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A DIFFUSIVELY CORRECTED MULTICLASS
LIGHTHILL-WHITHAM-RICHARDS TRAFFIC MODEL WITH
ANTICIPATION LENGTHS AND REACTION TIMES

RAIMUND BURGERA, PEP MULETB, AND LUIS M. VILLADAC

ABSTRACT. Multiclass Lighthill-Whitham-Richards traffic models [Benzoni-
Gavage and Colombo, Fur. J. Appl. Math. 14:587-612 (2003); Wong and
Wong, Transp. Res. A 36:827-841 (2002)] give rise to first-order systems of
conservation laws that are hyperbolic under usual conditions, so that their
associated Cauchy problems are well-posed. Anticipation lengths and reaction
times can be incorporated into these models by adding certain conservative
second-order terms to these first-order conservation laws. These terms can
be diffusive under certain circumstances, thus, in principle, ensuring the sta-
bility of the solutions. The purpose of this paper is to analyze the stability
of these diffusively corrected models under varying reaction times and antic-
ipation lengths. It is demonstrated that instabilities may develop for high
reaction times and short anticipation lengths, and that these instabilities may
have controlled frequencies and amplitudes due to their nonlinear nature.

1. INTRODUCTION

1.1. Scope. The well-known Lighthill-Whitham-Richards (LWR) kinematic traffic
model [20, 28] states that the density of cars ¢ = p/pmax, where p is the local
number of cars per mile and pp.x iS some maximum bumper-to-bumper density,
can be described by the conservation law 0:¢ + 0y (¢pv(¢)), = 0, where ¢ is time,
x is the spatial coordinate along either an unbounded, one-directional highway or
a closed circuit, and the local velocity v = v(z,t) is a given function of the local
density, v = v(p(x,t)). It is usually assumed that v(¢) = v™**V (¢), where v™2* is
the preferential velocity of drivers on a free highway and V' is a hindrance function
describing the drivers’ behaviour of reducing speed in presence of other cars. The
function V satisfies V(0) = 1 and V’(¢) < 0. These assumptions lead to the
one-dimensional scalar conservation law

Op+ 0, f(¢)=0, zeR, t>0, (1.1)
were the flux density function f is given by
f(@) = gu() = vV (9). (1.2)
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The model (1.1), (1.2) has been extended in several directions. On one hand,
Nelson [22, 23] showed that introducing an anticipation length L and a reaction
time 7, replacing V (¢(z,t)) by V(¢(z+L—v™*V 1, ¢t—7)) and neglecting O(L?+172)
terms when expanding the latter expression around (z,t), one obtains a “diffusively
corrected” version of (1.1), (1.2) of the following form:

Here, L may also depend on ¢, and under certain restrictions on L = L(¢), 7 and
v(¢), the funcion A is Lipschitz continuous and increasing so that the governing
equation (1.3) of the diffusively corrected LWR model (“DCLWR model”) is a
strongly degenerate parabolic PDE in the sense that A(¢) = 0 for ¢ < ¢, where
¢ is a critical density value (e.g., a perception threshold), and A’(¢) > 0 for
¢ > ¢. Properties of (1.3), under the additional assumption of abruptly varying
road surface conditions, were analyzed in [8]. On the other hand, Benzoni-Gavage
and Colombo [3] and Wong and Wong [33] extended the LWR model (1.1), (1.2)
to a multi-class model, the so-called “MCLWR model”, by distinguishing IV classes
of drivers associated with preferential velocities v*** > v5*?* > ... > o**. For
the MCLWR model, the sought quantity is the vector ® := (¢1,...,éx)T of the
densities ¢; of the cars of the different driver classes. The local velocity v; of vehicles
of driver class i is given by v; = v;(¢) = V™V (¢) for i = 1,..., N, where we define
¢:=¢1+---+¢n. Thus, the MCLWR model is given by a strongly coupled system
of nonlinear first-order conservation laws of the type

T
KP4+ 0. f(®)=0, z€eR, t>0; f(P)= (f1(<I>), - .,fN(<I>)) , (1.4)
where the components of the flux vector f(®) are given by
fl(q)) = q{)ivi(qﬁ) = gbl"l);naXV(qb), 1= 1, ey N. (15)
It can be shown [14, 35] that the system (1.4), (1.5) is strictly hyperbolic for ® €
DY ={PcRN | ¢y >0,...,6n8 > 0,6 < 1}.

It is the purpose of this paper to introduce a new model, called diffusively
corrected multi-class LWR model (“DCMCLWR model”), by combining the as-
sumptions of the DCLWR model with those of the MCLWR model. In particular,
we associate class ¢ of drivers with the triple (v*** L;;7;), ¢ = 1,..., N, which
means that drivers of different classes may have different preferential velocities,

anticipation lengths, and reaction times. The resulting model, which reduces to
(1.3) and (1.4) in the respective limit cases N = 1 and L = 0, 7 = 0, where

L:=(Ly,...,Ly)T and 7 := (71,...,7n)7T, can be cast as a quasi-linear system of
second-order PDEs of the form
H® + O, f (@) = 0, (B(P)9,P). (1.6)

Here the flux vector f = f(®) is the same as in the MCLWR model, and B =
B(®) is an N x N matrix expressing the diffusive correction. The precise func-
tional form of B(®) depends on the choice of V(¢) and the vectors of parameters
pmax = (pmax o pma)T O p and 7

The system (1.6) is supplied with an initial condition and periodic boundary
conditions. We formulate, and in part evaluate, a stability criterion for the model
(1.6) based on an analysis of the eigenvalues of the matrices
i

M(®,¢) ::5

J¢(®) + B(®) e CV*N | ¢ e Ry, (1.7)



MULTICLASS LWR MODEL WITH ANTICIPATION LENGTHS AND REACTION TIMES 3

where i = v/—1 and J¢(®) denotes the Jacobian matrix of f(®). Furthermore, by
a series of numerical experiments we illustrate the behaviour of solutions to (1.6),
and in particular the effect of different values of L; and 7; for different classes of
drivers.

1.2. Related work. To put the paper into the proper perspective, we mention
first that the MCLWR model has been analyzed in a number of papers including
[4, 15, 21, 35]. In particular, its hyperbolicity has been established [15, 35] and the
admissible waves of the Riemann problem have been investigated [35]. Moreover,
the model (1.4), (1.5) admits a separable, strictly convex entropy since the corre-
sponding Jacobian matrix J¢(®) is diagonally symmetrizable [3, 4]. Component-
wise or characteristic high-resolution numerical schemes for (1.4), (1.5) involving
weighted essentially non-oscillatory (WENO) flux reconstructions are advanced in
[11, 14, 34, 36]. On the other hand, particularly simple first- and second-order
difference schemes for the same problem that rely on the structure of the fluxes f;
(1.5) along with the definite sign of the velocities v; are introduced in [7]. Variants
of the original MCLWR model (in the sense of [3, 33]) have been proposed and in
part analyzed for highways with varying road surface conditions [10, 37, 38], traffic
flow on networks [17, 24], and stochastic fundamental diagrams (equivalent to the
velocity functions v;) [25].

Several alternative approaches have been pursued to extend the LWR model to
finite reaction times and anticipation lengths. The treatment by Sopasakis and
Katsoulakis [31] (see also [18]) for one driver class leads to a scalar conservation
law with a non-local flux involving a non-symmetric “anticipation kernel”. In [26] a
linear stability analysis is applied to a second-order macroscopic local traffic model,
and a corrected “effective density” sensor accounts for aggressive or timid drivers. A
related analysis is presented in [30]. Ngoduy and Tampere [27] study the influence
of different reaction times (of a single driver class) in terms of the same model.
Their condition for traffic stability reads [27, Eq. (39)]

1

< —2¢2|V’(¢)\v"‘a" for0<op<1 (1.8)

T

(in our notation). If this condition is violated, then their model can develop insta-
bilities that can be considered as stop-and-go waves. The relation between reaction
times and anticipation lengths and traffic stability is also discussed in [32].

Finally, we mention that other kinematic flow models that give rise to systems
of the type (1.6) include the sedimentation of polydisperse suspensions [5] and the
settling and creaming of dispersions of droplets [1]. These models are typically
posed with zero-flux boundary conditions on a bounded z-interval.

1.3. Outline of the paper. The remainder of this paper is organized as follows.
In Section 2 we describe the DCMCLWR model accounting for anticipation lengths
and reaction times. In Section 3 a parabolicity analysis is performed and its re-
sults are confirmed by the numerical experiments described in Section 4. Some
conclusions are drawn in Section 5.
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2. A DIFFUSIVELY CORRECTED MCLWR MODEL

2.1. The model equations. Assume that vehicles of class i have the preferential
velocity v;*®*, where

,Uinax Z ,Uénax Z . Z U]mvax > 0. (21)
Following the reasoning in [22] (see also [8]), we now assume that the behavior
of drivers of class i is associated with an anticipation distance L; and a reaction
time 7;. Then the reaction of the driver does not depend on the spot value ¢(z,t),
but rather on

pi(z,t) == ¢ (x+ L; — v Vr,t — 7). (2.2)

This formulation takes into account that v***V'7; is the distance travelled by a car
of class ¢ in a time interval of length 7;. Furthermore, note that (as in [8]) notation
is ambiguous in (2.2) since we are not specific about the argument of V" inside (2.2).
To turn (2.2) into a usable expression for the flux f;, we expand V' (p;(x,t)) around
od(x,t). Writing ¢ = ¢(x,t) and denoting

T:= max 7;, L:= max L,
1<i<N 1<i<N

we obtain
Vipi(a, 1)) = V(6) + V' (9) (0 (Li — o™V (9)7:) — 1016) + O(2 + I2). (2.3)

Summing the conservation laws 9y¢; + O, (v/***¢;V(¢)) = 0 over ¢ = 1,..., N and
defining v™a* = (vPax e T yields

N
O = Opp = —0, (V()@ o).

k=1

Inserting this result into (2.3) we get

Vipi(w, ) = V(6) + V'(0)((Li = 0™V (6) 96 + 70 (V ()T 0"™))
+O(T% + L?).

Neglecting the O(72 + L?) term and inserting the remaining expression into the
conservation equations

8t¢z($,t)+8x(¢2(177t)’01($,t)) :Ov ’Ui(IZ?,t) :U;naxv(pi(z7t))a 1= 17"-3Na

we obtain a system of the form (1.6), where the components of the flux vector f(®)
are given by (1.5) and, if we assume for a moment that no perception threshold
for the anticipation length or reaction time is introduced, then the entries of the
diffusion matrix B(®) are given by
@ij(®) = =V'(¢) (Li + 7 [V (@)@ T0™™ + (0™ — 0™V (9)]) ¢,
1<ij<N.

We recall that the entries of J¢(®) = (0fi(®)/0¢;)i,j=1

0fi(®)
0o;

(2.4)

N are given by

.....

=" (6, V() + ¢ V'(8)), i,j=1,...,N.
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In this paper we focus on the hindrance functions V according to Dick [13] and
Greenberg [16], namely

1 for ¢ < ¢DG7
—Clng¢ for ¢ > ¢pa

with a parameter C' > 0, where we employ the common value C = e/7 ~ 0.38833
such that ¢pg = exp(—1/C) = 0.076142. Alternatively we use the common linear
Greenshields (GS) velocity function
V(e)=1-¢. (2.6)
Note that in view of (2.4), the particular form of the velocity function (2.5)
implies that B(®) = 0 for ¢ < ¢. = ¢pa, so (1.6) degenerates to the first-order
system (1.4) for the corresponding vectors ®. Thus, the resulting model is strongly
degenerate. In general, and following [29], we assume that ¢. is an explicitly known
perception threshold or critical density such that the drivers’ reaction is instanta-

neous in relatively free flow, i.e. when ¢ < ¢., and otherwise is modeled by the
diffusion term. Thus, for a unified treatment we assume that

0 if ¢ < ¢,
aij(q)) if ¢ > ¢c~
2.2. Stability analysis. We perform a linearized stability analysis for the system
(1.6) under the assumptions of the DCMCLWR model. The linearized equation
for a small perturbation u about a constant state ®(©) is obtained by substituting

® = & 4+ y into (1.6) and neglecting quadratic terms in w. This yields the
following linearized version of (1.6):

Ou + JO,u = Bo?u, where J := J5 (@), B := B(2©). (2.8)

We now seek solutions of (2.8) of the form wu(z,t) = z(¢;£) exp(i€x) for a fixed
frequency €. The vector function z satisfies the system of ordinary differential
equations

V(¢) =min{l,—Cln¢} = { (2.5)

B(@) = (Bij(q)))i,j:L...,N’ where B”(q)) = { (27)

2 =Mz, (2.9)

where / = d/dt and M = M(®© ¢) is the matrix defined in (1.7). The general
solution of (2.9) is of the well-known form

T
2(t;6) = ) exp(—€°\t) (1, ), (2.10)

j=1
where Aq,..., A\, are the eigenvalues of M that appear in its associated Jordan
blocks of corresponding sizes my, ..., m;, where m; +---+m, = N, and q, are

polynomials (with vectorial coefficients related to the Jordan decomposition basis)
of degree less or equal m; — 1. If limy_, 4 o |2(£;€)| < 00, then Re(A;) > 0if m; =1
or Re()\J) > 0 if m; > 1.

With respect to the instability phenomena predicted by eigenvalue analysis of J
and B, we mention first that if B has an eigenvalue A with Re(A) < 0, then it
turns out that M will do so for [£] > &, for some &y. It would then follow that this
would trigger a growth of z(¢;&) in (2.10) when ¢ — oo for |£| > &. This would
completely ruin the solution of the nonlinear system, for, although the nonlinearity
would prevent the amplitude of the oscillations from growing indefinitely, these
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oscillations would appear in all frequencies above &;. Milder instabilities would be
expected if B has eigenvalues with positive real parts but M does not, since this
should only hold for relatively small values of £&. These phenomena are illustrated
in the numerical examples.

Considering separately the two terms of the matrix M (cf. (1.7)), namely (i/&)J
and B, we obtain that the linearized stability condition for (1.6) when B = 0
is exactly the hyperbolicity condition for the resulting system (£ can take any
sign), whereas the linearized stability condition when f = 0 is directly inherited
by the condition on M, i.e., the eigenvalues of B = B(®®) should have non-
negative real parts if they are simple and strictly positive real parts if they have
some corresponding Jordan block of non-trivial dimension. Unfortunately, J having
real eigenvalues and B having eigenvalues with strictly positive real parts does not
imply that eigenvalues of M have strictly positive real parts, as the following simple
counterexample shows: with £ =1 and

1 0 -1 -3
= 5 e 5]
the eigenvalues of M = iJ + B are —0.2332 —2.2436i and 2.2332 4 4.2436i, whereas
the eigenvalues of B are 1 & 2.2361i.
This discussion illustrates that the satisfaction of the stability criterion stipulated

by (2.10), namely that the pairwise distinct eigenvalues Aq,..., A, of the matrix
M = M(®© ¢) satisfy

ReA; <0,...,Re),. <0, (2.11)

can in general not be evaluated exactly by analyzing J and B separately. However,
some special cases are tractable. These include the DCMCLWR with drivers hav-
ing the same maximum speed so that classes of drivers are distinguished by their
reaction times and anticipation lengths (see Sect. 2.3).

2.3. DCLWR model with drivers having the same maximum speed. Let
us consider the model (1.5), (1.6), (2.4) under the assumption

PR = L = X gax, (2.12)

This means that the classes of vehicles are distinguished only by the drivers’ reaction
times 7; and anticipation lengths L;. Under the assumption (2.12), and defining
e:=(1,....,1)T, D, :=diag(ry,...,7n) and Dy, := diag(L1, ..., Ly), we obtain

Tp(®) = 0™ (V(e)I + V' (¢)®e"),
B(®) = —V'(¢)v™** (v ¢V’ (¢)D+® + Drd)e’. (2.13)

Under the present assumptions, and setting ® := ®© and ¢ := ¢(9), we obtain
M = p™** EV((b)I +V'(9) <2<I> — (vmaX¢V'(¢)DT + DL)<I>> eT} .

This matrix is a rank-one perturbation of a multiple of the identity matrix I, and
its eigenvalues are given by

fu = e va) V() (fcb — (V)7 + LT)@)] ,
Ry e e — Ay — vmaxévw),

(2.14)
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with the corresponding one- and (N — 1)-dimensional eigenspaces
V) = {w eCVN:w=a (2@ — (v™*¢V'(¢) D+ + DL)<I)> , a € R} ,
Vo,.n={we RY : eTw = 0},

so that all Jordan blocks are trivial. On the other hand, the rank-1 matrix B(®)
defined by (2.13) has the eigenvalues

B = =V (@) (0™ ¢V (¢)rT + LT)®, By =--- =y =0,

which are the real parts of M, AN given by (2.14). We have proved the following
lemma.

Lemma 2.1. Under the assumption (2.12), the stability criterion (2.11) is violated
for a vector ® := &) i.e. the matriz M has an eigenvalue p with Re u < 0, if and
only if V'(¢) < 0 and (v™®*¢V'(¢)T" + LT)® > 0, that is, if the matriz B has a
negative eigenvalue 3.

3. PARABOLICITY ANALYSIS

We first quote some results from [12, 14] that are needed to establish the stability
results of each of the convective and diffusive terms appearing in (1.6).

Theorem 3.1 ([14]). Assume that the components of f(®) are given by (1.5), and
that the velocities v are ordered according to (2.1). If ® € D°, then the Jaco-
bian J§(®) has N pairwise distinct real eigenvalues A1,..., Ay, and the following
interlacing property holds:

VI LV (0) (0™ TR < Ay < 0B < An_p < OB < e < 0l <\ < e,

Theorem 3.2 ([12]). The eigenvalues of B(®) are given by p; = —V'(¢)N\;, i =
1,..., N, where

e 1z c, (C? Yz
)\121(4102) s A221+<4102> , Azg=---=Ay =0,
where we define
N
C1 = dop™ (L + V' (¢)(v™™)"®),
k=1
al L L
Cy = igl Giv;" U T (ﬁ — T—j + (v — v?lax)V(gb)) (V™ = ")V ().

1<j

(3.1)

A sufficient condition for B(®) to have eigenvalues with non-negative real parts
only is that Cy,Cy > 0 and C? # 4C,.

Since C? # 405 generically, we henceforth use Cy, Cy > 0 as a sufficient condition
for B(®) to have eigenvalues with non-negative real parts only. From the next result
we can obtain reaction times that ensure that the matrix B(®) has eigenvalues with
non-negative real parts only with velocity functions V(¢) that satisfy

1 for ¢ < ¢,
o= {W(¢> for ¢ > o, (3:2)
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where W is a function that satisfies W (¢.) = 1, W(1) = 0 and W'(¢) < 0 for
¢. < ¢ < 1. For instance, W(¢) = —Cln¢ with ¢. = ¢pg gives the Dick-
Greenberg model (2.5) and W(¢) = (1 — ¢)/(1 — ¢,) produces a variant of the
Greenshields model (2.6).

Theorem 3.3. Let v1"®, ..., v be free velocities such that vi"®* > v§** > ... >
v, V(¢) a velocity function that satisfies (3.2) and
Li = Li(¢) = max{ L, B(0]"V (9))*}, (3-3)
where the parameters Ly, 3 > 0 are chosen such that
Linin < B0)™)2. (3.4)
Then there exist reaction times 7, = T(V*®*) for i = 1,...,N, where 7(v) is a

monotone increasing function and 71 < Lpin/(V]"™¥k), with & = maxg |dV'(9)],
such that the matriz B(®) has eigenvalues with positive real part.

Note that (3.3) is a multiclass version of the equation

(v(¢))2}

2a

proposed in [23] for N = 1, where a is the deceleration and Ly, is a minimum
anticipation distance (regardless of how small the velocity is).

Proof of Theorem 3.3. We consider ¢ > ¢, since B(®) = 0 otherwise. By Theo-
rem 3.2 it is ensured that B(®) has eigenvalues with non-negative real parts only
when C7,Cs > 0, and this is in turn guaranteed when
Ly +mS(®) >0 foral®andk=1,...,N, S(®):=V'(p)®Tv™>  (3.5)
L; L
A== ==L+ ("™ =™ )V(¢) <0 forall®and1<i<j<N. (3.6)
T Tj
Let ¢ = ¢ be the unique solution of Ly, = B(v8)2V (¢)?2, then

max )2 2 N
Li(¢) = {5(% )2V (9)? for ¢ < &7,

L(¢) = max {Lmin,

(3.7)
Lmin for ¢ 2 ¢:

From the assumption (3.4) we deduce that ¢. < ¢7 for i = 1,..., N. Furthermore,

¢; > ¢} for i < j. Moreover, S(®) = V'(¢)®Tv™> > V'(¢)pv™® implies that a

sufficient condition for (3.5) to hold is given by

Lmin .
7 < —— fori=1,...,N. (3.8)
KUY
We consider now condition (3.6). From (3.2) and (3.7) we get
max\2
BOE) _ e if 6 < g,
Ti
L; max max\2 2 ]
7—’UiaV((b): M—U?ﬂm{w&b) if g < ¢ < @7, i=1,...,N.
K3 T’L
Lmin max . %
P — v W(9) if ¢; <o <1,

We consider a pair of indices ¢ < j and discuss the cases determined by ¢ belonging

to [dc, 6] (Case 1), [¢%,¢;] (Case 2) or [¢},1] (Case 3).
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In Case 1, if we use the functional form 7; = 7(v["®¥), for some 7 to be determined,
and denote

wiw,6) = LWL )

then Ayj = (0™, ¢) — (V™. ¢). If 1, < 0 then A;; <0 for i < j, and this is
equivalent to

2T 72 ~ ~
> — - YL B = B(¢) == pW(¢)
v*B
We consider p(v) = v™7(v), with n to be determined so to simplify the latter
expression:
2 2 n—2,.2
o= no" e 40" > no" e 40" <T -z ~> ="l 4 20" — v
v 2p B
We take n = —2 so that this expression yields:
—4,.2 2 l ! !
ps T :_1{2112:_<1) 2_{:_(€> 7
g g H 1 B g
and, upon integration and some algebra,
37y2
2 pu
T=vu > — 3.9
Fer A (8:9)

for some positive A to avoid null denominators.
In Case 2, and taking into account that L, > ﬁ(v;»“ax)2W2 for ¢ > ¢%, we get

Ll max L max
By = 2w (o) - (- o))
i j
ﬂ(rU;nax)Qw((b)2 Lmin

Ti

_ BEEPWOP  maxyr g ( e v;-mxww))

AW o (AT o)

IA

Ti Tj

As in Case 2, if 7 satisfies (3.9) then A;; <O0.
In Case 3 we get

Lmin max Lmin max
0> - U W(e) - ( Y W(¢)>
‘ - ’ (3.10)
— Lmin - = _ max __ ,,max .
(5-7) - weo (- o)

Since W (1) = 0 and vj"** > v"**, then (3.10) holds if and only if 7; > 7;.
Recapitulating, we deduce that (3.6) holds if 7, = 7(w;) with 7 satisfying

2
7> szf’f , forallg, >0,
and, since W (¢) < 1, this is equivalent to
ﬁUQ ’

> > 0. 3.11
T_erA’ = ( )
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We consider the increasing function
N
T(v) == p—
for A > 0 that certainly satisfies (3.11). Therefore, to ensure that B(®) with

7; = 7(w;) has eigenvalues with non-negative real parts only, we use (3.8), so we
need to find conditions on A so that

2
51} Lmin 2

< <— [v° —

v+ AT kuPex Koax

min

(v+A) <0 forall0 <wv <™. (3.12)

The roots of

gu2 — Lmin 44y =0

max
K]
1

Lmin Lmin 2 Lmin 1/2
= — + 4
28 | ko™ <(/<winax> + Bm)inax A)
and (3.12) will hold if w_ < 0 (which is true) and v"®* < w,, which yields after
some algebraic manipulations

are

w4

Lmin Lmin fax)2
Blomex)? < Zmin T g A > (Hﬁ(vl © 1> P S (),
I KUY Lin
This concludes the proof. O

4. NUMERICAL EXAMPLES

In the subsequent series of examples, we solve the system (1.6) numerically for
0<t<Tand 0 <z < L along with the initial and periodic boundary conditions

O(x,0) = Pp(z), 0<z<L; P0,t)=(Lt) for0<t<T,

corresponding to a circular one-directional road of length £. Numerical approxi-
mations are obtained by the Kurganov-Tadmor (KT) scheme [19] applied to the
DCMCLWR model. In fact, Kurganov and Tadmor [19] explicitly propose a ver-
sion of their scheme for convection-diffusion problems of the type (1.6), even though
a well-posedness analysis for systems of PDEs of this type is not available in the
strongly degenerate case. In [5] the same method was applied to (1.6) in the context
of a model of polydisperse sedimentation. To further support the use of the KT
scheme, we mention that numerical experiments conducted in [12] indicate that the
KT scheme and an alternative implicit-explicit (IMEX) scheme designed for (1.6)
that involves a spectral WENO scheme for the convective part converge to the same
solution of (1.6) as At, Az — 0 (under suitable CFL conditions). In some examples
we will compare the performance of the KT scheme with that of one of the schemes
introduced in [12], namely the scheme IMEX-RK(3,4,3).

In the following numerical examples, and unless otherwise stated, the z-interval
[0, £] is subdivided into M = 3200 subintervals of length Ax = £L/M. We denote
by At the time step used to advance the numerical solution from time ¢ = ¢,, to
tpy1 = tn + At and by @7 the vector of numerical solutions associated with cell
[jAz, (j+1)Az), 7 =0,...,M —1, at time t,,. For each iteration, the time step At
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is determined anew by using the following formula (derived from a linearized CFL
condition):
At At

Az 0<j -1 (T (27)) + PALZ 0<EE |

o(B(®})) = Cen,

where p(-) is the spectral radius. In the numerical examples we choose Ccq as the
largest multiple of 0.05 that yields oscillation-free numerical solutions when these
are expected to be so.

Finally, in some of the examples we present approximate L' errors to illustrate
the convergence properties of the numerical scheme. As in [12], these approximate
errors are computed as follows: Let us denote by (¢ (t))M, and (¢}</(t));"5" the
numerical solution for the i-th component at time ¢ calculated with M and M, ¢
cells, respectively. We use cubic interpolation from the reference grid to the M cells
grid to compute ¢t (t) for j = 1,..., M. We then calculate the approximate L'

jyi
error of class i by

M

1 &L | ,

ei(t) :== Vi E M)Jef(t) - ¢%(t) , i=1,....N.
j=1

We define the total approximate L! error at time t as et (t) := ey (t) + - +en(t).

4.1. Example 1 (DG model, N = 4, stable behaviour). In Example 1 we
consider the DG velocity function (2.5), a circular road of length £ = 10mi, N =4
driver classes with the respective preferential velocities v** = 60mi/h, v5*** =
55 mi/h, v8** = 50 mi/h and v*** = 45 mi/h, and a uniform minimum anticipation
length L, = 0.03mi. The reaction times are chosen such that the eigenvalues of
the diffusion matrix B(®) have non-negative real parts for ® € D° C R*. According

to (3.1) this is ensured if the parameters 71, ..., 7n satisfy the following condition:
L . vmax 2 )
Tlﬁﬁ; 7i < (vinal"> Ti—1, ©=2,...,N. (4.1)
i

To satisfy (4.1) here, we choose 7 = 0.0013h, 75 = 0.0011h, 75 = 0.0008h and
74 = 0.0006 h. Figure 1 shows the evolution of the initial traffic “platoon” given by

0.2 10z for 0 <z <0.1,
0.3 1 for 0.1 < 2 <0.9,
Do (x,0) = , = - 4.2
o(@,0) =p(@) | oo [ P) —10(z — 1) for0.9<z <1, (42)
0.3 0 otherwise.

We observe that the system tends to a stationary constant solution.

4.2. Examples 2-5 (DG model, N = 2, unstable behaviour). In Examples 2
to 5 we consider the DG model (2.5), a circular road of length £ = 2mi, and N = 2
driver classes. The preferential velocities of the two classes are given by v*** =
80 mi/h and v5** = 30 mi/h, and a minimum anticipation distance Ly, = 0.03 mi.
For Example 2, the parameters 7 = 0.00096 h and 75 = 0.0025h have been chosen
in such a way that the condition for the PDE (1.3) (for N = 1) to be parabolic for

¢ > ¢, namely
L

T S W for QZSC S ¢ < 1, (43)
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FIGURE 1. Example 1 (DG model, N = 4): (a) initial datum (4.2)
and (b—f) numerical solution at simulated times (b) ¢ = 0.08h, (c)
t=0.2h, (d) t = 0.3k, (¢) £ = 9h and (f) T = 50.0h.

is satisfied by both triples (v™®* L, 1) = (v"®*, L;, 7;), i = 1,2, but that at the same
time Cy < 0 in a subregion of D°. In Figure 2 we show a numerical example obtained
for these values of parameters in which ¢, and ¢ initially have disjoint support, i.e.
drivers of both classes are well separated. The “convoys” of both species initially
evolve according to the scalar model studied in [8, 22, 23], see Figures 2 (a—c). As
soon as both classes enter in contact, unstable solution behaviour emerges, as can

be seen in the oscillatory part of the solution visible in Figure 2 (d).
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FIGURE 2. Example 2 (DG model, N = 2): (a, b, c) stable be-
haviour for individual driver classes (spatially separated), followed
by (d) unstable behavior for mixed driver classes.
(a) (b)
1 T T T T 1 T T T T
0.9 q 0.9 1
0.8 1 0.8 q
0.7 1 0.7 1
o6k C(®)=0 1 06 —
N os q o5 C,(#)=0 q
0.4 J 04 1
0.3 ¢ o 4 03 cz(g):o 4
0.2 q 0.2 1
0.1} %% 1 0.1 ¢]+§2:q’c 1
0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
¢ @

FIGURE 3. Examples 2-8 (DG model, N = 2). Stability region for
the diffusion matrix B and instability region for M for ¢ € [0, 100]
for (a) Examples 2-5, (b) Examples 6-8.

To ensure the parabolicity condition, we choose reaction times according to (4.1)
by setting 71 = 0.0008 h and 75 = 0.0011h in Examples 3-5. As in Example 2, we
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FIGURE 4. Examples 3-5 (DG model, N = 2):

Simulations for

different initial conditions which lie in the stability or instability
region (cf. Figure 3): (a, b) ¢? = ¢3 = 0.15 (Example 3), (c, d)
= ¢9 = 0.4 (Example 4), (e, f) ¢§ = ¢9 = 0.25 (Example 5).

observe that with these reaction times each driver class is associated with stable
behaviour when the respective other class is absent. In Figure 3 (a) we describe a
stability region in the (¢1, ¢2)-plane (phase space) corresponding to points at which
the real parts of the eigenvalues of B(®) are positive. This is a subregion of Rf_
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FIGURE 5. Example 6 (DG model, N = 2). Unperturbed initial
state in stability region of B and initial perturbation in stability
region of B and partially in instability region of M: (a, b) initial
datum and numerical solution at ¢ = 0.1h; (¢, d) phase plane plots
of (c) the initial datum and (d) the numerical solution for t = 0.1 h;
(e, f) numerical solution for 0 < ¢ < 0.1h.

bounded by curves C1(®) = 0 and C2(P) = 0. Next, we choose the initial condition

¢i(2,0) = ¢? + 5¢° [cosh_2 (% (ac — %)) —0.25 cosh ™2 (420 (g‘; _ 1;_2‘6))]
(4.4)
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FIGURE 6. Example 7 (DG model, N = 2). Unperturbed initial
state and initial perturbation in stability region of B and in insta-
bility region of M: (a, b) initial datum and numerical solution at
t = 0.1h; (¢, d) phase plane plots of (c) the initial datum and (d)
the numerical solution for ¢ = 0.1h; (e, f) numerical solution for

0<t<0.1h.

for i = 1,2 (similar to the one proposed in [27]), where §¢° is the amplitude of
perturbation; we here choose §¢ = 0.08. We select the initial density ®° in the
different regions and compute the solution until a finite time. For the initial condi-
tions ¢f = ¢9 = 0.15 (Example 3) or ¢§ = ¢9 = 0.4 (Example 4) (Figures 4 (a—d)),
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IMEX-RK(3,4,3) KT
M error CPU time [s] error CPU time [s]
400 1.7e-3 1.92 1.8e-3 2.29
800 1.4e-3 6.60 1.7e-3 9.92
1600 9.3e-4 25.74 1.2e-3 55.94

3200 2.9e-4 105.91 8.9e-4 308.26

TABLE 1. Example 7 (DG model, N = 2): approximate total L!
errors and CPU times at time ¢ = 0.03 h for the KT scheme with
Cen1 = 0.1 and scheme IMEX-RK(3,4,3) [12] with C¢q = 0.6.

IMEX-RK (3,4,3) KT
M error CPU time [s] error CPU time [s]
400 3.1e4 2.52 4.9e-4 4.05
800 1.2e-4 10.60 2.4e-4 16.82
1600 5.3e-5 39.43 8.9e-5 87.65

3200 2.3e-5 145.04 2.8e-5 490.67

TABLE 2. Example 8 (DG model, N = 2): approximate total L'
errors and CPU times at time ¢ = 0.03h for the KT scheme KT
with Cea; = 0.1 and scheme IMEX-RK(3,4,3) [12] with Ccq = 0.6.

IMEX-RK(3,4,3) KT
M error CPU time [s] error CPU time [s]
400 21.4e-4 2.12 24.9e-4 4.05
800 18.3e-4 9.12 20.3e-4 67.80
1600 14.1e-4 47.38 18.9e-4 274.75

3200 7.23e-5 205.44 10.3e-4 1059.48

TABLE 3. Example 10 (GS model, N = 2): approximate total L'
errors and CPU times at time ¢t = 0.03h for the KT scheme with
Ceqa1 = 0.05 and scheme IMEX-RK(3,4,3) [12] with C.q = 0.6.

1 1 2 3 4 5
L;mi]  0.006 0.012 0.03 0.008 0.028
7;[h]  0.00028 0.00052 0.00132 0.00036 0.00122

TABLE 4. Example 12 (DG model, N = 5, drivers having the same
maximum speed): reaction times and anticipation distances.

which lie both in the instability region, we observe that amplitudes present in the
initial datum are expanded but remain bounded in the instability region, while the
frequencies are extended to maximum frequency. When ¢{ = 0.25 and ¢9 = 0.25
in the stability region (Example 5), simulations (Figures 4 (e, f)) show that ampli-
tudes of the disturbance decrease with time, and that the corresponding frequency
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FIGURE 7. Example 7 (DG model, N = 2): comparison of refer-
ence solution (M = 12800) with approximate solutions computed
by schemes KT and IMEX-RK(3,4,3) [12] with M = 1600.

of oscillation does not increase. In both cases, initial perturbations generate waves
traveling downstream and upstream.

4.3. Examples 6—8 (DG model, N = 2, mildly unstable behaviour). We
continue using the DG model (2.5), consider a circular road of length £ = 4mi
and employ v{"** = 80mi/h, v5* = 30mi/h, 7, = 0.00095h, 75 = 0.00075h and
Lin = 0.01 mi. For this choice of parameters, we observe in Figure 3 (b) that the
instability region of M = M (®,£) is a subset of the stability region of B, which
indicates that bounded or unbounded instabilities could be generated even when
the parabolicity conditions (3.1) are satisfied. As in the last example, we choose
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FIGURE 8. Example 8 (DG model, N = 2). Unperturbed initial
state in stability region of B and large-amplitude initial pertur-
bation partially in instability region of B: (a, b) initial datum
and numerical solution at ¢ = 0.1h; (c, d) phase plane plots of (c)
the initial datum and (d) numerical solution for ¢ = 0.1h; (e, f)
numerical solution for 0 < ¢ < 0.1h.

two initial conditions close to the instability region. We display numerical solutions
for different initial conditions. We observe in Figure 5 that an initial perturbation
is split into two waves, a wave traveling downstream which decreases rapidly in
amplitude, and another wave traveling upstream which can cause traffic instability
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FIGURE 9. Example 9 (GS model, N = 4): (a) initial datum and
solution at simulated times (b) t = 0.08h, (c) t = 0.2h, (d) t =
0.3h, (e) t=9h and (f) t =T = 50.0h.

depending on the initial condition. For ¢{ = 0.04 and ¢9 = 0.47 (Example 6)
and an initial perturbation with amplitude §¢° = 0.03 which does not lie in the
instability region for M, waves traveling upstream and downstream decrease in
amplitude until a steady state is nearly reached. Numerical solutions are displayed
in Figure 5.
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FIGURE 10. Examples 10 and 11 (GS model, N = 2): stability
region for diffusion matrix B and instability region for M.

For ¢{ = 0.12 and ¢ = 0.4 (Example 7) and an initial perturbation with ampli-
tude 6¢° = 0.01, which lie in the instability region for M, waves traveling down-
stream decrease in amplitude, while waves traveling upstream grow in amplitude
and until some frequency, which cause traffic instabilities. Numerical solutions at
different times are displayed in Figure 6. Phase space diagrams are also shown in
order to display how instabilities may be triggered. In Table 1 we calculate total
approximate L' errors and CPU times at time ¢ = 0.03h for two different nu-
merical schemes. The reference solution was calculated using the KT scheme with
M = 12800 subintervals. This information indicates that the numerical solutions
produced by both schemes converge to the same solution as At, Ax — 0. In partic-
ular, the oscillations visible in the numerical solution (see Figure 6 (a, b)) are not
artifacts produced by the numerical scheme.

In Example 8 we choose the constants ¢ = 0.05 and ¢9 = 0.5, which lie in
the stability region, and add an initial perturbation with amplitude d¢° = 0.05 so
that the initial function (¢;(z,0), ¢2(x,0))T defined by (4.4) assumes values that
are in the instability region for B(®). In the numerical solution (see Figure 8) we
observe that waves traveling upstream generate a wave that decreases in amplitude,
and we also observe instabilities that remain controlled. In Table 2 we calculate
total approximate L' errors and CPU times at time ¢ = 0.03h for two different
numerical schemes. This table indicates that oscillations present in the numerical
solution (cf. Figures 8 (a) and (b)) are not produced by the numerical scheme. That
the oscillations are not a numerical artifact is further supported by Figure 7, where
we compare the numerical solutions obtained for M = 1600 with both schemes with
the reference solution, obtained by the KT scheme with M..s = 12800.

4.4. Examples 9-11 (GS model, N = 4 and N = 2). Now, we consider a
DCMCLWR model with the Greenshields (GS) velocity function (2.6) and assume
that B(®) is given by (2.7) with the perception threshold ¢. = 0.05. In Exam-
ple 9 we choose N = 4 and v"®* = 60mi/h, v5** = 55mi/h, v§'** = 50mi/h,
vPe* = 45mi/h and Ly, = 0.03mi. The reaction times are chosen such that the
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FIGURE 11. Example 10 (GS model, N = 2). Unperturbed initial
state and small-amplitude initial perturbation in stability region
of B and in instability region of M: (a, b) initial datum and
numerical solution at ¢ = 0.1h; (¢, d) phase plane plots of (c) the
initial datum and (d) the numerical solution for ¢ = 0.1h; (e, f)
numerical solution for 0 <t < 0.1h.

eigenvalues of B(®) have positive sign. In fact, we ensure that (3.1) holds by choos-
ing 7 = 0.0005h, 79 = 0.0004h, 73 = 0.0003h and 74, = 0.0002h. Figure 9 shows
a time evolution of the initial concentration platoon to a final (nearly) constant
steady state reached at t = 50h.
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FIGURE 12. Example 10 (GS model, N = 2): comparison of refer-
ence solution (M = 12800) with approximate solutions computed
by schemes KT and IMEX-RK(3,4,3) [12] with M = 800.

To analyze chaotic behaviour, we consider in Example 10 a circular road of
4mi. and interaction between N = 2 classes with the respective free velocities
"> = 60 mi/h and v5"** = 30mi/h with an anticipation distance Ly, = 0.01mi.
Instabilities occur when we choose reaction times as 7, = 0.0024 h and 75 = 0.0008 h.
In Figure 10 we display the stability region for the diffusion matrix B(®) and the
instability region for the matrix M. As for the Dick-Greenberg model, we choose
two different initial conditions and show that traffic instabilities can occur. In
Figure 11 we display a time evolution of an initial condition with ¢; = 0.2 and

2 = 0.23 and a perturbation with amplitude 6¢° = 0.02 in the instability region
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FIGURE 13. Example 11 (GS model, N = 2): Unperturbed initial
state in stability region of B and initial perturbation in stability
region of B and in instability region of M: (a, b) initial datum
and numerical solution at ¢ = 0.1h; (¢, d) phase plane plots of (c)
the initial datum and (d) the numerical solution for ¢ = 0.1h; (e,
f) numerical solution for 0 < ¢ < 0.1h.

(Example 10). We observe that the solution is a wave traveling upstream which
grows in amplitude and frequency. We also observe that those instabilities remain
controlled, both in amplitude and frequency. We provide in Table 3 and in Figure 12
information similar to that of Table 1 and Figure 7 for Example 7, illustrating that
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FIGURE 14. Example 12 (DG model, N = 5, drivers having the
same maximum speed): (a, b) total concentration at different

times, (c, d) individual concentrations and enlarged views at times
(¢c) t=10.025h and (d) ¢ =0.1h.

also for this case, the oscillations observed are not a numerical artifact and that
both numerical schemes apparently approximate the same solution.

In Figure 13 we display a time evolution of an initial condition with ¢ = ¢o =
0.18 and a perturbation with amplitude 6¢° = 0.05 in the stability region of B but
with some values in the instability region of M (Example 11). We observe that the
solution consists of two waves traveling downstream and decreasing in amplitude.

4.5. Examples 12 and 13 (DG model, N = 5, drivers having the same
maximum speed). In Example 12 we consider a circular road of 10 mi and choose
N =5 classes of drivers with the same free velocities v™** = 50mi/h. To satisfy
the parabolicity condition (2.11), it is sufficient to choose reaction times 7; and
anticipation distances L; such that 7; < L;(|¢pV’(¢)|v™®*)~! for i =1,...,N. We
employ the DG velocity function (2.5) and choose the reaction times and antici-
pation distances given in Table 4. Figure 14 shows a time evolution of the initial
concentration platoon ®q(x,0) = p()(0.2,0.2,0.2,0.2,0.2)T, where p(z) is given in
(4.2), for which stable behavior is observed.

When condition (2.11) is not satisfied, unstable behavior with non-controlled
oscillations appears. As an example (Example 13) we consider the same initial
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FIGURE 15. Example 13 (DG model, N = 5, drivers having the
same maximum speed): instabilities may occur when the parabol-
icity condition (2.11) is not satisfied.

platoon in the previous example but we choose 7 = 0.00104h. Simulations are
displayed in Figure 15.

5. CONCLUSIONS

We have analyzed the stability of a diffusively corrected multiclass Lighthill-
Whitham-Richards (DCMCLWR) traffic model that takes into account anticipation
lengths and reaction times. The basic result is that to achieve stability, defined in
terms of the linearized version (2.8) of (1.6), it is not sufficient to ensure that the
diffusion matrix B has eigenvalues with positive real parts; rather, one also has
to consider a contribution from the convective part defined by the Jacobian J,
multiplied by i/. Thus, it is not possible in general to identify stable or unstable
solution behaviour with a particular type of (1.6), unless we consider the special
cases J = 0, J being a rank-one perturbation of a multiple of I (as for the case of
equal free velocities discussed in Section 2.3) or B = 0 (as for the standard MCLWR
model). This contrasts, for example, with the stability analysis of a model of poly-
disperse sedimentation [9], whose governing equations can be written as (1.4), and
for which a stability analysis similar to the one conducted in Section 2.2 shows that
a criterion for stable segregation (formation of horizontal concentration interfaces
that move vertically), introduced in [2] for N = 2 and supported by experimental
results, is equivalent to hyperbolicity of (1.4). The predictions of our linearized
stability analysis are confirmed by the numerical experiments in all aspects except
that the nonlinearities in the model prevent the amplitude (and in some cases the
frequency) of the instabilities to blow up. While we associate oscillations in the
numerical solution with unstable behaviour in general, we distinguish between sit-
uations where there is a blow-up of frequency (such as in Examples 2, 3, 4 and 13),
which means that violations of the stability condition lead to strongly oscillating
solutions (akin to those studied in [6]), and situations of mildly unstable behaviour
(such as the ones observed in Examples 5 to 8 and 10) with finite frequencies of
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oscillation, and where numerical solutions can be interpreted as the formation of
stop-and-go waves (although the latter phenomenon is usually associated with much
larger amplitudes, cf., e.g., [26, 27]).

Finally, the present model, the stability analysis and its numerical simulations
allow us to draw some conclusions of stable and unstable traffic flow caused by
heterogeneous drivers’ behaviour. To elucidate this issue, let us first point out that
the condition (4.3), which is precisely the condition for the scalar equation (1.3)
to be (degenerate) parabolic, is very similar to the condition (1.8) derived in [27].
While it is plausible that traffic flow is stable, and for instance free of marked stop-
and-go waves, if reaction times of drivers are sufficiently small, our analysis leads
to a further conclusion for N > 2. Namely, for that case it turns out that to ensure
stable traffic flow it is not sufficient so require that (4.3) be satisfied with L, 7
and v™?* replaced by L;, 7; and v;"®* for ¢ = 1,..., N. This is vividly illustrated
in Example 2: two populations of drivers may produce stable traffic flow when
separated spatially, however, when they start to “mix”, then instabilities occur.
This behaviour is essentially produced by the fact that the larger reaction time 75
of Species 2 (in Example 2) in not sufficiently small in presence of the significantly
faster drivers of class 1. In fact, in view of the assumption (2.1) the criterion (4.1)
states that the eigenvalues of B have non-negative real parts (a condition necessary,
but in general not sufficient, to ensure stability of traffic flow) if the reaction time
7; of drivers of a given class i is adapted to the velocities of drivers of the faster
classes 1 to i — 1. In particular, (4.1) means that 7, > 75 > --- > 7n.
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