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Abstract

In this paper we study a class of perturbed constrained nonconvex varia-
tional problems. Its (optimal) value function is proved to be convex and then
several related properties are obtained. Existence, strong duality results and nec-
essary/sufficient optimality conditions are established. Moreover, it is shown that
local minima are global. Such results are given in terms of the Hamiltonian func-
tion. Finally various examples are exhibited showing the wide applicability of our

main results.
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1 Introduction and formulation of the problem
We consider, given a € R™, the following class of minimization problems (P(a)):

inf{/ol folt. =)t : = € K(a)}, (1.1)

where

K(a) = { z e LY[0,1],R") : z € Z, /01 go(t, z(t))dt € =W +a}. (1.2)
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2 On the convexity of the value function for nonconvex variational problems

Here, W C R™ is nonempty, closed and convex; Z is the set of functions z €
L(]0,1], R") satisfying z(t) € Z(t) for a. e. t € [0, 1], with Z : [0, 1] = R"™ a measurable
set-valued mapping with nonempty and closed values; fo : [0,1] x R" — R U {400},
go : [0,1] x R™ — R™ and fy(t,-) is lower semicontinuous and go(t, ) is continuous for
a.e. t € [0,1]; fo is a Borel function and go(-, z) is measurable (with respect to Lebesgue
measure) for all z € R™ such that go(-, 2(-)) € L*([0,1],R™) for all z € Z. We consider
the functions f : L1([0,1],R") — R U {+oc} and g : L!([0, 1], R") — R™ defined by

1 1
16 = [ s, o) = [ anfe,0)de.
0 0
Furthermore, we impose the following assumptions on fj:

e there exists zg € Z such that
1
| fotts 20yt <+ (1.3)
0

e there exist o € R™ and 8 € L!([0, 1], R) satisfying

fo(t,2) > {a, 2) + B(t), forae.te[0,1], all z € R™. (1.4)

Under the latter assumption, f(z) > —oco for all z € L([0, 1], R").

Problems like (1.1) subsume an important class of variational problems, namely

1
inf{/o fo(t,&(t))dt - € WH([0,1],R™) : x(0) = a, x(1) :b}, (1.5)

where WH1(]0, 1], R"™) denotes the space of absolutely continuous functions from [0, 1]
to R™, and a, b are given vectors in R™.

Several models in Mathematical economics can be written in the form of (1.1), see [1]
for instance. The classical existence result due to Tonelli requires the convexity and
superlinear growth assumptions on fy(¢,-), which imply the weak lower semicontinuity
of the integral functional and the weak compactness of its sublevel sets. Our goal is to
avoid such assumptions by analyzing carefully the value function associated with (1.1)
depending on a, which allows us to consider integrands with slow growth.

The particular case go(t,2) = z and W = {0} was considered in [5], and under
convexity of fo(t,-) in [7].

One of the main goals of the present paper is, after a carefully analysis of the value
function, to provide a necessary and sufficient optimality condition of zero-order for a
feasible solution to problem (P(0)) to be optimal (Corollary 3.7), along with sufficient
and/or necessary conditions for the same problem via the Hamiltonian.

The structure of the paper is as follows. Next section deals with some basic nota-

tions, definitions and preliminaries; in particular, a variant of the Liapunov convexity
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theorem (Theorem 2.1), suitable for our purpose, is recalled. Section 3 describes the
most important properties of the value function (including convexity) to be used in
subsequent sections. In Section 4, we establish necessary optimality conditions via the
subdifferential of the optimal value function. Some of the results of the preceding sec-
tion are applied in Section 5 to prove that local minimality implies global for the
problem (1.1). In connection to assumption (5.1), Section 6 provides several equiva-
lent conditions implying the previous assumption. Finally Section 7 establishes some
formulas for computing the value function via the Hamiltonian, and some existence

results as well.

2 Basic notations and preliminaries

Given two vectors a, b in R™, (a,b) denotes for its inner or scalar product. A set P C R"
is said to be a cone if tP C P, for all t > 0. For a given A C R™: A, co(4), int A, bd A,
stand for the closure of A, the convex hull of A (the smallest convex set containing A,
topological interior of A, boundary of A, respectively. Furthermore cone(A) denotes

the smallest cone containing A, that is,

cone(A) = U tA,
>0

whereas cone(A) denotes the smallest closed cone containing A: obviously cone(A) =
cone(A).

Moreover, z € A is said to be a relative interior point of A if cone(A — x) is vector
space (see for instance [2]). The set of relative interior points of A is denoted by ri A.
It is well-known that, in case A is convex, x € ri A if and only if x is an interior point
with respect to the affine hull of A, or equivalently if N4(z) is a vector space, where
Na(x) ={€ € R": ({,a—=x) <0, Vae A}, is the (outward) normal cone to A at
x € A.

The positive polar of the convex cone P C R" is defined by:
P*={y" eR": (y",x) >0, Vo € P}.

We now recall an extension of the Lyapunov theorem proved in [11]. This plays an
important role in the existence theory for optimal control problems without convexity
assumptions, see for instance [5] and references therein.

Given a set K C L'([0,1],R¥), define the set

I(K) = {/01 S(t)dt : b € K}
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K is said to be decomposable if, for every measurable set B C [0, 1] and all u,v € K:

u-xB+v-Xpi\B € K,

where yp is the characteristic function of the set B, i.e. xp(z) = 1 if x € B, and
xB(z) = 0 elsewhere.
The next theorem is taken from [11] and provides a simple existence result for problem

(1.1) as a consequence of Corollary 3.3, as Remark 3.4 shows.

Theorem 2.1. ([11, Theorem 4]) If K C L'([0, 1], R¥) is decomposable, then I(K) is
convex and I(K) = I(co K). If, in addition, K is (strong) closed and the closure of

I(K) contains neither a line nor an extremal halfline, then I(K) is closed.

In what follows, we recall some main facts about envelopes of functions. Given
h:R" — RU{+o0}, h, o h stand for the greatest lower semicontinuous function not
larger than h and for the greatest convex and lower semicontinuous function not larger
than h, respectively. To be coherent with our previous notation we need the following

definition of epigraph of a function
epi h = {(t,z) e RxR": h(z) <t}

Denotes also
epi’ h = {(t,2) e R x R™: h(x) < t}.

In case h is convex, we have ([14, Lemma 7.3])
ri(epi h) = {(t,x) e R xR": z €ri(dom h), h(x) < t}. (2.1)

It is known that
epi h = epi h; co(epi h) = epi co h.

Moreover, if €6 h(x) > —oo for all z € R™ then @ h(z) = h**(z) for all z € R™, where
h** = (h*)* is the bipolar or biconjugate of h, that is, the conjugate of h*. There are
examples showing the assumption ¢o h(z) > —oo for all z € R™ is necessary to get the
previous equality. In general we have h** <@ h < h.
For any nonempty set W C R™, and a,b € R™, we write a <y b (or equivalently,
b>wa)ifb—acW.
The indicator function tg of the set S is defined by tg(x) = 0 if x € S and 400
otherwise.

The space of absolutely continuous functions from [0, 1] into R¥ is denoted by

WHL([0,1], R¥), and it is equipped with the norm

1
2]l = Hx(o)||+/0 |2 (t)||dt.
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It is well-known that W1'([0,1],R¥) is a Banach space. Set Wkl’1 = Whi([o, 1], R¥)
and L' = L([0, 1], R™). As usual, the norm on the product space Wkl’1 x L' is the sum
of the norms of I/Vkl’1 and L', and it will be denoted by || - ||.

Set Ry = [0, 400, Ryt = ]0,4o00[, R._ = —R .

3 The convexity of the optimal value function and related

properties

We associate with problem (1.1) the optimal value function ¢ : R™ — R U {£oo}

defined as follows

B mf /fotz g(z) € =W +a, zeZ} if K(a) # 0;

otherwise.

Consider the Lagrangian dual of problem (P(0)) (a =0 in (1.1)) and defined by

vp = sup inf L(A,z). (3.1)
AEW= 2€2

Here L(\, 2) = f(2) + (N g(2)), A € W*, z € L1([0, 1], R").

We consider a classic result (see e.g., [13, Theorem 7]), although proved under
convexity conditions, which relates the optimal value vp of (3.1) with the biconjugate
of the value function .

In what follows we use the convention 400 — (+00) = +0o0.

Theorem 3.1. Assume that f,g and W are as described above, with W being in
addition a cone, and K(0) # 0. Then vp = ¢**(0).

Proof. Define F': Z x R™ — R U {+o00}:

z), if g(z) € =W +a;
R ECRE O
400, otherwise.

Then the Lagrangian function can be written as

f(2)+ A g(2), if AeWwr,
L(\,z) = inf {F(z,a) +(\,a) } =4 —co if N\gW*, f(z) < +oo; (3.2)

acR™

oo, if AZW?, f(2) = +oo,

and the value function as,

Y(a) = inf F(z,a).

z2€Z
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Therefore

inf L(\, z) = inf {inf F(z,a)+ (A\,a) } = — sup {{(—=\,a) —¢¥(a)} = —¢*(=A).

2€Z a€R™ z€Z aCR™
Then,
sup inf L(\ z) = sup inf L(\ 2z) = sup [—¢*(=A)] = ¥*(0).

AEW* 2€2 AERm 2€Z AER™
O

Set Cp =dom fNZ={z€ Z: f(z) <+oo} and

Ko = {(u,v) € LN(0,1, RH™) 5 32 € Z,u(t) 2 folt, 2(1),

o(t) 2w go(t, 2(1)), for ace. ¢ € [0,1]}. (3.3)

We get the following result which is important by itself.

Theorem 3.2. Let F(z) = (f(z),g9(2)) with f,g being as above and W C R™ being

any nonempty closed and convex set. The following assertions hold.

(a) The set Ky is decomposable, I(Ky) is convex and I(Ky) = F(Cp) + (Ry x W) C
epi .

(b) (r,a) € epi 1 <= (r+%,a) € F(Co) + (Ry x W), ¥hkeN.

Consequently, the function ¢ : R™ — RU {£o00} is convez, and

I(K()) g epi Ib g I(K()) (3.4)

(¢) We have
(r,a) € ri(epi ¥) <= a € ri(dom ¢) and 3 ko € N, (r—%,a) cepit)y, VEk> ko
As a consequence, if A C ri (dom ) then,
(ri epi ¥) N (R x A) = epi® ¢ N (R x A). (3.5)
epi YN (R x A) =epi N (R x A). (3.6)

Proof. (a): We observe first that Ky is a decomposable set. Indeed, let (u;,v;) € Ko,

i=1,2 and B C [0, 1] a measurable set. Then, for some z; € L', i = 1,2, we have
ui(t) > folt, zi(t), wvi(t) >w go(t, z(t)), =zi(t) € Z(t), for a.e. t € [0,1].

Clearly z; € Cp for ¢ = 1,2. Setting zZ = 21 - X + 22 - X[o,)\B € L', we have for a.e.
te[0,1]: 2(t) € Z(t) and

w1 (t)-xB(t)+u2(t)xpans(t) = fo(t, 2()), vi(t)-xBE)+v2(t) X005 2w go(t, Z()),
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ie. (u1,v1) - xB + (u2,v2) - Xj01)\B € Ko, proving the decomposability of Ko. Thus the
convexity of I(Kj) follows from Theorem 2.1.

To prove the equality I(Ky) = F(Cp) + (Ry x W), first notice that I(Ky) C F(Cy) +
(R4 x W) is straightforward by the convexity and closedness of W. For the reverse
inclusion it is enough to observe that if (u,v) € F(Cp) + (R4 x W), then, for some
z € Cp and (h,p) € (Ry x W),

1 1
() = ([ Ut 200 + 13, [ fon(e2(0) + ) € 1000,

proving the equality in (a). This also shows that F(Cy) + (R4 x W) C epi ¢.

(b): By taking into account the inclusion in (a), the “only if” part is easily obtained.
Let ¥(a) < r < +00. Then K(a) # (), and for all k& € N there exists 2z € Cp such that
flzk) <r+ % and g(zx) <w a. Thus

1

(4 120) = (o), (a0)) + (4 3 = (a0 = g(a)) € F(Co) + Ry x W),

which completes the proof of the equivalence.

The convexity of ¢ follows from the (a) which asserts the convexity of I(Ky) = F(Cp)+
(Ry x W).

Combining (a) and the last equivalence, we get (3.4).

(¢): Let (r,a) € ri(epi ¢). By (2.1), a € ri(dom %) and 9 (a) < r. For ky € N sufficiently
large, we have ¥(a) < r — z < r for all k > kg. Thus, for such k& € N, one obtains

(r— %,a) € ri(epi ) =i I(Kp) = ri I(Ky).
Moreover, by convexity again, ri(epi 1) = ri(epi ¢) = ri(epi ), proving one implica-
tion of the equivalence. The other is trivial.
One inclusion in (3.5) follows from the previous equivalence and the other is straight-
forward.
For (3.6) we need to check the inclusion “C”. Let take any (r,a) € epi v with a € A.
Then, we have two possibilities: ¥(a) < 7 or ¢(a) = r. In the first case, we get

_ — 1
(r,a) € ri(epi ¥) and so (r,a) € epi ¥. In the second case, since 1(a) =1 < r + 7 e

1 — 1
obtain (r 4+ o a) € ri(epi ¢). By (3.5), ¥(a) <r+ Z for all k£ € N, and the conclusion

follows. O
It is not difficult to check that
dom ¢ = g(Cp) + W. (3.7)

Thus, since F(Cpy) + (Ry x W) is convex, we obtain immediately the convexity of

g9(Co) + W, i. e., dom ¥ is convex, which is also a consequence of the convexity of 1.
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This along with other results, which follow from (3.6), are summarized in the following

corollary.

Corollary 3.3. Under the above assumptions, the following hold:

(a) ri(dom 1) = ri(dom %), dom ¢ = dom ¢ and v(a) =1 (a) V a € ri(dom ).

Consequently,
ri(epi ¥) = ri(epi ¥) = {(r,a) € R x ri(dom v) : (a) < r}. (3.8)

(b) For a € ri(dom ) with ¥(a) € R, one has

Y(a) =min{r e R: (r,a) € I(Kp)} =inf{r e R: (r,a) € I[(Kp)}.
=min{r e R: (r,a) € epi ©}.

Proof. (a): Let a € ri(dom %) and take any r € R satisfying ¥(a) < r < 4+oc. Then
(r,a) € ri(epi ¥), and by (3.5), ¥(a) < 7, implying a € dom 1. This proves that
ri(dom ¢) C dom 1, showing the desired result. This also proves that ¢ (a) = (a) for
all a € ri(dom ).

Let us check the second equality. Since dom 1 C dom 1, we obtain

dom ¢ C dom 9 = ri(dom 1)) = ri(dom %) = dom 1),

and the conclusion follows.
The last part is a consequence of (a) and (3.6).

(b): For a € ri(dom 1)), one obtains,

Y(a) = Y(a) =min{r € R: (r,a) € epi ¥} =min{r e R: (r,a) € I(Ky)}

<inf{r e R:(r,a) €epi ¢} <inf{r e R: (r,a) € I(Ky)} = ro.

Assume that ¥ (a) < 9. There exists r; | ¥(a) such that (rg,a) € epi ¥. By (a) of

the previous proposition, we get (ry + E,a) € I(Kp) for all £ € N. This means that

1
ro < TR+ 7 which implies 9 < 1 (a), which is impossible, proving that ¢ (a) = 19, and

the conclusion follows. O

Remark 3.4. From (b) of Corollary 3.3, we obtain an existence result to problem
(P(a)) (see (1.1)), namely: if a € ri(g(Co) + W), ¢(a) > —o0, and I(K)y) is closed, then
(P(a)) admits at least a solution.

Conditions implying the closedness of I(Kj) are given in Theorem 2.1; whereas the

nonemptiness of H yields ¥ (a) > —oo, as Theorem 7.1 shows.
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Theorems 3.1 and 3.2 lead to the following characterization of lower semicontinuity
of ¥ at 0. Certainly, by Corollary 3.3, ¢ is Isc in ri(dom ).

Proposition 3.5. Assume that p = 1(0) < +00 and that the assumptions of Theorem
3.2 hold. Then,

(@) if $(0) > —o0,

$(0) = ¥(0) <= [I(Ko) — ps(1,0)] N (~Ry4 x {0}) = 0. (3.9)

<= [cone(I(Ko) — p(1,0))] N (—R44 x {0}) = 0.
(b) ¥(0) = —oco if and only if

[1(Ko) — p(1,0)] N —(Rys x {0}) £0, ¥ peR (3.10)
Proof. (a): It follows by noticing that I(Ky) = epi 9.
(b): Simply consider the definition of (0). O

We now characterize the zero duality gap for our problem (P(0)) in term of the
lower semicontinuity of of ¢ at 0. In particular, if 0 € ri(g(Co) + W) then there is no
duality gap.

Theorem 3.6. Assume that W is additionally a cone, and 1 (0) < 400, then

(a) vp =(0);

(b) the duality gap between (P(0)) and (3.1) is zero, i. e., p = vp, if and only if
(0) = 1(0).

Proof. (a): In view of Theorem 3.1, we need to check that 1**(0) = 1(0). If /(0) = —oc0
then ¢**(0) = —oo since ¥** < 1. If 1(0) € R, due to the lower semicontinuity and
convexity of v, we conclude that ¥(= ¢ 1) never takes the value —oo, and therefore
(€0 ¢ =)y = ™.

(b): It follows from (a). O

We will see next that the condition 0 € ri(g(Cp) + W) not only implies zero duality
gap but also the existence of solution for the dual problem provided (0) is finite. This
is due to the important result derived from the convexity of ¢ (see Corollary 3.3): the
nonemptiness of di(a) whenever a € ri(dom ) = ri(g(Cp) + W).

Thus, on combining the previous theorem and Corollary 3.3, we establish the follow-

ing result on strong duality for (P(0)) without any coercivity or convexity assumption.
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Corollary 3.7. Assume that p € R, with W being additionally a cone, K(0) # 0 and
0 € ri(g(Co) + W). Then, there exists \g € W* such that

[ @i = g [t 20) + Qo @l @)
For such )y, we have
1 1
nf /O fo(t,z(t))dt:%ére(lzg)so /0 Folt, 2(8))dt. (3.12)

Hence,

1
<)\0,/0 go(t, z(t))dt) = 0,

z solves (P(0)) <—
i folt,Z(e)de = g 3ot 2(8)) + (Ao, ol =)

Proof. By the previous theorem and Corollary 3.3, we get the zero duality gap. More-
over, since ¥(0) is finite and 0 € ri(dom ) = ri(g(Cy) + W), a simple application of a
convex separation theorem, allows us to conclude that 9 (0) # 0. Let A* € 9¢(0).
Then, ¥(a) — ¥(0) > (A\*,a) for all @ € R™. Since W is a convex cone, we get
K(0) € K(a) for all w € W, this along with the previous inequality imply that
(A\*,;a) <0 for all a € W, yielding —\* € W*. We need only to check that —\* is a
solution to problem (3.1).

Let us take any z € Z. For a = fol go(t, z(t))dt € R™, we obtain

1 1
/0 Jolt. 2(8))dt — (", /0 go(t, 2())dt) > (@) — (A, a) > (0), V=€ Z,

which proves one inequality in (3.11) for Ag = —A*, the other is trivial.

Equality (3.12) and the remaining equivalence are not difficult to check. O

In case go(t,z) = z and Z = L'([0,1],R"), we obtain g(L'([0, 1], R™)) = R™. Thus,
0 € ri(g(Cp) + W) trivially holds whatever W is.
Related strong duality results were established in [3, 12].

Remark 3.8. Example 7.6 shows that the single condition a € ri(dom 1) does not

imply, in general, existence of solutions even when the optimal value is finite.

4 The subdifferential of the value function and necessary

optimality conditions

Our aim in this section is to exploit the convexity property of the value function

in order to compute its subdifferential, we know that dv(a) is nonempty, convex and
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compact whenever a € ri(dom ).

To that purpose, with the same assumptions on fy,g0, W and Z, let us consider
problem (P(0)), i. e., (1.1) with @ = 0, and its associated Hamiltonian function H :
[0,1] x R™ — R U {+oo} defined by

H(t,p) = sup {(p,go(t,€)) — folt,&)}. (4.1)

EEZ(t)

Obviously H (t,-) is convex and lsc for all ¢ € [0,1], and because of (1.3), we have for
all p e R™

H{(t,p) = (p, go(t, 20(t))) — fo(t, 20(t)), a. e. t € [0,1]. (4.2)

Set
U= {(x, 2) € WEL s LU s a(t) = golt, 2(1)), 2(t) € Z(t), a. e. t € [0,1], z(0) = o}.
The next theorem does not require that W be a cone as in Corollary 3.7.
Theorem 4.1. Let z € K(0). Then the following assertions are equivalent:
(a) p € 0v(0) and z solves (P(0));
(b) p€ N(W,— [y go(t, 2(t))dt) and
H(t,p) = (p,90(t, 2(t))) — fo(t, 2(t), a.e.t€][0,1]. (4.3)
Proof. (a) = (b): Let p € 0v¢(0), or equivalently
(p,a) <¢(a) —¢(0) VaeR™ (4.4)

For any fixed w € W, set a = fol go(t, z(t))dt + w. Then, we have fol go(t, z(t))dt €
—W + a. Replacing a in (4.4) and taking into account that Z is a solution to (P(0)),

we get
1
(P + / golt, 2(t))dt) <0,
0

proving the first result in (b).
To establish (4.3), pick any z € L', with z(t) € Z(t) a. e. t € [0,1]. Then

1
/ go(t, z(t))dt € =W +a,
0
where a = fol go(t, z(t))dt — fol go(t, z(t))dt. Using (4.4), we obtain

<p,/olgo(t,z(t))dt—/Olgo(t,z(t))dt) g/ol fo(t, z())dt — 1(0).
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Thus, since z is a solution of the problem (P(0)) we have ¢(0) = fol fo(t, 2(t))dt and

hence Z solves the problem

min{/ol folt, 2(1))dt — (p,/olgo(t,z(t))dt>: cez ) (4.5)

or equivalently (z, z), where Z(t) = fot go(s,Z(s))ds, is a solution of the following prob-

lem

1
mnéﬁ@amw—mum.

(z,2)eU

The maximum principle (Theorem 6.1 in [8]) yields ¢ € Wy;' such that

4(t) =0 a.e. te0,1; —g(1) € 9(=p,-)(x(1)) = {-p}

and
H(t,p) = <p7 gO(tvz(t)» - fﬂ(ta Z(t)>7 a.e. te [07 1]7

proving (4.3).
(b) = (a): From (4.3), we obtain for all z € Z,

(0 ao(ts 2(8))) — folt, 2(5)) < (prgo(ts 2(8))) — fo(t. Z(1)), a. e. ¢ € [0,1],
and hence
1 1
mégwwmw—ﬁyﬁwmﬁsmﬂbwﬂmw—ﬂﬁﬁﬂW@(M)

Now let z € K(0). Then fol go(t, z(t))dt € —W, and by the first part in (b),

<p,—/Olgo(t,z(t))dt+/01g0(t,z(t))dt> <0.

This along with (4.6) imply that for all z € K(0),

1 1
/MMWM/%WW%
0 0

ensuring that Z is a solution to (P(0)).
We now prove p € 91(0). Take any a € R™ satisfying K (a) # (). Then for all z € K(a),
we have z € Z and fol go(t, z(t))dt —a € —W. On the one hand, the first part of (b)

ensures that

1
<p,/01go(t,z(t))dt+a+/o go(t, z(t))dt) < 0.

It follows from (4.6)

1 1
t/h@dmﬁz/ﬁﬁﬂmﬁ+mw
0 0
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and as ¢(0) = fol fo(t,z2(t))dt and z € K (a) is arbitrary, we get

P(a) =(0) = (p, a),

or equivalently, p € 0v(0).

We recover Proposition 5.8 in [3].

Corollary 4.2. Assume that 0 € ri(g(Co) + W) and z € K(0). Then the following

assertions are equivalent:
(a) Z is a solution to (P(0));
(b) there exists p € N(W, — fol go(t, z(t))dt) such that

H(t,p) = (p,90(t, 2(1))) — fo(t,2(t), a. e te[0,1]. (4.7)
The set of p satisfying (b) is 9 (0).

Proof. 1t suffices to see that our assumption 0 € ri(dom ) ensures the existence of

p € 01(0) and then, we apply Theorem 4.1. O

5 Local minima for the problem (1.1) are global

The aim of the section is to show that under the previous assumptions (except the

assumption (1.4)) together with the following constraint qualification
0 € int[g(Co) + W] (5.1)
ensures that each local minimum for (P(0)) is in fact global. Here, we recall that
Co={z€ Z: f(z) < +o0}.

Theorem 5.1. Let fy and go satisfying the previous measurability, lower semiconti-
nuity and continuity assumptions and let W be closed and convex. Then, under the

qualification condition (5.1), each local minimum for (P(0)) is global.

Before giving the proof of this theorem, we establish a result concerning the neces-
sary optimality conditions of (P(0)). These necessary conditions are expressed in terms
of the limiting Fréchet (or Mordukhovich [10]) normal cone that we begin by recalling
here.

Let C be a closed subset of R™ containing some point ¢. The Fréchet normal cone to
C at c is the set
N(C;c) = {§ eR": hminfw > 0}.

zeC—c ”l’ — C”
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The normal cone to C' at ¢ is the set

N(C;¢) = limsup N(C, z).

zeC—c

Lemma 5.2. If Z is a local solution for (P(0)), then there exist p € R™ and A € {0,1},
with (p, ) # (0,0), such that p € N(W, — fol go(t, z(t))dt) and

t,z(t)) — Afo(t, 2(1)) = t — Molt .e.te€l0,1]
<p790( 7Z( ))> fO( 7z( )) zeZ(t)rrI;i%)r; f(t,-)Kp’gO( 72)) fO( 72)]7 a. e [ ) ]
Proof. We define the functions £ : R™ x R" x R™ x R"” - RU {400} and L : [0,1] x
R™ x R" x R™ x R"™ - RU {+o0} by

U(s1, 82, 83, 84) = t{0)(51) + t{oy(52) + L—w(s3)

fo(t,v) ifve Z(t), u=go(t,v),

+o00 otherwise.

L(twr:yvua U) = {

Let us note that, as L does not depend on (z,y), then for each element A =
(z,y,u,v,r) € epi L(t,-) we have

(B, ™, y*,u*,v*) € N(epi L(t,-),A) = 2" =0, y* =0. (5.2)

Put z(t) = f(f g(7,z(7))dr and y(t) = f(f Z(T)dr. Since z is a local solution of the
problem (P(0)), then (Z, %) is a local solution of the following Bolza problem
1
{ (x,y)evlél,illlxwg’l/o L(t, 2(t), y(t), &(t), §(t))dt + £(x(0), y(0), z(1), (1))
It is not difficult to show that all the assumptions of Theorem 4.1.1 in [4] are satisfied
and this theorem asserts the existence of an arc ¢ = (p, po) € Wi x Wyt and X € {0,1}
such that

L (g,A) #0;
2. —p(1) € N(=W,z(1)), po(1) = 0;

3. 4(t) € eo{R : (=\,R,q) € N(epiL(t,-),(f(t,z(t),z(t),y(t),z(t),y(t))) ae. t €
[0,1] and hence, due to (5.2), ¢ = 0;

4. for almost every ¢ € [0, 1] and (u,v) € domL(t, Z(t),y(t),, ")
(a(t), (u,v) = (2(2),5(1)) < AIL(t,2(t), §(t), (u,v)) — L(t, 2(t), 5 (t), 2(t), y(t))]-

Assertions 2. and 3. assert that po = 0 and p(t) = p(1) for all ¢t € [0,1] we will put
p(t) = p for all t € [0,1]) while assertion 4. implies the following

t,z(t))) — Afo(t,2(t)) = t — Afol(t et 1
<p790( 7Z( ))> fO( 72( )) zEZ(t)gil%)I; f(t,)Kp,gO( 7Z)> fO( 72)]7 a. e 1€ [07 ]7
and the proof of the lemma is finished because —p € N(—=W,z(1)) iff p € N(W, —z(1)).

O
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Now, we proceed to prove our theorem.

Proof. We will show that the multiplier A in Lemma 5.2 is equal to 1. Indeed, suppose
that A = 0. Then, in particular

(P, 90(t, 2())) = (p, 90(, 2(t))), V z € C,
and hence, by integrating we get
(p,g(2) = 9(2)) <0, Vz € Co.
On the other hand, p € N(W, — fol g(t,z(t))dt) = N(W, —g(z)), or equivalently
p,w+g(2) <0 YweW
Now adding the two last inequalities, we obtain that
(p,g(z) +w) <0, VzeClCy YweW.

Using our constraint qualification (5.1), we conclude that p = 0 and this contradicts

(p,A) # (0,0). So A =1 and hence the last equality in Lemma 5.2 can be written as

(po 0 (8, 2(1)) — folt.2(8)) = maxc[(p.go(t. 2)) ~ fo(t.2)]. a. et € 0.1].

We now apply Corollary 4.2 to conclude that z is a (global) solution to (P(0)), and
the proof is completed. O

Now, we can ask when the constraint qualification (5.1) is satisfied. In fact, it is

easy to see that the following implication holds true for some p > 0
K(a)#0 Y ae B(0,p) = 0¢€int[g(Co) + W]
provided Z C dom f.

Several characterization concerning the nonemptiness of K(a) around 0 will be

presented in the next section.

6 The behaviour of the set-valued mapping K

The main intention of this section is to give sufficient conditions ensuring the nonempti-
ness and the behaviour of the set-valued mapping K considered in the previous section.

We will consider the set-valued mapping K : R™ = Wh! x L' defined by
K(a) = {(w,u) e Wht s LY i(t) = go(t,u(t)), u(t) € Z(t), a.e. t € [0,1],

2(0) =0, z(1) € —W + a}.
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Theorem 6.1. Let z € K(a) and put Z(t) = fg go(T, 2(1))dr, for all t € [0, 1].
U= {(Jr,u) e Wht s LY i(t) = go(t, u(t)), u(t) € Z(t), a. e. t € [0,1], z(0) = O}.

Suppose that go(t,-) is continuous for almost every t € [0,1] and W is a closed set in

R™. Let us consider the following assertions:
i) There is no p € R™, with p # 0, satisfying

P € N(-WE(1) @) (poo(t.2(1)) = max (p.go(t. 7). a. e t € 0.1]

i1) There exist o« > 0 and r > 0 such that
d((z,u), K(a)) < ad(z(1), =W +a)
for all (x,u) € B((z,z),r) NU and a € B(a,r).
i1i) There exist o > 0 and r > 0 such that
K(a)NB((%,%),r) C K(d') + alla — d'||B(0,1).
for all a,a’ € B(a,r).
iv) There exists r > 0 such that

Va € B(a,r), K(a)#0.

Then i) = ii) = iii) = v). If moreover W is convex, then iv) = 1).

Proof. The implications ii) = iii) = iv) = 7) are obvious. We establish only the impli-
cation i) = i7) : Suppose that i) does not hold. Then, there are sequences (yx, vi) € U,

with yr — T and vy — Z, and ax — a such that for k large enough
d((yk,vk),f((ak)) > kd(yk(l),—W—i—ak). (6.1)

It follows that (yg,vr) ¢ K(ay). Let us consider the function f, : Wh! x L! — R
defined by
fk:(x7 u) = d($(1)a -W+ ak)‘

Put e, = v/ fi(yr, vx) > 0 and A\, = min{k:si, ex}. Then €, — 0 and A — 0. Obviously,
feyksve) < inf  fi(y,u) + e
(y,u)eU

Our assumption on gq ensures that ¢/ is closed in Wh! x L!. Now, applying Ekeland

variational principle one gets the existence of (zy,ux) € U such that

s ) = (s )l < A (6.2)
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fr(xg,ug) < fr(z,u) + sgl|(z,u) — (zg, ug)||, Y(xz,u) €U. (6.3)

2
where s, = /6\—’; Using the inequality (6.3), we obtain that (xj,ug) is a solution to the

following optimal control problem of Mayer type

min d(z(1) — ax, —W) + sg||z(0) — z£(0)]]
(z,u)eUd

s Jo Ulgo(t, u(t)) = golt, ur(0))]| + ut) — ux(t)]])dt

The maximum principle yields an arc pr € WH1([0, 1], R") such that
pr(t) =0, a. e te(0,1]; —pr(l) € 9d(- — ag, —W)(wx(1))

and for a. e. t € [0, 1]
(pr(t), 9o(t, uk(1)))

= Joax {pr(t); go(t, w)) = selllu = we )] + llgo(t, v) = go(t, ur (), (6.4)

where 0d(-—ay, —W)(x(1)) is the limiting subdifferential ([10]) of the distance function
to the set —W + aj. From (6.1) and (6.2) it follows that xx(1) ¢ —W + ay, and this
implies that ||px(1)|| = 1 (see [9]). Since A\ — 0, (6.2) together with vy — Z ensure
that uy — z in L'([0,1],R™) and hence there exists a subsequence (ux)) of (ux) such
that

ugy(t) = 2(t), a.e. te(0,1]

and extracting a subsequence, if necessary, we may also assume that pq,(k)(l) — P,
with p # 0. Because of the closedness of the limiting subdifferential ([10]), —p €
Ad(-, —W)( [ go(t, 2(t))dt — a) € N(=W, [ go(t, 2(t))dt — @). Now, having in mind
that s,y = max(ﬁ,%(k)), we get s,x) — 0. On the other hand, relation (6.4) and

the continuity of go(¢,-) ensures that

(o0 (t.2(1) = max (pgo(t. ). et € 0.1]

and this contradicts 7). O

7 Computing the value function via the Hamiltonian and

existence of solutions

This section is devoted to provide conditions under which the value function v is

minorized by an affine linear function. As a consequence, we find a formula for ¥* and

so of ¥. To that end, let us define the function G : R"™ — R U {£o0} by

1
G@_AH@mm (7.1)
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where, H is the Hamiltonian function defined as in (4.1). It follows that G is lsc and

convex. Using Theorem 2.2 in [6], we may rewrite the function G as follows :

G(p) = sup /0 [, golt, 2(1))) — folt, =(t)]dt. (72)

Z2EZ

The next function will be useful in the sequel

+oo if pg —W*.

Go(p) =

Thus, Gy is Isc and convex. Set
MW= {pe W H(-,p) € LYo, 1],R)}. (7.3)
Then, by (4.2), H is convex and
pEH < pe —-W"and p € dom G <= p € dom Gy.

The next result generalizes and extends Theorem 3.2 in [5], where the case W = {0}

and go(t,z) = z is considered.

Theorem 7.1. Assume that W is additionally a cone and H # (. The following

statements hold.
(a) Y(a) > (p*,a)—G(p*) > —o00, ¥V a € R™, V p* € H; consequently p = ¢o 1) = **;

(b) Assume that (1.3) and (1.4) be satisfied. Then ¢*(p) = Go(p), V p € R™, and so
V¥ =1p = G}, which gives vp = G§(0).

(¢) ¥(a) = G(a) for all a € ri(g(Co) + W).
Proof. (a): Let p* € H. We have
1 1 1
() = /0 H(t,p")dt > /0 ", g0t 2(t)))dt — /0 folt, =(8))dt, ¥z € Z.

Take any a € R™ such that K(a) # (. Then for z € K(a) there exists p € W such
that:

1 1 1 1
/0 folt, 2(t))dt > /0 " golt, 2(1)))dt — /0 H(t,p)dt > /0 (0", — p)dt — G(p*).

Since p* € —W* we have:

1
b(a) > /0 (", a)dt — G(p") = (p*,a) — G(p").
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(b): Let A € R™. Then,

P*(A) = sup{(A,a) —(a)} = sup  sup {(Aa) = f(2)}

acR” {a: K(a)#0} z€K(a)
= sup  {(\g(2)) + (A p) — f(2)} = sup{(A, g(2)) = f(2)} + sup (A,p)
z€Co, peW zeCy peW
sup{(\,g(2)) — f(2)} if Ae-W~,
= { z€Cy (7.4)
+ o0 if Ag-—-WH*.

By definition
H(t,\) > (N go(t,z(t))) — fo(t, 2(t)), for a.e. t €[0,1], V z € Z,

so that for all A € R™,

1
G(A) = /0 (X 90(t,2(8))) = fo(t, 2(1))]dt = (A, g(2)) = f(2), ¥V 2z € 2.

Hence, G(\) > ¢*()\) for all A € —W* because of (7.4). Suppose that G(\) > *(\)
for some A € —W*. Then there exists z € Z such that

1 1
/ (N golt, 2(1)))dt — / folt, 2(0))dt > ().
0 0

But relation (1.4) together with the last inequality ensure that f(z) < oo, and hence
z € Cp and this contradiction completes the proof of the equality G(A\) = ¥*(A).

(c): It is a consequence of (b). O

Next corollary, which is important by itself, provides another formula for the opti-

mal value 1(0).

Corollary 7.2. Assume that W is additionally a cone, H # 0, 0 € ri(g(Co) + W),
(1.3) and (1.4) be satisfied. Then there exists p* € —W™* such that ¥(0) = —G(p*).

Proof. By assumption, it is known that there exists p* € 9¢(0) and (0) = ¥(0) by
Corollary 3.3. Recall that by Theorem 3.2, the function ¢ is convex and by (a) of
Theorem 7.1 if follows that it is proper. Applying Theorem 23.5 in [14], we get

preoy(0) <« P(0)+¢7(pT) =0.
Then
P(0) = =" (p"). (7.5)
From Theorem 7.1 we also have that ¢*(p) = Go(p), for all p € R™ and ¢ (0) = G};(0).
Then, taking into account (7.5), we get
$(0) = G5(0) = =Go(p")-

Moreover, from (7.5) it also follows that p* € dom ¢* = dom Gy = H; therefore
p* € =W* and Go(p*) = G(p*). O



20 On the convexity of the value function for nonconvex variational problems

The following existence theorem subsumes Corollary 3.1 in [5].

Theorem 7.3. Assume that W is in addition a cone, H # 0, and (1.3) along with
(1.4) hold. If Ky is closed and the set epi Gy contains no lines or extremal half-lines,
then for every a € R™ either 1(a) = +oo or (P(a)) admits a solution, and the duality
gap between (P(0)) and (3.1) is zero, i. e., vp = 1(0).

Proof. By Theorem 2.1, I(Ky) is closed since I(Ky) = epi G§. Thus, I(Ky) = F(Cp) +

(R4 x W) is closed and convex. From (3.4) we obtain
epi ¥ = F(Co) + (R x W).

which implies that (P(a)) admits a solution for every a € R™ satisfying K (a) # ), and
Y = 1. Hence vp = 1**(0) = 1)(0) by Theorem 3.6(a). O

Unfortunately we were unable to check that K is closed in this general setting.
However if W = {0} and go(t,2) = z, Kj is closed as one can check it directly. This
case was considered in [5].

Next result follows a reasoning similar to that applied in Proposition 3.1 in [5].

Proposition 7.4. Assume that H is a nonempty open set, g(Co) + W = R™, where
W is additionally a cone, Ky is closed and (1.3) and (1.4) be satisfied. Then (P(a))

admits a solution, for every a € R™.

Proof. We will show that the assumptions of Theorem 7.3 are fulfilled. To this aim,
it is enough to show that epi G contains no lines or extremal half-lines. First of
all observe that, since g(Cp) + W = R™, then K(a) # (), for every a € R™ and
dom ¢ = g(Cp) + W = R™. Tt follows that dom G} = dom ) = R™, where the first
equality is due to Theorem 7.1(c). This implies that epi G cannot have any vertical
extremal half-line, i.e., of the form (¢,7%), where ¥ € R™, ¢t > ¢ € R.

Suppose that there exists a half-line s = {(«a + nf,& + nz),n > 0} contained in
bd(epi G§), &,z € R™, 2 #0, o, f € R.

Let T'(§) = (q,€) — v, ¢ € R™, 9 € R be a supporting hyperplane for epi G§
containing the half-line s. Then G}j(§) > I'(€), for all £ € R™, which implies Go(gq) <
I'™(q) = 70, yielding ¢ € H. Moreover,

Go(&o+nz) =T (6o +nz), ¥Yn=>0

because s is contained in the graph of I'.
Let p € H; by the previous relations and recalling that Gg is a Isc convex function,
we get

Go(p) = gselgn[(p, &) —G(&)] = (p, & +nz) —Gy(&o+n2z) = (p—q. & +nz), YV n=>0.
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Since Go(p) < o0, it follows that
(p—q,2) <0, VpeH,

which is impossible because ¢ € H = int H and z # 0.
Therefore bd(epi Gfj) does not contain any half-line, and since epi G is a proper
closed convex set, this implies that it cannot contain any line too, which completes the

proof. O

The assumption g(Cp) + W = R™ is satisfied if go(t, z) = z, Co = L', in which case
m = n. Observe also that in such situation Kj is closed.
Next three examples illustrates the validity of our Theorem 7.3 showing that some

of the assumptins are essential.

Example 7.5. Let us consider the problem

w(a)iinf{/ol—[z(t)]th 5.t /Olz(t)dt:a, zeZ},

where Z(t) = [%, +00) for t € (0,1]. Here W = {0}. Since z(t) > 1t for a.e. t € [0,1],
then

3

1 1
1
a= z(tdtZ/ —dt=2, VzeZ
/0 ) 0o Vit

Obviously a = 2 € bd(dom %) and

T
P(2) = / ——dt = —oc.
0 t
We actually have 1(a) = —oo for all a > 2. Indeed, the function z(t) = %= € K(a),
for all @ > 2, and

Y(a) < /O1 R

4t
Note that
_ 400, if a<?2
Y(a) =yY(a) =
—o0, if a>2,
is convex; whereas ¥** = —oo, H = () and G = +o0.

Example 7.6. Consider the problem

1 1
w(a)iinf{ /0 e 1020l g g ¢, /0 [22(t) — 21(t)]?dt < a, zez},

where Z(t) = (Ry x Ry) for ¢ € [0,1]. Here W = R. Obviously K(a) = () for a < 0.
Setting z1(t) = Z2(t) = ¢ for all ¢ € [0, 1], then for every a > 0, and for every ¢ > 0,
z € K(a). Obviously a = 0 € bd(dom %) and

1
0 <(a) < / e~ dt = 6_64, Ye>0,
0
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which implies
Y(a)=0, Ya>0.

Note that the infimum is never attained and

400, if a <0,
Y(a) =
0, if a>0

is convex with ¢ = 1. Here H = | — o0, 0],

400, if p>0,
G(p) = Go(p) =
0, if p<o.
Thus ¢ = G as expected by Theorem 7.1. Moreover the assumptions of Theorem 2.1
(with Ky instead of K), or Theorem 7.3 are not fulfilled since an extremal halfline

belongs to I(Kg) = epi 1.

Example 7.7. Consider the problem

1 1
- ~[=(0)] 2(t)
1nf{/0 e dt s.t. /0 1+Z(t)dt§a, ZEZ},

where Z(t) = [0, +oo] for ¢ € [0, 1]. Here W = R.. Obviously K (a) = 0 for a < 0.

Let a > 1. Setting z(t) = ¢ > 0, ¥V t € [0,1], then for every a > 1, and for every
c>0,ze K(a).

Then,

1
ng/z(a,)g/ e %dt=¢e° Vec>0,
0

which implies ¢(a) = 0 for all @ > 1. Note that the infimum is never attained for a > 1.
Let 0 < @ < 1. In such a case we have ¥(a) > 0. Indeed 1(a) = 0 if and only if
there exists a sequence z¥ € K(a) such that
lim zF(t) = +o0, fora.e.te]0,1]
k—+o00

but this would imply
1 k
lim 27(?(% =1
k——+o0 0 1 + z (t)

which contradicts that z* € K (a) with a < 1, for k sufficiently large. Therefore,

400, a<0
Y(a) = P(a) >0, 0<a<l,
0, a>1

Since ri(dom 1) = ]0,+o00], then 1 (a) = v(a), for every a € ]0,+oo[. Observe that
(a,7(a)) = (1,7(1)) is an extreme point of epi 1) with a = 1 belonging to ri(dom 1))
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and such that the infimum value of (P(1)) is not attained.
We note that the assumptions of Theorem 2.1, or Theorem 7.3, are not fulfilled since

an extremal half-line belongs to I(Ky) = epi .

Remark 7.8. We notice that the set I(Ky) is closed in the simplest case when K
is an affine set, i.e., Va,y € Koy, Va € R, ax + (1 — a)y € Ky. Then, recalling that
I: Ko — R is linear, I(K) is an affine set in R™*! and therefore it is closed. Clearly
K is affine if fy(t,-) and go(t,-) are linear, for a.e. t € [0, 1] and Cj is an affine set in
L'([0,1],R™).

Theorem 7.1 and Theorem 7.3 extend Theorem 3.2 and Corollary 3.1 of [5], respec-

tively. A related existence result may be found in [1].
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