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Abstract

Boolean networks have been used as models of gene regulation and other
biological networks. One key element in the dynamical behavior of the net-
works are the limit cycles, which are very sensitive to changes in the update
schedule used. In this paper we study two problems related to the infer-
ring of update schemes and limit cycles in Boolean networks: Limit Cycle
Existence problem and Feasible Limit Cycle problem. We explore in fami-
lies of Boolean networks with different types of local activation function and
structural properties of the interaction digraph to define the sharp delin-
eation of the algorithmic complexity for both problems. We show that they
are NP-Hard for different deterministic update schedules, even in AND-OR
Boolean networks or with symmetric interaction digraph. However, they are
polynomial problems in the case of verifying both conditions. As particular
example of this, we prove that in the case of AND-OR networks with sym-
metric interaction digraph, there exists a limit cycle in a network iterated
with a block-sequential update if and only if there exists a limit cycle with
parallel scheme. This last condition is equivalent to a topological property
on the network which can be verified in polynomial time.
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1. Introduction

A Boolean network is a system of n interacting Boolean variables, which
evolve, in a discrete time, according to a predefined rule. They have appli-
cations in many areas, including circuit theory, computer science and social
systems (Green et al., 2007; Tocci and Widmer, 2001). In particular, from the
seminal works of Kauffman (1969, 1993) and Thomas (Thomas, 1973; Schae-
fer, 1978), they are extensively used as models of gene networks. Despite
their simplicity, they provide a useful model in which different phenomena
can be reproduced and studied, and indeed, many regulatory models pub-
lished in the biological literature fit within their framework (Huang, 1999;
Shmulevich et al., 2003; Fauré et al., 2006; Bornholdt, 2008).

Since Boolean networks have a finite number of states, the long-run dy-
namic trajectories always reach a periodic sequence of states, called attractor.
When the period is one, the attractor is said to be a fixed point, and when
the period is greater than one, it is called limit cycle. In the modeling of
genetic regulatory networks, the attractors are associated to distinct types
of cells defined by patterns of gene activity. In particular, the limit cycles
are often associated with mitotic cycles in cells. (Huang, 1999; Fauré et al.,
2006).

The update schedule in a Boolean network, that is the order in which
each node is updated, is of great importance in the dynamics of the network.
In general and probably due to the difficulty of really knowing the order (if
any) in which events take place in the cell, regulatory networks are usually
studied with synchronous schedule (parallel scheme). Other types of deter-
ministic update schedules, introduced by Robert (1986, 1995), and used in
the discrete modeling of genetic regulatory networks (see Ruz et al. (2014);
Goles et al. (2013); Meng and Feng (2014)) and other dynamical systems
are: the sequential update (nodes are updated one by one in a prescribed
order) and block-sequential updates (which are sequential over the sets of a
partition, but parallel inside of each set).

Many theoretical and analytic studies have been done about the limit cy-
cles of a Boolean network when different update schedules are used (Aracena
et al., 2013; Demongeot et al., 2008; Goles and Noual, 2012; Elena, 2009;
Macauley and Mortveit, 2009). Most of them show that the limit cycles are
very sensitive to changes in the update schedule of the network, in opposition



to the fixed points which do not depend on the scheme used. In particular, in
Goles and Salinas (2008) is proved that for networks without negative loops it
is not possible that the parallel and the sequential update share limit cycles.

One of the major problems in the understanding of the function of many
biological complex systems, such as genetic networks or molecular signaling
pathways, is the inferring of the network with an given update schedule from
observed data, as for example a limit cycle. In this sense, the reconstruc-
tion of a genetic regulatory network has been so far done considering mainly
synchronous update (see for example Shmulevich et al. (2002); Akutsu et al.
(1999)). However, as mentioned above, there are limit cycles, under se-
quential or block-sequential schedules, which cannot be yielded with parallel
update.

In this paper we study the Feasible Limit Cycle problem, which consists
in given a Boolean network and a closed sequence of global configurations of
the network, determining the existence of an deterministic update schedule
(parallel, sequential or block-sequential) such that the sequence of configu-
rations is a limit cycle of the network iterated with this scheme. A problem
directly related to FLC is the Limit Cycle Existence problem, i.e., which con-
sists in determining the existence of an update schedule, for a given Boolean
network, such that it yields a limit cycle. The specific problem of determin-
ing the existence of limit cycles of a Boolean network with parallel update is
known to be NP-Hard (Just, 2006). Here, we study this problem in the case
of other kinds of update schedules (sequential and block-sequential).

We explore in families of Boolean networks with different types of local
activation function and structural properties of the interaction digraph, to
define the sharp delineation of the algorithmic complexity for both prob-
lems. We show that they are NP-Hard for the different deterministic update
schedules, even in networks having either local activation function of type
conjunctive (AND) or disjunctive (OR), or with symmetric interaction di-
graph. However, they are polynomial problems in the case of verifying both
conditions. As particular example of this, we prove that in the case of AND-
OR networks with symmetric interaction digraph, there exists a limit cycle
in a network iterated with a block-sequential update if and only if there ex-
ists a limit cycle with parallel scheme. This last condition is equivalent to
a topological property on the network which can be verified in polynomial
time.

This paper is organized as follows. In Section 2, we introduce Boolean
networks with deterministic update schedule and the basic concepts related



to them. In Section 3, we study the complexity of the Limit Cycle Existence
problem, and we prove that without restrictions on the interaction digraph,
this problem is NP-Hard even in the case of AND-OR networks for any
kind of update schedule (synchronous, sequential and block-sequential). In
Section 4 we study the complexity of the Feasible Limit Cycle problem. We
prove that for any interaction digraph, this problem is NP-Complete even in
the case of Disjunctive networks. In Section 5 we give certain families of the
networks in which each problem is polynomial, this classes are in AND-OR
networks and depend strongly on the topology of the interaction digraph of
the network. polynomial, this classes are in AND-OR networks and depend
strongly on the topology of the interaction digraph of the network.

2. Definitions and Notation

Let V be a set of n elements. We denote by
F=(fo)vev :{0,1}" — {0,1}" a function, where each component,
fo:{0,1}" — {0,1} is a Boolean function, and such that Vz € {0,1}",
YoeV:F(x), = f,(x).

Given x = (x,),o € {0,1}" and u € V, we define z* € {0,1}" as:

vvevzx;‘:{x” ?fv#u
-z, fv=u
Where Va € {0,1} : ma=1<=a = 0.

We also define z € {0,1}" as: Yo € V| T, = —x,.

A Boolean network N = (F, s) is defined by a finite set V' of n elements; n
state variables z, € {0,1}, v € V; a function F' = (f,).ey called global acti-
vation function, where its component functions f, are called local activation
functions, and an update schedule defined by a function s:V — {1,... ,n}
such that s(V) = {1,...,m} for some m < n. A block of an update schedule
sisaset B;={veV:s(v)=i}, 1 <i<m. An update schedule s is also
denoted by s = {v € Bi}{v € By}---{v € B,,}. A synchronous or parallel
update is given by an update schedule s such that Vo € V| s(v) = 1. A
sequential update corresponds to a bijective function. Other kinds of update
schedules can be considered as block-sequential updates. Block-sequential
update schedules were introduced in Robert (1986).



The update of value states of the Boolean network with an update func-
tion s is given by:

gkt = f (el u e V)

v u

where [, = k if s(v) < s(u) and [, = k + 1 if s(v) > s(u).
This is equivalent to applying a function F* : {0,1}" — {0,1}" in a
parallel way, with F*(z) = (f?(z))yev defined by:

fo@) = folgg (@) cu V),

where the function g;, is defined by g; ,(z) = =z, if s(v) < s(u) and
9ou(®) = fi(x) if s(v) > s(u). Thus, the function F** corresponds to the
dynamical behavior of the network N = (F,s). We note that F** was called
Serial-Parallel operator in Robert (1986), and in the particular case of se-
quential updates it was called Gauss-Seidel operator.

We say that two Boolean networks Ny = (F}, s1) and Ny = (F3, s9) have
the same dynamical behavior if F}* = F32.

Since {0,1}" is a finite set, we have two limit behaviors for the iteration
of a network:

o Fized Point. We define a fixed point as x € {0, 1}" such that F*(z) = .

o Limit Cycle. We define a cycle of length p > 1 as the sequence
(e _y = [0, ..., 2P71, 20 such that ¥ € {0,1}", 2* are pairwise dis-
tinct and F*(2*) = 281 for all k =0,...,p— 1 and 2P = 2°. We note
that any cyclic permutation of a sequence represents the same limit

cycle. The set of limit cycles of N is denoted by LC(N).

Fixed points and limit cycles are called attractors of the network.

We say that a node is frozen for a limit cycle if its state is constant on it.

Given a digraph G, the node set of G is referred to as V(G), and its arc set
as A(G). Given a node v € V(G), the set of incoming nodes to v is denoted
by Ng (v) = {u € V(G) : (u,v) € A(G)}. Analogously, the set of outgoing
nodes from v is denoted by NJ (v) ={u € V(G) : (v,u) € A(G)}. An arc
(v,v) € A(G) is called loop of G. Given U C V(G), G [U] is the digraph
obtained from G by removing all nodes in V(G) \ U and all arcs incoming to
or outgoing from these nodes. G [U] is called the subdigraph generated by U.

The digraph associated to a function F' = (f,).ev, called interaction
digraph, is the directed graph G¥ = (V, A), where (u,v) € A if and only if f,
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Figure 1: a) Digraph associated to a Boolean network. b) Update Digraph associated to
a Boolean network and an update schedule.

depends on x,, i.e., if there exists x € {0,1}" such that f,(z) # f,(z*). Note
that if f, is constant, then N . (v) = (. See an example of an interaction
digraph in Figure 1a.

Given G = (V,A) a digraph with node set V' of n elements and
s:V = {1,...,n} an update schedule, we denote by G = (G, lab;) the la-
beled digraph, called update digraph, where the function lab, : A — {©, &}
is defined by:

@ if s(u) > s(v)

labs(u,v) = {@ if s(u) < s(v)

The update digraph associated to a Boolean network N = (F) s) is defined
by G = (G¥,1ab,) (see an example of update digraph G, in Figure 1b). Note
that the label on a loop will always be @. It was proven in Aracena et al.
(2009) that if two different update schedules induce same update digraph,
then they yield the same dynamical behavior.

Given a finite set U of k elements, we say that a Boolean function
f:{0,1}* = {0,1} is monotonic on input v € U if for every x € {0,1}"
such that z, = 0, we have that f(z) < f(z"). A loop (v,v) € A(GF)
is monotonic if f, is monotonic on input v. In particular, a mono-

tonic function f is said to be an AND function, denoted f(x)= A x,
velU
if and only if f(z)=1<=VYveU:2,=1. We say that a monotonic

function f is an OR function, denoted f(x)= \/ z,, if and only if
vel
fle)=1l<—=FvelU:z,=1.
In this way, we say that a function F : {0,1}" — {0,1}" is monotonic if
each local activation function is monotonic. We say that F' is an AND-OR
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function if each local activation function is either an AND or an OR function.
In this case, we define Vynp (F)) C V (GF) (VOR (F)CV (GF)) as the nodes
that have an AND (OR) local activation function. In particular, we say that
Fis an OR function if each local activation function is an OR function.

An AND-OR function F' can be completely described by its interaction
digraph, labeling AND and OR nodes differently (in the figures of this paper,
white nodes represent OR nodes, and dark gray nodes represent AND nodes).
That is, given G = (V, A) a digraph and {Vanp, Vor} a partition of V', we
define F : {0, 1}V = {0, 13" as follows:

/\ Ty ifve VaND
u€EN (v)
V =z, ifvelor

u€ENg (v)

YoeV: f,(x)=

Note that if N (v) = 0, then

1 if
£ () = 1 v € Vanp
0 ifveVor

In this paper we are interested in the existence of update schedules which
yields a given limit cycle. More precisely we define the following problem:

FeEAsSIBLE LiMiT CycLE PRrROBLEM (FLC): Given a set V' of
n elements and F = (f,)vev : {0,1}" — {0,1}" and a sequence
C=[2*]"_ such that ¥ € {0,1}", 2* are pairwise distinct

k=0
Y. Does there exist an update schedule s such that

and P = x”.

Ce LC(F,s)?

Previously, we study a well known problem in discrete dynamical systems
synchronously updated, which consists of determining the existence of a limit
cycle. This problem has been proven to be NP-Hard in different families of
Boolean networks(cite). In this paper we extend these results in the case of
deterministic update schedules different from parallel schedule.

LimiT CycLE EXISTENCE PROBLEM (LCE): Given a set V of n

elements and F' = (f,)pev : {0,1}" — {0,1}". Does there exists an

update schedule s such that LC(F,s) # (7

MON LCE, AND-OR LCE and OR LCE problems are the corre-
sponding LCE problems when F' is a monotonic, an AND-OR and an OR
function, respectively. MON FLC, AND-OR FLC and OR FLC prob-
lems are defined analogously.



3. Limit cycle existence problem

In this section we study the complexity of deciding when there exists an
update schedule that generates limit cycles when a given Boolean function
is updated under it. A specific and directly related problem is to determine
the existence of a limit cyle in a given Boolean network with synchronous
schedule. This problem was proved to be NP-Hard even for AND-OR func-
tions (Just, 2006). Here, we are interested in determing for a given Boolean
network the existence of a deterministic update schedule that yields a limit
cycle.

First, we prove that the general case of this problem is NP-Hard.

Theorem 1. LCFE is NP-Hard

ProoOF. We show that SAT <, LCE.
Given a mnormal conjunctive formula (ncf) ¢ in  variables
wy, we consider F = (f,)uev: {0,1}"" —{0,1}"3  where

Wiy .oy
V ={v1,..., 0,04, 21, 22}, as follows (see Figure 2):
Vie{l,...,n}, fu,(x) = x,
fo,(¥) = o (my, i€ {l,...,n})
falz) = zy, Ny
fzg('r) = Ty, A Xz

Q*@ @
Q@i( j
& O

Figure 2: Connection digraph of the transformation defined in Theorem 1.

Then, we have:



(=) Let w be such that ¢(w) = 1. Then, if we con-
sider the update schedule s = {vy,...,v,,vs}{z1,22}, it is clear that
C =[(w,1,0,1),(w,1,1,0), (w,1,0,1)] € LO(F, s).

(«<=) Let us suppose that Yw: ¢(w) = 0. Then, for every update schedule
s, we have that:

o Vo e {0,1}" Vie{l,...,n}: fi(zx)=x,,.
o Vo € {0,1}""*: f5 () = 0. Therefore,
o Vo e {0,1}"F3: f2(Fs(x)) =0,i € {1,2}.
Thus, LC(F, s) = ), for every update schedule s. O

Now we prove that the LCE problem restricted to AND-OR functions is
also NP-Hard.

Theorem 2. AND-OR LCEFE is NP-Hard.
Proor. We show that SAT <, AND-OR LCE.

Given a ncf ¢ in variables wq, ..., w, with clauses C',...,C,, and let us
define F = (f,)vev: {0,137 = {0, 13" according to the following
table:

veV Type | Nor(v)
v, t€{1,...,n} | AND | {v;}
v, 1€{l,...,n} | AND | {v;}
0;, 1 € {1,,n} OR {'Uia@i}
a;, 1 €{1,...,n} | AND | {v;,0;}

A AND | {01, ,0,}

@) OR |{ai, - ,an}

ve;, j€{1,...,m} | OR |{v;: w; € C;} U{v;: ~w; € Cj}
Vg AND | {vey, -+ ,ve, }

21 AND {ZQ, U¢,A}

29 OR {23, O}

zZ3 OR {Zl}

Table 1: Definition of F' in the transformation defined in Theorem 2.

See G in Figure 3. Here, Vi € {1,...,n}, nodes v; represent literals w;
and nodes v; represent literals —w;.
Now, we note that:



Figure 3: Connection digraph of the transformation defined in Theorem 2

1. For any update schedule s, ¥z € {0, 1}"""+ .

o Vk>1,Vie{l,....,n}, Yo e {v,u}: ah+! = f3(a*)
o Vk>2 Vie{l,....n}, Yo € {o;,a;}: 2kt = f3(a*)
o VE>2, Vje{l,...m}alit = fi (a%) =),

CO CO

= UC

o Vk>2 Yve {A707U¢7217227Z3} gttt = f(ah) = 2

2. falx)=1Afo(z) =0 <= Vie{l,...,n}:axs =,

(=) If Jw: ¢(w) = 1, and we consider the update schedule s and the limit
cycle C = [2°, 2!, 29 as described in the following table:

veV | v Ui |o0i|a; |Ci|A|O |vy| 2|22

s(v) 1 1 111 (1]1|1|2|3]2
o Wy, |7Wy, |10 1 ]2/01T]1[0]O0
x! Wy, [ "Wy, | 1[0 1 ]1[0]1]0]1]|1

Clearly, C € LC(F,s).
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(<=) Let s be an update schedule such that C = [mk]zzo € LC(F,s).

For the first note above, only nodes z;, 25 or z3 can cycle. For these
nodes to cycle, it is necessary that:

From the first equation, we have that ¢ (29,29 i€ {1,...,n}) = 1.
Second and third equations imply that Vi € {1,...,n} : x5, = —x,,.
Therefore, ¢(2? :i € {1,...,n}) = 1. O

Corollary 3. AND-OR LCE is NP-Hard in the following cases:
1.- Restricted to the parallel update schedule.

11.- Restricted to sequential update schedules.

1.~ Restricted to limit cycles of length 2.

.- Restricted to mazimum in-degree equal to 2.

PROOF. i.- In this case we remove the vertex z3 and we add an arc from
21 to Z9.

ii.- It is easy to find a sequential udpate schedule equivalent to the update
schedule in the proof of Theorem 2.

iii.- In the proof of Theorem 2 we restrict to limit cycles of length 2.

iv.- To see this, we just need to add intermediary nodes before every node
that has in-degree greater than two as is exemplified in Figure 4. We
note that the nodes that fulfill this condition are z;, A, O, v, and the
clause nodes. To simplify the transformation for clause nodes, we could
consider 3-SAT instead of SAT. This transformation is enough because
the only nodes that cycle are 21, 25 and zs. a

11



Figure 4: Example for odd [ of the transformation mentioned in the proof of Corollary 3
to deal with nodes with in-degree in greater than two in Theorem 2.

4. Feasible limit cycle problem

In this section we study the complexity of determine the existence of
an update schedule such that a given sequence of state vectors is a limit
cycle for a given global activation function. We note that this problem gain
importance when we consider several kind of update schedules because if it
is restricted to the parallel update schedule is trivially polynomial.

Not-All-Equal Satisfiability (NAESAT) is a special case of the general

satisfiability problem (SAT'), which is defined as follows:
NoOT-ALL-EQUAL SATISFIABILITY (NAESAT) Given ¢ a cnf in

variables wy, ..., w,. Does there exist w such that ¢(w) = 1 and

there is no clause in ¢ all literals of which are set to 17
NAESAT is known to be NP-Complete Schaefer (1978).

Observe that NAESAT is equivalent to: given a cnf ¢, does there exists
w such that ¢(w) = ¢(w) = 17
First, we prove that feasible limit cycle problem is NP-Complete.

Theorem 4. FLC is NP-Complete.

Proor. It is clear that FLC is NP. To prove NP-Hardness we show that
NAESAT <, FLC.

12



Given a 3-ncf ¢ in variables wy, . .., w,, we consider V' = {vy,...,v,, 04},
2 = (0,1), 2! = (1,1) and C=[z° 2", 2%, where 0=(0,...,0),
I=(1,...,1) €{0,1}" and F = (f,)vev: {0,1}" — {0,1}"** as follows:
Joo () = ¢(xy, 11 €{1,...,n})
See G in Figure 5.

Q@A o
&:
Figure 5: Interaction digraph of the transformation defined in Theorem 4.

(=) If there exists w such that ¢(w) = ¢(w) = 1, then by defining
s = {v;: w; = 1}{vy Hvi: w; = 0}, it is clear that C € LC(F),s).

(<) Let us suppose that there exists an update schedule s such that
C € LC(F,s). Then we define w € {0,1}" such that w; = 1 <= s(v;) <
s(vg). It is easy to check that ¢ (w) = ¢ (w) = 1. O

Next, we show that the ideas of the previous proof can be extended to
the Monotonic case.

Theorem 5. MON FLC is NP-Complete.

PROOF. As in the general case, this problem is NP. To prove NP-Hardness,
we show that SAT <, MON FLC. Given a ncf ¢ in variables wy, ..., w,,
we build F = (fy)wev: {0,177 = {0,1}*"", ¢ = [2°, 2!, 2% = 2°] where

20,20 € {0, 13" and V = {vy ..., 00, U1, . .., Un, 21, 22, 73}, as follows:
Vie{l,...,n} fo, () = x5, N (2, V 2,4)
Vie{l,...,n} fo,(x) = @y,
Fale) = A
fzz(@:xa/\(i(xv’xv i€{l...,n})
f%(x) = Tz



where nodes v; represent literals w;; nodes v; represent literals —w; and ¢ is
the monotonic version of ¢, in variables x,,, ..., %, , s, .- ., Ts,, that comes
from ¢ replacing literals w; by x,, and —w; by 3, (see Figure 6). Finally, we
define ! = 29 and:

0 1 ifuée{v,...,v.}
“ 0 ifue {@1,..‘,17n,21722723}

/A
-2/

/
/

Figure 6: Interaction digraph of the transformation defined in Theorem 5.

The definition of F' is similar than in Theorem 4, but monotonically. In
order to achieve the monotony property, we add the v; nodes that allow us
to use é instead of ¢, and the role of vy back there, that is to allow cycling,
is monotonically done here by nodes 21, 25 and z3.

(=) Let w be such that ¢(w) = 1, then if we consider the update schedule:

s = {z Huvi, v;: w; = 0 {za H{vy, 030 w; = 1} {23}

From Table 2, it is clear that Vk € {0,1} : F*(2*) = 2% and 22 = 2°. There-
fore, C € LC(F,s).

(«<=) Let s be an update schedule such that Vk € {0,1} : F*(2F) = 2**!
and let x° be the global state just before node z; get updated. Since
1=zl = f2(2°) = f.,(2%), we have that ¢(z5, 2% i € {1,...,n}) =1. On
another hand, we note that Vi € {1,... n}:



veVv vitw; =1|v;:w; =0 |0;:w; =1 |0;: w; =021 29| 23
s(v) 4 2 4 2 113]5

a:g 1 1 0 0 01070

m}) = F*(z%), 0 0 1 1 1111
mg = F3(zt), 1 1 0 0 01070

Table 2: Transition table of the states defined in Theorem 5.

1) 3721 = 17'7711;1 = 07'77?71 = O,Q?}—h =1 — 5(1_11') < S(Ui)-
2) ‘ril)l = 071‘21 - ]_,.I‘}—)Z = ]-71‘%1 =0 — S(Ui) < S(@z)
3) Since v; and v; are connected by a cycle of length 2, necessarily

(s(vi) > s(z1) As(v;) > s(z1)) ¥ (s(v;) < s(z1) A s(v;) < s(21))

Thus, 1) and 2) imply that Vi € {1,...,n}: s(v;) = s(v;) and then
Vie{l,...,n},Vk € {0,1} : 2% = —zF . From this and 3), we have that
Vie{l,...,n},Vk € {0,1} : 2} = -z} .

Therefore, ¢(z) = 1, with = (xiz)le O

To prove the OR case, we need a completely different approach, since
above ideas sufficient when we are restricted to OR functions. First we need
some previous results. In Lemma 6 we prove the SAT variation we are going
to use and Lemma 7 is a technical result.

We define: . .

SAT: Given ¢ a ncf such that ¢(0) = ¢(1) = 1. Does there exists

x ¢ {6, T} such that ¢(x) =17
Lemma 6. SATy, is NP-Complete.

PRrOOF. It is clear that SATy; is NP. To prove NP-Hardness, we show that
SAT Sp SATOl.

Let ¢ be a ncf in variables z; ..., x, and clauses C1, ..., C,. We define gg
a ncf as follows:

m n
-,

. A A (CjV—z; V) if ¢(0) =¢(1) =0
¢ (x) = qI=L i
Ty V Ay if p(0) =1V (1) =1
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Clearly, 6(0) = (1) =
(=) Let z € {0,1}" be such that ¢(z) = 1. Hence,
o Ifz e {6 T} then ¢(x) = 1 V —25 and considering & = (1,0) we have
that ¢(2) =

o Ifu ¢ {6, f}, then considering # = = we have that ¢(#) = 1.

(«<=) Let & be such that é(ﬁv) = 1 and let us suppose that Vz: ¢(z) = 0,
then there exist j € {1,...,m} such that C; (z) = 0.

Thus, Vi £ k € {1,...,n} : Cj (£) V =&; V &y = ~d; V &5, = 1.

Now, if there exists & € {1,...,n} such that Z; = 0, then for each
i#ke{l,...,n} we have that #; = 0 and therefore, = 0. Otherwise,
i=1

Analogously, if there exists ¢ € {1,...,n} such that &; = 1, then for each
k # i€ {1,...,n} we have that & = 1 and therefore, # = 1. Otherwise,
& =0.

Thus, ngS is only satisfiable by 0 and 1. O

Definition 1. Given F : {0,1}" — {0,1}", z,y € {0,1}", we define for
each q¢,7 € {0,1}:

Vor (z,9) ={v e V(G") izy=q A yo =7}
And the set of constant nodes:
Ve (z,y) = Voo (2,9) U Via (2, y)

When there is no confusion, we will ignore the argument (z,y) in the previous
definitions.

Lemma 7. Let F : {0,1}" — {0,1}" be an AND-OR function, z,y € {0,1}"
and s an update schedule. If F*(x) =y then, for each v € V (GF) we have
that:

1.- If v € Vog (F) and
i.- v € VigU Voo, then Yu € Ngp(v) :

(u € Vor As(u) = s(v)) V (u € Vig As(u) < s(v) Vue Vo

16



1.- v € Vo U Vi, then Ju € Nap(v) :
(u e Vor As(u) <s(v))V(ue VigAs(u) > s(v) Vue Vi
2.- If v e Vanp (F) and
i.- v € Vor U Vi, then Vu € Ngp(v) :
(u e VigAs(u) > s(v))V(ue Vo As(u) < s(v) Vue Vi
i.- v € Vig U Voo, then Ju € N p(v) :
(ue VigAs(u) < s(v)V(ue Vo As(u) > s(v) Vu e Vi
PROOF. Let v € V (GF).
1- If v € Vor (F),

i.- Let us suppose v € Vio U Vo and let u € N (v). Since fj(z) =0
necessarily x, =0V y, = 0. Now:

I

o Ifu € Vg, thenz, =0 Ay, = 1. Since f¥(x) = 0, it is necessary
that s(u) > s(v).

o Ifu € Vi, then z, =1 Ay, =0. Since f3(x) = 0, it is necessary
that s(u) < s(v).

e Otherwise, j must necessarily be in V.

ii.- Straightforward from the definition of OR functions and analogous
argument as before.

2.- If v € Vanp (F), the proof is straightforward from the definition of AND
functions and analogous argument as before. a

Remark 1. We know from Aracena et al. (2009) that Boolean networks up-
dated under different updates schedules that generate the same update digraph
have the same dynamical behavior. Therefore, we focus on finding an update
digraph wich satisfies certain restrictions. In this way, according to the def-
inition of an update digraph and to the established in the previous lemma,
we have that for OR nodes (AND nodes), all incoming arcs of the nodes in
Voo U Vig (Vi1 U Vi1 ) have their labels uniquely defined. To satisfy the neces-
sary conditions such that F*(x) =y, at least one incoming arc to the nodes
in Vi1 U Vo (Voo U Vig) must be chosen and labeled accordingly. It is in this
choice where the complexity of the problem arises.
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Now we prove that OR FLC is NP-Complete.
Theorem 8. OR FLC is NP-Complete.

Proor. We prove that SATy,; <, OR FLC.
HLet ) Ee ncf in variables wq, ..., w, with clauses Cy, ..., C,,_1 such that
o(0) = o(T) = 1.

We define an OR function F' and a limit cycle C such that each variable w;
is represented by a node v; € V(GF) and whose value is defined according to
the relative order of schedule between node v; and a given node v4. Besides,
each clause of ¢ is associated to a transitions in the limit cycle C.

More precisely, we define F = (f,)per: {0,137 = {0,1}*™ an
OR function by its interaction digraph defined in Table 3 (see an example in
Figure 7).

veV NC:F (’U)

v, 1€{1,...,n} {20} U{C}:w; € C;} U{C?: —w; € C}}
Cr je{0,....m—1}, ke{1,2} | {Ci!

Y, jef0,...,m—1} {CF1 modm }

2k ke {0, 1,2} {Zk,1 mod 3}

Vg {v1,..., 0.}

Table 3: Definition of G¥ defined in Theorem 8.

— 100 1,0 520 .01 k.j
And, we define C = [2"°, 2'° 22 o ,...]—[x ]k623,j€Zm

of length 3m

as:

R — 1 ikaO\/(k’Zl/\’wiECj)\/(lf:2/\_'wi€Cj)
Vi 0 otherwise

i 1 ifj=4Nk=F
ok 1 0 otherwise

ki 1 ifk=F
P! 0 otherwise
kj _

Ty 1.

See an example in Table 4.

In this way, each clause C; in ¢ is represented by the vectors z'v and
x*7 such that: x;7 = 1 and 227 = 0 if the literal w; is in C}; Y = 0 and
227 = 1if —~w; is in C}, and 27 = 0 and z7’ = 0 otherwise. Hence, for all
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Figure 7: Example of G¥ for ¢ (w) = (w1 V wy V =ws V wy) A (mwz V ws V —wy) A (mwy V —ws)

according to the transformation defined in Theorem 8.

J € Ao,.. — 1}, 237 = 1 if and only if there exists i € {1,...,n} such
that elther ) =1, 227 = 0 and s(v;) > s(vg) or 23/ = 0, :CQJ = 1 and

s(v;) < s(vg). T herefore we obtain an equivalence between the relative order
of nodes v; and vy, and the value of the variable w; as follows:

s(vi) > s(vy) = w=1 (1)

In this way, variable v, remains frozen with value equal to one if and only

if all clauses are satisfiable.
Besides, we note that, by Lemma 7 applied to each transition in C', we
have that for every update schedule s such that C € LC (F)s):

Vk e {1,2}, Vi €{0,...,m —1}: s(CE ) =s(CF) (2
Vje{0,...,m—1}: 5 (CF 1 moam) = 5(C7) (3)
Vk € {0,1,2} : 8 (2k—1mod3) = s(2k) (4)
Vie{l,....,n}: s(z0) < s(vi) (5)
Vie{l,...,n}, Vke {1,2}, Vj € {t: CF € N (i)} : s(CF) <s(u) (6)

We note that conditions (2)—(6) define uniquely the labels of the arcs
involved as shown in Figure 7.

19



’ H cy Ccy cz CY Cci Cci Cc) C; CF H zZo 21 2z H v, Vg Uz Vg H Vg ‘
290 || 1 0 0 O 0O O 0 0 0 1 0 o1 1 1 1 1
20 1 0 0O 0O O 0 o0 oo 1 offt 1 o 111
220 o 1 o0 o0 O o0 o oo o 1/lo o 1 of 1
%1 0 0 0 1 0 0 0O 0 O 1 0 o1 1 1 1 1
z*| o o o o 1 0 o0 o0 oo 1 off0o o 1 o] 1
220 0o o0 o0 o0 1 0 o oo o 1/lo 1 o 111
2220 0o 0O O O O 1 0 O 1 0 of1 1 1 171
z2 0 0o 0 o0 o o0 o 1 oo 1 offo o o of 1
2220 0 0 0 0O O o0 o0 1o o 11t o 1 o] 1

(«°3]1 0 0o 0 o0 0 0 0 of1 o off1 1 1 1]1

Table 4: Example of C for ¢ (w) = (w1 V wa V ~ws V wy) A (—we V ws V —wy) A (—wy V ~ws)
according to the transformation defined in Theorem 8.

We show now the details of the proof:

(=) Let w ¢ {6, T} be such that ¢(w) = 1, then we define the update

schedule s as
s = By By B3 By Bs,

where

By={Cl:je{0,....m—1}, ke {0,1,2}},
By ={z, : k€{0,1,2}},

Bs ={v; : w; =0},

By ={vs},

Bs ={v; : w; = 1}.

It is easy to see that s satisfies conditions (1)—(6) and for all v €

VA {us},

X

ki {fi(xlj—l mod m) ifk=0

! f3(ak=19) otherwise
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Also by condition (1) and by definition of /' and C we have that:

( \/ xg;j v \V} x?};jfl modm if I =
{iswi)<(vs) } {is(wi)=(vs
oy V zhi v v 20 if k=1
v fsts(en)} {02 (o)}
\/ wg;J Vi $11);J ifk=2
{is(0i)<(v0) } {izsw02(vs)
Moreover,

w#1 = \/ 2)7 =1, and
{izs(wi)<(vy) }
w#0=—= \/ 297 =1, and
fisto0>(00)}
o(w)=1= \/ Y \/ xy) =1.
(iso<(m)}  {ist02(u))

Hence Vj € {0,...,m — 1}, Vk € {0,1,2}: o (z"7) = 1. Therefore,
C e LC (F,s).

(<=) Let s be an update schedule such that C € LC(F,s). Then, by defini-
tion of C, conditions (2)—(6) are satisfied and we define w by condition
(1). Clearly, ¢p(w) = 1.
Since ¢(0) = ¢(1) = 1, then following configurations do not appear in

C:
2P vy [ o [ vs P o[- | vn | 0
29 1] 1T ]1]1 27 1] 17111
a9 1T 11 24010 |01
22 o] 001 22 1] 1T |11
e T T T T O 3 O A IO N

Thus, 3i,j € {1,...,n}:s(v;) > s(vg) A s(v;) < s(vy) and therefore

w ¢ {6, f} O
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Remark 2. Note that the proof of the previous theorem can be modified to
prove that OR FLC is NP-Complete restricted to sequential update schedules.
We just need to add two extra nodes in the digraph: a node a to the cycle

with nodes Cj’f” and a node b to the cycle with nodes zy. In this way, the limit

k,j k,j
20 co

0
we deduce conditions about the update schedule compatible with a sequential
update.

cycle C will be xlg’j = 2 and ¥ = x7) in the new nodes. From Lemma 7

5. Polynomial cases

In this Section we show some classes of Boolean networks in which LCE
and FLC are polynomial. These classes share the property of having sym-
metric interaction digraph. However, this is condition is not sufficient as
shown in the result below:

Proposition 9. Symmetric-LCFE and Symmetric-FLC are NP-Hard.

ProOOF. For Symmetric LCE the proof is similar to that of Theorem 1, with
the same limit cycle C, but changing the local activation functions by the
following;:

Vie{l,...,n}, fo(x) = 2y, Ay,
fos(®) = ¢(wy, 1i €{1,....n}) A (2, V)
falz) = Ty, N1y
fm(ﬁ) Ty, N Tz

In this case G is symmetric as shown in Figure 8
For Symmetric FLC we keep the limit cycle of Theorem 4 but we change
the local activation functions by the following:

Vie{l,...,n}: fo,(x) = 22y, Az,
foo () = ¢(2y, 11 €{1,...,n})

In this way G is symmetric, and the proof is similar to Theorem 4. O
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Figure 8: Connection digraph of the transformation defined in Proposition 9.

5.1. Limat cycle existence problem

We deal here with LCE problem. We will show that LCE is polynomial
in the case of symmetric AND-OR function. The LCE problem here will be
referred as SYMMETRIC AND-OR LCE.

First, OR networks were studied in Goles and Noual (2012), where, in
our wording, was shown the following result:

Proposition 10. Let F be an OR function with symmetric G¥'. Then, for
all s # s? LC(F,s) = 0. Furthermore, LC(F,s?) # 0 if and only if G is
bipartite. In this case, all limit cycles are of length 2.

It is clear that the condition in the above proposition can be tested in
polynomial time and therefore SYMMETRIC OR LCE is polynomial. We

are now extending this result to AND-OR functions, but first we need some
previous definitions.

Definition 2. Given F' an AND-OR function with symmetric G¥.

o We denote each non trivial connected component of G [Vor(F)] by
G?R, ..., GO%  We call them OR components of GF.

kor*

e We denote each non trivial connected component of G [Vanp(F)| by
GAND Gfg\g. We call them AND components of GF.

o We define the alternated nodes as

kor kaND
Vio=V\ (U V(e u v (G?ND)>
=1 i=1

and we denote by Gfo,...,GfAOO, to the connected component of

G [Vao]. We call them alternated components of GE.
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OR OR (YAND AND (~AO AO
e We call to the set {Gl ,...,G'/LCOR,G1 v Ginns G ""7GkAo ,

an AOA (AND-OR ALTERNATED) decomposition of G

Remark 3.

L The set {V (GOF) ...V (GPR) .,V (GANP) ...V (GEND) v (G49) ...V (

kor kAND

is a partition of V(GF).
2. Gwenie€{l,... ,kso}, we note that YVu € V (GiAO) :

u e VOR — NC:F(U) C Vunp
u € Vayp — N&p(u) - VOR

Therefore, the non trivial alternate components of GY' are bipartite.

Next Lemma shows that every non bipartite AND or OR component of
GYF is frozen in any limit cycle.

Lemma 11. Given F an AND-OR function with symmetric G, C €
LC(F,s?) and D an OR or an AND component of GE'. If D is non bipartite,
then every node in V(D) is frozen in C.

PROOF. Let C = [azk]izo € LC(F,s?) and D be a non bipartite OR compo-

nent of G (the AND case is analogous). Then, there exists cycle of vertices
C =v1...vn4101 in D (cycle of odd length).

Observe that if there exists a path of length [ from a vertex u to a vertex
v and x! = 1 then 2/t = 1. Hence, for all vertex v; € V(C), vf = 1 =
v T2NTL — 1. Besides, since G is symmetric, for all v € V(D), and for all
ke{0,...,p—1}, 2F =1 = 22 = 1. Therefore, if there exists v € V(C)
and k € {0,...,p— 1} such that z¥ = 1, then for all v € V(C) and for
all k € {0,...,p— 1}, 2¥ = 1. Thus, every vertex in the cycle C is frozen.
Finally, since G¥ is strongly connected, the result holds. O

Observe that, the neighbors vertices of V(D) are not involved in the
property of every node in V(D) is frozen in C, but in the value of the vertices
of V(D) in C.

Next Theorem give a polynomial testable characterization of when a sym-
metric AND-OR function can generate limit cycles.
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Proposition 12. Given F' an AND-OR function with symmetric GE. Then,
LC(F,s?) # 0 if and only if there exists a bipartite element in the AOA
decomposition of GF.

PROOF. (=) Let C € LC(F, s”). We have two cases:

1.- There exists an OR or an AND bipartite component of GF', and therefore
the result holds.

2.- All OR and AND components of G are non bipartite. By Lemma 11,
all of them are frozen in C. Thus, there exists an alternated component

of GF.

If every alternated component of GI" is trivial, then each one of them has
only frozen incoming neighbors, and therefore are also frozen. Then, there
exists a non trivial alternated component of G¥* which, by Remark 3, is
bipartite.

(<=) Let D be a bipartite element in the AOA decomposition of G*'.

1.- Let us suppose that D is an alternated connected component of G¥. We
note that

kaND
Vo € Vor N V(D) :Nge(v) € | V (GMP)
=1
kor
Vo € Vaxp N V(D) :Nge(v) € |V (GPY)
=1

If we consider C = [z, 2!, 2°], defined according to the following table:

v EV (GF) [Vor N V(D) [ Vaxo N V(D) [V (GF) \ V(D)
x? 1 0 0
xl 1 0

Table 5: Limit cycle from Proposition 12 if an alternated component of G¥ is considered.
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it is clear that C € LC(F, sP).

2.- Let us suppose that D is an OR component of G

Let us denote by D' and D? the two sets of the bi-partition of D, and by
Vr the set that contains the nodes of all the trivial alternated components
of G¥'. We define the following sets:

Vi ={veVr:Ng(v)
Vi={veVr:Ng(v)

C V(DY} C Vaxp
CV(D*)}

Now, we define C = [2°, 2!, 2°] according to the following table:

veV (G [ V(DHUVEIV (D) UVZ|V (GF)\ (V(D)UVEUV?)
x) 1 0 0
x) 0 1 0

Table 6: Limit cycle from Proposition 12 if a bipartite OR component of G is considered.

It is clear that C € LC(F, sP).

3.- If D is an AND component of G, then the proof is analogous that in
the OR case.

Proposition 13. Given F' an AND-OR function with symmetric GF. If
LC(F,s) =0, then for every update schedule s # s, LC(F,s) = ().

PROOF. We prove that if LC(F,s?) = (), then for each update schedule
s # sP, LO(F,s) = 0.
Let s # s be an update schedule. We note that, since G is symmetric,
then s # s? if an only if there exists (u,v) € A (G") such that s(u) < s(v).
Let C = [xk},‘zzo € LC(F,s). Since LC(F, s?) = (), then all elements in the
AOA decomposition of G are not bipartite, by Proposition 12. Therefore,
by Lemma 11, every OR and AND component updated in parallel is frozen in
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C'. Besides, by the equivalence proved above, there are only trivial alternated
components of GF'.

Now, let u,v € Vor (the AND case is analogous) such that (u,v) €
A (GF) and s(u) < s(v). If there exists k € {0,...,p — 1} such that z¥ =1,
we have that:

k—
v

Pl ==l = 2 =1... =21 =1 =2

=1 =2

Thus, u and v are frozen in C at value 1 as well as every node in the same
connected component. Otherwise, u is frozen in C at value 0 as well as every
node in the same connected component. In either case, all the OR component
is frozen in C.

Finally, all alternated nodes have only frozen neighbors, so they are also
frozen. Therefore, every node is frozen in C, which is a contradiction. O

Theorem 14. Given F an AND-OR function with symmetric GF. Then,
LC(F,s) # 0 if and only if there exists a bipartite element in the AOA
decomposition of G¥.

PrOOF. Straightforward from Proposition 12 and Proposition 13. O

The difference between Proposition 10 and Proposition 12 is that, in the
OR case, the only schedule than can cycle is the parallel one and only when
the interaction digraph is bipartite, and in the AND-OR case, there are others
non parallel update schedules that can cycle when there exist the bipartite
element in the AOA decomposition of the interaction digraph (for instance,
keeping the nodes in the bipartite element in the same block and all the
other nodes sequentially), but if such bipartite element does not exist, then
no update schedule can cycle.

Corollary 15. SYMMETRIC AND-OR LCE is polynomial.

ProoF. In Theorem 14 we characterized the existence of solution of this
problem and such characterization is testable in polynomial time. O

5.2. Feasible limit cycle problem

Given the result of the previous section, we prove that SYMMETRIC OR
FLC is also polynomial.

Proposition 16. SYMMFETRIC OR FLC' is polynomial.
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PROOF. Let F be an OR function with symmetric G* and a sequence of
different state vectors C = [ajk]zzo,xk € {0,1}", 27 = 2% According to
Proposition 10, to determine the solution to the problem is necessary and
sufficient to check p = 2, F(2°) = 2! and F(z!) = 2%, which can be done in

polynomial time. O

6. Conclusions

We have studied the algorithmic complexity of two problems about the
existence of a deterministic update schedule (parallel, sequential and block-
sequential) for a given Boolean network which yields any limit cycle (Exis-
tence Limit Cycle problem) or a particular limit cycle (Feasible Limit Cycle
problem). We proved that both problems are NP-Hard even in AND-OR net-
works or in networks having a symmetric interaction digraph. However, they
are both polynomial problems in OR networks with a symmetric interaction
digraph. This because in such networks the existence of a limit cycle depends
on a structural property of the interaction digraph which can be verified in
polynomial time and the length of the limit cycle is at most two. The case
of AND-OR networks with symmetric digraph remains an open problem.

References

Akutsu, T., Miyano, S., Kuhara, S., et al., 1999. Identification of genetic net-
works from a small number of gene expression patterns under the Boolean
network model. In: Pacific Symposium on Biocomputing. Vol. 4. pp. 17-28.

Aracena, J., Goles, E., Moreira, A., Salinas, L., 2009. On the robustness of
update schedules in Boolean networks. Biosystems 97, 1-8.

Aracena, J., Gomez, L., Salinas, L., 2013. Limit cycles and update digraphs
in Boolean networks. Discrete Applied Mathematics 161, 1-2.

Bornholdt, S., 2008. Boolean network models of cellular regulation: prospects
and limitations. Journal of the Royal Society Interface 5 (Suppl 1), S85—
S94.

Demongeot, J., Elena, A., Sené, S., 2008. Robustness in regulatory networks:
a multi-disciplinary approach. Acta Biotheoretica 56 (1-2), 27-49.

28



Elena, A., 2009. Robustesse des réseaux d’automates booléens a seuil aux
modes d’itération. Application a la modélisation des réseaux de régulation
génétique. Ph.D. thesis, Grenoble, France.

Fauré, A., Naldi, A., Chaouiya, C., Thieffry, D., 2006. Dynamical analysis
of a generic Boolean model for the control of the mammalian cell cycle.
Bioinformatics 22 (14), e124-€131.

URL http://bioinformatics.oxfordjournals.org/content/22/14/
el24 . abstract

Goles, E., Montalva, M., Ruz, G. A., 2013. Deconstruction and dynamical
robustness of regulatory networks: Application to the yeast cell cycle net-
works. Bulletin of Mathematical Biology 75 (6), 939-966.

Goles, E., Noual, M., 2012. Disjunctive networks and update schedules. Ad-
vances in Applied Mathematics 48, 646—662.

Goles, E., Salinas, L., 2008. Comparison between parallel and serial dynam-
ics of Boolean networks. Theoretical Computer Science 396 (1-3), 247 —
253.

URL http://www.sciencedirect.com/science/article/pii/
S50304397507006846

Green, D. G., Leishman, T. G., Sadedin, S., 2007. The emergence of social
consensus in Boolean networks. In: Artificial Life, 2007. ALIFE’07. IEEE
Symposium on. IEEE, pp. 402-408.

Huang, S., 1999. Gene expression profiling, genetic networks and cellular
states: an integrating concept for tumorigenesis and drug discovery. Jour-
nal of Molecular Medicine 77, 469-480.

Just, W., 2006. The steady state system problem is NP-hard even for mono-
tone quadratic Boolean dynamical systems.

Kauffman, S., 1969. Metabolic stability and epigenesis in randomly connected
nets. Journal of Theoretical Biology 22, 437-467.

Kauffman, S., 1993. The Origins of Order: Self-Organization and Selection
in Evolution. Oxford University Press, New York.

29


http://bioinformatics.oxfordjournals.org/content/22/14/e124.abstract
http://bioinformatics.oxfordjournals.org/content/22/14/e124.abstract
http://www.sciencedirect.com/science/article/pii/S0304397507006846
http://www.sciencedirect.com/science/article/pii/S0304397507006846

Macauley, M., Mortveit, H. S., 2009. Cycle equivalence of graph dynamical
systems. Nonlinearity 22 (2), 421.

Meng, M., Feng, J., 2014. Function perturbations in Boolean networks with
its application in a d. melanogaster gene network. European Journal of
Control 20 (2), 87 — 94.

URL http://www.sciencedirect.com/science/article/pii/
S50947358014000028

Robert, F.; 1986. Discrete Iterations: A Metric Study. Springer-Verlag,
Berlin.

Robert, F., 1995. Les Systemes Dynamiques Discrets. Mathématiques et Ap-
plications. Springer.
URL http://books.google.cl/books?id=0zt19R30BWSC

Ruz, G. A., Goles, E., Montalva, M., Fogel, G. B., 2014. Dynamical and
topological robustness of the mammalian cell cycle network: A reverse
engineering approach. Biosystems 115, 23-32.

Schaefer, T. J., 1978. The complexity of satisfiability problems. In: Pro-
ceedings of the Tenth Annual ACM Symposium on Theory of Computing.
STOC '78. ACM, New York, NY, USA, pp. 216-226.

URL http://doi.acm.org/10.1145/800133.804350

Shmulevich, 1., Lahdesmaki, H., Dougherty, E., Astola, J., Zhang, W., 2003.
The role of certain post classes in Boolean network models of genetic net-
works. Proceedings of the National Academy od Sciences USA 100, 10734~
10739.

Shmulevich, I., Saarinen, A., Yli-Harja, O., Astola, J., 2002. Inference of
genetic regulatory networks via best-fit extensions. In: Computational and
Statistical Approaches to Genomics. Springer, pp. 197-210.

Thomas, R., 1973. Boolean formalization of genetic control circuits. Journal
of Theoretical Biology 42, 563-585.

Tocci, R., Widmer, N.; 2001. Digital Systems: Principles and Applications,
seventh Edition. Prentice-Hall.

30


http://www.sciencedirect.com/science/article/pii/S0947358014000028
http://www.sciencedirect.com/science/article/pii/S0947358014000028
http://books.google.cl/books?id=Oztl9R30BW8C
http://doi.acm.org/10.1145/800133.804350

Centro de Investigacidn en Ingenieria Matematica (CI'MA)

2014-19

2014-20

2014-21

2014-22

2014-23

2014-24

2014-25

2014-26

2014-27

2014-28

2014-29

2014-30

PRE-PUBLICACIONES 2014

VERONICA ANAYA, DAVID MORA, CARLOS REALES, RICARDO RuUIzZ-BAIER: Sta-
bilized mixed finite element approximation of axisymmetric Brinkman flows
VERONICA ANAYA, DAVID MORA, RICARDO OYARZUA, RICARDO RUIZ-BAIER: A
priori and a posteriori error analysis for a vorticity-based mized formulation of the
generalized Stokes equations

SALIM MEDDAHI, DAVID MORA: Nonconforming mized finite element approximation
of a fluid-structure interaction spectral problem

EDUARDO LARA, RODOLFO RODRIGUEZ, PABLO VENEGAS: Spectral approzimation
of the curl operator in multiply connected domains

GABRIEL N. GATICA, FILANDER A. SEQUEIRA: Analysis of an augmented HDG
method for a class of quasi-Newtonian Stokes flows

MARIO ALVAREZ, GABRIEL N. GATicA, RICARDO RUIZ-BAIER: An augmented
mazed-primal finite element method for a coupled flow-transport problem

RAIMUND BURGER, SARVESH KUMAR, RICARDO RU1Z-BAIER: Discontinuous finite
volume element discretization for coupled flow-transport problems arising in models of
sedimentation

GREG BARBER, MUHAMMAD FARYAD, AKHLESH LAKHTAKIA, THOMAS MALLOUK,
PETER MONK, MANUEL SOLANO: Buffer layer between a planar optical concentrator
and a solar cell

DAVID MORA, GONZALO RIVERA, RODOLFO RODRIGUEZ: A wirtual element method
for the Steklov eigenvalue problem

FABIAN FLORES-BAZAN, GIANDOMENICO MASTROENI: Characterizing F.J and KKT
conditions in nonconvex mathematical programming with applications

FraNcO FAGNOLA, CARLOS M. MORA: On the relationship between a quantum
Markov semigroup and its representation via linear stochastic Schrodinger equations
JULIO ARACENA, LUis GOMEZ, LILIAN SALINAS: Complexity of limit cycle existence
and feasibility problems in Boolean networks

Para obtener copias de las Pre-Publicaciones, escribir o llamar a: DIRECTOR, CENTRO DE
INVESTIGACION EN INGENIERIA MATEMATICA, UNIVERSIDAD DE CONCEPCION, CASILLA
160-C, CONCEPCION, CHILE, TEL.: 41-2661324, o bien, visitar la pdgina web del centro:
http://www.ci2ma.udec.cl



CENTRO DE INVESTIGACION EN
INGENIERfA MATEMATICA (CI2MA)
Universidad de Concepcién

Casilla 160-C, Concepcién, Chile
Tel.: 56-41-2661324 /2661554 /2661316
http://www.ci2ma.udec.cl




