — uD,hHg,we Ve € &,(Qp), where the set we is given by
We 1= U{T’ eETP: e€ E(T/)},

c) he ||[Ug’ht]||%7e < c3|los — US,hHg’we Ve € &,(Qs), where the set w, is given by
We = U{T’G’Thsz e € E(T’)},

d) he ||tD7h-t||ae < ¢4 ]|lup _uD,hHg,T Ve € E,(I'p), where T is the triangle of T,X having
e as an edge,
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e) he Haghtﬂae < ¢5llog — Us,hHg,T Ve € &,(Ts), where T is the triangle of T, having
e as an edge,

£) P [[tppll5r < co {HpD —ppllgr + 7 [lup —UD,hHg,T} VT € T,
g) hillodull5r < C?{HUS —usyllgr + 7 llos —US,hH%,T} VT € T,

h) el —Ml3e < es{ oo —poalEz + W Jup—upal g+ he [A-Ml3, b Ve € &,(2),
where T is the triangle of ’Z}LD having e as an edge,

. 2

i) Z he ||tos -t — )\;LHO,E < G Z lup _uD,hHg,Te + ”)\_)‘h‘@/z,z ’
e€EL(T) e€EL(X)
where, given e € E(X), T, is the triangle of ’ThD having e as an edge.

2
. -1 d 2 2
DD he |[vTledut + L S o Y. los—osullir + lle = enlz00s ¢ -
e€&p (D) ' ec&n(l's)
where, given e € Ex(X), T, is the triangle of ’Z;LS having e as an edge.

k) he Juppen -+ @ nlB, < en {up—up B + 1 div (p —up ) [Br + be ool }
for all e € En(X), where T is the triangle of ’ThD having e as an edge,

D) hellospn + Ayn — v (@, )5,

< o2 {HUS —osplir + plIdiv(es —osp)ll5r + e llA = Anllge + hellp — ‘PhHg,e} :
for all e € En(X), where T is the triangle of ’Z}LS having e as an edge, and

m) hellusn + @l < s {Ilus —usplBr + B los — osulde + hello - @ald. )
for all e € En(X), where T is the triangle of ’ThS having e as an edge.

Proof. For a) we refer to [13, Lemma 6.1]. Alternatively, a) follows from straightforward
applications of the technical result provided in [9, Lemma 4.3] (see also [24, Lemma 4.9]).
Similarly, for b), ¢), d), and e) we refer to [13, Lemma 6.2] or apply the technical result given
by [9, Lemma 4.4] (see also [24, Lemma 4.10]). Then, for f) and g) we refer to [13, Lemma 6.3]
(see also [24, Lemma 4.13] or [19, Lemma 5.5]). On the other hand, the estimate given by h)
corresponds to [8, Lemma 4.12]. The proofs of i) and j) follow from very slight modifications of
the proof of [19, Lemma 5.7]. Alternatively, an elasticity version of i) and j), which is provided
in [21, Lemma 20], can also be adapted to our case. Finally, for k), 1) and m) we refer to [27,
Lemmas 3.15, 3.16 and 3.17]. O

The estimates i) and j) in the previous lemma provide the only non-local bounds of the

present efficiency analysis. However, under additional regularity assumptions on A and ¢, we
can give the following local bounds instead.
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Lemma 6.7 Assume that \|. € H'(e) for each e € &E,(X), and that ¢|. € H(e) for each
e € En(l's). Then there exist ¢, ¢19 > 0, such that

he HtD,h -t + )\;lH?),e < &g { HuD —uD,h||(2)7Te + he H/\, — /\;lug,e} Ve € €h(2),
and

he

_ 2 . 2
v 10'g7ht + cp/hHOe < ¢10 { los — O'SJLHg,Te + he Hcp' — c,o',LH076} Vee & (Tg).

Proof. Similarly as for i) and j) from Lemma 6.6, it follows by adapting the corresponding
elasticity version from [21]. We omit details here and refer to [21, Lemma 21]. O

We end this section by observing that the required efficiency estimate follows straightfor-
wardly from Lemmas 6.5, 6.6, and 6.7. In particular, the terms he [|A—=Ap[§ . and he [ — 4[5 .,
which appear in Lemma 6.6 (items h), k), 1), and m)), are bounded as follows:

Do held =Ml < RlIA=MlEs < CRIA =Nl 25,
eeé‘h(Z)

and

D helle—enlge < Plle—enlds < Chle —@nlli 205 -
e€ln(X)

7 Numerical results

In this section we provide three examples illustrating the performance of the Galerkin scheme
(4.3) with the subspaces X;, := Hy(Qs) x Tx(Qp), My, := Ly(Qs) x Hy, 1, (2p) x A (X) and
Qn = Lpo(dp) x AE(E) defined in Section 5, confirming the reliability and efficiency of the a
posteriori error estimator ©, and showing the behaviour of the associated adaptive algorithm.

In what follows, N stands for the number of degrees of freedom defining X; and Mj,. The
solution of (2.22) and (4.3) are denoted

(a,u,p) := ((6s,tp), (us,up, ), (pp,A)) € X xM x Q

and
(@h w4, p,) = ((0sh,tp,n), (WS ks UD Ry @), (PDR AR)) € Xp X My X Qp.

The individual and global errors are defined by:
e(os) = llos —osnllaivias,  e(us) = [lus —usallaiv;os

e(tp) := [tp — tpalloap ; e(up) := [lup — uplldaiv;op > e(pp) = |lpp — Poulloan

e(p) == |l —enllij2005 e(A) == [[A=Anli2s,



whereas the effectivity index with respect to © is given by

eff(©) := e(o,u,p)/O.

Also, we let r(os), r(us), 7(tp), 7(up), 7(pp), r(¥), r(A), and r(a,u,p) be the individual
and global experimental rates of convergence given by

 log(e(%)/¢'(%))
") = = gt )

for each % € {Gs,us,tD,uD,pDa%/\}a

and
( ) = log(e(o,u,p)/e'(o,u,p))
R R log(h/1) !

where h and A’ denote two consecutive meshsizes with errors e and e. However, when the
adaptive algorithm is applied (see details below), the expression log(h/h’) appearing in the
computation of the above rates is replaced by —% log(N/N'), where N and N’ denote the
corresponding degrees of freedom of each triangulation.

The examples to be considered in this section are described next. In all of them we choose
v=1,kr=1,and k(-,5) = 2+ 1/(1 + ). It is easy to check that k satisfies the assumptions
(2.4) with kg = 1 and k; = 3. Example 1 is used to illustrate the performance of the Galerkin
scheme (4.3) and to corroborate the reliability and efficiency of the a posteriori error estimator
©. Then, Examples 2 and 3 are utilized to illustrate the behavior of the associated adaptive
algorithm, which applies the following procedure from [40]:

1) Start with a coarse mesh 7; := ’ThD U Ths.

2) Solve the discrete problem (4.3) for the current mesh 7.

4

)
)
3) Compute O := O, 7 for each triangle T' € 7;*, » € {D,S}.
) Check the stopping criterion and decide whether to finish or go to next step.
)

5) Use blue-green refinement on those 1" € 7, whose indicator ©7 satisfies

@T/Z—max{@T: TE'];L}.

6) Define resulting meshes as current meshes ’Z}LD and ’Z;LS, and go to step 2.

In Example 1 we consider the regions Qg := (—1,1) x (0,1) and Qp := (—1,1) x (—1,0),
and choose the data fg and fp so that the exact solution is given by the smooth functions

ug(x) = curl (23 sin(rz1)) Vx = (z1,22) € Qs,

ps(x) = o3 + 23 Vx := (21,12) € Qg,

and
pD(X) = I (ZE%— 1)2 (l‘2—|—1)2 Vx = (:L'l,:Eg) € Qp.
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In Example 2 we consider Qp := (—1,1) x (—2,—1) and let Qg be the L-shaped domain
given by (—1,1)2\ [0,1]?. Then we choose fs and fp so that the exact solution is given by

ug(x) = curl <3 (22 + 2243 (29 —1—1)2) Vx = (z1,22) € Qg,

ps(x) = (2 +1)%e™ Vx := (z1,22) € g,
and

1
pp(x) = g(xi{’—?)a:l) cos(mxa) Vx := (x1,22) € Op.
Note that Vug and og have a singularity at the origin.

In Example 3 we consider the same geometry of Example 1 and choose the data fg and fp
so that the exact solution is given by the smooth functions

us(x) = curl (O.ng em1+m2) Vx := (x1,22) € Qg,

pS(X) = IIJ‘% e’ Vx = ($1,IE2) € QSa

and )
2
x1 (27— 1
pD(X) = ( ! 2) Vx := (l‘l,l’Q) € QD,
(;p% +(za+1)2 + 0.05)
In this case, pp and hence tp = Vpp and up = — Kk (+,|Vpp|) V pp show a numerical singu-

larity in a neighborhood of the point (0, —1).

The numerical results shown below were obtained using a MATLAB code. In Table 7.1
we summarize the convergence history of the mixed finite element method (4.3), as applied to
Example 1, for a sequence of quasi-uniform triangulations of the domain. We observe there,
looking at the corresponding experimental rates of convergence, that the O(h) predicted by
Theorem 5.2 (here § = 1) is attained in all the unknowns. In addition, we notice that the
effectivity index eff (©) remains always in a neighborhood of 0.87, which illustrates the reliability
and efficiency of © in the case of a regular solution.

Next, in Tables 7.2 - 7.5 we provide the convergence history of the quasi-uniform and adaptive
schemes, as applied to Examples 2 and 3. We observe that the errors of the adaptive procedures
decrease faster than those obtained by the quasi-uniform ones, which is confirmed by the global
experimental rates of convergence provided there. This fact is also illustrated in Figures 7.1
and 7.3 where we display the total errors e(o,u, p) vs. the number of degrees of freedom N for
both refinements. As shown by the values of r(g,_g, p), the adaptive method is able to keep the
quasi-optimal rate of convergence O(h) for the total error. Furthermore, the effectivity indexes
remain bounded from above and below, which confirms the reliability and efficiency of © in these
cases of non-smooth solutions. Intermediate meshes obtained with the adaptive refinements are
displayed in Figures 7.2 and 7.4. Note that the method is able to recognize the singularity of
the solution in Example 2 and the region with high gradients in Example 3.
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Table 7.1: EXAMPLE 1, quasi-uniform scheme

N h e(og) | r(og) | e(ug) | r(ug) | e(tp) | r(tp) | e(up) | r(up)
168 0.707 || 7.359 — 0.865 — 0.489 — 1.694 —
640 0.354 || 4.312 | 0.799 | 0.457 | 0.953 | 0.220 | 1.196 | 1.375 | 0.312
2496 0.177 || 2.195 | 0.992 | 0.230 | 1.008 | 0.106 | 1.078 | 0.829 | 0.743
9856 0.088 || 1.103 | 1.002 | 0.115 | 1.007 | 0.052 | 1.036 | 0.476 | 0.810
39168 | 0.044 || 0.552 | 1.003 | 0.058 | 1.004 | 0.026 | 1.011 | 0.260 | 0.878
156160 | 0.022 | 0.276 | 1.002 | 0.029 | 1.002 | 0.013 | 1.004 | 0.137 | 0.929
N | ep) | r(pp) | e(N) | r(A) | e(p) | r(¢) | e(o,u,p) | r(g,u,p) || eff(O)
168 0.126 — 0.683 — 0.037 — 7.648 — 0.862
640 0.045 | 1.524 | 0.497 | 0.475 | 0.139 — 4.583 0.765 0.879
2496 0.018 | 1.371 | 0.244 | 1.041 | 0.042 | 1.734 2.373 0.967 0.898
9856 0.008 | 1.179 | 0.120 | 1.030 | 0.014 | 1.549 1.213 0.976 0.845
39168 0.004 | 1.061 | 0.060 | 1.011 | 0.005 | 1.513 0.616 0.982 0.875
156160 || 0.002 | 1.018 | 0.030 | 1.004 | 0.001 | 1.505 0.311 0.988 0.871
Table 7.2: EXAMPLE 2, quasi-uniform scheme
N h e(os) | e(ug) | e(tp) | e(up) | e(pp)
404 | 0.5000 | 29.3565 | 5.8914 | 0.3784 | 2.2553 | 0.0806
1576 | 0.2500 || 19.7820 | 3.0327 | 0.1895 | 1.2565 | 0.0409
6224 | 0.1250 || 13.2561 | 1.5276 | 0.0948 | 0.6588 | 0.0204
24736 | 0.0625 || 8.4281 | 0.7652 | 0.0474 | 0.3369 | 0.0102
98624 | 0.0312 || 5.5354 | 0.3828 | 0.0237 | 0.1703 | 0.0051
N e(\) | e(p) || ele,u,p) | r(o,u,p) | ef(©)
404 0.3325 | 0.2636 30.0322 — 0.5258
1576 || 0.1713 | 0.1226 20.0546 0.5933 0.5631
6224 || 0.0887 | 0.0477 13.3608 0.5914 0.5627
24736 || 0.0450 | 0.0172 8.4697 0.6607 0.5986
98624 || 0.0226 | 0.0060 5.5513 0.6109 0.5598
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Table 7.3: EXAMPLE 2, adaptive scheme

N e(c,u,p) | r(o,u,p) ) eff(©)
404 30.0322 . 57.1171 | 0.5258
548 922.2145 1.9781 | 34.9558 | 0.6355
784 18.8764 | 0.9093 || 27.8872 | 0.6769
1544 || 12.4998 | 1.2164 | 18.5554 | 0.6736
2026 || 10.6033 | 1.2113 | 15.9807 | 0.6635
4373 7.8376 0.7856 | 11.0736 | 0.7078
4781 7.2224 1.8328 || 10.3884 | 0.6952
7105 5.9397 0.0872 | 8.4901 | 0.6996
9673 5.2169 0.8411 | 7.3908 | 0.7059

20712 | 3.6174 0.9618 | 5.0386 | 0.7179
29906 || 2.9286 1.1501 | 4.1342 | 0.7084
36304 || 2.6731 0.9416 | 3.7189 | 0.7188
53634 | 2.2272 0.9353 | 3.0884 | 0.7212
67436 || 1.9670 1.0850 || 2.7358 | 0.7190
71449 | 1.9011 1.1802 || 2.6419 | 0.7196
96176 || 1.6508 0.9499 | 2.2885 | 0.7213
126900 | 1.4424 0.9737 | 2.0029 | 0.7201

100 [ T T T T T T TIT T T T T T T TIT T T T T T T TIT T T T L I_

- Iquasi—uniform refinement —&—

adaptive refinement - -+ - :

10 | =

1 L ool L ool L | L L
100 000 10000 100000 le+06

Figure 7.1: EXAMPLE 2, e(g,u,p) vs. NV for the quasi-uniform and adaptive schemes
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Figure 7.2: EXAMPLE 2, adapted meshes with 1544, 4781, 20712, and 67436 degrees of freedom

Table 7.4: EXAMPLE 3, quasi-uniform scheme
N h e(os) | e(ug) | e(tp) | e(up) | e(pp)
168 0.7071 || 1.6203 | 0.1781 | 2.7631 | 5.7862 | 0.4991
640 0.3536 || 0.8166 | 0.0920 | 2.5015 | 6.6021 | 0.2920
2496 | 0.1768 || 0.4069 | 0.0446 | 1.3345 | 10.7401 | 0.1288
9856 | 0.0884 || 0.2035 | 0.0222 | 0.6524 | 7.9304 | 0.0642
39168 | 0.0442 || 0.1017 | 0.0111 | 0.3264 | 4.9954 | 0.0322
156160 | 0.0221 || 0.0509 | 0.0055 | 0.1632 | 2.7788 | 0.0161
N e()) e(p) | e(a,u,p) | r(a,u,p) | f(0)
168 0.4683 | 0.0570 6.6515 — 0.9877
640 0.6154 | 0.0736 7.1407 — 1.0202
2496 0.2349 | 0.0159 10.8337 — 1.0145
9856 0.1023 | 0.0044 7.9607 0.4487 1.0077
39168 || 0.0478 | 0.0014 5.0074 0.6720 1.0050
156160 || 0.0253 | 0.0005 2.7842 0.8488 1.0041
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Table 7.5: EXAMPLE 3, adaptive scheme

N e(c,u,p) | r(o,u,p) 0 | eff(0)
1346 8.5936 - 8.5943 | 0.9999
1866 6.9966 1.2588 || 7.0143 | 0.9975
3633 5.3139 0.8258 || 5.3029 | 1.0021
5069 4.4949 1.0051 | 4.4942 | 1.0001
5146 4.4662 0.8474 | 4.4546 | 1.0026
8042 3.6365 0.9207 | 3.6203 | 1.0045
13148 || 2.8766 0.9538 | 2.8588 | 1.0062
15921 || 2.5961 1.0722 | 2.5742 | 1.0085
23197 || 2.1824 0.9225 | 2.1712 | 1.0051
28262 || 1.9700 1.0365 || 1.9556 | 1.0074
43218 || 1.6240 0.9096 || 1.6176 | 1.0039
50762 || 1.4914 1.0589 || 1.4833 | 1.0055
62798 | 1.3415 0.9958 | 1.3341 | 1.0055
76352 || 1.2116 1.0424 || 1.2053 | 1.0052
88422 || 1.1253 1.0064 || 1.1186 | 1.0060

133003 || 0.9381 0.8898 | 0.9318 | 1.0068
144737 || 0.8932 1.1703 || 0.8877 | 1.0062
191228 || 0.7814 0.9597 | 0.7767 | 1.0062

100 F T T T T T T T T T T T T T T T TTT T T T TTTIi]

i Iquasi—uniform refinement —&— 7

adaptive refinement - -+ -
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Figure 7.3: EXAMPLE 3, e(g,u,p) vs. NV for the quasi-uniform and adaptive schemes
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Figure 7.4: EXAMPLE 3, adapted meshes with 1346, 3633, 15921, and 62798 degrees of freedom
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