UNIVERSIDAD DE CONCEPCION

CENTRO DE INVESTIGACION EN
INGENIERIA MATEMATICA (CT°MA)

A

Centro de Investigacion en Ingenieria Matematica

Convergence analysis of a residual local projection finite
element method for the Navier-Stokes equations

RODOLFO ARAYA, GABRIEL R. BARRENECHEA,
ABNER P0zA, FREDERIC VALENTIN

PREPRINT 2011-11

SERIE DE PRE-PUBLICACIONES







CONVERGENCE ANALYSIS OF A RESIDUAL LOCAL PROJECTION
FINITE ELEMENT METHOD FOR THE NAVIER-STOKES EQUATIONS

RODOLFO ARAYA, GABRIEL R. BARRENECHEA, ABNER H. POZA, AND FREDERIC VALENTIN

ABSTRACT. This work presents and analyzes a new Residual Local Projection stabilized
finite element method (RELP) for the non-linear incompressible Navier—Stokes equations.
Stokes problems defined element—wisely drive the construction of the residual-based terms
which make the present method stable for the finite element pairs P; /P, | = 0, 1. Numerical
upwinding is incorporated through an extra control on the advective derivative and on the
residual of the divergence equation. Existence of the discrete solution and uniqueness of
a non-singular branch of solutions, as well as optimal error estimates in natural norms
are proved under standard assumptions. Next, a divergence-free velocity field is provided
by a simple post-processing of the computed velocity and pressure using the lowest order
Raviart—Thomas basis functions. This updated velocity is proved to converge optimally to

the exact solution. Numerics asses the theoretical results and validate the RELP method.
1. INTRODUCTION

The numerical solution of the incompressible Navier—Stokes equations by standard finite
element methods demands the selection of inf-sup stable pairs of interpolation spaces for
the velocity and the pressure [17]. This condition prevents the most desirable choices of
spaces to be adopted, such as the simplest and lowest equal order elements [12]. Also,
numerical methods should include upwinding strategies to avoid spurious oscillations when
the exact solution develops boundary layers [20], behavior that appears for high Reynold

numbers flows.
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In the quest of bypassing these issues, a branch of new stabilized finite element methods,
called Local Projection Stabilized (LPS) methods, have been recently introduced for mixed
problems (see [4, 11]). Like classical stabilized methods, the main idea lies on the addition
of extra terms to the Galerkin method but with the difference that they are no longer
dependent on residuals, but rather constructed using the fluctuation between the variables
(or their derivatives) and their projection onto a given finite dimensional space (see [15]
for an interesting overview). LPS methods have been extended to the Oseen model in
[6, 7], although their capacity to handle singularly perturbed models still deserves more
investigations [18].

Also recently, a relationship between enriching polynomial spaces with the solution of local
problems and LPS methods has been established (see [14, 1]). The resulting methods, called
Residual Local Projection (RELP) stabilized methods, reintroduced residuals as the main
ingredient in their construction but now they are included through fluctuation operators.
Thereby, some of the standard LPS extra terms can be seen as a consequence of an enriching
space procedure. Next, a new RELP method [2] has been proposed for the Oseen equation
and validated for advection dominated flows. Also, a simplified version of the method,
specially suited for lower order methods, was presented in [3]. Well-posedness and optimal
error estimates were obtained for both methods which were extensively validated through

singularly perturbed benchmarks.

In this work, we extend the RELP method to the non-linear incompressible Navier—Stokes
equations. We seek the method bearing in mind a certain set of desired characteristics.

Among these we can quote:

e Be stable and achieve optimal convergent in natural norms for Py /P;, [ =0, 1;
e Bring balanced numerical diffusion;

e Be easily post-processed such as the discrete solution is divergence-free.

To face these requirements, the method is developed within the framework proposed in [1] in
which boundary value problems account for residuals at the element level, which ultimately,
are responsible for stabilizing the Galerkin method. In particular, we choose to set up
a Stokes model element wisely. This accounts for diffusive processes that dominate flows
at small scales and might be modeled through the residuals at large scales. Now, since
no analytical solution is available for this local problem, a two-level numerical strategy is
needed to implement the method which makes the approach more involved. In view of
making the present method attractive for practitioners, we project the residual onto the

space of piecewise constant functions before solving the local problem. This simplification
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makes the local problem analytically solvable and provides an alternative RELP method
that does not undermine the convergence of the method. In the process, a way to construct
an exactly divergence-free velocity field is also set up.

The stability and convergence analysis of the RELP method is based on the fixed point theory
presented in [8, 17], and used in [23] to analyze the SDFEM method originally proposed
in [13] in the case diffusion dominates, and in [10] for a pressure-stabilized finite element
method. Here, we extend that idea and prove that the original RELP method is well-posed
and achieve optimal convergence in natural norms. Due to the particular structure of the
method, the proof requests the construction of a new stabilized finite element method for the
Stokes equation, related to the one given in [1], which is also analyzed. Finally, we establish
that the post-processed divergence-free velocity field is also optimally convergent.

The paper is outlined as follows: we end this section with some notations and definitions
to be used throughout this manuscript. Next section is devoted to the presentation of the
RELP methods. Section 3 includes a well-posedness result and error estimates, and the
post-processing to get a divergence-free velocity field is described in Section 4. Numerical
validations are in Section 5 and some conclusions are drawn in Section 6. In Appendix A we

investigate numerical aspects of a new stabilized method for the Stokes model.

1.1. Notations and preliminaries. Let ) C R? be a polygonal open domain. The steady
incompressible Navier—Stokes equations consists of finding the velocity and pressure (u,p)

as the solution of

—vAu + (Vu)u + Vp=f, Viu=0 in 2, (1)
u= 0 on 0,

where v € R* is the fluid viscosity and f € L2(Q)2. Adopting standard notations for Sobolev
spaces, the weak form associated to (1) reads: Find (u,p) € V x Q := H}(Q2)? x L3(Q) such
that:

v (Vu, Vo) + (Vu) u,v) — (5, V -v) + (¢, V- u) = (f,v) forall (v,q) e VxQ, (2)

where (-, ) stands for the L?*(Q)-inner product (or L*(2)? if necessary). We place the con-
tinuous problem (2) in the case in which the hypothesis of Theorem 2.4, Chap. 4 from [17]
are satisfied such that (2) has a unique solution.

Let D be an open subset of €2, we denote by || - ||;,,p the norm in H™(D), and by || - ||;m.q.n
the norm in W™4(D) with m > 0 and 1 < ¢ < oo. We denote, as usual, H~!(Q) the dual
space of Hj(Q) equipped with the dual norm || - ||_1 o and the duality product (-,-), and
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H°(Q) = L*(Q2) and W%4(Q) = L9(Q). Also, we define the norm | - ||, in V x @, by

1/2
(v, )= {|v]2q+ e}, (3)

and the norm || - ||vxgy in (V x Q)’, the dual space of V x @, by

(v, )llvxqy:= sup {({v,w)+(q,7)} . (4)
l(w,r)lI<1

Let {7, }r>0 be a family of regular, quasi-uniform triangulations of 2, built up using triangles
K with boundary 0K and characteristic length hy = diam(K), and h := max{hx : K €
Trn}. The set of internal edges F' of the triangulation is denoted &, with hp = |F|. We denote
by m the normal outward vector on 0K; also, [v] stands for the jump of v across F. In
addition, for K € T, and F' € &, we define the neighborhoods wx = {K' € T, : K'NK # 0}
and wp = {K € T, : FN K # (}. Finally, we denote by Ilg, where S C R?, the orthogonal
projection onto the constant space, i.e., IIg(q) := @Ds and by H™(T,), m > 1 we denote

S|
the space of functions whose restriction to K € 7T, belongs to H™(K).

Associated to the triangulation 7y, the discrete space for the velocity Vy, is the usual space of
vector-valued piecewise linear continuous functions with zero trace on df). To approximate
the pressure we use @), the space of piecewise polynomial functions of degree I, (I = 0,1)
with zero mean value on ). If [ = 1, the space of pressures may contain continuous or
discontinuous functions. Analogous to (4) we introduce the following norm in the dual of

the discrete space

10 Dl vixuy = sup — {{v,wn) +(¢,74)} - (5)

l(wn,rr)lI<1

In what follows, we will employ the differential of a mapping F' : V x ) — V x ) with
respect to (u,q) at (v,q) € V x Q denoted by D, ,F(v,q) € L(V x Q), where L(V x Q)
represents the space of linear mappings acting on elements of V x () with values in V x @)
and equipped with the usual norm || - ||z(vxo)-

Finally, in the forthcoming analysis we will use the following classical result.

Lemma 1. For all v,w € V and q € ), we have

,V-v
sip LY S gl (6)
veEV |’U\1,Q

(Vu)w,v) < aluliolwlialv|ia, (7)

v
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where o and B are positive constants depending only on 2. Moreover, for all u,v,w € V,
it holds

(Vu)w,v) = —((Vo)w,u)— (V- -w,u-v), (8)
(Vv)w,v) = —% (V-w,v-v). 9)
Proof. See [17] and [21]. O

2. THE RESIDUAL LOCAL PROJECTION METHOD

The finite element method that we analyze in this work reads: Find (wp, pn) € Vi X Qp such
that

I/(V’uh, V’Uh) —+ ((Vuh)uh, ’Uh) — (ﬁh, V- ’Uh) + (th, V- uh)

#3050 F ~ D+ (T + Vi) p (Vouun +96)) - (10)
KeTy,

+77K (Xn(z V -up), xn(x V- vh))K] + Y 75 ([v Ontn, + pr], [V Opvn + Gu n) o = (F, ),
Fe&y,
for all (vp, qn) € Vi X Qp, where xp, := I — Il is the fluctuation operator.

Here, for a function v € L?(K)?, (u*(v), p™(v)) stands for the solution of the local Stokes

e

problem
—vAuM () +VpM(v)=v, V-uM(v)=0 ink, (11)
uM(v) =0 ondK.

e

Also, the stabilization parameters are given by
1 1

K= max {1, Pex} and 7 = max {1, £}’ 12)
where
Pey = 7|u}i|£{lj”{ with  |up|g = HT[};H‘ZK,
and
% if |uy|p =0,
TR = (13)
Lo ! (1 + L(1 — exp(Pep))) otherwise.
2|uplr  |un|r (1 —exp(Per)) Pep
Here
Pep = ERE iy p = 122

F
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In general (10) requests a two-level discretization since problem (11) can not be exactly
solved. On the other hand, a closer inspection of problem (11) reveals that some terms in
(10) can indeed be exactly computed, thus simplifying the implementation. In particular,
we realize that, for all ¢ € H'(K) it holds

u)(Vq) = 0 and p}(Vq) = xu(q). (14)

As for the remaining terms, we replace pM (= £+ (Vg )un+ Vi) by pM (e (= £+ (Vg Jwp +
Von)), and pM((Vop)uy, + V) by pM (Tl (Vop)u, + V) in (10) to get the following
simplified method: Find (wp,pr) € Vi X Qn such that

V(V’U,h, V’Uh) -+ ((Vuh)uh, ’Uh) — (ﬁh, V- ’Uh) + (qh, \ uh)

+ ) QTK (pé”(HK(—er (Vun)ws, + Vin)), oM (M ((Vog)u, + vqh)))K
KeTy,

YK
+ Z ~ xn(® V-un), xn(x V- o))
KeT,

+ Z TF ([[Vanuh _'_ﬁh ’I'L]], [[Van'vh _'_qh n]])F = (fv vh) .
Feé&y,

Finally, noting that every constant is a gradient, we apply (14) to recast the final form of
the simplified RELP method: Find (uy,pn) € Vi, X Qp such that

v(Vug, Voi) + (Vup)un, vi) = (r: V- 1) + (gn, V - un)
+ Z QTK (xn(z - (Vup)guy + pr), xa(x - (Vop) s + qn)) ¢

KeTy

30 (@ V) (@ Vo)) + Y 7 (v O+ ] [ 0pon + guml)
KeTy Fegy

= (Foon)+ Y = (wle - Wef) xale - (Von)llcw, +41)) (15)

KeTy,

Remark. The method (15) is the one we will implement since it is not a two-level method.
The next section deals with the error analysis for the original RELP method (10), as the
analysis can be extended, with minor differences, to the simplified RELP method (15). The
reason to analyze method (10) is its generality, which opens the door to different solution
strategies for the local problem (11), and it can be seen as the first steps toward the analysis

of general two-level finite element methods for the Navier—Stokes equations.
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3. ERROR ANALYSIS

We consider a scaled form of (1) by setting p=vp, f=v f, and A\ = v~!
—Auy + A (Vuy)uy + Vpy=f, V-u,=0 in Q, (16)
uy = 0 on 0.

The standard weak formulation of problem (16) is given by the following: Find (uy,py) €
V x @ such that

(Vu,, Vo) + A ((Vuy)uy,v) — (pr, V-v) + (¢, V-uy) = (f,v) V(v,9) e VxQ. (17)

We assume in this work that problem (17) admits at least one solution, which is unique

provided A is sufficiently small. Also, (17) can be written in the operator form as follows
F(A un,pa) = (ur, pa) + TG(A uy, py) =0, (18)
where G(\, uy,py) € V' X Q is given by

<G()‘a ’U,)\,p)\), (’U, q)) = ((VU,\)UM ’U) - (fa ’l)) ‘v’('v, Q) €V x Q> (19)

and T': V' x Q — V x @ denotes the Stokes operator, which associates for each (w,r) €
V' x @ the unique solution (u,p) € V x @ of

(Vu,Vov) — (p,V-v)+ (¢, V- u) = (w,v) + (r,q), (20)

for all (v,q) € V x Q.
The stabilized method for problem (16) reads as follows: Find (upx,prr) € Vi X Qp such
that for all (v, qn) € Vi X Qp,

(Vupx, Vor) + A (Vup ) upa, vn) — (0ras Vo vn) + (gr, V- up ) (21)

+ Z ak (pX (—=Aupy + A(Vup ) un + Voua), ot (A(Vor)un s + Vau))
KeT,

+ Z Y Axn(® V- upp), Axn(2V - v4)) - + Z 7 ([Onun + puan], [Onvn + ))&

KeTy, Fe&y,

= (f,vn) + Z ak (p2' (), pY A(Vor)uny + Van)) .

KeTy

where 7p = TTF and pM solves the Stokes local problem (11). Multiplying (21) by v, and

substituting p, = vpp, f = v f, and ¢, = v qp, we recover the RELP method (10) for the

original, unscaled Navier—Stokes equations.
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3.1. Technical Preliminaries.

We first state the following local trace theorem [22].

Lemma 2. There exists a constant C' > 0, independent of h, such that for allv € H*(K)
||U||(2),6K <C {hl_{l ||U||(2)K + hi |U|%K} (22)

The following inverse estimates are satisfied for V;, and @)y,.

Lemma 3. There exists a constant C' > 0, independent of h, such for all v, € Vy, and all

qn € Qp we have

[Vhlloce < Ch™"|vnl10, (23)
ol < Chi lonllox (24)
lanlllor < Chilanllows, (25)
hi vk < Cllonllox, (26)

for all k with 0 < kK < %

Proof. The first estimate is a direct consequence of global inverse inequalities and Sobolev’s

embedding Theorem (cf. [12]). For the remaining estimates, see [12]. O

The properties of the orthogonal projection IIx onto the constant space are summarized in

the following result.

Lemma 4. There exists a constant C' > 0, independent of h, such that

v = Hgvllox < Chg vk Vo e H'(K), (27)
Mgollox < lvllox Vo€ L*(K), (28)
||HK'U||oo,K < ChI_<1||U||0,K Yu € L2(K) (29)

Proof. For estimates (27) and (28), see [12]. Finally, (29) follows from (24) and (28). O

We introduce the Lagrange interpolation operator Z, : V N H?(Q)?> — V), and the op-
erator J, : Q — @y, for the velocity and pressure, respectively, where 7, is a modified
Clément operator for continuous pressures (I = 1) or the orthogonal projection onto @y, for

discontinuous pressures. These interpolation operators satisfy (see [9, 12])
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v =Tl < Chix™|vox Yo € H*(K)?, (30)
Zowhx < Clvllax VYo e HAK)?, (31)

v —Twlip < CEP 7 |ow, Vo€ HX(wp)?, (32)
v —Zwollirkx < Clvlhex Yo e WY (K)?, Vre (2,00, (33)
v = Tpvllox < Clvllox Vv e COK)?, (34)
g — Thdlix < Ch |l Vg € HY (wk), (35)
lg = Tndllor < Chip llalljwr Vo € HI(wr), (36)

where 0 < m <2, and0<i<1,1<j5<I[+1andC >0 independent of h.
Before heading to well-posedness results, we give the following technical result whose proof
can be found in [1] (see Lemma 3.2 for (37) and (38), and equation (3.18) for (39)).

Lemma 5. Let v € L*(K)? and let (u} (v),pM(v)) be the solution of problem (11). Then,
there exists C' > 0, independent of hy, such that

u ()i < N lvllox, (37)

1Y (v)lox < Chg|lv]lox- (38)

Moreover, there exists a constant C' > 0, independent of h, such that for all ¢ € P1(K) we

have
Chic |IVallo.x < [[PY' (V) lo.x < hic ||V allox- (39)

3.2. Existence of a discrete solution. We start defining the operator P : V;, — @} by

> ak (! (VPun), X (Van) o + > 7 ([Pl [an]) 5 (40)
KeTy, Fe&y,
= —(gn, V-wn) = Y ax (M Vun)un — )0 (Van) o = > 7 ([0nwn], [anm]) 5
KeTy Fe&y,

for all u, € Vi, g € Q. The operator P is well defined due to Lax Milgram’s Theorem

with the norm

1/2
lanlls == { > akllp (Vg e+ Y 7 II[[%J]IIS,F} :

KeTy, Fe&y,
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Also, we define the mapping N : V), — V}, by

N (un),vn) = (Vug, Vi) + (AMVup)un, vi) — (P(un), V- vi) — (f,vn) (41)
+ > v (@ V- wn), (@ V- 0))

KeTy

+ > ak (P \(Vun)w, = £+ VP(un)), p (A(Von)un))
KeTy

+ Z Tr ([Onun + P(up)n], [Onvn]) g
Fegy,

for all wy, v, € V.

The following result provides a characterization of the solution of (21) in terms of the map-
pings P and N.

Lemma 6. The pair (upx,pry) € Vi X Qn is a solution of problem (21) if and only if
N(’U,h)\) =0 cmd ph)\ = P(uh,)\).

Proof. It N'(uy,») = 0 and pj,» = P(up), then adding (40) and (41) we see that (up, ppy) €
V)5, x @, is a solution of problem (21). Moreover, let (wpx, pra) € Vi X Qp be a solution of
(21). If v, = 0 in (21), we have

> ak 0 (Vpur), vt (Van) o + Y T (onals [an]) p =

KeTy, Fe&,

—(qn, V- up) — Z K (péw(—f + )‘(vuh,)\)uh,A)apéM(VQh))K - Z 7r ([Onunn], [ann]) o

KeTy, Fe&y,

and hence, since P is well defined, p,» = P(up). Finally, if ¢, = 0 in (21), we have
N (up,\) = 0 and the result follows. O

We are now in position of proving the well-posedeness of the discrete problem (21).

Theorem 7. There is a positive constant C, which is independent of h and A, such that

problem (21) admits at least one solution (wpx,pnr) provided

1/2
Ah'T" {||f||2_m+ > QKHpéM(f)H?),K} <C.

KeTy
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Proof. Let R > 0 and uy, € Vj,, with |up|1.0 = R, be arbitrary and for abbreviation let

1/2 1/2
Ti= { > akllp M(Vun)uy, +P(uh))||(2),K} ;Y= {Z 77 [|[Onna +7’(uh)’n]]||3,F} ,

KeTy, Fegy,

1/2 1/2
7= {||f“2—1,9+ > aKHp%(f)H%,K} , wi= { > vKHAxh(ocV-uh)HaK} .
KeTy, KeTy,
Taking ¢, = P(uy) in (40) gives
—(P(un), V-up) = Y ak (pY (A(Vun)uy + VP(un) — ), p2 (VP(ur)))

KeTy,

+ 3" #([Onun + Plun)n], [P(up)n])r.

Fe&,

Then, using Cauchy-Schwarz’s inequality and (9) we have

(N (un), un)
= Junli o + AM(Vun)un, un) — (f, un)
+ 3 ak (P AN(Vun)un + VP () — ), P2 (A(Vun)un + VP ()

KETs,
+ ) kM@ V- wn)llf x + D 7 | [Onwn + P(un)n] |3 5
KeTy, Fe&y,
> Jul g+ M(Vun)un,wn) = | Fll—volunlio + > axllp (MVuy)u, + VP () «
KETh,
=3 o (P2 (). Y MVun)un + VP(ur)))
KeT,
+ > kM@ V- wn)llf o+ D 7o | [Onwn + P(un)n] |5 5
KeTy, Fegy,
1 1
> §|'U'h|%,ﬂ + A(Vup)up, up) + 3 > alp A (Vun)us + VP () «
KE%L

+ > wlxn@ V-l + Y T [0nun + Plun)n] |

KeT, Fe&y,
1 1
23wl (Pl - 511
KeTy

1 1 1 A
532+§$2+y2+w2_§z2_ §(v"“h,w'uh)- (42)

v
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Now, if we use the definition of the method with a test function given by (0, Jx(up - up)),

Cauchy—Schwarz’s inequality, Lemma 5, the fact that ax < 1 and (35), we get

IN

VAN

IN

VAN

<

(V- wp - up)| <[V wp, wp - wp — (g - wn))| + (V- wn, Tn(wn, - wg))

V20un)a llun - wn — Tn(us - wn)llog

+ Z ag (P (AMVup)uy, + VP(up) — ), p) (VT (un - wp)))k

KeTy

+ |7 7 [0nwn + Plun)n]llo.r I17n(un - wi)lllor

Fe&y,
CRAuy, - uplro+ > ax|pX MNVun)w, + VP(ur) = F)llosc 192 (VY Tn(wn - wn))llo.x
KeTn
+ Y 7 [ [0nwn + P(un)n]lo.r [[T0(wn - wi)]lo.r
Feé&y,
CRAuy, - uplr 0+ C > ar|[pX (MVun)w, + VP (wn))llo.x | Tn(wn - wn)| i
KeTh

C > akllp (Fllos haclIn(wn - wn)li + Y 7 1[0nwn + Plwn)nllor | [Tn(wn - wn)]llo.r

KeTy, Fe&y,

1/2
CRh |up, - upl1.0+ Cx { Z axhi|uy, - ’U'hﬁ,wK}
KeTy

1/2 1/2
+c{ S axp <f>||aK} { > axhilu,- uhﬁ,w}

KeTy KeTy,

1/2 1/2
+ { > 7l [Onun + P(uh>n]]||(2),F} { > el [T - uh)]]||(2),F}

Fe&, Fe&y,

1/2
C{R+x+y+=z} {h2\uh . uhﬁ,Q + Z 7 ||[Tn(wr - wr) — uy, - uh]]||(2)F} ) (43)

Fe&y,

But, in [2], Lemma 2, it is proved that

1
%FI—TFSCV}L—F:C}LF,
A v

and then, applying (36) and the mesh regularity, we arrive at

|(V-uh,'u,h -Uh)| < C’{R+:L'—|—y+z}h|uh-'u,h|17g.
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Moreover, using (23) we get

[up - uplio = [|[V(up-un)loo

= 2[|V(up)upljon

< Clunia ||unlloo0
S Ch_n‘uhﬁ,ﬁv
and then from (42) and (43) we arrive at
(N (un), un)
1 1 1 A
> §R2+§x2+w2+y2 - §z2 - §(V-uh,uh-uh)
1 1 1
> 5RQ+ 5952 +w? +y* — §z2 —Ch " MR+ +y+ 2} R
1 1 1
> §R2 + 5:52 +w? +y* — 522 — Ch' "AR® — CRY " Mo +y + 2} R?
1 1 1 1 1 1 3
S tp2yto2 2,2 Lo i1-kyp3 L o2 Lo Lo 9 90 k)\2p4
> 2R +2:B + w4y 52 Ch ™ "A\R 5% ¥ — 3% 2C’h AR
> %}32 +w?+ %gf — 22 — Ch' "AR® — ;C2h2<l—“>A2R4.
Let us define
1
R=—F——
MCNhY=~’
with M € N sufficiently large such that
Lo, 1.5, 3 oo 1o
ZR?_ __R%_ > ZR2.
2R MR 2M2R - 4R
Next, imposing the following hypothesis on h:
2MCAL ™"z < 1,
we conclude that
Loy o 15 3 o 1, 2
1 1
> iRz—z2+§y2+w2

1
> 5y2+w2>0.

Hence, Brouwer’s fixed point theorem implies that there is a u;, € V), with |u,|10 < R and

N(uh) =0. O
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3.3. A priori error analysis. We place the method in the case existence is assured, i.e., at
the diffusion dominated regime. To this end, we suppose that ax = 7k = 1 on every element
and 7p = % on each edge. Then, method (21) simplifies to: Find (upx, prr) € Vi X Qp
such that

(Vup, Vi) + A (Vupa)upa, vn) — (0ra, Vo vr) + (gr, V - up ) (44)
_ Z (péw(f + Aupy — A (Vupy) upy — Vph,x),pév[(v% + A (Vvy) uh,)\))K
KeTy,
hp
+ I;Th Axa(@® V- upp), Axn(® V- ) e + Fezgh 75 ([Onunx + pranl, [0nvn + ganl) -

= (f,vn), Y(vn,qn) € Vi X Q.

Next, we denote by T}, : V/ x Q — V;, X @}, the discrete Stokes operator, which associates
with each (w,r) € V' x @ the unique solution (uy, p) € Vi, X Qy, of

(Vun, Vor) = (on, V- 0n) + (a0, V- wn) + Y (02 (Von), 02 (Van)) (45)
KeTy

+MXR (@ V), (@ Vo)) + D % ([Onwn + prn], [Onvn + gun]) p = (w, vs) + (7, q1),
Feé,

for all (vy,qn) € Vi, x Qp. This discrete Stokes operator, to the best of our knowledge, does

not coincide with any stabilized method available in the literature, although it might be seen

as a variation of the PPS method (cf. [11]) if the pressure space is the continuous piecewise
linear functions, or the RELP method (cf. [1]), if the pressures are discontinuous. Adapting

the analysis presented in [5, 1] we obtain the following result (see Appendix A for a sketch

of the analysis).

Lemma 8. There exist constants C,C" > 0, independent of h and \, such that it holds

(T — Ti)(w, 0)[| < Ch(1+Xh)*[wlon Yw e L*(Q), (46)
1T (w, )l < C" (1 + A0 [[(w,9)|(vixquy Y(w,q) € (VxQ). (47)
To write the discrete method as a fixed point equation we also introduce the mapping
Gh i A x HE(T)2 x HA(TL) — Vi x Qn by Ga(\, 2, 8) = (wp, 4) where
(wh, va) + (Th, ) = =(f = A(Vz)z,v4)
=3 (M (f+ Az = A(V2)z = Vi), pM (N (Von)z)) . — > (0 (F = A (V2)2),pY (Van)) . -

KeTy KeTy
(48)
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for all (vp, qn) € Vi, X Q.

Using these operators, problem (44) can be written in a form analogous to (18):
Fr(N uwn o, o) = (Wnx, Pry) + ThGr(A, wn o, pry) = 0. (49)

The next result states some properties of Fj, and its derivatives, and will be fundamental
for the error analysis carried out below. The first one proves that the differential operator

Doy Fr(N\, Thuy, Jppy) is an isomorphism under appropriate conditions on h and A.

Lemma 9. Assume that on a given compact interval A C R a regular branch X — (uy, py) of
solutions of problem (18) exists and that (uy, py) belongs to the space H*(Q)?x H'(Q). There-
fore, there exists a constant hg > 0 such that, for all h < hg, the mapping Dy, , F1,(N, Zpuy, Tnp»)

s an isomorphism on Vi, X Q.

Proof. We start noting that, since 7" is a linear and continuous operator, and using (7) and

(30), we arrive at

| DapF' (A, wx, x) — Dy p ' (N, Zpwn, Tnpa) || covx@)
= sup H‘T((Du,pG()H Uy, p)\) - Du,pG()\7 Ih“)\? thA)) [U7 q]) |H

ltv,a)ll<1
< C sup || (D'U«JDG()" Uy, p)\) - Du,pG()‘> Ihu)n jhp)\)) [’U, Q] ||(V><Q)’

I(v,9)lI<1

< CA sup sup ((Vup)v + (Vo)uy — (VZuy)v — (Vo) Thuy, w)
I(w,HI<1 [I(v,9)I<1

=C\ sup sup ((V(uy —Zhuy))v + (Vo) (uy — Zhuy), w)

I(wHI<1 (v,9)ll<1

< CM\ sup sup  2|uy — Zryuy|io|v)ie |wie
Iw,HI<T (v, g)lI<1
<CMhL, (50)

where L := supyea max{||fllo.; |trll2.0, |pall1.o}. Then, since the set of isomorphisms on
V x @ is open, there exists hy > 0 such that D, ,F'(\, Tyuy, Jppy) is an isomorphism on
V x Q for all h < hs.

Next, we define the mapping A :=1+T1,D, ,G(\, Zpuy, Jppa), which belongs to L(V x @),
but also to L(V}, x Qp). Then, we use Lemma 8, Holder’s inequality, (33), (34), and the



16 R. ARAYA, G.R. BARRENECHEA, A.H. POZA, AND F. VALENTIN

inclusions H?(Q2) < L>(Q) and H'(Q) — L*(Q), to obtain
[ A1 = Dup (N, Tnwn, Topa) | covxa) = i I(Th = T) DupG (A, Znwx, Tnpa) v, dl|
v,9)||<1

<O (1+Ah)*Xh  sup sup ((VZhuy)v + (Vo) Thuy, w)

wllo.e<1 [I(v,g)lI<1

<SCA+M)?Ah sup  sup {[[VLunloagllvlosellwloe + [VoloelZuwslwellwlloo}
lwllo,o<1 [I(v,g)ll<1

<SCA+An) AR sup  sup |||V floaelvloaslwllon + lullcal Volloolwloe}
wllo,o<1 ll(v,g)lI<1

<SCA+An) AR sup  sup Allun]laolvhiellwlon + [ulzelvlielwloa}
[wlonst @<t

<C(1+A)*ARL, (51)

and then there exists hy < hy such that for all A < hy the mapping A; is an isomorphism in
V x Q. Also, since A; also maps V, x (), onto itself, and is injective, is also an isomorphism
on Vy X Q.

Finally, using Lemma 8, it holds

| A1y = DupFn (N, Tnw, Tnpa)| v xon)
= sup || Th(DupGr(N, Zrux, Tupr) — DupyG(N, Zpus, Tnpy)) [V, @il |

l(vn,qn)lI<1
< C(14Ah)? ” SUI;"' | (DupGr(A Znwn, Tnpa) — DupG (A, Znws, Tnpa))[n, an]ll (v, <@y
Vh,qn) <1
< C(1+Xh)? sup sup > (M = MVTu)Tyus — VIipa), pl (A(Vwy)vn))
ICwnrt)I<1 ll(onan)ll<1 e,
— Z pe V’Uh Thuy + )\(VIhU)\)Uh + th) Pe ()\(th)IhUA»K
KeTh
- Z pe V’Uh .’Zh’ll/)\ "‘)\(VIhU)\)Uh) De (Vth)) }
KeT,
= C(1+Ah)* sup sup {I + II + III}.

l(wntn)I<T [l(vh.qn) <1

Now, using (24), (30), (31) and the embedding H?(Q) — L>(), we obtain

[(Vur)ur = (VLun) Zhusllox < [(V(un — Zhwn))uslox + [(VZpun) (wr — Zpws)[lox
< luallso,x [ur — Zhun|ix + [[VIaws || o,k [[un — Znus|jo,x
< ualloo,oChicllusllo,x + CREHVIhus ol 1wl x
< ChiLl|uy|2.x, (52)
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and then, using (35), we get

| = f + MVZhur)Zhus + VIpallox

= [Auy — A((Vup)uy — (VZyup)Znpuy) — V(pr — Tnpa)llox

< Auylox + CAh Lfuall2,x + Cllpalliwx

< C{A+AhL)|lusllz,x + [IPAll1wx }- (53)

The item I is addressed using Lemma 5, (53) and (24), and Poincaré’s inequality as follows

I = Z (02" (f = MVZhur)Thur — VIupa), oy (A(Vwp)vn))

KeTy,

< C Y MG = MVThw)Tnus = VTwpallorc | (Vwn)vnllox

KeTy
< C Y Nhg L+ M L)||Vw o hic [ 0n] oo

KeTy,
< CAXRL(+ARL) > [IVwlloxlvnlox

KeTy,

< CARL(1+ AhL)|[(wn, ta) |l (vn, an)l- (54)

Also, using again Lemma 5, the embedding of H?(Q) — L>(Q), (26), (33), (34) and the
continuous embedding H'(Q)) — L*(Q), the item II is bounded as follows

I=— > (pXAVvr)Tyus + MVIZua)vy + Van), pl (A(Vwy)Thuwy))
KeTn

<O {PY (Vo) Tus + (VIhwa)vn)llox + 22 (Van) o} 192 (Vwn)Znws) llo.x
KeT,

<CX Y AN he([(Von)Thunllox + [(VThur)villox) + b Vanllox e (Vewn) Znwallo
KeTy

< CAR Y AN bl Vonllo sl Zntealloc i + Ao [ VInnlo i [onllo i
KeTn

+ hil|Vanllox } [[Vwallo,x | Znwx|| oo,

<SCARL {/\ hIVonlloalluallcce + AR[IVurllosclvalose +lanlloal [Vwnllos

< CARLA{T+ AR Ly [[(vn, gn) [l (wns 20, (55)
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and the item III as

Il = — Z (pY (M(Vvr)Thuy + )\(VIhu,\)vh),péV[(Vth))K
KeTy

< COAR DY (IVorllosllZuwalloose + IVZnwalloa s vnlloas ) 192 (Vtn) ok
KeT

1/2
< OAD{Jviliollusllcon + [[Znusllia0llvnlloan} (Z h§<1|Vth||(2),K>
KeTy

< CXhluallz.olvnlielltalloo

< CXRL || (vn, @)l N (wn, t) - (56)
Therefore, from (54), (55) and (56) it follows that

|A1 = DaupFrn(N\ o, Topx) ||l eovixgn) < CARL(1+Xh)*(1+ Ah L), (57)
and the result follows for some hy < h; using analogous arguments. U

Along with the previous Lemma, the next result states further properties of the mapping Fj,

and its derivative.

Lemma 10. Assume the hypothesis of Lemma 9 hold. Therefore, there exists a constant C,

which does not depend on h or X\, such that
I Fw (N, Znws, Tupa) | < CR{AL*(1+ AR)* (L+ h+ ARPL) + L} . (58)

Furthermore, for each p >0 and for all (vp, qn) € Vi, X Q such that (v, qn) belongs to the
ball centered at (Znpuy, Tppa) with radius p, there exists a constant C' > 0, independent of h
and A but depending on p, such that

| DupFrn (N T, Tnpr) — DupFu(N i, an) ||l covixan)
<CA\ {(1 + AR (14 A+ )\L)} (Znuy — vn, Tnpx — an) || - (59)
Proof. We first note that Fj,(\, uy,py) = 0, and then using the linearity of 7}, we obtain
£ (X, Zowr, Tupa)ll = 1ER (A, Znwx, Tnpa) — Fr(X, wa, pa)l
< N @Zwhwr — wa, Tupa = o)l + 1T(G (X, wa, pr) — Ga(A, Zuun, Tnpa)) |l
= S+ 5. (60)
To estimate S; we use (30) and (35) and easily obtain

Si<ChL. (61)
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Next, using the continuity of 7}, (cf. Lemma 8) and the dual norm (5), it holds

Sy =

IA

IN

IN

1T (Gr(A, wr, px) — Gr(A, T, Tupy)) ||
C(1+AR)?*  sup  (Gr(A ur,py) — GO\ Tows, Tupy), (Vn, qn))

l(vnan)lI<1

l(vn,an) <1

C(1+Ah)*  sup {)‘((VUA)UA — (VZyuy)Zpuy, vn)o

= 37 (M(F + Ay = A(Va)ux — Vo). 2 (N(Von)un)
KeTy

=Y (M (= F MV Tiua) Thus + VIupa), 2 A(Von) Thwy) )
KeT,

_ Z (pé”()\(VIhu,\)Ihu,\ — )\(VU,\)U/\)apéM(V%))K }

KeTy,
C(+Ah)? sup {I+I+1I+IV}.

l(vn,an)lI<1

19

As for the first term, using (52) and Cauchy—Schwarz’s and Poincaré’s inequalities we have

—
I

M(VTLuy)Thuy — (Vuy)uy, vp)a
)\||(VIhU>\)IhU)\ - (VUA)U/)\HO,Q ||’Uh||0,Q
CXRL? ||(vn, n)ll-

IA

IA

(62)

Since (uy, py) is the solution of problem (16) then II = 0. We are left with bounding III and
IV, for which we use Lemma 5, (34) and the continuous embedding H?*(Q2) — L°°(f2), and

(53) as follows

I =

- Z Pe —f + AVIyur)Lhyus + VIupa), pe ()\(V’Uh)IhUA))K
KETh

C > Al = F+ MVThun)Tyws + VIupallox | (Vor) Tnwallo x
KeT,

C Y M A+ A L)llualla i+ 1pall e} [onlx L
KeTy,
CNW* L2 {1+ X L} (v, an)ll-

(63)
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As for item IV, we further use (52) and (26) to get

IV = > (M MVIZua) Ty — A(Vua)uy), pt (Van))

KeTy
< C D Mg [(VTus)Tus — (V) usllox 2 (Van) llox
KE%L
< C Z A\ L h? xlluallo.x hicl|Vanllo.x
KeT,
< CARL?[|(vn, ). (64)

Gathering (62)—(64), we get
Sy < CARL* (14 Ah)? (14 h + MWL) (65)

and thus, using (60) and the bounds given in (61) and (65), we establish (58).
Estimate (59) is addressed next. Let (wn, pp), (Vn, qn), (Wh, 7h) € Vi X Qp with ||(wp, rp)| =

1. From the stability of the discrete Stokes operator in Lemma 8 we get

| D p B (N, 0y qn) (Wi, 1) — Doy pFi (N, Lo, Tnpa) (Wi, 7)) ||
N5 (D pyGr(A, vn, qn) (Wi, 7h) — DupGr(X, Znws, Tnpa) (wh, 1)) ||

< C(14Ah)? ” SUI;M (DupGr(A, V1, qr) (Wi, 1) — D pGr(N, Znwn, Tnpa) (Wi, 74), (21, S1))
zp,sp)||<1
< C(L+Ah)?  sup {—(MVLquh+MVw@LmMZQ
I(zr,sp)I<1
+ (AMVop)wy, + A(Vwp)vp, 25) + Z P (f = MV Zhur)Thur — VITupa), oY (A(Vzi)ws))
KeTs
= > (Y (f = MVon)on = Vau), pl (A(Vzn)wy))
KeTh
— Z (péw()\(VIhfu,A)wh + )\(th)Ih’U,)\ + Vrh),pé”()\(Vzh)IhuA))K
KeTs
+ 3 (P MVvr)ws + A(Vwy)vy, + Vi), p (AM(Vzr)on)) .
KeTh

_ Z (pé”()\(vzhu)\)'wh + )\(V’wh)IhUA)apéV[(vsh))K
KeTy,

+ Z pe V’l)h ’l_Uh + )\(vwh)vh) Pe (vsh)) }
KeTh

— C(1+Ah)?  sup {v+w+vn+wn+m+x}

I(zn,sn)lI<1
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We bound the item V by using (7) as follows

V= —)\ ((V(Ihu,\ — 'vh))'wh + (V'wh)(Ih'u,A — ’Uh), Zh)
<2a N |Zyuy — vp|1o|lwnlialziio

< 2a A [[(Znux — vn, Tnpx — an) | 1w, ra)ll (20, sn)l, (66)

and for the item VI we use Cauchy-Schwarz’s inequality, Lemma 5, (24) and (26) to obtain

VI=— Z (pév[(v(jhpx - Qh))my()\(vzh)wh))x

KeT,
<CN DY i IV(Tnpr — an)lloschc |V znllo.sl[wn | o i
KeT,
<CA Z [ Tnpx — anllo.x|znl,x[|whllo,x
KeT,
< CAM(Zhwr = vn, Tupa — @)l 1z, su) |l (wn, )] - (67)

Following analogous steps, and using Poincaré’s inequality, we can establish the following

estimates for items VII — X:

VII = — Z A (pé‘/[((VIhu,\)Ihu,\ - (Vvh)vh),pﬁ/[()\(vzh)wh))[(

KeTy,

<ON DY b (VTua) Ty — (Vou)oullox || (Vzr)wilox
KeTy,

< CON Z hic|[(VZyuy)Zhuy — (Vor)vpllo x| 26|kl wnllox
KeTy,

< C\? { Z hKH(VIhU,\)(IhU,\ - ’Uh)Ho,K + Z hKH(V(IhUA - ’Uh))’UhHo,K} |Zh|1,9\’wh\1,9
KeTy, KeTy

<CN { Z hic[[VZhuslo k|| Znws — Villoo,x + Z hi ||V (Zhuy — Uh)||o,K||’Uh||oo,K} \zn|1,0]wh |10
KeTy KeTy,

1/2 1/2
< CN (Z ||VIhUA||3,K) (Z [ Zhux — ’UhHS,K)

KeT, KeT,
1/2 1/2
+ (Z | Zhus — Uh\ix) (Z ||’UhH3,K> |zn]10lwn |0
KeTy, KeTy,
< OX{||luallze + [valie} | (Zaus — vn, Tupx — an) || 1 (wn, 7)1 | (24, s0)|l,
< ON{L + p} I(Zhuy — i, Tupx — @)l I (wns ri) | 1z, s0) 1 (68)
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and
VI == ) A (M (V(Thus — vp))wy + (Vwn)(Zyus — v1)), 02 (MVz) i)
KeTy

<C \N? Z hKH (Zruy — vp))wy, + (Vwy) (Zyuy, — vh)HO,KH(VZh)IhUAHO,K
KE%L

<C 2 Z {|IhU,\ - ’Uh\l,KH’whHo,K + ‘wh‘l,KHIhu)\ - ’Uh||o,K} \Zh\l,KHIhU,\Ho,K
KeTy

1/2 1/2
<O N ( Z | Zhus — 'Uhﬁ,K) ( Z HwhHg,K>

KeTy, KeTy

1/2 1/2
+ (Z |'wh|%,K> (Z 1 Znux —vh||(2),f<> |zn|1elluall2e

KeTy, KeTy,

<CNL[[(Znws — v, Tapa — a) | [ (wn, i) | (20, 501l (69)

and
IX=- Z A (péw((v'vh>wh + (Vwp) vy, + V), oM (M (Vzp) (Thuy — fuh)))K
KeTy

<CN Y B |(Von)ws + (Vwi)vy + Vrullo sl (Vz) (Zhws — on)llo.x
KeTy,

<C N\ Z {vnlxllwallox + |wnlrxllvallox + 7rllo.x } |20l x| Znws — vnllo,x
KeTy,

<C N|vp|r.a 1(Znws — vu, Tupx — @)l | (wn, )l | (z6s s0) ]

<CON{L+ p} |(Znwr — v, Tupx — @) N (wn, ra) Il (2, s (70)

and

— Y A PN ((V(@hus — vi))wn + (Vwy) (Tyuy — vi)), 0l (Vi)
KeT,

SC)\ Z hK ||(V(Ihu,\ — 'vh))'wh + (V'wh)(IhuA — 'Uh)HO,K hK ||V$h||o7K

KeTy

<CA Z {1Zhuy — ’Uh|1,K h H’whHoo,K + \’wh\l,KhK | Znuy — ’UhHoo,K} ||8h||o,K
KeTy

<C A\ (\Ih%\ - ’Uh|1,Q H’whHo,Q + |'wh|1,QHIhu)\ - ’Uh||o,Q) HShHo,Q

SCAM(Znux = vn, Tnpx — an) M I zrs sl (wn, ra)l- (71)

Finally, gathering (66)—(71) the estimate (59) follows. O
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We are now ready to prove the existence and uniqueness of a local discrete solution, and to

present an error estimate.

Theorem 11. Assume the hypothesis of Lemma 9 hold. Therefore, there is a positive con-
stant ho(A) such that for all h with 0 < h < hy a unique branch A — (upx, pn.r) of solutions
of problem (21) exists in a neighborhood of (uy,py). Moreover, the following estimate holds

1/2

SUE {\u,\ - uh)\‘iﬂ + |lpx — ]%,AH?),Q} < Ch, (72)

A€

where C' = C(L,A) > 0 does not depend on h.

Proof. From Lemma 9 we have that D, ,F (A, Zyuy, Jppy) is an isomorphism of Vi, x Q)
onto itself for each A € A, provided that h sup,, A is sufficiently small. In addition, from
(59) (cf. Lemma 10) we obtain that
£ (A ons an) = Fi(A, wi, th) = DupFr(A, Znwr, Tapa) [(Vn, @n) — (wa, tr)]]]
< O\ Dpll(vn, an) — (wn, ta)ll (73)

for all (vy, qn), (wn, tn) € B((Zpuyx, Tnpa); p)- The two above facts constitute the hypothesis
of Theorem IV.3.6 in [17]. Hence, supposing that h is small enough such as

4C(A, L) {Dup Fu O\, Znwn, Tupa)} 2w, xu 1N Zous, Tupa)l < 1, (74)

and applying (58) (cf. Lemma 10) and Theorem IV.3.6 in [17] we conclude that problem
(49) has a unique solution (wsx, prr) € B((Znur, Jnpa); p), where p is given by

p =2 ||{Du7th()\,IhU)\, jhp)\>}_1HC(Vh><Qh) |HFh()‘7',Zh'u’>\7 jhp)\)m < C(Lv A)hv

and the result follows using (30), (35) and the triangular inequality. O

4. A DIVERGENCE-FREE DISCRETE VELOCITY.

Since continuous piecewise linear interpolations for the velocity can not be divergence-free,
some additional work is needed in terms of a post-processing. Whenever discontinuous
pressure interpolations are used, this can be accomplished by either solving local problems
(as in [1]), or by adding a particular Raviart-Thomas vector field to the discrete velocity,
which is easy to compute. Here we follow the latter option, slightly modifying the approach
presented in [1, 2| and defining in each K € Ty,

Uner = Y Fellp([Onttna +puan]) - nor, (75)
FCOKNQ
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h
where pp:= + ﬁfﬂ(w — xp), with &r the opposite node to the edge F, stands for the
lowest—order Raviart—Thomas basis function. Using (75), we build the non—conforming
velocity field @, \ :=up ) + Upnex Which is point-wise divergence-free and shares the same

convergence properties as up, . This is stated in the following result.

Lemma 12. Let uy ) be the solution of (21) and u,.» given in (75), respectively. Then,

the velocity field wp » :=wup \ + Unex Satisfies
V- ’lALh,)\ =0 VK € 77L (76)

Moreover, under the hypothesis of Theorem 11, there ezists a constant C = C(L,A) > 0,
independent of h, such that

1
2
sup{ Z |’u,)\ - ’ljl,h,)\ﬁ’K} < Ch.

AEA KeT,

Proof. The proof of the first part is a slight variation of Lemma 3.8 in [1], and hence we omit
it. The error estimate reduces to prove a bound on |w,, |1, x which, after using the fact that

7r < Chp (see [2]), follows the same steps as in [1], Lemma 3.9. O

5. NUMERICAL VALIDATIONS

This section is devoted to testing the new RELP method (15) having as discrete spaces the
pairs P? /Py and P?/P; (with continuos pressures). The domain is set to be the unit square
Q= (0,1) x (0,1). In what follows, we first validate theoretical convergence rates through
a benchmark with an analytical solution. Next, we address the standard lid-driven cavity

problem in the high Reynolds number setting.

5.1. A study of convergence. We set v = 1 and v = 1072, and f is such as the exact

solution u(z,y) := (ui(x,y), us(z,y)) and p(z,y) of the Navier—Stokes equations is given by

1 1

ui(x,y) =€ sin(y), wus(x,y) =€ cos(y), p(z,y):= —3 e + 1(62 -1).

We remark that the velocity is a harmonic function and then the RELP method is fully
consistent for the element P?/P;. In Figures 1-2 we provide the convergence history using

the norms ||p — pullo.o, ||v — unllo and |u — wp|1 0, where (wp, pp) is the solution of (15).
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F1GURE 1. Convergence history of ||p — pulloa (top left), ||u — uslloq (top

right) and |u — up|1 o (bottom). Here v = 1.

25

We observe that the numerical orders show a perfect agreement with the theoretical ones,

plus a second order convergence for the pressure for the P?/P; case. Next, for the element

P?/Py we update the solution wy, with (75) and produce the divergence-free velocity field

ﬁh = Uup + Upe.

The results are given in Table 1 assuming different values for v.

The

procedure preserves the optimality of the error as pointed out in Figure 3, in agreement with

the theory.



26 R. ARAYA, G.R. BARRENECHEA, A.H. POZA, AND F. VALENTIN
h 0.25 0.125 0.0625 0.03125 0.015625
maxger, |V- U || (v =1) 8x 107" [49x107" |24 x10713|1.4x 1072 |57 x 10712
maxgeT, |V-ty k] (v =1072)[19.1 x 10712 [ 2.6 x 1071 |24 x 1071 | 8 x 107! | 2.6 x 10713
TABLE 1. Error in the divergence for P; /Py.
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F1GURE 2. Convergence history of ||p — pulloa (top left), ||u — uslloq (top

right) and |u — uyl1o (bottom). Here v = 1072
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F1GURE 3. Convergence history for the updated velocity u,; with the element
P?/Py. Here v =1 (left) and v = 1072 (right).

5.2. The lid-driven cavity flow. Next, a challenging test involving a high Reynolds num-
ber flow is addressed for which no exact solution is available. We attempt to solve the

lid-driven cavity problem with f = 0 and v = and consider a structured mesh of

1
5000
around 65,000 elements. We depict in Figure 4 the streamlines obtained using both pairs of

interpolation spaces.

We can see that the method provides a well-balanced dose of numerical diffusion as the
secondary vortices are recovered. Also, the precision of the RELP method is validated
comparing the numerical solutions provided by the present method with previously available

reference solutions. We can see in Table 2 that such results are in accordance.

Re || Ghia et al. [16] | NSIKE [19] | RELP P2?/P, | RELP P2/P,
5000 | = =05117 | =053 | x=0528 | x=05298
y=05352 | y=053 | y=0521 | y=05370

TABLE 2. Primary vortex center position.
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FIGURE 4. Streamlines with elements P? x Py (left) and P? x P, (right). Here
the Reynolds number is 5000.

6. CONCLUSION

New RELP methods made stable the simplest and lowest equal order pairs of interpolation
spaces for the fully non-linear Navier—Stokes equations, introducing the right dose of numeri-
cal diffusion. In the process of proving well-posedness and optimal convergence in the natural
norms, a new stabilized method for the Stokes model was also introduced and analyzed. In
addition, a simplified version of the RELP method, which shares the same desired properties
of the original method, avoided the use of two level approaches and became computationally
competitive. Next, this method was combined with a simple post-processing procedure to
produce a locally conservative solution which is optimally convergent in the discontinuous
pressure case. As such, the methods in this work may be seen as an appealing alternative
to simulate complex flows using the cheapest and simplest elements in a precise way while

respecting the divergence-free constraint exactly.
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APPENDIX A. THE DISCRETE STOKES OPERATOR

The discrete Stokes operator includes a formally new stabilized finite element method, given
by: Find (up,pn) € Vi X Qn such that :

B((wn, pn); (vn, qn)) = (w,vp) + (r, qn) (77)
for all (vp,qn) € Vi X Qp, where (w,r) € V' x @ is given, and B(.,.) reads as follows
B((un, pr); (vn, qn)) = (Vup, Vo) = (pn, V - vp) + (qn, V - up)

+ ) M (Vpn), 2 (Van))  + Mxn(@ V- ), Axa(® V- v1)) ¢
KeTy

+ Z % ([Onun + pan], [Onvn + qun]) 5 - (78)

Fe&y,

The next result establishes the existence and unicity of solution for (77).
Lemma 13. The mapping T}, is well-defined.

Proof. Defining the mesh-dependent norm

D=

h
[(vr, gn)lln = {I’vhlig + > Ixa@)llsx + W@V -op)llg ¢ + Y l—g I[Onvn +qh’n]]||3,p} :

KeTh Fe&y,
(79)
and using (14) it is easy to realize that, for all (v, qn) € Vi, X Qn
B((vn, an), (vn, an) = |l (vn, a3 (80)
and, thus, the problem (77) is well-posed and the operator T}, is well-defined. O

Lemma 14. The operator T}, is continuous. More precisely, there exists C' > 0, independent
of h and X\, such that

175 (w, )l < C (14 AR)* [[(w, 1) [[ v x@uy
for all (w,r) € (V x Q).

Proof. The proof follows standard arguments, but we present it here for completeness. Let

(up, pr) = Th(w,r). From (80) we see that

[(wn, p) |7, = B((wn, pn), (wn, pr)) = (w, wp) + (r,pn) < lwllv [wnlio + 117l o lpallog -
(81)
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To bound the L?(Q)-norm of py,, let z € H}(Q)? be such that
Blpnlloglzlie < (o, V- 2), (82)

and let z;, be the Clément interpolate of z. Then, integrating by parts, using that (u, pp)
is the solution of (77), (35) and (36) we arrive at

Blpnlloalzha < (pn, V- (2 = 24)) + (pn, V - 21)
== (Vpnz—z)x+ > ([ownl, z — z1)r + (Vuy, Vay,)

KeTy, Fe&y,
h
3 Oonl@V - w) M@V - 2+ S ([Otn + prnd, [Onzal)r — (w, 21)
KeTy, Feé&y, 12

1
<O hilVpnlloxlzhwe +C Y b2llpanlllorlzlw, + [unliolzilie + [wlv, 240

KeTy, Fe&y,
h
+C D Mxa(@V - wi)loxMxn(@V - z0)llox + D = [1[0nwn + prnlllo.pll[0nza]lo.r -
12
KeTy, Fe&y,
(83)
Next, using the generalized Poincaré’s inequality and the fact that |z|; x < Chgk and (35)
we obtain
x
D@ -l = P4 EEIT 2l < Ch el (s1)
2

and then (25), (26), (83) and the mesh regularity lead to

1
2
B lpnlloalzhe SC{ > Wi Vonlg s + Y helllanllli » + ||(uh,ph)||i+||w||3z;}

KeTy, Fe&y,

1
2
{IZIf,Q + ) A2hillzlliwk}

KeTy
< C {Ilun, ) I + ollyy }* (0 AR) |20, (85)
and dividing by [z[1,o we arrive at
1
Iinlloe < € (1 M) {lCun )+ w2} 0
Then, using (86) in (81), and ab < a® + § b? with a, b € RT, we arrive at

Cuans )l < € (el + (1 + ARYIr%)
< C(L+ AR (Jwly, +Irl2,). (87)
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and then replacing this in (86) it holds
Ipnllo < € (1 +AR)* ([wllvy, + lIrllq;) -

Finally, the proof ends remarking that [[(ws, pp)|l < (||(wn, pr)|2 + thHg,Q)l/z and using
[wllv; +I7lle;, < Cll(w, 7)llevixquy- D

Lemma 15. There exists a constant C' > 0, independent of h and X\ such that, for all
w € L*(Q)?, it holds

(T — T0)(w, 0)]| < C(1+Ah)*h [lwllog. (88)

Proof. Let (u,p) = T(w,0) and (wp, pr) = Th(w,0). The proof consists of proving the error

estimates

[(w = wn, p=pn)lln < C(1+Ah) h([[ullao + lIpllie) (89)
lp = prlloe < C (1 +AR)* h([ullzn + [IPlhe) . (90)

and then applying classical regularity results for the Stokes problem (cf. [17]).

To prove (88) we split the error into interpolation error (n*,n?) := (v — Z(u),p — Jn(p))
and discrete error (e}, e})) := (Zn(w) — up, Jn(p) — pn). Then, using the stability and approx-
imation properties of yy, the fact that w is solenoidal, (30)-(36), and the mesh regularity we

obtain

o ) = e+ Y @)k + 1@V - ) 155+ D T3 110nn" + 1l [

KeTy, Fe&y,
N xn(@)115 x
< CR |uliq + 1750+ D K IV-Zu()§x +C > W (Jul,, + 1oL,
KeTy, Fe&y,
< CR(Jul3 o+ [p[a) +C D NMREIV 0[5«
KeTy
< CR*((1+N°?) [ulsq + Iplig) - (91)

Next, using arguments very close to the analysis from [1] we can prove that
I(exs eplln < C(L+Ah) h(Jule + [plhia) (92)

and then (89) follows using the triangle inequality. To prove (90) we use the continuous
inf-sup condition and the definition of the method. We omit further details, and refer to [1]

for an analysis that can be easily adapted to the present case. U
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