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ON THE HYPERBOLICITY OF CERTAIN MODELS OF POLYDISPERSE
SEDIMENTATION

RAIMUND BURGERA, ROSA DONATE, PEP MULETB, AND CARLOS A. VEGAC

ABSTRACT. The sedimentation of a polydisperse suspension of small spherical particles dispersed in a viscous
fluid, where particles belong to N species differing in size, can be described by a strongly coupled system of
N scalar, nonlinear first-order conservation laws for the evolution of the volume fractions. The hyperbolicity
of this system is a property of theoretical importance since it limits the range of validity of the model, and
is of practical interest for the implementation of numerical methods. The present work, which extends the
results of [R. Biirger, R. Donat, P. Mulet and C.A. Vega, SIAM J. Appl. Math. 70:2186—2213] is focused on
the fluxes corresponding to the models by Batchelor and Wen, Hofler and Schwarzer, and Davis and Gecol,
for which the Jacobian of the flux is a rank-3 or rank-4 perturbation of a diagonal matrix. Explicit estimates
of the regions of hyperbolicity of these models are derived via the approach of the so-called secular equation
[J. Anderson, Lin. Alg. Appl. 246:49-70, 1996], which identifies the eigenvalues of the Jacobian with the
poles of a particular rational function. Hyperbolicity of the system is guaranteed if the coefficients of this
function have the same sign. Sufficient conditions for this condition to be satisfied are established for each
of the models considered. Some numerical examples are presented.

1. INTRODUCTION

1.1. Scope. We consider one-dimensional models of sedimentation of polydisperse suspensions of small solid
particles dispersed in a viscous fluid. The particles are assumed to belong to N species that differ in size
or density and may be treated as superimposed continuous phases, where species ¢ is associated with the
volume fraction (concentration) ¢;, the phase velocity v;, size (diameter) d;, and density o;. We assume
that after suitable scaling, di =1 > dy > --- > dn and d; # d; or o; # p; for i # j. Since the velocities
v1,...,vN are given functions of ® := ®(x,t) := (¢1(x,t),...,0n(z,1))T, we speak of a kinematic model.
The continuity equations of the N solid species are given by the system of conservation laws

0D+ 0,£(®) =0, £(®):= (f(D),..., (@), fi(®):=di(®), i=1,...,N, (1.1)

where ¢ is time and z is depth. We consider vectors ® € Dy, where Dy . is the closure of the set
Dy ={PERYN 1 1 >0,...,6x8 >0,0:=0¢1 + -+ ON < Gmax}. We are interested in the hyperbolic-

ity of (1.1) for arbitrary N under the assumption that vy,...,vx do not depend in an individual way on
each component of ®, but only on a small number m < N of scalar functions of ®, i.e.,
v =v;(P1,-. s Pm)y, PL=p(P), i=1,....N, I=1,...,m, (1.2)

where we recall that (1.1) is called hyperbolic at a state @ if all eigenvalues of the Jacobian J¢(®) are real, and
strictly hyperbolic if these are moreover pairwise distinct. The latter occurs, for instance, if the eigenvalues
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are real and pairwise distinct. In the case (1.2), the entries f;;(®) := 9f;(®)/0¢; of Jp(P) are given by

a(¢ivi) Ov; Op; o
;= ;05 + 4 ,j=1,...,N, 1.3
fii = =g, ) ¢Zap Bg;7 (13)

i.e., Jp(®) is a rank-m perturbation of a diagonal matrix. Models of this type include those by Masliyah [1]
and Lockett and Bassoon [2] (“MLB model”), Batchelor [3] and Batchelor and Wen [4] (“BW model”),
Davis and Gecol [5] (“DG model”), and Hofler and Schwarzer [6, 7, 8] (“HS model”). Hyperbolicity is an
important property for polydisperse sedimentation models since it is related to their range of validity and
provides information required by numerical schemes for their simulation. However, determining the eigen-
values of J¢(®) by analyzing its characteristic polynomial is rarely an easy task for arbitrary N. Donat and
Mulet [9] proved the hyperbolicity of the MLB model for equal-density spheres without explicitly computing
det(J¢(®) — AI). Rather, they exploited the algebraic structure of J¢(®), and used that the eigenvalues of a
rank-m perturbation of a diagonal matrix are the roots of the so-called secular equation [10]. The “secular
approach” of hyperbolicity analysis is based on a rational function, R(\), that satisfies

det(J¢(®) — AI) = R(A) | [ (vi = N)

for a fixed vector ®, under appropriate circumstances. For (1.1), R(\) is of the form

N
RO\ =1+

=1

Vi — )\’
where 71, ...,vn can be calculated with acceptable effort for moderate values of m. If

sgn(y1) = sgn(y2) = -+ - = sgn(yn), (1.4)

then there exist N different eigenvalues of J¢(®), which can be localized easily since they interlace with
v1,...,vn. This property is also important from the numerical point of view, since no explicit formulas for
the eigenvalues are available, and they must always be computed by root finders, as was done in [11].

The “secular” approach has proven to be more convenient than the explicit computation of det(Jg(®)— AI)
by successive row and column eliminations done e.g. in [12; 13, 14]. In [15] we extended the results of [9] to
several variants of the MLB model (giving rise to (1.1), (1.2) with m = 2), and used the “secular approach”
to estimate the region of hyperbolicity of certain particular cases of the BW and HS models, for which m = 3.
(These cases are produced by setting to zero 3, one of four possible parameters appearing in these models.)
The results of [15], in particular, the easy access to the spectral decomposition of J;(®), were employed in
[11] for the characteristic-wise implementation of weighted essentially non-oscillatory (WENO) schemes.

It is the purpose of this paper to extend the results of [15], and in part those of [11], to the case m = 4 of
the full BW and HS models (with 5 # 0), and to the case m = 3 for the DG model, which was not handled
n [15]. The DG model also emerges from the BW model (as does the HS model), but requires different
techniques to estimate the hyperbolicity region. For all models the analysis is restricted to particles having
the same density (01 = --- = pn) differing in size only. We identify conditions on the smallest particle
size, the maximum solids concentration and certain model parameters under which these models are strictly
hyperbolic for arbitrary N. Some numerical simulations illustrate these models, and demonstrate how the
hyperbolicity analysis provides characteristic information required by numerical schemes.

1.2. Related work. In [16] it was shown that loss of hyperbolicity, that is, the occurrence of pairs of
complex-conjugate eigenvalues of J¢(®), is an instability criterion for polydisperse suspensions. For N = 2
or N = 3 this criterion can be evaluated conveniently by calculating a discriminant. In [16, 17, 18], instability
regions for N = 2,3 and different choices of f(®) are determined, while in [12, 15] it is proven that for equal-
density particles arbitrary N and d; # d; for i # j, (1.1) with the MLB flux vector is strictly hyperbolic
for all ® € Dy. (The MLB model has been studied intensively studied in a long list of papers including
[9, 11, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24], but will not be pursued in this work.)
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The consequences of instability include the formation of blobs and “fingers” in bidisperse sedimentation
and the formation of nonhomogeneous sediments [17]. These phenomena have been observed in experiments
[25] under the circumstances predicted by the instability criterion. For one-dimensional kinematic models,
loss of hyperbolicity sometimes leads to anomalous numerical solutions [26, 27]. Since instabilities have
only been observed with particles of different densities [25], a sound model should be strictly hyperbolic
for equal-density particles, at least if dy is sufficiently close to one. Thus, there is interest in determining
a region of guaranteed hyperbolicity of a given model in dependence of dy and ¢max. This region should
be independent of N, since only dy can be controlled in real applications, for example by sieving. In [15]
we outline a calculus that provides such a criterion for a number of models, which is based on the secular
equation in the sense that we establish sufficient conditions for (1.4) to hold on Dy, . As stated above, we
here deal with cases of the BW and HS model and with the DG model that were not included in the previous
analysis [15]. To highlight the relevance of the present analysis we mention that the BW, DG or HS model
(or some close variant) is employed in some recent applicative studies including [28, 29, 30, 31, 32, 33]. Other
multi-species kinematic flow models of the type (1.1), (1.2), which are amenable to a similar hyperbolicity
analysis, include multi-class vehicular traffic (the multi-class Lighthill-Whitham-Richards (MCLWR) model
[14, 22, 34, 35, 36]; see [15] for further references).

It is well known that high-resolution shock capturing schemes, such as the widely used weighted essentially
non-oscillatory (WENO) schemes, can be applied to systems of conservation laws either in a component-
wise or in a characteristic-wise (spectral) fashion. The latter requires a detailed knowledge of the spectral
decomposition of the Jacobian matrix of the system, since the eigenstructure is used in a fundamental
way in the design principles of the scheme. For multi-species kinematic flow models, however, eigenvalues
are not available in closed form. In [34] and [11] it is shown (for the MCLWR model and the polydisperse
sedimentation models examined in [15], respectively) that the “secular approach” of the hyperbolicity analysis
provides good starting values for a root finder to identify the eigenvalues of the Jacobian, and furthermore
explicit formulas for the corresponding eigenvectors. In these works it also demonstrated that spectral
schemes require more computational effort, but are still more efficient in reducing discretization errors, than
their component-wise counterparts. The spectral WENO scheme from [11] (see Sect. 2.3) will be employed
herein for some numerical examples. We refer to [11] for further details, references and discussion.

1.3. Outline of the paper. The remainder of this paper is organized as follows. In Section 2 we outline
basic results related to the secular equation (Sect. 2.1), the interlacing property and spectral decomposition
(Sect. 2.2), and WENO schemes that make use of this information (Sect. 2.3), all of them for multi-species
kinematic flow models of the type (1.1), (1.2). In Section 3 we introduce the models that are discussed in
this work, namely the Batchelor and Wen model (BW model, Sect. 3.1), the Davis and Gecol model (DG
model, Sect. 3.2) and the Hofler and Schwarzer model (HS model, Sect. 3.3). Sections 4 and 5 present the
new results of hyperbolicity for the BW and HS and the DG models, respectively, and are at the core of
this paper. Section 4 is subdivided into Sect. 4.1, where we introduce some preliminaries common to the
BW and HS models, Sect. 4.2, which is dedicated to the estimate of the hyperbolicity region of the BW
model for O3 < 0 (i.e., m = 4) by establishing sufficient condition for (1.4) to hold, and Sect. 4.3, where an
analogous analysis is conducted for the HS model. The DG model (with 83 = 0, giving rise to m = 3) was not
included in the analysis of [15], and the estimate of its hyperbolicity region requires different techniques, so
the corresponding analysis is presented separately. Finally, in Section 6 we present some numerical examples
illustrating the different models (Sects. 6.1-6.3) along with some conclusions (Sect. 6.4).

2. PRELIMINARIES

2.1. The secular equation. For the present class of models, J¢(®P) is a rank-m perturbation of the diagonal
matrix D := diag(v1,...,vn) of the form

B := (By) = (¢:0v;/0p1),

1<i,j<N, 1<l<m. 2.1
A= (Ay) = (Op1)96,). 21)

Jr =D+ BAT, {
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The corresponding hyperbolicity analysis is based on the following theorem, which can be found in [10], but
we give here the form in [9], which provides the explicit formulas to be used in the applications.

Theorem 2.1 (The secular equation, [9, 10]). Assume that v; > v; for i < j, and that A and B have the

formats specified in (2.1). We denote by SP the set of all (ordered) subsets of v elements taken from a set of

p elements. If X is an m x N matriz, I == {i; < --- < iy} € SN and J := {j1 < --- < j;} € S", then we

denote by X7 the k x | submatriz of X given by (X1:7), , = X, ja- Let X#F v fori=1,...,N. Then \ is

an eigenvalue of D + BA™ if and only if it solves the so-called secular equation [10]
N

R(\) :=detI+AT(D - A)'B) =1+ —— =0.

The coefficients v;, i = 1,..., N, are given by the following expression:
min{N,m}

det A7 det B!/
Vi = Z Z . - — ’l)i) ’

(v
r=1  ieIeSN,Jesm Mher (v

Assuming that m < N, with A and B defined in (2.1), we can write the following, where the notation
should be self-explanatory:

Op,y vy
det AT = det ( ) det BYY = det () ,
091 Opy H 2

lel
(bZZ'W iy Yri = Z H

> dt(g I)dt(gp")
icresy terizi Ot Y jesm Dy b1

For m < 2, these quantities can be computed easily. For m = 3 or m = 4, the computations become more
involved, but provide at least partial results concerning hyperbolicity, where the theoretical analysis of the
characteristic polynomial of J¢(®) is essentially unfeasible.

2.2. Interlacing property and spectral decomposition. The following corollary follows from Theo-
rem 2.1 by a discussion of the poles of R()\) and its asymptotic behaviour as A — 4oo0.

Corollary 2.1 ([15]). With the notation of Theorem 2.1, assume that ~y; -~v; > 0 fori,j=1,...,N. Then
D + BAT is diagonalizable with real eigenvalues Ay, ..., An. If y1,...,vn <0, the interlacing property
Mi=on+7++IW<AN<UN<AN_1 << A1 <1 (2.2)
holds, while for ~1,...,vn > 0, the following analogous property holds:
UN < AN <ON_1 < Ay_1 < <<\ <My=vi+m+-+N-

The analysis of [15] also provides an explicit expression of the spectral decomposition of Jr = J¢(®) needed
for the implementation of spectral schemes. Namely, assume that A is an eigenvalue of J¢ with A # v; for
all i = 1,...,N, and that & # 0 is a solution of I+ AT(D — AI)"!B]¢ = 0. Then x = —(D — \I)"'B¢
is the corresponding right eigenvector of Jr. The same procedure may be employed to calculate the left
eigenvectors of Jf, since they are the right eigenvectors of Ji& = D + ABT, so the roles of A and B and
corresponding columns just need to be interchanged. See [11, 15] for further details.

2.3. Characteristic-wise WENO schemes. The schemes that we use in this work are based on Shu and
Osher’s technique [37] of constructing finite difference conservative schemes with a high order of accuracy.
We consider a spatial discretization of the spatial domain [0,1] (after normalization) into M cells of size
Az = 1/M and cell center z; := (j + 1/2)Az, j = 0,...,M — 1. If we denote the cell interfaces by
Tjy172 = (j + 1)Az, then the approximation to d,f(x;,t) is obtained as follows:

1 - ~
6If(l’j,t) = Fw(fj+1/2 - fj_l/g) + O(AIET),

where the numerical fluxes fj+1/2 = fjﬂ/z(q)(xj_s, t),...,®(xj4s41,t)) are computed as described below.
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If we define the vector ® := (®_,,®_oi1,...,Prr1s 2, Prrys_1)T of approximations Q;(t) = ®(z;,t),
then this procedure yields the semi-discrete scheme (method of lines)

do 1 . - .
ditj = —E(fjﬂ/z(‘bj—s, o @ag1) =B p (R, Pygs)), G=0,.., M —1,

which is integrated by using the third-order Runge-Kutta strong stability preserving (SSP) ODE solver
described in [37] to get a fully discrete conservative scheme

At - -
+1 _

i =@ - (G2 —£1p2), (2:3)
where At, the time step to advance the solution from ¢ = t,, to t = t,,41 = t, + At, is selected to comply
with the CFL stability restriction and f; ;7 is a convex combination of values of f;/, at the three stages
of the ODE solver for j = 0,..., M — 2, whereas we set f_;,5 = f);_1/2 = 0 to enforce zero-flux boundary
conditions at the end points x_;,, = 0 and xp;_q/2 = 1.

To use local characteristic projections to improve the accuracy of the numerical fluxes fj+1 /2, we need the
complete eigenstructure of J¢(®), which is provided by the results of the hyperbolicity analysis of Sections 4
and 5. We consider the normalized left eigenvectors (l§+1/2)T and right eigenvectors r;?+1/2, k=1,...,N,
of J¢(®;41/2), where we define ®;1 /5 := 5(®; + ®;41), forming the matrices of eigenvectors

_ (sl N -1 _ 1 N T
Rji12= (rj+1/2’ - "rj+l/2)’ Rj+1/2 - (1j+1/2""’lj+1/2) )

that are used in the following computation of local characteristic variables and fluxes at x; 1 /o:

. k T + L 1 k T k
gir1/2i0 = (Geryn) E(@jai)s 951 005 = §(lj+1/z) (F(®j4i) £ 5112 ®ji)

i=-2,...,3, j€Z, k=1,...,N.

Here, a? 120 the local viscosity coefficient on the k-th characteristic field used for the local Lax-Friedrichs
flux splitting, is an upper bound of maxgcr, [\x(®)|, where I'; C RY is the straight line connecting ®,
and ®;,1. Since there is no closed formula for these eigenvalues we use the interlacing property (2.2) to
effectively bound

k o _
gleag;’)\k(éﬂ Sy = ;pe%f{|vk,1(<§)|,|vk(@)|}, k=1,...,N, (2.4)
where we set vy := My, with M; being defined in (2.2). For the models under consideration here, this

maximum is available in closed algebraic form, see [11] for details.
We compute the numerical fluxes as

- P s T . .
fip120= (fj+1/2,1, . -afj+1/2,N) =Rj11/2841/2, JEZ,

where g1/ = (§j+1/2,1,- - - ,Qj_H/Q’N)T is defined as follows. If )\;? . )‘?—&-1 <0 (Case 1), we set

- _ At + o — (- - .
Ji+1/26 = R (gj+1/2,—2,k’ e ’gj+1/2,2,k’xj+1/2) +R (gj+1/2,—1,k‘7 e 7gj+1/2,3,kv333+1/2)7

while for \¥ - A¥, | > 0 (Case 2), we set

k=1 N

geeey 5

Bia1jzp = RY(Gj+1/2,—2.kr -+ Gj+1/2.265 Tja1y2) if AF > 0and A¥, | >0,
+1/2k = :
! R (9j+1/2,—1,k, cee 7gj+1/2,3,k;1'j+1/2) if )\,’f <0 and >\§+1 <0,

where R* are upwind-biased reconstructions provided by the mapped WENO5 (WENO5M) reconstructions,
proposed in [38], to avoid a possible loss of accuracy around extrema.
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3. MODELS OF POLYDISPERSE SEDIMENTATION

3.1. The Batchelor and Wen (BW) model. Batchelor [3] derived the following expression for the settling
velocity v; of spheres of species i, having diameter d;, in a dilute suspension:

v;(®) = v;(0)(1 4+ ®), i=1,...,N. (3.1)

Here, v;(0) is the settling velocity of a single sphere of species ¢ in pure fluid, that is, v;(0) is the Stokes velocity
v;(0) = —d?0;/(18p¢), and s} := (S;1,...,Sin). The dimensionless sedimentation coefficients S;; are nega-
tive functions of \;; := d;/d; and g;; := g;/8;, of the Péclet number P;; := (d; + d;)|v;(0) — v;(0)|/(4D;;),
and of interparticle attractive-repulsive forces. Here, D;; := (KT)(3mpus) " (d; * + dj_l) is the so-called rela-
tive diffusivity, where T' is temperature and k is the Boltzmann constant [3, 4]. The coefficients S;; can be
calculated from the pair distribution function, which represents the statistical structure of the suspension [3].
This was done numerically by Batchelor and Wen [4] for a range of values of A = \;; and ¢ = g;;, considering
the limits of either a large (P;; > 1) or a small (P;; < 1) Péclet number, and neglecting Brownian diffusion.
The secular equation can be employed for the hyperbolicity analysis of several models based on Batchelor’s
approach with equal-density particles (0;; = 1). In this case, after rescaling time, we may express (3.1) as

v;(®) =d?(1+s]®), i=1,...,N, (3.2)
and the coefficients S;; may be approximated by
3 a\!
_ J -
Sz‘j—;ﬁl (d7,> , 1<id,7<N. (3.3)

We will refer to (3.2), (3.3) as the Batchelor and Wen (BW) model.
Davis and Gecol [5] were the first to approximate the numerical values of S;;, tabulated in [4] for g;; =1
for eight different values of A;;, by an expression of the type (3.3). They obtained the coefficients

8T = (5 B5) = (=3.5,—1.1,—1.02, —0.002) for large Péclet numbers (P;; > 1), (3.4)
T (342, -1.96,—1.21,—0.013)  for small Péclet numbers (P;; < 1). '
We observe that in both cases, §; < 0 for i« = 0,...,2, and that |G3] is very small. In fact, some authors

utilize B3 = 0 a priori; for example, Hofler and Schwarzer [8] fit the data from [4] for large Péclet numbers
to a second-order polynomial corresponding to

B = (Bo,...,Bs) = (—3.52,—1.04, —1.03,0). (3.5)

That |B3| should be a small while fy, 51,82 < 0 is also supported by a theoretical asymptotical result [3]
stating that

Si; + Qij(Afj +3Xij+1) =0 as\; — oo, (3.6)

which is relevant here only for g;; = 1. For a detailed discussion of the coefficients S;; and further data we
refer to [3, 4, 31, 39, 40, 41]. Our further analysis will indeed rely on the negativity of By, /1 and .

Setting B3 = 0 simplified the computations the hyperbolicity analysis via the secular equation in [15]. We
will here consider 3 < 0 so that the principle of extending the hyperbolicity computations of [15] is conserved.
Nevertheless, since the coefficients 3 are usually determined by fitting tabulated data to a polynomial of the
type (3.3), there is no physical principle that compels that §3 < 0. In fact, even though 83 < 0 holds for the
original data of [4] (according to (3.4) and (3.5)), Wang and Wen [32] examine polydisperse particles with
thin double layer at small Péclet number for which the asymptotics (3.6) remains valid. Setting 55 = 0 for
the data of [32, Table 1] one gets BT = (—3.9713,—1.9947, —1.0370, 0); otherwise one obtains

B" = (—4.0139, —1.8780, —1.0818,0.0039) (3.7)

with 83 > 0. Even though the BW, HS or DG models with the coefficients (3.7) are not covered by the
present analysis, similar estimates of the hyperbolicity region can possibly be obtained for small positive
values of B3. This is supported by numerical experiments (see Figures 4 and 5 in Section 6), in which the
HS model solved with 8 given by (3.7) produces numerical results that are free of anomalous behaviour.
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3.2. The Davis and Gecol (DG) model. To overcome the limitation of (3.2), and the BW approach, to
dilute suspensions, Davis and Gecol [5] proposed to replace (3.2) by

vi(®@) = d} (1 + 57 @ — Sii0) (1 — ¢) 5, (3-8)

where from (3.3) we infer that S;; = Bo + 81 + B2 + B3. Koo [33] reports good agreement of hindered settling
velocities predicted by the DG model with those obtained from a large-scale particle-based simulation in
the case N = 2 and dy > 0.5. Davis and Gecol claimed that (3.8) could be used for dy > 1/8. However,
in [16] it is shown that for N = 2 and dy ~ 1/6, the system (1.1) based on using (3.8) exhibits unphysical
instability regions for equal-density spheres.

3.3. The Hofler and Schwarzer (HS) model. Another velocity equation that formally extends (3.2) to
the whole range of concentrations was suggested by Hofler and Schwarzer [6, 7, §]:

v;(®) = d? exp(s; @ +no)(1 — @)™, n>0. (3.9)

For @ — 0, (3.8) and (3.9) have the same partial derivatives as (3.2), while for ¢ — 1, the velocities v; given
by (3.8) and (3.9) vanish. Moreover, for the HS model it is straightforward to verify (see [16]) that this
model is strictly hyperbolic for N = 2 and arbitrary coefficients S;; < 0. Furthermore, based on numerical
tests, it was conjectured in [16] that the model based on (3.9) would be stable also for N = 3. The present
work confirms this conjecture and shows that the model is stable for arbitrary N, provided that for a given
vector of coefficients (3, the quantities dy and ® satisfy some mild conditions.

4. HYPERBOLICITY ANALYSIS OF THE BW AND HS MODELS FOR (33 < 0

In [15] we studied the hyperbolicity for the BW and HS under the assumption 83 = 0. This assumption
allowed us to simplify many computations and put the main results into perspective. In this section we remove
that assumption and we will see that it is still possible to obtain sufficient conditions for hyperbolicity.

4.1. Preliminaries for the BW and HS models. First, we can write the settling velocity for the BW
and HS models ((3.2) and (3.9), respectively) as

0i(®) = v;(p1, ..., pa) = dip((Bo +n)p1 + Brd; 'pa + Bod; *ps + B3d; *pa) (L —p1)", i=1,...,N,
where ¢(z) = 1+ 2z, n = 0 for the BW model and ¢(z) = exp(z), n > 0, arbitrary for the HS model. We
define n; 1= p(s]® + ng) and 1} := ¢'(sf ® + ne) for i = 1,..., N, where ¢'(z) := dyp(z)/dz. The entries of
matrix A are af = dffl, k=1,...,4,i=1,...,N. Those of B are given by
B = digi(1 = ¢)" (L~ ¢)(Bo + n)n; — nmy),
Of =di " ¢i(1—¢)" Brami, k=2,3,4; i=1,...,N.

We now calculate the determinants af := det A7 and 37 := det B!/ for the case of m = 4,

N 12212 13 313 23 923 14 214 24 224 34 234

. G200 o 00 o D5 4 ags D as 08 ol by

_ 1.1 292 313 494 ij Fig ij Fig ij ig ij Fig ij Fig ij i
Vi = o By +oiB; + 0B + o By + E

o V; — U
i (4.1)
N 123 9123 234 234 134 3134 124 5124 N 1234 31234 :
n Z Q557 Pijie + Qi Pisle T Q5 Pijie + Qi Bijle n Z Q55 Pijl
— (v — vi)(v; — vi) S (o =) (v — vi) (0 — vi)
iF£j<k#i i<k<l
Gkl
We recall that sums over a void index range are zero, and utilize the following auxiliary notation:
oijk = di + dj + dy, Tk = (dj — d;)(dg — di)(dy, — dy), (4.2)

5ijk = didj + d;dy + djdk, Tijkl -= (dj — dz)(dk — dl)(dl — dl)(dl — dj)(dl — dk)(dk — dj)
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We then obtain

al=1, al=d&, o =didj(d; — d;), o =Bd3(d; —d;), b =G
af =di, oF =dj—di, o =d}—dj, aiy = miji, gy = OikTigr,  (4.3a)
ol = d2 aff =di —df, o =did;(d} —dF), oi) = didjdimp, aZt = Tk,
= i (1 — ¢)*"did; By [(1 — ¢)(Bo + n)mjm)(di — dy) — n(nim)ds — min;d;)],
= 0id;(1— 0)*" ' Ba((1 = ¢)(Bo + n)min)(d} — d3) — n(nimjd? — nin;d3)),
H= i (1 — ¢)*" 1 B3 (1 = ) (Bo + nmim) (df — d2) — n(minyd} — njn;d?)), (4.3b)
25— (1 — ¢>2"6162n;n;( - dj>, '
2t = i (1 — ¢)*" By Bamimd; (df d3),
= i (1 — ¢)*" BaBamin);d; 1(di —d;),

ik = —(1 —¢)*" 1¢i¢j¢kﬁ1ﬂ2{(1 = @) (Bo + m)mijenin
+ nld}(d; — de)minjm — &5 (di — di)ningi + di(di = dy)mimime] },
i = —(1= )" 6idy o1 Ba{ (1 = 8) (B + m)d; d i G igumigunmi
[y g (2 = R men g, — 3 di (A — dRymgn + dR (A2 — d2)ulme] Y, (430)
ik = —(1= 0" 6ig;01885{ (1 = 6)(Bo + m)d 5 i rigumsginingm
+n[did; i (dy — i)y, — did; i (ds — diningmy + didy g (ds = dy)infne] )
2 = (1= 0)*" i 0n B BaBad;  dy i g,

1230 (1 $)"" b drhuBr BB | (1 — 6)(Bo + n)ﬁnﬁénkm
(4.3d)

o)

+n ATkt s dimin dim; A7
djdkdlnmjﬁkm dsdpd, 77177177k771 did, d 771%77 771 did; dy 731

Substantial simplifications in the expressions B‘I] occur for the BW model, for whiich n; = 1 and n = 0, and
for the HS model, where n; = n].

4.2. The Batchelor and Wen (BW) model. The coeflicients ~;, i = 1,..., N can now be rewritten as
Y = ¢i(S1i + Sa,i + Ss,i + Sui). Inserting (4.2) and (4.3) into (4.1) and defining 7); := 1 + s} ®, we obtain

S1i=d?(Bo + B+ B + Bs),
N

2= M( Bobrdid;(dj — di)* — Pofa(d] — di)? — P fadid;(d; — di)?
s T '
& — d)?
= Bifs(dj = df)* ﬁogﬁ”% — Paf3did;(d; — di)2>,
il
Y D PR, ik (4.4)
83 i — Z d ﬁk: dQﬁ )(dQﬁ dQA ) _50 ﬁlﬁZ + (6163 + ﬁ263) d d d — 616253 R
k: k — Wyl N5 — A7
N 2
Sii= Z ¢j¢k¢’l7rijk150515253 '
, Gk, l=1 (diﬁ] - dfﬁz)(diﬁk - dfﬁz)(dlzﬁl - dfﬁz)dzdjdkdl
J<7€<l
Gk, 1#0
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Clearly, &1, <0 for ¢; > 0; in addition, &;; is independent of ® or N. Related to the other terms, we
suppose that there is a constant 8 > 1 such that

N ﬁ 1
—s}Q@:;( ]>¢J_1+9 (4.5)

v=0

Let us define d,, := (dy,...,d%)T, v =0,...,3. Then (4.5) implies that

-1
1 1
0< —— — < < | -0(d; —d3)) —rd, @ for i < j. (4.6)
A2y — din; — (148 ®)(d] — d3) ( Zo d;

Of course, we can estimate the last term in (4.6) by omitting some of the summands. This result is the main
tool for proving the next lemma.

Lemma 4.1. The quantities Sy, p=1,...,4 defined in (4.4) satisfy the following inequalities:
Sa < —%2 [2% + 61+ B2 + (7 + ;J)V)ﬂzs] ; (4.7)
83, < 4 [Qﬁo + B3 ( 23N + 11(}2’\,)] ; (4.8)
Sai < *2d53ﬁ1~ (4.9)

Proof. Since 7; > 7; for ¢ < j, the summands of Sy; with j < ¢ and j > 4 are negative and positive,
respectively; let us denote the corresponding partial sums by S, ; <0 and S 20, with Sp; = Sy, + S;r
We start finding a bound S;F in such a way that this quantity is Compensated by the terms of S;.
Let us now turn to 8;'1 We here get
<1 Z 50ﬂ1 —d;)’d3¢; N BoBa(d; + d;)?(d; — dj)*d3¢; n BrBadi(d; — dj)*d3;
0 e dQ)ﬁllei) (d} — d3)B2dy Bi(d; — d3)d] @
B3 (d — d?) d?asj Bobs(d} — d1)’¢; | Bablsdi(di — ;) d}¢,
Bs(df —d2)dz®  fodid;(d; — dF)¢ Ba(d; — d3)dy @
To deal with the fifth term in the summands of (4.10), we note that
(d3 — d})? (di — dy)*(d; + did; + d3)? 0 ) ( d; d-> < 1 >
= <(dZ+didj+d3) (1+—+ -2 ) <3dF(2+— ).
(d7 — d3)d;d; (d} — d3)dyd; = i) dj di)~ dn
Consequently, we obtain from (4.10) the following inequality, which implies (4.7):

N 2 3 2
- dip;  diP; djd; ¢ ?; djo;
Sy, <—dio' ) <”+1J)+ I =+ 3(24 dy') s + B | -
o= Pt Po die d;@ ﬁzlecb ﬂ 3® +3( )0 o ﬁ:”dQTcI)

(4.10)

Since only those summands of Ss; are positive for which either ¢ < j and ¢ < k or ¢ > j and 7 > k, we
rewrite Ss; as Ss; = Sy, + S5 S;f, where S, < 0, S5;' >0 and S > 0, and S5 and S5} are the
partial sums of &3 ; for which j>i, k>tand k 7é jand j <i, k <iand k # 7, respectlvely

Applying several versions of (4. 6) to both factors in the denominator of the summands of ‘5'3+ 21’ we obtain

1 1 f: (Bo + B3)m z;kdy¢ad o B g: ¢k0ijk0ijk7rz'2jk (dj¢j d?%’)

Sii<— +
T 0° Gik=i+1 (di - d?)(d? - d?)d?‘bdg 92 Gk=i+1 (di - d%)(d? - df)dldjdk(b drlr(b dg(I)
i<k i<k
d2 PkoigkTijn(di — dj)(di — di)(d; — di)? (dj¢j d?%‘)
+Bs) ok — =2 + :
—(Bo+ )5 Z (d; + dk)(di + d;)did;dr dTe " dTo

J k=i+1
i<k
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Noting that for j, k > 7, we have that o;;; < 3d; and

6¢jk 3 2
-, (di —d;)(d; —di) < dj,
(d;i +d;)(di +di) — 4 ( i) k)

we finally obtain the inequality

S3; < [ﬂo+ﬂs( 295 )} 4 [ﬂw&( 23 )} (4.12)

Furthermore, using the order dj > di > d;, and the fact that 0k < 3d; for j < k < i and the version of
(4.6) with the roles of ¢ and j interchanged we have that

(d; —di)* <

1
did;dy an (4.11)

ohe < 1 =1 (B + Bs)m} i diid; b By - OijkGijkTsik®; <di¢k . d?m)
PUT8 A2 (di - d)(d} - dDdfedy ﬁzhmﬁfﬁmﬁf£M@@¢ aro
i<k i<k
i1 ,
Bo + B3 2 oiji(dj — di)(d; — di)p; (dz‘¢k d‘¢k)
<O ST (4 — dy)digyd2e L
= 2dTedTo ;( k= d) dic; ; qu dTe " dTo
i<k i<k
i—1 2 2 2
(5o+ﬁ3 2 Sﬁg d d;d; (di(pk d‘¢k> d? [ ( 6 ﬂ
< —SrTodTe 2 Lol OO < G g B (14 )|
> 02dT(I)dT Z (bJ kﬁbk J;l d1¢ drlr(I) dg@ = 92 ﬁO /63 d:];V
J<k i<k

Combining this with (4.12) we obtain (4.8).

Finally, we rewrite Sy; as Sy = Sy, + SIll + 8112, where SLl is the sum of all summands of 84 ; for
which exactly one factor in the denominator is positive, i.e., i is the second largest species, and S % is the
sum of all summands of S, ; for which all three factors in the denominator are positive, i.e., i > j, @ > k and
i > [, that is, ¢ is the smallest species. To estimate <S'+ , we first note that

SHl_ ZN: G5Ok PIT418051 P23
b Gok,i=1 (diﬁj - d?ﬁl)(diﬁk - d?ﬁl)(d%ﬁl - dzzﬁz)dzd]dkdl
J<i<k<l

B i ¢ rpi(dy, — djy)* (dy — dj)*(dy — dy)didy

< -
T Pedyods® S did;dyd
Jj<i<k<l
B i oiontrdydididl By ZNZ ¢ diddid}
0pdy d3® S didjdpdy T Ppdy @dg @ 7, d;
j<i<k<l J<i<k<l
N
ﬁldz 3 12 ﬁ1d2
— pionindd2 < —2L5L (4.13)
03pd3 d] @ kzh ! J 03
j<i<k<l
By similar arguments we obtain the following estimate for 82:1?2:
SH? S G5 OkOIT 118001 B2 s
b Prarnit (d3n; — din:) (diie — di0) (diy — i) dsdddy
J<k<l
i—1 2 73 2
Sid; G Prud; djdy, Bid; ) 51
— S TT < - : didy < ——2=*. 4.14
0%¢d} od3 P ;:: dy T 0P¢diedio ,Z; P3P (4.14)
i<k<l j<k<l
Inequality (4.9) is now a consequence of (4.13) and (4.14). O

Corollary 4.1. For the BW model, the following inequality is valid:
Si,i+ 8o+ 834 + Say < d7M(6,8,dn), (4.15)
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where we define the function

o (133w (-3 2 (-]

7031 9 6
TP SR ST AL
*[ 6 dno 92< +2dN+d§’V)}ﬂ3

Proof. Combining (4.7), (4.8) and (4.9) we obtain (4.15) and (4.16). Each of the inequalities (4.7), (4.8) and
(4.9) estimates a non-negative sum from above, and therefore remains valid if the respective sum runs over
a void index range, and is therefore zero. Consequently, (4.15) and (4.16) hold for arbitrary N. O

(4.16)

We have proved the following theorem.

Theorem 4.1. Assume that 0 is chosen such that for the smallest given particle size d > 0, the inequality
M(0,8,dy) <0 (4.17)

is satisfied, where M (0, 3,dy) is defined in (4.16). If the mazimum solids concentration ¢max is chosen such
that the inequality (4.5) is satisfied for all ® € Dy, for this value of 0, then v; < 0 fori=1,...,4 and
® €Dy, .., ie., the model equations are strictly hyperbolic on Dy, .. .

We remark first that for a given value of dy, it is always possible to make all coefficients of g, ..., 33 in
(4.16) positive, and thereby to ensure that (4.17) holds, by choosing 6 > 1 large enough. On the other hand,
the particular way in which d;vl appears in the coefficient of 33 in (4.16) implies that in the case §3 < 0, as
we increase the particle size ratio, i.e. consider dy — 0, the smaller the set of admissible values of 6 (that
is, values of 6 for which (4.17) holds) will become. Suppose that we choose an admissible value of 6, then
(4.5) can hold either for a dilute suspension, i.e. ¢ is small, but for a large range of coefficients 3, or we
consider relatively small (in absolute value) coefficients 8 and obtain a hyperbolicity (stability) result valid
up to relatively large concentrations.

Furthermore, the strategy that has led to (4.16) has been motivated by the observation that 83 < 0, but
|03 < 1. In fact, we have performed the term cancellations and estimations in such a way that 1/dy, a
potentially large number, appears only as a coefficient of #3. We stress that in the case 83 = 0, the set of
admissible values of  is independent of (the smallness of) dp, see [15]. The present analysis also shows that
for N = 3 species, S;; = 0 and the terms in which we divide by 6 in (4.16) do not appear; for N = 2, we
additionally have Sz ; = 0 and the terms in which we divide by §? are zero.

Since M (0, B,dy) is a strictly decreasing function of 6, we may uniquely solve M (6, 3,dy) = 0 for 0. Let
us denote this solution by €. Then M(6,8,dx) < 0 for 6 > Oyin, but unless 83 = 0 (see [15] for that
case), M(0,3,dn), and therefore 0,;, depend on dy, which we denote by Omin = Omin(dy). Therefore, for
the purpose of determining the largest value ¢* of the total concentration ¢ up to which we can guarantee
hyperbolicity, we can rewrite the left-hand side of (4.5) as o1¢1 + - - - + ondn, where we define

d. d? 43
oj:=—Po */Blﬁ *52% *53%-

Then the sought concentration ¢* solves the problem “minimize ¢ subject to o1y + - + onon = (1 +

Omin(dn)) ™. Expressing ¢; in terms of ¢o,...,¢x and ¢, we can rewrite this equation as
02 ON 1
S PR A P |
o1 o1 o1(1+ Omin(dn))
Since 01 > g9 > -+ > opn, the coefficients of ¢3,...,¢n on the right-hand side of this equation are all
positive, and the minimum ¢* of ¢ is attained for ¢ = --- = ¢y = 0. Consequently, the value ¢* is given

here by ¢* = (01(3,dn)(1 + Omin(dn))) ™1, where M (0min(dn),B,dn) = 0. As a numerical example, we
consider the parameter vectors 3 given by (3.4). Figure 1 shows plots of ¢* as a function of dy for the cases
of large and small Péclet numbers.
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0.06 T T T T 0.06
0.05 1 0.05
0.04 1 0.04
(/)*0.03 1 (/)*0.03
0.02 0.02
0.01 0.01
OO 012 0:4 0‘.6 0:8 1 OO 012 0:4 0‘.6 0:8 1
dn dy

FIGURE 1. Maximum total concentrations ¢* for which hyperbolicity of the BW model is
ensured for the coefficients (3.4) (a) for large Péclet numbers, (b) for small Péclet numbers.

4.3. The Hofler and Schwarzer (HS) model. Since n; = 7} for this model, the coefficients ; of the
secular equation given by (4.1) can be expressed as v; = ¢;(1 — ¢)"n;(S1,; + S2,s +S3.s +S4.i), where in terms
of 7j; := exp(s] ®) we obtain for the HS model

d2(Bo + B1 + B2 + B3),

o~ bl 27 o a o (A —d))?
Soi = E m —(d; — dj) ﬁO(ﬁldidj + B2(d; + dj) ) - BOB?)W

j ¥l 1 7

i

— (B1Badid;(d; — d;j)* + BrBs(df — d3)? + BafB3dsd;(d; — dj)2)> ;

N -~ 9
G5 PRT T [ - ( 10 k) }
Ssi = ij _ OijkTij _ 7
> J;l (dknk d?ﬁi)(d?ﬁjfd?}) Bo | BBz + (8183 + B2/33) did;d 81623
j<k,j k#i

Su- Y 5 bk Pl kT 150 51 B2 33
4,0 — ~ ~ ~ ~ ~ ~ )

(3 — A7) (di e — di ) (di iy — difig ) diddyd,

J<k<l,jk,1#i

where we define

~ n¢
Bo=Po— 1 5
Next, we will prove some algebraic results which employ repeatedly the following inequality valid for 7 < 7,
~ 3 s s -1
o1 4=} jrg 418
Tri— &y~ o= &) (Zﬂ EE | N

We first note that S;; < 0. Then we analyze the positive and negative parts of S ;, S3; and &4 ; separately,
and show that we eventually obtain ~; < 0.

Lemma 4.2. Let us rewrite Sz ; as Sa; = 82 ;i + 85, where S;Z and S, ; correspond to the summands of
So,; with j > 1 and j < i, respectively. Then 82 ; <0, and the followmg inequality holds:
d2
S;z£|:(1+3 Ps )50+51+52+53} (4.19)

AN fa
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Proof. Since exp(s} ®) > exp(s}@) for i < j and exp(sf ®) < exp(s TCIJ) for i > j, the factor multiplying
{..-} in the summands of S, is always positive, while {...} <0. This confirms that S, < 0 (note that for
i =1, the sum is void, i.e. S,; = 0). To estimate S;,, note first that from (4.18) we may conclude that

e Z (Brdid; + Ba(ds + dj)*)(di — d;)*;  Pobs Z (d7 — d})*d;d3 ¢,
j=i+1 2 di d] T d2 d? T 62 j= Z+1dd d2 d2)2dr2r
(&2 —d2)| i, dfe + g, 2 dj
71 i 52(611' —dj) d?d?%' 5l(d? - j)zd?d?% fBBdidj(di _dj)2d12d?¢j
e S \(d} —d)(d; — d;)di @ (d?—d?)(d?—d?)d§¢> (df — d3)*d; @
_ Bo 2 i d3(Brdid; + Ba(d; + d;)?)8; i did;(d2 + dyd; + d2)* ¢,
T e "5, Bdid;(di + dj)di @ + Ba(di + d; )2ch1> B2 S it dy)?dze

& i Bodids i Br(di + di)didjo; ZN: Badid}
e \ 57, (di+dp)di® 5o (df +did; +d))d5® 5 (di +dj)*d; @
We may then continue estimating S2+ as follows:
St < dzﬁo Z (Brdid; + Ba(d; + d; )2)d2¢j 383 di¢;
T (Brdid; + Ba(di + dj)*)(dF 1 Gir + -+ d¥dn)  dnPady @

which implies (4.19). O

d2
) - *1(51 + B2 + [33),

Jj=i1+1

Lemma 4.3. Let us we rewrite S3; as S3,; = S5, + S:;_{ + S;'ZQ, where 8;11 and S;_{ are the sums over
all summands for which j > i, k > i and k # j and j < i, k < i and k # j, respectively. Then we have
S5, <0, S;fll >0 and S+y12 > 0. Furthermore, the following inequality holds:

d? 36 30

+,1 i 3 3

Sl L ([ 1+ —— + — . 4.2

Sz < o2 [( + 23, + 262>50+53} (4.20)

Finally, let us assume that the parameters 3 are related to the vector of sizes di via the condition
VI<j<i<N: VYo€[0,0ma: Hij(p,8) <0, (4.21)

where we define the functions

(63 8) = B (ﬁldidj b ol + dy)? 4+ 3 it 4 )2) (4.22)
— (B2(B1 + B3)did; + BrBs(di + d;)?) . 0Gij(6,8),
Gij(¢,8) == (d; — di)z{ﬁo |:ﬁlﬁ2 + (8133 + B23) (1 + 22)2] + ﬁlﬁzﬁs}-
Then
Sy +857 <. (4.23)

Proof. The inequalities S5 ; <0, S;Z’-l > 0 and 8;;2 > 0 are a simple consequence of the fact that only those
summands of S3 ; are positive for which either ¢ < j and 2 < k or ¢ > j and 7 > k, according to the ordering
dy > dy > --->dy. To deal with

N ~ o~ 2
+1 ¢)j¢knj77k7rijk > Uz]kazjk
S = 2 (e ) & — ) [—ﬁo <ﬁ1ﬁ2+(ﬂ1ﬁ3+ﬁzﬁ Vi ) —616263],

i<k
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note first that based on formulas similar to (4.18), we get

& OOy Bofi By d2f i b ord3d;d2(d; — d;)2(d; — di)?(dy — di)?
S (i — A3 ) (d3y — dii) = e e (d+ dy)(di — dj)?(di + di)(ds — di)*d5 @dT @
i<k j#k
_ d% Z dsondsdy _  difo
s diedTe = &
J

We may estimate the other terms in S; 131 as follows:

gLl f: ¢j¢kﬁjﬁk5~07ri2jk(/61 + B2) B30k ik
> Jok=it1 (diﬁk - d%ﬁt)(d?ﬁ] - d%ﬁz)dzd]dk
J<k
 Bo(B1+ Ba2)Bs ﬁ: &} did;oiiGijems 050
?B1fody @dT @ | | (df — d5)(d — d})did;di(d; — d3)(d; — dj)
i<k

_ <ﬁ3 n 53) d? By i droijeGie(di — dj)2¢j¢k.

G Bo) 2dTodTo (d; + d;)(d; + dp)?

Gok=it1
i<k

Now, taking into account (4.11) and that o;;,/(d; + di) < 2 for ¢ < j, k, we get

N
Z dd3jn < —

3 (Bs B ) dz 3 6o <ﬂ3 63)
+,1,1 3 3 i
1 < —_— - + + . 4.24
T <61 By) dfedTe 22 \p1 P (4.24)
i<k
Inequality (4.20) now follows from (4.24) and
SHl2 < _@ i ¢j¢k7rz‘2jkd?dkd? < _ﬁad?
PO S (] A — dR)(d — dy)(df - d)dfedie T e
ik
where
N Los 9
Sh12 _ _ ¢j¢k77j77k7rijkﬂ1ﬂ253
> = i — a3 — d )

i<k
Next, we analyze
— GO Tk 0iik0ij
Si7 = PR A b LR [—Bo (5152 + (8185 + B233) L ZJk) - 515253}
o zk::l (diiw — dim) (d5i; — i) diddy,

i<k

As in the case of 33 = 0, this term cannot be estimated easily and therefore will compensate it with Sy ;, as
expressed in (4.23). Notice that in order to ensure that our hyperbolicity result is also valid for N = 3, S; 11
should be compensated by one of the terms that have arisen earlier in our analysis. Observe now that

S- —|—S+2 ZM—J)Q’R (4.25)
2,1 3,1 d2~7. v ’
where we define
N d; + did; + d3)?
Rij :==—Po <ﬁ1didj + Ba(di + dj)* + 53( d-d]v L

) — (B2(B1 + B3)did; + BrB3(d; + dj)?) + Rij,

Ly el n; <d2~ 43) {ﬂo (5152 T (B + oy )””fl”;’“) +ﬂ1ﬂzﬂ3]
k=j+1 k B ’ ’
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Since d; < d; and d; < dj, in these summands, and the factor multiplying R,; in (4.25) is positive, we will
satisfy (4.23) by achieving that R;; < 0. Noting that for j < k < ¢

(dr — di)*(dx — d;)*i _ (dx —di)*(dx —d;)*  _ (di — d;)*(dy — dy)

o < (d; — d’L 27
il — Al B Fop(sl—sh®) ©  derd, oW
TijkTijh (d; + 2d;)(did; + 2d3) (1 2% 2
dld]dk - d%dj d; s

and using the function G;;(¢,8) we have that Rij < —Gij(d,B)(bj11 + Pjea+ -+ ¢i1). Thus, (4.23)
holds if (4.21) is satisfied, where H;; := H;;(¢; B) is defined in (4.22). O

Lemma 4.4. Let us rewrite Sy,; as Su; =Sy, + SLl + 8:12, where SL’ is the sum of all summands of
Su,i for which j <i <k <, and 82'2’ is the sum of all summands of Sus for which i > j, 1>k and i > I.
Then we have Sy, <0, S+ ! >0 and S+ 2> 0, and the following mequalztzes hold:

d?foBs¢ SH2 < 403031 B2 B3 d?

2dy 4, > 27d4 ¢°. (4.26)

+,1
Sy <

Proof. Utilizing the inequality (4.18) and performing cancellations and using the ordering d; > d; > d; > dy,
in the summands, we get

SHl < Bol3s XN: G rpim s didyd; d}
YT edledy @ S, (dF — di)(df — dF)(d} — df)didjdidy(di — di)(df — dF)
j<i<k<l
FoBad? i i optudi(d; — di)(dy — d;)?(dy — di)(dy, — d;)?
T efdied; ¢ L d;j(dj + d;)(dg + di)(d; + d;)?
j<i<k<l
GoBsd? al .
. mEFeTr d d ,
= e2der1T¢d2Tq) jY;l:I ¢] ]¢k¢l l
j<i<k<l

which implies the first inequality in (4.26). Next, we employ the fact that

nj

1
d3n; —din — di —d; orv=
for calculating that
St = § d)j¢k¢lﬁjﬁkﬁlﬂgjk150515263 i ¢J¢k¢l%gkzﬂoﬂ1ﬂ2ﬁ3
CT A @y ) — ) — By, E D~ a0) G~ )y,
j<k<l it
S ¢;$r01(dj — di)*(d; — di)(di — di) BoB1 8205 < 4 BobiB23d; 515253d2 i oo
; — didl 27 T PEPL,
j.k,l=1 J,k,l=1
i<k<l k=]

where the factor 4/27 comes from a discussion of the maximum of the function (d;,d;, d;) — (d; — di)?*(d; —
di)(dy — dp) for 1 > d;j > dj, > d; > 0. This proves the second inequality in (4.26). O

Summarizing, and collecting the inequalities for the various terms, we see that
Sti+Soi+ 83+ Sui=81i+Ss,; +S5 +S5, +S5 85+ S+ 85+ S
<SS+ Sy + S+ ST+ ST ST 8T < dM(9,8.dw),
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(b)
1 T :
H(¢,3,dy) >0
M(¢,B,dn) >0
0.8F
0.6-
[
0.4r
M(--) =0 -) <0
0.21
M(--+) <0
0 ‘ ‘
1 10 10° 107 10" 1
dn dy

FIGURE 2. Regions of hyperbolicity (H(¢,3,dy) < 0 and M(¢,8,dn) < 0) for the HS
model with the coefficients (3.4) (a) for large Péclet numbers, (b) for small Péclet numbers.

where we define the function

o 4B1BaP5¢® 1 303 1 38 383 #B3\] >
Moy = [1+ P20 - L1 28 ) S (1 R - ) o
+ <1l> (61 + Ba2) + (11 12>53-
€ € €

Instead of using (4.21) directly, which is not practical for large N, we provide a sufficient condition for
(4.21) to be satisfied. To this end, we fix a pair ¢ > j, define ¢ := d;/d;, and divide (4.22) by d? to obtain

H; = —fo {515 + B2(1+6)% + B3(1 + 0+ 6%) <1 +0+ ;)} — (B2(B1 + B3)8 + B193(1 +6)?)

~001-02 {3152 + (1 + o) (145 )| + Susan ). (1.25)
Since § € (dn, 1] a sufficient condition for (4.21) to be satisfied is given by
V(b € [07 (bmax] : H((ba /Bu dN) <0, (429)

where the following definition of H(¢,3,dy) is derived from the observation that the two terms in the first
line of (4.28) are non-positive, while the term in the second line is non-negative:

H(¢,B,dn) == —Bo(Bidn + Bo(1 +dn)* + B3(1 + dn + d%) (2 + dn))
— (B2(B1 + B3)dn + B1B3(1 + dn)?)

~ 2
— ¢(1 —dy)? {50 [5152 + (B1 + B2)53 (1 + dNﬂ + /3152@3} .
Theorem 4.2. Assume that the parameters 3, the mazimum solids concentration ¢max and the width of the
particle size distribution given by dy € (0,1] are chosen such that (4.29) is satisfied, where H(¢,3,dn) is
defined by (4.30), and that M (¢, 3,dn) < 0 for all ¢ € [0, dmax|, where the function M(p,3,dn) is defined
in (4.27). Then v; <0 fori=1,...,N, i.e., the HS model is strictly hyperbolic for ® € Dy, .

(4.30)

As an example of the case 83 < 0, consider the parameter vectors 3 given by (3.4); let us focus first on
the case of large Péclet numbers. Figure 2 (a) shows in a ¢ versus dy plot the curves H(¢, 3,dy) = 0 and
M(¢,8,dy) =0. The region H(...) < 0,M(...) < 0, where the model is strictly hyperbolic, is located to the
right of the curve M (¢, 3,dn) = 0. Here we employ a logarithmic scale since the term df\,l in (4.30) becomes
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singular. Solving M(1,3,dy) = 0 for dy yields here that M(1,8,dn) < 0 for dy > d¥ := 0.164092, which
means that for these values of dy, the HS model is strictly hyperbolic on Dy, for all ¢max € (0,1]. The
behaviour of the curve M (¢, 3,dxn) = 0 indicates that this property remains valid for slightly smaller values
of dyy provided that ¢pax is chosen sufficiently small.

For the parameters given by (3.4) for small Péclet numbers, the behaviour is similar, as can be seen from
Figure 2 (b), but the hyperbolicity region is smaller. We obtain unconditional hyperbolicity for dy > dy =
0.328981; this number is the solution of M(1,3,dy) = 0.

5. HYPERBOLICITY ANALYSIS OF THE DAVIS AND GECOL MODEL

We analyze the DG model under the assumption that 33 = 0. Fori = 1,..., N we define n; = 1+s! ®+n¢
with n = —S;;. For this model the matrices A = () and B = (8F) are given by

o = il k_ d2¢i(1 — (b)”_l((l —¢)(Bo+n) — nni) for k=1,
oo 3R i (1 — ¢)"Br_1, for k = 2,3.

Now, taking into account that for this model,

n n Bidl @

0 = o= (1= 0" (B = ) = (1= 00" (& = &) (1= (3 + o + G0

i T @

we obtain the following coefficients for the secular equation
al2gl2 13 13 23 23 N 1233123
+ o + Qg

ol 2 92 393 Qij Piy X4k Pijk

ﬁ—l—aﬁ—l—a,@—k; ’UJ_/UZ " Z v;)(vj — v;)

J#i i) <koti
:¢i(1_¢)n_1($1,i+82,z‘+33,i)7 i=1,...,N,
where

Su=4ﬁm=£%+&+@mk%m+@W+@m@+@ @)

z
N

¢j(di — d;)
Sai= . . 5dTd S2,i5>
7 vy [1- Gk s+ 207
J

di+d
S = (Brdid; + Ba(di + d;)?) [(1 = ¢)(Bo +n) —n(1 = (B1 + 52)9)]

+ 5162 [n(d3 @ — (d; + d;)dT @) + (1 — ¢)d,d;],
&F:fj— 958k 5152 [Bo(1 — ¢) — nd(1 — (B + B2))]

. dTe GrdTd

Sk (R —d)(d2 —dY) |1 - Odi 2]y -

iF£j<kF#i ( k ’L)( 7 Z) (ﬁ1+ﬁ2)¢+dl+dk (ﬁ1+ﬁ2)¢+dl+d]
Although this model does not allow for term cancellations as for the BW and HS models, it is still possible
to deduce that the model is strictly hyperbolic on Dy, for realistically large values of ¢max provided that
dp is sufficiently close to one. Our analysis leads here to a narrow size distribution only. The salient point
is, however, that our bounds for dy < 1 are independent of N. Here, we can prove the following result.

Theorem 5.1. Assume that the parameters dy, ¢max and 3 = (Bo, B1, 32)T satisfy
dy > 1/2, (5.1)

1+ [61 (iv - 1) + o (Cév - 1” $max > 0. (5.2)

Then the model is strictly hyperbolic for all ¢ € Dy, provided that
S(¢,dn;B) <0 for all ¢ € (0, pmax], (5.3)
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where we define

S(¢,dn; B) == —n{1+ [ﬂl <G;V - 1> + 2 <d1 - 1)] ¢>> + 12_ddN01¢>+ (1= - dy)’ Ca®. (5.4)

a3 N 4d%

The constants Cy and Cs are given by

Cr =(01-+402) -+ (Br + 2)0hm) + 1 525 + 32+ 458] 152 { s 1 (4 ) =1 1,
N

CZ ::ﬂl/BQ (/60 - n¢max(1 - (51 + ﬁZ)))
Proof. We first note that for all i =1,..., N and all ® € Dy__ _the following inequality holds:

- N 2 dk 1 1
7711+Sz@+n¢1+22ﬂk<dkl)¢]21+ |:51 <N1>+BQ <d1):| ¢max7

j=1k=1 N

so (5.2) ensures that always n; > 0, and therefore S ; < 0. Observe that (5.2) holds if d is chosen sufficiently
close to one, or ¢uyax is sufficiently small. Next, a straightfoward calculation, and utilizing that

(1=9)(Bo+n) —n(l — (B + f2)¢) = Bo(1 — ¢) —np(1 — (61 + f2)),
yields 82,1‘7]‘ = d?SQ,iJ = d?ggﬂ‘,j (,@, d, (I)), where

Sus = |G+ a1+ ZZ)T(ﬁO(l—gb)—m)+n¢[51(ﬂ1+ﬂz) (14 d]ﬂ

_ _ T T _
snnf(or§) 0+ 4) - 5] o)

A sufficient condition for SQ,M > 0 to hold for all ®, and without further restrictions on 3y, 81 and (s, is
that the expression in the curled bracket is positive, i.e.,

4\ dfe & d;
1+-2)-=2—= 1 .
d’( +di) d; ;( TG )¢l>0 (56)
A sufficient condition for (5.6) to hold for all vectors ® is that the coefficients of ¢; for all 4, 5,1 € {1,..., N}
are positive. This occurs if and only if 1 — (1 — dy)/dy > 0, or equivalently, (5.1) is satisfied.

Assume now that Ss; ; > 0, and note that for dy > 1/2, we have that

1_(ﬂ1+ﬁ2)¢+ﬁl+d >1 +|:ﬁ1( . 1>_B2:|¢>1 f0r¢e[0a¢max]~
J

Then we need to estimate 82,1‘7 which (as in the BW and HS models) is the partial sum of all positive
summands of S ;, that is,

N ~
¢j(d; — dj;)Sa,;,
SR> (i = d) S, ﬂldT |
IS (dy + dy) (1 (B + o)+ )

In light of our previous assumptions and considerations, we obtain

2 —
7%(1 dn)¢ max SQH

Sy <
24 = 2dn i<j<N

However, from (5.5) and (5.1) we get that

max Sa;; < (81 +4B2)(Bo + (B1 + B2)8) + ng(Br(B1 + B2) + 453) + BiBe {mﬁ <4 + d12> +1- 4 < (.
N

1<j<N
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(a) (b)

0.8f 1+[Jfmax <0

0.6f
Gmax
0.4r
0.2t 1+ [Bu(dy' = 1) + Ba(dy® = 1)]bmax > 0
0 ‘ ‘ ‘ . 0 ‘ ‘ ‘ ‘
0.5 0.6 0.7 0.8 dy 1 0.5 0.6 07 0.8 0.9 1
dN dN

FIGURE 3. (a) Region of hyperbolicity (S(¢,3,dn) < 0) for the DG model and (b) the
diagram with the region where the condition (5.2) holds with 3 given by (3.5).

Finally, similar considerations for S3; and noting that

2
Tijk _ 2\ = di)(de — di)(dy = d;)* _ o (1—dn)"
(dF —di)(di—d7) " di(di+dy)(di+dp) T Ady
lead to
201 4,2
83+i < _di (1 dNL)L ¢maxc2.
" 4dN

Summarizing, we see that S1; + S2,; + Ss,; < d?S(¢, dn; 3), where S(¢, dn; 3) is defined in (5.4). Thus, we
conclude that for given parameters dy, ¢max and B we have v; < 0 for all ¢ = 1,...,N on Dy__ , and
therefore hyperbolicity, provided that S(¢,dn;3) < 0 for all ¢ € (0, Pmax]- a

Figure 3 (a) illustrates the hyperbolicity region defined by (5.3) for this model. We limit the discussion
here to dy > 1/2, and it can be verified straightfowardly that for all pairs (dx, ¢max) that lie in the displayed
region S(¢, 8,dn) < 0, also (5.2) is satisfied, as can be noticed in Figure 3 (b). We observe that the larger
@ = Pmax 1s chosen, the closer dy needs to be chosen near one, i.e., the narrower the size distribution must
be to ensure hyperbolicity. In the most extreme case, for ¢nax = 1, hyperbolicity can be observed only for
dy > di = 0.914022; this value is the revelant root of S(1,3,dn) = 0. Consequently, hyperbolicity, and
therefore stability, can be ensured for the DG model only if the suspension is nearly monodisperse, a result
that sharply contrasts with the HS model. This result is, however, independent of the number of species N.

6. NUMERICAL EXAMPLES AND CONCLUSIONS

In all numerical experiments the number of cells has been set to M = 800 and the time step in (2.3) to
advance the solution from ¢, to t,11 = t, + At has been selected as

Az
. k ’
max; |04j+1/2|

At =0.5

where ozfﬂ/z is given by (2.4) based on the numerical solution {®} };ez at time t,.
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FIGURE 4. Example 1 (HS model, N = 2): numerical solution at (a, d) ¢ = 20s, (b, e)
t =100s and (c, f) t = 800s with 3 given by (a, b, ¢) (3.4) (for large Péclet numbers) and
(d, e, ) (3.7).

6.1. Example 1. In this example we use the HS model with two sets of parameters 3, namely (3.4) (for
large Péclet numbers) and (3.7), for which 33 < 0 and 3 > 0, respectively. We consider the initial datum

o, ifz<0.1
D (6.1)
0 if  >0.15

defined for a settling column of unnormalized depth 0.3 m. For this example we take ¢pax = 0.68 and &y =
(0.2,0.05)T, dg = (1,0.06351213)T for N = 2 and &, = (0.05,0.05,0.05,0.05)T, d2 = (1,0.64,0.36,0.16)T
and ¢pax = 0.6 for N = 4. The value of d5 for N = 2, @y, and the depth of the settling column have been
chosen according to experimental data by Schneider et al. [42] so that results may be compared. As can be
seen in Figures 4 and 5, the results obtained with the numerical schemes have sharp profiles and do not show
any oscillatory behavior. Moreover, although some monor differences between the solutions with different
choices of 3 are visible, results are very similar.

6.2. Example 2. In this example we compare the predictions by the DG, BW and HS models using
small data (coresponding to an initially dilute suspension) in order to guarantee that the three models
are well defined and hyperbolic. For this test we take ¢pax = 0.04, & = (0.005,0.005,0.005,0.005)",
dz = (1,0.75,0.5,0.26)T and the initial datum (6.1). The parameters 3 are given by (3.5). From the results
displayed in Figure 6 we notice the close agreement of the three models in the early stages of sedimentation,
where the suspension is still quite dilute. Note that the plots of Figure 6 are strongly enlarged views of the
numerical solution. The increase of the concentration beyond the initial one in the three layers that form
between the bulk suspension at the initial composition and the clear liquid is a well-known phenomenon, the
so-called Smith effect [43]. See e.g. [6] for further details.
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FIGURE 6. Example 2 (N = 4): enlarged view of the numerical solution for the (a) BW,
(b) HS and (¢) DG models at ¢t = 20s.

6.3. Example 3. In this last test we compare the DG and HS models with data at a non-dilute regime.
The parameters 3 are given by (3.5) and we consider N = 4, ¢yax = 0.6, 9 = (0.1,0.1,0.1,0.1)T, dp =
(1,0.75,0.50,0.26)™ and the initial datum ®(x,0) = ®¢ for 0 < z < L = 0.3m. The results are displayed in
Figure 7. Some differences between the numerical solutions of both models become apparent.

6.4. Conclusions. In this work we extend the hyperbolicity analysis developed in [15] for the BW and HS
models to the more general case in which 3 < 0. We also obtain sufficient conditions for the hyperbolicity
of the DG model for 83 = 0. All these sufficient conditions involve the key design parameters 3, ¢max and
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FIGURE 7. Example 3 (DG and HS models N = 2): numerical solution of (a, b) the DG
model and (c, d) the HS model at (a, ¢) ¢ = 50s and (b, d) ¢ = 500s.

dpn, but are independent of N. This means in particular that the present results could also be applied to
the situation where a continuous particle size distribution of a “real-world” suspension is approximated by a
finite distribution but with a fairly large number IV of size classes, and where the parameter dy is controlled
by suitable sieving.

The basic tool for obtaining these results is the so-called secular equation [10], whose numerical solution
permits the development of robust characteristic-wise numerical methods for the models that have been
considered. In previous work including [9, 14, 15, 34] this formula was applied to establish the hyperbolicity
of MCLWR or polydisperse sedimentation models that give rise to systems of conservation laws of the form
(1.1), (1.2) where the N x N Jacobian J¢(®) is a perturbation of a diagonal matrix of rank m < 3 (cf. (1.3)).
To our knowledge, this is the first time that this result is applied for m = 4. To underline the significance of
these results, let us emphasize that we have shown elsewhere [11, 34] that for the present class of problems,
the efficiency of spectral WENO methods is superior to that of their component-wise counterparts. However,
these methods can only be implemented if it is guaranteed that the system under study is hyperbolic, in
which case the required spectral decomposition of J¢(®) can be extracted with moderate effort.

Further limitations and possible extensions of the “secular approach” for polydisperse sedimentation
models are broadly discussed in [15]. We recall here that the main results of our work, Theorems 4.1, 4.2
and 5.1 state in which regions hyperbolicity is ensured, that is, where we can guarantee that ~; - v; > 0.
However, the models may well be hyperbolic in other sub-regions of parameter space, but with y; -v; < 0 for
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some choices of ¢ and j. While this is an intrinsic limitation of the secular equation, our analysis of the HS
model suggests that slightly larger hyperbolicity regions could be obtained for a given set of particle sizes
dy,...,dy if the functions H;; given by (4.22) (rather than the single function H(¢,8,dy)) are evaluated.
Also, further realism can be added if the phase space is not simply limited by a hyperplane ¢ = ¢pax, but
by a curved surface in D; which takes into account that mixtures of small and large particles permit denser
packings than monodisperse sediments of any of the species involved.
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