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Abstract

The three-dimensional eddy current time-dependent problem is considered.
We formulate it in terms of new variables lying only on the conducting domain
and on its boundary. We combine finite elements (FEM) and boundary
elements (BEM), to obtain a FEM-BEM coupled variational formulation.
We prove existence and uniqueness of the solution in the continuous and the
fully discrete case. Finally, we investigate the convergence order of the fully
discrete scheme.
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1. Introduction

The eddy current model is commonly used in many problems in sciences
and industry, for example, in induction heating, electromagnetic braking,
electric generation, etc. An overview of the mathematical analysis of the
eddy current model and its numerical solution in harmonic regime can be
found in the recent book by Alonso and Valli [3], which provides a large list
of references on this subject.
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In this paper, we deal with the numerical solution of the time-dependent
eddy current problem, which is naturally formulated in the whole space, with
adequate decay conditions at infinity. The literature on the numerical anal-
ysis of this kind of problems is more scarce. Among the few papers devoted
to this subject, both in bounded and unbounded domains, by using finite
element (FEM), boundary element methods (BEM) and coupled FEM-BEM
methods, we can mention [1, 2, 8, 9, 10, 11, 16]. These articles differ from
each other by the physical quantities chosen for the formulation (magnetic
field, electric field or different kind of potentials) and by the way of treating
the decay condition to reduce the problem to a bounded domain.

We consider a FEM-BEM method to compute the eddy currents gener-
ated in a three-dimensional conductor {2¢ by a time-dependent source cur-
rent. The problem is reformulated by expressing the magnetic and the electric
fields in terms of convenient new variables. We use FEM only on the con-
ducting domain €2, the integral conditions being imposed on its boundary
09 ¢. Therefore, the domain where FEM is used results as small as possible,
leading to a more efficient method as compared, for instance, with [1] and
2], where similar formulations are considered. Another important feature
of this approach is that it preserves the coercivity of the original problem.
The purpose of the paper is to analyze the convergence of a fully discrete
finite element scheme for this formulation and to investigate the convergence
order.

The paper is organized as follows. In Section 2 we give some basic def-
initions. In Section 3 we present the model problem with the necessary
assumptions over the data and introduce a new variable, the time-primitive
of the electric field, which plays the role of a vector potential for the mag-
netic field. In Section 4 we introduce the integral operators and recall their
properties. Then, we derive the FEM-BEM formulation and show existence
and uniqueness of the solution to the problem. In Section 5, we introduce
a space-discretization of the problem based on Nédélec edge elements in ()¢
and piecewise linear continuous elements for the variable on 9)¢ arising from
the integral equations. Then, a backward Euler method is employed to ob-
tain a time discretization. Finally, the results presented in Section 6 prove
that the proposed fully discrete scheme is convergent with optimal order.



2. Preliminaries

In the sequel we deal with real valued functions. Boldface letters will de-
note vectors (in R™) or vector-valued functions. The symbol |-| will represent
the 2-norm for vectors:

n
V[P =v.-v:= va
i=1

In all the paper the conductor ¢ C R? is a bounded connected polyhe-
dron, with a connected boundary I' := 0€)¢ such that the insulator ; :=
R3\ Q¢ is connected.

We remark that, under the above conditions, {2¢ and €2; have the same
number of non-bounding cycles L. There exists L disjoint connected open
surfaces X" C Q¢ (respectively X6 C ), j = 1, ..., L, such that Q¢ :=
Qc\ Ule ¥ (respectively Q= )\ Ule ¥¢*") is simply connected. The
boundary curves 9¥%* and 9X¢™" lie on I,

We denote by

(f:9)o0. = [ fgdx

Qs

the inner product in L*(Q,) and || - [|oq. the corresponding norm with * €
{C,I}. As usual, || ||s.q. stands for the norm of the Hilbertian Sobolev space
H*(Q¢) for all s € R. We also recall that, for any the space H*(T") has an
intrinsic definition (by localization) on the Lipschitz surface T' due to their
invariance under Lipschitz coordinate transformations. We denote by || - ||¢.r
the norm in H*(T).

In this paper, the spaces that are product forms of the previous function
spaces are endowed with the natural product norm and duality pairing with-
out changing the notations since it will be clear from the context when scalar
or vector functions are used.

We introduce the functional space

H(curl; Q¢) == {v € (L*(Q¢))? : curlv € (L*(Q0))*},

endowed with the natural norm: [|v|[fcum.ap) = IVIGae + lcurlv(gq .
We will also need to define H(div; Q¢) := {v € (L*(Q))? : divv €
L*(Qc)}, endowed with the norm [|V[E . 00y = IVI50n + [1div VG o -



2.1. Basic spaces for time dependent problems

As we shall deal with an evolutionary problem, we need to introduce
spaces of functions defined on a bounded interval [0, 7] and with values in
a separable Hilbert space V' whose norm is denoted here by || - ||y,. We use
the notation C°([0,77; V) for the Banach space consisting of all continuous
functions f : [0,7] — V. More generally, for any k € N, C*([0,T]; V)
denotes the subspace of C°([0,T]; V) of all functions f with (strong) deriva-
tives & f/dt? in C°([0,T); V) for all 1 < j < k. In the following, we will use
indistinctly the notations ;

Sr=af

to express the derivative with respect to the variable t.

We also consider the space L2(0, T; V) of classes of functions f : (0,7) —
V' that are Bochner-measurable and such that

T
T / LF(B)2dt < +oo.
0

Furthermore, we will work with
d
HY0,T;V) = {f € L*(0,T:V) : —f € L*(0.T: V)}.
Analogously, we define H*(0,T; V), for all k € N.

3. The model problem

The unit normal vector on I" that points from Q¢ to Q; (respectively from
Q; to Q¢) is denoted by n¢ (respectively n; = —ng).

Let E(x,t) the electric field and H(x, t) the magnetic field. Given a time-
dependent compactly supported current density J, our aim is to furnish an
approximate solution to the problem below:

O (uH) + curlE = 0 in R® x (0,7),

curlH — cE =J in R3 x [0, 77,

div(eE) = 0 in Q; x [0,7T],
eE-nd{ =0, in [0, 77,

r
H(x,t) = O(|x|™) and E(x,t) = O(|x|™!) as |[x]| — oo,
H(x,0) = Hy(x) in R3,



where the asymptotic behavior (1)5 holds uniformly in [0, 7). The initial data
Hj in (1) has to satisfy div (uHp) = 0 in R®. The electric permittivity e,
the electric conductivity o, and the magnetic permeability p are symmetric
and uniformly positive definite matrices in ¢, with entries belonging to
L>(Q¢). Moreover, € = g9l, p = pol and o = 0, bf. in Q; (I is the identity
matrix).

It is important to notice that, since & = 0 in Qy, (1), implies that the
data J satisfies the compatibility conditions

divJ =01in € and /J~nd§:(), (2)
r

for all t € [0, 7.

For the sake of simplicity, we consider that supp(J) C Q¢, namely, J = 0
in Q7. Moreover we consider J € L*(0,T; (L*(Q2c))?).

We define He := Hlg, and H; := H|g,. Analogously, Heo := Ho|a.,
H;o := Hylo,, Ec := E|q, and E; := El|q,. Moreover, we consider the space
H(Q¢), defined as

H(Qe) = {ve (L* Q) : curlv=0, div(ev) =0, ov-n=0onT}.

We recall that each “cutting” surface E;”t, 7 =1,..., L, “cuts” an independent
non-bounding cycle in 2. They are connected orientable Lipschitz surfaces

with 82;”'5 C I, such that every curl-free vector field in 2 has a global

potential in Q¢. The basis functions w; are the (L?(Q¢))*-extension of Vp;,
where p; € H'(Q¢\X)™) is the solution of the problem

div (0' Vp]) =0 in QC\Ej.”t,
oVpj-nc =0 on I'\oX™,

[o Vp; - nj]lz;’_nt =0, 7=1,..,L,
[pilsim = 1, j=1,..1L,

having denoted by |[-]|2;;m the jump across the surface E;”t and by n; the unit

normal vector on ¥/,
In order to obtain a suitable formulation for the problem (1), we introduce
the variable



t
Ac(xt) = — / Eo(x, s)ds + Aco(x) (3)
0
where A is the solution of this problem:

curlAcy = poHep in Q¢,
div(ocAcp) = 0 in Qc,
ocAcp -nc =0 onl. (4)

/ O'AC’O'WjdX: 0, ]:1,7L
Qc

This problem has a unique solution, because div (u-Hcp) = 0 in Q.
(See [3]).

We obtain directly from (3) that Ec = —0,A¢ in Q¢ x (0,T). Moreover,
if we apply curl to (3) and use (1); and (4); we also deduce that p-He =
curl Ag in Q¢ x [0,7] and, replacing the new equalities in (1), we obtain

o0, Ac + curl (ui'curl Ag) = J in Q¢ x (0,7).

We need some other tools to continue.
We introduce the Beppo-Levi space:

W(Q,) = {¢ eD(Q); ——2 e LX), Vp e (LQ(Q[))?’},

VTP

and recall that the seminorm ||V (+)|o.q, is a norm in W*(;) equivalent to
the natural norm; i.e., there exists a constant C' > 0 such that (see [14]) :

< ClVelse, Yo €W () ()

2
0,9

B
V1+|x[?
Moreover we define the harmonic Neumann vector-fields associated with
Q I by

H(Q) = {v e (L*(y))* : curlv=0, divv=0, v-n=0onT}.

We will need a basis of the finite dimensional space H(€2;). To this end,
we consider the set {¥5" : j = 1,..., L} of orientable cutting surfaces in ©;
introduced above. We fix a unit normal n; on each 3¢

6



Theorem 3.1. For any j = 1,...,L, the following problems admit unique
solutions: Find z; € W (Q\X5) such that

AZ]‘ =0 m QI\Eezt

7
Vzj-n; =0 on T\9¥5™, )
6
|[VZ]' . Ilj]lg;zt = 0, s
[[Zj]lz;act - 1
Moreover the set {V zj + j=1,...,L}, where \Y z; are the (L*(§2;))?-extension
of Vz;, is a basis of H(S).

We have the following representation of rotational free vector-fields in €2,
see Remark 7 in [6].

Lemma 3.1. There holds
{ue (L*Q))? : curlu = 0 in Q;} = V(WHQy)) & H().
Moreover this is an L*(Qy)-orthogonal decomposition.

We know of (1), that curl H; = 0 in §; at each time ¢ € [0,T]. Then,
the previous lemma ensures the existence at each time t € [0, T, of a function
Yr(t) in W (Q;) and real constants {a;(t)}f_; such that

H;(x,t) = Vi (x,t) + Y () V z5(x)  in Q@ x [0,7]. (7)

J=1

On the other hand, taking divergence in the equation (1); and using that
p = pol in ©;, we obtain that 0;(divH;) = 0 in Q; x (0,7"). Hence, as we
know that div H;(x,0) = divH; o = 0 in Q;, we conclude that divH; = 0 in
Q; x [0,T]. Then, using (7), the last equality and (6);, we obtain that

AQ/}[IO in Q[X {O,T]

On the other hand, multiplying (1); by V 2, using a Green’s formula and
the fact that E; X n; = —E¢& X ng, we obtain

@(,uOHI)‘ﬁzidx = —/EC x e - VzdC i=1,.., L.
r

Qr

7



Replacing H; by Vi + Zle ozjﬁ z; and E¢ by —0,A¢, using the or-
thogonality between VIV () and H(Q;) and integrating by parts in 7, we
obtain

Lo Za sz x) -V zi(x)dx = /FatAc(x, t) X ng(x) - V z(x) dC,

i = 1,..., L. Next, integrating in time between 0 and s, with s € (0,7") and
recalling that Ax(x,0) = Ag(x), we obtain

Lo Z&j(s) g V 2;(x) - V zi(x) dx — /FAC(X, s) X ne(x) -V zi(x)d¢

= o Zaj(()) i 6zj(x) -V zi(x) dx — /FAQO(X) x ne(x) - V zi(x) d¢,
. ®)

with ¢ = 1,..., L. From (6), Green’s formula yields

Vi Vzdx = % 4¢.

QI E;a)t anj

for all 1 <1,7 < L. Then, we introduce the matrix

N = ( gz’“ dg) . (9)
Eezt n] 1Sk’]§L

It is clear that N is symmetric and positive definite. We also define the
matrix Z and the vector a by

SV Val, o= e al (10)

Thus, we can write equation (8) as follows:

poNa — /Z(Acxnc) d¢ = poNay — /Z(Ac,oxnc)dga (11)
r r

where o := a(0) is known.



Finally, we also impose that
[Wr(x,8)] = O(|x[™") s [x| = co.
In conclusion, we are led to the following problem in terms of the variables
(Ac, Y1, a):
00, Ac + curl (ug'curlAg) = J in Q¢ x (0,7,
o N a — /Z(AC X ng)d¢
= ,UFONOéo - fp Z (Acp X ng)dc,

Ay = 0 in Q; x [0, 77, 12)
(pgtcurl Ag) x ne + (Vior + Z'a) x ny = 0 on I x [0, 7],

curl A¢g -ng + Vo -n; = 0 on I' x [0, 77,

613)] + V() = O(Ix™") as [x| = oc.

Ac(x,0) = Acp in Qc,

Notice that equations (12), and (12)5 come from the fact Ho X ng =
—H; xn; and p-He - ne = —poHy - ny on I', respectively.

4. A FEM-BEM coupling variational formulation

It is well-known from potential theory (see, e.g. McLean [13], Nédélec
[14]) that we can introduce on I' the single layer and double layer potentials,
which satisfy

S HYAI) —» H'Y*(T), S(¢)(x) = / !

—— _¢(y)d
- 47T‘X o y‘ §(Y) Cya

D+ HYVAT) > HYAT). D)o = [ sy ()G,

and the hypersingular operator H : HY/2(I') — H~'/%(T"), which is defined
as follows:

) = —9( [ = ) me() 4G, ) -ne(x)

drx— vy

9



The three operators are linear and bounded. We also recall that the adjoint
operator D' : H~Y(T') — H~Y2(T) reads

()60 = ( | 603G, ne(x),

dr|x —y|?

In what follows we recall some basics properties of these operators. See, e.g.
McLean [13], Nédélec [14] for the corresponding proofs.

Theorem 4.1. Let o € W'(Q;) be a harmonic function. Then

<%I—D) () + S (%) =0 and <%I+D’) ((9%) + H(p) =0

on I.

Lemma 4.1. (i) There exists ky >0 such that
[ Stmdc = klnly e vne HOP)
r

(11) There exists a constant ke > 0 such that

/F H(p) @ dC > kallip]2 o

for all ¢ € HS/Q(F) where,

HY*(T) = {cp e HY2(T') - /gp = o}.
r
Lemma 4.2. (1) =0, D(1) = —1/2 and [, H(n) =0, for alln € H'*(T).

Theorem 4.2. The linear operator # : HY/*(T')/R — Hy "*(T') defines an
1somorphism.

Let (Ac, ¢r, o) satisfying (12). Let ¢(t) := ¢;(t)—c(t), where ¢ : [0,T] —
R such that ¥ (t) € Hé/Q(F). By using (12)3 and (12);, according to Theorem
4.1 and Lemma 4.2, for all t € [0, T], we have

10



_%1/, — D) + %S(curlAc ‘ng) = =y onl, (13)
0

Lcurl Ac-ne+ iD’(curl Ac-ne)+H(W)=0 onl. (14)
2410 Ko
The following is a variational formulation of problem (12), where V :=
H(curl; Q¢). For the ease of notation, we write the integration symbol on
I instead of the pairing between H~/2(I') and H'/?(T), as usual:
Problem P.Find Ac € L2(0,T; V)NH' (0, T; (L2(Qc))?), v € L*(0,T; Hy*(T'))
and a € C°(0, T; RY) such that

i ocAq- - -weodx + / ualcurl A -curlwe dx

dt Q¢ ] %C

+/ [— —¢p — D(¥) + —S(curl A¢ - nc)}curlwc ‘ned¢
r 2 Ho

—I—/(chnc)-(Zta)dC :/ J - wedx,
r Q¢

(15)
/ [%curl Ac -ng + D'(curl Ag -ng) + po 7—[(1&)} nd¢ = 0,
r

B Na — B /Z(AC X ng)d¢
b= toB' Nay — B' [ Z(Aco x n¢) dC,
for all we € V, n € HY*(T'), B € RE with
Ac(0)=Acy in Qc.

In fact, to derive (15);, we have multiplied (12), by w¢, integrated by
parts in (¢ and used that

/nI X Vipr -wed( = /¢1 curlwe - ng d(, (16)
r r

which follows by integration by parts too. In its turn, equations (15), and
(15)3 follows directly from (14) and (12),, respectively.

11



For the theoretical analysis it is convenient to eliminate a and v from
the previous formulation. With this aim, we introduce the linear operator
T : V — R defined by

T(Wc) = /FZ(WC ch) dC

We can eliminate easily a from (15); and replace it in (15);. Then, the
fourth term of this equation reads

/F<Wc xng) - (Z'a)d¢ = (T (wc)) o

= po (T (
— 1o (T (we

we)) N7UT (Ag) + (T (we))' ag
N~'T(A

"T (Acy)-

Moreover, we introduce the operator R : Hgl/Q(F) — H&ﬂ(f‘) given by

))
)’

/F H(R(E) ndC = / end. Wpe HYXD), vee Hy'AT),  (17)

where H()_l/2(F) = {ne HV2T) : [.nd¢ = 0}. It is straightforward to
show from Lemma 4.1 and the Lax-Milgram lemma that R is well defined
and bounded. Therefore, the second equation of (15) may be equivalently

written 1) = —,uglRchrl Ac-ne+D'(curl Ac-nc)> . Note that R is a self-

adjoint and non-negative operator. Consequently, (15) admits the following
equivalent reduced form:
Find Ag € L*(0,T; V)N HY(0,T; (L?(Q¢))?) such that

L(Ac(t), we)e + A(Ac(t), we) + B(Ac(t), we)
= (J(t), we)ooe + g(we),

for all wg € V, with
Ac(O) = AC,O iIl Qc,

where

(H,G), ;:/ cH-Gdx, VHG e (I200)),
Q¢

12



_ 1
K:V—HVI), KH) = geurlH -ng + D'(curl H - ng),

A:Vx V=R AHG) = / pgcurl H - curl G dx

r

B:VxV-R BMHG) :=

g:V =R, g(H) = 5" (T (H))'N'T (Ace) — (T (H))" cx.

Note that A and B are bounded, symmetric and non-negative definite
bilinear forms.

Remark 4.1. Note that || - ||o.o. s equivalent to || - || in Q¢c, and therefore,
|- |lv is equivalent to || - |5 + |lcurl ()0 in Qc.

4.1. Existence and Uniqueness.

Lemma 4.3. There ezists a unique solution to (18) and

sup 1Al < O {1 or umoy + [Acall + e’} (19)
S ’

for some constant C' > 0.

Proof. Uniqueness. First, we prove that any solution to (18) has to satisfy
(19). To this end, we replace we by A¢ in (18), recall that the bilinear forms
A and B are non-negative definite and moreover,

A(Ac, Ac) = py ' leurl Aclf .. (20)
where p; is a uniform upper bound in )¢ for the maximum eigenvalues of

p(x).
Then we apply the Cauchy-Schwarz inequality and obtain

1 _
§5t||AC||,2; + pi leurl Ac |5 o, < T llogcllAclooe + CillAcliv][Acolly
+Cs||Acllv]ag].

13



Now, using Remark 4.1 and a Young’s inequality, we obtain
1
Sl < C{I3la. + IAcol} + oo’} + I Acl?,

Hence, integrating in time and using Gronwall’s inequality, we obtain

T
lAc(O)]2 < 0{ / 1312, ds + uAc,o|\%+\ao|2} vt e 0,7,

from which we conclude the uniqueness.
Existence. We fix N € N and consider a uniform partition {t,, := nAt :
n = 0,..,N} of [0,7] with step size At := % For any finite sequence
{0 :n=0,..,N}, let
on — en—l

L — =1,....N. 21
8 At ) n b ) ( )

Moreover, we define

1 n At
Jy(x) == E/( J(x,t)dt  ae. inQe, n=1..,N. (22)

n—1) At

We approximate our problem by an implicit time discretization scheme.
Find A¢y € V for n =1,..., N, such that

(5A70LN7WC>O' + A(AEN,W(,*) + B(A3N7WC)
= (Jy, wWe)oae + g(we),

for all wg € V, with

For any n € {1,..., N}, we assume that Aly,..., A%y € V are known, and
consider the problem of determining A . It is clear that the Lax-Milgram
theorem ensures existence and uniqueness of the solution for n =1, ..., V.

Replacing we by AZy in (23), using that A and B are non-negative
definite, (20), a Young’s inequality and the fact that

1

(lAENIZ — IAERIIZ) - (24)

14



we obtain
-1
AN 12 ||A '112) + “-lleurl Ay [[5 g

Akl + {15 e + IAcal + oo}

oz

_4T

In particular, we have

JALNI2 — IAEL2 < SEjabal2 + Cot{ 3513 ae + IAcol} + oo}

Then, summing over k, the discrete Gronwall’s Lemma (see, for instance,
Lemma 1.4.2 from Quarteroni & Valli, 1994) leads to

lAENG < C{I!A%Nlli + Oty 1% Ga + 1 Acoll + Iao!2}~ (25)
k=1

Thus, from (22) since

T
AtZHJ e, < / 13(0) 2 0,

we obtain that ||A%y||2 < C, with C' independent of N.
Note that being A non-negative and symmetric, it is easy to check that

N | —

and similarly for B. Let us now take wg = AL — A%l in (23). Summing for
k=1,..,n, forany n € {1,..., N}, recalling that B is non-negative definite
and A satisﬁes (20), we obtain

—~ 5 1
Aty [[9AEN]l, + i lleurl Ay, lloac
k=1

n 2 n %
g (mznmnagc) (mz||6AzNH§,QC)
k=1 k=1
t

1 " t e n
+pg' (T (AZy — AQy)) N 'T(AQy) — (T (AZy — Aly)) oo
+"4(A%N7 A%N) + B(A%Nv A%N)

15



Applying Young’s inequalities, recalling that T is continuous and Remark
4.1, we obtain that

n _ ) B i
Atz HaAléNHg + 1HCUI'1ACN, H(Q),Qc
k=1
< CIALY NIRIBae + I1ASNIS + laol® p + [[AZNIZ.
S Nll0,Qc CNIlv 0 CNlle
k=1

Hence, using (25), we conclude that

N
Aty [[0AEN], + max [|AZy], <C, (27)
2 10Aewl, ey

where C' is independent of . o
Let us introduce some further notation. Let Acn(x,t) be the piecewise
constant in time function defined by

Acn(x,t) = A%y (x) if (n—1)At <t <nAt,forn=1,..,N.

We define J y similarly. Let Acn (x,t) be the piecewise linear and continuous
time intepolant of the values A%y (x), n = 0,..., N (namely, Acn(X,t,) =
A% y(x), n=0,...,N). Thus, we can write (23) and (27) as follows:

(at;‘\xczv,wc)a + A(Acn,we) + B(Acn, we)

= Ty, we)ome + g(we) (28)

and

[Acenllmior: 2@epne=ory) < C and  [[Acy|r=@ryv) < C  (29)

a.e. in [0,7]. From these estimates, we conclude that there exists A such
that, possibly taking N — oo along a subsequence,

Acy — Ac weakly star in HY0,T; (L*(Q20))3) N L>=(0,T; V),
Aoy — Ag  weakly star in L>°(0,T; V).

So, by taking N — oo in (28), since Jy — J in (L*(Q¢))?, we obtain (18) in
the sense of L?(0,T; (L*(20))?). O

16



Remark 4.2. Problem (15) and (23) are actually equivalent. In fact, for
A solution of (23), if we define v = —pg ' R(K(A¢)) and a = gy +
o ' N1 (T(Ag) — T(Acyp)), then (Ag, v, ) is a solution of (15). Moreover
this problem has a unique solution, because Ac has to be the unique solution
of (18) and v and o are determined via (15)s and (15)s, respectively.

Theorem 4.3. Let (Ac, 9, ) be the solution of problem (15). Then there
exists Yy € L*(0,T;WY(Qy)) and a function ¢ : [0,T] — R such that ¢ =
Urlr — ¢ and (Ag, ¥, @) satisfies (12).

Proof. Testing (15); with we € (C5°(2¢))? we obtain
o0 Ac + curl (ug'curlAg) =J in Q.
Testing (15), with n € H'/?(T") and using Lemma 4.1 we recover

1
icurl Ac -ng + D'(curl A¢ -ne) + poH(W) =0 on T. (30)
Now, let ¢; € W1(Q;) be the solution of this problem:
Alp[ =0 in Q[,
woVir -my = —curlAg-ng on T, (31)

[0r(x) + Vs (x)| = O(x[™!) as  [x] = oc.
Since ¢y € W(€;) is a harmonic function, then Theorem 4.1 ensures that
%@Mp — D(ylr) + S(curlAg -ng) = 0 and
scurl Ac -ne + D'(curl Ac-ne) + H(Ylr) =0 on T.

Now, subtracting (30) to (32)s we obtain H(y) — ;) = 0 on I'. Therefore,
we conclude from Theorem 4.2 that ¢;(t) = (t) + ¢(t) on I', where ¢(t) is
a constant. As a consequence,

(32)

16 —DW) + MiS(curlAanc)
0

= Wil =) = Dl — ) + —-S(eurl Ac-ne) ()
= bl

Now replacing this equality in (15);, using (16) and testing (15); with weo €
H(curl; Q¢), then we obtain

(pg'curl Ac) x ne + (Vi + Z'a) xny = 0 on T.
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5. Analysis of a fully-discrete scheme

Let {7+(Q2c)}n be a regular family of tetrahedral meshes of Q¢. As usual,
h stands for the largest diameter of the tetrahedra K in 75, (€2¢). Furthermore,
we consider the family of triangulations induced on T, {7,(T)}4.

We define a fully-discrete version of (15) by means of Nédélec finite el-
ements. The local representation on K of the lowest order Nédélec finite
element is given by

ND(K):={axx+b: abcR*.

The corresponding global space V}, is the space of vector fields that are locally
in ND(K) for all K in Q¢, and globally in V = H(curl; Q¢). Moreover,
we define

L,(T) = {n e HY*(T) : nlr € P(K) VK € To()}

which approximates the space H, / ?(T"), where Py (K) is the set of polynomials
of degree not greater than one.

Since Q¢ is not simply connected, problem (15) involve the matrices N
and Z defined by (11) and (10), respectively. To compute these matrices
we need to approximate numerically the basis {%zk}ézl of the harmonic
Neumann vector-fields H(€2;). A similar need arose in [11], where the authors
proposed a coupled BEM-FEM method to compute the entries of a matrix
N;, approximating N. For the sake of completeness, in what follows we
describe briefly the method introduced in [11] to approximate N and the
corresponding error estimates proved in this reference.

Consider a connected and simply connected polyhedron ) with a con-
—ert

nected boundary such that Q¢ U (Ule 2 ) C . Set

Q" = Q\{ﬁcu(sz_;”)}, Q:=0\0c and A :=0Q.
k=1

From (6), py, := V 2|0 belongs to the closed subspace of H(div; Q)

Y:={qec (L*Q))?:divq=0in Q and q|r -n; = 0 in H_l/z(l")}
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and satisfies the variational equation

/pk~qu:/ q.nkd<+/q-nzkd< va e,
o) neat A

where n correspond to the normal vector on A outer to Q. Furthermore, as
2 is harmonic in R?\ €, the last equation may be coupled with boundary
integral equations relating z; and its normal derivative p, - n on A. This
leads to the following weak formulation (see [12] for more details)

Find p;, € Y and ¢, € HY?(A)/R such that

[ pe-ad+ [ Sma-ndc — [ [Go+ Don]a-nac

=/ a-nede,  (34)

ext
Ek

[ [open+ Do m]vac + [ Honxac=o

for all functions q € Y and x € H/2(A)/R. The variable ¢, represents (up
to and additive constant) the trace of z;, on A. Now, consider a regular family
of triangulations {7,(Q)}, of Q by tetrahedra K of diameter no greater than
h > 0. Assume that, for any h, the set T,(Qc) U T,(Q) is a triangulation of
). This implies that the triangulation induced by 7,(Q) on I' is identical to
Tn(T). It can be assumed, without loss of generality, that the cutting surfaces
Y7t are union of faces of tetrahedra T' € T,,(Q) for each mesh 7,(Q). Finally,

denote by T, (A) the triangulation induced by 7,(Q) on A.
Consider a conforming discretization of H(div ;<)

RTH(Q) :={qe H(div; Q) : qlr e RT(K) VK € T,(Q)}
where RT(K) := {ax+b: a € R, b e R3}.

The following is a convenient way of discretizing problem (34) (for more
details, see [11]):
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Find py, € RTUQ), ¢wn € ®1,/R and By, € M, such that

/kah'qu‘i‘/AS(th‘n)Q‘ndC—/A[%@ch“‘p(%h)]Q‘ndC

+/ Bradivg :/ q - n;dg,
Eezt

(35)
/ —x + D(x pkh nd¢ + /S curl, ¢yp,) curl,. x d¢ = 0,

/ div py, vdx =0,

for all functions q € RT75(Q), x € ®,/R, and v € M,,, where

RTH(Q) = {a € RTH(Q) : qlr-n=0},
®), :={n € CA) : nlx € P1(K) VK € Tp(A)},
= {v e L2(Q) : v|g €Py(Q) VK € TH(Q)}.

We know from [12] that (35) is a well posed problem. Once the function py,
computed for 1 < k < L, the matrix N can be approximated by

Ny, = (/Em Pip - 1 dC) . (36)

I<k,j<L

Note that this matrix is symmetric and positive definite. Error estimates
for the approximation N, of N has been obtained in [11]. With this end,
the following additional regularity result has been proved in [11]; here and
thereafter.

In the sequel, we denote by sg € (1/2,1] the exponent of maximal regu-
larity in Q of the solution of Laplace operators with L?(Q) right-hand side
and homogeneous Neumann boundary datum.

Theorem 5.1. Let (p;, ¢r) be the solution to problem (34). There exists
1/2 < s < sg such that p, € (H*(Q))?, k=1, ..., L.

Proof. See [11, Theorem 7.1]. O
Finally we recall the error estimates obtained in [11]:
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Theorem 5.2. Problems (34) and (35) are well posed and there exists a
constant C' > 0 independent of h such that

1Px — Prnllo.g + [k — Ornllprrzaym < CH° {Ipells.o + llkllss1/2a b

for all1/2 < s < sg.
Proof. See [11, Theorem 7.2]. O

Theorem 5.3. There exists hg > 0 such that Ny, is invertible for all 0 <
h < hg. Moreover, we have the error estimate

IN =Nyl + [IN7 = N < Oh max {|Ipylls.o + llénllsr2a}

1<k<L

for some constant C' independent of h.

Proof. See [11, Corollary 7.3]. O

Notice that ||¢g||s11/2,4 is clearly bounded, since ¢y is the trace on A of
the harmonic function z,. To compute an approximation of the entries of Z,
we need to resort to a different strategy. In fact, the previous methods yields
good approximation of p,|r - n; = Vzi|r - n7, but not of Vz|r x n; (which
are the terms defining the entries of Z). A similar situation happened in [11],
too. However, in this case, we follow an alternative approach that we think
is simpler.

One can see that the solution of (6) satisfies the variational formulation:
Find z, € H'(Q\X¢*")/R such that

[za]geee = 1 and / Vz, - Vedx = / pi - npdd, (37)
Q\xgut A

for all p € H'(Q)/R.
We introduce

L,(Q) = {0 e HY(Q) : 0lx e Pi(K), VK eThQ)},
L, (Q\X¢) == {0 € HY(Q\X¢) : 0|k € Pi(K), VK € Tn(Q)}.

Consider the following discrete version of problem (37):
Find 2y, € L£,(Q\X5*")/R such that

[[Zkh]lzi:ct =1 and / Vzpn - Vodx = / Prp - D@ dd, (38)
Q\Ezzt A
for all p € L,(Q)/R.
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Lemma 5.1. Let z; and zg, be the solutions to problems (37) and (38),
respectively. Then

||6Zk — 6Zth0’Q S Chs
forall k =1, ..., L, with C' independent of h and s as in Theorem 5.1.

Proof. Let 2, € C*(Q\X§™) such that [Zj]ge = 1. Let zI be the Lagrange
intepolant of 2, in Q\X¢*. Notice that [Z{]ge: = 1, too. We write

~ — ~ | =
2 = ZL + 2k and Zkh = % + Zkh,

with z, € H'(Q)/R and z;, € L£,(Q)/R. Substituting these expressions in
(37) and (38), using the first Strang Lemma (see [5, Theorem 4.4.1] ) for
these new problems, we have that we obtain new problems for Z, and Zy,
respectively.

HVEk — VzthQQ < C inf ||V2k — VQOHQ,Q

pELR(Q)/R
| VG- Vedx+ [ pi-pa) mpd
Q\Zzzt A
+C' sup
o€ Ln(Q)/R IVello,o

The second term on the right-hand side of the last inequality is bounded as
follows:

‘/ V(?k—?é)-vsodXJr/(pk—pkh)~nwdC
Q\Eixt A

< ||V§k - V%HO,Q\E;It

(39)

IVello,o + Cllpr — Penllo.cll Vello,o:

where we have used that divp, = divp,, = 0 in Q and the fact that
IV()]lo. is equivalent to || - ||1.o on H'(Q)/R.
From Theorem 5.1, we know that Vz,|g € (H*(Q))3. Hence

inf  ||Vz, =V < ||VZ, — V7, < Ch*||VZ|s,0-
weﬁh(g)/R” k= Veloo < |IVZ kloe < 1VZklls,0

Using the last two estimates and Theorem 5.2, we obtain
IVZi = VZinlloo < CR{||VZi]ls.0\5eet + [IPells,.o + |9 llst1/2.4 + [[VZRlls.0}
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for all £k =1, ..., L. Therefore, as a consequence of Theorem 5.1,
||6Zk — 62kh||0,g S Chs

forall k=1,..., L.
O

Now, we are in a position to introduce the following fully-discretization
of Problem P:

Problem PP'. Find (A%, v7, af) € V, x Li,(T) x RE, n = 1,..., N, such
that

/ gOAY, - wedx + / pgtcurl A, - curl we dx
Q¢ Qc

1 1
+ [~ 5uk - D) + = Sleurl AL, ne) eurl we e dg

+ Z(WC x ne) - (2, o) d¢ - /Q (tn) - wodx,  (40)

1
/p bCurlAgh ‘ng + D'(curl Ag,, - ne) + po HWZ)] nd¢ =0,

to By, Ny ap — B, Th (AZ,) = 1o B, Ny ag — 81, Th, (Acy),
for all (we,n,3) € Vi, x Ly(T') x RE) with
AOCh = AC’h,O n Qc,

where Ay, is an approximation of Acp, AP, is defined in (21) and the
linear and continuous operator T; : V — R is defined by Ty(w) :=
fF Zh(W X n(;) dC, with Zh = [621}1 Tt ﬁth]t‘

We proceed as in the continuous case to prove existence and uniqueness
of solution to (40). Indeed, let R, : H(;l/Q(F) — Lp(T") be the operator
defined by

/F H(RA(€)) 7 dC = /F end VpeLul), VEe HyYAT).  (41)

Note that (41) is a Galerkin discretization of the elliptic problem (17).
Consequently, using the Galerkin orthogonality and the continuity and coer-
civity of H (cf. Lemma 4.1 (ii)), we have the following Céa estimate:

IRE = Ruéllijor <C inf |RE=1nllior  VE€ HyAT).  (42)
n€Ly(T)
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It is important to note that R, is a self-adjoint and non-negative operator.
Here again using that ¥ = —pug 'Ry, (K(AZ,)) (cf. (40)2) we deduce the
following equivalent formulation of (40):

Find A¢,, € V;, such that

(DAL, Wo)o + A(AZy,, We) + Bu(Ad,, we) (43)
= (J(tn), We)ooe + gn(we)
for all wgo € V), with
Al =Acny in Qc,
where
Bh : Vh X Vh — R, Bh (H, G) = ual / ’C(G)Rh(K(H)) dC
r
+ 0 (T (G)) N1 Ty, (H),
g, WV — R, gy (H) := gt (T), (H)) ' N; 1Ty (Aco)
— (T, (H))" .
Hence, at each iteration, we have to find A, € V}, such that
(Aln, Wo)o + AtLA(AL,, we) + Bu(Agy,, we)| (44)

= At[(I(tn), we)ooe + gn(wo)] + (AL wo)o

Since B and A are non-negative definite, the existence and uniqueness
of A¢,, n=1,..., N, is immediate.

Remark 5.1. [t is easy to prove that if we define ¥ := —pug ' Ru(KK(AZ,))
and ! = o + pig "N, H(Th(AZ,) — Trh(Acp)), then (AR, Y0, af) is a so-
lution of (40). This solution is unique, because H is coercive in Ly(T') C
HS/Z(F) and Ny, is a symmetric and positive definite matrix.

6. Error estimates

For any s > 0, we consider the Sobolev space

H’(curl; Q¢) := {v € (H*(c))® : curlv € (H*(Q2c))*}
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%—Is(curl;ﬂc) = ||V||§,Qc + ||curlv||§,ﬂc' It is well

endowed with the norm ||v|
known that the Nédélec operator interpolation ZVv € V), is well defined for
any v € H*(curl; Q¢) with s > 1/2; see, for instance, Lemma 4.7 of [4].
Moreover, for 1/2 < s < 1, the following interpolation error estimate holds
true (see Proposition 5.6 of [? ]).

Iv =T vlly < Ch*|lv|

HE (curl ; 00) Vv € H(curl; Q¢). (45)
To simplify the notation, we introduce
Gn(w) = [[(R = Ru)K(W)l|1/2,r-

Lemma 6.1. Let A and Ag, be solutions of problems (15) and (40), re-
spectively the latter with initial data A%, = TN (Acyp). Assume that Ao €
H?(0,T; H(curl;; Q¢)), with s > 1/2. Moreover, let p" := Ac(t,)—TN Ac(t,),
0" = TN Ac(t,) — A%, and T" := OAc(t,) — OiAc(t,). Then, there exists
C > 0 independent of h and At such that

max |83 + At Y 1198°;

1<k<n
k=1

< {Atz (18641 + 171 + Gal@cAc(tr))?

k=1

+(IAc)3 + 10 Actol}) ( max V2 - Vzalio + INT = N2
(Aol + ool ) ( ma

X
1<i<L

IV =Vl + 1N = N11?)

k2 2
g 15+ e GulAc))*

0<k<n
(46)
Proof. It is straightforward to show that
(06", v)y + A(6",v) + By(6",v)
= —(0p",V)o + (T%,v)s — A(p",v) — Bu(p",v) 47

—f-Bh(Ac(tk),V) — B(Ac(tk),v)
+9(v) — g(v), Vv E
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as well as the following inequalities:
= 1
6k5ko->— 6k2_5k712
(36,555 > 51 (1613 — 181 12)
A(8*,8%) > py|eurl 8%3 o,
B(Ac(t),8") — Bu(Ac(ty), %)
1<i<
+kalcurl 8 [lo.00 Gr(Ac (),
g(ék) - gh(6k>
< s (IAcoll + lal ) 10"y (s 195~ Tl + N7 = ;1)

ax
1<i<L

< hall Aot o0l o 195~ Taaloo + IN7 - ;)

Hence, choose v = 8" in (47), recall that Bj, is non-negative, the Cauchy-
Schwarz inequality, Remark 4.1 and Young inequality lead us to the following
estimate:

1652 — 16512 + Atpy flcurl 82,
< %nakui + OOt 1913 + 1T 2 + 110*13 + G (Ac(te))?
At 3 max [1V2 = Va3 o + N7 = NG |2)
(Aol + leof?) (1max [V = Vznll o + N7 = N 12) .

ax
1<i<L

(48)

Then, summing over k, using the discrete Gronwall’s Lemma (see[15,
Lemma 1.4.2]) and taking into account that 6° = 0, we obtain

l8"2 <c {mz 180812 + 17912 + 14113 + G (Ac(t))?
k=1
HlAc(tll? ( max V2 - Vzuld o + INT = N 1)

+ (1Acoll + laol?) ( max [V - Vel + N7 = N7|?) } .

<<

forn =1,..., N. Inserting the last inequality in (48) and summing over k we
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have the estimate

16712 + At lleurl 85 q,
k=1

<c {Atz 156412 + 17412 + 1613 + GuAc(t))
k=1

(49)
HActIR ( max V2 = Vel o+ INT = N1
+ (1Acol + o) ( max V2 = Vel o + IN7' - N;lH?)} .
Let us now take v = 98" in (47):
1985 ||2 + A(6*, 6% + By (8%, 56%)
—(0p*,06") 5 + (TF,06"), + A(0p*, 6" ) + B,(0p*, 6" ) (50)

—l—l’)’(rk,&k_l) - Bh(Tk,(Sk_l) + B(atAc( ) 5k_1)
—Bu(0Ac(ti),8"") + g(06") — g,,(06") — 2 [k — -1l

where v, := A(p*, 8") + Bu(p",6") — Br(Ac(ti), 8°) + B(Ac(tr), 6°).
On the other hand, as A is non-negative definite and symmetric, it is easy
to check that

A(5*,56%) > 2% A(5*,6%) — A(5", 6"

and similarly for Bj,. Using these inequalities in (50) together with the
Cauchy-Schwarz inequality, and then, summing over k and recalling that
B}, is non-negative, we deduce that

—Z 198815 + 5 ulchurwnHo Qc

Scz[llap’fniﬂwknﬂ Z[ Bot, 81
k=1

+[Bu@pt )|+ B 8 — Bt 5
+|B(3:Ac(tr), 0"7") — Br(0:Ac (tr), 5’“_1)”

(51)

1 . . 1
+E|g(5 ) —gn(8")| — At!%\-
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It is easy to obtain from Young’s inequality and Remark 4.1 the following
bounds:

> A@p" 6"
k=1

<D lleurld* 5o, +C1 ) lleurldp*(ff ...

k=1 k=1
> 1Bu(0p*, 851
h=1

<D llewrl 8" S o, + D 18I + G2 Y lleurldp*[ g, .

n

SO IB(r 85 = Bu(rt 6
k=1 n n n
<3 llewrl 8B g+ 1R + G D IR,
k=1 k=1 k=1

Y IBOAC(t), 0" ") = Bu(@iAc(t), 6" )]

k=1

<3 fleurl 8B g, + I8 + €Y Ga(@Ac ()’
k=1 n k=1 k=1
+C5 3 oAt (1 (V2 — Vznllf o + N7 = NG 1J2),
k=1 -

and

19(6") — g,(8")] o
< Colll Aol + lawol?) ( max [V = Vel + N7 = N|?)

<i<
b lewel 8" 3o + 672,
ol < g llewrl 8% g, + 11671
+Cr |11 + 1At 13 ( max V2 = Va3 o + N7 = N;112) .
Substituting all these inequalities in (51), using (49) and Remark 4.1, we
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obtain

AtZHE)é 12 + [curl 62|13 o,

n

< C Lot S [I8H1E + 17413 + Gu (O Actt))? + 104113
k=1
At max V2 = Vo + INT = N J).

e ()] ( max [[V2 = Vzlll o + N7 = NG| |
+(l[Acoll} +laof >(;ng V2 = Vel o + IN7 = NP
16+ Gr(Actt)
Combining this last inequality with (49) and Remark 4.1 we conclude
(46). O

Lemma 6.2. Let (Ac, ¥, ) be the solution of (15). If we assume that Ac €
HY(0,T; H(curl; Q¢)), 1/2 < s < sqg, then v € H(0,T; H*/*(T)),

o ||¢( ) = ll2r < CR?[[curl Ac(t)||s.oc (52)

and

S onf o 0ep(E) = Niar < Ch|0(curlAc(t))llsc- (53)
Proof. Since (A¢, %, a) is the unique solution of (15), then by Theorem
4.3, we know that there exists ¢y € W' (Qy) harmonic and for all t € [0,77,
wz( ) = ¥(t) + c(t), with ¢(t) € R such that [, (t)dt = 0; namely c(t) =
I fr W (t) dt. Therefore, 1;|g is the solution to

—A¢[ — O in Q7
uogw = —curlAz-nc on T, (54)
Wrla € C(A).

with 1/2 < s < sg. Thus, applying classical results for the Laplace equation
(see [7]), we have that ¢; € H*T1(Q) and

|¥1]ls11,0 < Clleurl Ag - ng||sy1/2r < Cllcurl Ag|fs .- (55)
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Since s > 1/2, the Lagrange interpolant 1! of 17 is well defined. More-
over,
(Wr =¥l =¢ =™,
where 1t € L, (T") denotes the 2D Lagrange surface intepolant on I'. There-

fore, because of the trace theorem, standard estimates for the 3D Lagrange
interpolant and (55)

1 =¥ lior < CllYr —¥ilhe
< Ch*||rlls11,0
< Ch*||curl Ac||s op-

Thus, we conclude (52). To prove (53), first we differentiate each equation in
(54). Since A € H'(0,T;H*(curl; Q¢)), we obtain an estimate analogous
to (55) for %. Moreover

Di(t) = Db () — % /F Db () .

Hence, the rest of the proof follows identically as above.
O
Finally, with the aid of previous lemma, Corollary 5.3, Corollary 5.1 and
the interpolation error estimate (45), we deduce the following asymptotic
error estimate for our fully discrete scheme.

Theorem 6.1. Let (Ac, ¥, ) and (A, ¥, af), n = 1,...,N, be the so-
lutions to problem (15) and (40), respectively. Let us assume that Ac €
H?(0,T; H*(curl; Q¢)) with 1/2 < s < sg. Then, there exists hg > 0 such
that, for all 0 < h < hyg, the following estimate holds:

N
max [|Ac(tn) = Ag [} + At Y [10(Ac(ta) — ALl

1<n<N

T
<o { / 10,Ac(h)
0

n=1

b cuntingy A+ max [[9h(curl Ac(t) 2o,

1<n<N 1<k<

+ max ([ Ac(t)l}+ 19Ac()3) ( max, 19220+ 1202024) (56)

+ (1Acoll + ool ) (mes V202 0 + 17212 1/2.)
T
+ max [Ac(t,)| H<>} + (A / |00 Ac(t)} dt

< C((At))z + hZS) ||AC||H2(0,T;HS(cur1 Qc))-
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with C > 0 independent of h and At, where z, k =1, .., L are the solutions
of problem (6).

Proof.
A Taylor expansion shows that

- 1 [
aAc<tk) = atAc<tk) + E/ (tk,1 — t)attAc(t) dt.
te—1

Consequently,
n T
Slirtlp < At [ louac(l
k=1

Moreover, we have from (45)

n

n . 1 t
S0 <> [ I - T Ac e
k=1 k=1t
C o [T 2
< Eh /0 HatAC(t)HHS(curI;Qc) dt.

We recall that ¢(t) = —uy 'R(K(Ac(t))) (cf. Remark 4.2). Hence,
the regularity assumption on A¢ implies that ¢ € H?(0,T; HOSH/ *(T)) and
Onb(t) = — g "RK(0:Ac(t))). Tt follows from (42) that

In(Ac(tn)) < inf)Hlﬁ(tn)—nlﬁ/z,n

neLly (F

Gn(OiAc(tn)) < nei?hf(r) [0 (tn) — 77”%/2,1“-

Thus, using the previous lemma, we obtain

Gn(Ac(tn)) < Ch*|curl Ag(tn)|lsc

(57)
Gn(0Ac(tn)) < Ch*[[O(curl Ac(tn))lls e

Hence, the results follows by writing Ac(t,) — A, = 0" + p" and using
Lemma 6.1, Lemma 5.1, Theorem 5.3 and (45). O
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Remark 6.1. Let us recall that ¥(t,) = —pg " RIK(Ac(t,))) and ¢ =
— 115 " Ri(K(A%,)). Therefore, using (57) and the uniform boundedness of
Ry, we obtain

[0(t) = Vhllier < Gu(Ac(tn)) + [[Ra(K(Ac(tn) — Aly))ll1j2x
< C{h’llecurl Ac(tn)soc + [|Ac(tn) — Alyliv}-

Then, using Lemma 6.2 and Theorem 6.1 we conclude

N
AEY N$(t) = Uil er < IR + (A1),
n=1

Moreover, since a(t,) = ag — pig " N (T (Ac(t,) — Acyp)) and aff =
oo — g NN (Ty, (AR, — Acp)), then from Theorem 5.3, Lemma 5.1 and
Theorem 6.1 we also conclude that

n|2 2s 2
12}%>§V|a(tn) —ajl® < O™+ (A7)
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