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Coupling of mixed finite element and stabilized boundary element
methods for a fluid-solid interaction problem in 3D*
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Abstract

We introduce and analyze a Mixed-FEM and BEM coupling for a three-dimensional fluid-solid
interaction problem. The media are governed by the acoustic and elastodynamic equations in time-
harmonic regime coupled with adequate transmission conditions posed on the interface between the
two media. We employ a dual-mixed variational formulation in the solid, in which the Cauchy stress
tensor and the rotation are the only unknowns, and use the exterior acoustic problem to deduce a
nonlocal boundary condition for this problem. Actually, the variational formulation in the solid is
completed with boundary integral equations relating the Cauchy data of the acoustic problem on the
coupling interface. Both the trace and the normal derivative of the pressure appear as boundary
variables in the global FEM-BEM formulation and the pressure in the exterior domain may be
recovered by means of an integral representation formula. A crucial point in our formulation is the
stabilization technique introduced by Hiptmair and co-authors to avoid the well known instability
issue appearing in the BEM treatment of the exterior Helmholtz problem. The main novelty of this
formulation, with respect to a previous approach, consists in reducing the computational domain
to the solid media and providing a more accurate treatment of the far field effect. We show that a
suitable decomposition of the space of stresses allows the application of the Babuska-Brezzi theory
and the Fredholm alternative for concluding the solvability of the whole coupled problem. The
unknowns of the solid are then approximated by the Arnold-Falk-Winther finite element of order 1,
which yields a conforming Galerkin scheme. The stability and convergence of the discrete method
relies on a stable decomposition of the finite element space used to approximate the stress and also
on a classical result on conforming Galerkin approximations for Fredholm operators of index zero.
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1 Introduction

In this paper we introduce a new numerical scheme to compute the scattered waves and the elastic vi-
brations that take place in the interaction between a bounded solid body and the compressible inviscid
fluid surrounding it, when time—harmonic excitations of the system are imposed. Displacement-based
formulations are generally used in the solid for this interaction problem (see for instance [4], [18], [19],
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[20], [21], [25], and [26]). Here we are rather interested in situations in which a direct finite element
approximation of the stresses is needed. Our aim is to provide improvements of the approach using
the dual-mixed formulation introduced in [11, 12, 13].

The interaction problem studied in [11] and [12] refers to a 2D model in which an elastic body is
subject to a given incident wave that travels in the fluid surrounding it. The transmission conditions
hold on the boundary of the solid and they are given by the equilibrium of forces and the equality of the
normal displacements from both media. Actually, the original model is simplified a bit more in [11] by
assuming that the fluid occupies an annular region, whence a Robin boundary condition imitating the
behavior of the scattered field at infinity is imposed on its exterior boundary, which must be located
sufficiently far from the obstacle. Then, a dual-mixed approach is used in the solid and the usual primal
method is maintained in the fluid region. In addition, since the first transmission condition mentioned
above becomes essential, it is enforced weakly by means of a Lagrange multiplier. In this way, the
stress tensor in the solid and the pressure in the fluid constitute the main unknowns of the resulting
formulation. A judicious decomposition of the space of stresses renders suitable the application of a
Fredholm alternative for the analysis of the whole coupled problem. The associated discrete scheme
is defined with PEERS [1] elements in the obstacle and the traditional first order Lagrange finite
elements in the fluid domain. The stability and convergence of this Galerkin method also relies on a
stable decomposition of the finite element space used to approximate the stress variable. In [12] the
strategy from [11] is modified and, instead of considering a Robin condition on the exterior boundary,
the far field behavior is imposed exactly through non-local absorbing boundary conditions based on
boundary integral equations. The exterior boundary may be in this case any parametrizable smooth
closed curve containing the solid. In this way, the discretization procedure proposed in [12] couples the
primal/dual-mixed finite element scheme from [11] with a suitable boundary element method arising
from a combined double and single layer potential representation of the scattered wave (see [9]).

A new finite element method for the 3D version of the interaction problem studied in [11] is analyzed
in [13]. The approach from [11] is simplified by incorporating the equilibrium of forces (see the first
equation in (2.2) below) into the definition of the product space to which the stress o of the solid
and the pressure p of the fluid belong. This prevents from introducing further unknowns (Lagrange
multipliers) on the boundary of the solid simplifying by the way the saddle point structure of the
problem and reducing the number of unknowns. Moreover, the strategy involving a Lagrange multiplier
on the transmission boundary requires the use of two finite element meshes satisfying a stability
condition between their corresponding mesh sizes, which certainly constitutes a very cumbersome
restriction in 3D computations. The discrete version of the problem is built upon the lowest order
Arnold-Falk-Winther (AFW) element [3] in the solid and Lagrange finite element subspaces of order
1 for the pressure. It is worthwhile to notice here that, because of the coincidence between the
polynomial shape-functions approximating o v and —pv on the interface, this numerical scheme
generates a conforming finite element subspace for the pair (o,p). In other words, the essential
transmission condition incorporated in the definition of the continuous space is also satisfied at the
discrete level.

Now, the main purpose of the present paper is to incorporate more efficiently the far-field effects
into the finite element discretization of the 3D problem presented in [13]. We will use the exterior
Helmholtz problem to provide a nonlocal boundary condition for the interior elasticity problem through
a Dirichlet-to-Neumann (DtIN) operator associated with the acoustic problem and expressed in terms
of boundary integral operators. It is well known that, if this strategy is not applied carefully, it leads
to a variational formulation that suffers from serious drawbacks. Indeed, the well posedness of the
resulting formulation (at the continuous level) requires regularity assumptions for the interface between
the two media that may not be fulfilled in practice (cf. [4, 17, 27]). Moreover, the corresponding



numerical method may exhibit an unstable behavior at the vicinity of a countable set of frequencies (cf.
[4, 17, 25]). Actually, this is the reason for which the method presented in [12] (in the two dimensional
case) imposes the absorbing boundary conditions on a smooth but arbitrary interface containing the
obstacle in its interior. This procedure enlarges the domain for finite element computations, but the
resulting method does not suffer from the limitations mentioned above.

Our analysis here (for the 3D case) is different, it relays upon the stabilization technique introduced
in [8] and [16]. It permits to reduce the computational domain to the obstacle and gives rise to a
convergent mixed-FEM and BEM scheme that is safe from the spurious modes that appear when the
fluid frequency is related to the Dirichlet eigenvalues of Laplace problem in the interior domain. The
rest of this work is organized as follows. In Sections 2 and 3 we describe the fluid-solid interaction
problem and derive its continuous variational formulation. Then, in Section 4, we show that the
resulting saddle point problem is well posed. Finally, the corresponding Galerkin scheme is analyzed
in Section 5.

We end this section with further notations to be used below. Since in the sequel we deal with
complex valued functions, we let C be the set of complex numbers, use the symbol 2 for v/—1, and
denote by Z and |z| the conjugate and modulus, respectively, of each z € C. Also, we let I be
the identity matrix of C3*3, and given 7 := (7;5), ¢ := ({;j) € C3*3, we define the deviator tensor
74 i=7 — %tr(f) I, the tensor product 7 : ¢ := Zij:l Tij Gij, and the conjugate tensor T := (7Ty;).
In turn, in what follows we utilize standard simplified terminology for Sobolev spaces and norms. In
particular, if O is a domain, § is a closed Lipschitz curve, and r € R, we define

H'(0) = [H"(O), H'(0) := [H"(O)3, and H'(S) := [H"(S)S.

However, when r = 0 we usually write L2(0), L?(0), and L?(S) instead of H°(O), H°(O), and H'(S),
respectively. The corresponding norms are denoted by || - ||, 0 (for H"(O), H"(O), and H"(O)) and
|- [lrs (for H"(S) and H"(S)). In general, given any Hilbert space H, we use H and H to denote H®
and H3*3, respectively. Furthermore, the Hilbert space

H(div; 0) = {w e L}(0): divw e L2(O)} ;

is standard in the realm of mixed problems (see [6]). The space of matrix valued functions whose rows
belong to H(div; O) will be denoted H(div; O). The Hilbert norms of H(div; O) and H(div; O) are
denoted by | - |laiv:0 and || - [|div:0, respectively. Note that if 7 € H(div; O), then divr € L*(0).
Finally, we employ 0 to denote a generic null vector (including the null functional and operator), and
use C' and ¢, with or without subscripts, bars, tildes or hats, to denote generic constants independent
of the discretization parameters, which may take different values at different places.

2 The fluid-solid interaction problem

We consider an incident acoustic wave upon a bounded elastic body (obstacle) in R3 that is fully
surrounded by a fluid, and aim to determine both the response of the body and the scattered wave.
We assume that the obstacle is represented by a polyhedron €2 whose boundary is denoted I'. We
also let QF := R3\ Q. We assume that the incident wave and the volume force acting on the body
exhibit a time-harmonic behaviour with frequency w and amplitudes p; and f, respectively, so that
p; satisfies the Helmholtz equation in QF. Hence, we may consider that this interaction problem is
posed in the frequency domain. In this way, and since, following [11], we plan to employ a mixed
variational formulation in the solid, our main unknowns become the amplitude o : Q — C3*3 of the
Cauchy stress tensor, the amplitude u : £ — C3 of the displacement field, and the amplitude of the
total (incident + scattered) pressure p := p; + ps : QT — C.



The fluid is assumed to be perfect, compressible, and homogeneous, with mass density p; and

w
wave number k := —, where vg is the speed of sound in the linearized fluid. In addition, the solid is
v

0
supposed to be isotropic and linearly elastic with mass density ps and Lamé constants p and A, which
means, in particular, that the corresponding constitutive equation is given by

o = Ce(u) in €,

where e(u) := 3 (Vu + (Vu)®) is the strain tensor of small deformations, V is the gradient tensor,
and C is the elasticity operator given by Hooke’s law, that is

C¢ = Mr(O)I + 2u¢ V¢ € LAQ). (2.1)

Consequently, under the hypotheses of small oscillations, both in the solid and the fluid, the unknowns
o, u, and p satisfy the elastodynamic and acoustic equations in time-harmonic regime, that is:

dive + k’u = —f in Q,

Ap+r2p = 0 in QF,

where the wave number k; of the solid is defined by ,/ps w, together with the transmission conditions:

ov = —pv on I,
op (2.2)
2 ... - r
prwiu-v 50 on I,
and the behaviour at infinity given by
A(p — p; _
O —pi) 5 ) 1k (p—pi) = o(r™), (2.3)
-
b
as r = ||x|| = oo, uniformly for all directions =l Hereafter, div stands for the usual di-
b
vergence operator div acting on each row of the tensor, |x|| is the euclidean norm of a vector
x := (z1,72,73)" € R? and v denotes the unit outward normal on T, that is pointing toward Q+.

The transmission conditions given in (2.2) constitute the equilibrium of forces and the equality of the
normal displacements of the solid and fluid, whereas the equation (2.3) is known as the Sommerfeld
radiation condition. Notice that, as a consequence of (2.3), the outgoing waves are absorbed in the
far field.

It is known that if p; = 0 and f = 0 then p = 0 and u is solution of (see [23])

o = Ce(u) in Q,
dive +x?u = 0 in Q,
(2.4)
ov = 0 on I',
u-v = 0 on I'.
It turns out that for certain regions and some frequencies w = \’/‘;7, known as Jones frequencies,

problem (2.4) has nontrivial solutions. This seems to be a rare eventuality but we will, in any case,
assume that (2.4) only admits the trivial solution.



3 A variational formulation with non-local boundary conditions

Before dealing with the variational formulation of our problem, let us recall some basic properties
of trace operators. First of all, we point out that we will use in the sequel Sobolev spaces H" ()
and H"(T') of index r € R whose definitions may be found in [24, 27]. We begin by denoting v~ the
interior trace on I'. In other words, v~ : H'(Q2) — H/2(T') is the unique bounded operator such that

v~ v = v|p for any smooth function v € C*°(Q). In the unbounded domain Q*, we consider the space
HL (Q7T) of distributions u in QT such that pu € H(QT) for each p € C§°(27), and define similarly
the exterior trace operator v* : HL (QF) — HY2(T). Tt is well-known that both v~ and »* are
surjective. We also recall that the bilinear form

(€0) :Z/Ffso VEp e IA(T)

can be continuously extended to a duality pairing on H~/2(I') x H'/2(I'), which is also denoted
throughout the paper by (-,-). In turn, the inner product in L?(T") is given by (%, % ). In addition,

we let HY(A,Q) = {v € H'(Q): Ave LQ(Q)} and define the interior normal derivative 0, :
HY(A,Q) = H-Y2(I') by

(Opu,p) IZ/VU-VU+/’UAU with any v € H'(Q) such that v~ v =¢ € H'/*(T).
Q Q

Similarly, we let HL (A, QF) = {U € HL (QT): Ave LIQOC(QJ“)} and define the exterior normal

derivative 95, : H (A, Q) — H~2(T) by
(Ofu, @) == — Vu- Vv + / vAu with any v € HL (%) such that y"v =¢ € HY(T).
Qt Qt

The minus sign here is due to the fact that the normal vector is oriented towards the exterior of (2.
Also, we recall that there exists a unique bounded and onto application vy : H(div; Q) — H Y (1)
known as the normal trace operator and characterized by

(ywr,&) = / v~div7‘+/ T:Vv with any v € H'(Q) such that y~v = ¢ € HY2(I'). (3.1)
Q Q

Hereafter, v~ v is the usual trace operator v~ acting componentwise. Finally, jumps and averages of
the trace and the normal derivative operators across I' are denoted

[yu] == v u — v u, [Opu| = 8,")u — dpu,

fyuy =S Futyw),  and {0y} = 2O5u + dpu).

3.1 The variational formulation in the obstacle

In this section we describe the steps to obtain a mixed variational formulation in the solid 2. We
follow the usual procedure (see [1] ) and introduce the rotation

r = %(Vu— (Vu)*) € ]Lzsym(Q)

as a further unknown, where

asym

L2 (Q) = {seL2(Q); st = —s}.

5



The constitutive equation can then be rewritten in the form
Clo =¢e(u) = Vu —r,

which, multiplying by a function 7 € H(div; Q) and applying (3.1), yields

/C_IG'ZT—F/u'diVT—<’ny,’y_u>+/TZI‘:O. (3.2)
Q Q Q

Then, replacing back

u = f+diV0'),

_;%(

into (3.2), gives

1 1
/C_IO'ZT—2/diVO"diVT—<’}/yT,’7_u>F+/T:I‘— 5
Q ks Ja Q ks Ja

From now on, the first transmission condition in (2.2), that is vy o = —(yTp)v on T will be
imposed by tying the stress variable o to an additional boundary unknown v representing v*p. More
precisely, we will look for the unknown & := (o, %) in the closed subspace X of H(div; Q) x H'/?(T)
given by

f-divr. (3.3)

X:= {? = (7,¢) € H(div; Q) x H/*(I") : wT+ pr=0 on F} ,
which is endowed with the norm
I71% = I7ll&ve + l0ll3j2r -
In addition, we also let from now on Y := Lgsym(Q).

Now, taking the test function in (3.3) as the first component of the pair 7 := (7, ¢) € X, we find
that this equation becomes

1 1
/QC_IO'ZT—Q diva-div7‘—|—<(7_u)-u,gp>p—|—/ T:r=— [ f-divr (3.4)

ks Ja Q K3 Ja
for all 7 := (7,¢) € X. Next, according to the second transmission condition in (2.2), we replace
(y"u)-v by pfle 9, p and multiply by —psw? to obtain from (3.4)

1
waQ{Fﬂ/Qdiva~div7-—/QC_10:T—/QTil“}—<19a¢> = Fo(T)

for all 7 := (7,¢) € X, where

2
9:=05ps and Fy(F)::= —pl;‘; /f-divr—i—(@,‘ﬁpi,ga).
s Q

Recall here that ps is the scattered component of the total pressure p.

Imposing now weakly the symmetry of o, we arrive to the following variational formulation in the
solid domain: Find (&,r) € X x Y such that

1 ~
,OfWQ{/{Q/Qdivcr-diVT—/QC_lo':T}—PfWQ/QT:r_<19v<P> = k),

—pfw2/0':s = 0,
Q

for all (7,s) € X x Y.



3.2 Nonlocal boundary conditions

In order to deal with the problem in the unbounded region, we need to establish some notations and
recall well-known properties of boundary integral operators. We begin with the integral representation
formula

ps = — Ve (9) + V(v ps) in QF, (3.6)

where W, and W%, are the single layer and double layer potentials, respectively, defined by

5 (9) () = /F Gu(x,y)0(y)dS(y)  Vx € QF,

and
5 () (%) = /F Oy Grlx,y) p(y)dS(y)  Vx € O,

with G.(x,y), given by

1 exp(er|lx —
Goixy) o L op(nlx—yl)

= Vx,y € R} x#£y,
dr - lx —y|

being the radial outgoing fundamental solution of the Helmholtz equation in R3.

It is well-known that the boundary integral operators defined by the following averages
Vi = {05} HTYAT) — HPVA(D), K= {yU5}: HTYAT) —» HTYA(D),
Kf = {0pV5}: HV3(T) - HVA(D), Wy = —{0p 5}« HTVAT) — HY2(I)
are bounded for any |s| < 1/2. Moreover, the classical jump relations

[V\DgL(ﬁ)] =0, [8V\IlgL(§)] =7, Vi e Hil/z(rx

YYD ()] = v, [Op V'S (V)] =0, Vo e HYX(T)
provide the identities
R = Ko+, opuh, = —w.. :

Hereafter, id denotes the identity operator. Also, it may be shown that K} is none other than the
transpose of K, i.e.,

(x, Kop) = (Kix,p) Voe HYXT), Vxe H VD).

The following two lemmas will be essential in the sequel.
Lemma 3.1 The following operators are compact:
Vi —Vo: H'V2T) — HY*T), K.-Ky: H/>T) — HYXD),
Kt —K¢: HYX(T) — HYVXT), W,—-Wy: HY/2(T) — HY2(I).

Proof. See [27, Lemma 3.9.8].



Lemma 3.2 There exists Cy > 0 such that
(. VoX) = Collxl*1jor VX € HTV3(I) (38)

and

2
(Wo . ) + 1 Le| 2 ulolnr veem . (3.9)

Proof. See [27, Theorem 3.5.3].

Applying v and 8}, to the integral representation formula (3.6) and recalling that ¥ = 9;,p, and
v =7"p=~"(ps + p;) we deduce that

¢ —"pi = (3id + Ki) (¢ =7 pi) — Vi) (3.10)

and
0= —We(—7tp) + (5id — Kg) 9. (3.11)

Combining (3.5) with (3.10) and (3.11) leads to the classical symmetric BEM-FEM formulation of
Costabel. However, for the exterior Helmholtz equation, this formulation suffers from spurious modes
when the wave number is related to the Dirichlet eigenvalues of the Laplace operator —A in 2. We
remedy here this situation by using the stabilization strategy presented in [16, 8]. To this end we need
to introduce the operator M : H~1(I') — H!(T), which, given ¢ € H~(T'), is characterized by

(Vr(ME), Vre) +(ME o) = (&¢) Vo e H(I), (3.12)
where Vr is the tangential gradient operator
Vrp:=v x (V(w‘lgp) X V) Ve HYA(I),

and y~!: H'/2(T') — H'(Q) is any continuous right inverse of v~. The following result is straightfor-
ward (see [8]).

Lemma 3.3 The operator
M : H™Y2(I) — HY(D)

1s compact and

Re{(&ME)} >0 V¢ e HVT)\ {0},
We now make redundant use of (3.11), rewritten as
(3id + K39+ Wi( — i) = 0, (3.13)

in such a way that, given n € R\ {0}, we substitute equation (3.10) by (3.10) + 11 M{(3.13)} to

obtain the following relationships between the Cauchy data of the exterior Helmholtz problem:
(%id*KN)d} + Vﬁﬂ+”7M{(%id+Kf:)l9 + Wn(¢*7+pi)} = (%id*Kn)(W—i_pi)v ( )
3.14
~Weth + (5id = K99 + Wil(y'pi) = 0.

In order to avoid dealing with a variational formulation involving the operator M := (id — Ar)~! we
follow [16, 8] and introduce the boundary variable

2= — M{(3id+ K59+ We(v —v'p;)} € H(T)

8



to transform (3.14) into
(%id —K)Yy+ V0 —mz = (%id - Ko)(vtm),
Wb + (3id = K0 + Weytpi = 9, (3.15)
M7'z+ (3id+ K59+ Wep = WalvTp).
Now, replacing ¢ in (3.5) by the second equation from (3.15), and testing the remaining equations

of (3.15) with x € H2(T) and w € H'(T), respectively, we arrive at the following variational
formulation of our problem: Find & := (o,1) € X, (9,2) € H V(') x H'(T') and r € Y such that

AG,7) — W?/T;r C((Gid-KYo,p) = F(F) VE=(re)eX,
Q

(G Ved )+ (x, (3id = K )v) —m(x,2) = f(x) VYxe€H YXT),
3.16
(Witbow) + { (bid + KE)0,w) + bzw) = glw) Ve HY(D), (3.16)

—pwa/O':S = 0 VseY,
Q
where )
Ao, T) = pﬁ; /diVO’-diVT - pfw2/ Clo:m 4+ (W, p), (3.17)
s Q Q

F(7) = Fo(7) + (Wel(v"pi) ), f(X) = (x,Gld = K) (v p)),  g(w) = (Wa(rv D) w)

and, according to (3.12),
b(z,w) == (M~ 'z,w) = /vpz.va + /zw. (3.18)
r r

For economy of notation we introduce the space X =X x H~'/2(') x H(T"), and denote its norm by

~

I xwlg = IFI% + IxIZor + lwllir  ¥@Fxw) € X,

Let us also define the bilinear forms A : XxX—>Cand B:XxY — C, and the linear functional
F:X—C, by

A((e,9,2), (T, x,w)) = A(e,T)+ (x, Vi) + b(z,w) — ( (%id — K99, ¢0)

+ (6 Gd=K)v) —m(x,2) + (W, w) + ((3id+ K2)d,w),

B((F,x,w),s) = —pjw’ /QS:T, (3.20)

and
F((7,x,w)) = F(T) + f(x) + g(w).

It is now clear that problem (3.16) has the following saddle point structure: Find ((&,9,z),r) € XxY
such that

~

A((@,7,2), (T, x,w)) + B(T,x,w),r) = F(7,x,w)) V(T,x,w) € X,
(3.21)
B((G,9,2),s) = 0 Vs € Y.

9



It is easy to see that F, A and B are all bounded with constants depending on w, py, ps, &, and
ks. Concerning the form A, we also observe from (2.1) that the inverse operator C~! reduces to

A

2
mtr({ﬂ V¢ e L(Q),

1
1 = .
Cl¢i= g ¢

which implies that

—1 ., 1 . 1 2
/QC C:T = QM/QCd.Td - 2M)/ﬁtr(()tr(T) V¢, T e L),
and hence

- 1
[ et = ol s YC € 1A®). (322)

This estimate will be useful for our analysis below.

4 Analysis of the continuous variational formulation

In this section we proceed analogously to [11] and employ a suitable decomposition of X to show that
(3.21) becomes a compact perturbation of a well-posed problem. For this purpose, we now need to
introduce a projector defined in terms of an auxiliary Neumann boundary value problem in €);.

4.1 The associated projector

Let RM(€2) be the space of rigid body motions in 2, that is
RMI(2) :z{v:Q—)(C2 s v(x)=a+bxx VxeQ,abeC? },

and let M : L2(,) — RM(€2,) be the associated orthogonal projector. Then, given T = (T, ¢) € X,
we consider the boundary value problem

o =Ce(a) in Q, dive =divr+r(T) in Q,
(4.1)
Ywé =—pv on T, ¢ (id—-M)L*Q)),

where C g(q) is defined according to (2.1) and r(7) € RM() is characterized by

/Qr(?)-w = —(cpuyy‘w}—/gw-divr Vw € RM(Q).

Note that r(7) is just an auxiliary rigid motion that is needed to guarantee the usual compatibility
condition required for the Neumann problem (4.1) (cf. [5, Theorem 9.2.30]) and that the orthogonality
condition on 0 is required for uniqueness. The well-posedness of (4.1) is already well known (see,
e.g. [2, Section 11.7, Theorem 11.7] or [12, Section 3, Theorem 3.1]). In addition, owing to the
regularity result for the elasticity problem with Neumann boundary conditions (see, [10]), we know
that (a,1) € H(Q) x H!T¢(Q), for some € > 0, and there holds

16lca + llleo < € {ldivrloo + lelyzr |- (42)

Note that the embedding H'/2(I") < L?(T") is used here to bound ||pv|lor by C el /2,r-

10



We now introduce the linear operators P : X — H(div; Q) and P : X — X defined by

P(t) =06 and P(7):= (P(7),¢) VT = (1,9¢) € X, (4.3)
where & := Ce(u) and u is the unique solution of (4.1). It is clear from (4.1) that
P(#)* = P(T) in Q, div(P(7T)) =divr +r(7) in Q (4.4)
and
w(P(T)) = —¢v on T, (4.5)

which confirms that P(7) belongs to X. Then, thanks to the continuous dependence result for (4.1),
we find that

IP@ i < C{ldivrlon + lelyar)  vF=(r.g) € X,

which shows that P is bounded. Moreover, it is easy to see from (4.1), (4.3), (4.4), and (4.5) that P
is actually a projector, and hence there holds

X = P(X) @ (id-P)(X). (4.6)

Finally, it is clear from (4.2) that P(7) € H¢(Q) and

1PPlee < C{ldivrloe + I¢lar} V7 = (1,9) € X. (4.7)

4.2 Well-posedness of the continuous formulation

In order to show that our coupled problem (3.21) is well-posed, we now employ the stable decom-
position (4.6) to reformulate it in a more suitable form. We begin by observing, according to
(4.4), (4.5), the symmetry of P(T), and the fact that Vr € Lgsym(Q) Vr € RM(Q), that for all
o= (o,v), T =(7,p) € X there holds

/ {diva —div p(a)} .divP(?) = —/ r(5) - div P(7)
Q Q
(4.8)
= [ V@) P@) ~ (w(P@E)1@E) = [6(6)-v)e.
Then, writing & = P()+ (id—P)(g) and T = P(T)+ (id —P)(7) in (3.17), similarly as we did in
[11], using the identity (4.8), and adding and substracting suitable terms, we find that A (cf. (3.17))
can be decomposed as

Ale,7) = Ag(o,7) + K(o,7) Vo, T € X,

where Ap : X x X — C and K : X x X — C are the bounded and symmetric bilinear forms given by

Ao(a,7) == A(P(a),P(7)) — A((id - P)(a), (id — P)(7)) (4.9)
with
A, T) = pwa/QC_la':T + PJ:;Q /Qdiva-divr + (Woh, ) + {/Fw} {/Fap} ,
(4.10)
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and
K(G,7) == —2psw? /Q C ' P(): P(T) — pyu? /Q C Yo - P(@): P(T)

2pfw2

- pwaAclP(&):(r—P(?)) + /Qr(&).r(?) Lo /F(r(?)-l/)w (4.11)

2
Ky

o uos ([} e

forall ¢ = (o,v), T = (1,¢) € X. The above suggests to decompose A (cf. (3.19)) as
A=A + K, (4.12)

2
K

where, given (&, 2), (T,x,w) € §§,
Ao((8,9,2), (T, x,w)) == Ag(@,7)+{x, Vo) +b(z, w) — ((3id— K§)9, ) + (X, (3id— Ko)p) , (4.13)

and
K((3,9,2), (7, x,w)) == K(3,7) + (x, (Ve = Vo)?) + ( (K — K§)d, ) i
+ (0 (Ko—K)$) —in(x.z) + (Webhyw) + ((Rid+ K8)d,w). '

Next, we let Ag : X— §§, K:X— X, and B : X — Y be the linear and bounded operators induced
by the bilinear forms A, K, and B, respectively. In addition, we let F € X be the Riesz representant
of F. Hence, using these notations and taking into account the decomposition (4.12), the variational
formulation (3.21) can be rewritten as the following operator equation: Find ((7,9,2),r) € X x Y

such that . ~
(B 5)(72) - (E(71)-(3) o

Throughout the rest of this section we prove that the matrix operators on the left hand side of
(4.15) become invertible and compact, respectively.

Because of the saddle point structure of the matrix operator involving Ag and B, and according
to the classical Babuska-Brezzi theory, we begin the analysis with the inf-sup condition for B.

Lemma 4.1 There exists 5 > 0 such that

.
ap  [B(Exw).s)

(Fxw) €L H(?aX,w)HX
(T )x,w)#0

Proof. See [3, Lemma 4.1]. O

> Blsloe Vs e Y.

Our next goal is to prove that Ag is an isomorphism on the kernel of B. For this purpose, we now
recall the decomposition
H(div; Q) = Hy(div; Q) & CI,
where

Hp(div; Q) := {T € H(div; ) : /QtI“(T) =0 }

This means that for any 7 € H(div; ) there exist unique 7¢ € Hy(div; Q) and d € C given by
1
d:= 379 / tr(7), where |2| denotes the measure of 2, such that 7 = 79 + dI.
Q

Our subsequent analysis will strongly depend on the inequalities provided by the following lemmas.
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Lemma 4.2 There exists c1 > 0, depending only on Q, such that

calrolio < IT%5e + ldivrlie V7 eH(div; Q). (4.16)

Proof. See [6, Proposition 3.1, Chapter IV].

Lemma 4.3 There exists ca > 0, depending on c1, ks, pf, and w?, such that
Re{A(a?)} > o|FIZ V7 e X. (4.17)

Proof. Let 7 = (7,¢) € X with 7 = 7¢ + dI. We first notice, from the definition of A (cf. (4.10))
and the inequalities (3.22) and (3.9) (cf. Lemma 3.2), that

Re{AF7)} = Co {I

Zo + laivTlde + ez} - (4.18)
On the other hand, since 77 = —pv on I, we see that —pv = 719 + dv in H-V2(I),
from which, applying the trace theorem in H(div; 2) together with the continuity of the canonical
embeddings L(I") < H~Y2(I') and H'/?(T") — L*(I'), we deduce that
ldl lv]—1/2,0 < llvw Toll—12r + llevll—1/2r
< O {lIrollame + lellijar -

It follows that ) ) ) ) )
ITllaivie + lellior = lITollaivie + 34712 + llellijor

< G {lIrolive + ¢l ar}

which, thanks to (4.16), yields

Il + Nel2or < Co im0 + Idivriig + 61321 )

for all 7 = (7,¢) € X. The above estimate and (4.18) imply (4.17) and finish the proof.

g
In what follows we make frequent use of the linear and bounded operator
E=02P-id): X > X.
Lemma 4.4 There exists C > 0, depending on ca, such that
Re{4(7.27) } > CIFI} V7 = (1.9) € X. (4.19)
Proof. Since P is a projector we easily observe that
PZE(T) =P(7) and (id—P)ZE(7) = —(id — P)(7) VT € X,
which, according to the definition of Ay (cf. (4.9)), gives
Ao(F,E(F)) = APF),P(T)) + A((id — P)(F), (id — P)(T)). (4.20)
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Hence, the inequality (4.19) follows directly from (4.20), Lemma 4.3, the fact that both P(7) and
(id — P)(T) belong to X, and the stability of the decomposition (4.6).
O

We now let V be the kernel of B, that is
V= {(?,X,w) €X: B(T, x,w) = O},
which, recalling that B(7, y,w) := —% (r—7%) V(T x,w) = ((1,9), x,w) € X, becomes

V= {(?,X,w) = ((1,90),x,w) € X: 7t = T}.

Hence, we are now in a position to establish the following lemma, which includes, in particular, the
weak coercivity of Ag on V.

Lemma 4.5 There exist a, C > 0 such that

Re{40((3,0.2).(E3).9.2)} = all@.9.2)F V(6.2 €X, (4.21)
and A (5 R
sup  120((@:9,2), T w)| cl@,9.2)ls V@,9,2) eV, (4.22)
(Fx,w) eV \|(77X,w)||;§
(T:x,w)#0
In addition, there holds
sup  |Ao((3.9,2), (Fxw)| > 0 V(FExw) eV, (7 x.w) £0. (4.23)

(5,9,2)eV

Proof. Having in mind the definition of Ay (cf. (4.13)), recalling that K is the transpose of Ky,
and applying (4.19), the inequality (3.8) (cf. Lemma 3.2), and the fact that b(z,z) > cHzHiF
Vz € HYT) (cf. (3.18)), we easily deduce the ellipticity-type estimate given by (4.21). Next, since
P(F)* = P(7) V7 €X (cf. (4.4)), we find that (P(7), x, w), and hence (2(7), x, w), belong to V for
each (7, x,w) € 7 According to the above, for each (&,v,z) € \7, (7,9, 2) # 0, we can write

|A0((5',19,z),(?,x,w))| > ‘AO((&aﬂv 2)7(5(5)7572)”

sup = = —/=\ q —
Frcre? 17wl I(EG).9.2)l5
(T, x,w)#0 B
| Re {40((@,0,2), (23),7,2)) } |
Z —_— o~ - b
I(E@).9.2)l

which, thanks to (4.21) and the boundedness of Z, yields straightforwardly the inf-sup condition (4.22).
Finally, the fact that Ag((2(7),9,2),(5,9,2)) = Ao((F,7,2),(E(F),9,%)) and (4.22) imply (4.23)
and complete the proof. O

Lemma 4.6 The operator K : X =X is compact.

Proof. We begin by recalling (cf. (4.7)) that there exists e > 0 such that P(7) € HY(Q) for
all 7 € X, which, according to the compact imbeddings H¢({2) < L*(Q) and H'/2(I) < L*(I),
yields the compactness of P : X — L*(Q) x L*(T). It follows that P* : L2(Q) x L*(I') — X,
P*C7'P, P*C!(id — P), and (id — P)*C~!P are all compact. This shows that the operator
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induced by the first three terms defining K (cf. (4.11)) becomes compact, and the four following
terms are finite rank operators. Finally, we deduce from Lemma 3.1 and the compactness of the
embedding H(T') < H'/?(T) that the last term defining K, and all the remaning terms appearing in
the definition of K (cf. (4.14)) are compact.

O

We are now able to establish the main result of this section. Some aspects of the proof, mainly
those involving the boundary integral operators, follow very closely the arguments from [16].

Theorem 4.1 Assume that j/% is not a Jones frequency. Then, given £ € L2(Q) and a smooth

incident wave p;, there exists a unique solution ((&,9,2),r) € X x Y to (3.21) (equivalently (3.16) or
(4.15)). In addition, there exists C > 0 such that

(@92 Dllguy < C {0 + In*pillyar + 105 pill-ajer -

Proof. We notice that the left hand side of (4.15) constitutes a Fredholm operator of index zero.
Ay, B*

Actually, Lemmata 4.1 and 4.5 imply that ( B o

> is an isomorphism, and Lemma 4.6 yields

0
0 O
or (4.15)) admits a unique solution. Let us then assume that ((&,9,z),r) € X x Y solves (3.16) with
f =0 and p; = 0. We first introduce the variable

the compactness of ( ) Hence, we just have to show that problem (3.21) (equivalently (3.16)

L.
u = —Edlva c L*(Q) (4.24)

s

in the first equation of (3.16), and then, given 7 € C§°(12), test this equation with (7,0) € X, to

obtain
/Vu:T:/C_la:T+/r:T,
Q Q Q

where the first integral is in the distributional sense. This shows that
Vu = Clo +r € L*Q), (4.25)

and hence u € H'(Q2). In addition, using from the last equation of (3.16) that o, and hence C~'la,

are symmetric, and recalling that r € Lgsym(ﬂ), the identity (4.25) gives inmediately that C~'o and r

constitute, respectively, the symmetric and asymmetric components of Vu, that is
Clo = e(u) and r=1(Vu—(Vu)* in Q. (4.26)
Now, testing the first equation of (3.16) with 7 := (7,¢) € X and integrating by parts, we arrive at
—prw (T, yTu) + (Wit 0) — ((3id = K2, 0) = 0,
that is, recalling that v 7 = — v,
prw’ (vTu v 0) = ((5id - KDY — We,0),
and since the surjectivity of 4 guarantees that this holds for each ¢ € H'/ 2(T), we obtain the identity

prwiyu-v = (3id — K59 — Wey. (4.27)
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Finally, from the second and third equations of (3.16) we have

Y = (3id + Ko) = Vil + 192 (4.28)
with
z = —M{(zid+ K})9 + Wyip} . (4.29)
Note at this point that (4.28) and (4.27) can be rewritten as
i Lid—
<1d 277]\/[) <21d K, N V. t> <¢) :( O2 ) ) (4.30)
0 id Wi sid+ K ) \V ¥ — prwiyTu-v

Let us now introduce the function ¢ : 2 — C defined by

q(x) = (V5 0)(x) — (Vpr)(x)  Vx € Q.

Then, using the trace properties (3.7), we find that

%id_Kn Vn @ZJ _ 7_q
W, lid+k:)\w) " \opq)

which, after applying the operator (1((]1 ’ ?5\4

id anpM\ (v q\ _ 0
(0 id ) (3:/ > - (19 - pfw27‘11~'/) ' 30

~Aq—K>q = 0 in Q,

) and comparing with (4.30), implies that

It follows that ¢ satisfies

(4.32)
Y g+ nM{dyq} = 0 on T,

where the boundary condition is a consequence of the first equation of (4.31). Testing this Hemholtz
equation with g and integrating by parts yields

Vg

5o = #*llalie = (9w av77),

which, using the boundary condition from (4.32), becomes

6o =1 {(0yq,M(0y,q) ).

IVall§a — & llql

It follows that Re{( 0y, ¢, M (8,; q) )} = 0, which, according to Lemma 3.3, yields d;, ¢ = 0. This
identity and (4.31) imply that

v ¢=0 and ¥ = p;w?y u-v on T, (4.33)

whence, in particular, (4.27) becomes (3 id + K£)9 + Wyt = 0, and therefore z (cf. (4.29)) vanishes
identically. As a consequence, (4.28) and (4.27) are simplified to

Lid+ K, -V O\ (Y
(5l () = (5)- (31

Introducing now the function p: Q7 — C defined by
p(x) = (Thr)(x) — (T d)(x) Vx€Qr,
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and applying again the trace properties (3.7), we obtain

%ld + K/c _VKJ dj — ’7+p
~W,.  3id—K:) \9 oyp)

which, compared with (4.34), and using (4.33), gives
Ytp =+ and Ofp =19 = p;w?y u-v on T. (4.35)

Then, recalling that & := (o,¢) € X, and integrating by parts in 2, we find that

1 _ L _
Py (05 p,7tp) = Wr,y ) = —(wao,y )

_ —/u-diva _ /a':Vu — 2 [ufZq - /Cs(u):e(u),
Q Q Q

which yields
m {05 5.7 p) } = 0.

This identity and the fact that p satisfies the Helmholtz equation Ap + x?p = 0 in QT and the
Sommerfeld radiation condition (2.3) with p; = 0, imply, thanks to the Rellich theorem (cf. [9,
Theorem 2.12] or [24, Lemma 9.9]), that actually p vanishes identically in QF. Thus, it is clear from
(4.35) that ¢ = 0 and ¥ = 0 on I', whence,

ywvo =0 and vy u-v=0 on I.

The above together with (4.24) and the first equation in (4.26) show that u solves (2.4), and therefore,
because of our hypothesis on ks, u must also vanish identically in €2, which completes the proof.
g

At this point we remark that analogue arguments to those employed in the previous theorem
allow to show that actually z also vanishes in the original non-homogeneous coupled problem (3.16)
(equivalently (3.21)). In other words, z is an artificial unknown that is introduced in the formulation
only to stabilize the boundary integral equations. A similar situation holds in [16].

5 Analysis of the Galerkin scheme

In this section we introduce a Galerkin approximation of (3.5) and prove its well-posedness.

5.1 Preliminaries

We first let {7}, }n>0 be a shape-regular family of triangulations of the polyhedral region Q by tetra-
hedrons T of diameter hp with mesh sizes h := max{hp: T € T, }. We denote by {7}, (I")}x>0 the
family of triangulations induced by {7 }xr>0 on I'. In what follows, C(T") is the space of continuous
functions on I, and given an integer £ > 0 and a subset S of R?, P(.S) denotes the space of polynomials
defined in S of total degree < ¢. In addition, following the same terminology described at the end of
the introduction, we denote Py(S) := [P(9)]? and Py(S) := [P(9)]>*3. Then, we define

Hy, = {Th € H(div; Q) : 7|l € Po(T) VT € 771}7
by, = {gph e C(T): pulp € PA(F) VF € 771(1_‘)}’
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6 = {xn € L*0): ilr € B(F) YF e ThO}, re {01},
and introduce the finite element subspaces of X and Y, given, respectively, by
Xy = {?h:(Th,goh)EHhx@h: TRV = — @RV oOn I‘}, (5.1)

and
Y, = {ShGY: Sh‘TEIP()(T) VTE’]?L}.

In addition, throughout the analysis below we will also need the space
U, = {vh € LXQ): wiplr € Po(T) VT € n}

Note that Hj, x Uj x Y}, constitutes the lowest order mixed finite element approximation of the linear
elasticity problem introduced recently by Arnold Falk and Winther (see [3], [2], [7]).

Hence, the finite element scheme associated to our coupled problem (3.5) is defined as: Find
(Eh,ﬂh,zh) € Xp =X X @2 X @;, and r;, € Y, such that

A((a\-hvﬂhazh)a (?3X7w)) + B((’/T\,X,U)),I'h) = F((?,X,U})) V(?aX,w) € Xha

B((&h,ﬂh,zh),s) = 0 Vs e Yy.

(5.2)

The well-posedness of (5.2) will be proved below in Section 5.3. We previously collect in what
remains of this section the approximation properties of the subspaces involved, and then in Section
5.2 we introduce a mixed finite element approximation of the operator P|x, (cf. (4.3)).

Given 6 € (0,1], we let &, : HO(Q) N H(div; Q) — Hj, be the usual BDM interpolation operator
(see [6]), which, given 7 € H?(Q) N H(div; Q) is characterized by the identities

/Eh(T)V-p:/TV-p Vp e Pi(F), VFeTy). (5.3)
F F
Moreover, the conmuting diagram property yields

div(&, (7)) = Pu(divr) V7 € H(Q) N H(div; Q), (5.4)
where Py, : L2(Q2) — U, is the L?(Q)-orthogonal projector. In addition, it is easy to show, using the
well-known Bramble-Hilbert Lemma and the boundedness of the local interpolation operators on the

reference element T (see, e.g. [15, equation (3.39)]), that there exists C' > 0, independent of h, such
that for each 7 € H?(Q) N H(div; Q) there holds

Im = &@llor < Ch3{Irlsr + ldivrlor} YT € T (5.5)

We now let 7, : H*(I') — &, be the Lagrange interpolation operator and Ry, : L2(Q) — Y}, be
the corresponding orthogonal projector. Then we have (see [6]):

(AP¢) For each § € (0,1] and for each T € H°(Q), with divr € H?(Q), there holds
7 = En(T)laivia < CA {HTH6,Q + [[div 7[5 } :
(APZ) For each s € (1,2],t € [0,1], and for each ¢ € H*(T") there holds (cf. [27, Theorem 4.3.22] )
le = mr(@)ller < Ch lgllsr-
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(APY) For each 0 <t < s < 1 and for each x € H*(T'), there holds (cf. [27, Theorem 4.3.20])

inf [lx = xall-er < AT s -
Xn €0}

(AP?) For each € € (0,1] and for each s € H(Q2) N LZ,,(), there holds

asym

s = Ru(s)llo,o < Cht sl -

(AP}!) For each t € (0,1] and for each v € H(Q), there holds

v —=Pr(v)llo < Ch [[v]a.

Note here that (AP{) is actually a straightforward consequence of (5.4), (5.5), and (AP}).

We end this section with an approximation property of our finite element subspace Xj, (cf. (5.1)).
For this purpose, we assume from now on that {7},~0 is quasi-uniform around I'. This means that
there exists an open neighborhood of I', say Qr, with Lipschitz boundary, and such that the elements
of Ty, intersecting that region are more or less of the same size. In other words, we define

Trp = {TGE: TﬂQr;ﬁ@},
and assume that there exists ¢ > 0, independent of h, such that

hr < in h Vh>0. 5.6
R >0

Note that this assumption and the shape-regularity property of the meshes imply that 73(T"), the par-
tition on I inherited from 7j, is also quasi-uniform, which means that there exists C' > 0, independent
of h, such that

hr = max{diam{F}: FG’EL(F)} < Cmin{diam{F}: FG'E(F)}.

In addition, the quasi-uniformity of 7,(I") guarantees the inverse inequality on @,11, the subspace of
L?(T') given by the piecewise polynomials of degree < 1, that is, in particular,

—-1/2
Ialor < Che'Ixallzsjar  Yxn €6} (5.7)
Then, we are now in a position to establish the following lemma.

Lemma 5.1 Given e € (0,1], define X, := {H(div; Q)N Hg(Q)} x HY?*€(T'). Then, there ezxists a
linear operator Iy, : X, — X}, such that for each T = (1,¢p) € X N X, there holds

17~ @l < C{llr — Em)llasvo + e = mn(@)yar } - (5.8)

Proof. Given 7 := (1,¢) € X N X,, we let v € H!(Q) be the unique solution (guaranteed by the
Lax-Milgram Lemma) of the vectorial Laplace problem

Av = Hll/p{gh(T)V + Wh(go)u} in Q

ov
52&(7’)1}4—7%@0)1/ on T, /Qv—O,
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whose corresponding continuous dependence result states that
vliLe < Cllén(T)v + m(e) V-1 (5.10)

Actually, since the Neumann data &,(7)v + m,(p) v, being a piecewise polynomial of degree < 1,
belongs to H(I') for any § € [0,1/2), we deduce that we have at least H3/2(Q)-regularity for the
solution v and (see [14])

IVliz/2.0 < CliEn(T)v + () vlor- (5.11)

Moreover, since Q** := Q\Qr is an interior region of €2, the interior elliptic regularity estimate (see,
e.g. [24, Theorem 4.16]) says that

[Vll20m < CliEn(T)v + (@) vl -1/2r- (5.12)

Next, we define ¢ := Vv in , whence ¢ € H'/?%(Q), and observe from (5.9) that
1
div¢ = |Q‘/ {Sh(r)u + m(p) u} in Q, and Yw¢ =&(T)v + m(p)vy on I', (5.13)
r

which, in particular, implies that ¢ € H(div; ). Hence, we now set

I(7) = (En(T =), mn(p)) € Hp x Py,

and show that I, is well defined, that is I;(7) € Xj. In fact, employing the characterization (5.3) and
the second identity in (5.13), we find that for each F' € T,(I") and for each p € P1(F), there holds

/th(ou-p:/Fpr:/F{eh(T)u+m(<p)v}-p

which, noting that {Eh(‘r -Qv + ﬂh(cp)l/HF € Py(F), yields E(t —¢)v = —mp(p)v on T.
We now aim to prove (5.8). We first observe, applying the triangle inequality, that
17 - L@)x < 207 = e P)lava + 21E(OGivia + o = (@)1 j2r - (5.14)
Then, using the first identity in (5.13), which says that div { € Uj, and (5.4), we deduce that
1€ (O aive = 1€ (OIFa + Idiveia
) ) (5.15)
< G {lIEn©lBa + I v + (@) VI jor b

Now, adding and substracting v 7 = — @ v on I', and applying the trace theorem in H(div; ), we
find that

1En(T) v + Ta(@)vl1jor < lw (T = En(T))ll-1jor + I(e — ma(@)) VIl-1/20
o,r} (5.16)

C1 {IIr = &(m)llaive + e = m(@)lar |

IN

1 {Im = &Ml + lle = ma()]

IN

It remains to estimate ||£,(C)||0,0. In fact, defining the sets

O o= U{T: T e Tp,h} and Qi = O\Qp, C Qi

20



and using the stability of &, when applied to H! ("), and the estimate (5.12), we find that
1€(Ollo. < 1€ ()0, + [1€R(C)
< Colvllzgue + [[E(Q)]o0r,, (5.17)

< Gsllén(m)v + mu(@) vl—12r + [1ER(C) 0.0 -

In turn, adding and substracting { = Vv, and utilizing the upper bound (5.10), the estimates (5.5)
(with 0 = 1/2) and (5.11), the first identity in (5.13), the quasi-uniformity bound (5.6), and the inverse
inequality (5.7), we arrive at

1) 0, < Ca {IC = QIR0 + () ¥ + ma(@) VI 1yar |

< Cs Y VI + Cslidivel§a + Callén(m) v + mu(@) VI o r
TeT;(T) (5.18)

Ce hr [|Ex(T) v + (@) Vildr + CallEn(T) v + mn(@) vl o r

|07QF,h

IA

IN

CrlEn(T)v + male) VH2—1/2,F :

Finally, (5.14), (5.15), (5.16), (5.17) and (5.18) finish the proof.

5.2 A mixed finite element approximation of P|x,

In what follows we introduce uniformly bounded linear operators P, : X;, — X}, so that Py (7h)
becomes a suitable discrete approximation of P(7},) for each 71, := (74, ¢n) € Xp, and then provide
the corresponding estimate for the error ||P(7h) — Pr(Th) div:0-

Given T, = (Th,¢n) € X, C X, we first recall from (4.1) and (4.3) that
P(Tn) =0 and  P(Th) = (P(Th),¢n), (5.19)
where & := Ce(u) and 1 is the unique solution of the problem
6 =Ce(u) in Q, dive =divr,+r(Th) in Q,
(5.20)
Ywe = —ppv on ', ac(id—M)(L*Q)).

Then, proceeding analogously to [13, Section 5.2], we let (6p, 4y, T) € Hy x (I —M)(Up) x Yy be
the usual mixed finite element approximation of the solution of (5.20) and define

Py(Th) == 0n  and  Pp(Th) := (Pu(Th), ¢n)-
It is not difficult to show, as in [13, Section 5.2, Theorem 5.1 and eq. (5.27)], that there hold

1P Ga)llaive < C{lImnlaa + lenlior (5.21)

P,(7h)v = —ppv on T and /Ph(?h) 18, =0 VS8, € Yy, (5.22)
Q

It is clear that (5.21) yields the uniform boundedness of Py, while the first equation of (5.22) guarantees
that P, (7p) belongs to Xj. In addition, following the same arguments of the proof of [13, Lemma 5.4],
that is using the definition (5.19), the conmuting diagram identity (5.4), the approximation properties
(5.5), (AP}), and (APj}), and the regularity estimate for (5.20) (cf. (4.2), (4.7)), we can prove the
following error estimate.
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Lemma 5.2 Let € > 0 be the parameter defining the reqularity of the solution of (5.20). Then, there
exists C' > 0, independent of h, such that for each Tj, = (Tp,pn) € Xy, there holds

IP(Th) — Pr(Th)llaivie < Ch {HdiVTh 0.0 + H(Ph\h/z,r}- (5.23)

5.3 Well-posedness of the discrete formulation

In this section we prove the well-posedness of our mixed finite element scheme (5.2). To this end,
as established by a classical result on projection methods for Fredholm operators of index zero (see,
e.g. [22, Theorem 13.7]), it suffices to show that the Galerkin scheme associated to the isomorphism

( ABO ]?) ) is well-posed. Therefore, in what follows we prove that B (cf. (3.20)) and Ag (cf. (4.13))

satisfy the corresponding inf-sup conditions on the finite element subspace X; x Yy, thus providing
the discrete analogues of Lemmata 4.1 and 4.5.

We begin with the discrete inf-sup condition for B.
Lemma 5.3 There exists 5 > 0, independent of h, such that for each s, € Yy, there holds

|B((?h> Xhs wh)a Sh) ‘

sup = —— = Blisallog-
Fhroxnwn) €Xp ||(Th7Xhawh)||X
(ThsXn,wp)#0
Proof. Tt suffices to note that B((Fp, xn,wn),8h) = — ps w? / Ty @ s, and then apply the inf-sup
Q
condition given by [13, Lemma 5.5]. O

We now let @h be the discrete kernel of B, that is

vy, = {(?h,Xh,wh) € Xt B((Fn,xnwn)ysn) = 0 Vs, € Yh}

~

= {(?haXhawh) € Xy /ThZSh =0 VSheYh}.
Q

Then, the discrete weak coercivity of Ag is established as follows.
Lemma 5.4 There exist C, hy > 0, independent of h, such that for each h < hy there holds

sup | Ao((Th, Xk, wh)s (Oh, Ins 21)) |

G r0mren) T (T h, Ins 20) 5
(G h:On:2n) 70

> ClFnoxnwn)lls Y Fnyxnswn) € Vi (5.24)

Proof. Let us introduce the linear and bounded operator =, := (2P;, — id) : X, — Xj, which
constitutes a natural discrete approximation of the operator = := (2P — id) : X — X (cf. Section
4.2). Tt follows from (5.23) (cf. Lemma 5.2) that for each 7), := (7p,¢n) € X, there holds

I12(Th) — En(Tn)llaivie < ChS {HdiVThHo,ﬂ + HSOhHl/z,F} < Che||7nlx.

Then, adding and substracting (2(T1,), Xy, @n)), using the boundedness of Ag, and applying the
inequality (4.21) (cf. Lemma 4.5), we find that for each (Tp, xp,wp) € X} there holds

‘Re{ Ao((Th, Xns wh), (Eh(ih)aYm@h))}‘
[Re{ (P, xn wn), (EFa), % @) | = Che 7l

{a = O} | Enovnwn) 2.

Y

v
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from which we deduce the existence of ¢, hy > 0 such that for each A < h; there holds
’RG{AO((:’:haXh;wh)a (En(Th)s Xn>Wn)) } ‘ > c||Froxmwn)li Y (Froxnwn) € Xy (5.25)

Note, thanks to this inequality, that (Z5(T4), X, Wr)) # 0 for each (T, xn,wy) # 0. Furthermore,
the second equation of (5.22) and the above characterization of V,, imply that (Z5,(F1), X, wn) € Vj
for each (Th, xp,wp) € V. In this way, the discrete inf-sup condition (5.24) follows straightforwardly
from (5.25) and the uniform boundedness of Zj,. O

The well-posedness and convergence of the discrete scheme (5.2) can now be established.

Theorem 5.1 Assume that problem (2.4) has only the trivial solution. Let hy > 0 be the constant
provided by Lemma 5.4. Then, there exists hy € (0,h1] such that for each h < hg, the mized finite
element scheme (5.2) has a unique solution ((G1,9n,2n),th) € Xp X Yu. In addition, there emist
C1, Cy > 0, independent of h, such that

1@ 0 2n) )y < ClFlg | < C{ Il + 195 ll 1o + I pilljor }

and R R
1((&,9,2), ) = (&n, Un, 20),va) gy
. ~ ~ 5.26
< ot @600 - Eevem) sz
((Froxn,wn),sn)€EXp XY,
Furthermore, if there exists 6 € (0,1] such that o € H(Q), dive € H(Q), v € HY/*(T), 9 €
H=24H(T), and r € HY(Q), then there holds

1((&,9,2),) — ((Gh, O, 21) th) gy
5 (5.27)
< C3h {||0'H5,Q + [divelsa + [|1¥li/24sr + [19-1/2460 + ||r||57g},

with a constant C3 > 0, independent of h.

Proof. Thanks to Theorem 4.1 and Lemmata 5.3 and 5.4, the proof of the first part is a direct
application of [22, Theorem 13.7], whereas the rate of convergence (5.27) follows directly from the Céa
estimate (5.26), the fact that z = 0 and the approximation properties (APY), (AP}f), (APY), (APY)
and the special one for Xj, given by Lemma 5.1 (cf. (5.8)). O
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