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A posteriori error analysis of a fully-mixed finite element method
for a two-dimensional fluid-solid interaction problem*
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Abstract

In this paper we develop an a posteriori error analysis of a fully-mixed finite element method
for a fluid-solid interaction problem in 2D. The media are governed by the elastodynamic and
acoustic equations in time-harmonic regime, respectively, the transmission conditions are given by
the equilibrium of forces and the equality of the corresponding normal displacements, and the fluid
is supposed to occupy an annular region surrounding the solid, so that a Robin boundary condition
imitating the behavior of the Sommerfeld condition is imposed on its exterior boundary. Dual-mixed
approaches are applied in both domains, and the governing equations are employed to eliminate
the displacement u of the solid and the pressure p of the fluid. In addition, since both transmission
conditions become essential, they are enforced weakly by means of two suitable Lagrange multipliers.
The unknowns of the solid and the fluid are then approximated by a conforming Galerkin scheme
defined in terms of PEERS elements in the solid, Raviart-Thomas of lowest order in the fluid,
and continuous piecewise linear functions on the boundary. We derive a reliable and efficient
residual-based a posteriori error estimator for this coupled problem. The main tools for proving the
reliability of the estimator involve the continuous global inf-sup condition, continuous and discrete
Helmholtz decompositions on each domain, and the local approximation properties of the Clément
interpolant and Raviart-Thomas operator. Then, inverse inequalities, discrete trace inequalities,
and the localization technique based on triangle-bubble and edge-bubble functions, are employed
to show the efficiency. Finally, some numerical results confirming the reliability and efficiency of
the estimator are reported.

Key words: mixed finite elements, Helmholtz equation, elastodynamic equation, a posteriori error
analysis
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1 Introduction

In the recent paper [14] we introduced and analyzed a fully-mixed finite element method for the two-
dimensional fluid-solid interaction problem studied originally in [16] (see also [17]). The respective
model consists of an elastic body which is subject to a given incident wave that travels in the fluid
surrounding it. Actually, the fluid is supposed to occupy an annular region, and hence a Robin
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boundary condition imitating the behavior of the scattered field at infinity is imposed on its exterior
boundary, which is located far from the obstacle. The media are governed by the elastodynamic and
acoustic equations in time-harmonic regime, respectively, and the transmission conditions are given by
the equilibrium of forces and the equality of the corresponding normal displacements. Differently from
the analysis in [16] where dual and primal methods are utilized in the solid and fluid, respectively,
dual-mixed approaches are applied in both domains in [14], and the governing equations are employed
to eliminate the displacement u of the solid and the pressure p of the fluid. In addition, since both
transmission conditions become essential, they are enforced weakly by means of two suitable Lagrange
multipliers. In this way, the Cauchy stress tensor and the rotation of the solid, together with the
gradient of p and the traces of u and p on the boundary of the fluid, constitute the unknowns of
the coupled problem. The solvability of the resulting continuous formulation is analyzed in [14]
by incorporating first suitable decompositions of the spaces to which the stress and the gradient
of p belong, and then by applying the Babuska-Brezzi theory and the Fredholm alternative. The
unknowns of the solid and the fluid are approximated by a conforming Galerkin scheme defined in
terms of PEERS elements in the solid, Raviart-Thomas of lowest order in the fluid, and continuous
piecewise linear functions on the boundary. The analysis of the discrete method relies on a stable
decomposition of the corresponding finite element spaces and also on the classical result on projection
methods for Fredholm operators of index zero.

On the other hand, it is well known that in order to guarantee a good convergence behaviour of
the finite element solutions, specially under the presence of complex geometries leading eventually to
singularities, one needs to apply an adaptive strategy based on a posteriori error estimates. These are
usually represented by global quantities @ that are expressed in terms of local estimators 67 defined
on each element 7" of a given triangulation of the domain. The estimator 6 is said to be reliable (resp.
efficient) if there exists Crer > 0 (resp. Cess > 0), independent of the meshsizes, such that

Cott 0 + hoot. < |lerror| < Cre1 60 + h.o.t.,

where h.o.t. is a generic expression denoting one or several terms of higher order. Concerning the
Helmholtz and elasticity equations, several approaches have already been developed independently in
the literature. In particular, a posteriori error analyses for interior Helmholtz problems, which are
based on local computations or explicit residuals, can be found in [7] and [23], respectively. In addition,
a reliable residual-based a posteriori error estimator, which follows the nowadays standard approach
from [28], is proposed in [24]. In turn, a posteriori error estimators for the mixed finite element
formulation of the linear elasticity problem, which are based on residuals and on the solution of local
problems, are provided in [2]. The main novelty of the approach there has to do with the utilization
of a Helmholtz decomposition of the stress-type unknown to derive the corresponding reliability and
efficiency estimates. For related approaches employing the Helmholtz decomposition technique as well
we refer to [11] and [25].

Furtermore, to the best of our knowledge, [15] is the only work available in the literature deal-
ing with the a posteriori error analysis of fluid-solid interaction problems involving the acoustic and
elastodynamic equations in time-harmonic regime. In fact, a reliable and efficient residual-based a
posteriori error estimator for the dual-mixed/primal formulation of the model problem analyzed in
[16] was derived in [15]. More precisely, suitable auxiliary problems, the continuous inf-sup conditions
satisfied by the bilinear forms involved, a discrete Helmholtz decomposition, and the local approx-
imation properties of the Clément interpolant and Raviart-Thomas operator are the main tools for
proving the reliability of the estimator in [15]. Then, Helmholtz decomposition, inverse inequalities,
and the localization technique based on triangle-bubble and edge-bubble functions are employed to
show the efficiency. According to the preceding remarks, and in order to additionaly contribute in this



direction, the main purpose of the present paper is to derive a reliable and efficient residual-based a
posteriori error estimator for the fully-mixed formulation introduced and analyzed in [14]. The rest of
this work is organized as follows. In Section 2 we recall from [14] the fluid-solid interaction problem
and its continuous and discrete fully-mixed variational formulations. The kernel of the present work is
given by Section 3, where we develop the a posteriori error analysis. Our tools for showing reliability
and efficiency are basically the same ones utilized in [15]. More precisely, in Section 3.1 we employ the
global inf-sup condition for the continuous variational formulation, discrete Helmholtz decompositions
in both domains, and the above mentioned properties of the Clément interpolant and Raviart-Thomas
operator, to derive a reliable residual-based a posteriori error estimator. Even, at some point of this
analysis we are able to identify independent terms related to the fluid and solid, respectively, which
allows us to apply, separately, some of the arguments employed for the a posteriori error analyses of
each equation. Next, in Section 3.2 we apply discrete trace and inverse inequalities, and the local-
ization technique based on triangle-bubble and edge-bubble functions to show the efficiency of the
estimator. In this part we take advantage of the fact that either the efficiency estimates for some
terms or the way to derive them, are already available in the literature (see, e.g. [11], [15], and [28]).
However, and for sake of completeness, we sketch at least most of the corresponding proofs. For the
remaining terms defining the a posteriori error estimator we certainly provide full proofs. Finally,
some numerical examples confirming the reliability and efficiency of the a posteriori error estimator,
and showing the good performance of the associated adaptive algorithm are provided in Section 4.

We end this section with further notations to be used below. Since in the sequel we deal with
complex valued functions, we let C be the set of complex numbers, use the symbol 2 for \/—1, denote
by Z and |z| the conjugate and modulus, respectively, of each z € C, and let I be the identity matrix of
C2%2. On the other hand, in what follows tr denotes the matrix trace and * stands for the transpose of a
matrix. Also, given 7, := (7;;), {, := (Gj) € C?*2, we define the deviator tensor 78 := 7, — S tr(7) I,
the tensor product 75 : {; = Z?,j:l 7ij Cij, and the conjugate tensor T, := (7;;). In turn, in what
follows we utilize standard simplified terminology for Sobolev spaces and norms. In particular, if O is
a domain, S is a closed Lipschitz curve, and r € R, we define

H'(0) == [H"(O)2, H'(0) := [H(0)2*2, and H'(S) := [H"(S)?.

However, when r = 0 we usually write L2(0), L?(0), and L?(S) instead of H°(O), H°(0O), and H'(S),
respectively. The corresponding norms are denoted by || - ||, 0 (for H"(O), H"(O), and H"(O)) and
|- |lrs (for H"(S) and H"(S)). In general, given any Hilbert space H, we use H and H to denote
H? and H?*2| respectively. In addition, we use (-,-)s to denote the usual duality pairings between
H~'/2(8) and HY/?(S), and between H~/2(S) and H'/2(S). Furthermore, the Hilbert space

H(div;0) := {w e L*(0): divw e L*(0)},

is standard in the realm of mixed problems (see [8], [22]). The space of matrix valued functions whose
rows belong to H(div; O) will be denoted H(div; O). Note that if 7 € H(div; O), then div T € L2(0),
where div stands for the usual divergence operator div acting on each row of the tensor, The Hilbert
norms of H(div; O) and H(div; Q) are denoted by || - |ldiv:0 and || - ||aiv;0, respectively. Finally, we
employ 0 to denote a generic null vector (including the null functional and operator), and use C' and
¢, with or without subscripts, bars, tildes or hats, to denote generic constants independent of the
discretization parameters, which may take different values at different places.



2 The fluid-solid interaction problem

2.1 The model problem

We consider the two-dimensional fluid-solid interaction problem whose a priori error analysis was
provided recently in [14] (see also [16] for a previous analysis of this problem). In other words, given
an incident acoustic wave upon a bounded elastic body (obstacle) fully surrounded by a fluid, we
are interested in determining both the response of the body and the scattered wave. The obstacle is
supposed to be a long cylinder parallel to the x3-axis whose cross-section is €2;. The boundary of
is denoted by . The incident wave and the volume force acting on the body are assumed to exhibit
a time-harmonic behaviour with e™*“! ansatz and phasors p; and f, respectively, so that p; satisfies
the Helmholtz equation in R?\Q,. Hence, since the phenomenon is supposed to be invariant under
a translation in the z3-direction, we may consider a bidimensional interaction problem posed in the
frequency domain. In this way, and since we employ mixed formulations in both domains (solid and
fluid), the main unknowns of our interaction problem are given by o, : Qs — C?*2, u : Q, — C2,
p:R:\Qy — C, and o I R2\Q, — C2, corresponding to the amplitudes of the Cauchy stress tensor,
the displacement field, the total (incident + scattered) pressure, and the gradient of p, respectively.

The fluid is assumed to be perfect, compressible, and homogeneous, with density p; and wave
w

number k; := —, where vy is the speed of sound in the linearized fluid, whereas the solid is supposed
v

0
to be isotropic and linearly elastic with density ps and Lamé constants p and A. The latter means, in
particular, that the corresponding constitutive equation is given by Hooke’s law, that is

os = Mre(u)I + 2pe(u) in Q,

where e(u) := £ (Vu+ (Vu)*) is the strain tensor of small deformations and V is the gradient tensor.
Consequently, under the hypotheses of small oscillations, both in the solid and the fluid, the unknowns
05, u, oy, and p satisfy the elastodynamic and acoustic equations in time-harmonic regime, that is:

divas+n§u = —f in €,

0 in R2\Q,

divey + chp

where k4 is defined by ,/psw, together with the transmission conditions:

o;Vv = —pv on X,
’ (2.1)
ofv = pfw2u~u on X.
and the Sommerfeld radiation condition
A(p — pi) -
P g - p) = o™, (22)
T
X
as r := ||x| — o0, uniformly for all directions IR Hereafter, ||x|| is the euclidean norm of a
X
vector X := (x1,72)® € R?, and v denotes the unit outward normal on ¥, that is pointing toward
R2\ Q.

Next, according to the condition at infinity given by (2.2), which basically says that the outgoing
waves are absorbed by the far field, and in order to obtain a convenient simplification of our model, we
now proceed as in [14] and [16] and introduce a sufficiently large polyhedral surface I" approximating



a sphere centered at the origin, whose interior contains €25. Then, we define 2y as the annular region
bounded by ¥ and I', and consider the Robin boundary condition:

OV —1kfp =g :=Vp;-v —1kyp; on I, (2.3)

where v denotes the unit outward normal on I as well. Therefore, given f € L?(€,) and g € H~Y/*(I),
we are now interested in the following fluid-solid interaction problem: Find oy € H(div;Qs), u €
H!(Q), oy € H(div;Qy), and p € H' (), such that there hold in the distributional sense:

o, = Ce(u) in Qs,
divo, + /qu = —f in €,
of = Vp in Qp,

divey + rk5p = 0 in Q, (2.4)
o;V = —pv on X,
ofv = ,ofwzu-u on X,
oV —1Kfp = g on I'.

2.2 The fully-mixed variational formulation

In order to recall from [14] the fully-mixed variational formulation of (2.4), we need to introduce the
auxiliary unknowns given by the trace of the displacement

¢, == uly € H/X(3),
the traces of the pressure

¢ = (s, 00) = (pls,plr) € H'Y(Z) x HVA(T),

and the rotation )
v = 5(Vu— (Vu)') € L, (9)

where L2, .. (€2s) denotes the space of skew-symmetric tensors with entries in L?(). In addition, we
let

= H(div; Qs) x H(div; Q) and Q := L2

skew

(Q) x HY2(2) x HY2(095)

endowed with the usual product norms. Hereafter, given ¢ € R, we make the identification H*(9S 7)) =
H'(X) x HY(T') with the norm |9 [ls00, = [¥glles + [ ller for each by == (g, ) € H(9Qy).

Next, as explained in [14], we employ a dual-mixed approach in the solid 25 as well as in the fluid
Q2¢, and observe that both transmission conditions (cf. (2.1)) and the Robin boundary condition (2.3)
become now essential. In addition, we use the elastodynamic and the Helmholtz equations (cf. second
and fourth equation of (2.4)), respectively, to eliminate u and p according to the formulae

1
— _~(f+dive.), 2.
u Kg( +divoy) (2.5)
and )
p=——5divoy in Q. (2.6)
'y



In this way, we arrive at the following fully-mixed variational formulation of (2.4): Find o :=
(0s,07) € Hand 7 := (v,¢,,¢¢) € Q such that

A(e,7T) + B(7,y) = F(7) VT = (15,7f) € H,
(2.7)
B@,n) + K(7,m) = G@) v = (0,9 vy) € Q,
where F': H — C and G : Q — C are the linear functionals
1
F(T) = = f-divr, VT := (rs,7/) € H,
= (ro7)) o

GM) == = (g, ¥ )r Y0 1= MY, vy) = (0.9, (Y5, %)) € Q,
and A:HxH—-C, B:HxQ —C, and K : Q x Q — C are the bilinear forms defined by

1
5 / div(ydivry
Qy

~ _ - 1 . .
A, T) = /Q C 1C817's - /-62/9 div(, - div T, —1—/9 Cf-q-f_;
s S s ¥ f

Y (C.7) == ((CoCp)s (Ts,75)) € Hx H,

B(T.n) = Bs(s, (%)) + By(rs, %) V(T,m) = (7s,77), (0, %, 9p)) € HXxQ,

%mm%»:éum—MMW&

By(rs,aby) = Ty -vobg)s — (Tp-v,¢0)r,

and
K(x,n) = _<§2 V7¢s>2 - pfw2 <‘$s ) V7¢2>E Tt iky <§rvwr>f‘

VX = (XaEs’gf) = (X7£S7(€Z7§F)> €Q,
vﬁ = (’r]?ws?'lnbf) = (n7¢8’ (1/}27/11}1—‘)) 6 Q'

The main result concerning the solvability analysis of (2.7) is stated as follows. To this respect,
notice that irrespective of the particular functionals defined in (2.8), the following result is actually
valid for any pair (F,G) € H x Q.

Theorem 2.1 Assume that the homogeneous problem associated to (2.7) has only the trivial solution.
Then, given F € H' and G € Q', there exists a unique (a,5) € H x Q solution to (2.7). In addition,
there exists Ceq > 0 such that

1@ Aq < Cea{ I1Flw + 1Clqr }- (2.9

Proof. The proof basically consists of showing that the left hand side of (2.7) constitutes a Fredholm
operator of index zero. We omit further details and refer to the whole analysis developed in [14,
Section 3. O

We end this section with the converse of the derivation of (2.7). Indeed, the following theorem
establishes that the unique solution of (2.7) together with u and p given by (2.5) and (2.6), respectively,
solves the original fluid-solid interaction problem (2.4). This result will be used later on in Section 3.2
to prove the efficiency of the a posteriori error estimator. Note that no extra regularity assumptions
on the data, but only f € L2(,) and g € H~/?(T), are needed here.



Theorem 2.2 Let ((0s,07), (7, ¢5 ¢f) € H x Q be the unique solution of (2.7), where ¢y =
(¢s, pr) € HY2(E) x HYXT), and let u € L2(Qs) and p € L*(Qy) be defined according to (2.5)
and (2.6). Then Vu = C los + ~ in Qg (which yields u € H(y)), u = ¢, on the interface ¥,
os = 0ot inQs, andy = § (Vu— (Vu)®) in Q (which yields o5 = Ce(u)). In addition, there hold
o = Vp in Qy (which yields p € H (Qy)), divey + H?cp = 01in Qs o, =ply on X, ¢. = p|r
on I', and hence osv = —p v = —pv on ¥, o5 -V = pfw2<p5-u = pfwzu‘l/ on %, and
of VvV —1kfp, =05V —1krp =g onl.

Proof. Tt basically follows by applying integration by parts backwardly in (2.7) and using suitable test
functions. We omit further details. O

2.3 The Galerkin scheme

In this section we recall from [14] the definition of the Galerkin approximation of (2.7). To this end,

we first let {7;;9}}1 . and {Ef }h . be regular families of triangulations of the polygonal regions €2
_ > >

and )¢, respectively, by triangles T' of diameter hr, with global mesh sizes

hs::max{hT:TE'ﬁf}, hf::max{hT:TE'ﬁlf}, and h::max{hs,hf},

such that they are quasi-uniform around > and I, and so that their vertices coincide on . In what
follows, given an integer £ > 0 and a subset S of R?, P(S) denotes the space of polynomials defined
in S of total degree < ¢. According to the notation convention given in the introduction, we denote
P(S) = [Py(9)]?. Furthermore, given 7' € T,* U Thf and x := (z1,72)" a generic vector of R?, we let

RTo(T') := span {(17 0),(0,1), (x1, 152)} be the local Raviart-Thomas space of order 0 (cf. [8], [26]),

and let curl® by = (%, — ngTl), where by is the usual cubic bubble function on 7. Then we define

5= {V&h e H(div; Q) :  veplr € RTo(T) ® Py(T)curl* by VT €T } ,

s = {Ts,h € H(div;Q,): 7,y € H) Vee RQ}, (2.10)
ol = {rf,h € H(div;Qy): Typlr € RTo(T) VT eT! } (2.11)

. 0 - .
G {m = (0 W) mec@y mipenm vrenl. @)

Next, in order to set the finite dimensional subspaces on the boundaries of the domains, we let ¥;, and
I'j, be the partitions of ¥ and I', respectively, inherited from the triangulations, and suppose, without
loss generality, that the numbers of edges of ¥ and I'y, are both even. The case of an odd number of
edges is easily reduced to the even case (see [20]). Then, we let Yo, (resp. I'gp,) be the partition of ¥
(resp. I') arising by joining pairs of adjacent edges of ¥, (resp. I'y). Because of the assumptions on
the triangulations, ¥j and I'y, are automatically of bounded variation, and, therefore, so are Yo and
I'y;. Hence, we now define

Ap(Z) = {zph cOX): Yl Pile) Ve edge of EQh} : (2.13)
AR(T) = {% e OM): Pl € Pi(e) Ve edge of r%} , (2.14)
Q= AL(Z) x Au(Y), (2.15)



Ql == AL(D) x Au(D), (2.16)

and introduce the global finite element spaces

H), == H, x Hl  and Q,:= Q] x Q] x QJ. (2.17)
In addition, our analysis below will also require the subspaces

Ui = {va € L2@Q): wilr € Po(T) VT € Ty} (2.18)
and

uf = {vh € L2(Qy): wlr € R(T) VT € Thf}. (2.19)

Notice here that Hj x Uj x Qj constitutes the well known PEERS space introduced in [4] for a

mixed finite element aproximation of the linear elasticity problem in the plane. In turn, Hi x U ,{ is
the lowest order Raviart-Thomas mixed finite element approximation of the Poisson problem for the
Laplace equation (see [8], [26]).

According to the above, the Galerkin scheme associated with our continuous problem (2.7) reduces
to: Find oy, := (osh,05) € Hy and 4y, 1= (Y4, @5 Ppn) € Qu such that
A(@h, Th) + B(Twh,n) = F(Th) VTh = (Tsp, Trn) € Hy,

(2.20)
B(own,) + KA&R,1,) = G0y) V0, = M YspYrn) € Qn-

The following theorem establishes the well-posedness and convergence of the discrete scheme (2.20).

Theorem 2.3 Assume that the homogeneous problem associated to (2.7) has only the trivial solution,
and let hg > 0 be the constant provided by [14, Lemma 4.10]. Then there exists hy € (0, ho| such that
for each h € (0,h], the fully-mized finite element scheme (2.20) has a unique solution (&p,7;,) =
((US,hvaf,h)’ (’7h"Ps,ha‘Pf,h)) € Hy x Qp, with Prh = (‘pz,hﬂor,h) € Ap(X) x Ap(T'). In addition,
there exist C, Cy > 0, independent of h, such that for each h € (0, hy] there hold

o~ F(r G
1(@h,An)[HxQ < C1 S -1 L0 IR iU TDI N Cl{Hf
T € Hy\{0} 17 n e 7, €Qn\{0} 17nllQ

o9 + lgll-1/2r |

and

1(@,9) — (@, n)llaxg < C2 __ inf 1(@,7) = (Th, ) lHXQ 5
(Th,M,)EHLXQp,

where (7,7) = ((0s,07), (7, ¢5 ¥f) € H x Q is the unique solution of (2.7). Furthermore, if
there exists § € (0,1] such that o, € H°(y), dive, € H(Qy), op € H(Qy), divey € H°(y),
v € HY(Q), @, € HY/?H(), and pr € HY2+3(99Q), then there exists C3 > 0, independent of h,
such that for each h € (0, hy] there holds

1(e,7) — (&h,71)lHxq < Cs h‘S{HUsHé,ﬂS + [[diveosllsa, + llofllsq;
+ diveyllso, + [[Vllsa. + llesllijorss + ||Sof\|1/2+5,89f}'

Proof. See [14, Theorem 4.1] and the whole analysis in [14, Section 4] for full details. O



3 A residual-based a posteriori error estimator

In this section we derive reliable and efficient residual based a posteriori error estimators for (2.20).
We begin by introducing further notations. Given T' € 7,° U 7;Lf , we let £(T) be the set of edges of T,
and denote by &, be the set of all edges of 7,7 U 7;Lf . Then we can write

En = En(Qs) UEL(E) UEL(Qy) UELT), (3.1)

where &,(Q) :={e € & : e C O}, En(X) :={e € &, e C X}, and similarly for &£,(2¢) and &, (T).
In what follows, h. stands for the length of the edge e € &,. Also, for each edge e € &, we fix a unit
normal vector v := (v1,12)%, and let s := (—v2,11)* be the corresponding fixed unit tangential vector
along e. Now, let w, € L?(Q;) such that wy|p € C(T) for each T € T,%. Then, given T € T;° and
e € E(T)NEL(Qs), we denote by [w;] the jump of wy across e, that is [ws] := (Wg|7)|e — (Ws|77)|e, where
T and T are the triangles of 7,° having e as a common edge. Also, given e € £,(€2) and 75 € L(Q)
such that 7|7 € C(T') on each T' € T,%, we let [T5s] := (Ts|r — Ts|77)|e s. Similar definitions hold for
vy € L2(y) such that v¢|y € C(T) for each T € 7;lf. In fact, given e € E(T) N E(§2f), we define

[vi-v] = ((vilr)le = (vil17)|e)|e - v Finally, given a scalar function ¢, a vector x := (x1,X2) and a
tensor T := (75;), we let

aaiq %X1 _%X1
T2 T2 1
curl(q) := ., curl(x) = ,
_9q Xy  9Xs
8$1 8x2 Bml
P P Ori2 _ Oti1
(91E1 8x2
rot x = X2 X1 and curl(7) :=
61‘1 61’2 (?97‘22 _ %7‘21
1 T

Next, letting (6h,7) = (s Trn), (Yh PspsPrp)) € Hy x Qp be the unique solution of (2.20),
with @, == (¢y s r,) € An(X) x Ap(T), and denoting by P the L?(€2,)-orthogonal projector onto

U7 (cf. (2.18)), we define for each T' € 7;?, and for each T € ’Tf, respectively, the a posteriori error
indicators:

075 =llosn—aiplir + 1X=P)EIGr + W2 lIC oun+val§r
+ b lewl(C oo n + )57 + > helllCr osn+ )8l (3.2)
e€E(T)NER(Qs)
07,1 = hillosnlsr + b7 vot(arn)llor + > hellogn-sllg, - (3.3)
e€E(T)NEX ()

Similarly, for each e € &,(X) we define

93,2 = he Hsos,h - uhH(z),e + he Haﬁh V= hWQQOS,h ’ VH%,@ + he Ha-syh v+ Ps.h VH%,@

- dpgp |2 dyp 2
+he (€ o+ n) s — 2| oo Thellorn-s = =225l Hheles, —pallee,  (3:4)
where, resembling (2.5) and (2.6) (see also [14]), we set
1
wy = — 7(pg(f) +div as,h> in Q, (3.5)
K‘/S



and

1
phi=— —divey, in Q. (3.6)
Fr

In addition, assuming that the Robin datum g € L?(T'), we set for each e € &,(T")

dor, 12
ds 0,e

HS,F = + he H(pr,h - thg,e + he Ho'f,h V= URfPr g, — g”%),e : (3'7>

Therefore, we introduce the global a posteriori error estimator

1/2
:{ d0h+ > 07+ > s+ Y eg,r} , (3.8)

TG'T; Te'Thf 665h(2) EGgh(F)

and state the main result of this section as follows.

Theorem 3.1 Assume that the homogeneous problem associated to (2.7) has only the trivial solution,

and let (&aﬁ) = ((0-570-f)a (’77 ‘Psa‘Pf)) € H x Q and (&hva\/h) = ((o-s,hao-f,h)v (’Yha(‘ps,hv‘iof,h)) €
H), x Qy be the unique solutions of (2.7) and (2.20), respectively. In addition, let u € L?(Q) and
p € L*(Q) be defined according to (2.5) and (2.6), respectively, that is u := —%(f +divos) and

p= ——dlv o, and assume that the Robin datum g belongs to LQ(F). Then, there exist Ceg, Crel > 0
K7
independent of h, such that

Cet 0 < lu—wpllog, + P = prllogs + 1160 —Fnllm + 17 = Fullq < Cra 6. (3.9)

The lower and upper estimates given by (3.9) constitute what we call the efficiency and reliability
of 8, respectively.
3.1 Reliability of the a posteriori error estimator

We begin with the upper bounds for [[u—up|lo,o, and ||[p—pp|lo.o,. In fact, according to the definitions
of u (cf. (2.5)), p (cf. (2.6)), uy, (cf. (3.5)), and pp, (cf. (3.6)), we easily find that

1
lu—wilon, < — {IT=PDlog, + o = oonllame, | (3.10)
S
and
1
P — prllo.g;, <5 lof —ornllaive, - (3.11)
f
We continue our analysis by recalling that the continuous dependence result given by (2.9) (cf.
Theorem 2.1) is equivalent to the global inf-sup condition for the continuous formulation (2.7) with

the constant a = C%d > 0. Then, by applying this estimate to the error (&,%) — (o,7;) € H x Q,
we obtain L
|E(T, )|

all(@,7) = (@n, ) Hxq < sup 7
& menxqoy 1T MlHxq

where
E(T,n) == A(G —onT) + B(T,7 ) + B(G@ —onn) + K& —7,,M),
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for all (7,7) := ((Ts,77), (M, %5, %)) € HxQ, with ¢, = (y,9.) € H/*(£) x HY(T"). More
precisely, thanks to the equations of the continuous variational formulation (2.7), we deduce that

E<:’:7ﬁ) = EI(TS) + EQ(Tf> + E3(77) + E4(¢s) + E5(¢E> + E6(wr‘)7 (312>

where E1 up to Eg are the linear functionals defined by

1
Ei(7s) = e /Q {f + divo-&h}- divrg — /Q {C_l osh + '7h} cTs+ (T V,Qos’h>2, (3.13)

1 . .
Ey(tyf) = 2/ divospdivry — / Orn Ty — Ty Vg, )s + (Tr-vyo0,)r,  (3.14)
Ky Jag Qy

Fa(n) = —/ —

E4('l,b5) = <0-S,h v+ Prn Vs ¢s>2

E5(w2) = <Gf,h Vo= pf w? Ps,h V7¢E>E
and

Eﬁ(wr) = <0'f7h V= Z‘Hf Prn _97¢F>F

In addition, it is not difficult to see that

~ 5 5
sup M < sup M —+ sup ‘2(7Tf)|
(T, )€eHxQ\{0} (7, n)laxq T ocH(divi2:)\ {0} 17 slldiv;0, T p€H(divi2,)\ {0} 7 ¢llaivs2,
E E
+ sup | Bs ()] + sup M (3.15)
neLd,., @0} 1Mllo 1 cH/2(%)\{0} lsll1/2,5
E E
+ sup M + M

voerzeno} Wellzs g enmvzonoy 1¥eljzr
Furthermore, the “Galerkin orthogonality condition” arising from (2.7) and (2.20) establishes that

E(Tnn,) =0  Y(Thn,) € H, xQy,

and hence, in order to estimate the above norms of the six functionals defining E(7,7), we could
replace (7, TrHN Yo V) by (Ts = Ton, Tf — Trn,m — Mgy s — "l)s,ha Yy — wS,IﬂwF - wF,h) with
any suitable choice of Ty 1= (Tsn, Tn) € Hy and 0y, := (my, ¥, (V5 ¥ ,)) € Qn, whenever it
is necessary. However, this procedure is applied in what follows only to estimate the first two suprema
on the right hand side of (3.15).

We begin the estimates of all these suprema with the last four of them.
Lemma 3.1 There holds
[Es(m)] _ 1

1Es = sup

< gllosn=alullio, (3.16)
NELZ. (2:)\{0} 7110,
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Proof. 1t suffices to see that o), = %(0'57;1 + U;}h) + %(0'57;1 - O'E,h), which yields

1
/ Osh - N = 5 / (Us,h - Ug,h) 'n Vn € Lskew(Q ) ’

and hence the Cauchy-Schwarz inequality completes the proof. O

The upper bounds for the norms of Ey, E5, and Ejg, being all consequence of the same arguments,
are collected in the following lemma.

Lemma 3.2 There exist Cy, Cs, Cg > 0, independent of h, such that

1/2
E
1Bl = s 2l o LS e e, vl b (3.17)
1 €H/2(%)\{0} H"/’s”l/ZE ccEn(3)
1/2
E
|Es| = sup 1B (s)] <Cjs Z hellofn-v— , (3.18)
wyem2en oy [¥sllyjzs i)
and
1/2
E
1Bl = swp 20l o L SN oy v i, —alB b (319)
woem/2 oy 19rll/zr oot}

Proof. 1t follows easily from the definitions of the functionals involved that

”E‘l” = Ha's,hV‘F(nghVH_l/Q’Z,
IEs|| = llofn-v — prw’osp-vi-12s,
and
1E6ll = llogn-v = ikgor, —gll-1zr-

Next, we observe from the equations forming the Galerkin scheme (2.20), that the discrete versions of
the transmission and Robin boundary conditions become, respectively,

<0's,h v+ Penr Vs ¢s,h>2 =0 v’l'bs,h € Ah(z) X Ah(z) )

<0'f,h Vo= pf w? Psh” V7w2,h>2 vwz,h € Ah(z) )

and
<0'f7h Vo= Z.Hf Prp — ngr,h>F vwr,h € Ah<F) ’

which say, equivalently, that each expression on the left hand side of the above dualities is orthogonal
to the corresponding finite element subspace indicated at the end of each equation. In particular,
oV + ¢y, v is L*(X)-orthogonal to Aj(X) x Ap(X), and therefore, a straightforward application
of [9, Theorem 2| and the fact that ¥; and Y9, are of bounded variation, yield the existence of a
constant Cy > 0, independent of h, such that, denoting by E5(X) the set of edges of 3oy, there holds

HUS,hV""()DE,hVH—l/Z,Z <C Z heHUS,hV_'_(PE,h VH%,@ < Oy Z he"US,hV+(p2,hV“g,ev
e€&p (%) e€&p(X)

12



which shows (3.17). The proofs of (3.18) and (3.19), being also based on [9, Theorem 2] and the above
mentioned properties of ¥ and Yop,, are derived similarly. We omit further details. O

We now aim to establish the upper bounds of || E1|| and || E3||, for which, as announced before, we
plan to use that

Ei(1s) = BEi(1s —Tsp) and Ea(7y) = Eo(Tf —Tsp) VT = (Tsh, Tsn) € Hyp.o (3.20)
To this end, we also need to consider the space of pure Raviart-Thomas tensors of order 0, that is

RT; = {rs,h € H(div; Q) : c*Toulr € RTo(T) VT €T3, Vee RQ},

which is clearly contained in Hf (cf. (2.10)). Then, we let ITj : H'(Q,) — RT;, and H£ cHY(Qf) — H£
be the usual Raviart—Thomas interpolation operators, which are characterized by the identities

/Hz«;s)u:/csu Vee Ty, V¢, eH'(Q), (3.21)
and

/Hg(gf).uz/cf-u Vee T/, V¢, e H(Qy). (3.22)
It is easy to show, using (3.21) and (3.22), that
div(IL;(¢,) = Pi(dive,) and  div(IL(¢p) = PL(dive,), (3.23)

where, as said before, P is the L?(€;)-orthogonal projector onto Uj (cf. (2.18)), and 77,{ is the
L%(2y)-orthogonal projector onto U,{ (cf. (2.19)). In addition, it is well known (see, e.g. [8], [26], and
[19, Theorem 4.5]) that II7 and H£ satisfy the following approximation properties:

1€ — 5 (¢ llor < Chrléslhir YT €T, V¢, € HY(Q,), (3.24)

1(¢s = TI5(¢)) vlloe < ORI, Vee Ty, V¢, € HY(Q,), (3.25)
I¢r =T Cllor < Chrlieslhr YT T, V¢ e HY(Qy), (3.26)

¢ =T (Cp)) - vlloe < CHY2 ¢ lhr VeeT!, V¢, e HY(Qy), (3.27)

where T¢ in (3.25) (resp. in (3.27)) is a triangle of 7;” (resp. 7;{) containing e on its boundary.

We now let Iy : H'(Qg) — Xsp and Ipp, : H'(Qf) — Xgp, be the usual Clément interpolation
operators (cf. [12]), where

Xyp = {v cCy): wvlpeP(T), VTe n} ,

Xf,h = {’UEC(Qf) : ’U|TEP1(T), VTEEf}.
A vectorial version of I 3, say Iy, : H'(Q,) — Xsn = Xsn X Xy pp, which is defined componentwise
by I, n, is also required. The following lemma provides the local approximation properties of I p,.

Analogue estimates hold for the operator Iy ,.
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Lemma 3.3 There exist constants c1, co > 0, independent of hs, such that for all v € H'(Qy) there
holds

HU - Is,h(v)

or < chrllliary VT ET,
and

lo = Lip(@)lloe < c2 he? [vllae Ve € Enl(Qs) UE(T),
where A(T) = U{T" € T, T'NT #0} and Ale) :== H{T' €T : T Ne#0}.
Proof. See [12]. O

Next, in order to define a suitable T), = (744, 7¢5) € Hp to be employed in (3.20), we first
demonstrate the existence of continuous Helmholtz decompositions of the spaces H(div;€2s) and
H(div; Q). More precisely, we adapt the analysis from [15, Section 3.2.2] to establish the follow-
ing result.

Lemma 3.4 For each 75 € H(div; ;) there exist ¢, € HY(Q) and x, := (x1,x2)* € HY(Qy), with
Jo. x1 = Jo, x2 =0, such that 75 = ¢, + curlx, in Qs and

1€slhus + Ixsllue, < CsliTsllaiva. , (3.28)

where Cs is a positive constant independent of T5. In turn, for each Ty € H(div;$Qy) there exist
wy € HY(Qy) and ¢y € HY(Q), such that Ty = wy + curlgy in Q5 and

[welley +lorlle, < CrliTsllave, (3.29)
where Cy 1s a positive constant independent of Ty.

Proof. We proceed as in [15, Section 3.2.2] by considering first a convex domain Q containing €.

Then, given 7, € H(div; (2s), we define the auxiliary function q € L(Q2) by

o divr, in
197V o i O\Q

and let z € H}(2) be the unique weak solution of the boundary value problem:

Az = q in ﬁ, z=0 on 0.

The elliptic regularity result for the above problem guarantees that z € H?(Q2) and

Izlly5 < Cllallyg = lIdivrsfog, -

I,
It follows that ¢, := Vz|q, belongs to H (),
div¢(, = divry in Q, (3.30)

and

1€

Lo, < Cllz

2,0, < Cdiv 7o, - (3.31)

14



In this way, since div(Ts — ¢,) = 0 in , and €, is connected, there exist x, = (x1, x2)* € H'(Qy),
with [ X1 = [o X2 = 0, such that 75 — ¢, = curlx,. Note that this identity, the generalized
Poincaré inequality, and (3.31) imply that

Ixsle. < Clxslho, = Cllts = Cllog, < Cllimslloge. + I6slloe.} < CllTsllaive, ,
which, together with (3.31) again, yields (3.28).

In turn, given 7y € H(div; ), and since Q¢ is not connected, we first need to perform a suitable
extension of ¢ to the domain  := Qg U X N Q. To this end, we now let v € H(Q) be the unique
solution of the Neumann problem:

‘v, 1 0
A’U:—M in Q, —U:'rf-u on X, /v:().
ov Q.

|€2s]
The unique solvability of the above problem is guaranteed by the Lax-Milgram Lemma, whose corre-
sponding continuous dependence result establishes that

[vlle, < cllrr-viipes. (3.32)
Then we define
Ty in Qyp,
T =
Vv in ),

which clearly belongs to H(div; €2), and observe, using (3.32), that
H;Hdiv;ﬂ < HTfHdiv;Qf + HVUHdiV;Qs < HTfHdiv;Qf + EHTf'VH—l/Q,Z < CHTf”div;Qf~

In this way, proceeding as in the first part of the present proof, but now applied to 7 € H(div; ),

we deduce the existence of w € HY(Q) and ¢ € H(Q), with qu; = 0, such that 7 = w + curl(¢)
in 2 and

Wiie + [¢llhe < CliTlave < Cll7sllave, -

Finally, the proof is completed by defining wy := W|q, and ¢ := quQf O

3.1.1 Estimating || E||

Given 1, € H(div; ), we use (3.20) to estimate Ey(7s) = Ei (Ts — ‘rah) with a suitable chosen

T,n € H7. More precisely, as suggested by the Helmholtz decomposition for 74 provided by Lemma

3.4, that is 75 = ¢, + curl(x,), with ¢, € H'(Q) and x, € H (), we consider in what follows
Xs,h = Is,h(Xs) € Xs,h and Ts,h = H}SL(CS) + 7C111‘1(Xs’h) € RTZ < Hia

)

which yields
Ts — Tsh = Cs - H?L(Cs) + M(X& - Xs,h)'
In particular, using (3.23) and (3.30) we find from the above identity that

div(rs — 744) = (I-Pp)(div¢,) = (I—P;)(divTy),
and hence, according to the definition of E; (cf. (3.13)), we find that

Ey(1s — Tsp) = En(rs) + E12(¢s) + Ei3(xs)

15



where

Fu(r,) = /Q {f + divo,,}(I—PY)(divr,) = /Q (- Pi)(E) - (divT,).

E12(Cs) = - /Q {C_l Os.h + 7}1} : (Cs - HZ(C$)> + <<Cs - Hi(cs)) v, cAos,h>Z

and

Ei3(x,) = / {C osn+n) rcurl(x, — Xop) + (curl(x, — Xop) ¥V, @on)s

Note that the second expression defining Eq1(7) follows from the fact that P} is self-adjoint and
that, according to the definitions of Hj (cf. (2.10)) and Uj, (cf. (2.18)), there holds div(H;) C Uj,
whence (I — Pﬁ)(div osn) = 0.

The following three lemmata provide the upper bounds for F11(7s), E12(¢,), and Ei3(x;)-
Lemma 3.5 There holds

1/2
1 .
1B (Ts)l < Yo Na=Pitlir e ldivrloe.
s \TeTp
Proof. 1t follows from a straightforward application of the Cauchy-Schwarz inequality. O

Lemma 3.6 There exists C > 0, independent of u, \, and ks, such that
1/2

Bl < C 8> mrlc  oan+mllor + Y, helless —unlls, [div 70,0, -
TeTS e€EL (D)

Proof. The present estimate was actually proved in [15, Lemma 5]. For sake of completeness we
provide here the main aspects of the corresponding proof. We first observe, thanks to the fact that ¢,
belongs to H'(€2,), that (¢, —II5 (¢,)) v|s € L*(X), and hence

(€ -THEC) vrpu)s = 3 / oon (€ —TI(C,) v (3.33)

eeﬁh

Next, it is clear from (3.5) that u;, € Uj, which means, in particular, that for each e € &,(X) there
holds uy|. € Py(e), and therefore the identity (3.21) yields

82 /uh M (¢.))v = 0.

Thus, by introducing the above null expression in the right hand side of (3.33), and then re-incorpo-
rating the resulting equation in the definition of Fq9, we find that

E12 Z / {C o'sh+7h} Z / Qosh_uh (Cs _HfL(CS))V7

TeT? e€&r(X)

where we have replaced the original integration / by Z / In this way, the rest of the proof

2 ety
reduces to apply the Cauchy-Schwarz inequality, the approximation properties (3.24) and (3.25), and
finally the upper bound given by (3.31). We omit further details. O
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Lemma 3.7 There exists C' > 0, independent of pu, A\ and kg, such that

Eis(x)| < C Y hpllewlC osp +vu)lir + Y hellC asn+m) sl

T67—hs eESh(QS)
1/2
deg 112
' R
eESh

Proof. While this result is also available in several places (see, e.g. [15, Lemma 6]), here we proceed
similarly as for the previous lemma and provide an sketch of its proof. Indeed, since

d d(Ps h

curl(x, — Xsn)V = —£(X5 — Xs,p) and s € L3 (%),

we deduce, using integration by parts on X, that

d d‘Psh
feurlx, ) vaoanls = = ( Go0c—xihpan) = [ . (30
S » » S

In turn, integrating by parts on each T' € 7,°, we obtain that

—/ {Clown+an}eurl(x, — xop) = — D / {C oon+ 0} curl(x, — X 4)
s TeTy
= Z {/ culrl(C_1 Osh+ ‘Yh) (x5 — Xs,h) - / (C_l Osh+ ‘)’h) s (X5 — Xs,h)}
TeT; T or
= Z /curlC Tsh+Yn) - (Xs — Xon) — Z / (€ osn+n)s] - (Xs = Xsn)
TeT? e€ER(s)
- Z / C Os.h =+ Vh) ( Xs,h) ’
eeé‘h

which, together with (3.34), yields

E13(xs) Z/urlC Tsh+7n) - (Xs — Xsn) — Z / [(C osn+7n)s] - (Xs — Xon)

TeT? e€ER ()

de
- Z / C Ush+7h)s_ dSh} (Xs_Xs,h)'

e€&p (X

In this way, and recalling that x;, = Isn(X;), the rest of the proof follows from obvious applications
of the Cauchy-Schwarz inequality and the approximation properties of the Clément interpolation
operator I (cf. Lemma 3.3), taking into account as well that the number of elements in A(7") and
A(e) are bounded and that ||x,|l1,0, < Cs||7s|ldaiv:. (cf. (3.28)). Further details are omitted. 0

As a direct consequence of Lemmata 3.5, 3.6, and 3.7, the norm of the functional FE; (cf. (3.13))
is estimated as follows.
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Lemma 3.8 There exists C' > 0, independent of pu, A\ and kg, such that

|1 < C Z I@X=POEGr + D bFIC osn+valler
5 TeT? TeT?
> hellesn —wnlge + D> b llewrlC osn + va)llor
e€ER (D) TeTy
1/2
_ deps (12
D DR (e AL s,

e€&(Qs) ec&p (T

3.1.2 Estimating || Es|

We proceed analogously to the case of ||Ei||. This means that, given 75 € H(div;€), we consider
from Lemma 3.4 its Helmholtz decomposition 7 = wy + curl¢s in Qy, with wy € H'(Qf) and
¢r € HY (), and define

(;Sﬁh = If’h(qbf) and Tf’h = Hi(Wf) +curl(¢f,h),

so that, using the second equality in (3.20), we can write Ex(7f) = Eo(7f — 7T55). It follows that

‘Tf — ’Tf,h = Wf —H{l(Wf) + curl(qu — (ﬁfﬁ),

from which, employing the second identity in (3.23), and noting from the definitions (2.11) and (2.19)
that dive ) € U}{, we find that

/ diVO’ﬁhdiV (’Tf—’Tﬁh) = / diVO’f}h (I—P}{)(diVWf) = 0.
Qf Qf
Hence, according to (3.14) and the above computation, we get

Es(tp—7rn) = Ea(wy) + Eaa(dy),

where
E21(Wf) = _/Q Ofh-" (Wf - Hﬁ(wf)) - ((Wf - H£(Wf)) v, 902,h>2 + <(Wf - Hg(wf)) 'V>¢F,h>r
f

and

Eaa(¢y) = —/ orn-curl(op — ¢rp) — (curl(¢y — dpn) v, 05, )s

Qy
+  {eurl(¢f — ¢pn) - v pr,r
The following two lemmata establish the upper bounds for |Eai(w¢)| and |Eaa(¢y)|.
Lemma 3.9 There exists C' > 0, independent of ky and h, such that

|Ear(wy)] < C Z Wz |l s allor + Z he o5, —

TeT,! e€ER(3)
+ Z he HSOF,h - HTfHdiV§Qf :
ec&L ()
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Proof. We proceed as in the proof of Lemma 3.6. Indeed, since w; € Hl(Qf) it is clear that
(wp =Tl (wy)) vl € LA(2) and  (wy — 1T (wy)) - v|r € LA(T),

which, together with the fact that pyle € Po(e) Ve € Ep(X) U ER(T) (cf. (3.6) and (2.11)), and thanks
to the characterization property (3.22), allow to show that

<(Wf_H£(Wf)) 7902}; Z / Psn Ph) Wf_Hf(Wf))
ec&p (2

and

(wy =T w) - vopede = X [y =) (wr =T (w) -

ec&L ()

In this way, we find that

Eai1(wy) Z/O’fh Wf—Hfo Z /‘ch Ph) wf—Hf(wf))

Te 7;L e€5h

+ > /wm Pn) Wf_Hf(Wf))

e€&y(T)

and hence, the proof is completed by applying the Cauchy-Schwarz inequality, the approximation
properties (3.26) and (3.27), and the fact that ||wyll10, < CflTsllaivie, (cf. (3.29)). We omit
further details. O

Lemma 3.10 There exists C' > 0, independent of ky and h, such that

|Bxa(é)| < C 4 > hpllot(osn)llir + D helllosn sl

Te'y’hf e€&R ()
1/2
e L
ds 0,e Flldivisdy -

eclL(X)

Proof. The analysis here is analogous to the proof of Lemma 3.7. In fact, we begin by noticing that

d d
Hon € L2(E) and Hrn

L*(T
ds ’ ds € LAT),

d
curl(qbf — d)ﬁh) V= —£(¢f - be,h) )

which, together with integration by parts procedures on 3, I', and on each T' € 7;lf , yield

Ea(¢s) = — > /rOt orn) (b —drn) + D /U'f,h s|(¢f — 1)

Te Tf ecEn(Qy)
d(p gp \
- > /( b ) (b5 —0pn) + D /Uf,h s ——25) (b — brn)-
eegh(z) € Eegh

Consequently, and similarly as for Lemma 3.7, the rest of the proof follows from straightforward ap-
plications of the Cauchy-Schwarz inequality, the approximation properties of the Clément interpolator

¢rn = Lpn(dy) (cf. Lemma 3.3), the fact that the cardinalities of A(T") and A(e) are bounded, and
the upper bound [|¢f|l1.0, < Cf|ITsllaive, (cf. (3.29)). We omit further details. O

The norm of Ey (cf. (3.14) is bounded now as a consequence of Lemmata 3.9 and 3.10.

19



Lemma 3.11 There exists C' > 0, independent of ky and h, such that

B2l < € D hilognllir + D hellos, —pallde

TE'Thf eESh(Z)
+ > heler, —mllse + D Brlrot(arn)llsr + D helllosn-sll3,
e€&p(I) TeT, e€&n(S2y)
1/2
dy 2 dy
D S LR D DN .
c€En() “ eeen(T)

We end this section by observing that the reliability estimate (cf. Theorem 3.1) is a direct conse-
quence of (3.10) and (3.11), together with Lemmata 3.1, 3.2, 3.8, and 3.11.

3.2 Efficiency of the a posteriori error estimator

In this section we prove the efficiency of our a posteriori error estimator 8 (lower bound in (3.9)). We
begin with the first two terms defining 9%7 s (cf. (3.2)). In fact, since o is symmetric in Q,, we easily
notice, adding and substracting o, that there holds

losh —ainllir < 4llos —osplir- (3.35)
Next, according to the definitions of u (cf. (2.5)) and uy, (cf. (3.5)), we find that
IT= PRI s < 268 fu— w3 p + 2(ldiv(os — oup)lZr. (3.36)

Throughout the rest of the section we provide the corresponding upper bounds for the terms in
(3.2), (3.3), (3.4), and (3.7) that involve the mesh parameters hy and he. Actually, most of these
estimates are already available in the literature (see, e.g. [10], [11], [15], and [18]), but for sake
of completeness we sketch here some of their proofs, which employ the localization technique based
on triangle-bubble and edge-bubble functions, together with extension operators, discrete trace and
inverse inequalities, and certainly the original identities recovered by Theorem 2.2. To this end, we
now introduce further notations and preliminary results. Given T" € 7,7 U ’7;Lf and e € E(T), we let Yp
and v, be the usual triangle-bubble and edge-bubble functions, respectively (see [28, egs. (1.5) and
(1.6)]), which satisfy:

i) Y € P3(T), vpr =0 on 9T, supp(vor) CT,and 0 < ¢p < 1in T.

ii) Yelr € Pa(T), e = 0 on OT \ e, supp(vpe) C we = UW{T" € T U’Elf . e € &E(T)}, and
0 <9 <1in we.

We also recall from [27] that, given & € NU{0}, there exists an extension operator L : C(e) — C(T")
that satisfies L(p) € Py(T) and L(p)|. = p for all p € Py(e). Additional properties of 17, ¥, and L
are collected in the following lemma.

Lemma 3.12 Given k € NU{0}, there exist positive constants c1, ca and c3, depending only on k and

the shape regularity of the triangulations (minimun angle condition), such that for each T € T,° U 7;Lf
and e € E(T), there hold

1/2
lal3r < ele®alis Vg € Pu(T) (3.37)
I3 e < c2llwtpl.  Vp € Pile) (3.38)
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and

e * LG 1 < e hellpllg e Vp € Pi(e) (3.39)

Proof. See [27, Lemma 1.3]. ]

The following inverse and discrete trace inequalities will also be used.

Lemma 3.13 Let k, I, m € NU {0} such that | < m. Then there exists ¢ > 0, depending only on k,
I, m and the shape regularity of the triangulations, such that for each T' € T,* U 7;{ there holds

|dlma < chE™lahr  Ya € Pu(T). (3.40)
Proof. See [13, Theorem 3.2.6]. O

Lemma 3.14 There exists C > 0, depending only on the shape regularity of the triangulations, such
that for each T € T;? U ﬁlf and e € E(T), there holds

llge < C{het Iollsr + helvlir} Vve HY(T). (3.41)

Proof. See [1, Theorem 3.10] or [3, eq. (2.4)]. O

The following three lemmas, whose proofs make use of the techniques and results described above,
provide the upper bounds for the remaining terms defining 9%7 s (cf. (3.2)).

Lemma 3.15 There exists C > 0, independent of h and X, such that for each T' € T}’ there holds

Pl o+ vilBr < C{lu—wlr + 1o — oo

3+ Wy =l )
Proof. See [11, Lemma 6.6]. O

Lemma 3.16 There exists C > 0, independent of h and X, such that for each T' € T, there holds
2 -1 2 2 2
B llewl (€ oon + )3 < € {los = ounldr + Iy = valr } -
Proof. See [11, Lemma 6.3] or [6, Lemma 4.7]. O

Lemma 3.17 There exists C > 0, independent of h and X\, such that for each e € E,(s) there holds

helllC o+ a8l < € Y {llow = ol + v =alir )
T Cwe

where we = U{T" € T;?: ec&(T)}.
Proof. See [11, Lemma 6.4]. O

The analogue of the above three lemmas for the terms defining 9%7 s (cf. (3.3)) are stated next.

Lemma 3.18 There exists C > 0, independent of h, such that for each T € Ef there holds

W llo sl < C{pbllos = ornlBr + Ip—pallda} -
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Proof. Tt is a slight modification of [10, Lemma 6.3] (see also [18, Lemma 4.13]). In fact, given T' € 7;{,
we apply (3.37), use that oy = Vp in Qf and Vpj, = 0 in T (which follows from the fact that py, is
piecewise constant in virtue of (2.11) and (3.6)), and then integrate by parts. In this way, we find
that

losaldr < Clir* oralyr = C /Twwf,h : {(Uf,h —o5) = Vipn —p)}

= of [wrammom—ap + [ dvrom -}

Then, employing the Cauchy- Schwarz inequality, the inverse estimate (3.40) (cf. Lemma 3.13), and
the fact that 0 < ¢ < 1, we get

2 -1 2
losalor < C{llos —oraldr + bzt Ip=paldr}
which implies the required bound and completes the proof. O

Lemma 3.19 There exists C > 0, independent of h, such that for each T € Ef there holds

hplrotosnllsr < Clloy—ornllsr-

Proof. It basically follows from the general estimate provided by [6, Lemma 4.3]. Indeed, a row-wise
interpretation of this result allows to show that, given a piecewise polynomial p;, € L?(Q ) of degree
k>0oneach T € Tf, and p € LQ(Qf) such that rot p = 0 in €y, there exists ¢ > 0, independent of
h, such that

0,T <c Hp — thO7T VT € 7;{ . (3.42)

Hence, since rot oy = rot(Vp) = 0, it suffices to apply (3.42) to py, = o4 and p = oy. O

hr [[rot py,

Lemma 3.20 There exists C > 0, independent of h, such that for each e € £,(€2s) there holds
helllosnsllise < Clloy—opnlie, -
where we := U{T" € ﬁlf . e€&(T)}.

Proof. We first observe that a slight modification of the proof of [6, Lemma 4.4] allows to show
that, under the same hypotheses leading to (3.42), that is given a piecewise polynomial p; € L*(Qy)
of degree £k > 0 on each T € 7;lf, and p € LQ(Qf) such that rotp = 0 in €y, there exists ¢ > 0,
independent of h, such that for each e € £,(€2¢) there holds

he llon - slli3e < cllp = pullf ., - (3.43)
Hence, the present proof is a straightforward application of (3.43) to pj, = o) and p =05 = Vp. O
We now aim to bound the first three terms defining 0372 (cf. (3.4)).

Lemma 3.21 There ezists C' > 0, independent of h and X\, such that for each e € E,(X) there holds

2
O,e (

he Hsos,h - uh”%,e <C {Hu - uhHg,T + h% los — O'S,hHLZ),T + h% vy — 'YhHg,T + hellps — Ps.h
where T' is the triangle of T,’ having e as an edge.

Proof. Tt is based mainly on the discrete trace inequality (3.41), the fact that Vu = Clas +~ in Q,
and the upper bound for h2 ||Clos, + 'VhH(%,T provided by Lemma 3.15. We omit further details and
refer to [15, Lemma 22]. O
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Lemma 3.22 There ezists C' > 0, independent of h and X\, such that for each e € E,(X) there holds
hellofn-v—prw’ @, vl < C {llﬂf —osallor + i lldivies —opp)l§r + he e, - <Ps,h|!(2),e} ;

where T is the triangle of 7;Lf having e as an edge.

Proof. We proceed similarly as in [5, Lemma 4.7] (see also [21, Lemma 3.15]). Indeed, given e € &, (),
we let T be the triangle of 771f having e as an edge, define v, := o) -V — py w? $sp -V oon e, and
consider the extension operator L : C(e) — C(T). Then, applying (3.38), recalling that ¢ = 0 on
0T \e, extending 1. L(ve) by zero in Q;\T so that the resulting function belongs to H'(ff), and
adding and substracting o -v = py w?p,-von Y%, we get

ol < o0l = 2 [be (v = pyet e v)
e
= ey (opn v — prw’ @ v L)s (3.44)

= { = (07— o) v 0 L5 + pre? (s = @) v L)

where, as indicated in Section 1, (-,-)y; stands here for the duality pairing between H~'/2(X) and
H'/2(%). Next, integrating by parts in ¢, and then employing the Cauchy-Schwarz inequality, the
inverse estimate (3.40) (cf. Lemma 3.13), and (3.39), we find that

(o — o pn) - v e L / V()

) (o —0opn) + /1/16 (ve)div(es — oy p)

IA

[t L(ve))l1,

L(ve)llor div(ey — o sn)llor

< C{h W2 Nog —opulor + B2 [divies — op)

7} lvcloe.  (3.45)

In turn, noting that (¢, — ¢, ) v € L?(%), recalling that 0 < ¢, < 1 in w,, and applying again the
Cauchy-Schwarz inequality, we obtain

(05— @on) - Vot W)}y = / (@5 — Pan) Vb Te

< (s = Psp) - Vloe Ve velloe < [les =

Finally, inserting the estimates (3.45) and (3.46) into (3.44), and using that h. < hp, we get after
minor simplifications the required upper bound for he |0 ¢ p - v — ppw? Psh - v||%7e. O

(3.46)

Lemma 3.23 There ezists C' > 0, independent of h and X\, such that for each e € E,(X) there holds

hellosn v+ ¢s,vide < C{llow = ounlr + B ldivies — ooz + helles = en,lie )
where T' is the triangle of T, having e as an edge.

Proof. 1t proceeds similarly as for Lemma 3.22. This means that given e € &,(X), we now let T
be the triangle of 7, having e as an edge, consider the extension operator L : C'(e) — C(T), define
Ve := OspV + g, v on e, and extend Y. L(ve) by zero in 2,\T so that the resulting function belongs
to H(Qs). The rest of the proof follows basically by applying (3.38), using that o5 - v = ¢, v on %,
integrating by parts and applying Cauchy-Schwarz and inverse inequalities. We omit further details.

O

The upper bounds for the terms of 93 5, and ng involving tangential derivatives are given now.
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Lemma 3.24 There exists C' > 0, independent of h and A, such that

S

eegh(E)

d‘Ps,h 2

(Cil O'S,h +’)’h)S — ds

0,e

<c{ Y {llos—aonlin + Iy =vilBn | + o= eanlos ¢ -
eegh(E)

where, given e € E,(X), T, is the triangle of T,® having e as an edge.

Proof. It makes use of the extension operator L : C(e) — C(T') (vector version of L : C(e) —
C(T)), the fact that Vu = C los + v in €, the boundedness of the tangential derivative % :
H!/ 2(%) — H Y 2(¥), the inverse and the Cauchy-Schwarz inequalities, and the upper bound for
h2Te |curl (C™tosp +p)I2 7. (cf. Lemma 3.16). We omit further details and refer to [15, Lemma 20]
where this result was established and proved. O

We remark that the upper bound provided by Lemma 3.24 is one of the three non-local estimates of
the present efficiency analysis (see Lemma 3.26 below for the other two). However, the following lemma
establishes that, under an additional regularity assumption on ¢,, a corresponding local estimate can
also be obtained.

Lemma 3.25 Assume that ¢,|. € H(e) for each e € £,(X). Then there exists C' > 0, independent
of h and X, such that

2

_ des
he (C 10'57h+")’h)s— dS&
0,e
2 2 d 2
< CAllos—oasnlor, + v —nlor, + he £(<Ps — s n) )
0,e

where, given e € Ey(X), T, is the triangle of T’ having e as an edge.

Proof. See [15, Lemma 21]. ]

Lemma 3.26 There exist C1,Co > 0, independent of h, such that

dy 2
D helogns— =25 <Gy Y oy —opnlin + lles —esullins
€& () O.e €& (T)
and
2
he ||on s - 2| < @ los—osnlln, + loe — ounl?
e [|Ofh-S s s 2 of—0ofnllor, + 1P — Prallijor ¢ s
ecEp () O ecEh(T)

where, given e € E(X) U Ep(T), Te is the triangle of ﬁlf having e as an edge.

Proof. Having the same structure of the estimate provided by Lemma 3.24, the present bounds follow
from slight modifications of the proof of [15, Lemma 20]. |

Similarly as for Lemma 3.25, the following result establishes that, under additional regularity
assumptions on ¢y, and .., corresponding local estimates can also be obtained.
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Lemma 3.27 Assume that p.|. € H'(e) for each e € E,(X) and ¢.|c € H'(e) for each e € &,(T).
Then there exist C1,Cy > 0, independent of h, such that

2

he lon-s— 22|l < ¢ los—osnllér +h i( - )2
e f:h ds 0 = “1 f fhll0,T, ¢ llds Ps — P 0
and
de, | ) d 2
h‘e Ofh-8— d < 02 ||Uf - o-fthO,Te + he e ((pr - Spr,h) )
s 0,e ds 0,e

where, given e € E,(X) U Ep(T), T, is the triangle of 771]0 having e as an edge.

Proof. These bounds follow from slight modifications of the proof of [15, Lemma 21]. O

The remaining three terms defining 92’2 and 93,1“ are bounded in what follows.

Lemma 3.28 There exists C > 0, independent of h, such that for each e € E,(X) there holds

hellps,, = onlite < C{W}lloy = oraldr + Ip = palfz + hellos = @sulide)

where T is the triangle of 77Lf having e as an edge.

Proof. Adding and substracting ¢, = p on X, and then employing the discrete trace inequality (3.41)
(cf. Lemma 3.14), we obtain for each e € &, (%)

he s = prlide < 20 {llpss = @sle + I = prllc }

(3.47)

2
1.7 (>

where the last term uses that h, < hy. Then, recalling that pj, is piecewise constant (cf. (3.6)), using
that oy = Vp in 1y, adding and substracting o, and employing the upper bound from Lemma
3.18, we find that

< C{hellpsy, = @slie + o= palliz + b lp—pa

W lp—pallz = 03 IVplR s = b loslBe < 203 {lloy — ol + losaldr)

(3.48)
< c{mlos—aplir + lp-mldr}.
Finally, (3.47) and (3.48) yield the required estimate and finish the proof. 0
Lemma 3.29 There ezists C' > 0, independent of h, such that for each e € E,(I") there holds
hellpe, = pule < C{M3lor —apnldr + o= pallir + ke lor = erulde b
where T is the triangle of ’7;Lf having e as an edge.
Proof. Tt follows exactly as in the proof of Lemma 3.28 replacing ¥ by I' everywhere. O

We complete the efficiency analysis of the a posteriori error estimator @ with the upper bound for
the term concerning the Robin boundary condition on I'. To this end, and for simplicity, we assume
that g is piecewise polynomial on I'. Otherwise, one would proceed as in the proof of [15, Lemma 23]
by adding and substracting a suitable projection of g onto a polynomial space.
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Lemma 3.30 There ezists C' > 0, independent of h, such that for each e € E,(T") there holds
he Ho'fﬁ V= UKy (pl“,h - gHg,e < C {HUf - UﬂhHg,T + h% HdiV(O’f - Uf,h)”g,T + he H‘Pr - @F,h”g,e} ’

where T is the triangle of 77Lf having e as an edge.

Proof. We proceed analogously to the proofs of Lemmas 3.22 and 3.23. In fact, given e € &,(I"), we let
T be the triangle of 7;Lf having e as an edge, define v, := o v — 165, — gon e, and consider the
extension operator L : C(e) — C(T). Then, applying (3.38), recalling that 1), = 0 on 97T \e, extending

e L(ve) by zero in Q¢\T' so that the resulting function belongs to H LQ ), and replacing the datum
gbyoys-v — k. onl, we get

HUeH(Q),e < e /¢6%(Uf7h V= 1R P, _g) = C2<0-f7h V= 1R Py, _g7'¢6L(U6)>F
e

= ¢ { — (o —ofn) Ve L(ve))r + 167 (Or — @r s e L(Ue)>F} :

The rest of the proof proceeds exactly as in Lemma 3.22, that is integrating by parts in {2y, and then
employing the Cauchy-Schwarz and inverse inequalities, the estimate (3.39), and the obvious fact that
Yr —¢r, € L*(T). We omit further details here and refer to that lemma. O

We end this section by remarking that the efficiency of 8 follows straightforwardly from estimates
(3.35) and (3.36), together with Lemmas 3.15 - 3.24, 3.26, 3.28 - 3.30, after summing up over triangles
T € T;7UT,; and edges e € &, (cf. (3.1)), and using that the number of triangles on each domain w, is
bounded by two. In particular, note that the global efficiency estimates induced by the terms of the
form hellos — @spllger e lloy — @5, llf e and he o — o, 15 (cf. Lemmas 3.21, 3.22, 3.23, 3.28,
and 3.29), follow easily from the fact that

Z he ”(Ps - (ps,hH(Q),e <h ||<Ps - (PS,hH(%,E < Ch H(ps - Llos,hH%/Q,E?
eeé‘h(z)

> hellps — o,

665}1(2)

8,@ <h HSOE — P (2),2 < Ch ngz - ng,hH%/Q,Z’

and

z he ”(101“ - Spr,h||(2),e
ec&y ()

IN

h HSOF - SDF,hH(QJ,F < Ch H‘pr - @F,h“%/Q,Z '

4 Numerical results

In this section we present some numerical results confirming the reliability and efficiency of the a
posteriori error estimator 8 analyzed in Section 3. We begin by introducing additional notations. The
variable N stands for the number of degrees of freedom defining the finite element subspaces Hy, and
Q. (equivalently, the number of unknowns of (2.20)), and the individual and global errors are denoted
by:

e(os) == |los —osnllaivia,, eloy) = llof—ornlava, . e(®) = |7 —vllog.

e(ps) = llos —Psnllijes, eles) = llos —esnllijos, eler) = llor —erulliyzr,

26



o(@) = {le(a ) + lelon)?} . o) i= {le(nP + lelp)? + lelgn)? + oo}

e(u) := lu—wlloo., elp) = [p—pnlloq,, and
,_ ~\12 12 2 2\ /2
e := {[e(@)]" + [e(V)]" + [e(w)]” + [e(p)] ;
where ¢ 1= (pg,¢p) € HY?(2) x HY*(I') and Prpn = (PgpsPrn) € Q{ = Ap(X) x Ap(T). Bear
in mind here that u and pj, are the postprocessed variables computed according to (3.5) and (3.6).
Also, we define the effectivity index
eff(0) := e/6.

In turn, we let (o), 7(oy), 7(7), 7(¥s), 7(¢s), r(ep), (u), r(p), and r be the experimental rates of
convergence given by

 log (e(%)/€'(%))
") = T g /)

where h and h’ denote two consecutive meshsizes with corresponding individual errors e(%) and
e’(%), and global errors e and €', respectively. However, when the adaptive algorithm is applied (see
details below), the expression log(h/R’) is replaced by — § log(N/N’), where N and N’ denote the
corresponding degrees of freedom of each triangulation.

log (e/e’)
log( /1)

V% € {0’5, gf, 7Y, Ps>» Py Prr W, p}7 and 7 =

In what follows we describe the examples to be considered. We first consider 25 := (—0.2,0.2) x
(—0.4,0.4) and let the artificial boundary I" be the ellipse centered at the origin with minor and major

2 2 i
semiaxis given by 0.4 and 0.6, respectively, that is €y := {(xl,xg)t € R?: % + (f% < 1} \Qs.
We take ps = py = A = p = 1, and the rest of parameters are given by the sets

{’Uozl;w:5;/€s:5;/€f:5} and {v0:0.7;w:7;ms:7;/@f:10},

which define Examples 1 and 2, respectively. Furthermore, let Ky, K1 and Ko be the modified Bessel
functions of the second kind and order 0, 1, and 2, respectively, and let Hél) be the Hankel function
of the first kind and order zero. Then, we choose the data in such a way that the exact solution of
(2.4) (or (2.7)) is determined by

12
i) —
u(x) = ! Vx = (11,12)" € Qg, and p(x) = H(()l)(fif Ix[) Vx € Qy,
(.CCl — 1) )
- TX(X)

where 71 = /(z1 —1)2 + 23, (x) = Ko(rwry) + erl {Kl(zwrl) — %Kl (“\"/gl>}, and

X(x) == Ka(twry) — 3 Ko (“\’/gl ) Actually, u is the fundamental solution, centered at (1,0)*, of the

elastodynamic equation, which yields f = 0 in 4, and p is the fundamental solution, centered at the
origin, of the Helmholtz equation in €2;.

Then, for Example 3 we let s be the L-shaped domain (—0.3,0.3)%\ (0,0.3)? and consider T as
the boundary of the unit circle B(0,1). In addition, we take ps = py = A = p = 1, v9 = 10, and
w =10, so that ks = 10 and k¢ = 1. Then, we choose the data in such a way that the exact solution
of (2.4) (or (2.7)) is given by

1+

u(r = /3 sin -
(x.6) (20 - m)/3) (m

> V(r,0) € Qy,
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in polar coordinates, and
p(x) = HV (ks [x + (0.15,0)))  Vx € Qy,

Note that u becomes singular at the origin, the corner of the L. More precisely, it is not difficult
to see that around this singularity div e, behaves of order r—/3. Tt follows that div o, belongs
to H?/ 3=¢(Q) for each € > 0, and hence, according to Theorem 2.3, we expect experimental rates
of convergence, particularly r(o), close to 2/3. According to the preceding remarks, this example
is utilized to illustrate the behavior of the adaptive algorithm associated with 8, which applies the
following procedure from [28]:

1) Start with coarse meshes 7,° and 7;Lf .
2) Solve the discrete problem (2.20) for the actual meshes 7,° and ’771f .

3) Compute the error indicators 67 on each triangle 7" € 7,° U ﬁlf as follows:

1
03, + 3 Yoo 2y i TeTy,
9% _ 1@65(T)ﬂ£h(2)
brp+5 D, st Y, ir if TeT/
ecE(T)NEL(E) e€&(T)NEL(T)

4) Evaluate stopping criterion and decide to finish or go to next step.

5) Use blue-green procedure to refine each 77 € 7,5 U 7;{ whose local error indicator 67 satisfies

1
or > smax{or: TeTruT}.

6) Define resulting meshes as actual meshes 7,® and 771f , and go to step 2.

The numerical results shown below were obtained using a MATLAB code. In Tables 4.1 up to 4.6
we summarize the convergence history of our fully-mixed finite element scheme (2.20) as applied to
Examples 1 and 2, for finite sequences of quasi-uniform triangulations of the computational domain
Q. U ﬁf. While these examples coincide with the ones presented in [14, Section 5], the novelty now
is certainly the computation of the effectivity indexes. We observe in those tables, looking at the
corresponding experimental rates of convergence, that the O(h) predicted by Theorem 2.3 when § = 1
(see [14, Theorem 4.1]) is attained in all the unknowns for both examples. In addition, we notice
from the last columns of Tables 4.3 and 4.6 that the effectivity indexes eff(@) remain always in
neighborhoods of 0.74 and 1.75 for Examples 1 and 2, respectively, which illustrates the reliability and
efficiency of @ in the case of regular solutions.

Then, in Tables 4.7 up to 4.12 we provide the convergence history of the quasi-uniform and adaptive
refinements, as applied to Example 3. As already announced, we notice in the quasi-uniform case that
r(os) oscillates in fact around 2/3, whereas the rates of convergence of the other unknowns are not
affected by the lack of regularity of os. However, since e(o;) is the dominant component of the
total error e, the above feature is also reflected in the global rate of convergence r (see Table 4.9).
Furthermore, it is clear from these tables that the total errors of the adaptive scheme decrease faster
than those obtained by the quasi-uniform one, which is confirmed by the global experimental rates
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of convergence provided in Table 4.12. This fact is also illustrated by Figure 4.1 where we display
the total errors e vs. the number of degrees of freedom N for both refinements. Moreover, as shown
by these values of r, the adaptive method is able to recover the quasi-optimal rate of convergence
O(h) for e. On the other hand, the effectivity indexes remain bounded from above and below for
both the quasi-uniform and adaptive schemes, which confirms the reliability and efficiency of @ in the
present case of a non-smooth solution. Intermediate meshes obtained with the adaptive refinement
are displayed in Figure 4.2. We remark from there that the method is able to recognize the origin
as a singularity of the solution of this example. Finally, some components of the approximate (left)
and exact (right) solutions for Example 3 are displayed in Figures 4.3 up to 4.8. Note in the case of
the unknowns on the boundaries, that they are depicted along straight lines beginning at the points
(0.3,0) and (0, 1), and then continuing clockwise and counterclockwise, for ¥ and I', respectively. The
fact that the approximate and exact solutions do not distinguish from each other in all the components
shown illustrates the accurateness of the proposed fully-mixed method and the corresponding adaptive
scheme.

Acknowledgements. The authors are thankful to Antonio Marquez for performing the computa-
tional code and running the numerical examples.

h N elos) |r(os) | elay) |r(oy) e(v) r(y)

27 /64 1117 6.150E—02 — 8.865E—01 - 6.642E—03 —
27 /96 2090 4.264E-02 | 0.903 || 5.996E—01 | 0.964 | 3.975E—03 | 1.266
27 /128 3686 3.112E-02 | 1.095 || 4.414E—-01 | 1.065 | 2.570E—03 | 1.516
27 /192 7869 2.107E-02 | 0.962 || 3.044E—-01 | 0.917 | 1.530E—03 | 1.279
27w /256 | 13666 | 1.586E—02 | 0.987 || 2.249E—01 | 1.053 || 1.018E—03 | 1.415
27 /384 | 31282 || 1.038E—02 | 1.046 || 1.489E—01 | 1.017 || 6.623E—04 | 1.061
2w /512 | 55438 || 7.784E—03 | 1.000 || 1.106E—01 | 1.035 || 4.324E—04 | 1.482
27 /768 | 125069 || 5.152E—03 | 1.017 || 7.397TE—02 | 0.991 || 2.745E—04 | 1.121
27/1024 | 221848 || 3.871E—03 | 0.994 || 5.540E—02 | 1.005 || 2.034E—04 | 1.041
27 /1536 | 498545 || 2.579E—03 | 1.001 || 3.670E—02 | 1.016 | 1.298E—04 | 1.109
27/2048 | 887629 || 1.927E—03 | 1.014 || 2.770E—02 | 0.978 || 9.678E—05 | 1.019

Table 4.1: Convergence history for o, o, and v (EXAMPLE 1)
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N e(ps) | rlps) || eles) |7rles) || eler) | rler)
1117 || 9.684E—03 — 1.689E—-01 — 4.819E—-02 —
2090 4.899E—-03 | 1.681 || 7.439E—-02 | 2.022 || 2.030E—-02 | 2.133
3686 2.727TE—-03 | 2.037 || 4.415E—-02 | 1.813 | 1.226E—-02 | 1.752
7869 1.427E—-03 | 1.598 || 2.362E—02 | 1.542 || 5.610E—03 | 1.928
13666 | 8.446E—04 | 1.822 || 1.348E—02 | 1.951 || 3.850E—03 | 1.308
31282 || 4.023E—04 | 1.829 || 6.741E—03 | 1.708 || 1.834E—-03 | 1.830
55438 || 2.521E—-04 | 1.625 || 3.849E—-03 | 1.948 | 1.187TE—03 | 1.511
125069 || 1.266E—04 | 1.699 || 1.896E—03 | 1.746 || 6.280E—04 | 1.571

221848 || 8.236E—05 | 1.494 || 1.290E—-03 | 1.339 || 4.437TE—04 | 1.208
498545 || 4.112E—-05 | 1.713 || 6.765E—04 | 1.592 | 2.231E—-04 | 1.695
887629 || 2.633E—05 | 1.550 || 4.455E—-04 | 1.452 || 1.533E—-04 | 1.305

Table 4.2: Convergence history for ¢, ¢, and ¢, (EXAMPLE 1)

N e(u) r(u) e(p) r(p) e T eff(0)
1117 2.207TE—-03 — 3.419E—-02 — 9.065E—01 — 0.7495
2090 1.547E—-03 | 0.877 || 2.317TE—02 | 0.960 || 6.065E—01 | 0.991 || 0.7315
3686 1.131E—03 | 1.087 || 1.706E—02 | 1.064 || 4.452E—01 | 1.075 || 0.7424
7869 7.671E—04 | 0.958 | 1.177TE—02 | 0.916 || 3.063E—01 | 0.922 || 0.7328
13666 || 5.781E—04 | 0.983 || 8.700E—03 | 1.050 || 2.260E—01 | 1.057 || 0.7437
31282 || 3.781E—04 | 1.044 || 5.760E—03 | 1.017 || 1.495E—-01 | 1.019 || 0.7417
55438 || 2.840E—04 | 0.999 || 4.277E—-03 | 1.035 || 1.110E—-01 | 1.036 || 0.7377

125069 || 1.881E—04 | 1.018 || 2.863E—03 | 0.991 || 7.423E—02 | 0.992 | 0.7445
221848 || 1.413E—-04 | 0.993 || 2.144E—03 | 1.005 || 5.559E—02 | 1.005 || 0.7413
498545 || 9.417E—-05 | 1.001 || 1.420E—-03 | 1.016 || 3.682E—02 | 1.016 || 0.7366
887629 || 7.036E—-05 | 1.013 || 1.072E—-03 | 0.978 || 2.779E—02 | 0.978 || 0.7360

Table 4.3: Convergence history for u, p, e, and effectivity index (EXAMPLE 1)

| N | ele) |rey) | elop) |ren ] e |

27 /64 1117 1.592E—01 — 4.981E—-00 — 1.422E—-02 —
27/96 2090 8.706E—02 | 1.489 || 3.252E—00 | 1.052 || 6.901E—-03 | 1.783
27 /128 3686 6.061E—02 | 1.259 || 2.371E—-00 | 1.098 || 4.045E—03 | 1.857
27 /192 7869 3.967E—02 | 1.045 || 1.626E—00 | 0.931 || 2.231E—03 | 1.468
27w /256 | 13666 | 2.927E—02 | 1.057 || 1.199E—00 | 1.057 || 1.458E—03 | 1.480
27 /384 | 31282 || 1.893E—02 | 1.074 || 7.931E—01 | 1.020 || 9.090E—04 | 1.164
2w /512 | 55438 | 1.416E—02 | 1.010 || 5.886E—01 | 1.036 || 5.821E—04 | 1.549
27 /768 | 125069 || 9.337E—03 | 1.027 || 3.937TE—01 | 0.992 || 3.642E—04 | 1.157
27/1024 | 221848 || 7.007E—03 | 0.998 | 2.949E—01 | 1.004 || 2.673E—04 | 1.076
27 /1536 | 498545 || 4.664E—03 | 1.004 || 1.954E—01 | 1.016 || 1.685E—04 | 1.138
27/2048 | 887629 || 3.486E—03 | 1.012 | 1.474E—01 | 0.979 || 1.248E—04 | 1.043

Table 4.4: Convergence history for o, o, and v (EXAMPLE 2)
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N e(py) r(ps) e(py) (o) e(er) r(¢r)
1117 || 2.843E—02 | — | 4.104E—01 | — || 1.388E—01 | —

2090 1.217E-02 | 2.092 || 1.898E—01 | 1.901 || 5.923E—02 | 2.100
3686 6.413E—03 | 2.228 || 1.085E—01 | 1.945 || 3.262E—02 | 2.073
7869 3.053E-03 | 1.831 || 5.654E—-02 | 1.607 || 1.517TE—02 | 1.888
13666 || 1.722E—03 | 1.990 || 3.159E—-02 | 2.023 | 9.679E—03 | 1.562
31282 || 8.131E—04 | 1.851 || 1.560E—02 | 1.740 || 4.454E—-03 | 1.914
55438 || 5.253E—-04 | 1.518 || 8.850E—03 | 1.970 || 2.832E—03 | 1.575
125069 || 2.394E—-04 | 1.938 || 4.339E—-03 | 1.758 || 1.5612E—-03 | 1.547
221848 || 1.6056E—04 | 1.391 || 2.868E—03 | 1.440 || 9.982E—-04 | 1.444
498545 || 8.008E—05 | 1.714 || 1.438E—-03 | 1.703 || 5.174E—-04 | 1.621
887629 || 5.006E—-05 | 1.633 || 9.361E—04 | 1.492 | 3.530E—-04 | 1.329

Table 4.5: Convergence history for ¢, ¢, and ¢, (EXAMPLE 2)

N e(u) r(u) e(p) r(p) e r eff(0)
1117 || 3.080E-03 | — 4.950E-02 | — 5.003E-00 | — 1.8347
2090 1.686E—03 | 1.486 || 3.232E—02 | 1.051 || 3.259E—00 | 1.057 || 1.7396
3686 1.178E—-03 | 1.247 || 2.356E—-02 | 1.098 | 2.374E—00 | 1.101 || 1.7641
7869 7.713E—04 | 1.044 || 1.616E—02 | 0.930 || 1.627E—00 | 0.932 || 1.7431
13666 || 5.694E—04 | 1.055 | 1.192E—02 | 1.056 || 1.200E—00 | 1.058 || 1.7676
31282 || 3.686E—04 | 1.072 || 7.885E—03 | 1.020 || 7.935E—01 | 1.021 || 1.7623
55438 || 2.758E—04 | 1.009 || 5.852E—03 | 1.036 || 5.889E—01 | 1.037 || 1.7586

125069 || 1.819E—-04 | 1.027 || 3.9156E—03 | 0.992 || 3.939E—01 | 0.992 | 1.7698
221848 || 1.365E—04 | 0.997 || 2.932E—03 | 1.004 || 2.951E—01 | 1.005 || 1.7655
498545 || 9.086E—05 | 1.004 || 1.943E—03 | 1.016 | 1.955E—01 | 1.016 || 1.7601
887629 || 6.790E—05 | 1.012 || 1.466E—03 | 0.978 || 1.475E—-01 | 0.979 || 1.7611

Table 4.6: Convergence history for u, p, e, and effectivity index (EXAMPLE 2)

h N e(oy) |rey) || elop) [rep | e | rw
271'/64 2215 9.127E—-01 — 4.267E—01 — 3.210E—-02 —
27r/96 4767 6.802E—01 | 0.725 || 1.896E—01 | 2.000 || 1.371E—-02 | 2.098
27 /128 8495 5.408E—-01 | 0.797 || 1.185E—-01 | 1.634 | 9.156E—03 | 1.403
27r/192 19067 4.465E—01 | 0.472 || 6.492E—02 | 1.484 || 4.033E—-03 | 2.022
27 /256 33331 3.898E—01 | 0.472 || 4.851E—02 | 1.013 || 2.828E—-03 | 1.234
27r/384 75077 2.800E—01 | 0.816 || 3.053E—02 | 1.142 | 1.630E—03 | 1.359
27 /512 133497 || 2.351E—01 | 0.607 || 2.317TE—02 | 0.960 || 1.049E—03 | 1.532
27 /768 299000 1.883E—01 | 0.547 || 1.528E—-02 | 1.026 || 6.357E—04 | 1.235

27/1024 | 534105 1.493E—-01 | 0.807 || 1.139E—02 | 1.023 || 4.391E—04 | 1.286
27 /1536 | 1199275 || 1.109E—01 | 0.735 || 7.601E—03 | 0.997 | 2.663E—04 | 1.233

Table 4.7: Convergence history for o, o, and v (quasi-uniform scheme, EXAMPLE 3)
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N elps) | 7lps) | elps) | rles) || elpr) | 7ler)
2215 | 6.895E—02 | — | 5.538E-01| - | 5233E-02| -

4767 2.300E-02 | 2.708 || 2.027E—01 | 2.479 || 1.786E—02 | 2.652
8495 1.417TE—-02 | 1.683 || 1.066E—01 | 2.232 | 8.300E—03 | 2.663
19067 || 4.631E—-03 | 2.759 | 3.555E—02 | 2.710 || 2.920E—-03 | 2.576
33331 3.500E—03 | 0.974 || 2.082E—02 | 1.859 | 1.396E—03 | 2.565
75077 1.520E—-03 | 2.056 || 1.028E—02 | 1.741 | 6.814E—04 | 1.769
133497 || 1.019E-03 | 1.390 || 6.675E—03 | 1.501 || 3.776E—04 | 2.052
299000 | 4.515E—04 | 2.008 | 3.018E—03 | 1.958 || 2.102E—04 | 1.444
534105 | 3.266E—04 | 1.126 | 1.975E—03 | 1.473 | 1.564E—-04 | 1.029
1199275 || 1.523E—-04 | 1.882 || 9.444E—04 | 1.820 | 6.877E—-05 | 2.026

Table 4.8: Convergence history for ¢, ¢,,, and ¢, (quasi-uniform scheme, EXAMPLE 3)

N e(u) r(u) e(p) r(p) e r eff(0)
2215 9.444E—-03 — 5.476E—02 - 1.155E—-00 — 0.6179
4767 5.899E—03 | 1.161 || 2.980E—02 | 1.501 || 7.360E—01 | 1.111 || 0.6313
8495 4.430E—03 | 0.996 || 2.024E—-02 | 1.345 || 5.645E—01 | 0.922 | 0.6546
19067 2.942E—-03 | 1.010 || 1.292E-02 | 1.107 || 4.529E—01 | 0.543 || 0.7241
33331 2.189E—-03 | 1.028 || 9.722E—03 | 0.988 || 3.935E—01 | 0.488 | 0.7679
75077 1.459E—-03 | 1.000 || 6.359E—-03 | 1.047 || 2.819E—-01 | 0.823 || 0.7943
133497 || 1.091E—-03 | 1.009 || 4.801E—03 | 0.977 || 2.364E—01 | 0.612 || 0.8232
299000 | 7.360E—-04 | 0.971 || 3.191E—03 | 1.008 || 1.890E—-01 | 0.552 || 0.8679
534105 | 5.567E—04 | 0.971 || 2.388E—03 | 1.008 || 1.498E—01 | 0.809 || 0.8806
1199275 || 3.685E—04 | 1.018 || 1.594E—-03 | 0.996 || 1.111E—01 | 0.736 || 0.9004

Table 4.9: Convergence history for u, p, e, and effectivity index (quasi-uniform scheme, EXAMPLE 3)

]_O F T T TrrrT T T TrrrT T T T T TrrrT T T T T rrri

F quas‘i—uniform refinement ——

adaptive refinement - & -

1E E

e ]

0.1F .

0.01 e e
1000 10000 100000 le+-06 le+-07

N

Figure 4.1: EXAMPLE 3, total error e vs. N for the quasi-uniform and adaptive schemes
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h N eloy) |ren) || elop) [rep | e | rw
0.1169 2215 9.127E—-01 — 4.267E-01 — 3.210E—-02 —
0.1169 2503 7.145E—01 | 4.006 || 2.996E—01 | 5.786 || 2.589E—02 | 3.520
0.1169 3471 5.377TE—01 | 1.739 || 2.607E—01 | 0.851 || 2.394E—02 | 0.478
0.1169 4459 4.417E—01 | 1.570 || 1.713E—01 | 3.354 || 1.472E—-02 | 3.883
0.1169 6355 3.477TE—01 | 1.351 || 1.401E—-01 | 1.134 || 1.299E—-02 | 0.707
0.1169 9410 2.753E—01 | 1.189 || 1.088E—01 | 1.287 || 9.272E—03 | 1.717
0.1169 11985 2411E-01 | 1.097 || 9.418E—02 | 1.196 || 8.363E—03 | 0.853
0.1169 19655 1.882E—01 | 1.002 || 7.556E—02 | 0.890 || 5.892E—03 | 1.416
0.0934 38391 1.406E—-01 | 0.870 || 5.126E—02 | 1.159 || 4.545E—-03 | 0.775
0.0832 65934 1.058E—01 | 1.051 || 4.117TE—-02 | 0.810 || 3.321E—-03 | 1.161
0.0832 98472 9.131E—-02 | 0.736 || 3.519E—02 | 0.783 || 3.022E—-03 | 0.470
0.0622 | 125924 | 8.021E—02 | 1.055 || 3.056E—02 | 1.146 || 2.723E—03 | 0.847
0.0511 | 151119 7.225E—02 | 1.146 || 2.681E—02 | 1.436 || 2.257E—03 | 2.060
0.0493 | 196274 | 6.617E—02 | 0.673 || 2.456E—02 | 0.670 || 2.161E—03 | 0.331
0.0471 | 241916 6.067E—02 | 0.830 || 2.287TE—02 | 0.684 || 2.066E—03 | 0.436
0.0467 | 282385 5.684E—02 | 0.843 || 2.144E—02 | 0.830 || 1.904E—03 | 1.051
0.0400 | 343470 4.852E—02 | 1.617 || 1.836E—02 | 1.586 || 1.581E—-03 | 1.900
0.0298 | 570415 3.694E—-02 | 1.075 || 1.382E—02 | 1.120 || 1.177E—-03 | 1.162
0.0244 | 894088 3.037E—-02 | 0.872 || 1.139E—02 | 0.861 || 9.605E—04 | 0.905
0.0240 | 1269053 || 2.654E—02 | 0.769 || 9.882E—03 | 0.811 || 8.686E—04 | 0.574
0.0234 | 1635325 || 2.360E—02 | 0.926 || 8.777E—03 | 0.935 || 7.831E—04 | 0.817

Table 4.10: Convergence history for o, o, and « (adaptive scheme, EXAMPLE 3)
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N e(py) (ps) e(py) (o) e(er) r(¢r)
2215 | 6.895E—02 | — | 5.538E—01 | — | 5.233E-02 | —

2503 5.104E-02 | 4.921 || 3.576E—01 | 7.157 | 4.086E—02 | 4.037
3471 3.138E—-02 | 2.975 || 2.942E—01 | 1.195 || 3.0b1E—02 | 1.787
4459 1.530E—-02 | 5.738 || 1.346E—01 | 6.243 || 2.099E—-02 | 2.986
6355 1.124E—-02 | 1.741 || 8.971E—-02 | 2.290 || 1.954E—02 | 0.405
9410 5.915E-03 | 3.270 || 4.522E—-02 | 3.491 | 7.613E—-03 | 4.803
11985 4.596E—-03 | 2.085 || 3.356E—02 | 2.465 || 7.385E—03 | 0.251
19655 3.352E-03 | 1.277 || 2.590E—02 | 1.048 || 7.867TE—03 | -0.255
38391 1.735E—-03 | 1.967 || 1.118E—02 | 2.510 || 3.919E—-03 | 2.082
65934 1.229E—-03 | 1.276 || 8.728E—03 | 0.915 || 3.104E—-03 | 0.863
98472 9.169E—-04 | 1.459 || 6.057E—03 | 1.821 || 2.989E—-03 | 0.188
125924 || 7.763E—04 | 1.355 || 4.871E—-03 | 1.772 | 2.240E—03 | 2.344
151119 || 5.946E—-04 | 2.923 || 3.680E—-03 | 3.074 | 1.914E—-03 | 1.726
196274 || 5.925E—-04 | 0.028 || 3.390E—03 | 0.628 | 1.738E—03 | 0.738
241916 | 5.497E—04 | 0.717 || 3.330E—03 | 0.171 || 1.583E—03 | 0.896
282385 || 4.916E—04 | 1.443 || 3.101E—03 | 0.921 || 1.455E—03 | 1.088
343470 || 4.137TE—-04 | 1.763 || 2.400E—-03 | 2.617 || 1.00rE-03 | 3.763
570415 | 2.366E—04 | 2.204 || 1.307E—03 | 2.395 || 6.893E—04 | 1.493
894088 || 1.835E—04 | 1.130 || 9.845E—04 | 1.262 || 4.778E—04 | 1.630
1269053 || 1.606E—04 | 0.763 || 9.044E—04 | 0.485 || 4.672E—-04 | 0.129
1635325 || 1.343E—04 | 1.411 || 7.551E—04 | 1.423 || 3.758E—04 | 1.716

Table 4.11: Convergence history for ¢, ¢, and ¢, (adaptive scheme, EXAMPLE 3)
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N e(u) r(u) e(p) r(p) e r eff(0)
2215 9.444E—-03 — 5.476E—02 — 1.155E—-00 — 0.6179
2503 8.923E—03 | 0.928 || 4.779E—02 | 2.229 || 8.576E—01 | 4.868 || 0.5530
3471 6.348E—03 | 2.083 || 4.289E—-02 | 0.661 || 6.693E—01 | 1.516 || 0.5277
4459 5.179E—03 | 1.625 || 3.797E—-02 | 0.974 || 4.949E—-01 | 2.411 || 0.4727
6355 4.091E—-03 | 1.332 || 3.583E—02 | 0.328 || 3.880E—01 | 1.374 || 0.4537
9410 3.008E—03 | 1.566 || 3.101E—-02 | 0.735 || 3.014E—01 | 1.287 || 0.4249
11985 2.772E—-03 | 0.678 || 2.814E—-02 | 0.803 || 2.628E—01 | 1.133 || 0.4205
19655 2.196E—03 | 0.942 || 2.250E—02 | 0.904 || 2.059E—-01 | 0.986 | 0.4089
38391 1.549E—-03 | 1.042 || 1.499E—-02 | 1.214 || 1.510E—-01 | 0.927 || 0.4300
65934 1.215E—-03 | 0.899 || 1.223E—02 | 0.752 || 1.146E—-01 | 1.018 || 0.3973
98472 1.013E—03 | 0.908 || 1.045E—02 | 0.786 || 9.870E—02 | 0.747 || 0.4051

125924 || 9.1562E—-04 | 0.822 || 9.149E—-03 | 1.077 || 8.653E—02 | 1.070 || 0.4050
151119 || 8.144E—04 | 1.280 || 7.918E—03 | 1.585 || 7.762E—02 | 1.192 || 0.4108
196274 || 7.452E—-04 | 0.679 || 7.221E—03 | 0.704 || 7.109E—-02 | 0.672 || 0.4082
241916 | 6.858E—04 | 0.795 || 6.727TE—03 | 0.678 || 6.532E—02 | 0.809 || 0.3933
282385 | 6.388E—04 | 0.917 || 6.308E—03 | 0.832 || 6.121E—02 | 0.842 || 0.4030
343470 || 5.594E—-04 | 1.356 || 5.398E—03 | 1.591 || 5.225E—02 | 1.616 | 0.4038
570415 | 4.196E—04 | 1.134 || 4.004E—-03 | 1.178 || 3.969E—-02 | 1.084 || 0.4075
894088 | 3.470E—04 | 0.846 || 3.315E—03 | 0.840 || 3.264E—02 | 0.871 || 0.4025
1269053 | 3.032E—04 | 0.770 || 2.886E—03 | 0.792 || 2.850E—02 | 0.773 || 0.3792
1635325 || 2.680E—04 | 0.972 || 2.565E—03 | 0.931 || 2.534E—-02 | 0.928 || 0.4013

Table 4.12: Convergence history for u, p, e, and effectivity index (adaptive scheme, EXAMPLE 3)
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Figure 4.2: EXAMPLE 3: adapted meshes for N € {3471, 9410, 19655, 65934}

Figure 4.3: Approximate and exact real part of o521 (EXAMPLE 3)
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Figure 4.4: Approximate and exact imaginary part of o522 (EXAMPLE 3)
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Figure 4.5: Approximate and exact imaginary part of o5 (EXAMPLE 3)
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Figure 4.6: Approximate and exact imaginary part of o2 (EXAMPLE 3)
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Figure 4.7: Approximate (red) and exact (blue) real and imaginary parts of ¢, (EXAMPLE 3)
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Figure 4.8: Approximate (red) and exact (blue) real and imaginary parts of ¢, o (EXAMPLE 3)
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