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Analysis of the coupling of Lagrange and Arnold-Falk-Winther
finite elements for a fluid-solid interaction problem in 3D*

GABRIEL N. GaticaA! ANTONIO MARQUEZ! SALIM MEDDAHI®

Abstract

We introduce and analyze a new finite element method for a three-dimensional fluid-solid interaction
problem. The media are governed by the acoustic and elastodynamic equations in time-harmonic
regime, and the transmission conditions are given by the equilibrium of forces and the equality of
the corresponding normal displacements. We employ a dual-mixed variational formulation in the
solid, in which the Cauchy stress tensor and the rotation are the only unknowns, and mantain the
usual primal formulation in the fluid. The main novelty of our method, with respect to previous
approaches for a 2D version of this problem, consists of the introduction of the first transmission
condition as part of the definition of the space to which the stress of the solid and the pressure of
the fluid belong. As a consequence, and since the second transmission condition becomes natural,
no Lagrange multipliers on the coupling boundary are needed, which certainly leads to a much
simpler variational formulation. We show that a suitable decomposition of the space of stresses
and pressures allows the application of the Babuska-Brezzi theory and the Fredholm alternative
for concluding the solvability of the whole coupled problem. The unknowns of the fluid and the
solid are then approximated, respectively, by Lagrange and Arnold-Falk-Winther finite element
subspaces of order 1, which yields a conforming Galerkin scheme. In this way, the stability and
convergence of the discrete method relies on a stable decomposition of the finite element space used
to approximate the stress and the pressure variables, and also on a classical result on projection
methods for Fredholm operators of index zero.
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1 Introduction

The development of suitable numerical methods for fluid-solid interaction problems, specially for those
modelled by the acoustic and elastodynamic equations in time-harmonic regime, has become a subject
of increasing interest during the last two decades. For instance, several approaches relying on a primal
formulation in the solid, in which the displacement becomes the only unknown in this medium, have
been studied in [9], [21], [22], [23], [24], [27], and [28]. More recently, in order to avoid the locking
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phenomenon that arises in the nearly incompressible case, or motivated by the need of obtaining direct
finite element approximations of the stresses, dual-mixed formulations in the solid have begun to be
considered as well (see e.g. [15] and [16]).

More precisely, the interaction problem studied in [15] and [16] consists of an elastic body that is
subject to a given incident wave that travels in the fluid surrounding it. The transmission conditions
hold on the boundary of the solid and they are given by the equilibrium of forces and the equality
of the normal displacements from both media. Actually, in [15] we simplify a bit the original model
and assume that the fluid occupies an annular region, whence a Robin boundary condition imitating
the behavior of the scattered field at infinity is imposed on its exterior boundary, which is located
far from the obstacle. Then, we employ a dual-mixed approach for plane elasticity in the solid, in
which the elastodynamic equation is used to eliminate the displacement unknown, and keeps the usual
primal method in the fluid region. In addition, since the first transmission condition mentioned above
becomes essential, it is enforced weakly by means of a Lagrange multiplier. In this way, the stress
tensor in the solid and the pressure in the fluid, which solves the Helmholtz equation, constitute the
main unknowns of the resulting formulation. Next, we show that a judicious decomposition of the
space of stresses renders suitable the application of a Fredholm alternative for the analysis of the whole
coupled problem. The associated discrete scheme is defined with PEERS elements in the obstacle and
the traditional first order Lagrange finite elements in the fluid domain. The stability and convergence
of this Galerkin method also relies on a stable decomposition of the finite element space used to
approximate the stress variable. In [16] we modify the strategy from [15] and, instead of considering a
Robin condition on the exterior boundary, we follow the approach from [28] and introduce a non-local
absorbing boundary condition based on boundary integral equations. This implies, in particular, that
the exterior boundary can be chosen as any parametrizable smooth closed curve containing the solid,
which, in order to minimize the size of the computational domain, is adjusted as sharply as possible
to the shape of the obstacle. In this way, the discretization procedure proposed in [16] couples the
primal /dual-mixed finite element scheme from [15] with a suitable boundary element method arising
from a combined double and single layer potential representation of the scattered wave (see [13]).
The rest of the analysis for the continuous and discrete formulations of [16] follows very closely the
techniques and arguments developed in [15].

On the other hand, new stable mixed finite element methods for linear elasticity in 2D and 3D,
including strong symmetry and weakly imposed symmetry for the stresses, have been derived during
the last decade using the finite element exterior calculus, a quite abstract framework involving several
sophisticated mathematical tools (see, e.g. [4], [5], [6], [7]). In particular, the first elements using poly-
nomial shape-functions that are known to be stable for the symmetric stress-displacement formulation
in 2D are the ones provided in [7]. The corresponding lowest order element consists of piecewise cubic
polynomials for the stress, with 24 degrees of freedom per triangle, and piecewise linear functions for
the displacement. An analogue of this element in 3D, which considers piecewise quartic stresses with
162 degrees of freedom per tetrahedron, and piecewise linear displacements, was proposed in [1]. In
turn, the stable elements with a weak symmetry condition for the stresses have been constructed in [4]
and [6], and a new proof of some of the main results obtained there, which employs more elementary
and classical techniques, was provided recently in [12]. In fact, the approaches in [12] for the 2D
and 3D cases are based, respectively, on the use of stable Stokes elements and interpolation operators
that keep the reduced symmetry. The resulting Arnold-Falk-Winther (AFW) element with the lowest
polynomial degrees, which is referred to as of order 1, consists of piecewise linear approximations for
the stress and piecewise constants functions for both the displacement and rotation unknowns.

Now, the main purpose of the present paper is to introduce and analyze a new finite element
method for the 3D version of the interaction problem studied in [15]. To this end, and in order to



simplify the approach from [15], we now incorporate the equilibrium of forces (see the first equation in
(2.2) below) into the definition of the product space to which the stress o of the solid and the pressure
p of the fluid belong. In this way, we avoid the introduction of further unknowns (Lagrange multipliers)
on the boundary of the solid, which otherwise would yield later on a more expensive Galerkin scheme.
Moreover, the strategy involving a Lagrange multiplier on the transmission boundary would require
the use of two finite element meshes satisfying a stability condition between their corresponding mesh
sizes, which certainly constitutes a very cumbersome restriction in 3D computations. Hence, according
to the availability of the new stable mixed finite elements for 3D linear elasticity with weak symmetry
(which are described in the previous paragraph), we also propose here to approximate the unknowns
of the solid and the fluid by the corresponding components of the AFW and Lagrange finite element
subspaces of order 1, respectively. Thus, because of the coincidence between the polynomial shape-
functions approximating o v and — pv, we are able to generate a conforming finite element subspace
for the pair (o, p). In other words, the first equation in (2.2) is exactly satisfied at the discrete level,
whence the matching described above gives rise to what we call a natural coupling of the Lagrange
and AFW elements of lowest order with respect to that transmission condition. The rest of this work
is organized as follows. In Sections 2 and 3 we describe the fluid-solid interaction problem and derive
its continuous variational formulation. Then, in Section 4, we show that the resulting saddle point
problem is well posed. Finally, the corresponding Galerkin scheme is analyzed in Section 5.

We end this section with some notations to be used below. Since in the sequel we deal with
complex valued functions, we let C be the set of complex numbers, use the symbol ¢ for v/—1, and
denote by z and |z| the conjugate and modulus, respectively, of each z € C. In addition, given any
Hilbert space U, U? and U?*3 denote, respectively, the space of vectors and tensors of order 3 with
entries in U. In particular, I is the identity matrix of C3*3, and given 7 := (7;5), ¢ := (¢;5) € C3*3,
we define as usual the transpose tensor 7% := (7};), the trace tr(T) := S.>_ 7, the deviator tensor
74 i=7 — %tr(T) I, the tensor product 7 : ¢ := Z?jzl Tij Gij, and the conjugate tensor T := (7Ty;).
Finally, in what follows we utilize the standard terminology for Sobolev spaces and norms, employ 0
to denote a generic null vector (including the null functional and operator), and use C' and ¢, with or
without subscripts, bars, tildes or hats, to denote generic constants independent of the discretization

parameters, which may take different values at different places.

2 The fluid-solid interaction problem

We are interested in the 3D version of the interaction problem studied in [15]. More precisely, we
now consider an incident acoustic wave upon a bounded elastic body (obstacle) in R? that is fully
surrounded by a fluid, and aim to determine both the response of the body and the scattered wave.
The boundary of the obstacle {25 is denoted by . We assume that the incident wave and the volume
force acting on the body exhibit a time-harmonic behaviour with frequency w and amplitudes p; and
f, respectively, so that p; satisfies the Helmholtz equation in R3\§2,. Hence, we may consider that this
interaction problem is posed in the frequency domain. In this way, and since, following [15], we plan
to employ a mixed variational formulation in the solid, our main unknowns become the amplitude
o : Qg — C3*3 of the Cauchy stress tensor, the amplitude u : Q3 — C3 of the displacement field, and
the amplitude of the total (incident + scattered) pressure p : R*\Q; — C.

The fluid is assumed to be perfect, compressible, and homogeneous, with mass density p; and
w

wave number k¢ := —, where v is the speed of sound in the linearized fluid. In addition, the solid is
v

0
supposed to be isotropic and linearly elastic with mass density ps and Lamé constants p and A, which



means, in particular, that the corresponding constitutive equation is given by
o = Ce(u) in Q,

where e(u) := 3 (Vu+ (Vu)*) is the strain tensor of small deformations, V is the gradient tensor,
and C is the elasticity operator given by Hooke’s law, that is

C¢ = Mr(O)T + 2u¢ V¢ € [LA(Q)]*3. (2.1)

Consequently, under the hypotheses of small oscillations, both in the solid and the fluid, the unknowns
o, u, and p satisfy the elastodynamic and acoustic equations in time-harmonic regime, that is:

div(e) + k2u = —f in Q,

s

Ap+ Kkjp = 0 in R3\Q,,

where the wave number k4 of the solid is defined by ,/ps w, together with the transmission conditions:

ov = —pv on X,
Op (2.2)
2
u-v = — on X
pfw 8’/ n )
and the behaviour at infinity given by
p—pi =0k (2.3)
and o )
P— D -
o —akp(p—p) = o(x ), (24)
r
as r = ||x|]| — oo, uniformly for all directions Tl Hereafter, div stands for the usual di-
X
vergence operator div acting on each row of the tensor, ||x| is the euclidean norm of a vector
X := (21, 22,73)* € R?, and v denotes the unit outward normal on ¥, that is pointing toward Q.

The transmission conditions given in (2.2) constitute the equilibrium of forces and the equality of the
normal displacements of the solid and fluid, whereas the equation (2.4) is known as the Sommerfeld
radiation condition.

On the other hand, it is important to remark, as a consequence of (2.3) and (2.4), that the
outgoing waves are absorbed by the far field. Motivated by this fact, and aiming to obtain a suitable
simplification of our model problem, we now proceed as in [15] and introduce a sufficiently large
polyhedral surface I' approximating a sphere centered at the origin, define {2¢ as the annular domain
bounded by ¥ and I', and consider the Robin boundary condition:

0 op;
%—szp:g::a—]z—zﬁfpi on I, (2.5)
where v denotes also the unit outward normal on I'.

Therefore, throughout the rest of the paper we assume the Robin boundary condition (2.5), and,
given f € [L%(9,)]® and g € H~Y%(T"), consider the following fluid-solid interaction problem: Find
o € H(div; Q;), u € [L*(Q5)]3, and p € H'(Qy), such that there holds in the distributional sense:



o = Ce(u) in Q,

div(o) + k2u = -—f in Q,
Ap + /g?p = 0 il’l Qf,
ov = —pv on X, (2.6)
0
pfw2u‘1/ = a—p on X,
v
@ — 1K = on I
o P =49 :

3 The continuous variational formulation

In this section we follow very closely [15] and employ primal and dual-mixed approaches in the fluid
Q¢ and the solid ), respectively, to derive the full continuous variational formulation of (2.6). The
main difference with the approach from [15] lies on the fact that, instead of weakly imposing the first
trasmission condition on 3, we proceed to incorporate the first equation of (2.2) (or fourth equation
of (2.6)) into the definition of the space to which the unknowns o and p belong. In turn, the second
equation of (2.2) (or fifth equation of (2.6)) is handled as in [15], which means that it becomes a
natural transmission condition. According to the above, we first multiply the acoustic equation by
g€ HY(Q ), integrate by parts, and use the Robin boundary condition, to obtain

0
Vp-Vq — H?/ pq + (al,q>z — 1Ky /pq = (9, 9)r, (3.1)
Q; Q; v r

where, given S € {%,T}, (-, )s stands for the duality pairing of H~/2(S) and H'/?(S) with respect

o

to the L?(S)-inner product. Next, we replace 3
v

(3.1) becomes

by py w?u - v on ¥ and divide by pf w?, whence

2

K K 1
5 Vp-Vg - —5 / pg + (qr.u)s — 1 —L /pq = ——(9.q)r. (3.2)
prw? Jo, prw? Jo, prw? Jr prw

On the other hand, in order to derive the mixed variational formulation in the solid €25, we follow
the usual procedure (see [2], [15] and [30]) and introduce the rotation

v = 5(Vu— (Vu)Y) € [0

3x3

as a further unknown, where [LQ(QS)]asym denotes the space of asymmetric tensors with entries in

L?(£2). In this way, the constitutive equation can be rewritten in the form
Clo =¢eu) = Vu — 7,

which, multiplying by a function 7 € H(div; ) and integrating by parts, yields

C_IO':T—{—/ u~div(7-)—<7'1/,u>2+/ T:v =0. (3.3)
QS S

S

We recall here that

H(div; Q) = {T e [L2Q)P*%:  div(r) € [LQ(QS)P}

5



endowed with the norm ||7'H%I(div; Q) = ||T||[2L2(Qs)]3><3 + Hdiv(T)”[QL?(QS)}?’ is a Hilbert space.

Next, assuming that the test functions 7 and ¢ satisfy 7v = —qv on ¥ and replacing back
1 .
u=- (f + div(o)),

S

into (3.3), gives

_ 1 . . o1 .
/QSC lor - = le(O’)-le(T)—f—<q1/,u>2—|—/ Ty = /st-dIV(T). (3.4)

2 2
Ks JQq Qs R

Finally, the symmetry of o is imposed weakly through the relation
/ o:n =0 Vn e [LQ(QS)]?SX},::’n
Qs

In the sequel, for economy of notation, we represent duplets (o, p) and (7, ¢q) from H(div; §2) X
H(Qy) by & and T respectively, and, as suggested by the above choice of 7 and ¢, we introduce the
closed subspace

X = {7 = (r,0) € H(div; &) x H'(Qy): Tv +qv=0 on¥}

of H(div; Q) x H*(Qf) endowed with the norm

I71% = 1711 v 00 + gl o,y
In addition, we also let from now on Y := [L2(QS)]§SXY?I’H.

Hence, substracting (3.4) from (3.2), we arrive to the following variational formulation of (2.6):
Find (o,7) € X x Y such that

Ale,7) + B(T,v) = F(T) V7=(7.9¢€X,
(3.5)
B(g,n) = 0 Vnevy,
where F' : X — C is the linear functional
1
F(T) = —— f-div(r) + g9,9)T VT = (7,9 €X,
7) = [ TV £ st (
and A: X x X —C, and B:X x Y — C are the bilinear forms defined by
~ A 1 . .
Ale,T) = —/ Clo:r+ — div(o) - div(T) + 5 Vp - Vq
s ,{'S QS pfw Qf
(3.6)
K Kf ~ ~
- 5 | pg—1——5 [ pg Vo =(o,p), T=(1,q9) €X,
prw? Jo, prw? Jr
and
B(7,m) :__/ i VE=(rq)eX, Vney, (3.7)
Qs



It is easy to see that F', A, and B are all bounded with constants depending on w, p¢, ps, K, and
Ks, in the case of F and A, and constants independent of the physical parameters for B. Concerning
the form A, we also observe from (2.1) that the inverse operator C~! reduces to

1 A

2 3x3
526 SaEa gy HOT VE e LA,

which implies that

-1 . _ L d. d 1 2 3x3
0. C¢:m= o QSC T+ SGr 120 /Qstr(C)tr(T) V¢, T e [L2(Q)]777,
and hence
| et S e VE € RIS (3.8)

This estimate will be useful for our analy51s below.

4 Analysis of the continuous variational formulation

In this section we proceed analogously as in [15] and employ a suitable decomposition of X to show
that (3.5) becomes a compact perturbation of a well-posed problem. Firstly, we need to analyze an
elasticity problem in €5 with Neumann boundary conditions. Then, this auxiliary problem yields the
definition of an associated operator, which is employed to obtain the above mentioned decomposition.

4.1 An auxiliary Neumann problem

Let RM(£;) be the space of rigid body motions in €, that is
RM(95) = {V:Qs—>(C2 s v(x)=a+bxx VxeQ,, a becC? }
Then, given T = (7,¢q) € X, we consider the boundary value problem
6 =Ce(u), dive =divr+r(T) in Qy, v =—qu on X, (4.1)

where C g(u1) is defined according to (2.1) and r(7) € RM(£2,) is characterized by
/ I‘(?)~W_—<qu,w>g—/ divr-w  Vw e RM(Q).
Qs Qs

Note that r(7) is just an auxiliary rigid motion that is needed to guarantee the usual compatibility
condition required for the Neumann problem (4.1) (cf. [10, Theorem 9.2.30]).

Next, let us define the spaces

and



where M : [L%()]? — RM(s) is the [L?(€s)]3-orthogonal projector. Then, introducing the rotation

¥ = 3 (Vi — (Va)*) as a further unknown, the dual-mixed variational formulation of (4.1) reduces
to: Find (&, (01,%)) € H(div; Q) x Q such that 6v = —qv on ¥ and

a(é,7) + b(+,(,4)) = 0 ViecH,

b(&,(v,7)) = /Q divr +r(F)-v V(.7 eq, (42)

where a : H(div; Q,) x H(div; Q;) — C and b : H(div; Q,) x Q — C are the bilinear forms given by

a(é,7) := Cle¢:7 V(6,7) € H(div; Q) x H(div; Q,), (4.3)
Qs

and
b(F, (v, 7)) ::/ v-div++/ 70 Y(F,(v,n) € H(div; Q) x Q.

The well-posedness of (4.2) is already well known (see, e.g. [5, Section 11.7, Theorem 11.7] or [16,
Section 3, Theorem 3.1]). In addition, owing to the regularity result for the elasticity problem with
Neumann boundary conditions (see, e.g. [18], [19]), we know that the solution @ of (4.1) belongs to
[H1T¢(Qs)]3, for some € > 0, and there holds

[l prreenyp < € {ldiv iz, + lavlizey b < C{lldivrlpaep + lalme,) |
which, in turn, implies that the unique solution of (4.2) satisfies
(6,0,5) € [H ()] x [HF(Q)]7 x [H ()7 (4.4)
and
&l zreqyexs + 1Al ez + 1V e @ < C{ 1div {20,y + gl mr @) } (4.5)

Note that the trace inequality in H' () is used here to bound || v||z2(sys by C lallm(o,)-

4.2 The associated operator P
We now introduce the linear operators P : X — H(div; ;) and P : X — X defined by
P(t) := 6 and P(7) := (P(7),q) VT = (1,9 € X, (4.6)
where (&, (11,7)) € H(div; Q,) x Q is the unique solution of (4.2). It is clear from (4.1) that
P(F)* = P(7) in Q, div(P(T)) =divr +r(7) in Qs (4.7)

and
(P(T))v = —qv on X. (4.8)

Then, thanks to the continuous dependence result for (4.2), we find that
IP@lanay < C{ldivrlpays + lalne)}  ¥7=(r.a) € X,

which shows that P is bounded. Moreover, it is easy to see from (4.2), (4.6), (4.7), and (4.8) that P
is actually a projector, and hence there holds

X =PX) o (I-P)X). (4.9)
Finally, it is clear from (4.4) and (4.5) that P(T) € [H(Qs)]**3 and

[P(T) |l (0q)pxs < C{ |div 7|22 + HQHHl(Q,-)} VT = (7,q) € X. (4.10)



4.3 Well-posedness of the continuous formulation

In order to show that our coupled problem (3.5) is well-posed, we now employ the stable decomposition
(4.9) to reformulate (3.5) in a more suitable form. We begin by observing, according to (4.7), (4.8), the
symmetry of P(T), and the fact that Vr € [LQ(QS)]zsxygm Vr € RM(Qs), that for all & = (o,p), T =
(1,q) € X there holds

/ {diva ~ div P(a)} .div P(7) = —/ r(5) - div P(7)
s s (4.11)

=/, Vr(o): P(7) — ((P(7))v,r(0))s = /2(1“(3)'1/)(1-

Then, writing & = P(e)+ (I—-P)(g) and 7 = P(T) + (I - P)(7) in (3.6), similarly as we did

in [15], using the identity (4.11), and adding and substracting suitable terms, we find that A can be

decomposed as

A(e,7T) = Ap(e,7) + K(o,7) Vo, T € X, (4.12)
where Ag : X x X — C and K : X x X — C are the bounded and symmetric bilinear forms given by
Ao(a,7) = A(P(o),P(T)) — A(I-P)(7),(I-P)(7)) (4.13)
with )
Ao, T) :—/ Clo:r + 2/ dive -divr + 5 Vp-Vq
Qs Ks JQ, Prws Jag
(4.14)
/ﬁ??c R
P} / pq - 1 P} /pq7
Pfrw™ Jag prw= Jr
and
K(e,7) := —2K(P(a),P(7)) — K(I1-P)(0),P(7)) — K(P(a),(I-P)(7))
5 (4.15)
+2 {/ v(&) - r(7) +/r(?)-up+/r(6')-uq},
Ky s b b
with
;2
K(o,7) = Clo:T + fz/ pq Vo = (o,p), T= (7,9 € X.
Qg Prw” Jay

Next, welet Ag: X — X, K: X — X, and B : X — Y be the linear and bounded operators induced
by the bilinear forms Ay, K, and B, respectively. In addition, we let F € X be the Riesz representant
of F. Hence, using these notations and taking into account the decomposition (4.12), the variational
formulation (3.5) can be rewritten as the following operator equation: Find (&,4) € X x Y such that

Ay, B* o K 0 o F
(5 0) (7)) (5a)(7)- (o) (19
Throughout the rest of this section we prove that the matrix operators on the left hand side of
(4.16) become invertible and compact, respectively.

Because of the saddle point structure of the matrix operator involving Ag and B, and according
to the well known Babuska-Brezzi theory, we begin the analysis with the continuous inf-sup condition
for B, which, as we know, is equivalent to the surjectivity of B. To this end, we observe from the

definition of the bilinear form B (cf. (3.7)) that B(T) := — (7 —7%) V7T := (1,¢9) € X.



Lemma 4.1 There exists C; > 0 such that

B(T,
sup PED S cojmly v e v
e 7l
720

Proof. Given n € Y we let z € [H'(Q4)]® be the unique (up to a rigid motion) solution of the
variational formulation

/ e(z) :e(w) = — / r(n) w — / n:Vw Vw e [H'(92)]3, (4.17)
Qs Qs Qs
where r(n) € RM(;) is characterized by

/Sr(n)-w:—/sn:Vw Vw € RM(j).

Then, defining ¢ := €(z) + n, we find from (4.17) that div{ = r(n) in Q,, whence ¢ € H(div; ),
and thus (v = 0 on X. It follows that ¢ := (—({,0) € X, and clearly B({) = n, which proves the
surjectivity of B.

O

Our next goal is to prove that Ag is an isomorphism on the kernel of B. For this purpose, we now
introduce the decomposition

H(div; Q,) = Ho(div; Q,) @ CI,

where

Ho(div; Q) = {r e H(div; Q) : /
Qs

tr(r) = o}.

This means that for any 7 € H(div; Q) there exist unique 79 € Hp(div; 25) and d € C given by
1

3162

Our subsequent analysis will strongly depend on the inequalities provided by the following three
lemmata. In particular, note that Lemma 4.3 constitute an interesting generalization of [14, Lemma
2.2] (see also [15, Lemma 4.5]). In addition, we also remark that the coerciveness-type estimate
provided by Lemma 4.4 is less restrictive than the analogue one given in [15, Lemma 4.6].

/ tr(7), where |Q;| denotes the measure of €, such that 7 =79+ dI.
Qs

Lemma 4.2 There exists c1 > 0, depending only on Qg, such that
a1 Tollfreuyexs < I1TE2@pxs + 1AWV Tl 20y V7 € H(div; Q). (4.18)

Proof. See [3, Lemma 3.1] or [11, Proposition 3.1, Chapter IV].

Lemma 4.3 There exists co > 0 such that
Re{A(?,?)} > o|F|Z V7 e X. (4.19)

Proof. Let 7 = (1,q) € X with 7 = 7o + dI. We first notice, from the definition of A (cf. (4.14))
and the inequality (3.8), that

Re{A(?,?)} > Cy {HTdH%LQ(QS)PXg + ||diVT||[2L2(Qs)}3 + Hq”?p(gf)} . (4.20)

10



On the other hand, since Tv = —qgv on X, we see that —qv = Tov + dv in [H1/2(%)]5,
from which, applying the trace theorem in H(div; ) together with the continuity of the canonical
embedding [L%(X)]? — [H~Y/2(X))® and the trace theorem in H'(Qy), we deduce that

d| HVH[H*U?(Z)P < [I7o V||[H*1/2(E)}3 + HQV||[H71/2(2)}3
< G {HTOHH(div;QS) + HQHHl(Qf)}-
It follows that
HTH%I(div;QS) + ”qHJ%Il(Qf) = HTUH%{(dings) + 37| + HqH?—Il(Qf)
< Gy {HTOH%T(diV;QS) + ||CIH%11(Qf)},

which, thanks to (4.18), yields

11 @ivs 00 + lalFro,) < CS{HTdH[Qm(QS)pw + |div T([P2 0 + HQHle(Qf)}

for all ¥ = (7,q) € X. The above estimate and (4.20) imply (4.19) and finish the proof.
O

In what follows we make frequent use of the linear and bounded operator =:= (2P —1I) : X — X.

Lemma 4.4 There exists C > 0, depending on u, c1, c2, ks, pf, and W2, such that for each 7 =
(1,q9) € X there holds

Re{ 4(7,27) } = C{IP@IE + I0-P)7|} }. (4.21)
Proof. Since P is a projector we easily observe that
PE(7) =P(T) and I-P)=E(7) = -(I-P)(7) VT € X,
which, according to the definition of Ay (cf. (4.13)), gives
Ao(T,E(7)) = AP(T),P(7)) + A(I-P)(7),(I-P)(7)). (4.22)

Hence, the inequality (4.21) follows directly from (4.22), Lemma 4.3, and the fact that both P(7) and
(I-P)(7) belong to X.
|

We now let V be the kernel of B, that is V : { =(r,9) e X: B(T)=0 }, which, recalling

that B(T) := —% (1 —7%) V7 € X, becomes V =

now in a position to establish the weak coercivity of Ag

—
Rl
Il
:r
>Q
m
%
\‘
ct
Il

T } Hence, we are

Lemma 4.5 There exists C > 0 such that

Ao(7,¢ . -
sup 2T S oz vre v (4.23)
gev 1€1lx
¢#0
In addition, there holds R
sup |Ao(¢,T)| > 0 VTeV,T#0. (4.24)
Cev

11



Proof. Since P(T)* = P(7) VT € X (cf. (4.7)), we find that P(7), and hence Z(7), belong to V
for each 7 € V. In addition, it is easy to see, using for instance (4.21) (cf. Lemma 4.4), that for each
T € X, T #0, there holds Z(7) # 0. According to the above, for each 7 € V, 7 # 0, we can write

ap [AFO] [ 4FEE)] Re{Af’E@}, (425
s IClx 12 =) x
¢#0

and applying (4.21), the stability of the decomposition (4.9), the fact that ||7||x = ||7|x, and the
boundedness of =, we deduce that

Re{Ao(7,Z@)} = CIFI} = CIEF)Ix IFlx V7 e V. (4.26)

In this way, the inf-sup condition (4.23) follows straightforwardly after replacing (4.26) back into
(4.25). Finally, the symmetry of Ay and the estimate (4.26) yields (4.24) and complete the proof.
O

Lemma 4.6 The operator K : X — X is compact.

Proof. We begin by recalling (cf. (4.10)) that there exists ¢ > 0 such that P(T) € [H(Qs)]?*3 for
all 7 € X, which, according to the compact imbedding H¢(£2;) < L3($2,.), for r € {s, f}, yields the
compacity of P : X — [L2(Q,)]373 x L2(2f). Tt follows that P* : [L2(Q,)]**3 x L2(f) — X, P*KP,
(I—P)*KP, and P*K (I — P) are all compact, where K : [L2(€,)]**® x L2(Qf) — [L3(Q5)]23 x
L?( ) is the operator associated to the bilinear form K. This shows that the operator induced by
the first three terms defining K (cf. (4.15)) becomes compact, as well. Finally, it is clear that the
remaining three terms on the right hand side of (4.15) constitute a finite rank operator. O

We are able now to establish the main result of this section.

Theorem 4.1 Assume that the homogeneous problem associated to (3.5) has only the trivial solution.
Then, giwen £ € [L*(Q,)]° and g € H-Y2(T'), there exists a unique solution ((o,p),y) € X x Y to
(3.5) (equivalently (4.16)). In addition, there exists C > 0 such that

1@ p) Mloxr < L Wellzenye + lolliovar) -

Proof. It suffices to observe that the left hand side of (4.16) constitutes a Fredholm operator of index
Ay B

zero. In fact, Lemmata 4.1 and 4.5 imply that ( B o

the compacity of ( K0 )

) is an isomorphism, and Lemma 4.6 yields

0 0

5 Analysis of the Galerkin scheme

In this section we introduce a Galerkin approximation of (3.5) and prove its well-posedness.

12



5.1 Preliminaries

We first let {Tpth>0 = {Tn,}n,>0 U {Th, thy>0, where {Zp }n,~0 and {7p, }n,>0 are shape-regular
families of triangulations of the polyhedral regions 2, and €y, respectively, by tetrahedrons 71" of
diameter h7p with mesh sizes hs := max{hy : T € T, }, hy :== max{hy : T € Th, }, and
h := max{hg, hs}, and such that the vertices of {7}, }n,~0 and {%f}hf>0 coincide on ¥. In what
follows, given an integer £ > 0 and a subset S of R, P;(S) denotes the space of polynomials defined
in S of total degree < ¢. Then, we define

Hy = {7y e HdiviQ): mlr € [ADP ¥T e T, ],

Wi = {an € CQ): alr € P(T) VT € T, },

and introduce the finite element subspaces of X and Y, given, respectively, by
X, = {?h:(‘rh,qh)eHthh: TRV = —qpV oOn Z}, (5.1)

and
Vi = {m eY: mylre [R(T) VT eT, }.

In addition, throughout the analysis below we will also need the spaces

H, — {i—heHh: Fav =0 on 2}

and
U, = {Vh € [L2(QS)]3: Vh‘T S [Po(T)]3 VT € %S}

Note that Hj;, x Uy x Y, constitutes the lowest order mixed finite element approximation of the
linear elasticity problem introduced recently by Arnold Falk and Winther (see [6], [5]). Moreover,
the definition of X}, represents the announced coupling between the H(div; €2s)-component of the
Arnold-Falk-Winther element (represented by Hj,) and the Lagrange finite elements (represented by
Wh).

Hence, the finite element scheme associated to our coupled problem (3.5) is defined as: Find

on = (on,pn) € Xp, and v;, € Y}, such that

A(@h,Th) + B(Th,vn) = F(Tn) VTh=(Th,a) € Xy, 5.9
B(@p,m,) = 0 vV, € Yp,.

The well-posedness of (5.2) will be proved below in Section 5.3. We previously collect in what remains
of this section the approximation properties of the subspaces involved, and then in Sections 5.2 and
5.3 we analyze a Galerkin approximation of (4.2) with data in Xj,, which yields a mixed finite element
approximation of the operator P|x, (cf. (4.6)).

We begin with Hy,. Indeed, given 6 € (0,1], we let &, : [H(Q,)]13*3 N H(div; Qs) — Hj, be the
usual BDM interpolation operator (see [11]), which is characterized by the identities

/gh(T)I/'p:/TV'p Vp € [Pl(F)]g, Y face F of Tp, . (5.3)
F F

Moreover, the conmuting diagram property yields

div(&y(T)) = Pu(divr) V7 e [H(Q)]**® n H(div; Q.), (5.4)
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where Py, : [L%(Qs)]? — Uy is the [L%(Qs)]3-ortogonal projector. In addition, it is well known
(see, e.g. [20, Theorem 3.16]) that there exists C' > 0, independent of h, such that for each T €
[H?(Q)]?*® N H(div; Q) there holds

”T - gh(T)H[L2(T)}3X3 < Chgv {’T‘[H5(T)]3><3 + HdiVTH[Lz(T)}s} VT e ELS . (5.5)

We now let II, : H'(Q2y) — W), and Ry : [L%(€2)]**3 — Y}, be the corresponding orthogonal
projectors with respect to the natural norms of each space. Then, we have (see [8], [11], [29]):

(AP?) For each 6 € (0,1] and for each T € [H%(Q,)]3*?, with divT € [H°(Q5)]?, there holds
7 = En(T)l raivs 0, < CH° {H7'H[Hf5(£25)]3X3 + || div 7| {zs 0. }

(AP}) For each s € (1,2] and for each ¢ € H*(Qf), there holds

lg =T (@l @,y < CR°Hlallmso,) -

(APZ) For each s € (0,1] and for each n € [H*(2)]*>*® N [LQ(QS)ESX};‘;, there holds

17 — Rua(m) iz 3% < C A [Ilims .)3xs -
(AP}) For each ¢ € (0,1] and for each v € [H'(Qs)]?, there holds
IV = Pa)llz2.p < CR VI, -

Note here that (AP{) is actually a straightforward consequence of (5.4), (5.5), and (AP}).

We end this section with an approximation property of our finite element subspace X, (cf. (5.1)).
For this purpose, we first proceed similarly as in [17, Section 5.2, Lemma 5.1] and assume from now
on that {7, }n,>0 is quasi-uniform around . This means that there exists an open neighborhood of
Y, say x, with Lipschitz boundary, and such that the elements of 7}, intersecting that region are
more or less of the same size. In other words, we define

TE,}L::{TEI];LS: TQQE#®}7
and assume that there exists ¢ > 0, independent of h, such that

hr < in h Vh>0. 5.6
A2, e S e mgp, e >0

Note that this assumption and the shape-regularity property of the meshes imply that X5, the partition
on ¥ inherited from 7}, is also quasi-uniform, which means that there exists C' > 0, independent of
h, such that

hy = max{diam{F}: F face of Eh} <C min{diam{F}: F face of Zh}.

In addition, the quasi-uniformity of ¥, guarantees the inverse inequality on ®p(X), the subspace of
[L?(X)]? given by the piecewise polynomials of degree < 1, that is, in particular,

ldnllizep < Chs' 1 dnllp-romyp  Vén € 2n(S). (5.7)

Then, we are now in a position to establish the following lemma.
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Lemma 5.1 Given ¢ € (0,1], define X. ::{ (div;

[H(Q )]3X3} X H1+€(Qf) Then, there
exists a linear operator Iy, : X — X, such that for eac _

) N
h 7= (7,9) € XN X¢ there holds
7~ @) < C I ) iy + 2~ T(@) oy} 6.9

Proof. Given 7 := (7,q) € X N X, we let ¢ : Qg — R3 be the unique solution (guaranteed by the
Lax-Milgram Lemma) of the vectorial Laplace problem

Ap = ’és‘/z{é'h(T)V—l—Hh(q)u} in Qg

(5.9)
O
G = amr @y o S, [ w0,
81/ Qs
whose corresponding continuous dependence result states that
el yp < Cllén(T)v + Hu(a) vllig-1/2(xys - (5.10)

Actually, since the Neumann data &,(7)v + II;(¢) v, being a piecewise polynomial of degree < 1,
belongs to [H?(X)]3 for any § € [0,1/2), we deduce that we have at least [H%/2(€2,)]3-regularity for
the solution ¢ and

el < Cllén(T)v + a(g) vlizzs)s - (5.11)

Moreover, since 2%t := Q,\Qy is an interior region of €2, the interior elliptic regularity estimate
(see, e.g. [26, Theorem 4.16]) says that

el iy < ClE(T)v + n(@) v g-172(xys - (5.12)
Next, we define ¢ := Ve in Q, whence ¢ € [HY/219(Q,)]>*3, and observe from (5.9) that
1
div¢ = ‘Q]/ {Sh('r)u + Hh(q)u} in Qs, and (v =& (m)v + (v on X, (5.13)
sl Jo
which, in particular, implies that ¢ € H(div; €2;). Hence, we now set

Ih(T) = (En(T —¢),Hn(q)) € Hy x Wy,

and show that I, is well defined, that is I (7) € X;. In fact, employing the characterization (5.3) and
the second identity in (5.13), we find that for each face F C ¥ and for each p € [P;(F)]?, there holds

/& Vp—/Cvp—/{()V+mMW}p

which, noting that {é’h(T -Q)v + Hh(q)l/}‘F € [P(F)]3, yields (1 — () v = —Tu(q)v on X.
We now aim to prove (5.8). We first observe, applying the triangle inequality, that
17 L@ < 207 — &y + 21O @y + I~ @B, (:14)
Then, using the first identity in (5.13), which says that div({) € Uy, and (5.4), we deduce that
IER O Fr(aivs 0y = IERO T2 yaxs + 1AV €Tz,

, , (5.15)
< C{|’gh(C)H[L2(Qs)]3X3 + ”gh(T)V + Hh(q) VH[H—l/Q(E)]?’}'
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Now, adding and substracting Tv = —qv on X, and applying the trace theorems in H(div; Q)
and H'(Qy), we find that

IEn(T) v + (@) Vi r—1r2(syp < (T = En(T)) vlir-1r2(syp + (@ — Ta(@)) vl g-1/2s;)
< ¢ {Im = &) lnaiva, + g = (@)l | (5.16)
< C{Im = & ln@iviay + g = (@) o) |-
It remains to estimate |&,(C)||(z2(q,)3x3- In fact, defining the sets
Qs = U{T: Te Tz,h} and QI = Q\Qy, C QFF,
and using the stability of &, when applied to [H 1(921};“)]3, and the estimate (5.12), we find that
1€R (O lz2@opxs < €O L2 yaxs + [€R (220,558
< Cllellmz@mys + 18Oz @y ,pxe (5.17)
< Cléu(m)v + U@ vllig-12mys + 1€ Q120,253 -

In turn, adding and substracting ¢ = Ve, and utilizing the upper bound (5.10), the estimates (5.5)
(with § = 1/2) and (5.11), the first identity in (5.13), the quasi-uniformity bound (5.6), and the inverse
inequality (5.7), we arrive at

1€ 2ag s < C {1IC = EMO 2y pors + IER(T) Y + TIA(@) Iy 12y |

<C Z hT”SDH%HS/z(T)]a + CHdiVCH[2L2(QS)]3 + Clén(r)v + Hh(Q)VH[szW(z)]?»
TETE’;L (518)

Chs [[En(T)v + Hh(Q)V||[2L2(z)]3 + CllEn(rT)v + Hi(q) V|’[2H71/2(z)]3

IN

N

< Cllén(m)v + Hh(Q)V||[2H—1/2(E)]3'

Finally, (5.14), (5.15), (5.16), (5.17) and (5.18) finish the proof.

5.2 Numerical analysis of the auxiliary Neumann problem

Given Ty, = (Th,qn) € Xp C X, we recall from (4.2) and (4.6) that P(7),) = (P(Th),qn) == (7, qn),
where (o, (,4)) is the unique element in H(div; 25) x Q such that 6v = — ¢, v on ¥ and

a(é,7) + b(F,(4,7) = 0 VFeH,
o . N ~ o - (5.19)
b(a,(v,n)) = / (divrp,+r(Th)) - v V(v,n) €Q.
In this case, the regularity estimate for (5.19) (cf. (4.5)) becomes

1 (| (e ()33 + [0l e uys + 1oz < C{ |div Talliz2@.p + llanllziey) } . (5.20)
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Hence, we now consider the following Galerkin approximation of (5.19): Find (64, (Un,¥,)) €
H; x Qy, such that 6, v = —gpv on X and

a(épn, 7n) + b(Fn, (Wh,9,) = 0 V7, € Hy,
o . JE o . (5.21)
b6 (T iin) = /Q (divrn + x(@) - n V(. 7i) € Qn,

where Q, := (I — M)(U,) x Y}, is a finite element subspace of Q.

Note that the solution of (5.19) can be defined, equivalently, as (&, (@,5)) := (60 + T, (1,7%)),
where (&, (@1,7)) is the unique element in H x Q such that

a(6o,7) + b(7,(8,3)) = —a(ry,,7) VFeH,
L . N ~ o o ~ (5.22)
b(o, (v,n)) = / (divry, +1(Th)) -V — b(Th, (Vv,7))  V(V,7) €Q.
Similarly, we may look for the solution of (5.21) in the form (64, (Un, ) = (Fon + Thy (Qn, V1)),
where (6.4, (Qn, 7)) € Hy, x Qp, is such that
a(60n Th) +b(Fh, (W, 7)) = —a(ra,7a) Y7n € Hy,
b(Gon, (V7)) = /Q (div 7y, +1(F1)) - Vi — b(Th, (Va, 7))V (Vh,715) € Qu-
) (5.23)

It is clear that (5.23) constitutes a conforming Galerkin approximation of (5.22).

In what follows we apply the discrete Babuska-Brezzi theory to show the unique solvability, sta-
bility, and convergence of (5.21) (equivalently (5.23)). We provide first the discrete inf-sup condition
for b on Hy, x Qp, which has already been established in [5].

Lemma 5.2 There exist B > 0, independent of h, such that for each (Vi,m;,) € Qh, there hold

| b(Th, (Va, 1)) |

sup = > Bl ||(‘7h77~7 )H L2(95)]3 % [L2(24)]3%3 - (5_24)
‘T'hEﬁh ||Th||H(div;Qs) h [ ( )] X[ ( )}
7,720
Proof. See [5, Section 11.7, Theorem 11.9].
Od

Next, we prove that a is strongly coercive on the discrete kernel of b, which is given by

Sy = {i—hef{h: /erh-div+h+/g+h:i7h=o V(f/h,ﬁh)th}.

s

However, given 7, € S, C Hj, and v;, € Uy, we find, defining v, := (I — M)(vy,) € (I—-M)(Uy),
integrating by parts, and noting that VM(v},) € Yy, that

/ vy -divTy, = / (\th—i-M(Vh))-diV’;'h
Qs Qs

- / Gp-divi, — [ VM(va):Fn 4 (Far,M(va))s = 0,
Qs Qs
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whence S}, actually becomes
S’h = {‘f‘hEI:Ih: / vy -divT, + / Th:My =0 V(Vh,ﬁh)EUhXYh}.
S QS

In this way, since div 7, € Uy, for all 7, € ﬁh, we deduce that

Sy, = {f'hEI:Ih: divT, =0 in €, and /%h:ﬁhZO Vf]hGYh}.

The strong coerciveness of a on a space containing Sp, is established next.

Lemma 5.3 There exists a > 0, independent of h, such that
a(fn7h) > | Tallijaivia, Y7n € Hy  such that divi, = 0 in Q.

Proof. Let 7, = Tp0 + dp, I as indicated, with 7, o € Hy(div; €5) and dj, € C. Since 0 = div 7}, =
div 740 in Qs and 7, v = 0 on ¥, it follows from (3.8), (4.3), Lemma 4.2, and [15, Lemma 4.5] (see
also Lemma 4.3 or [14, Lemma 2.2]), that

. = 1. €1 = (G .
> — ||5¢ xg > —— 2 g = —— 2 > 2
a(Th, Th) = o IThllz2 @ = 2 17 n0ll{z2 (0. j3x5 2 IThollEr(aivi0n) = @ lTrll T @ivs . -

which finishes the proof.

We are now in a position to state the unique solvability, stability, and convergence of (5.21).

Theorem 5.1 Given T, = (Th,qn) € Xy, there exists a unique (op, (Qp,vy)) € Hp X Q,, solution

of (5.21). Moreover, there exist C, C' > 0, independent of h, such that

lonll rivio.) + Anllzz@os + [1Vallize@aysxs < C{”Th”[H(div;Qs) + ”CIhHHl(Qf)} (5.25)
and

| — orlla@ivio,) + 10— ullize@e + 17 = Ynlliz2, s

3 (5.26)
< C{ X =& (0)lr@iviay + IX=Pr)@ 2@ + 1T =Ra)H)z2(0,)pxs }

where (&, (,7)) € H(div; Q) x Q is the unique solution of (5.19).

Proof. It follows straightforwardly from Lemma 5.2, Lemma 5.3, and the Babuska-Brezzi theory (see
[11], [29]) applied to the continuous and discrete formulations (5.19) and (5.21) (equivalently (5.22)

and (5.23)).
O

5.3 A mixed finite element approximation of P|x,

As suggested by the previous analysis, we now introduce the linear operators P : X; — Hj and
Ph . Xh — Xh defined by

Py(Th) = o and Pu(7Th) = (Pu(Th)qn) YT = (Thoan) € Xy,
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where (64, (4y,,7,,)) € Hy, x Qy, is the unique solution of (5.21). The operator P;, constitutes what
we call the mixed finite element approximation of P|x, . It follows from Theorem 5.1 (cf. (5.25)) that
P}, is a linear and bounded operator. In addition, it is clear from (5.21) that

Py(Th)v = —quv on X and Py(7h):my, =0 V7, € Y. (5.27)
Qs

Our next goal is to estimate ||P(T4) — Pu(Th) | a(aivio,) = 10 — Fulla(aivio,) for each 7, € X,
More precisely, we have the following result.

Lemma 5.4 Let € > 0 be the parameter defining the regularity of the solution of (5.19). Then, there
exists C' > 0, independent of h, such that

|P(Tr) — Pu(Tw)llH(@ivi,) < Cff{HdiVThII[L?(QS)}3 + HQh”Hl(Qf)} VTh € Xp. (5.28)

Proof. It suffices to show that the right hand side of (5.26) is bounded by the right hand side of
(5.28). Indeed, using (AP}), (AP;Z), and the regularity estimate (5.20), we easily find that

1= PR)(@)llizza + 1T =Ra) iz
~ ~ (5.29)
< Ch6{||u||[H1+€(Qs)]2 + ||7|\[HE(QS)]M} < Che{HdiVThH[M(QS)]f“ + ||QhHH1(Qf)}.

Now, in order to bound [|(I — &)(F)| m(div; 0,) We proceed exactly as in [15, Lemma 5.4]. In fact,
using that
dive = divr, + r(7) in Qs, (5.30)

and then applying the approximation property (5.5), the regularity estimate (5.20), and the bound-
edness of r, we deduce that

(T = &r)(@)l[L2pxs < Ch {|5\[He(szs)]3x3 + [|div &H[LZ(QS)P} (5.31)
5.31

< cn{lldivralpa@yp + lanlm) -
Furthermore, it follows from (5.4) and (5.30) that

|dive — div(En(a)) iz, = (T = Pr)(div(o)llizz@.p = X —=Pr)(@(@u)lliz2@.)3 »

whence, (AP}!), the fact that all the norms in RM(€,) are equivalent (with constants certainly inde-
pendent of h), and the boundedness of r, imply that

S

|dive — div(En(a))lli2@p < Chllr(@u)lliaap < Chllr(@n)llze.)3
(5.32)
< Ch{HdiVThH[LQ(QS)P + ”qhHHl(Qf)}-

In this way, (5.31) and (5.32) give the required estimate for |[(I — &,)(7)| m(div; 0,), Which, together

with (5.29) and (5.26), yields (5.28) and finishes the proof.
g
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5.4 Well-posedness of the discrete formulation

In this section we prove the well-posedness of our mixed finite element scheme (5.2). To this end,
as established by a classical result on projection methods for Fredholm operators of index zero (see,
e.g. Theorem 13.7 in [25]), it suffices to show that the Galerkin scheme associated to the isomorphism

( ‘%0 ]?] is well-posed. Therefore, in what follows we prove that Ay and B (cf. (4.13), (3.7))
satisfy the corresponding inf-sup conditions on the finite element subspace X x Y}, thus providing

the discrete analogues of Lemmata 4.1 and 4.5.

We begin with the discrete inf-sup condition for B.

Lemma 5.5 There exists 3 > 0, independent of h, such that for each n;, € Y},, there holds

‘B<?h7nh)‘
sup ——=——— > Blnulli2.yExs -
s 7alx LA
#,#0

Proof. It suffices to notice that

/ Th :MNp

B(T B 0
sp BT | oo 1B O |
waexr,  I1Tnllx poer, (T 0)llx rer, I ThllH(givi0,)
7170 7,70 7,70
and then to take v, = 0 in (5.24). O

We now let Vj, be the discrete kernel of B, that is

Vi ={7=(Th.q) € Xp: BTp,m) =0 Vn, € Y3}

:{?h:(Th,qh)EXht /Th:’r]h:O V’I]hGYh}.

s

Then, the discrete weak coercivity of Ag is established as follows.

Lemma 5.6 There exist C, hy > 0, independent of h such that for each h < hy there holds

| Ao(Fh, ) |

= > C H?hHX V?h € Vh . (533)
Gev,  ICallx
¢, #0
In addition, for each h < hy there holds
sup | Ao(C,Th)| > 0 VTR E Vi, T #£0. (5.34)
Ehth
Proof. Let us introduce the linear and bounded operator =, := (2P, — I) : X;, — X}, which

constitutes a discrete approximation of the operator = := (2P — I) : X — X (cf. Section 4.3). It
follows from Lemma 5.4 that

12(Th) — En(@Tu)llH@ivi0,) < ChG{HdiVThH[LQ(Qs)]?’ + th||H1(Qf)} < Che|Fulx V7 € Xn,
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and hence, using the boundedness of Ay, the inequality (4.21) (cf. Lemma 4.4), and the stability of
the decomposition (4.9), we find that for each Tp, = (7p,qn) € X}, there holds

Re{ 407,270 }| > [Re{ 407 2@ }| - Cne |72
> c{IPEIE + I0-P)FE0IE | - Crlimalk
> {c - antimal.
Thus, from this estimate we deduce the existence of hy > 0 such that for each h < h; there holds
Re{ Ao(Fn.ZaF)) }| = ClIRlE = CIGED I IFalz  ¥FeXn,  (539)

where the boundedness of 5 has also been used in the last inequality.

In this way, since (5.27) implies that Z,(7,) € Vj, for each T), € Vj, we realize that the discrete
inf-sup condition (5.33) follows straightforwardly from (5.35), noting also from this inequality that
En(Th) # 0 for each T, # 0. Finally, similarly as in the continuous case (cf. Lemma 4.5), the
symmetry of Ay and the estimate (5.35) yield the discrete inf-sup condition (5.34).

O

The well-posedness and convergence of the discrete scheme (5.2) can now be established.

Theorem 5.2 Assume that the homogeneous problem associated to (3.5) has only the trivial solution.
Let hy > 0 be the constant provided by Lemma 5.6. Then, for each h < hy, the mized finite element
scheme (5.2) has a unique solution (6, = (p,pn),¥n) € Xpx Y. In addition, there exist C1, C2 > 0,
independent of h, such that

\F (71, qn)|
OhsPh)s Y < G osup ————— < Cr 1 flliz2@uye + llgllg-
Iomen) vl < G swp e { Il + loll-va }

(Th,an)#0

and
[((e,),7) = ((Fh,Pn), Vi) llxxv

< G it (@) — (Tha)mllcr (5.36)

((Thsan), M) EXp XY,
Furthermore, if there exists § € (0,1] such that o € [H*(Q5)]**3, dive € [H*(Qs)]3, p € HTO(Qy),
and vy € [H?(92)]?*3, then there holds

||((Uap)77) - ((ahvph)a7h)||X><Y
§ (5.37)
< Csh {HUH[Hé(Qs)]BXB + div(o)l[ims g + IPlm+s,) + \|’YH[H6(QS)}3XB} ;

with a constant C3 > 0, independent of h.

Proof. Thanks to Lemmata 5.5 and 5.6, the proof of the first part is a direct application of Theorem
13.7 in [25], whereas the rate of convergence (5.37) follows directly from the Cea estimate (5.36), and
the approximation properties (APY), (APY), (APZ), and the special one for Xj, given by Lemma 5.1
(cf. (5.8)).

O
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