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Abstract

Some production models in a finance economy require infinite dimensional com-
modity spaces, where efficiency is defined in terms of an ordering cone having
possibly empty interior. Since weak efficiency is more tractable than efficiency
from a mathematical point of view, this paper characterizes the equality between
efficiency and weak efficiency in infinite dimensional spaces without further as-
sumptions, like closedness or free-disposability. This is obtained as an application
of our main result that characterizes the solutions to a unified vector optimiza-
tion problem in terms of its scalarization. Standard models as efficiency, weak
efficiency (defined in terms of quasi-relative interior), weak strict efficiency, strict
efficiency or strong solutions, are carefully described. In addition, we exhibit two
particular instances and compute the efficient and weak efficient solution set in

Lebesgue spaces.

Keywords. Vector optimization, Scalarization, Efficiency, Infinite dimensional

commodity space, Quasi relative interior.
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1 Introduction

Multiobjective or vector optimization problems are being the focus of attention of re-

searchers coming from mathematics, economics, and many other disciplines, in recent
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2 Characterizing efficiency on infinity-dimensional commodity spaces

years. This is mainly because most real-life problems are modeled within this frame-
work, and involve the optimization of several criteria simultaneously. There are various
notions of solutions to vector optimization problems, among them two arise: efficient
(Pareto) and weak efficient (weak Pareto) solutions. From the mathematical point
of view, the efficient solution concept is less tractable than weak efficient; whereas

efficiency is more important for concrete applications than weak efficiency.

The purpose of this paper is two fold: on the one hand, we characterize the coinci-
dence of the efficient and weak efficient solutions without free-disposability assumption,
where the ordering cones may have possibly empty topological interior, like the nat-
ural cones in the space of square-integrable (or simply integrable) functions. Here,
the notion of quasi-relative interior, which coincides with the relative interior in finite
dimensional spaces, will play an important role. Cones with empty interior arise, for
instance, when considering production models in finance with an infinite dimensional
commodity space; see [38] and references therein. A characterization of the equality of
efficient and weak efficient solution sets within the context of production theory was
given by Bonnisseau and Crettez in [4], under closedness and free disposability assump-
tions in finite dimensional spaces with respect to the standard non-negative cone (so
that its interior is non-empty). A result ensuring that all points of the boundary of a
closed production set under free-disposability are weakly efficient, was stated earlier;
see for instance [3]. It will be recovered in Section On the other hand, our main goal
is to develop an approach allowing us, in particular, to deal with efficiency and weak
efficiency, among other notions of solution, in a unified manner: this will be carried
out via a non-linear scalarizing function when the preference relations may be induced

by sets having possibly empty interior, or they are non-necessarily transitive.

We refer to the books [30} 28] for a theoretical treatment of vector optimization
problems concerning existence and optimality conditions. Some concrete models in
infinite dimensional spaces may be found in [28]; and existence results of efficient points
for preference relations which are reflexive and transitive, not necessarily coming from

an ordering cone, are established in [I5].

The paper is structured as follows. Section [2| provides the basic definitions and pre-
liminaries concerning quasi-interior and quasi-relative interior points of convex sets. In
Section[3] the nonlinear scalarizing function to be used is revised, along with an analysis
of the scalarization procedure. The specializations to the standard models: efficiency,
weak efficiency (with quasi-relative interior), weak strict efficiency, strict efficiency,
are described carefully in Remark [£.7] Section [f] establishes the characterization of

efficiency in terms of weak efficiency (involving convex cones with possibly empty inte-
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rior), as an application of previous results. A model in the space of square-integrable
functions appeared in finance and the computation of the set of efficient solutions for a
particular instance, are formulated in Section [6} whereas a similar model in the space
of square-summable sequences is presented in Section The paper ends with final

conclusions in Section []l

2 Formulation of the problem

Given a nonempty set S C L, a vector function f : M — L, with L being a (real)
topological vector space and M is any nonempty set, we say that z is a S-minimal of
fon M, iff

zeM: fly)—f(z) ¢S forally e M, y # Z. (P)
The set of S-minimal solutions is denoted by Eg = Eg(M). When f is real valued,
E(f, M) stands for the set of minima of f on M, ie. E(f,M) = arg}‘\znin f.

One recognizes in (P) a vector optimization problem. In particular, when a convex
cone P is given, it induces several preferences by particularizing S. Thus we recover
efficient, weak efficient, strict efficient and (Henig) proper efficient solutions of f on
M, among others, in the classical sense. For more details, see [13].

In connection to (P), given € € R and 0 # ¢ € Y, we associate the approximate

problem:
findzeM f(z)—f(Z)¢—-eq+S VzeM, z+#z, (P(eq))
where S is any set satisfying S — Ri1q¢ C S, where R, := ]0,+0c0[. We denote

by Egs(eq) the solution set to (P(eq)). The previous inclusion is a natural condition
in approximate efficiency since it yields: €1 < g9 = Fg(e1q) C Es(e2q); and
Es = Eg(0) C Eg(eq) Ve e R,y =[0,+00[. Consequently, Es C (. Es(eq).

In case f is a real function we denote by E(f, M,e) the set of e-solutions, that
is, = € E(f,M,e) if and only if f(z) — f(z) > —e for all + € M. Hence,

E(f,M,0)=E(f,M).

There are several scalarizing functions allowing us to substitute the vector problem
(P) by a scalar one. A detailed and good account of some of those schemes may be
found in the book [12] as well as in [6]. A further non-linear scalarizing function (for
different purposes) was introduced by Hiriart-Urruty [26], which is called the “oriented
distance function” and defined, given A C L, by

Aa(y) == daly) —dp\a(y)- (1)
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Here, d4(y) is the distance from A to y, i.e., da(y) = infze 4 [[y—x||. Its main properties
have been established in [36], where the main notions of solution in vector optimization
are formulated in terms of some kind of minima for a certain oriented distance func-
tion. This function was successfully employed in [I1] to provide existence of Lagrange
multiplier in e-Pareto efficiency by using Mordukhovich subdifferential for cones hav-
ing empty interior. Note that A_g = d_g, provided int S = (). See also the references
therein.

However, the scalarizing function, which still remains useful because of its impor-
tance in the development of theoretical and algorithmic issues in vector optimization
([12,16]), is the function &, s: L — RU {£o0} defined by

£.5(y) =1inf{t e R: y € t¢+ S}, (2)

and &, 5(y) = +o00 whenever there is no t € R such that y € tg+S5. Here 0 # ¢ € L, and
S & L. This function was rediscovered in production theory for some specialization of
S and ¢ (see [3, 4, [31]), where it is called the “shortage function”. Hence, &, s(y) is
related with the distance from y to the boundary of S in the g-direction. It measures
the amount, in ¢ unit, by which y is short of reaching bd S. Such a function was
independently introduced in [32] 18, 30], although a similar function already appeared
earlier in [33] Example 2, p. 139]. Other uses may be found in [30, [19] B4 25|, 35] and
references therein. We refer also to the good books [20, 8, 12]. Regarding nonlinear

scalarization for approximate efficiency, we refer to [22] and [23].

By using the scalarizing function (2)), we characterize completely the solutions to
(P(eq)) via solutions to its scalarization for general ordering sets S having possibly
empty interior (Theorems and . Specializations of this characterization allow us
to cover situations where, for instance, Theorem 4.5 and 4.6 in [24] are not applicable,

since the involved sets are not necessarily closed or have nonempty interior.

3 Basic Definitions and Preliminaries on Quasi-relative

Interior

Throughout this paper, L denotes any locally convex and topological vector space.
For given A C L, we denote by C(A), int A, cl A, bd A, the complementary of A, the
(topological) interior, the closure and the boundary of A, respectively. Moreover, we

set cone A := U tA={ta: t >0, a € A}, which is the smallest cone containing A,
>0
and clcone A := cl(cone A). We say A is solid iff int A # (.
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In order to deal with infinite-dimensional commodity spaces (like L? or [P, for 1 <
p < +00), which appear in economies with production (see [38] and references therein),
we will use the notion of quasi-relative interior since in such spaces the ordering cones
(like L% or I%) have empty interior. This allows one to substitute the interior by the
quasi-relative interior in the definition of weak efficiency (see Remark .

Given a convex set A C L and € A, N4(z) stands for the normal cone to A at z,
defined by Na(z) :={y* € L*: (y*,a—xz) <0, Vae A}, where L* is the topological
dual of L, and (-,-) stands for the duality product between L* and L. We say that

x € Ais a (see, for instance, [5l, 27]):
(a) quasi-interior point of A, denoted by = € qi A4, iff clcone(A — z) = L, or equiva-
lently, Na(z) = {0};
(b) quasi-relative interior point of A, denoted by x € qri A, iff clcone(A — z) is a

linear subspace of L, or equivalently, N4(z) is a linear subspace of L*.

For any convex set A, we have that ([5, 27]) qi A C qri A and, int A # () implies
int A =qi A. Similarly, if qi A # ), then qi A = qri A. Moreover [5], if Y is a finite
dimensional space, then qi A =int A and qri A =ri A, where ri A means the relative
interior of A, which is the interior with respect to its affine hull. Obviously qri A is
convex, t qri A = qri A for all ¢ > 0, and cl(qri A) = ¢l A provided qri A # . In
addition, ([5, Lemma 2.9]) if 1 € qri A and x9 € A, then txy + (1 — t)z € qri A for
all 0 <t < 1. Hence, if P is a convex cone, then qri P + P = qri P.

The (nonnegative) polar cone of a set A C L, is defined by
A" :={y*eL": (y",a) >0 Vae A} (3)

The next result [5], which is an useful characterization of the quasi-relative interior,

applies to spaces like LP or [P, 1 < p < +o0.

Theorem 3.1. [5, Theorem 3.10] Let P C L be a convex cone such that cl(P — P) =
L. Then:

yeqi P <= ye€Pand (y*,y) >0, Vy* e P \{0}.
Consequently, if additionally P is closed, then
yeqri P < (y",y)>0, Vy" e P"\{0}.

Remark 3.2. Let A C L be a convex set such that 0 € A. Then, it is not difficult to
check that (see also [21])

cone(A — A) = cone A — cone A.
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Proposition 3.3. Let P C L be a convex cone such that cl(P — P) = L. Then
qri P =qi P.

Proof. We only need to prove that qri P C qi P. Let y € qri P. Then y € P and
0 € qri(P — y), and therefore clcone(P — y) is a linear subspace. Thus by assumption

and the preceding remark, we obtain

L = cl(P — P) = clcone(P — P) = cl(clcone(P — y) — clcone(P — y)) = clcone(P — y).

(4)
Hence y € qi P. O

By recalling that a nonsupport point x € A of A is such that every closed supporting
hyperplane to A at x contains A, it is proven that the nonsupport points coincide with
the quasi-relative interior points [5, Proposition 2.6]. Some examples where int A = ()
but qri A # () may be found in [5].

In general, we recall that every nonempty and convex subset of a separable Banach
space admits quasi-relative interior points [5, Theorem 2.19]. There are only a few
infinite-dimensional spaces, whose natural ordering cones have non-empty interior;
among them we mention [*°, the space of bounded variation on R, or the space of

continuous real-valued functions defined on a compact set of R™.

4 The Scalarizing Function Revisited and a Unified Vec-

tor Optimization Problem

As in previous section, L continues to be a locally convex and topological vector space.
In this section, we recall some properties of the function &, 4 defined by (). It follows
that §ga4+a(y) = &ga(y—a) foralla € L. If Ais closed, then y € &, a(y)q+ A, provided
&q,4(y) is finite.

This function £, 4 is a nonlinear Minkowski-type functional and has many separa-
tion properties (see [30], [20], [19], [29]) and plays an important role in many areas,
including mathematical economics or finance; see [4] and [I7]. In addition, the function
&4, enjoys very nice properties, which some of the them are shown in [20, 34} 35]. The

next proposition collects those to be used later on without further assumptions.

Proposition 4.1. Let A\ € R, 0 £ g€ L and ) # A & L. The following assertions
hold:

(@) {y € L:&aly) <A} = Mg+ A-Ryypqand A\g+AC{y e L:aly) <A}
thus {y € L: &g a(y) <0} = —Ryiyq+Aand {y € L: &, a(y) < +o0} =Rg+ A.
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(0) Ag+int A C{y e L:E aly) <A}
() {yveL: &aly) <A} CAg+cl(A—Riiq).
(d) {ye L:&aly) =2} SAg+cl(A=Ryq)\ (A-Ryiq).

More simpler expressions are obtained under the assumption A —R;q C A, which
is equivalent to A — Ryq C A, or equivalently A — R, q = A.

The next corollary is a consequence of the preceding proposition.
Corollary 4.2. Let \€e R, 0#£ g€ L and D # A& L.

(a) Assume that cl A—Ri.q C A, then
{yel: Saly) SAy=Ag+c A, VAER and & a(y) =E&ga a(y)-
(b) Assume that int A # () and A —R4,q C int A, then
{yeL: &aly) <A}=X+intA, YVAER and & a(y) = &g int a(y).
(¢) If l A—TRyyq Cint A then, for all X € {5 a(L),
{yel: &aly)=At=Ag+bd A

Given z € M, the value —7o := (& ¢(z)+s © [)(Z) = &,5(0), which is independent
of f, measures the distance of the origin from the boundary of S in the g-direction.
Later on, we shall provide a wide class of sets for which such a value is computable.

We easily obtain:

—Ry4q C cleone(S — Ry 4q); (5)
£.50)eR<=[0€Rg+Sand It eR, 0tqg+ S —Ri1q; (6)
g€ (=S)\(S—Ritq) = —1<§,5(0) <1 (7)

The preceding assertions can be simplified under the assumption S — R, ,q C S, as

one can check it easily.
The following theorem, which appears for the first time without solidness of S,
characterizes solutions to (P((r9+¢)q)) through solutions to scalar problems, depending

on &, 5(0) and without additional assumptions on S.

Theorem 4.3. Let ) # S C L, e >0, g € L\ {0}, T € M and assume that —ry =

£4.5(0) € R. The following assertions are equivalent:

(a) T € Es((e +10)9);



8 Characterizing efficiency on infinity-dimensional commodity spaces

(b) S E(éqj(i)—‘rs o f, M, 6) and
E(&qr@+sofMe)\{z} S {we M\{z}: f(z)- f(Z) €
[(e = 70)g + cl(S = Ry1.g)] N [=(e + r0)g + C(S)]}-

Proof. (a) = (b): Since f(z) — f(z) ¢ —(e +ro)g+ S for all x € M, = # T
then (§g rz)+s © (@) > =10 — e = (§,—f@)+s © f)(T) — & by Proposition (a),
which implies that = € E({; ¢(z)+s © f, M,€). On the other hand, take any x € M,
x # 7, such that © € E(§, ¢(z)45 © f, M,e). Then, (§ ¢z)+s © f)(@') > (§g,5z)+s ©
[)(x) — ¢ for all 2 € M. In particular, (§, y@z)+s © f)(z) < € — ro, which gives
f(z) = f(Z) € (e —10)g + cl(S — Ry1q) by Proposition [l.1(d). This, along with the
fact that f(z) — f(z) € —(¢ + 10)q + C(S) yield the inclusion in (b).
(b) = (a): If on the contrary T & Eg((c + r9)q), then there exists #’ € M, 2’ # T,
such that f(2') — f(Z) € —(¢ +ro)g + 5. Thus, (& s@z)+s © f)@) < —(e + ro).
Hence (g r(z)+5 © f)(x') = —(e + 7o) since T € E(&; sz)4+5 © f, M, ¢); therefore 2’ €
(5q,f )+s © f, M) C E(, f@+s © f, M, €). By the inclusion assumption, we get
F(&!) = 1(E) € —(e + 7o) +
(a) holds. O

C(S), which contradicts a previous relation, proving that

An example showing the inclusion in (b) for ¢ > 0 may be strict, is exhibited in
[13].

Before going further, some remarks are in order. Our Theorem largely extends
and generalizes similar results appearing elsewhere. In particular, Theorems 4.5 and
4.6 in [24] cannot be applied. Indeed, Theorem 4.5 requires that S be closed and free-
disposal: S — P = S, whereas Theorem 4.6 needs that S be solid and free-disposal.
Moreover, our theorem provides more information.

From Theorem [£.3] a simple corollary is obtained.
Corollary 4.4. Lete >0, Z € M and —r9 = §;5(0) € R.
(a) Assumerg=0. If E(& f(z)+s © f, M,e) = {z}, then T € Eg(eq).

(b) Assume that S —Ry1q € S. Then, E(§; ¢(z)+s° [, M) = {7} = & € Es(roq).
If, additionally, S is closed, then

T € Es(roq) <= E(&g r@)+so f, M) = {z}.

(c) Assumethat S—Ry,q C S andro > c. If¥ € Es(eq), then E(&y _f@z)+s0f, M) =
{z}.
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Proof. (a) and (b) follow from Theorem [4.3]
(c): Since Es(eq) C Eg(roq), T € Es(rog). By using Theorem [4.3| (setting ¢ = 0), we
obtain = € E(&, f(z)+s © f, M) and

E&qs@+s o [, M)\ {7} C{r € M\{z}: f(z) - f(Z) € —rog +cl(5) \ S}.

If there exists 2’ € (&, _f@z)+s© f, M), 2’ # T, then —& > —rg = (§g rz)+5 © ) (T) >

(€q.7@)+s © f)(z'). Thus, by Proposition (a), one gets f(z') — f(T) € —eq+ S,
contradicting the fact that & € Fg(eq). O

One can realize that the second part of (b) in Corollary [£.4]extends that of Theorem
4.5 in [24], which is valid for improvement closed sets S. The notion of improvement
set was introduced in [9], and it will be recalled after next theorem.

When rg = 0 a more precise formulation of Theorem is obtained.

Theorem 4.5. Assume that {;,5(0) = 0 and S — Ry1q C S (which implies —q €
clcone S by (B))). Let us consider problem (P(eq)) with e > 0, and T € M. The

following assertions are equivalent:
(a) T € Es(eq);
(b) T e E(gq,f(i)-‘rs o f, M76) and

E(&q r@+sof, Me)\{z} S{ze M: z#Z, f(z)=f(Z) € [eq+cl(S)|N[—eq+C(9)]}

We now provide two important sets of assumptions implying the fulfillment of the

hypothesis of Theorem [4.5

e Assumption (B) ([13,14]): 0 € bd S, cl(S) — R44+¢ C int S # (. It implies that
—R++q Q int S

e Assumption (C): S is conic, g € (=5)\ S, and S —R;;1q C S; where a set S is
conic if R4S =5, or equivalently, tS = S for all ¢t > 0.

Assumption (B) was introduced in [I3] and clearly it implies those imposed in Theorem
the fact that £, 5(0) = 0 is a consequence of Corollary (c) More precisely, the
preceding theorem was obtained in [I3] under Assumption (B), and it was employed
to derive complete scalarizations for problems (P(eq)); whereas Lagrange optimality
conditions, both in the convex and non convex cases, were established in [14]. We
recall that a set S is improvement with respect to a convex cone P iff 0 ¢ S and
S — P = S (free-disposability). Such a notion was introduced originally in [9] when
K =R7%. In case int P # (), it is easy to check that, if S — P = S, then S satisfies
cl(S) —Ryyq Cint S for each ¢ € int P (more details may be found in [13]). Observe
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that the requirement 0 € bd S in Assumption (B) is not restrictive, since one can find
yo € L satisfying 0 € bd(S — yo) once S # L. Thus, every improvement set satisfies
Assumption (B), provided int P # (). However, there are sets that are not free-disposal
but satisfy Assumption (B), for instance S = —P \ {0} with P being non pointed.
On the other hand, Lemma below asserts that the hypothesis of our Theorem
is implied by Assumption (C). This is new in the literature, since (C) considers
an important class of (not necessarily solid) sets which includes the standard models

described in Remark
We point out that there is no relationship between Assumptions (B) and (C).

Lemma 4.6. Let ) # S C L be a conic set. Then,

0 if, qe(=9)\5,

-0 if, g€,

+oo if, g€ SU(=S5),0¢S5,
0 if, q¢SU(=95),0€eS,

Proof. 1t is straightforward once one notes that: g € S if and only if 0 € —tq + S for
all ¢ > 0, so that £, 5(0) < —t; ¢ ¢ S if and only if 0 € —tq + S for all t > 0, and
therefore ¢ ¢ SU (—95) if and only if 0 € tg+ S for all t € R, ¢ # 0. O

The choice for ¢ in the standard models (strong efficiency, weak efficiency, efficiency,
weak strict efficiency, strict efficiency) so that Theorem is applicable, appears in
the next remark. Note that Theorems 4.5 and 4.6 of [24] are not applicable to any case

described below, since the sets S are not necessarily closed or solid.

Remark 4.7. Let us consider {0} # P # L to be a convex cone satisfying P\(—P) # 0,
and set [(P) := PN (—P). The assumptions of Theorem[{.5 are satisfied under any of

the following circumstances:

(i) (weak efficiency) S = —qri P # 0 with q € qri P and P being such that cl P is

not a subspace; &;,5(0) = 0. Here, we set Eyy = Eg and obtain

T < E(fq,f(:f)fqri pof M) and
T € by < E(&q t(@)—qri po f, M)\ {7} (8)
c {m e M\ {z}: f(z)— f(z) € —(cl P\ qui p)}.

(i1) (efficiency) S = (—P)\ P: we choose g € P\ (—P); &,5(0) =0. We set E = Eg

and obtain
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T € B r@-puwp)© f, M) and
T€FE E(& s@-pupy o f, M)\ {z} 9)
C {x e M\ {z}: f(z)— f(z) € —(cl P\ P) uz(p)}.

(131) (weak strict efficiency) S = —P \ {0}, with P being such that cl P is not a
subspace and qri P # 0: we take g € qri P; §,5(0) = 0. In this case we set
Eyw = Es and obtain

T e E(gq,f(a’:)fP\{O} o f, M) and
T € Eyw < E(&q.5@)-p\foy © f, M)\ {7} (10)
c {3: e M\ {z}: f(z)— f(Z) € —(cl P\ P)U {0}}.

(tv) (strict efficiency) S = —P: in this case we choose ¢ € P\ (—P); £,,5(0) =0. We
set 1 = Eg and obtain

NS E(gq,f(a_:)—P o f’ M) and
TeE < B(Ey jz)-p o f, M)\ &) (11)
c{zeM\{z}: f(2) - f(z) € ~(cl P\ P)}.

(v) (strong solutions) S = C(P) with ¢ € P\ (—P); &,s(0) =0.

We point out that for any g € qri P, one gets

5q,zj—P(y) = gq,g—P\{O}(y) = fq,g—P\l(P) (y) = gq,g—qri P(y)7 VyyelL. (12)

Moreover,
Ey, C Eyw C E C Ew, (13)

provided cl P is not a subspace, since in such a case we get
qri P C P\ (—P).

Furthermore, the specializations described in Remark [1.7] encompasses the concrete
situations P = L% (), P = I¥, and in these cases such expressions may be simplified
because of the closednes and pointedness (I(P) = {0}) of those cones..

We are now in a position to establish our main result on complete scalarizations
which is valid, in particular, for efficient, weak efficient and weak strict efficient solu-
tions as described in Remark provided P is a (not necessarily solid or pointed)
closed and convex cone. This is new under Assumption (C). The analogue under

Assumption (B) was established in [13].
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Theorem 4.8. Suppose that ) # S C Y, S is conic satisfying S — Ryyq C S with
ge (=S)\S.

(a) If0€C(S) and S+cl S\ S C S, then

(al) w € Eg <= [z € E({; f(x)+s5° [, M) and E({; )15 f, M) C Egl;

(a2) Es = |J B¢ f@)+s o f, M).
xekg

(b) Let x € M and e > 0, then:
T € Es(eq) = x € E(§y f(x)45°f, M,e) = T € Es(dq) V0 >¢e =7 € Eny s(9q),
where the last implication holds provided int S # ).

Proof. (al): One implication is straightforward. For the other we need only to check

the inclusion due to Theorem [4.5¢ take any ' € E(&y f(z)+s © f; M), thus (&g p(a)+s ©

NW) = g p@)+s © @) = (g p@)+s 0 f)(x) = 0 for all y € M. Hence, by the same
theorem and the fact that 0 € C(S), we obtain for all y € M,

fly) = f@) = f(y) = f(z) + f(2) = f(&) € C(S) =l S\ S CC(9),

proving that 2’ € Eg, since S+ (cl S\ S) C S <= C(—S) + (c1 S\ S) CC(—S). This
completes the proof.
(a2): It is a consequence of (al).

(b): It is straightforward. O

5 Characterizing when the Efficient and Weakly Efficient
Solution Sets Coincide

We now consider, in the setting of production theory, a production set ) # Y C L,

which is not necessarily closed or convex. Here, L is as before, and it is equipped with

a proper and convex cone P (by proper we mean {0} # P # L), satisfying qri P # 0.

We denote
Ew(Y,P):={geY:y—y&—qiP, VyeY}. (14)

and
EY,P)={ygeY:y—yg&—-P\I(P), YyeY}, (15)

where, as before, [(P) = P N (—P). As a direct consequence, we obtain

Ew(Y,P)=Y\ (Y +qri P) CY Nbd Y. (16)
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E(Y,P) =Y\ (Y + [P\ (=P)]). (17)
As for , we get

cl P is not a subspace = E(Y, P) C Ew (Y, P). (18)

It is worth emphasize that, in case int P # (), the set Y is closed and satisfies the
free disposability condition: Y 4+ P =Y (which implies that Y +int P = int Y, see [T]
for instance), one obtains Ey (Y, P) = bd Y, a well known fact.

Our notion of weakly efficient point when quasi-relative interior is considered, is
termed quasi minimal point in [2].

From Remark (S=—qri P, S=—-P\I(P)=(—P)\ P, f to be the identity,
and ¢ € qri P), it follows that

) y € E(€gg-ari P;Y)
Ew (Y, P
PERIIY N By g n V) (0 € {vev\{s}: y—ye—(@P\aip)}
¥ € B g-rup)Y)

PEEEE T Bl V) € {ye Y\ 1) y—16 ~(P\P)UIP)).

Let us introduce the following assumption originated in [4]:
Assumption (H): for all y,y’ € Y \ (Y + qri P), such that y —y' € P, ¢ —y & P,
1 , .
one has §(y+y) €Y +qri P.
A simple condition implying the validity of Assumption (H) is the strict convexity
on the set Y satisfying int Y # (). We say that a convex set Y C L with int Y # (),
1
is strictly convex iff u,v € Y, u # v, then i(u +v) € int Y. This condition was

considered in [I] under free-disposability.

Proposition 5.1. Assume that Y C L is strictly convex such that int Y # (). Let
P C L be a convex cone such that cl P is not a subspace and qri P # (). Then,
Assumption (H) holds, and so by Theorem[5.9 below, Ew (Y, P) = E(Y, P).

Proof. Let y,y' € Ew(Y,P) =Y \ (Y +qri P). Then y,y/ € Y Nbd Y by (16). By
hipothesis, i(y +9') € int Y, which implies that i(y +9') ¢ Ew(Y,P). This means
that there exists yo € Y such that

1 .
vo -5+ y') € —qri P.

1
Thus, 5(3/ +4') €Y + qri P, proving the fulfillment of Assumption (H). O
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Theorem 5.2. Let P be a convex cone such that cl P is not a subspace and q¢ € qri P.
Assume that Assumption (H) fulfills and y € Ew (Y, P). Then,

E(&yg-rury VNI S {y €Y\ {7} y—ge—(@P\P)ULP)},  (19)
and therefore y € E(Y, P).

Proof. By Theorem and , we obtain

ye E(éq,ﬂ—qri p,Y)= E(gq,?—P\l(P)’ Y)

and therefore
E(g-purp):Y) \ {7} C {y eEY\{y}: y—y€—(cl P\ qri P)}.
Thus, any y € E(§,5—pucp), Y ) \ {7} satisfies
y—1y € —(cl P\ qri P). (20)

We know from that

geY \ (Y +qri P). (21)
We distinguish two cases:
(a) y—y & —P: in such a case y —y € —(cl P\ P), and therefore y belongs to the set
on the right-hand side of .
(b) y —y € —P: in this situation, ify € Y +qri Pthenye y+ P CY +qri P+ P C
Y +qri P, reaching a contradiction to (2I). If on the contrary y € Y\ (Y + qri P), by
assuming that y —y € P we can use Assumption (H) to get ¢/ = i(y +y) €Y +qri P.

1
This implies that § — ¢y’ = Q(gj —y) € P, and therefore

geEy +PCY+qi P+PCY +qri P,

giving a contradiction to (21]) again. Hence, y—¢ € P, thatis, y—y € PN(—P) = I(P),
proving that y belongs to the set on the right-hand side of . This completes the

proof of .
An application of Theorem allows us to conclude that g € E(Y, P). O]

The next result extends and generalizes that due to Bonnisseau and Crettez [4,
Theorem 1]: no closedness on Y, or pointedness on P, or non-emptiness of the interior
of P, or free-disposability, is required, apart from the infinite dimensional setting. Un-
der the same assumptions on Y but in infinite dimension was proved in [35], Proposition
6.1]. We need only quasi-relative interior.

An earlier version without closedness or free-disposability was obtained in [16] in finite
dimension with ordering cones having non-empty interior. Existence of efficient points

for preference relations which are reflexive and transitive may be found in [I5].
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Corollary 5.3. Let P C L be a convex cone such that cl P is not a subspace and
qri P # 0, and ) #Y C L Then,

Ew(Y,P)=E(Y,P) if, and only if Y satisfies Assumption (H). (22)

Proof. The “if” part is a consequence of the preceding theorem. The “only if” part is
as follows. Take v,y € Y\ (Y +qri P) = Ew (Y, P), such that y —y' € P,y —y & P.
The equality Ew (Y,P) = E(Y,P) entails y — vy ¢ (-P)\ P and ¢ —y & (—P) \ P,

yielding a contradiction. O

6 Applications in L?

We now consider the typical situation in L = LP. More precisely, given 1 < p < +o0,
a nonempty, bounded and open set Q in R", LP(Q;R) denotes the set of measurable

functions (with respect to Lebesgue measure) such that [, [ulP = [, [u(t)[Pdt < 4oc0.

1/p
It is equipped with the norm |jull, = (fQ \u]p> . One can check that the pointed

closed and convex cone
P=L"(GR):={ye LP(ER): y >0 a. e inQ}

has empty interior. For simplicity we use LP, Lﬁ and Li 4, instead of LP(%;R),
LE (Q;R) and qri L% respectively. It is easy to show that L — L% = LP = L — L% |
and therefore, by Proposition we get [5l Examples 3.11]

Lh, =qi L} =qri L} ={ue L?: u(z) >0, a.e. in Q}.

In what follows |A| denotes the Lebesgue measure of A. The following proposition

is easily obtained.

Proposition 6.1. Let 1 < p < 400, Q@ C R"™ be nonempty, open and bounded set. If
0 #£Y C LP, then
Ew(Y, L)\ E(Y,LE) =

:{geEW(Y,Lﬁ): JyeY, 30 CQ, V>0 y=7, a. e ;
7>y a e Q\, ]Q\Q’\>O}.

Proof. Let § € Ew(Y,L%) = Y \ (Y + L% ). If on the contrary § ¢ E(Y,L%) =
Y\ (Y + (L% \ {0})), there exists y € Y such that § —y € L% \ {0}. On the other hand,

y—yée —Lﬁ 4. On combining the last two relations, we get the desired result. O
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We now present an instance which may appear in production models within a

finance economy.

A Model in Finance

Let us consider a model with a single firm and goods (projects), where the state of
nature is represented by 2 C R™. The commodity space is L?, where each element is
a good (firm). It may be interpreted as a random variable with finite variance: given
x € L?, 2(t) represents the benefit of the project corresponding to the state of nature
t. We assume that the preference relation is given by the closed and convex cone L%r.
The production (opportunity) set is given by ¥ C L?. The standard assumptions our
model must satisfy are the following (see [10, [37]):

(a) 0 € Y: it means possibility of inaction;
(b) Y is convex;

() —L% CY: sometimes it is written as Y — L% =Y (free disposal): if a project is

possible, then so is every other project having lower profit;

(d) YN L2 is bounded: it asserts that the production possibilities of the economy as

a whole are bounded, i. e., only limited profits by the firm are obtained.

Thus, the problem consists in finding an efficient solution with respect to the or-

dering cone P = —Li. As a concrete instance, take
Y={zel?: |z)p <1} - L%

Clearly it satisfies (a), (b), (¢) and (d). Actually, in this case, the free disposability
assumption becomes Y — L2 =Y.

In the next instance we are refering to efficient solutions with respect to the cone
P = Lﬁ, that is, we are looking for minimal elements contrary to maximal elements

as described in the above model.

Example 6.2. Let us consider p € N, p > 2, Y] to be the unit ball in LP, that is,
Vit foe D o, <1,

and Y =Y, + Lﬂ. We are interested in the efficient solutions with respect to the cone
P = Lﬂ. Actually, the free disposability assumption, for the present case, reads as
Lﬁ C Y, which is equivalent to Y + LY. =Y ; whereas the boundedness assumption
refers to the set' Y N (—LE).

We shall prove that

Ew(Yi,L4) = B(Y1,L%) = B(Y, L}) C Ew(Y, L"), (23)
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and

By (Yi,I%) = {z €L’ |zl,=1, 2<0a. e in Q} (24)

whereas

Ew(Y,LY) = U {zELp: |z —z|l, =1, 2 <z, a. e. in

zell
r=0, a.e.inQCQ |]>0, =2, a e.z’nQ\Q/} (25)

:{zeLp: 30 CQ, \Q’\>O,/ 2P =1; 2<0, a.e. Q; 2>0 a. e.Q\Q’}.
Q/

The first equality in follows from Proposition because of the strict converity
of Y1, and the inclusion comes from . For the second equality, one inclusion easily
follows from once we notice that Y1 CY and

Y+ (LEN{0}) = Y1 + L + (L5 \ {0}) = Y1 + (L4 \ {0}).
Let us prove the opposite inclusion. From above, we have

V@A) =vi+ (A= U {zerf: el <f (20)
verf\ (o)

which implies that
E(Y, L) =Y\ (Y + (LL \ {0})
- ( U {zeLp: Iz -z, < 1})m N {zeLp: Hz—pr>1}. (27)
zeLk, yeLL\{0}
Let z € E(Y,L%). Then z € LP and ||z — z||, < 1 for some x € L%, and obviously

x & L8\ {0}. Thus 2 =0 a. e. in Q. Hence from (27), we obtain

E(Y,I%) C {z eL”: |z, < 1} n N {z eLP: |lz—yll, > 1}.
yeLZ\{0}

= Y1\ (Vi + (IR \ {0}) = B(v1, ID),

which completes the second equality in .
We now compute and can be deduced from it.

Since

V4Ll =Vt L+ =yt = | {zel’: |-ulp <1} (28)
yeLl,
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we get

Y\(Y+Lﬁ+):( U {zeLp: Hz—xupgl})m N {zeLp: Hz—pr>1}.

p P
1‘€L+ y€L++

(29)
Let z € Y\ (Y + LE.). Then z € LP and ||z — z||, < 1 for some x € L%, and
obviously © & L . Since dx +y € LY for ally € L | and all 6 > 0, we also get
|z — 0z —yll, > 1 forally € L%, and so z — 6z ¢ LY U{0}. Set

Q0 ={teQ: 2(t)—dz(t) <0}, QL ={teQ: z(t) - dx(t) >0} and
Q) =0\ (QUQS) ={tcQ: 2(t) = dxz(t)}.
Define for fixed A > 0 and € > 0,

“A(z(t) = 0x(t)), if teQl;
y(t) = 2(t) — ox(t), if ted;
g, if te Qg.

Then y € L, , and therefore ||z — 6z — yl|, > 1 reduces to
(1+ AP /m 2 — 6af + P|00) > 1.

Letting A — 0 and € — 0, the previous inequality yields

/ |z —dz|P > 1,
Q°

and s0 |Q° | >0 for all § € 0,1]. We also obtain

0<0 <0 <1=0°CcQca2cql. (30)

lzf\x—z\pZ/ |z—w\p2/ |z — ox|P > 1,

which implies that

/|Z—:U|p:/ ]z—x|p:/ |z —dzlP =1, Ve |0,1]. (31)
Q Q° Q%

[ Je=slr =0,
Q

1
+

Thus

Hence

yielding |Q%| = 0 (it may occur that QY = 0), which means z < x a. e. in Q. For
0 <d <1, one obtains

1:/96(95—,2)?:/95[5x—z+(1_5)x]p:
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x=0 a. e inQ° forall 0<d<1. (32)

Moreover, for 0 < 4§ <1,

1:/|z—:x|p:/ |z—:c|p:/ |z—x|p+/ |z—m|p:1+/ |z — z|P.
Q QL Q0 QLl\Q QL\Q0

This gives |QL \ Q| = 0, which together with and the fact that || = 0 yield
z=0a e inQLUQL.

This proves that any z in Ey (Y, Lg_) belongs to the set on the right-hand side of
by taking ' = QL UQL, and so Q\ Q' = Q.

To prove the reverse implication, take any z in the right-hand side of . Then, for

each y € L{’H we obtain

/!Z—ylp=/ !z—y!“r/ !z—y!pzf(y—Z)p=
Q Q O\ Q/

p—1
LR ()
9% 1 k
Since y >0 and z <0 a.e. in Q, we obtain

[re=ur= [ [l
Q Q Q

Hence, z belongs to the right-hand side of , proving the equality in .
In order to check , simply note that

BwiI8) =Yi\(i+ 28) = () {ze bl ey <1 =yl > 1}, (33)

P
yell 4

and then follows the same reasoning as above.

7 Applications in [?
. 1/p
Here, [P is the set of sequences z = (x;);en such that ||z||P = (ZieN |$i|p) < +00.
As above we also get [5, p. 29]
B,o=dll =qil]l ={z=(2)ienelP: 2; >0, VieN}

In the following |I| means the cardinality of the set I.
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Example 7.1. Let us consider p € N, p > 2, Y] to be the unit ball in [P, that is,
Vi={zelP: |z, <1},
and Y =Y, + 8. We shall prove that
Ew(Y1,18)=EM,I8) =EY,I%) C Ew(Y,I}), (34)

and

By (¥1,17) = {zelp: Izl =1, 2 goweN}, (35)
whereas
Ew(Y,l}) = U {Zelp:Hz—pr:l, zi <z =0,Viel zi:xiViEN\Il}.

13
€l

(36)
:{zelp: J0ATCN, ) |siff=1; 5 <0, VieT; ziEOViEN\I’}.
el
The proof of is similar to that in the preceding example.
We proceed as in the previous example by computing only , since (35)) can be derived

from it.
Since
Y4B, =i+l + 0, =i+l = | {rer: o-yl <1}, 67)
yelly
we get
Y\(Y+12,) = ( U {z el |z—zf, < 1})m N {zezp: Iz =yl > 1}. (38)
zeli y€lﬁ_+

Following the reasoning in the preceding example, given 0 < § <1, A >0and1l >¢e >0,

we consider

Nz — bxy), if iel’;

Y = Zi—&L'Z', if 4 Efj_;
gl/p . ) 5
%, if 1€ IO’

where
I°={ieN: z —0x; <0}, I) ={ieN: z —dx; >0},

IS=N\(PUll)={ieN: z =dz}.

Then y € lir. As before, we deduce that

1
1 Ap i—5ip - 1
(1+ ) Z\z x| +EZQ’L>

iel’ i€ld
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Letting A — 0 and € — 0, the previous inequality yields

Dlzi—wlP =) la—wlf =) |a-duff =1, Vie o1 (39)

ieN eI’ eI’
which implies that I # (0 and It = . Similar to (32), we also obtain
;=0 VielI’, and all 0 <4 < 1. (40)

In addition, from the equalities (1 < § < 1)

1= Z‘Zi_l'i‘p = Z ]zi—a:i\p = Z |zi—xi]p+ Z ‘Zi—l'i‘p =1+ Z \zi—xi|p,

ieN iclt iel’ i€t \I% i€t \I%

we get [I'\I°| =0, and so I* = I° # (), leading to x; = 0 for all i € I'. This proves
that any z in Ew(Y, lﬁ) belongs to the set in the right-hand side of by taking
I'=1I'; since IL. =0, z; =; for alli e N\ I' = I.

The reverse inclusion is proved in a similar way to the previous example.

8 Conclusions

Motivated by some models in economies with production, which require infinite-
dimensional commodity spaces like LP or [P and where the ordering cones have empty
interior, we develop further a nonlinear scalarization approach without any convex-
ity assumptions, started in [I3]. This is used to characterize the coincidence of the
efficient and the weakly efficient solution sets. Here, the notion of weakly efficient
solution involves the quasi-relative interior instead of interior. It is known that from
a mathematical point of view to compute the weakly efficient solutions is easier than
the efficient ones, but in application, the latter notion has a real meaning. A couple
of models are presented for which the efficient and weakly efficient solution sets are
computed.

Our unified scalarization approach may be considered as an alternative procedure to
that developed in [II] which use a different nonlinear scalarization function. So the

next step is looking for optimality conditions in our setting.
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