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Abstract. We study the inverse source problem for the eddy current approximation
of Maxwell equations. As for the full system of Maxwell equations, we show that a
volume current source cannot be uniquely identified by the knowledge of the tangential
components of the electromagnetic fields on the boundary, and we characterize the
space of non-radiating sources. On the other hand, we prove that the inverse source
problem has a unique solution if the source is supported on the boundary of a
subdomain or if it is the sum of a finite number of dipoles. We address the applicability
of this result for the localization of brain activity from electroencephalography and
magnetoencephalography measurements.

1. Introduction

Electroencephalography (EEG) and magnetoencephalography (MEG) are two non-
invasive techniques used to localize electric activity in the brain from measurements
of external electromagnetic signals. EEG measures the scalp electric potential, while
MEG measures the external magnetic flux. From the mathematical point of view the
goal is to solve an inverse problem for determining the source current distribution in a
heterogeneous media from boundary measurements of the fields.

The frequency spectrum for electrophysiological signals in EEG and MEG is
typically below 1000 Hz, most frequently between 0.1 and 100 Hz. For this reason
most theoretical works on biomedical applications focus on the static approximation of
the Maxwell equations, in which the time variation of both electric and magnetic fields
is disregarded.

Recently He and Romanov [1], Ammari et al. [2] and Albanese and Monk [3]
investigate the localization of brain activity through the inverse source problem for
the full Maxwell system of equations. In this paper we analyze the inverse source
problem for an alternative model: the eddy current (or low frequency approximation)
of Maxwell equations. In the eddy current model the time variation of the electric field
is disregarded, while time variation of the magnetic field is kept.
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Let us consider electromagnetic phenomena at frequency w # 0. The time-harmonic
full Maxwell system of equations read

curl H — iweE = oE + J.  (Maxwell-Ampere equation)

(1)

Here E, H denote the electric and magnetic fields, respectively; J. is the applied current

curl E +iwpH = 0 (Faraday equation).

density; € is the electric permittivity, 4 the magnetic permeability and o the electric
conductivity.

The eddy current model is formally obtained by neglecting the displacement current
term:

curl H=0cE + J, @)
curlE +iwpH = 0.

Let us consider a conductor Q¢ C R3, say, the human head. We assume that Q¢ is a
bounded domain with a Lipschitz and connected boundary I'. In €2 the conductivity o is
a symmetric and uniformly positive definite matrix with entries in L>(€Q¢). We consider
also a computational domain € C R3, say, the room where the problem is studied. We
assume that 2 is a bounded simply-connected domain, completely containing 2 and
with Lipschitz boundary 0€2. Moreover we assume that ; := Q \ Q¢ is connected.
Q)7 is an insulator, the air surrounding the head, hence ¢ is vanishing in ;. We also
assume that the electric permeability p and the electric permittivity € are symmetric
and uniformly positive definite matrices with entries in L>(€2).

On the boundary 92 we can impose magnetic boundary condition H x n = 0 on
02 or electric boundary condition E x n = 0 on 0f2. (Here n denotes the unit outward
normal vector on 0f2.)

Since o is equal zero in insulators, equations (2) do not completely determine the
electric field in Q. In that region one has to add div(eE) = 0 because there are no
charges in an insulator. This is a “gauge” condition necessary for having uniqueness.
When imposing magnetic boundary condition the additional “gauge” condition eE-n = 0
on Jf) is also necessary.

From Faraday law x4~ ! curl E = —iw H and inserting this result in Ampere law one
has curl(p~! curl E) = —iw(cE + J.). So the E-based formulation of the eddy current
model reads
[ curl(p ! curl B) + iwoE = —iwJ, in Q

div(eE) =0 in 3)
(plewrlE) x n =0 on 0f2
| cE-n=0 on 02

for the magnetic boundary condition, and
[ cwrl(u! curl E) + iwoE = —iwd, in Q

div(eE) =0 in (4)
| Exn=0 on 0f)

for the electric boundary condition. In this paper we will focus on problem (3); the
same results can be proved for problem (4).
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In the static approximation also the time variation of the magnetic field is
disregarded, thus one has:

curlH =ocE + J, (5)
curlE=0

(where J. can still depend on time, which has to be regarded as a parameter). From the
second equation in (5) the electric field is the gradient of a scalar potential E = — grad V'
and then from the first equation in (5) we obtain div(c grad V') = divJ, in Q¢. On the
other hand oE + J. is divergence free in ), hence we have (o gradV — Jq.) - nr =
—Jejo, -nr on I', np being the unit normal vector on I' pointing outwards {2¢. Since we
are interested in electric sources located in the conductor, namely, suppJ. C ¢, the
boundary condition for the static approximation is the homogeneous Neumann boundary
condition g grad V' - npr = 0 on I'. The static problem thus reads

div(c grad V) = divJ,. in Q¢
ogradV -npr =0 on I,

(6)

and the related magnetic field is computed in terms of the primary current J, and the

return current cE = —o grad V using the Biot-Savart law in R3:
1 X—Yy
Hx:—/ Je(y) —ograd V(y)| x ———=dy . 7
)= 45 [ B WIx o= @

The inverse source problem consists in the determination of the current source
J. from boundary measurements of the electromagnetic fields. It is well-known since
Helmholtz that in general this problem has not a unique solution. For instance, if the
source is a radial dipole the magnetic field given by (7) vanishes outside a spherical
conductor Q¢ (see, e.g., Sarvas [4]), hence when using the static model the knowledge
of the magnetic field on I" does not contribute to the localization of radial dipoles.

The characterization of the source currents that can be reconstructed from suitable
measurements on the boundary is not an easy task and depends on the model considered.
For the static model in Kress et al. [5] the authors prove that the Biot—Savart operator
has a non-trivial null space. Fokas et al. [6] characterize which part of a volume
current source in a spherical conductor can be reconstructed from the knowledge of
the magnetic field on the boundary. In the same framework, Dassios and Hadjiloizi [7]
determine which part of the source can be reconstructed from the electric potential.
Instead, concerning dipole sources, He and Romanov [1] show that the measurement of
the electric potential on the boundary of the conductor is enough for identifying their
location and polarization; a similar result is given in El Badia and Nara [8], assuming
the knowledge of the tangential component of the electric field only in a part of the
boundary.

When considering the full Maxwell system the existence of non-radiating sources
has been proved in Bleistein and Cohen [9]. On the other hand, He and Romanov [1]
show that the location and the polarization of a current dipole in a conducting object
can be uniquely determined by measuring at a fixed frequency the magnetic field and its
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normal derivative on the whole surface. The same result has been obtained by Ammari
et al. [2] from the knowledge of the tangential component of either the electric or the
magnetic field on I'. Albanese and Monk [3] have characterized which part of a volume
source confined in ¢ can be uniquely identified from measurements of the tangential
component of the electric field on I'. Moreover, they also prove uniqueness of the inverse
source problem if the source is supported on the surface of a-priori known subdomain
contained in )¢ or if it is the sum a finite number of dipole sources. In the last case
the tangential component of the electric field uniquely determines the number, position
and polarization of the dipoles.

The aim of this paper is to study the uniqueness of the solution of the inverse source
problem for the eddy current approximation of Maxwell equations, mainly following the
approach proposed by Albanese and Monk [3] for the full Maxwell system of equations.
The outline of the paper is as follows. Section 2 is devoted to volume source currents.
We prove that when looking for J. € (L?(2¢))? the inverse problem has not a unique
solution and we characterize the space of non-radiating sources. In Section 3 we obtain
the uniqueness result for a source current supported on the boundary of a subdomain
of Q¢: it is worth noting that the support of the surface source is not assumed to
be known, but it is uniquely determined from the boundary data. In Section 4 we
consider the case of dipole sources. First we study the well-posedness of the direct
problem, that is, the existence and uniqueness of the solution for the eddy current
model assuming that the source is a finite sum of dipoles. Then we prove uniqueness of
the inverse source problem, determining the number, the location and the polariziation
of the dipole source. We present also an algebraic algorithm for the determination of a
dipole source assuming that the tangential component of the electric field on I' is known.
In the last section we study how to recover the tangential component of the electric field
on I', the data that we use in the inverse problem, from the data that are measured in
magnetoenecephalography and electroencephalography.

To conclude this section let us introduce some notation that will be used in
the following. The space H(curl;2) indicates the set of real or complex vector
valued functions v € (L?(Q))® such that curlv € (L?(Q))3. We also use the
spaces H~'%(curl,;T) := {(nr x v x nr);r|v € H(cwl; Qc)} and H-V2(div;T) =
{(vxnp)r|veH(curl;Qc)}. These two spaces are in duality and the following
formula of integration by parts holds true:

/ (W - curlv — curlw - v) = /(W X nr)- v Vw, v e H(curl; Qo).
Qc r

The last integral is indeed the duality paring between w x npr € H~'/?(div,;T) and
nr x v x np € H?(curl,; ).

2. Non-uniqueness of volume currents

In this section we investigate the uniqueness of the inverse source problem assuming
that the unknown source J. is a function in (L*(€2¢))3. First we will prove that without
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additional information, the source cannot be reconstructed from the knowledge of the
tangential component of the electric field on I'. We then characterize the space of non-
radiating sources (those sources in (L?(Q¢))? that generate an electric field normal to
the surface I') and prove that sources J. € (L*(Q¢))? that are orthogonal to the space
of non-radiating sources are uniquely determined by the tangential component on I' of
the electric field. The result is analogous to the one obtained by Albanese and Monk
[3] for the full Maxwell system.

If J. € (L*(Q))? it is known that problems (3) has a unique solution E and the
magnetic field can be computed from Faraday law: H = —(iwp) ! curl E in Q.

Multiplying the first equation in (3) by a regular enough test function z, integration
by parts in (¢ easily yields

—iw / Jo-z = / E-[curl(p ! curl Z) +iwoz) — /[E xnp-(p~ ' curlz) —iwH xnp -z .
Qc Qc r
Therefore, if z € H(curl; 2¢) is such that

curl(p ! curlz) — iwoz = 0 in Q¢

the current density J. satisfies the representation formula
ch Je-Z=(w)"' [Exnp-(p'cwrlz) - [[Hxnp-z. (8)
The right hand term in (8) has been called reciprocity functional, taking the name
from the Lorentz reciprocity principle in electromagnetism, or else the Maxwell-Betti
reciprocity principle in elastostatics (see, e.g., Andrieux and Ben Abda [10], El Badia
and Ha-Duong [11]). It is often used in the analysis of inverse source problems (see,

e.g., Novikov [12], Isakov [13]).
Let us define

W = {z € H(curl; Q¢) | curl(p~! curlz) — iwoz = 0 in Q¢} .

It is clear that W is not a trivial subspace of (L*(€2¢))3: since both u and o are
bounded and uniformly positive definite in €2, for each £ € H 1 2(F) there exists a

div,T

unique u(§) € H(curl; Q¢) such that u(§) € W and u(§) x npr = ¢ on I'.
Denoting by W the closure of W in (L?*(2¢))? we have the orthogonal splitting

(L*(Q0))* =W e W,

Lemma 2.1 Consider n € (C§°(Qc))? and set ¢ = curl(p~'curln) + iwon. Then
¢ € W (and W+ is not a trivial subspace).

Proof. Take z € W. Then

ch -z = fQ [curl(p™ curln) +iwon| - Z
= fQ < [eurl(p~! curl Z) + iwoz] =0,

and a density argument shows that ¢p € W=.
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Note that, if 17 is a non-vanishing real vector field, one obtains Im¢ # 0, hence W+
is not a trivial subspace. 0
Let us split the current density J. as

=TI Y ew , Jrewt.

Theorem 2.1 (i) Let us assume that J. = J* € W and that E* is the corresponding
solution of the eddy current problem. Then the knowledge of Ef x np on T' uniquely
determines J¢.

(i) Let us assume that J, = J- € W= and that E* is the corresponding solution
of the eddy current problem. Then Et x np =0 and HY x np =0 on ', namely, J* is
a non-radiating source.

Proof. (i) The electric field in the insulator satisfy
curl(p~tcurl E*) = 0 in

div(eE*) =0 in Q
(ptcurlE) x n =0 on 05
B n=0 on 0f).

If Ef x np = 0 on I', multiplying the first equation by Ef and integrating by parts one
easily finds curl E* = 0, then Ef = 0 in ;. Consequently, H* = —(iwp) ™ curl E* = 0 in
Q; and in particular H* x np = 0 on I'. Therefore from (8) we know that fQC J.z=0
for each z € W, hence, by a density argument, for each z € W. Taking z = J¢ € W,
the thesis follows.

(ii) Since J+ € W+ from (8) we have that for all z € W

/ELan'(M_ICU_I'IZ)—Z'(U/HLXHF'ZZO. (9)
r r
For each 1 € H(;i/f(f‘) we denote by Z € H(curl; 2) the solution to
[ curl(p~'eurl Z) — iwoZ = 0 in Qc U Qy
div(eZ) =0 in Q
(pleurlZ) xn=20 on 9N (10)
€Z-n=20 on 0f)
(pteurlZ)g, xnp = (pteurlZ)jg, xnr+n on T,

\
which in weak form reads

findZeV : /(,u_lcurlZ-cuer—iwaZ-V):/n-V VveV,
Q r

where V' := {v € H(curl;Q2) : div(ev) = 0in Q; and €Z -n = 0 on 90Q}. It is well-
known that the sesquilinear form at the left hand side is coercive in V' (see Alonso
Rodriguez and Valli [14], Theorem 2.3), therefore the problem is uniquely solvable.

As a test function in (9) we can thus select Zjg., € W, obtaining

LEfxnp-ptewlZg, = — [(E-7— [LEL- (ucurlZig, x nr)
= — [[Et-7m+ fQI ptewrl ES - curl Zyg,
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—iw [[H* xnp-Zjg, = — [pp'cwlEr-Zg, xnp
= = Jo, 0 cwrl EX - curl Zyg, .

/ELW_O
N

for each p € H;"*(T"), hence np x EX x np =0 on T,

div,r

In conclusion, we have found

Proceeding as in the proof of (i) we show that EX xnr = 0 on I" implies H- xnp = 0
on I'; and the proof is complete. 0

3. Uniqueness of surface currents

In this section we prove that if the source current is known to be supported on the
surface of a subdomain contained in ¢, then both the surface and the value of the
surface current are uniquely determined by the tangential component of the electric
field on I'. A similar result, but assuming that the surface is a-priori known, has been
previously obtained for the full Maxwell systems (see Albanese and Monk [3]).

First, we start by considering a surface current J, € H~/ %(div,; OB), where B is
an open connected set with Lipschitz boundary 9B and satisfying B C Q.

The direct problem reads

( curl E, + wuH, =0 in
curl H, = oE, in BU(Q\ B)
div(eE,) =0 in Qy (11)
H.xn=0 on 02
eE, - n=0 on 0f?
\ H*|B><nB—H*|Q\§><nB:J* on 0B,

where np is the unit normal vector on 0B, pointing outward B. It is easy to see that
its weak formulation in terms of the electric field is:

find E, ¢V : /(,ulcurlE* ~curl v + iwoE, - V) = —iw/ J.- v VveV,
Q oB
being V' the space introduced for the weak formulation of (10). Since the sesquilinear
form at the left hand side is coercive, for each given J, € H~'/?(div,;0B) the direct
problem has a unique solution.
Our first result in this section is the following.

Theorem 3.1 Assume that the coefficients p and o are Lipschitz continuous and
piecewise C' scalar functions in Q¢, and that the discontinuity surfaces of their gradients
are Lipschitz surfaces. Let (E,., H,) be the solution of the eddy current problem driven
by the surface current J, € H='/?(div,; 0B). The knowledge of E, x nr on T' uniquely
determines J,.
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Proof. It is enough to show that if E, x np =0 on I' then J, = 0 on 0B. As in
the preceding case, by solving the problem in €2; we easily show that E, xnp =0 on I’
also gives E, = 0 in €7, H, = 0 in )7 and in particular H, x np = 0 on I'. By virtue
of the assumptions on the coefficients u and o we can apply the unique continuation
principle in Q¢ \ B (see Okaji [15]) and deduce that E, = 0 and H, = 0 in Q \ B.

Multiplying the second equation in (11) by a function z € H(curl; B) with
curl(p! curlz) € (L?(B))? and integrating by parts we have

/JE*-Z:/curlH*-Z:— H*anB-Z+/H*-curlZ.
B B oB B

Since H, = —(iwp) ' curl E, taking into account that E, X ng = 0 on dB another
integration by parts gives

/ oE, - z=— H,p xnp-z— (iw)_l/ E, - curl(p ' curlz) .
B oB B

Hence for each z € H(curl; B) such that curl(x™' curlz) — iwez = 0 in B one finds
Jo5 Hijp X npg -z = 0. Therefore

/ J*Z:/ |:H*|BXIIB—H*|Q\§XHB]'Z:O
oB oB

for each z € H(curl; B) such that curl(u~! curlz) — iwoz = 0 in B.
Given p € H~'/?(curl,;T), we can choose z € H(curl; B), the solution to

curl(p=tcurlz) — iwoz =0 in B
Z X Ng = p X ng on 0B.

Hence f@B J, - p =0 for each p € H '/?(curl,;T'), and this space is the dual space of
H~'%(div,;T). This ends the proof. O

Remark 3.1 Proceeding as in Section 2 we can obtain a representation formula similar
to (8), namely,

/ J. z = (iw)1/E* x np - (p~ " curl z) —/H* Xnr-Z (12)
OB r r
for each z € H(curl;Q¢) satisfying

curl(p ! curlz) — iwoz =0 in Q¢.

It is also possible to prove a deeper result, showing that also the discontinuity
surface of H, X n can be uniquely determined from the knowledge of the tangential
component of the electric field on I'. Suppose that supp(J,) =: ¥ is a connected
Lipschitz surface and that J, € H, Y 2(divT; Y)), that is, for any Lipschitz domain B
such that ¥ C B it holds J, € H~Y/2(div,; dB), where J, denotes the extension of J,
by the value 0 on 9B \ .

We can prove the following result.
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Theorem 3.2 Assume that the coefficients p and o are Lipschitz continuous and
piecewise C* scalar functions in Qc, and that the discontinuity surfaces of their gradients
are Lipschitz surfaces. Let (E., H,) be the solution of the eddy current problem driven
by the surface current J, € H(]_I/Q(divT; ), where 3 = supp(J.) is a connected Lipschitz
surface. Then the knowledge of E, X nr on I' uniquely determines both ¥ and J,.

Proof. Let us denote by ¥, and Y, two different surfaces where the sources J, ;
and J, o are supported, and by E,;, H,; and E, >, H, s the corresponding solutions,
with the same value E, xn on I'. Solving the problem in €2; with datum E, xn on I' we
obtain that E,; = E,» and H,; = H,, in ); and then from the unique continuation
principles it follows that E,; = E,» and H,; = H, 5 in Q\ (T, U,).

Assume by contradiction that there exists a regular open subset of one of the two
surfaces that is not contained in the other one, for instance Y C >21 such that ZQEZ 0.
Since ¥ C supp(J..1) we have that the tangential component of H,; has a jump across
5 equal to J, ; # 0. On the other hand, the tangential component of H, 5 is continuous
across 3, therefore we have reached a contradiction, as H,, = H, , arbitrarily close to
3.

After having showed that ¥ = supp(J,) is uniquely determined, one can consider
any Lipschitz domain B such that ¥ C 9B and extend J, by 0 on OB \ ¥. Denoting
this extension by J, € H~V/2(div,; dB), the unique identification of J,, and thus of J,,
follows from Theorem 3.1. 0

It is easy to verify that the same result holds if supp(J,) = UK 3, with £,N%; = ()
for k # [ and each Y is a connected Lipschitz surface.

4. Uniqueness for dipole sources

Let us consider now the eddy current problem with a dipole source

curl(p~! curl E) + iwoE = —iwpgdy, in Q

div(eE) =0 in Q (13)
(pteurlE) x n =0 on 0f2
eE-n=0 on 0f),

where py # 0, X¢ € {2¢ and dx, denotes the Dirac delta distribution centered at xy.

First we study the well-posedness of this problem. We will assume that the
conductivity o satisfy the homogeneity condition: there exist rqg > 0, o > 0 and o¢ > 0
such that

w(x) = pol and o(x) = o9l for each x € B,,(x0), (14)

where [ is the identity matrix and B, (x0) :={x € Q : |x — xo| < ro}.
We set k2 = —iwpgog and qp = —iwpope. The following result can be found in
Ammari et al. [2], and we report the proof for the sake of completeness.
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Theorem 4.1 The fundamental solution K of the operator curl curl —x2I, that is, the
solution to
curl curl K — x2K = qody ,

15 given by

6m|x\ ik|x|

1 e
K(x) = D + g(qo - grad) grad

(15)

4r|x|

Proof. We start from the fundamental solution ® of the Helmholtz operator
—Ad — K,QCI) = 50 y

which, as it is well-known, is given by
iK|x|
Dlx) = ¢

= F|X| .
From this we get at once
~A(a®) — #(@®) = qodo.
Then we look for K in the form
K =q® +q,

and we have

curlcurl K — 2K
= —A(qo®) + grad div(qo®) — k*(qo®) + curl curl q — r?q
= qodo + grad div(qe®) + curl curlq — x%q.

Hence q has to satisfy
curl curl q — k°q = — grad div(qe®),
and we easily find
q= % grad div(qo®) .
In conclusion, we have obtained
K(x) = qo®(x) + = grad div(qo®(x))

em|x| iK|x|

€
= qo—— + —(qp - grad) grad
QO4W|X’+R2(QO grad) gra

Y

47 |x|
namely, the representation formula (15). O

Note that the fundamental solution K is much more singular than the fundamental
solution of the Laplace or the Helmholtz operator: while the first term belongs to

loc»
K(x) := K(x — %) we have K € H2(Q), the dual space of HZ(2); however, K is a

regular function far from x = x¢, in particular it is regular in €Q;.

L2 ., the second one has a singularity like |x|™3. It can be also remarked that, setting
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Theorem 4.2 Assuming that condition (14) is satisfied, there exists a solution E €
H2(Q) to (13), satisfying (E — K) € H(curl; Q). It is unique among all the solutions
E* such that (E* — K) € H(curl; ().

Proof. We split the solution to (13) in the following way: E(x) = K(x) + Q(x). It is
easily seen that we have to look for the solution Q € H (curl; 2) to

curl(p= ! curl Q) +iwocQ = J in Q
div(eQ) = —div(eK) ) in (16)
(pteurlQ) x n = —(p tcurl K) x n on 99
Q- n=—K-n on 0f),
where
I(x) = { 0 ) A if x € B,,(x0)
—curl(p ! curl K) (x) — iwoK(x) if x € Q\ B, (%) .

We introduce now the solution n; € H'(£27) of the mixed problem

div(egradn;) = —div(eK) in Q;
egradn; -n=—eK-n on 0f)
nr=20 on I,

which exists and is unique since K|QI € (L*())3; we also define

(X) L 0 if x € Q¢
)= nr(x) ifxeQr,

and we see at once that n € H* ().

We are now in a position to finish the construction of the solution to (13). The
solution Q to (16) will be found in the form Q = Q* + gradn, where Q* € H(curl; )
is the solution to

curl(p™t curl Q%) + iwoQ* = J in
div(eQ*) =0 in
(u'eurlQ*) xn = —(p ' ewlK) x n on 9
eQ* n=0 on 0f),

The existence and uniqueness of such a solution follows from the fact that the
compatibility conditions

divJjq, = — divfeurl(p~' curl Kig,)] = 0 in Q;
J-n=—curl(pteurlK) - n = —div, (¢ curl K x n) on 9

are satisfied (see Alonso Rodriguez and Valli [14], Chap. 3).
We have thus found a solution E = K+grad n+Q* of (13). Concerning uniqueness,

A

suppose that we have another solution E* such that (E* — K) € H(curl;€2). We can
write it as E* = K+ (BE* —K), and it is readily verified that E* — K is a solution to (16),
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a problem for which uniqueness holds in H (curl; Q). Therefore E* — K=Q=E-K,

and uniqueness is proved. 0
Concerning the uniqueness of the inverse problem, suppose that the source is a finite

sum of dipoles, in different positions and with non-vanishing polarizations, namely,

M
Ji =) Pidx, (17)
k=1
where x;, € Q¢, x;, # x; for k # j, pr # 0.

Theorem 4.3 Assume that 1 and o are Lipschitz continuous and piecewise C* scalar
functions in Q¢ and that the discontinuity surfaces of their gradients are Lipschitz
surfaces. Assume also that there exists the solution E; of the eddy current problem (3)
driven by the surface current Jy introduced in (17), with the same properties reported
in Theorem 4.2. The knowledge of Ey X np on I' uniquely determines Ji, namely, the
number, the position and the polarization of the dipoles.

Proof. We start proving that the number and the position of the dipoles are
uniquely determined.

By contradiction, let us denote by ()1 and ()2 two different sets of points where the
dipoles are located, and by E;;, Hy; and E; o, H; 5 the corresponding solutions, with
the same value E; X np on I'. As in the preceding cases, by solving the problem in €2
with datum E; X np on I' we obtain that E;; = E; 5 and Hy ; = H; 5 in Q.

From the unique continuation principle it follows E; ; = E;5 in 2\ (Q1 U Q2). Let
X, a point belonging, say, to @J; but not to Q2. We have that E;, is bounded in a
neighborhood of x,., while E;; is unbounded there, a contradiction since E+; and Ej; 5
coincide around x,. Therefore (); = Q5.

Let us prove now that the polarizations are uniquely determined. It is not restrictive
to assume that M = 1 and that x; = 0. We can write E;; = K; + ETJ and
E;» =K, +ET72, where K; and K are defined as in (15), with two different polarizations
qo,1 and qp 2; in particular, we know that Etl and Etg belong to H(curl; 2). Proceeding
as before, the unique continuation principle yields E; ; = E; 5 in Q\ B,(0) for each r > 0,
therefore K1 —Ky = E; 5—E: 1 in Q\ B,(0). Since (E:,—E; ;) € (L*(Q))?, it follows that
K; — K, € (L*(Q2))3, and this is not possible, due to the singularity of the fundamental
solution, unless K; = K, namely, qo1 = qo 2. O

Remark 4.1 In Theorem 4.2 we have proved the ezistence and uniqueness of the
solution E; under the homogeneity assumption (14). We have not a similar result under
the assumption of Theorem 4.35.

4.1. Explicit determination of the dipole source

For the sake of simplicity, consider a source given by only one dipole: J. = p*y-.
Proceeding as in the proof of (8), one obtains the representation formula

p* - Z(x*) = (iw)™! [ E*xnp- (' curlz) — [[H* X nr -z, (18)
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for each z € H(curl; Q¢), continuous around x* and satisfying
curl(p~ ' curlz) —iwoz =0 in Q¢ . (19)

To determine the source, we have to find the polarization p* and the position x*:
therefore, six parameters. The natural idea is to choose in a suitable way six functions
z in (18), and solve the corresponding nonlinear system.

Let us assume that ;2 and o are constants. The usual choice is to take z(x) = bei*dx,
with k € C, b € R?, d € R3. In order that z is a solution to (19) we need

k* =dwpo , b-d=0.
hence k = /4% (1 +4) if w > 0 and Kk = \/W—’Qw‘(l — 1) if w < 0. It is not restrictive to
assume |d| = |b| = 1.

*

The values of p* and x* are uniquely determined by solving the nonlinear system
(18) obtained by suitable selections of b and d. For instance taking b = e;, d = ey, or
b =e;, d = e3, or b = e3, d = ey, where e; represents the standard euclidean basis,

one has

—iwpte T2 = Aig, —iwphe R = Ays, —iwpge_m@ =A32. (20)
Here A;; denotes the right hand side in equation (18), hence a computable complex
number, corresponding to the choice z(x) = be™4* with b = e;, d = e;. Since p* # 0,
at least one of its components is different from 0, hence at least one of the values A o,

Ay 3 or As s is different from 0. Let us assume for instance that pj # 0, A; 2 # 0. Taking
b=e,d=e;and b=¢e;,d= \%(82 + e3) one has

R X = 1 oox *
—iwpie " = A5,  —iwpie iR (Tates) Ay os,
where A, o3 is obtained as before from the latter choice of b and d. Hence

—ir(zi—x3) _ @7 efiﬁ[%(xSJrzg)fz;] _ @7
Al 2 Al 2

)

(&

For the sake of simplicity let us assume w > 0, so that —ik = —/“5%(1 +4) and
|€7iﬁ(x§7$§)| —= 6_ V %(1‘§—$§) — ﬁ
A2

e as]) _ o~V [fesranas] e
1,2

Therfore one has the following linear system for 3 and x3

A
_‘TQ__\/ w,uol g‘Aiz

1 _ Aios
7(552 +a3) — a5 = oo log ‘ A2
Aq 23

A12i|

-]

I

Y

obtaining

A2
A13

T = ‘/?f; [log ‘Al’s

w;w [log

&
w ¥
I
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Replacing in (20) we can compute the three components of p*.
It remains to compute x7. If p* has two components different from zero, say, p; # 0
and p} # 0, taking b = e; and d = e; we have the equation

. _'7 *
—iwpye” " = Ay q

from which we determine z3. Otherwise, taking b = \%(el +e) and d = %(el —ey)
we obtain ]
— 1 * *
—iw— pre FvaliTT) = A2,

V2

with the usual notation for Ay ;.

5. Application to EEG/MEG

Magnetoencephalography measures the magnetic induction along a certain direction
depending of the magnetometer. Typically it measures the normal component of the
magnetic induction, namely, yH - np. On the other hand, electroencephalography
measures the electric potential on the surface of the head. We have obtained some
explicit relations between the source and the tangential component of the electric field
and the magnetic field on I' (equations (8), (12), and (18)). We will show that, when
using the eddy current model, both (E x nr);r and (H X np);r can be computed from
the normal component of the magnetic induction (¢H - nr);r and the electric potential
Vir

First of all, notice that in the eddy current model, if we are given with (uH - np)|r,
the magnetic field in the insulator is the unique solution of

([ curlH; =0 in €
div(uH;) =0 in
pH; -np=pH -nr  onl (21)
H;xn=0 on 0f)

L H[ 1 HM(GQ, F7 Q[) y

where H,(0€,T'; ;) denotes the space of harmonic fields

H, (00, T;Qr) = {vy € (L*(Q))?| curl v, =0, div(uv,) =0,
vixnondQ, pvy-npon}.

Hence (H X np);r can be computed if we know (¢H - np)r.

Now we need some preliminaries concerning tangential differential operators. The
standard definition of the tangential gradient and the tangential curl on the flat surface
{z3 = 0} with unit normal vector n = (0,0, 1) is

grad ¢ = (010, 02¢,0) Curl,.¢ = grad, ¢ x n = (0x¢, —01¢,0).

Using local coordinates it is possible to define the operators grad. and Curl, for function
belonging to H!(T"). By a duality argument the adjoint operators div, and curl, are also
introduced, as well as the Laplace-Beltrami operator A, := div,grad,. = —curl,Curl,.
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On T one has the following Hodge decomposition of the electric field (see Buffa et
al. [16]):

nr X E x np = grad_v + Curl, ¢, (22)
with ¢ € H'(T")/C such that
A.q = —curl, Curl, ¢ = —curl; (nr x E x nr)
= —div,(E xnr) = —curlE - np = iwpH - nr

and v € HY*(T'), v = Vjp with V € H'(Q¢) and grad, v = nr x grad V x np. Hence
nr X E x nr can be obtained from the knowledge of yH - nr and V on I'.

Remark 5.1 Though it could sound strange, it is not completely clear what we say
when we speak about the measure of the scalar electric potential (see, e.g., Nicholson
[17], Bossavit [18], and the references therein). In fact, with the exception of the static
case, the electric field is not irrotational, therefore it has not a scalar potential.

As it is well-known, the electric field E can be split into the sum of a gradient and a
solenoidal field, but this can be done in several different way (see, e.g., Alonso Rodriguez
and Valli [14], Sect. A.3). Hence, here we are saying that, if the measure obtained by a
voltmeter is the scalar v appearing in (22) (up to an additive constant) and the measure
obtained by a magnetometer is uH -nr, then we can reconstruct the value of np x E X nr
on I

In real-life applications the measurements are only made on a subset of the
boundary I',, C I'. Also in this case it is possible to obtain a representation formula
for the source in term of the tangential components of the electric and the magnetic
fields on I',. Following Albanese and Monk [3] it is easy to show formally that for any
z € H(curl; Q\T',,) such that curl(p ! curl z) —iwoz = 0 in Q\T',, and (! curlz) xn = 0
on 0f), we have

(Jeyz) = (iw)™! frm E x nr - [[p~! curl Z]]r — frm H xnr-[[Z]lr, (23)
where [[v]]7 denotes the jump of the tangential trace of v € H(curl; 2\ T',,) across T',,
and (J.,z) = [, J.-Z for volume currents J. € (L*(0))?, (Je,2) = [, J.-Z for surface
currents J, € H~Y2(div,;0B), and (J,,z) = p* - Z(x*) for a dipole source J, = p*y-.

Also in this case the tangential component of the electric field on I',,, can be obtained
form the electric potential and the normal component of the magnetic induction,
provided that the measured electric potential V' is such that

grad V-t=E-t ondl,,,
where t is the unit tangent vector on dT',,. In this way ¢ € H'(T',,)/C is the solution of

Arq=iwpH -np in T,
Curl,g-t=0 on dI',, .

However, if we know Exnr only on I',,, and not in the whole boundary I, it is not possible
to obtain (H x nr)r,, from (21). So in order to use the representation formula (23) in
an inversion scheme it would be necessary to measure also the tangential component of
the magnetic field on I',.
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