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CONVERGENCE OF A LEVEL-SET ALGORITHM IN SCALAR
CONSERVATION LAWS

ANIBAL CORONEL', PATRICIO CUMSILLE!, AND MAURICIO SEPULVEDA

ABSTRACT. This paper is concerned with the convergence of the level-set algorithm introduced
by Aslam (2001, J. Comput. Phy. 167, 413-438) for tracking the discontinuities in scalar
conservation laws in the case of linear or strictly convex flux function. The numerical method is
deduced by an appropriate level-set representation of the entropy solution: the zero of a level-
set function is used as an indicator of the discontinuity curves and two auxiliary states, which
are assumed continuous through the discontinuities, are introduced. We rewrite the numerical
level-set algorithm as a procedure consisting of three big steps: initialization, evolution and
reconstruction. In the initialization step we choose an entropy admissible level-set representation
of the initial condition. In the evolution step we solve at each iteration step an uncoupled system
of three equations (two conservation laws for the auxiliary states and the level-set equation
for the approximation of the level set function) and select the entropy admissible level-set
representation of the solution profile at the end of the time iteration, which is used as the initial
condition by the next iteration. The reconstruction is naturally given by the recuperation of
the entropy solution by using the level-set representation with auxiliary states and the level-set
function determined at the evolution step. We prove the convergence of the numerical solution
to the entropy solution in Lfoc for every p > 1, using L°°-weak BV estimates and a cell entropy
inequality. In addition, some numerical examples focused on the elementary wave interaction
are presented.

1. INTRODUCTION

In this paper we study the convergence of a level-set approximation for tracking the admissible
discontinuities of the following Cauchy problem:

ue + (f(u), =0, (2,t) € Q=R xR, (1.1a)
u(z,0) =ug(x), z€R, (1.1b)

under the following data assumptions

ug € L2 (R), i.e. ug(x) € [um,up] = [essinfr(ug), esssupp(ug)] for a.e. z € R;and  (1.2)
f(u) = au (a constant) or f € C?>(R,R) and f”(u) > a > 0,Vu € R and some a > 0, (1.3)

based on the method of lines [2] and a level set technique [3, 4, 5, 6]. T. Aslam [1] has numerically
studied the algorithm and also make an extension to the system of gas dynamics [7]. However, he
lefts out the theoretical convergence analysis and in our knowledge that kind of results are still
missing.

We recall that under (1.3), in the case of strictly convexity of the flux, the admissible disconti-
nuities or shock waves are characterized by the Rankine-Hugoniot jump condition

s(t) = Llue) = flur)

1.4
pp—— (1.4)

and the Lax entropy inequality
flur) > s(t) > f'(ur), (1.5)
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where s is the speed of the shock curve, u;, and ug are the values of u just on the left and right of
the shock at time t, respectively, see for instance [8, 9]. We note that, the hypothesis (1.3) in the
linear case, implies that the discontinuities in the weak solutions satisfies only (1.4) with s(t) = a
and the condition (1.5) is not required.

Now, we briefly discuss, at continuous level, the key ideas motivating the level-set algorithm.
Let us consider that u admits the representation u = % (p,v,w), where the change of variable
¢ and the auxiliary states p,v and w will be specified later. Assuming that the entropy solution
profile u(-,t1) is given, then the construction of the entropy admissible profile u(-,ts2), for to > t1,
via the original level-set algorithm can be interpreted at continuous level as a procedure consisting
of three stages, as described below:

(i) Selection of initial states at t = t;. We select three functions py, vy, w; : R — R such that

p1(c) = 0 on each ¢ where u(-, ;) is discontinuous;

p1,v1 and w; are continuous through the zeros of py; and (1.6)
u(- ) = %(p1(~)71}1(~)7w1(-)> satisfies (1.4)-(1.5).

(ii) Calculus of the states at t = to. By the relation u = ' (p,v,w), we can perform the
following formal calculus

u+ fw) = 0H(p0,w) [pi+ Fy(p)a] + 00 (b0, w)ps | () = Fy(p)]
+00 7 (p, v, w) {Ut + Fv(v)m} + 025 (p, v, W), [f’(u) — F{,(v)}
05 (p, v, ) [y + Fy (W) | + 857 (p, v, whw, [ (u) = Fly(w)]. (17)

If we select, Fj,, F,, Fy, and 52, such that

F,(p(x,t)) = s(t1) for each © = ¢ zero of p1, F, =F, = f,
81%(]7’1)’11}) =0 for p 7é 07

o5 (p,v,w) =0 for p> 0 and F, = f' for p <0, (1.8)
03 (p,v,w) =0 for p <0 and F! = f' for p > 0,
it is enough to demand that p(-, t2),v(-, t2) and w(-,¢2) must be solutions of
Z¢ + FZ(Z)Q; = 0, (I,t) S Rx]tl,tQ[, .
{ 2(a.t) = =(x) zER, with z1 € {p1,v1, w1}, (1.9)

to deduce that u(-, t) is a weak solution of (1.1).

(iii) Definition of an entropy admissible states at t = to. The information about the discon-
tinuities of u(-,t3) are given by the zeros of p(-,t2), then we can select p; = p(-,t2). The
construction of v and wy are done in terms of pa, v(-, t2) and w(-,t2) and in order to have

that u(-,ts) = ff(pg(.),vz(.),wz(.)) satisfies (1.4)-(1.5).

We note that, when the flux function is linear the relation (1.7) is satisfied with Fj, = F,, = F,, = a
and the step (iii) is dropped.

The numerical level-set algorithm can be stated as an iterative process where each iteration is
the discrete analogue of the steps (i)-(iii). A systematical analysis of this process implies that we
can define the algorithm in three main steps: initialization, evolution and reconstruction. Indeed,
let S the natural level representation of u with the level set function p, see (3.1). First, we
remark that, the step (i) is applied only for the initial condition, since in the next iterations the
condition (1.6) is naturally satisfied by the construction of the step (iii) at the previous iteration.
Then, in the numerical level-set algorithm, we define the first step called initialization to select the
entropy admissible initial states pg, vg and wq representing to ug. Second, we solve numerically the
equations (1.9) at each level of time and define the entropy admissible auxiliary states v and w,
which are used as initial conditions by the next time level. Thus, we introduce the second step of
the numerical level-set algorithm called evolution. Finally, we remark that the numerical entropy
solution of (1.1) can be reconstructed in a natural way by the function 42, this third step of the
level-set algorithm is called the reconstruction step.
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The aim of this paper is the development of a convergence theory for the level-set numerical
algorithm, considering that the equations (1.9) (in the evolution step) are solved by monotone
finite volume methods. In this sense, we recall that the first convergence theory of monotone
finite volume methods for scalar multidimensional conservation laws on cartesian triangulations
was introduced in a seminal paper by Crandall and Majda [10], where the three central key issues
are: (a) The regularity assumptions: f € Lip(R) and uy € L>®(R) N BV (R); (b) The compactness
proof of the numerical scheme is derived from uniform estimate of the bounded variation norm
of the numerical solution and Helly’s theorem; and (c¢) The convergence proof of the numerical
solution towards the unique entropy solution is deduced from a single cell entropy inequality. In
general, the main drawback, for application of this theory, for instance in the case of general
triangulations, is the uniform control of the bounded variation norm. In particular, we note that,
a straightforward application of Crandall-Majda theory to study the convergence of the level-set
algorithm is not possible, since the required bounded variation estimates are difficult to get even
in the case of linear flux function with upwind approximation of the auxiliary states and the level
set function. Afterwards, in order to overcome this difficulty, two theories have been introduced.
First, maybe the second big approach to prove convergence of finite volume methods without
using the bounded variation estimate, was given by Coquel and Lefloch [11], where the proof
is developed using the notion of measured valued solutions which was defined by Szepessy [12]
inspired in the work of Diperna [12], for further details and the application of this theory to
monotone finite volume methods we refer to the work of Cockburn, Coquel and Lefloch [13].
Second and more recently, Eymard, Gallouét and Herbin [8] gave a new methodology to prove
convergence of finite volume methods using a weak bounded variation estimate and a new notion
of generalized solutions to conservation laws called entropy process solutions. In this paper, we
make an application (adaptation and improvements) of the ideas given by Eymard, Gallouét and
Herbin.

The outline of this paper is as follows. In Section 2, we recall some concepts and results used
through of the paper. In Section 3, we describe at continuous level the fundamental ideas of the
numerical level set method. Based on the described ideas on Section 3 we introduce in detail the
discrete level set scheme on Section 4. In section Section 5, we show that the level set scheme used
for approximation of the linear equation converge to the weak solution. In Section 6, assuming
strictly convexity flux function, we prove that the numerical scheme solution converges towards
the entropy solution. In Section 7, we give some numerical examples focused on the elementary
wave interaction. Finally, in Section 8, we make the conclusion of the paper.

2. PRELIMINARIES

In this section, we recall the notions of entropy process solutions and nonlinear weak-* con-
vergence, the notation and concepts concerning to monotone finite volume methods, the general
ideas of level set methods and some technical results used in the proof of the convergence.

2.1. Entropy process solutions and nonlinear weak-x convergence. The entropy process
solutions can be defined for any convex entropy-entropy flux pairs, see [8]. However, it is well
known that it can be characterized in terms of Kruzkov’s entropies [8, 14]. Then, in this paper we
consider that characterization as definition of entropy process solutions.

Definition 2.1. A function p € L=(R x R¥ x]0,1[) 4s called an entropy process solution of the
cauchy problem (1.1) if the following inequality

/R/]R* /01 {|M($,t,a) — kot (z,t) + (f(,u(x,t,a)Tk) — f(,u(a:,t,a)Lk:))apI(x,t)}dxdtda

+/ luo(z) — klp(z,0)dz > 0, Vk €R, Vpe CHR xRT,RT), (2.1)
R

is satisfied. Here aTh = max{a,b} and alb = min{a,b} for all a,b € R.

The convergence towards the entropy process solution is related with the following notion of
convergence and compactness result in L (), see [8].
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Definition 2.2. Let Q be an open subset of RY, {u,} C L>®(Q) and u € L>(2x]0,1[). The
sequence {u,} converge towards u in the nonlinear weak-x sense if

/Qé?(un(x))go(x)dx — /Ol/gzé(u(x,a))go(x)dxda, as n — oo,

for all p € LY () and 6 € C(R,R).

Proposition 2.1. Let Q be an open subset of R? and {u,} a bounded sequence of L>(Q).
Then there exists a subsequence of {u,}, which will still be denoted by {u,}, and a function
u € L>®(Q2x]0,1[) such that the subsequence {u,} converges towards w in the the nonlinear weak-x
sense.

We comment that the function 6 in the definition 2.2 in the convergence analysis is taking as
the entropy or entropy fluxes, i.e. § = |- —k| or 0 = f(-Tk) — f(-Lk).

2.2. Finite volume method and Monotone flux schemes. Let us consider the standard
notation of an homogeneous discretization of R x R, i. e.

R x R+ = U U [l'j_l/g,$j+1/2[x[tn,tn+1[, Tjy1/2 = (] + 1/2)A$, t, = TLAt7 (22)
JEZneN

where Ax and At are the given spatial and temporal step sizes, respectively. We recall that, see
[8, 9], the basis of finite volume schemes for (1.1a) is given by its integral form:

k2 k2 T2 T2
/ u(x, mo)dx — / u(z,m)dr + / fu(ks, t))dt — / fu(ky,t))dt =0, (2.3)
k1 k1 T1 T1

where [k1, ko[C R is a generic computational cell (control volume) and [r1, 72[C R{ is the evolution
interval. The first two terms in (2.3) can be rewritten using the average of u(-,7;) on the control
volume [k1, ko] and the last two terms can be approximated by choosing a suitable function called
the numerical flux function. To be precise, if we select k1 = x;_1/2,k2 = xj411/2,71 = t,, and
Ty = tp41, the relation (2.3) implies that the finite volume discretization of (1.1) is given by

u T = + A2 = fi2) =0, (J,n) € ZxN, (2.42)
0 1 /%‘ﬂ/z (@) ( )
U; = — ug(x)dz, j € 7Z, 2.4b

’ A:I: "L'jfl/2

where
At n 1 Tit1/2 n 1 fhe
= E’ u] = E/ U(Qf7t7L)d$ and fj+1/2 ~ E/t f(u(xj+1/27t))dt
Tj—1/2 "

In the case of 2p 4+ 1 points fj"Jr1 /2 may be written as follows

[l =9 iy, ufy,) where g€ Lip(R?,R) and g(u,...,u) = f(u). (2.5)

The function ¢ is called the numerical flux function and the last property in (2.5) is known as the
consistence for the finite volume scheme (2.4). A particular and interesting case are the well-known
monotone flux schemes, where g : R? — R satisfies the following assumptions [8]:

(G1) Lip-regularity. g is locally lipschitz with respect to each of its variables on [t,,, uas]?,

(G2) Consistence. g(u,u) = f(u), for all u € [tm,, un],

(G3) Monotonicity. g is non-decreasing with respect to its first variable and non-increasing with
respect to its second variable on [u,,, uns]?.

The explicit monotone flux schemes have played a very important role in the development of
numerical analysis for conservation laws due to its good properties: consistence in the finite
volume sense, L>-stability, BV -stability and convergence of the numerical solution to the entropy
solution under a CFL condition, see [8, 9] for further details.
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2.3. Level set method. The level set method was introduced by S. Osher and J. A. Sethian
in [3] to give an answer to the following situation: given an interface I' in R? of co-dimension one,
bounding an open region 2, analyse and compute its subsequent motion under a velocity field v
depending of the geometry and physics. The main idea of the level set methodology is to capture
the propagating interface as the zero level set of a higher dimensional smooth (at least Lipschitz
continuous) function ¢ : R x R* — R and the bounded region ? is such that ¢ > 0. The function
 is called the level set function and has the following properties:

oz, t) > 0, forz € Q(t),
oz, t) < 0, forz ¢ Q(t),

oz, t) = 0, forz € 0Q =T'(t).
Thus, the interface I'(t) is captured for all later time by solving the level set equation
0 \Y%
a—f +on|Ve| =0, where vy =v- |V7i|’ (2.6)

and locating the set where ¢ vanishes, for a detailed discussion see [4, 5, 6]. Here |V is the
euclidian norm of ¢. We remark that, the numerical approximation of a level set equation (2.6)
should be done following the ideas of [5], where the finite volume method for general Hamilton-
Jacobi equations is developed.

2.4. Some technical results. In this subsection we consider two results which are needed in the
proof of the convergence.

Lemma 2.1. Consider g : R — R a monotonic lipschitz continuous function with Lipschitz
constant G > 0. Then the following inequality holds

[ (s~ ) s

> 56(9(d) - 9(0)) (27)

for all ¢, d € R.
We refer to [8] for the proof of Lemma 2.1.

Proposition 2.2. Consider ® : R — R defined by

S d
q)(s)—/ATEF(T,T)dT,

for some given A € R and F € C*(R x R,R). Then

Mm—ﬂ@szmw—Fm¢ﬂ—ﬂﬂm@—meﬂ—/wMaﬂ—F@mdﬂ

a

for all a,b € [A, o0].

Proof. If we make an integration by parts, we see that ® can be written as

D(s) =sF(s,s) —AF(AA)— /AS F(r,7)dr.

Now, for a,b € [A, o[, we have that

b
®(b) — ®(a)

{W@M—AﬂAm—/

A

F(T,T)dT} — {aF(a,a) —AF(AA) — /Aa F(T,T)dT}

bF(b,b) — aF(a,a) — /b F(r,7)dr,

which implies the desired identity. O
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3. MOTIVATION OF THE LEVEL SET NUMERICAL APPROXIMATION OF (1.1)

In this section we consider a contextualized interpretation of the steps (i)-(iii) given at the
introduction. Asumming that the flux satisfying (1.3), we consider first the case of strictly convex
flux function case and the case of linear flux function.

3.1. Strictly convex flux function. Let us consider that u (solution of (1.1)) is represented,
using three unknown functions p,v and w : R x R — R, as follows

w(x,t), z,t) >0,
e = {0 MRz @

where p(.,t) € C°(R) and denotes a level set function such that p = 0 on the discontinuity curves
of u, and w and v are artificial states such that v(.,t) and w(.,t) are continuous through the zeros
of p. Furthermore, in the representation (3.1), we require that v must be the entropy admissible
solution. Then the selected (or calculated) p,v and w are not at all arbitrary and must be done
such that u satisfies the entropy condition (1.5) extended to everywhere of @ as follows:

f,(uL(xyt)) > f/ (’U,R(IL',t)), (xat) € Q, (32)
where

w(z,t), pg(z,t) >0, v(z,t), pz(x,t) <0,

et = g Ze ma eea={UEY FEDSD 69
Note that the definition of u;, and up is quite natural. Indeed, let ¢ such that p(c,t) = 0, then, if
the profile p(-,t) is decreasing in a neighbourhood of ¢, by (3.1), we have that ur(z,t) = w(z,¥)
and ug(x,t) = v(x,t), whereas that, if p(-,¢) is increasing in a neighbourhood of ¢ we deduce that
ur(x,t) = v(x,t) and ug(x,t) = w(x,t).

In the rest of the section, we consider that the entropy profile solution u(-,7) is given and we
introduce systematically the formal calculus of the entropy profile solution u(-, 7 + At), via the
level-set technique:

(%1) Let us consider that the functions p,, v, and w, : R — R are known and such that: p, =0
on the discontinuities of u(-, 7); v, and w, are continuous through the points where p, = 0;
and that u(-,7) defined via (3.1) satisfies (3.2).

(¢3) For the evolution, we start by noticing that (3.1) formally implies the following equivalence

wy + (f(w))x = 07 p(.fE,t) > 07
= .4
w =0 e T R 2 34
Then, in a natural way, the artificial states w(-, 7+ At) and v(-, 7 + At) are calculated by
solving everywhere 2 € R the equations defined locally in (3.4) (p,(z) > 0 or p-(z) <0).
In other words and more precisely w(-, 7+ At) and v(-, 7 + At) are determined by solving

we + (f(w)), = 0, for(x,t) €Rx[r,7+ At],
{ w(z,7) = w.(x), forze ]R>,< (3.5)
and
v+ (f(v)e = 0, for(z,t) € Rx[r,7+ At]
{ v(z,7) = v (z), forzxe R.x (3.6)

Now, the determination of the level set function profile p(-, 7 + At) is done by solving the
level set equation:

pt+s(,7T)p. = 0, for (z,t) € R X [1,7+ At] (3.7)
plz,7) = pr(x), forzeR, '
where s(-, 7) is calculated by extendeding everywhere in @ the shock speed (1.4), recasted
as follows:
) t - ) t . .
s(z,t) = fur(@,1) = f((un(e )), with uz, and ug given by (3.3). (3.8)

ur(x,t) — ugr(x,t)
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(¢3) In order to obtain an entropy admissible solution profile u(-,7 + At), the new profiles
v(-, 7+At) and w(-, T+ At) are corrected by selecting the entropy admissible discontinuities
using the information given by the zero level of p(-, 7 + At). In this way, the new level set
function profile is given by prya(x) = p(x, 7 + At) and the new auxiliary profiles v and
w at t = 7 + At are defined by

w (z) = w(z, 74+ At), priat(x) >0 or (ur,ur) does not satisfies (3.2), (3.9)
THARY T w(m, T 4+ AL, pryad(®) <0 (up,up) satisfies (3.2), ’
and
" () = v(x, T+ At), priat(x) <0or (up,ur) does not satisfies (3.2), (3.10)
THAREI T w(m, T4+ A, pryad(z) >0 and (ug, ug) satisfies (3.2), ’

where up, = up(z,7 + At) and ug = ur(z, ™ + At) are calculated by (3.3).
We remark that some calculus and assumptions in (% )-(%3) are only formal, in the sense that
we cannot rigourosly prove these steps. Maybe p can be discontinuos in space since the velocity s
defined by (3.8) is not always a continuous function. However, some properties can be rigourosly
stated, for instance the fact that the real state solution w for p > 0 never reaches the solution of
the ghost state w for p < 0, we refer to [1] for further details.

3.2. Linear flux function. In the case of the linear flux function, we assume that the weak
solution u is represented by (3.1) for some functions p, v and w. Noticing that the entropy condition

it is not required, the steps (%1)-(%3) are replaced by:
(Z) Let us consider that the functions p,, v, and w, : R — R are known and such that: p, =0
on the discontinuities of u(+,7); and v, and w, are continuous through the points where

Pr = 0.
(&) For the evolution, we note that (3.5), (3.6) and (3.7) are replaced by
we + (aw), = 0, for (z,t) € R x [r,7+ At], (3.11)
w(z,7) = w-(x), forzxeR, ‘
v+ (av), = 0, for (z,t) € R x [r,7+ Af] (3.12)
v(z,7) = wv.(x), foraxeR, ’
and
pr+ap, = 0, for (z,t) € R x[r,7+ At (3.13)
plz,7) = pr(x), forzeR :

respectively. Then pryai(z) = p(z — (7 + At)a), viriai(z) = v(z — (7 + At)a) and
Wryat(®) = w(z — (7 + At)a).
We note that the equations (3.12)-(3.13) are uncoupled, which implies that these equations can
be separated solved.

4. THE NUMERICAL METHOD

The hybrid scheme introduced by Aslam [1], based on level set and finite volume methods, can
be described as a numerical algorithm consisting of three big steps, called initialization, evolution
and reconstruction steps, which will be fully detailed on subsections 4.2, 4.3 and 4.4, respectively.

4.1. Notation. Let us first introduce some notation. We recall the notation sgn® for the ap-
plications from R to {0,1} defined by sgn®(z) = Ig+(z) and sgn™(z) = —sgn™(—z), where
14 : X — {0,1} is the well known indicator function defined by 14(z) = 1 for z € A and
Ta(z) =0 for z € X — A. As usual we set the notation a* = max{a,0} and a~ = min{a, 0} and
note that a™ = asgn™ (a) and a~ = (—a)*. Additionally, we define the indicators of the monotonic
behaviour of the level set function p denoted by 977" and the entropy verification denoted by &7,
as follows:

P = sgnt (W) and & =1—sgn~ (f'(ugj) . f’(ugj)), (j,n) € Z x N.

(4.1)
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Note that &7 = 1 when the Lax entropy condition is satisfied and 0 otherwise.

4.2. Initialization step: Calculus of u’ p® w® and v°. In this step we introduce the dis-
cretization corresponding to the initial condition, the initial level set function and the initial
admissible states for the level set representation of the initial condition. In addition, we calculate
the extended initial speed of propagation for discontinuities. More precisely, we proceed as follows.
First, we discretize the initial condition uy by applying (2.4b). Then, we consider a continuous
function py : R — R such that it vanishes over the control volumes where the function wug is dis-
continuous, and in the natural way of the finite volume methodology, we introduce the following
initial level set function discretization

0 1 /%‘H/z ( )d 7 ( )
D =~ po(z)dz, j€Z. 4.2
7 Ax %y_1/2

Later, we can make the calculus of entropy admissible states w” and v? and the initial speed s°
as follows

wd :w;1/2 + (v;1/2 — w;1/2> (1 - sgn+(p?))<50jo, (4.3)
v;-) :v;1/2 i (w;1/2 _ v;1/2)sgn+(]9?)<§}0 and (4.4)
§0 _f(U%,j)*f(u(}){,j) (4.5)
I Y .
L,y R,j
where
wj_l/z = uJsgn™ (p}) + @, (1 - sgn+(P?)), Uj_l/2 = uj (1 - SgnJr(p?)) +asgn® (p}),

—1/2 —1/2 —~1/2 —1/2
u%yj:@;)wj / +(1f@?)vj /2 and u%,j:(lfﬁf)wj / Jre@?vj 2,

Here u; denotes an arbitrary discretization of a local continuous extension of ug, in order to have
that w and v are continuous across of discontinuities of ug.
For the convergence analysis we assume the following hypothesis

po € L>®(R) with po(x) € [pm,pam] = [essinfr(po), esssupr(po)] for a.e. z € R;
vo € L®(R) with vg(x) € [t,, un] for a.e. z € R; and (4.6)
wop € L*°(R) and wo(x) € [um, up] for ae. z € R,

where u,, and uys are defined in (1.2). We note that, the hypothesis given on (4.6) are the natural
regularity required by the methodology of entropy process solutions [8].

4.3. Evolution step: Calculus of p"”,w" and v" for n = 1,..., N. Let us consider that
for some arbitrary n € {0,..., N — 1}, the states u™,p”, w",v" and the speed s™, are given.
We calculate the new states u”t!, p"t! wnt!l v+l and the new speed v"*! via four sequential
iterative steps. First, we calculate the intermediate states w”t1/2 and v"t'/2 by applying a finite
volume scheme for conservation laws. Subsequently, by a finite volume scheme for Hamilton-
Jacobi equations we obtain p”T!. Afterwards, we update the speed of discontinuities propagation
using a discrete version of Rankine-Hugoniot jump condition. Then, we characterize the entropy
satisfying discontinuities in order to define w™*! and v”*! and update n before to apply again
the sequence of the four evolution stages. More precisely, in this paper, we apply iteratively on
n € {0,...,N — 1} the following calculations:

(E.i) Intermediate states. The intermediate states w”t'/2 and v**+1/2 are calculated by apply-
ing a monotone scheme with numerical flux g (see section 2.2):

n+1/2 n n n n n
wj+ / =w; — )‘(g(wj 7wj+1) —g(wjfl’wj)> and (47)

n+1/2 n n n n n
Uj+ / =v; — A(Q(Uj V1) — 9(vi_y, vf )) (4.8)
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(E.ii) Level set evolution. The level set equation state p"*1! is calculated by applying a general-
ized upwind scheme:

Py =0l = AT @] — pia) = AT (@0 — p))- (4.9)

(E.iii) Extended shock speed. Using the notation &7 defined on (4.1), we introduce the discrete
left-right states and the extended discrete shock speed as follows:

uz_;1 gz*”rl n+1/2 (- @n+1) "‘*‘1/27 (4.10)

u%—zl (1 o (@n+1) ;L+1/2 gzn-‘rl "+1/2 and (411)
i @) = Fluth)

Sj+1 = nj+1 n+1 S (412)

Urj ~UR;
(E.iv) New artificial entropy satisfying states. Using the indicator & defined on (4.1), we intro-
duce the states w”*! and v**! such that u"*! is consistent with the entropy condition:

W Y2 (U;L+1/2 N w;z+1/2) (1 _ sgnﬂp?))é‘}” and (4.13)
v;“rl :v;m/z n (w;L+1/2 B v;+1/2)sgn+ P& (4.14)

4.4. Reconstruction step: Calculus of u”*!'. In this we apply the definition of level set
representation to reconstruct u”*! from p”t!, wmt! and v*t! ie.

n+1l __ n+1 n+l + /. n+1 n+1
ui ™t =sgn® (pi ) w —|—(1—sgn (P} )) vt (4.15)

5. CONVERGENCE ANALYSIS FOR THE LINEAR FLUX FUNCTION

In this section, we study the convergence analysis of the numerical scheme described on section 4,
in the case of a linear flux function. Furthermore, without loss of generality, we assume that the
velocity is positive. To be precise we assume that

f(u) = au, a > 0. (5.1)

The assumption (5.1) implies that the evolution and reconstruction steps can be rewrited in the
following short form:

w?“ wi — Aa(w] —wj_,), (5.2a)
U;LH =v} — Aa (v} — i), (5.2b)
Pyt =p} = Xa(p} - p}y), (5.2¢)
wi =sgnt (pi ) w4 (1= sgn () ot (5.2d)

Here, we note that the schemes are uncoupled and can be separated solved.

Lemma 5.1. Consider f given by (5.1), ug with the reqularity required by the hypothesis (1.2); po,
vo and wq satisfying (4.6) and the requirements specified by the initialization step (see equations

(4.2)-(4.5)); and X satisfying the following CFL condition
Aa <1-—¢, with € €]0,1]. (5.3)
Then w}, v}, p} and uj obtained by the scheme (5.2) satisfies the following properties:
(a) (L>-estimates) The functions wa,va,pa and ua defined from R x RE to R by

wa(x,t) = ZZw;‘ILQ;(xJ), va(z,t) ZZU Lop(x,t),

JEZneN JEZ neEN
t) = Z Zp?]lQ;; (x,t) and  ua(x,t) = Z Z uilon(z,t), (5.4)
JEZnEN JEZnEN

where Q;L = [%‘-1/2,$j+1/2[><[tmtn+1[;
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belong to L= (R x RY). Furthermore, wa,va,Ua € [tm,uns] and pa € [pm,pa) in the
almost everywhere sense.

(b) (Weak BV -estimates) Let ig,iy € Z and R € RT such that —R €]x;,_1 /2, Tig11/2[ and
R €]x; _1/2,%;,41/2]. Then, there exists C' € R* only depending on R, T,uq and & such
that

i N
VAz Z Z aAtlw} —wji_,| < C. (5.5)

j:io n=0
A similar estimate is valid for v} and pj.

Proof. To prove the lemma we apply the standard arguments detailed in [8]. O

Theorem 5.1. Consider the hypothesis of Lemma 5.1 and u} for (n,7) € N x Z obtained by the
scheme (5.2). Then, the approximate solution ua defined by (5.4) converges to the weak solution
u of (1.1) in L™®(R x RY) for the weak-* topology when Az — 0.

Proof. By Lemma 5.1-(a) and Proposition 2.1, we deduce that wa — w,va — v,pa — p and
ua — u in L®°(R x RY) for the weak-x topology, when Az — 0.

Let us consider p € C}(R x RT,R) and we select the indexes Jumin, Jmax, Nmax € N such that
supp(¢) C [xy_ .. 2y ] X [0,tn,. [ We multiply (5.2a) by Sgﬂ*(p?“) f;j““ o(x, tya1)dz and

1/2
summing over j € Z and n € N we get

A+ B=0, (5.6)
where

- Tjt1/2
4 = Z Z <w?+1_wjn)sgn (P;LJFI)/ o(x,the1)dz  and

j=Jmin  1=0 Tj-1/2

Jmax  Nmax—1 11 Tj+1/2
B Z Z )\a(w] wi 1)sgn (r} )/ o(x, tyy1)de.
. “ T

j—1/2

We analyse separately the convergence of A and B. In the case of A, by summing by parts we
deduce that A can be rewrite as follows

Jmax  Nmax— Tjt1/2 1 Tj+1/2
=38 e L) / (2 tn)dz — sgut () / (@ b )

j=Jmin n=0 j—1/2 j—1/2

Jmax N N Tjt1/2 0 0 Tj41/2
+ 3 Jwesgnt(p) max)/ gp(gg,tNmax)dx—szgn+(pj)/ o(z,0)dx
x x

J=Jmin j—=1/2 ji—1/2
s Nunas— S
> Z wisgn @) [ {elatun) - oo t) o
=Jmin Tj—1/2
Jmax  Nmax— -
+ Z Z (sgn n+1) _sgn‘*‘(p;?))/ o(z, ty)dx
J=Jmin = Tj—1/2
0 oy [
— Z szgn+(pj)/ o(x,0)dx
Jj=tio Tj—1/2
= Al 4 A% 4 A3

which implies that

Am = [ [ wla st (o 0)prla dndt = [ wnla)sen® (po(o)pla,O)dadt, (5.7

R
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when Az — 0, since

Ao [l s ol )i, Odat,
R JRF

A% -0 and

A3 — —/w(x70)sgn+(p(x70))cp(x,O)dxdt.
R

For the term B, by applying the rectangle rule and summation by parts, we can make the following
calculus

B+// aw(z,t)sgn™ (p(x,t))ps (x, t)dxdt
R JR+
Jmax  Nmax— L Tjt1/2
= Z Z )\a( —wj 1)sgm (p;’+ )/ o(x, ty1)de
x

j=Jmin n=0 i—1/2
Jmax J\/vmax_1
n +/.n n n
+ Z Z awj'sgn (pj)(goj+1/27g0j_1/2)At
J=Jmin n=0

Jmax  Nmax—1

=Y Z /\a( wi 1>sgn+(p}’+1)/zj+l/2 (2, tps1)da

ijmm Fi-1/2

+ Z Z aAt(w - }-‘)Sgn+(p}’)w}ll/2
=Jmin n=0

+ Z Z alAtw}_ (sgn*(p;l_l) *SgnJr(p?)) ©i_1/2
=Jmin n=0

Nmax—

§ 7 n n +/..n n
+ { maxsgn (pJI!laX)SOJlnax+l/2 - meinflsgn (meinfl)ngmin*l/2}

Jmax Nmax— 1 Tj+1/2
Z Z )\a( )sgn+(p§’+ )/ (@(watnﬂ) - SD?—l/z)dx
j=Jmin n=0 Ti-1/2
+ Z Z altw! (sgn+(p?_1) - Sgn+(p?)) @19
=Jmin n=0
= Bl + B2.

Now, since By — 0 when Az — 0 by weak BV-estimate for wa and By — 0 when Az — 0 by the
L*°-estimate for pa (see Lemma 5.1), we deduce that

B — —/ / aw(z,t)sgn™ (p(x, 1)), (z, t)dxdt, when Az — 0. (5.8)
R+
Replacing (5.7)-(5.8) in (5.6) we obtain

/ / w sgn™ gpt + acpx)dxdt + / wo sgn’ (po)e (-, 0)dz = 0. (5.9)
R+

On the other hand, proceeding in a similar way with (5.2b) we obtain that the limit v of va
satisfies

/]R/]R+ v(l — sgn"‘(p)) ((pt + agow)dxdt + /RUO (1 - sgn+(po)>(p(-,0)dx =0. (5.10)
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Summing (5.9) and (5.10) we deduce that u is a weak solution of (1.1) with f defined by (5.1),
which concludes the proof of the theorem. O

6. CONVERGENCE ANALYSIS FOR THE NON-LINEAR CONVEX FLUX FUNCTION
6.1. L°° estimate.

Lemma 6.1. Consider the assumptions

() [ satisfies the hypothesis of strictly convexity given on (1.3);

(o) ug satisfies the hypothesis (1.2);

(73) po, vo and wq satisfies (4.6) and the requirements specified by the initialization step (see
equations (4.2)-(4.5));

() g is a monotone flux;

(e%5) The functions wa,va,pa and ua defined from R x R are determined by the correspon-
dence rules given at (5.4) with u7,p, v} and w} obtained by (4.15), (4.9), (4.14) and
(4.13), respectively; and

(o) N satisfies the following CFL condition

A o (mny <1 =& with £ €]0,1]. (6.1)

Then ua,pa,va, and wa belong to L (R x Rar). Furthermore, wa,va,uan € [Um,upn] and
DA € [Pm,pu] in the almost everywhere sense.

Proof. The proof of the required properties for pa,va and wa is a straightforward application of
the standard arguments, see [8]. Then, we omit the details and only prove the result for ua.

We proceed by induction on n. For n = 0 the assertion is valid by definition of the discretization.
Before giving the proof for n > 1, we comment two points. Firstly, we notice that the identity

u?“ = w?+1/2—|—rff] v:H/Q, where
o= sgn+(py+1)[1_ (1—Sgn+(p?))é;n] + (1—sgn+(py+1))sgn+(py)g]ﬂ (6.2)
n o n+1 +/.n n n+1 +/.n n
Ty = sgnt(p] )(1—Sgn (pj))c% + (1—Sgn (P} )) (1—sgn (pj)@“;-)
is satisfied. In the second place, we have that
n+1/2
wj+/ = M(w]_;,w)wi_4
+(1 = A (wi_qy, w]) + AB(w], wiq))wi_y — AB(w], wi)w] and
n+1/2
’Uj+ 2= )\A( —1> ]) -1
+{1 - )‘A( j v 7 ) + )\B(Uj ’U]+1) U;'L—l + AB(U;’L&U;L-&J)U;’L? (63)

where A and B denote the functions from R? to R defined as follows

g(w1,72) — f(72)

A(.%‘l,aig) = xr1 — o v ;é T2, and
0, otherwise,
g(@1,22) — f(21)

B(.’I}l,$2) _ Ty — 1 , I 7é xo,
0, otherwise.

Thus, for n > 1 we assume that w?, v € [um,up] and by the monotonicity of g, the CFL

i Y5
condition (6.1) and (6.3), we have that wn+1/2,v;+1/2 € [tm, ups]. Then by (6.2), noticing that

Toj»To; €10, 1} and rj; ; + 7 ; =1 (see Appendix A) we can deduce the following estimates
Uy = (rfijj + rﬁ’j)um < (rﬁ,)jw;H/Z +r;‘]v;+1/2) < (TZJ- + rg’j)uM = unm,

which concludes the proof of the lemma. O
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6.2. Weak BV estimate.

Lemma 6.2. Consider the hypothesis of lemma 6.1. Then for ig,i1 € Z and N1 € N there exists
C > 0, independent of Ax and At, such that wa satisfies the inequality

J_Z i&[(a%‘é‘% (9(a.0) = F(@) + SR (ga.0) - 1®)] < %, (6.4)

where W = [w]_; Lw?, wi_; Tw}]. Furthermore, the inequality (6.4) is valid for va.

Proof. Multiplying (4.7) by Azw?

" and summing over j € {ig,...,i1} and n € {0,..., N1}, we
deduce that

A+ B =0, (6.5)
where
i1
A=Az Z Z ( /2 wy)w;l and B =At Z Z ( wilyq) g(w?_l,w?))wf
Jj=1io n=0 Jj=io n=0

Now, the proof is reduced to get a lower bounds for A and B, since it implies that exists C' > 0,
independent of Az and At, satisfying

L= At i: Z [( wj') — f(ﬂéh))2 + (g(wﬁl,w}‘ - f(w;‘))2] <C. (6.6)

Jj=1i0 n=0

Then, by the Cauchy-Schwarz inequality applied to the left side of (6.4) and using (6.6), we get
the desired estimate (6.4).

Bound for A. We consider the algebraic identity: 2(z —y)y = —(z —y)? + 22—y for all 2,y € R,
to rewrite A and from the finite volume scheme (4.7) together with the CFL condition (6.1), we
see that

- Az o ntl) 2\ 2 i1/ 2
§ A ) A 5 S () ()]
i N i1 N
> ES S Ao wp) gl up) + 5030 (w2 (ug) ]
j=io n=0 J=io n=0
= —147‘[; A2+ A1 (67)
Additionally, the inequality (z + y)? < 2(2? + y?) leads to
i1 Ny
Ay o< 2 Y Y (ot ugi) - f@p) + (o) — )]
Jj=1ip n=0
h M 2 2
= 28> 3 [(glwp g w) = flg) + (glwiywy) = f))]
Jj=ip n=0
N1 2 2
206> [ (glwpwih0) = Fwhn)) + (glwl o wi) = flwp ) |
n=0
= 2L+ Aj. (6.8)
Then, from (6.7) and (6.8), we get the following bound for A
A>— 1_5L——§A3+A1. (6.9)

2M 2M
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Bound for B. Summing by parts and considering the identity of Proposition 2.2 with ¢ instead of
F', we deduce that

B = At i Z ([ W) — g(w;-l_l,w;»’_l)}w?_l — [g(w}l_l,w}l) - g(w;l,w?)} w?)

j’Lo’I’LO

i1
ey ([otwn wi0) = glwi,wi)|wi = (gt wi) = glwl, wh)]wh)

Jj=1i0 n=0

i N w?
= A > (B -+ [ o) = gl wp)]ar) + B

j=ig n=0

- AtiZ/ — g, w }dT—I—AtZ[ (W _ 1)}+B’1

Jj=iop n=0 -1

= B3+B2+B1.

Here we note that, the application of Lemma 2.1 and the CFL condition (6.1) implies the inequality
B3 > 1L/2M. Then B satisfies

L+ By + By. (6.10)

Proof of (6.6). From (6.5), (6.9) and (6.10), and the bounds

~ N
-4 < Emax{(wm)Q,(wM)Q} i=Ch, Ay < 2Mity, max{|w] |, [w}], [wii |, [wf [} := Cy
—By <:=C3, —B3 <=0y,

we have that

OM [(1—€ - _ OM [1—¢
L<=— Ay — A —By | < — | —=C1+Co+C3+Cy | :=C
=7 (2M 3 1 2>_ ¢ <2M 1+Co+Cs+ 4) )
which proves (6.6). The proof of the Lemma is completed. O

6.3. Cell entropy inequality.

Lemma 6.3. Consider the hypothesis of Lemma 6.1 and the notation aTb := max{a,b} and
alb:=min{a,b} for a,b € R. Then, wa satisfies the following local o cell entropy inequality

me () 2) = ) A (Grlw), wi) = Gr(wi_,w})) S0, W(jin) €ZXN, kR, (6.11)
where n, : R — R and G, : R xR — R are defined by
i (x) = & — k| and Gy(z,y) = g(x Tk, y Tk) — g(x Lk, y Lk).

Furthermore, a similar inequality to (6.11) is valid for va.

Proof. From (4.7) and the monotonic behaviour of g, we deduce that
Wi Th = w) Th+ A g(w) Thwi, TR) = glwi_, T} Th)) 2w /> Tk and
w) Lk = w) L+ A(g(w) L, iy LK) = g(wf_y Lk, w? Lk) ) < wi ™2 Lk,

Then, using the algebraic identity: aTb — alb:=|a —b| for all a,b € R, we deduce that (6.11) is
satisfied. O
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6.4. Convergence towards the entropy process solution.

Lemma 6.4. Consider the hypothesis of lemma 6.1. Then,

(a) There exists p € L=(R x R) such that pa converges towards p in L=(R x R) for the
weak-x topology when Ax — 0 and p is the weak solution of the level-set equation.

(b) There exists p, € L (R x Ry x]0,1[) such that wa converges towards ji,, in the nonlinear
weak-x sense when Ax — 0 and ., satisfies the following inequality

/JR/JR*' /01 {le (ﬂw(:ﬂ,t, Oé))Sgn+ (p(x,t)>§0t(x,t) +
(f (pw (2,1, Q) TR) — f(ptn(, 2, a)u:))sgn+ (p(x,t))gpm(x,t)}dxdt (6.12)

+/ lwo(z) — k|sgn™ (po(a:))gat(x, 0)dx > 0,
R
Vk € [um,un], VYo € CHR x RT,RT).

(c) There exists 1, € L>°(R x R} x]0,1[) such that va converges towards p, in the nonlinear
weak-+ sense when Ax — 0 and p., satisfies the following inequality

/R/RO+ /01 {Uk(ﬂv(x,t,a)) <1 —sgn® <p(x,t))>(pt(aj7t)+

(f(uu(:mt, a)Tk) — f(,uv(x,t,a)J_k)) (1 —sgnt (p(ac,t)))gom(x,t)}dxdt (6.13)

+ [ o) = (1= s (o) s 00 2 0,
R
Vk € [um,un], Yo € C3(R x RT RY).

(d) There exists p € L=(R x R x]0,1[) such that ua converges towards pu in the nonlinear
weak-* sense when Ax — 0 and p is the entropy process solution of (1.1).

Proof. For (a), by Lemma 6.1 and Proposition 2.1, we note that pa is uniformly bounded in
L>=(R x RY), then there exists p € L>(R x R{') such that pa converges towards p in L>(R x R7)
for the weak-x topology when Ax — 0. Now, we prove that p is a weak solution of the level-set
equation by standard arguments as in [8].

For (b), by Lemma 6.1 and Proposition 2.1, we note that wa is uniformly bounded in L (R x R}).
This fact implies the existence of ju,, € L%°(R x RJ x]0, 1[) such that wa — j,, in the nonlinear
weak-x sense when Az — 0. Now, we prove that p,, satisfies (6.12). First we rewrite (6.11) as
follows

(i) — i (w?) + A(Gk(w;?, W) = Gi(wh_,, w;)) < (W) — (W), (6.14)

Then, we consider p € C3(R x RT,R), such that supp(¢) C [, TJn) X [0,tN,,. [ for some

Jimin, Jmax € Z and Npax € N. Now, if we multiply (6.14) by sgn*‘(p?“) [ o3, tyy1)de and

Tj_1/2
summing over (j,n) € Z x N, we get

A+ B<C(C, (6.15)
where
Jmax  Nmax . ) Tjy1/2
A = Z Z [nk(w;”r )—nk(w?)} sgnt (p"t )/ (@, ty11)dr,
§=Jmin 1=0 Ti-1/2

Jmax Nmax 12_7+1/2

B = A Z Z [Gk(wy’wﬁl)*Gk(“’?—l’w?)}sgfr(l’?“)/w @@, tnt1)dr  and

J=Jmin n=0 j—=1/2
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c = i:x zm:x [nk P = m(w ;’H/Z)]sgn (;LH)/mﬁU2 o, tpyr)de.

=Jmin n=0 Ti—1/2

Next, we analyse the limit of each term in (6.15) and obtain the desired inequality.

Analysis of A. By, a summation by parts, we have that A can be rewrited equivalently as follows

de de LTjt41/2
A= 3 [ )]st 05 [ el tusa)do
J=Jmin =0 Tj_1/2
Jmax  Nmax 1 Tjtr1/2
= - 2 e ) [ [ptatnn) = olast)] o
=Jmin =0 Ti-1/2
anax max n+1 " n ZL’j+1/2
-2 D mla D st 05 ) — s )] [ el ta)e
=Jmin n=0 Tj—1/2
Jlnax 4N Tjt1/2
+3 [mw st ) [ ot e
Jj=Jmin Ti-1/2

Tj+1/2
“neu)sn () [ ot 0)da]

i=1/2

// nr(wa (z,t))sgn™ (p(x, )@ (z, t)dedt + AR

- / i (wa (x, 0))sgn™ (p(z, 0)) oy, 0)dz.

Letting Az — 0, we obtain that
1
A— —/ / / M (o (2, 2, @) )sgn ™ (p(a, 1))y (0, t)dadt
RJRS JoO
— / i (w(x,0))sgn™ (p(z,0)) s (z,0)dx. (6.16)
R

since Aﬁ’”t converges to 0.
Analysis of B. The consistence property of the numerical flux and a rearrangement of B leads to

Jmax  Nmax

Y Z 3 [f Wl Tk) f(wﬂk)}

=Jmin n=0
Tj+1/2 Tjig/2
[sgn+(p;.’+1)/ (@, tyr1)dr —sgn™ (p?j:ll)/ @(m,tnﬂ)dx}
Li—1/2 Tjt1/2
Jmax  Nmax
A [{Q(W?Tkawka)*f(w?J—k)}Jr{f(w?ik)fg(w;ﬂk,w;ﬂk)}}
J=Jmin n=0
Lit1/2 Tj+3/2
[sgn (P;lﬂ)/ @(m7tn+1)d$—sgn (p?—tll)/ (p(x,thrl)dm}
Ti-1/2 Tit1/2
e T Imax+1/2
29 {Gk o Wit 0510) [ oty 1)
T Jmax—1/2

T Jmin+1/2
G wl st (pH) / (@ tni1)da
L Jpmin—1/2
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Now, we get three bounds related to By, By and Bs. First, for By, we note that

By —|—// (wa(z, ) Tk) — f(wA(x,t)J_k)} sen’ (pa(z, 1))@z (z, t)dtdx

mdx mdx n+1 :EJ+1/2
= |B1+ Z > [f wiTk) — f(w "J_k‘ bgn (v} / / o (z, t)dtdz
=Jmin 7=0 Tj-1/2

Jmax Nmax

- Z Z (£ Th) = flwy L)]

et Tjy1/2 ntl Tj+3/2
Mowt ) [ wtetunide st 1) [ el tus)de)

j—1/2 J+1/2

tn41 93]+1/2
+sgn™ p] / / (z,t) dtd:c}
xZ;

j—1/2

Jmax  Nmax

S [ TR = Lk [sent (oY) — sent (E]) + sent (o))

Jj=Jmin n=0

[/H/ M/Z p(z + Az tn1) = 9@, tnt1)
t T

+ pula,t) }dtdx}

e Ax
S 202 N (Tar = Tin) |1 [Lip(R) ||90mHLoo(R><R3-)- (6.18)
Later, for Bs, we apply the weak-BV estimate (Lemma 6.2), and obtain the following bound
|Bz| < Cllpa (- )| oo (r) V Az (6.19)
Meanwhile, for Bj, by the selection of Juyi, and Jyax, we clearly have that
1Bs| < N 19025 012) {1900 s O + 1001000 ] } = 0. (6.20)

Then, from (6.18), (6.19) and (6.20), when Az — 0, we obtain that

b= /R /W /O [f (ko (., @) Th) — f(po (2, t, @) LK) | sgnt (pa (. 1)) pu (2, t)dtdada.  (6.21)

Analysis of C. We remark that (see Appendix B)

[ ) = (2 s ()

nk(U?H/Q) - nk(w?H/Q), sgn*(p;”“) =1, sgn®(p}) =0 and &' =
0, otherwise.

This means that the term C is simplified to the discontinuity curves (since sgn®(p}) = 0 and
sgn™(p ?‘H) = 1) satisfying the entropy condition (since &7* = 1). Then,

Jmax  Nmax 1o
¢ = Z Z {77’“ ) = Mk (wj+l/2)}5gn+(p}l+1)/ o(x, tyy1)d.
n= Tj—1/2
n-+1/2 n+1/2 Tjt+1/2
= Z [Uk(vj-lr 2y le(wj‘Ir / )] / o(x, tyyr)de. (6.22)
(j,n)€E Tj_1/2

where

E— {(j,n) € {mins- s Tmax} X {0, N} ¢ sgnt(p0H1) = € = 1 and sgn* (p])) = o}.
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Now, by the strictly convexity of the flux function and the definition of uztl and u"Jr1 given by

(4.10) and (4.11), respectively, for each (j,n + 1) € E we have that

n+1 _ n+1 n+1
& =1 = f(uLJ)>f(uRJ>
n+1 n+1
= ur, >uRJ

= (1-220 ) 2wl T2 S 0

J J
= (U;LH/Q > w;-lﬂ/z A @;“H = 0) \Y% (U;L+1/2 < w;+1/2 A @;LH = 1)
Then, we can introduce the partition {E;,Es} of E, where
E, = {(j7n+ 1)eE U;H_l/z > w;H_l/Q A ?}’f“ = 0} and
E, = {(j7n+ 1)eE U;H_l/z < w?+1/2 N PP = 1}.
Here, for k € [tm, up], we note that
Gon+1) €Er = 0< |ug — k| < w7 — k| < [pI% — k| < Jups — K]

= 0 <@ = (i) < muag) — e () (6.23)

and
(Gn+1) €y = 0< |up — k| < ]2 k| < [ — k| < Jups — K]

= ) — g t?) <. (6.24)

From (6.22)-(6.24) and since ¢ > 0, we deduce that
Tj+1/2
¢ = X [ - [ e tan)e
(jwn)eEl Tj—1/2
Tj+1/2
n Z [ n+1/2 nk<w;+1/2)} / o, tns1)d
(jom)€Ez Tj-1/2
< |meCuar) = () |lpll 2 Tmaw Ny A,
where N is the number of shock curves of u, which implies that
C <0, when Az —0. (6.25)

We conclude the proof of this item by noticing that the equations (6.15), (6.16), (6.21) and
(6.25) imply (6.12).

For (c¢), to prove this item we proceed in a similar way as for the proof of ().

For (d), by Lemma 6.1 and Proposition 2.1, we note that ua is uniformly bounded in L (R x R{).
This fact implies the existence of u € L (R xR{ x]0, 1[) such that ua — p in the nonlinear weak-x
sense when Az — 0. Furthermore, from the recently proved items (a), (b), (¢) and by (4.15) we
deduce that

(e, t,0) = sgn” (p(a )p (@, 0) + (1= sgn™ (p(e, 1)) ) ., ),
which implies
e () = i (@)t (pl, ) + (o, ,0)) (1 = sgnt (p(a, 1)) and
f(u(x7 i a)Tk> - f(,u(am 2 O‘)J-k)
= (Gl t,0)TR) = f (.1, @) LE) )sgnt (p(a, 1)
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o+ (f (o1, 0)TR) = F(po(,8,0) L)) (1 = sen* (p(a 1) ).

Then, using this identities and adding the inequalities (6.12) and (6.13) we conclude that u is a
entropy process solution of (1.1). O

6.5. Convergence towards the Kruzkov’s entropy solution. The prove the convergence of
ua to the entropy solution we first deduce the link between the notions of entropy process solutions
and Kruzkov entropy solutions for (1.1) and then prove the convergence. More precisely we have
the following two results.

Theorem 6.1. Under the assumptions (1.2)-(1.3), the entropy process solution of the prob-
lem (1.1) is unique. Moreover there exists a function u € L (RxR{) such that u(x,t) = p(z,t, )
for almost every (z,t,a) € R x RY x]0, 1].

Theorem 6.2. Consider the hypothesis of lemma 6.1. Then ua converge to u, the entropy solution
of (1.1), in the strong topology of LY (R x R{) for all p > 1 when Az — 0.

loc

To prove Theorems 6.1 and 6.2 we can follow line by line the proofs of the results given in [8]
for a scalar multidimensional conservation law. The proof of theorem 6.1 is based on the doubling
of variables technique introduced by Kruzkov in [14]. Meanwhile, the proof of theorem 6.1 is given
by a contradiction argument.

7. NUMERICAL EXAMPLES FOR BURGERS EQUATION

In this section, we present three numerical examples with the 1D Burgers flux function f(u) =
u?/2 and 2D Burgers flux functions f(u) = g(u) = u?/2. The initial condition in the first two
examples are focused on the 1D elementary wave interaction. We consider the third example for
a 2D extension of the level set method over cartesian grids.

In all numerical examples the function g on the implementation of (4.7) and (4.8) is the Godunov
numerical flux function, see [9].

7.1. Example 1: Rarefaction-Schock interaction. We consider the initial condition

[ 1, z € [-1,1],
uo(x) = { 0, otherwise. (7.1)
The initial increasing discontinuity at x = —1 generates a rarefaction wave, and the initial decreas-

ing discontinuity at © = 1 becomes an entropic shock wave. Both waves interact at (x,t) = (3,4)
forming a shock wave shaped curved line. More, precisely the analytical entropy solution is given
by
0, x €] — 00, —1|U](t + 2)/2, 0],
(x+1)/t, x€]—1,t—1], t<4
u(z,t) = 1, ze[t—1,(t+2)/2],
0, x €] — o0, —1]U]3v/t/2, o0], }
(x+1)/t, r € [—1,3v1/2],

According to the criterion of the first stage of the algorithm (1.6), a natural selection for the initial
level set would be (see Figure 1(a))

t>4

po(z) = { i_ t i 30, OC;O[:O]’ v V2(z) =1, and w'3(z) =0. (7.2)
However, this selection of initial level set does not satisfies the entropy condition required in (3.2).
That is why we need to rectify this initial level set by redefining v=/2 and w="/2, as in Figure 1(b).

For a discretization of At = 0.0266, Ax = 0.0667, we perform simulations with our level-set
method to the time T = 2 (see Figure 1(c) and Figure 1(d)) and time T = 5 (see Figure 1(e)
and Figure 1(f)). We note that T = 2 and T = 5 are times before and after of the interaction,
respectively. We compare our results with the exact solution and the numerical solution using
the Godunov scheme. We consider a discretization so not too thin to observe graphically the
differences between the two methods of order 1, and compare (on a finer discretization is not
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FIGURE 1. Example 1. (a) The selected initial level set function py and the aux-
iliar states w™'/2 and v~'/2, see (7.2). (b) The inital level set profile pa(-,0),
the initial conditiéon ua(-,0), and the entropy satisfying auxiliar states profiles
wa(+,0) and va(+,0). (¢)-(e) Godunov (God), Level set (LS) approximate solu-
tions and Exact (Ex) solution at T = 2 and T = 5, respectively. (d)-(f) The
level set profile pa (-, T'), the level set aproximate profile ua (-, T), and the entropy
satisfying auxiliar states profiles wa(-,T) and va(-,T), at T = 2 and T = 5,
respectively.

visually appreciate the differences). Our level set method, is based and is characterized by better
capturing shocks. In this regard, we note a better accuracy of the method level set at time 7' = 2
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(see Figure 1(e)). In addition, in the right graphics Figure 1(b), Figure 1(d) and Figure 1(f), we
observe the evolution of each of the entropy admissible variables used in the level-set scheme for
T €{0,2,5}.

7.2. Example 2: Schock-Schock interaction. We consider the initial condition

2, x €] — o0, —1],
up(x) =< 1, x €] —1,1], (7.3)
0, x €]1, 00[.
In this case a discontinuity is initially located at x = —1 which propagates as an entropic shock

with velocity o = 3/2, and a discontinuity initially located at the point x = 1 which propagates
with velocity o = 1/2. Both shock lines intersect and interact at (z,¢) = (2,2), generating a new
shock with velocity o = 1. For the initial condition (7.3) the analytical entropy solution of the
burger equation is defined as follows

2, x €] — o0, (3/2)t — 1],

1, x €)(3/2)t — 1, (1/2)t — 1], t<2,
u(x,t) = 0, x € [(1/2)t —1,00],

2, x €] — oo, t],

1, x € [t,00], t>2.

Now, applying the first stage of the algorithm (1.6), we chose the following initial level set repre-
sentation of ug

m={ 170 TG et ={ 6 tgea " me e =L @
which results verify the desired entropy inequality (3.2). Thus ensure an approximation consistent
with the entropy solution, see Figure 2(a) and Figure 2(b).

For a discretization of At = 0.0133, Ax = 0.0667, we perform simulations to the time T = 1
(see Figure 2(c) and Figure 2(d)) and time T = 3 (see Figure 2(e) and Figure 2(f)). We note that
the interaction occurs at ¢ = 2, then 7' = 1 and T = 3 are before and after of the interaction,
respectively. We compare level-set results with the exact solution and the Godunov numerical
solution. In this example, Godunov method also captures well the shocks, and both methods
of order 1, give very similar results. In addition, in the right graphics Figure 2(b), Figure 2(d)
and Figure 2(f), we observe the evolution of each of the variables used in the level-set scheme,
consistent with the approximate solution at 7' € {0, 1, 3}.

7.3. Example 3: 2D Burgers equation. We consider the initial condition

ug(w,y) = { 0, otherwise.

At the boundary z+y = 1 for ,y € [0, 1] generates an entropic shock and the boundary x+y = —1
for x,y € [—1,0] becomes a rarefaction wave.

The main modifications of the 1D algorithm described on section 4 are the definition of 2D
coherent definition of 1D entropy condition given on (3.2). Here, in this simulation, we consider
that 3.2 is reemplaced by the following condition

(#/(us) = 1'(ur) )0up+ (g'(us) = ' (ur) )Oyp 2 0, in Q. (7.5)
where
[ w(zyt), (9up+ 0yp)(z,y,t) >0,
up(z,y,t) = { (@, y, 1), (395]34—53]9) (2,9,) <0, and
_ v(z,y,t), (0 + Oyp)(z,y,t) <0,
ur(z,y,t) = { w(z, y, 1), (@cp-i-azp)(z y,t) > 0.

Now, according to the criterion of the first stage of the algorithm

(1.6), we consider the initial
level set function and auxiliar states defined as follows (see Figure 3)
/

po(z,y) = |z|+ |y -1, v %(z,y)=1, and w '/*(z,y)=0. (7.6)



22 CORONEL, CUMSILLE, AND SEPULVEDA

2 2
15 15
L L e T
(=N Q
] ]
i i
Lok {os
> =1
o 0
—U —Y
oy —w,
-_w
-05 -05
- _v*1/2 - V0
pO pO
4 . 4 -
15 1 05 0 05 1 15 15 1 05 0 05 1 15
X X
(a) po, w /2 and v 1/2 (b) p,w,v and w at T =0
2 —God
—s
1.8 —Ex
1§
14
1)
@
08
0.
0.4 -0. —u(.1)
0.5 )
0. == -v(,1)
o -1 el ()]
-05 0 05 1 15 2 25 -05 0 05 1 15 2 25
X X
(c)uatT=2 (d) p,w,vand uw at T =2

Y

08
056
4 N —u(.3)
0 —God 05 —w(,3)
02ff —Ls - -v(.3)
—Ex ) ) ) -1 ) ) ) ) - - p(.3)
15 2 25 3 35 4 45 15 2 25 3 35 4 45
X X
(e)uatT =3 (f) pw,vand uat T =3

FIGURE 2. Example 2. (a) The selected initial level set function py and the aux-
iliar states w™'/2 and v~'/2, see (7.4). (b) The inital level set profile pa(-,0),
the initial conditiéon ua(-,0), and the entropy satisfying auxiliar states profiles
wa(+,0) and va(+,0). (¢)-(e) Godunov (God), Level set (LS) approximate solu-
tions and Exact (Ex) solution at T = 2 and T = 5, respectively. (d)-(f) The
level set profile pa (-, T'), the level set aproximate profile ua (-, T), and the entropy
satisfying auxiliar states profiles wa(-,T) and va(-,T), at T = 2 and T = 3,
respectively.

However, the selection (7.6) of initial auxiliar states does not satisfies the entropy condition re-
quired in (7.5). Then, before start the evolution of the algorithm we redefine v 12 and w2, as
given in Figure 3(a) and Figure 3(b).
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For a discretization of At = 0.008, Az = Ay = 0.02, we perform a simulation with our level-set
method to the time 7' = 1 (see Figure 4). We compare our results with the numerical solution
using the Godunov scheme see Figure 5. In addition, in Figure 6 we show the profile ua (x, z,1)
of the numerical solutions obtained by Godunov and level set methods with At = 0.0312 and
Az = Ay = 0.08.

(c)pat T =0 (d)uat T =0

FIGURE 3. Example 3. Initialization step of the level set algorithm. Left: (a)
The auxiliar state w~'/2, (b) The auxiliar state v=/2 and (e) The selected initial
level set function py, see (7.6). Right: (b)-(d) The inital entropy satisfying auxiliar
states profiles wa(+,0) and va(+,0); and (f) The initial condition ua(-,0).

8. CONCLUSIONS

In this paper we gave a convergence proof of the level-set algorithm introduced by Aslam [1] for
tracking discontinuities in scalar conservation laws with linear or strictly convex flux function. To
do so, we adapt and improve the ideas introduced by Eymard et al. [8], who have developed a new
approach to show convergence of finite volume methods by using a weak bounded variation estimate
together with a new notion of generalized solutions to conservation laws called entropy process
solutions. Roughly speaking, this method consists in showing that the numerical solution satisfies
a weak bounded variation estimate, then showing that this implies that the numerical solution
converges to a entropy process solution to the conservation law, and finally that this solution is
unique and that the numerical solution strongly converges in suitable spaces. Additionally, we
have fully described the overall numerical method, and some numerical examples dealing with the
elementary wave interaction were given. The numerical examples show that the level-set algorithm
is competitive with respect to the well-known WENO5 method, since in presence of discontinuities
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(a) wA (zv Y, 1) (b) vA (Iv Y, 1)

(C) pA(xvyv 1) (d) UA(JU,Z/, 1)

FIGURE 4. Example 3. End profiles obtained of the level set algorithm. The aux-
iliar states wa(+,-, 1) and va(-,-, 1), the level set function pa(-,-, 1), and aproxi-
mate solution ua (-, -, 1) obtained by the level set method with Az = Ay = 0.02
and At = 0.008. See Figure 5(b) for the level curves of ua(-,-, 1) plotted on (d).

it is well known that this last one is not of order 5 of accuracy, while the first one suitably tracks the
discontinuities of the solution without requiring a high order formal accuracy in smooth regions,
and at the same time that it retains stable, non-oscillatory and sharp discontinuity transitions. In
addition, the level-set algorithm has the advantage of being easy to implement and computationally
effective, because it requires relatively few grid points in order to that the numerical solution be
satisfactory.
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APPENDIX A. COEFFICIENTS OF (6.2)

By definition of sgn™ we have that sgn™ (p;-’“), sgnt (p?+1)7 &7 € {0,1}. This fact implies that
the coefficients ry, ; and 77 ; in (6.2), are such that 7y ;,ry € {0,1} and ryy; + 7y, = 1, see

w,j v, v,
Table 1.

sgn™ p?“) sgn™ (p}H_l) éaj" Tg,j Tg,j T:;L,j + TZ,;
1 1 1 1 0 1
1 1 0 1 0 1
1 0 1 0 1 1
1 0 0 1 0 1
0 1 1 1 0 1
0 1 0 0 1 1
0 0 1 0 1 1
0 0 0 0 1 1
TABLE 1. Posibles coefficients 77 ; and 77, ; of (6.2) and its sum

APPENDIX B. ANALYSIS OF C' IN THE PROOF OF LEMMA (6.4)

We note that

o= {mw?“) - nk(w}l+l/2)}sgn+(p?+l>
= Lot = b )
- {’w;“ - k’ - ‘w;”l/z - k’}sgnﬂp”“)
= L g s ) — K] [ ] s,

Then, using that Sgn+(p;‘+1), sgnt (p?), & € {0,1} we deduce that (see Table 2):

o { [y T2 — k| = ooy T2 — ], sgnt (1) = 1, sgn* (p}) = 0 and &' = 1,
’ 0, otherwise.
sgnt (pi ) sgnt(p}) &) Iy

1 1 1 0

1 1 0 0

1 0 1 |v?+12—k|— w;-LHQ—k‘

1 0 0 0

0 1 1 0

0 1 0 0

0 0 1 0

0 0 0 0

TABLE 2. Posibles combinations of sgn“‘(p}‘“),sgn*’(p;‘),éa]” € {0,1} and the
simplication of I}’



Centro de Investigacidn en Ingenieria Matematica (CI'MA)

2013-13

2013-14

2013-15

2013-16

2013-17

2013-18

2013-19

2013-20

2013-21

2013-22

2013-23

2013-24

PRE-PUBLICACIONES 2013

GABRIEL CARCAMO, FABIAN FLORES-BAZAN: A geometric characterization of strong
duality in nonconvexr quadratic programmaing with linear and nonconvexr quadratic con-
straints

RAIMUND BURGER, CHRISTOPHE CHALONS, LUis M. VILLADA: Anti-diffusive and
random-sampling Lagrangian-remap schemes for the multi-class Lighthill- Whitham-
Richards traffic model

FERNANDO BETANCOURT, RAIMUND BURGER, STEFAN DIEHL, CAMILO MEJIAS:
Advance methods of flux identification for Clarifier- Thickener simulation models
FABIAN FLORES-BAZAN: A Fritz John necessary optimality condition of the alterna-
tive-type

VERONICA ANAYA, DAVID MORA, RICARDO RuUIZ-BAIER: An augmented mized fi-
nite element method for the vorticity-velocity-pressure formulation of the Stokes equa-
tions

FERNANDO BETANCOURT, RAIMUND BURGER, STEFAN DIEHL, SEBASTIAN FARAS:
A model of clarifier-thickener control with time-dependent feed properties

GABRIEL N. GATICA, ANTONIO MARQUEZ, RICARDO OYARZUA, RAMIRO RE-
BOLLEDO: Analysis of an augmented fully-mized approach for the coupling of quasi-
Newtonian fluids and porous media

SERGIO CAUCAO, DAVID MORA, RICARDO OYARZUA: Analysis of a mized-FEM for
the pseudostress-velocity formulation of the Stokes problem with varying density
ERWAN HINGANT, MAURICIO SEPULVEDA: On a sorption-coagulation equation: state-
ment, existence and numerical approrimation

VERONICA ANAYA, MOSTAFA BENDAHMANE, MICHAEL LANGLAIS, MAURICIO SE-
PULVEDA: A convergent finite volume method for a model of indirectly transmitted
diseases with nonlocal cross-diffusion

ToMAS BARRIOS, ROMMEL BUSTINZA, VicTOR DOMINGUEZ: On the discontinuous
Galerkin method for solving boundary problems for the Helmholtz equation: A priori
and a posteriori error analyses

ANIBAL CORONEL, PATRICIO CUMSILLE, MAURICIO SEPULVEDA: Convergence of a
level-set algorithm in scalar conservation laws

Para obtener copias de las Pre-Publicaciones, escribir o llamar a: DIRECTOR, CENTRO DE
INVESTIGACION EN INGENIERIA MATEMATICA, UNIVERSIDAD DE CONCEPCION, CASILLA
160-C, CONCEPCION, CHILE, TEL.: 41-2661324, o bien, visitar la pagina web del centro:
http://www.ciZ2ma.udec.cl



CENTRO DE INVESTIGACION EN
INGENIERfA MATEMATICA (CI2MA)
Universidad de Concepcién

Casilla 160-C, Concepcién, Chile
Tel.: 56-41-2661324 /2661554 /2661316
http://www.ci2ma.udec.cl




