UNIVERSIDAD DE CONCEPCION

CENTRO DE INVESTIGACION EN
INGENIERIA MATEMATICA (CT°MA)

A

Centro de Investigacion en Ingenieria Matematica

A mixed virtual element method for the pseudostress-velocity
formulation of the Stokes problem

ERNESTO CACERES, GABRIEL N. GATICA

PREPRINT 2015-05

SERIE DE PRE-PUBLICACIONES







A mixed virtual element method for the pseudostress-velocity
formulation of the Stokes problem*
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Abstract

In this paper we introduce and analyze a virtual element method (VEM) for a mixed variational for-
mulation of the Stokes problem in which the pseudostress and the velocity are the only unknowns,
whereas the pressure is computed via a postprocessing formula. We first recall the corresponding
continuous variational formulation, and then, following the basic principles for mixed-VEM, define
the virtual finite element subspaces to be employed, introduce the associated interpolation oper-
ators, and provide the respective approximation properties. In particular, the latter includes the
estimation of the interpolation error for the pseudostress variable measured in the H(div)-norm.
We remark that a Bramble-Hilbert type theorem for averaged Taylor polynomials plays a key role in
the respective analysis. Next, and in order to define calculable discrete bilinear forms, we propose a
new local projector onto a suitable space of polynomials, which takes into account the main features
of the continuous solution and allows the explicit integration of the terms involving the deviatoric
tensors. The uniform boundedness of the resulting family of local projectors is established and,
using the aforementioned compactness theorem, its approximation properties are also derived. In
addition, we show that the global discrete bilinear forms satisfy all the hypotheses required by the
Babuska-Brezzi theory. In this way, we conclude the well-posedness of the actual Galerkin scheme
and derive the associated a priori error estimates for the virtual solution as well as for the fully
computable projection of it. Finally, several numerical results illustrating the good performance of
the method and confirming the theoretical rates of convergence are presented.

Key words: Stokes equations, virtual element method, a priori error analysis

Mathematics subject classifications (2000): 65N30, 65N12, 65N15, 76D07

1 Introduction

The virtual element method (VEM), which arised as a natural consequence of new developments and
interpretations of the mimetic finite difference method (MFDM) (see, e.g. [9]), was first introduced
and analyzed in [4] by employing the Poisson problem as a model. The VEM approach can be viewed
as an extension of the classical finite element technique to general polygonal and polyhedral meshes,
and also as a generalization of the MFDM to arbitrary degrees of accuracy and arbitrary continuity
properties. Its basic idea consists of the utilization of one or more virtual discrete spaces defined on
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meshes made of polygonal or polyhedral elements, and the incorporation of approximated bilinear
forms that mimic the original ones and that provide still consistence and stability of the resulting
discrete scheme. The concept virtual when referring to a discrete space means that the corresponding
basis functions do not need to be known explicitly in order to implement the method, but only the
degrees of freedom defining them uniquely on each element are required. As remarked in [6], the main
advantages of VEM, when compared with finite volume methods, MMFD, and related techniques,
are given by its solid mathematical ground, the simplicity of the respective coding, and the quality
of the numerical results provided. In addition, the computational domain can be decomposed into
nonoverlapping convex or nonconvex polygonal elements that can be of very general shape. Further
developments of VEM can be found in [5], [12], [1], and [7]. In particular, VEM is utilized in [5] to
solve two-dimensional linear elasticity problems, including the compressible and nearly incompressible
cases. Moreover, the related application to the linear plate bending problem, in the Kirchhoff-Love
formulation, is given in [I2]. Also, the eventual incorporation of further global regularity into the
discrete solution is investigated in [7]. The main motivation here is the derivation of highly regular
methods that could lead to less complicated discretizations of higher-order problems, and also to more
direct computations of other variables of physical interest, such as stresses, rotations, and vorticities.
Other recent contributions include [6], [23], [33], and [10], which refer, respectively, to practical aspects
for the computational implementation of VEM, the application of VEM to three-dimensional linear
elasticity problems, the numerical analysis of the two-dimensional Steklov eigenvalue problem by using
VEM, and the extension of VEM to the discretization of H(div)-conforming vector fields. Up to the
authors’ knowledge, [10] is the only work available in the literature that deals with mixed virtual
element methods.

According to the above, in the present paper we are interested in continuing the research line
drawn by [10], and aim to develop a mixed-VEM for the Stokes problem. More precisely, following
previous related contributions on mixed finite element methods in fluid mechanics, we consider here the
pseudostress-velocity formulation introduced first in [16], and furtherly developed, among others, in
[28] and [29]. Indeed, the derivation of pseudostress-based mixed finite element methods for problems
in continuum mechanics has become a very active research area lately, mainly due to the need of
finding new ways of circumventing the symmetry requirement of the usual stress-based approach.
While the weak imposition of this condition was suggested long before (see, e.g. [2]), the use of the
pseudostress has become very popular in recent years, specially in the context of least-squares and
augmented methods for incompressible flows, precisely because of the non-necessity of the symmetry
condition. As a consequence, two new approaches appeared: the pseudostress-velocity-pressure and
pseudostress-velocity formulations (see, e.g. [14], [15], [22], and the references therein). In particular,
augmented mixed finite element methods for both pseudostress-based formulations of the stationary
Stokes equations are studied in [22]. In addition, the pseudostress-velocity-pressure formulation has
also been applied to nonlinear Stokes problems (see, e.g. [21], [27], [32]). Furthermore, the formulation
from [16] is modified in [28] by incorporating the pressure into the discrete analysis, thus allowing
further flexibility for approximating this unknown. More precisely, it is established there that the
corresponding Galerkin scheme only makes sense for pressure finite element subspaces not containing
the traces of the pseudostresses subspace. In particular, this is the case when Raviart-Thomas elements
of index k > 0 for the pseudostress, and piecewise discontinuous polynomials of degree k for the velocity
and the pressure, are utilized. On the other hand, for recent applications of the pseudostress-based
approach in fluid mechanics we refer for instance to [25] and [26], where dual-mixed methods for the
linear and nonlinear versions of the two-dimensional Brinkman problem are studied. Actually, the
pseudostress is the main unknown of the resulting saddle point problems in [25] and [26], and the
velocity and pressure are easily recovered through simple postprocessing formulae. In addition, as it
is usual for dual-mixed methods, the Dirichlet boundary condition for the velocity becomes natural



in this case, and the Neumann boundary condition, being essential, is imposed weakly through the
introduction of the trace of the velocity on that boundary as the associated Lagrange multiplier.
Additional contributions on this and related topics include [17], [18], [19], [30], and [34].

The rest of this work is organized as follows. In Section [2] we introduce the boundary value problem
of interest, and recall from [28] its pseudostress-velocity mixed formulation and the associated well-
posedness result. Then, in Section 3| we follow [10] to introduce the virtual element subspaces that will
be employed, and then show the respective unisolvency, define the associated interpolation operators,
and provide their approximation properties. Though the proofs of these results are sketched in [10] (see
also [8]), for sake of clearness and completeness, in the present paper we try to give as much details
as possible in some of them. In particular, a Bramble-Hilbert type theorem for averaged Taylor
polynomials (cf. [§], [20]) plays a key role in our analysis. Next, fully calculable discrete bilinear forms
are introduced in Section [4| and their boundedness and related properties are established. To this end,
a new local projector onto a suitable space of polynomials is proposed here. This operator is somehow
suggested by the main features of the continuous solution of the Stokes problem, and it also responds
to the need of explicitly integrating the terms of the bilinear form that involves deviatoric tensors.
The family of local projectors is shown to be uniformly bounded, and the aforementioned compactness
theorem is applied to derive its approximation properties. The actual mixed virtual element method
is then introduced and analyzed in Section [bl The classical discrete Babuska-Brezzi theory is applied
to deduce the well-posedness of this scheme, and then suitable bounds and identities satisfied by
the bilinear forms and the projectors and interpolators involved, allow to derive the a priori error
estimates and corresponding rates of convergence for the virtual solution as well as for the projection
of it. Finally, several numerical examples showing the good performance of the method, confirming
the rates of convergence for regular and singular solutions, and illustrating the accurateness obtained
with the approximate solutions, are reported in Section [6] .

We end this section with some notations to be used below. In what follows, I is the identity matrix
of R**2 and given T := (7;5), ¢ := ((;j) € R**?, we write as usual

2 2
1
= (1), tr(r) = Zni, 74i=7 — 3 tr(r)I, and 7:¢ := Z Tij Cij »
=1 4,j=1
which corresponds, respectively, to the transpose, the trace, and the deviator tensor of 7, and to the
tensorial product between 7 and . In addition, we utilize standard simplified terminology for Sobolev
spaces and norms. In particular, if O ¢ R? is a domain, S C R? is an open or closed Lipschitz curve,

and r € R, we define
H(0) := [H"(0))?, H(0) := [H"(0)]**?, and H"(S) := [H"(S))?.

However, when 7 = 0 we usually write L2(0), L2(0), and L%(S) instead of H°(0), H°(0), and H%(S),
respectively. The corresponding inner products, norms, and semi-norms are denoted, respectively, by
(-, )r,0, |llr0, and |-|;,0 (for H"(O), H"(O), and H"(O)), and (-, )»s, ||*||r,s, and |-|»s (for H"(S) and
H"(S)). In general, given any Hilbert space H, we use H and H to denote H? and H?*2, respectively.
In turn, (-,-)s stands for the usual duality pairing between H~/2(S) and H'/?(S), and H~/2(S) and
H'/2(S). However, when no confusion arises, we write (,-) instead of (-,-)s. Furthermore, with div
denoting the usual divergence operator, the Hilbert space

H(div; 0) := {w e L*(0): div(w) € L*(0)},

is standard in the realm of mixed problems (see [I1], [31]). The space of matrix valued functions whose
rows belong to H(div; O) will be denoted H(div; O), where div stands for the action of div along each



row of a tensor. The Hilbert norms of H(div; O) and H(div; O) are denoted by || - ||aiv;0 and || - ||aiv:0,
respectively. Note that if 7 € H(div; ), then div(r) € L?(0) and also 7n € H~/2(90), where
n is the unit outward normal at the boundary 0O. Finally, we employ 0 to denote a generic null
vector, and use C' and ¢, with or without subscripts, bars, tildes or hats, to denote generic constants
independent of the discretization parameters, which may take different values at different places.

2 The Stokes problem and its mixed formulation

Let Q be a bounded and simply connected polygonal domain in R? with boundary I'. Our aim is to
find the velocity u, the pseudostress tensor o and the pressure p of a steady flow occupying €2, under
the action of external forces. More precisely, given a volume force f € L2 () and g € HY/? ("), we
seek a tensor field o, a vector field u and a scalar field p such that

o=2uVu—pl in Q, dive =—-f in Q, 2.1)

divu=0 in Q, u=g on I, '

where p is the kinematic viscosity. As required by the incompressibility condition, we assume that g
satisfies the compatibility condition fI‘ g-n =0. In turn, it is easy to see, using that tr (Vu) = divu
in Q, that the pair of equations given by

o=2uVu—pl in Q and divu=0 in €,
is equivalent to
1
o=2uVu—pl in Q and p+§tr(cr) =0 in Q,
and therefore, instead of ([2.1)), from now on we consider
o=2uyVu—pl in Q, dive=-f in Q,
(2.2)

1
p+§tr(a):0 in Q, u=g on I.

Then, proceding as in [28], in particular eliminating the pressure from the third equation of (2.2)),
we arrive at the following mixed variational formulation: Find (o, u) € H x @ such that

a(o,7) + b(r,u) = (rn,g) VreH,
(2.3)
b(o,v) = —/f-v VveqQ,
Q
where
H o= {7 cH(div:0): /tr(T):O}, Q = 12 (), (2.4)
Q
and H is endowed with the usual norm | - ||qiv;o of H(div;€). In turn, a : H x H — R and
b: H x @ — R are the bounded bilinear forms defined by
1
a(o,7) = — [ o%:7¢ Vo, 7)€ HxH,
21 Jo

and
b(r,v) = /V'diVT V(r,v) e HxQ.
Q

The unique solvability of (2.3) is established as follows.
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Theorem 2.1 There exists a unique (o,u) € H x Q solution of (2.3). Moreover, there exists a
constant C > 0, depending only on 2, such that

l@Wlieg < C{Ifloq + lgllyar )

Proof. See [28, Theorem 2.1]. O

3 The virtual element subspaces

3.1 Preliminaries

Let {Tn};~o be a family of decompositions of {2 in polygonal elements. For each K & 7;, we denote its
diameter by hg, and define, as usual, h := max {hK . Ke 771} Now, given an integer k > 0, we

let Py (K) be the space of polynomials on K of total degree up to k. Then, given an integer k > 1,
we follow [10] and consider the following virtual element subspaces of H and @, respectively:

H,;, = {TEH: ™n

€ Pi(e) V edge e € Ty, diVT‘K € Pr1(K),

(3.1)
rot7| € P y(K) VK €T},
K
and
O = {veQ: V)K € Py_1(K) VKeTh}, (3.2)
where
0712 B oT1
6.%'1 (9:E2
rotT = D795 7o VreH.
dxy Oy

Then, the Galerkin scheme associated with (2.3) would read: Find (op,up) € Hp, X @, such that

a(op, ) + b(mh,up) = (Tpn,g8) V1, € Hy,

(3.3)
b(O'h,Vh) = —/Qf-vh VVhEQh.

Note, according to (3.1) and , that the right hand sides of are calculable explicitly. The
same fact is valid for the bilinear form b, which will be re-emphasized at the beginning of Section
Nevertheless, we will observe later on that a(op, 7,) can not be computed explicitly when o, 7,
belongs to Hp, and hence a suitable approximation of this bilinear form, namely aj, will be introduced
in that section to redefine .

3.2 Unisolvency of the virtual element subspaces

In what follows we assume that there exists a constant C7 > 0 such that for each decomposition Tj,
and for each K € 7T, there hold:

a) the ratio between the shortest edge and the diameter hx of K is bigger than C, and



b) K is star-shaped with respect to a ball B of radius C'y h and center xp € K, that is, for each
xo € B, all the line segments joining xy with any z € K are contained in K, or, equivalently, for
each = € K, the closed convex hull of {x} U B is contained in K.

As a consequence of the above hypotheses, one can show that each K € 7T is simply connected,
and that there exists an integer Ny (depending only on C'7), such that the number of edges of each
K € 7Ty, is bounded above by Ny

Next, in order to choose the degrees of freedom of Hy, given an edge e € T, with medium point z.
and length h., and given an integer ¢ > 0, we first introduce the following set of 2(¢ 4+ 1) normalized
monomials on e

- {(E L e

which certainly constitutes a basis of Py(e). Similarly, given an element K € 7T, with barycenter xy,
and given an integer £ > 0, we define the following set of (¢ 4 1)(¢ 4 2) normalized monomials

By(K) = { ((X;:Ky,o)t }Oﬂage g { (0, (X;:K)ay }Ogalg, (3.5)

which is a basis of Py(K). Note that (3.5) makes use of the multi-index notation where, given
x = (71,72)* € R? and «a := (a1, a2)*, with nonnegative integers a1, as, we set x® := z{' 252 and
la| := a1 + ag. According to the above and the definition of Hy, (cf. (3.1])), we propose the following

degrees of freedom for a given 7 € Hy:

a) /Tn-q Vq € Bi(e) V edge e € Ty,

b) [7:va vaeBa@\{Wor 0.7 YKET, (3.6)
K

c) / q-rotT Vqe Bi1(K) VK eT,.
K

We now observe, according to the cardinalities of By(e) and By_1(K), that the amount of local
degrees of freedom, that is those related to a given K € Tp, is given by

nk = 2(k+1)di + {k(k+1) =2} + k(k+1) = 2{(k—|—1)(dK—|—/~c) - 1},
where dg is the number of edges of K. Moreover, we have the following local unisolvence result.
Lemma 3.1 Given an integer k > 1, we define for each K € Ty, the local space

HE = {TGH(diV;K)ﬂH(rot;K): Tn

€ Pi(e) V edge e C 0K,
¢ (3.7)
divr e P,_1(K), rotrte Pk_l(K)} .

Then, the né( local degrees of freedom arising from (3.6) are unisolvent in H }If .



Proof. Let T € H,f( such that
/Tn-q =0 Vqe€ Bi(e), Vedgee C 0K,
/KT :Vqg = 0 Vq e Bi_1(K), (3.8)
/Kq~rot7' =0 Vqe€ Br_1(K).

It follows easily from the definition (3.7 together with the first and third equations of (3.8)) that
™ =0 on 0K, and rott =0 in K. (3.9)

In turn, integrating by parts the second equation in (3.8]), we find that

0:/T:Vq:—/q-div7+/ Tn~q:—/q-div7- Vqé€ Bi_1(K),
K K oK K

which yields divr = 0 in K. Now, since K is simply connected, we know from the second identity
in and [31, Chapter I, Theorem 2.9] that there exists ¢ € H!(K) such that 7 = V¢ in K. In
this way, the free divergence property of 7, and the fact that its normal component is the null vector
on 0K, can be rewritten as

Ap =0 in K, Vén =0 on 0K.

Thus, the classical solvability analysis of this Neumann problem implies that ¢ is a constant vector,
and hence 7 vanishes in K, which completes the proof. O

3.3 Interpolation on H, and

In this section we define suitable interpolation operators on our virtual element subspaces and establish
their corresponding approximation properties. To this end, we need some preliminary notations and

technical results. For each element K € Tj, we let K := Tk (K), where T : R2 — R? is the bijective

affine mapping defined by Tk (x) := x ; X5y € R?. Note that the diameter hg of K is 1, and,
K ~

according to the assumptions a) and b), it is easy to see that the shortest edge of K is bigger than Cr,

and that K is star-shaped with respect to a ball B of radius C'r and centered at the origin. Recall here

that xp is the center of the ball B with respect to which K is star-shaped. Then, by connecting each

vertex of K to the center of B that is to the origin, we generate a partition of K into dj; triangles

AZ, i €1{1,2,...,dz}, where d; < N7, and for which the minimum angle condition is satisfied. The
later means that there exists a constant ¢ > 0, depending only on C'5 and N, such that — < cr
_ » Pi
Vie {1,2,...,dz}, where h; is the diameter of A; and p; is the diameter of the largest ball contained
in A;. We also let A be the canonical triangle of R? with corresponding parameters h and p, and
for each i € {1,2,...,dz} we let F; : R2 — R? be the bijective linear mapping, say Fj(x) := B;x
Vx € R?, with B; € R?*? invertible, such that F;(A) = A;. We remark that the fact that the origin
is a vertex of each triangle A; allows to choose F; as indicated.

In what follows, given v € L%(K), we let v := vo Ty € L2(K). Then, we have the following
result.



Lemma 3.2 Given an integer £ > 0 and an element K € Ty, we let PE : L*(K) — Py(K) and
73{( : L2(K) — Py(K) be the corresponding orthogonal projectors. Then %) = P{?(V) for all
v € LQ(K), and for any pair of nonnegative integers r and s there holds fP{( € LH"(K),H*(K)),
with ||7DE HE R).H:(K)) independent of I~(, namely depending only on £, s, cr, Cr, and Nt.

Proof. Denoting Ny := ({+1)(£+2), we let {cpl, P2, cpNz} be a basis of Py(K), in particular By(K)

(cf. (3.5))), and observe that {61, P2y [ﬁN@} becomes a basis of Pg([?). Hence, given v € L?(K),

and bearing in mind that the Jacobian of Tk is hl}g, we find that for each j € {1,2,..., Ny} there
holds

/~7D€K( #i = hi /7’12 J—h%2/V'<Pj—/~V-¢j—ﬂpf(v)-ﬁj,
K K K K

which shows that PZK (v) = 736 (v). Throughout the rest of the proof we assume for simplicity that
Ny

{(51,4}52, e L,ZNZ} is orthonormal, which yields Pf(i?) = Z (V,®5)0.% Pj- Then, employing the

j=1
Cauchy-Schwarz inequality, we obtain

_ ¢ Ny
K~ ~ ~ ~ ~
PE@ N,z < S 185l ¢ 9oz < 3 1@z ¢ 19z
=1 =1

which proves that P{( € L(H"(K),H*(K)), with

1/2

_ Ny dg
HPZKHL(HT ),Hs(K)) Z leills 7 = Z ZH"ZJ'Hi,& ’ (3.10)
=1 |i=1

where the last equality makes use of the aforementioned decomposition of K. We now apply the
usual scaling properties connecting the Sobolev integer seminorms in each A with those in A. In this
way, denoting @;; = @;|x o F; € Pg(A), using the equivalence of norms in Pg(A), and noting that

,5;1 <ecr E;l < ecr 0771, we deduce that for each integer ¢ > 0 there holds
‘Szj‘t,&- < Cih tN t\detB ‘UZH‘PM”tﬁ < CthtcTC \detB ‘UQAH(P“HOA
= Ch' O elgslly 5, < Cob' O elgsll, 5 = C

where C; depends on ¢, whereas ¢ depends on Py(A) and t, and C = C, h! - C7'¢. The foregoing
inequality and (3.10) give the announced independence of | PX|| C(H (R)He ()’ which ends the proof.
U

The next result taken from [8, Lemma 4.3.8] (see also [20]) is required in what follows as well.

Lemma 3.3 Let O be a domain of R? with diameter 1, such that it is star-shaped with respect to a ball
B of radius > %pmax, where Ppaxy = SUp { p: O is star-shaped with respect to a ball of radius p}.
In addition, given an integer m > 1 and v.€ H™(O), we let T"™(v) € P,_1(O) be the Taylor
polynomial of order m of v averaged over B. Then, there exists C > 0, depending only on m and pyax,
such that

v —T"V)|leo < C|V|mo Vee{0,1,...,m}.



We now proceed to define our interpolation operators. We begin by letting 73,?71 (L2(Q) — Qn
be the orthogonal projector, that is, given v € Q := L2(Q), P,’glfl(v) is characterized by

[ (v-Plw)a=0 YEET, vaePi), (3.11)
which means, equivalently, that
Pia()e = Pia(vlx)

where, as indicated in Lemma PE | 1 L2(K) — Pj_1(K) is the local orthogonal projector. The
following lemma establishes the approximation properties of this operator.

Lemma 3.4 Let k, ¢ and r be integers such that 1 < r < k and 0 < £ < r. Then, there exists a
constant C > 0, depending only on k, £, v, ¢, Cy, and N, such that for each K € Ty, there holds

v — PE (Ve < CR vxk Vv eEH'(K).
Proof. Given integers k, ¢ and r as stated, K € Ty, and v € H"(K), we first observe that there hold
Nl = W Viex  and  PE(T(9) = T'(9),

where T7(¥) € P,_1(K) is the Taylor polynomial of order r of ¥ averaged over a ball of radius

> %ﬁmax, where ppax = sup { p: K is star-shaped with respect to a ball of radius p}. Recall here

that K has diameter 1 and is star-shaped with respect to a ball B of radius C't and centered at the
origin. It follows, using Lemmas |3.2| and (with O = K), that

v =P Wlex = b 8 = PEL M = b R - PE L),

= h;(gil |(I - Plgil) (V - TT(‘N’))ME < hli(gil HI - PI£1||£(H7~([~()7HZ([~()) Hg - TT(‘N’)HT’R

< Ch "Nz = Chig" vk
which finishes the proof. O
We now let
H = {T € H: 7|gclL¥K) (for some s > 2) and rot 7|x € L'(K) VK € 7?L}, (3.12)

and introduce an interpolation operator HZ c H — Hj,. Indeed, given T € H , we let HZ(T) be the
unique element in Hy, such that

0= /(T—HZ(T))II‘Q Vq € Bi(e) YV edgeee Ty,
0= /K(T—HZ(T)):Vq Vaqe Bi1(K)\ {(1,0)%(0,1)*} VK €T, (3.13)
0= /Kq-rot (7 —T3(7)) Vqe€ Bi_1(K) VK eTh.

Note here that the extra local regularities on 7 and rot 7 allow to define normal traces of T on the
edges of T;, and the moments involving rot 7 in each K € T}, respectively. In addition, the uniqueness



of HZ’(T) is guaranteed by Lemma Next, we define the local restriction of the interpolation
operator as I1X (1) := I}(7)|x € HX. It follows that for each q € Pj_1(K) there holds

/Kdiv(r - Hf(T)).q = — /K(TH]CK(T» :Vq + / (T—HkK(T))n-q =0,
which, together with the fact that divII¥(7) € Py_1(K), implies that
divI&(r) = PE | (divT). (3.14)
This identity implies the following result.

Lemma 3.5 Let k, £ and r be integers satisfying 1 < r < k and 0 < £ < r. Then, there exists a
constant C > 0, depending only on k, £, r, ¢y, Cr, and N, such that for each K € Ty, and for any
T verifying additionally that div T|x € H"(K) there holds

|div T — divIIf (7)ix < Chict|divT|. - (3.15)
Proof. Tt follows from a straightforward application of Lemma [3.4 ]

We now consider K € Tp, and set the local moments defining H ,f( . Indeed, given T as required by
(3.13), we define the K-moments:

Mqe(T) = /Tn q Vq € Bi(e), VedgeeCOK,
div N . t t
ma (1) = /T-Vq Vqe Bi_1(K)\ {(1,0)%(0,1)*}, (3.16)
K
mek(T) = / q-rot(r) VqeBr1(K),
K

K
Lo

K
and gather all the above in the set {m]'7K(T)} L Then, we let {‘Pj,K}?i1 be the canonical basis of

HE that is, given i € {1,2,...,n5}, ¢; i is the unique element in H/* such that
mj,K(SDi,K) = 51']‘ VjE{l,Q,...,’I’L?}.
It follows easily that

nf
IE (7)== > mx(T) @)K, (3.17)
j=1

or, equivalently, HkK (1) is the unique element in H ,i( such that

mij(Hf(T)) = mj7K(7') V] S {1,2,...,71?}.

The approximation properties of the local operator HkK are provided now (cf. [10, eq.(4.8)]).

Lemma 3.6 Let k and r be integers such that k > 1 and 1 <r < k+ 1. Then, there exists a constant
C > 0, depending only on k, r, ¢, C7, and N7, such that for each K € Ty there holds

T — Hf(T)Ho,K < Chl|Tlr Kk VreH(K). (3.18)
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As a corollary of Lemmas and [3.6) we have the following result.

Lemma 3.7 Let k and r be integers such that 1 < r < k. Then, there exists a constant C' > 0,
depending only on k, r, ¢y, Cr, and Ny, such that for each K € Ty there holds

|l — H,If(T)HdiV;K < Ch%{h‘\r,K + ’diVT’ryK} Vre H'(K) with divre H(K).

Proof. Tt suffices to apply (3.15)) with £ = 0 and then combine it with the estimate provided by Lemma
O

4 The discrete bilinear forms

The ultimate purpose of this section is to define computable discrete versions ay, : Hy, x H, — R and
by, : Hy, X @, — R of the bilinear forms a and b, respectively. To this end, we first observe that,
given (1,v) € Hp, X Qp, the expression

b(7T,v) ::/v-diVT: Z/v-divr,
Q K

KeTy

is explicitly calculable since, according to the definitions of Hj, and @y, (cf. (3.1), (3.2)), there holds
v|k € Pr_1 (K) and div 7| € Py_1(K) on each element K, and hence we just set by, = b. On the
contrary, given ¢, 7 € Hj,, the expression

a(¢, ) = 21M/ch:‘rd: 2%u Z /KCd:Td

KeTy

is not explicitly calculable since in general ¢ and 7 are not known on each K € 7. In order to
overcome this difficulty, we now proceed to introduce suitable spaces on which the elements of Hy, will
be projected later on, and for which the bilinear form a is computable. Indeed, let us first consider a
particular choice of 7 given by 7 := V curlq € Py (K) with ¢ € Py19(K), where curl := (8%27 —8%1),

and observe that tr(7) = div(curl ¢) = 0, whence 7% := 7. It follows that for each ¢ € Hj, there holds

/ch:rdz/l(c:rz/KC:Vquz—/Kwrlq-divu/w(cm-wﬂq, (4.1)

which, bearing in mind from Lemma that div {|x and ¢n|gpx are explicitly known, shows that
a(¢,7) is in fact calculable in this case. In turn, it is also quite clear that, given 7 := ¢l € Py (K)
with ¢ € Pg(K), there holds a(¢{,7) = 0 for all ¢ € Hj,. The above suggests to define the subspace of
P (K) given by
qE = Hf + HY,
where
f[,fv = {V%rlq : q € Pryao(K) } and ﬁ,ﬁ = {qI[ : qePr(K) }

The following lemma establishes the basic properties of the space H ,f( .

Lemma 4.1 There holds fI,f{ = ﬁl,fv ® ﬁl,ﬁ and dimfl,f =(k+1)(k+4).
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Proof. Given T € f[,g(v N ﬁlﬁ, we have on one hand 7 = 79, and on the other hand 7¢ = 0, so that
necessarily 7 = 0. This shows the required decomposition and hence

dim Y = dim HEG + dim S = dim B, + dim Py (K). (4.2)

Alternatively, it is easy to see that H ,fv and H ,ﬁ are orthogonal with respect to the usual inner
product of H(rot ; K). In order to determine the remaining dimension in (4.2)) we prove now that the

set {V curlx: 2<|a|<k+ 2} is a basis of H ,f(v. Indeed, the generation property is quite clear

from the fact that {xo‘ D 0< ol <k+ 2} is the canonical basis of Py;2(K) and by observing that
Veurlg =0 Vq € P;(K). Next, we consider scalars a,, 2 < |a| < k + 2, and set V curlg = 0 with

q:= Z aq x*. Tt follows that curlq is a constant vector of R?, that is
2< || <k+2

0

a—q = Z ag4(1,0) (61 + 1)xﬁ = constant in K,
T igpk

0

a—q = Z ag+(0,1) (B2 + 1)X/B = constant in K,
T2 1<|B]<k+1

which yields ag,(1,0) = agy,1) = 0 forall 1 <|B] <k + 1. In this way, since clearly
{aa: 2<|al <k+2} = {agra0: 1<IB<k+1} U {agiry: 1< I8l <k+1},

we deduce that ¢ = 0. Having thus identified a basis of H ,fv, whose cardinality is certainly given by
dim P o(K) — dim P1(K) , we conclude from (4.2]) and the foregoing expression that

gim = EEBEE o Dk +2)

5 5 = (k+1)(k+4),

which completes the proof. U

We now introduce a projection operator ﬁkK : H(div; K) — H K. To this end, we set for each
K € T, the local bilinear form

1
a(¢, 1) = / ¢t e V¢, T e LK),
21 J
Then, we define ¢ := ﬁkK €) € H K in terms of the decomposition:
C=Cv + el + el (4.3)

where the components Ev € fAI,fV, q¢ € ﬁk(K) = span{xa 1< o < k:}, and c¢ € R are
computed according to the following sequentially connected problems:

e Find EV € H lg(v such that
al((v.7) = af(¢,7) v e HEG, (4.4)
e Find q¢ € ﬁk(K) such that

(div(ge 1), div(gD))ox = (div(¢ —¢v),div(gD))orx Vg € Py(K), (4.5)

12



e Iind ¢ € R such that:
[ 6@ = [ w0 (4.6)
K K

We remark that the unique solvability of (4.4)) is guaranteed by the identity

1 1 ~

K K

(r,7) = — ||TdH(2),K =5 ||TH(2),K VT € Hpy,
2u 2u

a

whereas that of (4.5) follows from the inequality
Idiv(gD)lIf x = lafix >0 Vg € Pr(K)\{0}.

In this way, having computed CAv €l lfv and then g¢ € Isk(K ), we replace them into (4.6)), which,
using that tr(Ev) =0, yields

¢ = 2|1K, /K{tr(C) - 2qc}- (4.7)

Let us now check that the right hand sides of ., , and (4.7) are indeed calculable when ¢
belongs to our local virtual space Hj K C H(dlv K) (cf. . Firstly, the fact that a’*(¢,7) can
be explicitly computed for ¢ € HE noand T € HE kv, Was already noticed at the beginning of Section

(cf. . . In turn, since div¢ € Py_1(K) (cf. . and CV € Px(K), it is quite clear that the
expression (div (C — Cv),div(q I))o,k is also calculable for each ¢ € P(K). Next, for the right hand
side of (4.7)) we simply observe that

Jou@ = [ca= [ civx—— [ xaives [ cnx.

which, according to , is calculable as well. Finally, it is straightforward to check from (4.4 .
that Hf €)=¢ VC € HE , which confirms that Hf is in fact a projector. Moreover, the followmg

result establishes the uniform boundedness of the family {HE }K - - {E(H(dlv, K),L*(K ))}K o
SIS €/h

Lemma 4.2 There exists a constant C > 0, depending only on k, 3, cr, and Cy, such that for each
K € Ty, there holds

ITE©llose < C{UClox + b [divOlox | ¥¢ € H(diviK). (48)
Proof. Given ¢ € H(div; K) we utilize again the decomposition (4.3) and set
=T () = v + acl + e, (4.9)

with CV € HE vy 4¢ € Pk( ), and ¢¢ € R. Then, it follows straightforwardly from (4.4)), (4.5), and

. ) that
ISollox < [Cllos s lachx = ldiv(ge Dok < [div(¢)]ox + Idiv(Ce) o (4.10)

and
leeTlox < l¢llox + V2 llgellos - (4.11)
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In what follows we bound ||g¢||o,x and HdiV(EV)HO,K in terms of |g¢|1,x and [|€||o,x, respectively. For
the first estimate we assume, without loss of generality, that K is star-shaped with respect to a ball
B centered at the origin. Otherwise, instead of K we consider the shifted region K := Tk (K), where
Tx(x) :=x —xp Vx € K, for which there holds hx = hz. Then, analogously as described for K at

the beginning of Section we now let {Ai 1 e{1,2,...,dx} } be the partition of K obtained

by connecting each vertex of this element to the origin. In addition, for each i € {1,2,...,dx} we let
h; and p; be the geometric parameters of A;, and let F; : R? — R2 be the bijective hnear mapping,
say Fj(x) := B;x Vx € R?, with B; € R?*? invertible, such that F; (A) = A;. Recall that A is the
canonical triangle of R? with corresponding parameters h and p. p. Hence, we can write

di dx
laclle. e = .= |detBy] g, SR (4.12)
i=1 =1

where qe; = q¢la, 0 Fi € ﬁk(ﬁ) We emphasize here that the fact that the origin is a vertex of
cach one of the triangles A; has allowed to choose a linear (not affine) transformation F; mapping
A onto A;, which, given that g¢|a, € Pk(A-), insures that g qg,i does belong to Pk(A) Moreover, the
importance of it lies on the fact that |- || A is a norm on Pk(A), and therefore there exists ¢ > 0,

depending only on k and A such that, in particular, ||ge, zH < ¢lge, 1\2 . In this way, applying
once more the scaling properties between Sobolev seminorms, We obtain from ) that
di
lgclls e < Z\detB ’C‘quflg <c Z Wi 2 laclia, < Chiclaclix (4.13)
=1 =1

which, together with the second inequality in (4.10)), gives

lacllos < € e {Idiv(C)llox + Ildiv(Ge) ok} (4.14)

On the other hand, applying the inverse inequality in each triangle A;, noting from the assumption
a) at the beginning of Section that h; ' < C’}l hy', and then using the first estimate in (4.10)),
we find that

dK dK
. -~ > - -2 o>
Idiv(¢o)lld x < 210wk =2 ICvlia, < ¢ D h72 ¢l

, i=1 i=1
< cCrh <
which, replaced back into (4.14]), yields
laclloc < € {lIClloc + hrc [div(C) o} (4.15)

Finally, it is easy to see that (4.9), the first inequality in (4.10)), (4.11]), and (4.15) imply the required
estimate (4.8]), thus completing the proof. O

We remark at this point, as indicated in [3], that instead of using lgk(K ) in the decomposition
(4.3), one could also employ the space Pjo(K) = {q € P(K):  [yq= O}. In this case, the

corresponding inequality (4.13)) follows from the approximation property given by Lemma with
k=1,r =1, and £ = 0, and noting that obviously P& (q) =0 V¢ € Py (K). Nevertheless, we prefer
to stay with P (K) because of the simplicity of its canonical basis for the implementation of (4.5)).

The analogue of Lemma for the present operator ﬁkK is provided next.
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Lemma 4.3 Given integers k, £ > 1, and K € Ty, there holds ﬁ,ff(() = ﬁkf((c’) for all ¢ € H¥(K),
and TIE € L(H'(K),L*(K)) with HHKH o

k, 3, cr, and Cr.

HE(R) L2(R )) independent of I?, namely depending only on

Proof. We first observe that 7 € Iff,f( if and only 7 := 1o ngl € ﬁf( . In particular, given

P

¢ € H(div; K), there holds ﬁK €) € H 5 , and hence, in order to obtain the required identity, it
suffices to show that ﬁkK (¢) solves the same problem as HK namely . . with K = K and
¢ = ¢. In fact, setting as before Hf(() = Cv + q¢ I + c¢ 1, where CV € Hkv, qc € Pk(K), and
c¢c € R, we find, according to (4.4), that for each v € HE, jv there holds

a"(Cv,7v) = h?a (Cv.7v) = I’ a¥ (¢, 7v) = a¥(¢,7v). (4.16)
In turn, for each ¢q € lgk(K) we have, in virtue of (4.5)), that

(div(ge D), div(@D), z = (divigc D), div(qD), z = by (div(ge D). div(gD)o.x

— hi (div(¢ ~ Co).divigD)ox = (div(¢ - Cv), div(gD), 7 (4.17)

— (div(C - o), div(@D),

Next, it is easy to see, thanks to (4.6)), that

[owtis@) = [T =ng [ {@ = [ 1= [ &= [ 6@,

—~—

which, together with (4.16)) and (4.17)), confirm that ﬁkK (¢) does solve the announced problem. Finally,
since hz = 1, a direct application of Lemma implies the existence of a constant C' > 0, independent

of K , such that

I Olloz < Cliéllgng V¢ € H(div; K),
and consequently, for each integer £ > 1 there holds
ITE Olloz < ClCll,z V¢ eH(K),
which completes the proof. U

Before establishing the next result, we now recall from [28] that if (o,u) € H x @ is the solution of
the continuous problem (2.3), then there holds ¢ = 21 Vu € L?(Q) and divu = 0, which formally
implies the existence of w € H?(£2) such that u = curlw, and hence 0% = 21V curl w. These remarks
motivate for each integer r > 0 the introduction of the space

TVM(K) = {CGH’”(K): ¢ = Veurlw for some wEHH'Q(K)}.

Then, we have the following projection error for ﬁkK , which constitutes the analogue of Lemma
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Lemma 4.4 Let k and r be inte/g\]ers such that k > 1 and 1 <r < k+1. Then, there exists a constant
C > 0, depending only on k, r, A, ¢, and Cy, such that for each K € Ty there holds

I¢ — TIE(¢)

ok < Chi|Clrk V¢ € Hg yn(K).

Proof. We proceed similarly as in the proof of Lemma In fact, given integers k£ and r as stated,

K € Ty, and ¢ € Hg  (K), we let w € H™"2(K) such that ¢¢ = Vcurlw, set w € H2(K) such
that (¢ = V curl@, denote by T" (@) € P,41(K) and T (tr(¢)) € P,_1(K) the averaged Taylor

polynomials of order r + 2 and r of w and tr(¢), respectively (cf. Lemma , and observe, since
r+1<k+2 and r—1<k, that

X (Ve T"*2(%)) = Vel T"2(@)  and X (T7(tx(&) 1) = T7 (tx(C)) 1.

It follows, using Lemmas and (with O = K), that

—_—

¢~ T @llox = hi 1€~ TE@ly 7 = A 1€~ TE @)l 2

= hjt

(-0f) (& - Ja@1 - Van @) + j @)
_ _ _ 0,K _
< BRI = T e ) gy €8 = Veud T2(@)]), & + or(@)T = T (6x(C) Tl 7 |
< e {I@ = THR@)), o5 + I0E) — T ()], 7}
< cont{lal, oz + 1€,z } < Cnt e, 5 = ChiIC

which finishes the proof. O

r,K

We now let ahK - H ,f( x H ,{( — R be the local discrete bilinear form given by
ay (¢, 7) = af (I Q). T (7)) + S¥(C-TE (). 7~ I (r)) V¢ 7eH,  (418)

where SX : H ,ﬁ( x H ,f( — R is the bilinear form associated to the identity matrix in R™ %" with

K
respect to the basis {cpj,K};Lil of H,g( (cf. (3.16) - (3.17)), that is

SK(¢, 1) = Z mi, i (€) mi i (T) V¢, T e HE.
i1

Next, as suggested by (4.18)), we define the global discrete bilinear form ay : H, x H, — R

an(¢,7) == Y ap(¢,T) V¢ T € Hy. (4.19)

KeTy,

The following lemma is a particular case of the inequality given in [10} eq. (5.8)]. In fact, it suffices
to take the matrix K appearing there as the identity I.

Lemma 4.5 There exist co, c1 > 0, depending only on Cr, such that

wlCllfx < 8%.¢) < al¢lix VKET, VEeHS. (4.20)
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As a consequence of the previous lemma and the properties of the projector ﬁf , we have the
following result.

Lemma 4.6 For each K € Ty, there holds
af (¢, 1) =a¥(¢,m)  VCeH{, VreH, (4.21)

and there exist positive constants a1, aso, independent of h and K, such that

2 (¢, 7)1 < a1 {ICou ITllo + 116 = TE(Ollow |7 = TE (1) lo.c} VE €Tho V¢, 7€ HE,
(4.22)

and

|3k < aff(¢.0) < ar { ISRk +1IC-TEQ IRk} YEETh VCeHE.  (423)

Proof. Given ¢ € ﬁK, we certainly have { = ﬁf(() = Ev—i—qc]l + c¢ I, with EV € I?T,fv, qc € lgk(K),
and c¢ € R. Hence, using the symmetry of a’| and bearing in mind problem ([4.4)), we deduce, starting
from (4.18), that given 7 € H}S and denoting the deviatoric tensor of 11X (1) by 7v € H ,fv, there
holds
aj (¢, 7) = a (I (€), 1T (1)) = a" (¢, I (7)) = a™ (I (1), ¢)
= aK(’/ﬁVaCV) = aK(T7CV) = aK(T7C) = aK(CaT)7

which proves (4.21)). Next, for the boundedness of ahK we apply the Cauchy-Schwarz inequality, the
first estimate in (4.10]), and the upper bound in (4.20)) (cf. Lemma , to obtain

lak (¢, )| < ;MH(ﬁ§<<>)d|ro,K\\(ﬁ§<r>)d
H{s (¢ T~ TiE )} {5 (r - T (), 7 - Tif () )

1 . ~
<o Iloc Imllox + exllC =T (o lm =1 (Tl V¢, 7 € Hy'

0,K

1/2

which gives (4.22) with o; := max{ i, c1}. Finally, concerning (4.23), it is clear that the correspon-
ding upper bound follows from (4.22)). In turn, applying the lower estimate in (4.20]) (cf. Lemma

we find that
11 < 2 {INE )R & + (¢~ TE(©)IE i }
< 4pal (K (¢).TE Q) + 20¢ — TEQI3 «
< dpa® (T (), T (Q) + fOSK(c —TI5(¢), ¢ — T (€))
which yields the lower bound in with ap = max{4p, 2}~ a

We end this section by observing, as mentioned in [3], that all the tensors in H }{( vanishing a’ (-, -)
also vanish af* (-, ), which is important for the stability condition provided by ([#.22)) and ([#.23)). In
fact, given 7 € HX such that 0 = af(7,7) = i HTdHaK, we have 78 = 0, that is 7 = tr(7)1,
which implies, according to the definition of HfS (cf. (3.7)), that divr = 3 V(tr(7)) € Pp_1(K).
It follows that tr(7) € Pr(K), and hence 7 € ﬁ,ﬁ - I;T]f In this way, thanks to the consistency
condition ([4.21)), we conclude that aff (7, 7) = a®(r,7) = 0.
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5 The mixed virtual element scheme

According to the analysis from the foregoing section, we reformulate the Galerkin scheme associated
with (2.3) as: Find (o, up) € Hp X Qp, such that

ap (on, 1) + b(mh,u) = (mn,g) V1, € Hy,

(5.1)
b(ah,vh) = —/Qf-Vh VVhGQh.

In addition, as suggested by the third equation of (2.2)), the postprocessed virtual pressure is defined
as follows:

ph = —%tl‘(o'h)- (5.2)

In what follows we establish the well-posedness of (5.1)). We begin the analysis with the following
result from [I1].

Lemma 5.1 There exists cqg > 0, depending only on ), such that
call¢lfa < 1€ + Idiv(Q)I§a V¢ € H (cf. (24)). (5.3)

Proof. See [11], Chapter IV, Proposition 3.1]. O

The ellipticity of a; in the discrete kernel of b is proved next.

Lemma 5.2 Let V), = {Ch € H,: b(y,vy) =0 Vv, € Qh}. Then, there exists a > 0,
independent of h, such that

a(Cn,Cn) = allChllaivio VEh € Vi (5.4)

Proof. Recalling from ({3.1)) that for each ¢, € Hj there holds div({r)|x € Pr_1(K) VK € Ty, which
actually says that div(¢y) € Qp, we find that

Vi, = {ch € H, : /th.div(gh) —0 Vv, e Qh} = {ch e H,: div(¢y) :o}.

Hence, according to the definition of a; (cf. (4.19)), and applying the lower bound in (4.23)), and the
estimate ([5.3)) (cf. Lemma, we deduce that for each ¢ € V}, there holds

an(Cn,Cn) = D af (CriCn) = a2 Y GG = a2lIGiEa0 = @ lShldivg »

KeTy KeTy,
with a = cq a9, which ends the proof. O

The following lemma provides the discrete inf-sup condition for b.

Lemma 5.3 Let Hy and Qp be the virtual subspaces given by (3.1) and (3.2). Then, there exists
B > 0, independent of h, such that

b(7p, vi
sup 7( ) > p HVhHo,Q Vv, €Qp. (5.5)
ThEH} ”Tthiv;Q
T 7#0
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Proof. Since b satisfies the continuous inf-sup condition, we proceed in the classical way (see, e.g. [24)
Section 4.2]) by constructing a corresponding Fortin’s operator. In fact, given a convex and bounded
domain G containing €2, and given 7 € H (cf. (2.4)), we let z € H{(G) N H?(G) be the unique
solution of the boundary value problem

divr in Q,
Az = ~, z=0 on 0G, (5.6)
0 in G\Q,

which, thanks to the corresponding elliptic regularity result, satisfies

|12

20 < Cdivrog. (5.7)

Then, recalling that HZ denotes the interpolation operator mapping H onto our virtual subspace Hjp,

(cf. (3:12)), (3-13)), we now define the operator 7} : H — Hj, as
1
7h(r) = T (Vz) — {/tr (H’,;(vz))} I
219 Jo

It follows, using (3.14]) and the fact that Hi{ and P,f_ , are the restrictions to K € 7}, of the operators
HZ and 77,?_1, respectively, that

div (7!(1)) = div (II}(Vz)) = P}_,(divVz) = P;_,(divr) in Q, (5.8)

and hence for each v; € )y, we obtain

b(ﬁZ(T),vh) = /th~div (WZ(T) = /th-Plg_l(diVT) = /th~div7' = b(r,vp). (5.9)

In turn, using (5.8)), (3.18)) (with » = 1), and (j5.7]), we find that

7k (T)llaivie < I (V2)lloe + divrloe < [Valoe + [IV2 — (V) o + [divT]og

< [[Vzloo + ch|[Vz

e + Idivrloe < Cllzlze + [divrlloe < Clldivriog,

which proves the uniform boundedness of the operators {r!'},~o. This fact and the identity (5.9)
confirm that {TrZ}h>0 constitutes a family of Fortin’s operators, which yields (5.5)) and ends the proof.

O

The unique solvability and stability of the actual Galerkin scheme (5.1]) is established now.

Theorem 5.1 There ezists a unique (op,up) € Hp X Qy, solution of (5.1), and there exists a positive
constant C, independent of h, such that

l@nwllxg < C{ e + lglar |-

Proof. The boundedness of ay, : Hy, x H, — R with respect to the norm || - ||giv;o of H(div; ) follows
easily from (4.22)) and (4.8) (cf. Lemma[d.2)). In turn, it is quite clear that b is also bounded. Hence,
thanks to Lemmas [5.2| and a straightforward application of the Babuska-Brezzi theory completes

the proof. O

We now aim to provide the corresponding a priori error estimates. To this end, and just for sake of
clearness in what follows, we recall that ’P,i‘fl 1 L2(Q) — Qp and HZ : H — Hj, are the projector and
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interpolator, respectlvely, defined by (3.11]) and (3.13]), whose associated local operators are denoted
by Pk_l and H . In turn, given our local projector HK defined by (| . . we denote by H its
global counterpart that is, given ¢ € H(div;$2), we 1et

M)k = TF(Klk)  VEET,.
Then, we have the following main result.

Theorem 5.2 Let (o,u) € H X Q and (op,uy) € Hp x Q) be the unique solutions of the continuous
and discrete schemes ([2.3) and (5.1)), respectively, and let p, € L?(Q2) be the postprocessed virtual
pressure defined in (5.2)). Then, there exist positive constants Cy, Ca, independent of h, such that

o ~oulba +lp—palbe < €1 { o ~Ti@) e + o~ Ti@)loa + hlE P ®llon }. (510
and

lu—uplloe < C: { lo =1 ()0 + llo =TT (e)on + lu—Pii(w)]oa + th_’PI?fl(f)HU,Q}
(5.11)

Proof. We proceed similarly as in [I0, Theorem 6.1]. Indeed, we first have, thanks to the triangle
inequality, that
w(o) (5.12)

whence it just remains to estimate d;, := HZ(O') — op,. We now observe from (3.14]) and the second
equation of (5.1)) that div(II}(o)) = P}, (dive) = Pp_,(—f) = div oy, which says that &), € Vj,.
It follows from (5.4) (cf. Lemma , adding and substracting ﬁZ(a), using the first equations of

Aand (2.3)), employing the identity ({.21)), and applying the boundedness of ak (cf. ([.22)), af
and IIK (cf. ([£3§)), that

lo — anlloe < llo—1T(a)

a|0nllZivia = @llonll§q < an(dn, 6n) = an(Il}(e),8s) — an(on, dn)
= ay, (I} (o) — I1}(0), 8) + an(I}(c),8,) — (dnn,g)

= ay(T}(0) — I} (0),8,) + an(ll}(c),8s) — a(o,dy)

= 2 {ahK(HkK(U) — 1 (o), 8n) — aK(U—ﬁkK(U)ﬁh)}

KeTy,
<o Y ST (o) =T (o) ]ox + [T (o) —Hf{ﬂf(a)}Hox} l[dnllo,x
KeTy,
Z lo — 11 (o
KeTh

which yields, with C' := 1 max{a, 2u}

18nllaivie < C{IM(e) = TWi(@)llo0 + ITi(e) = TE{ITE(@) o + o = TE(@)llon).  (5.13)
Next, adding and substracting o, we deduce that
(o) ~ Mi@)log < llo ~1(0)]on + llo — o)l (5.14)
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In turn, proceding in the same way and employing the boundedness of ﬁi{ (cf. (4.8)), we find that

T (o) — {1 (o) Hloe < llo —I(o)lloe + llo —1(a)lloa + i {e — (o) }Hoo

IN

{llo =110 o + o = TTi(@)lloe + A div(e — (@) oo } (5.15)

< ¢{llo~1(@)lon + llo = (@) log + A =Pl () oo} -

In this way, replacing (5.15)) and (5.14) into (5.13)), and then the resulting estimate back into (/5.12)),
we conclude the upper bound for ||o — o0, induced by (5.10). In addition, using from the third
equation of (2.2)) that p = —% tr(o), we obtain

1
lp = prllog = 5 lltr(o) —tr(on)lon < cllo —anlloq,

which completes the proof of ([5.10]).

On the other hand, concerning the error |[u — uy||o.q, we begin with the triangle inequality again
and obtain
la —upllo < fu—Piy(Wlogn + [Piy(w) — upl

0.0 (5.16)

Next, proceeding as in the proof of Lemma taking P,ilfl(u) —uy, € Qp instead of div(7T) in the
definition of the auxiliary problem ({5.6)), we deduce the existence of o} € Hj, such that

div(e;) = Pi_y(u) —u, and ||ojllaivie < ¢[|PR_;(0) —wfloo-
It follows, employing the first equations of (5.1) and (2.3), and the identity (4.21f),that
P2 ) = wilife = [ (Plsto) = w) - diviop) = [ (u=w)-divie})
= b(oy,u) — b(oy,, wn) = an(on, 03) — alo, 03)
= ay(on ~11i(0), 07) — alo ~1T}(0),07),

which, applying the boundedness of al* (cf. (4.22)), a® and ﬁkK (cf. (4.8), and observing in particular
that [lo, — I (o})lloe < cllojllave < ClIPL_ () — unlloq, gives

1PEs(0) = willoe < € {llow — (@) loa + low — Ton)loe + o~ Th@)loa}.  (517)
Now, adding and substracting o, we readily get

lon = ()llog < o —onlog + llo —II(o)

00 (5.18)
Similarly, and utilizing once again the boundedness of ﬁﬁ( (cf. (4.8)), we can write

low =T en)lloe < llo—ouloe + o —IE(e)loge + (e —on)loo

_ (5.19)
< C{llo — aunllog + llo = (@) og + hldivie = on)loa}-
Furthermore, since div(o),) = P, (—f) and div(e) = —f, we have
div(e —on)lon = IIf — Pl ()l (5.20)
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Consequently, replacing ([5.19)) and (5.18)) into (5.17]), making use also of (5.20|) and the already derived
a priori error bound for ||o— o7, [|0,o, and then placing the resulting estimate back into ([5.16)), we arrive
at (5.11)) and conclude the proof. O

Having established the a priori error estimates for our unknowns, we now provide the corresponding
rates of convergence.

Theorem 5.3 Let (o,u) € H x Q and (op,up) € Hp, X Qp, be the unique solutions of the continuous
and discrete schemes and , respectively, and let p, € L*(Q2) be the postprocessed virtual
pressure defined in (5.2)). Assume that for some r € [L,k + 1] and s € [1,k] there hold o|x €
HY . 1(K), flx = —div(e)|x € HYK), and u|x € H*(K) for each K € Ty. Then, there exist

positive constants C1, Ca, independent of h, such that

1/2
lo = anlloa+ Ip—prlog < b § S {llolPe + IEIZ 1k by (5.21)
KeTy,
and
1/2 1/2
lu=willoo < Cob™ § 3" Lol + U0k fp +Cob® S ul2ep . (5:22)
KeTy KeTy,

Proof. The case of integers r € [1,k+ 1] and s € [1, k] follows from straightforward applications of the
approximation properties provided by Lemmas [4.4] and to the terms on the right hand sides
of and . In turn, the usual interpolation estimates of Sobolev spaces allow to conclude
for the remaining real values of r and s. We omit further details. U

We notice that if the assumed regularities in the foregoing theorem are global, then the estimates

(5.21)) and (5.22) become, respectively,

lo = aullog + lp = palloe < i { oo + [£l10 }

and
lu=wilon < Cob { ol + IEl-10 } + Coh®lulyx.

In turn, it is also clear from the range of variability of the integers » and s that the highest possible
rate of convergence for o and p is h*T!, whereas that of u is h*.

We now introduce the fully computable approximations of o and p given by
~ =5 ~ 1 .
oy = I} (op) and P = —5 tr(ah) , (5.23)
and establish next the corresponding a priori error estimates.

Theorem 5.4 There exists a positive constant C3, independent of h, such that

lo ~ &l +lp—Biloa < Cs { o~ T oo + o~ o) on + hlE ~P_y(E)lon } - (529
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Proof. Similarly as at the end of the proof of Theorem we have

~ 1 ~ ~
|p = Prlloo = 5 [tr(o —an)llon < cllo—anloq,
and then, adding and substracting o, we get

00 + llon — i(ow)lon -

lo = anlloo < llo—on

In this way, utilizing the estimates for ||o — o}||0,0 and ||o) — ﬁZ(Uh)HO’Q given by (5.10) and (5.19),
respectively, and employing (5.20]) as well, we arrive at ([5.24) and complete the proof. O

We end this section by remarking, according to the upper bounds provided by (5.10)) (cf. Theorem

5.2)) and (5.24) (cf. Theorem [5.4)), that the pairs (o, ps) and (G, pp) share exactly the same rates
of convergence given by Theorem

6 Numerical results

In this section we present three numerical examples illustrating the good performance of the virtual
mixed finite element scheme , and confirming the rates of convergence predicted by Theorem
For all the computations we consider the virtual element subspaces Hy and () given by
and , with & = 1. In turn, for each Example we take kinematic viscosity 4 = 1 and assume
first decompositions of 2 made of triangles. In addition, in Example 1 we also consider hexagons,
whereas Example 2 makes use of general quadrilateral elements, and Example 3 considers distorted
squares as well. We begin by introducing additional notations. In what follows, /N stands for the total
number of degrees of freedom (unknowns) of , that is, N = dim H}, + dim @Qj. More precisely,
according to and (3.2), and bearing in mind that dimPy(e) = 2(k + 1) V edge e € Ty, and
dimPy_1(K) =k(k+1) VK € Ty, we find that in general

N = 2(k+1) x number of edges e € T, + {3k(k+1)—2} X number of K € Ty,

which, in the case k = 1, becomes
N =4 x {number of edges e € T, + number of K € 771}
Also, the individual errors are defined by

eo(0) = |lo —anllo, e®) = I|p—Drloo, and e(u) := [|[u—ulon,

where o, and pj, are computed according to ([5.23)), and uy, is provided by (5.1)). In turn, the associated
experimental rates of convergence are given by

_ log (eo(o)/ef(0)) _ log (e(p)/¢'(p))
ro(o) = log(h/h’(; C = gty

where e and e’ denote the errors for two consecutive meshes with sizes h and A/, respectively. The
numerical results presented below were obtained using a MATLAB code. The corresponding linear
systems were solved using the Conjugate Gradient method as main solver, and applying a stopping
criterion determined by a relative tolerance of 107!'°. The specific examples to be considered are
described next.

 log (s(u)/¢'(w)
and r(u) := log(h/1) ;
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In Example 1 we consider €2 =0, 1[2, and choose the data f and g so that the exact solution of (2.1
is given for each x := (x1,22)* € Q by

. . + 1 m
u(x) := (sin(mzy) cos(mzy), — cos(mxy) sin(mza)) and p(x) = % -7

In Example 2 we consider the L-shaped domain € :=] — 1,1[?\[0, 1]?, and choose the data f and g
so that the exact solution of (2.1)) is given for each x := (21, 22)* € Q by

x—(1,1)* o 1
(1= 12 + (ms — 1) and  p(x) = x1 + 5

u(x) :=

Finally, in Example 3 we consider the same geometry of Example 1, that is Q =]0, 1[2, and choose
the data f and g so that the exact solution is given for each x := (z1,22)* € Q by

1/3 1/3
u(x) = (22, —z?)* and  p(x) = (23 +23) /3 _ /Q(m%—i—wg) /3.

Note in this example that the partial derivatives of p, and hence, in particular div o, are singular at
the origin. Moreover, because of the power 1/3, there holds o € H°/37¢(Q) and dive € H?/37¢(Q)
for each € > 0, which, applying Theorem [5.3| with » = 5/3 — ¢, should yield a rate of convergence very
close to O(h®/?) for o and p.

In Tables up to we summarize the convergence history of the mixed virtual element scheme
(5.1) as applied to Examples 1 and 2, for sequences of quasi-uniform refinements of each domain. We
notice there that the rates of convergences O(h**1) = O(h?) and O(h*) = O(h) predicted by Theorem
5.3| (when r = k+ 1 and s = k) are attained by (o, p) and u, respectively, for triangular as well as
for hexagonal and quadrilateral meshes. In turn, in Tables and [6.6] we display the corresponding
convergence history of Example 3. As predicted in advance, and due to the limited regularity of p and
o in this case, we observe that the orders O(h%/3) and O(h) are attained by (o, p) and u, respectively.
Finally, in order to illustrate the accurateness of the discrete scheme, in Figures up to [6.12 we
display several components of the approximate and exact solutions for each example.

We end this paper by remarking that the analysis and the numerical examples presented here con-
firm that the mixed virtual element scheme is a quite valid and attractive alternative to solve
the Stokes problem. For further details, in particular those concerning the computational implemen-
tation of , we refer to [I3]. Future developments in the direction of this work should consider
related models such as linear elasticity and Stokes-Darcy coupling, as well as nonlinear problems and
a posteriori error analysis.

Acknowledgements. The authors are very thankful to Lourenco Beirao da Veiga for several remarks
and discussions on this work, and for providing valuable data information for the computational
implementation of the numerical examples.
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N | b | ele) [mle)| el | x) | ew | rw
352 0.354 | 1.028F — 01 — 1.212F — 01 — 1.826F — 01 —
1344 | 0.177 | 2.654F — 02 | 1.953 | 3.036F — 02 | 1.998 | 9.225F — 02 | 0.985
5248 | 0.088 | 6.712E — 03 | 1.984 | 7.660F — 03 | 1.986 | 4.624F — 02 | 0.996

20736 | 0.044 | 1.688E — 03 | 1.992 | 1.931F — 03 | 1.988 | 2.314EF — 02 | 0.999

82432 | 0.022 | 4.233E — 04 | 1.995 | 4.852F — 04 | 1.992 | 1.157FE — 02 | 1.000

328704 | 0.011 | 1.060FE — 04 | 1.998 | 1.217TE —04 | 1.996 | 5.785FE — 03 | 1.000
Table 6.1: Example 1, quasi-uniform refinement with triangles.

N | b | elo) |role)| e | | e | rw
1508 | 0.139 | 3.512F — 02 — 1.462F — 02 — 9.630F — 02 —
6228 | 0.065 | 7.984F — 03 | 1.965 | 3.020E — 03 | 2.093 | 4.619FE — 02 | 0.975
13156 | 0.044 | 3.646F — 03 | 2.025 | 1.282F — 03 | 2.213 | 3.154F — 02 | 0.986
22644 | 0.034 | 2.081E —03 | 2.019 | 7.049FE — 04 | 2.152 | 2.395F — 02 | 0.991
36324 | 0.026 | 1.296F — 03 | 1.968 | 4.297F — 04 | 2.058 | 1.886F — 02 | 0.993
51252 | 0.022 | 9.105E — 04 | 2.020 | 2.966F — 04 | 2.120 | 1.585F — 02 | 0.994
68740 | 0.019 | 6.746F — 04 | 2.018 | 2.17T1FE — 04 | 2.100 | 1.367E — 02 | 0.995
91380 | 0.017 | 5.083E — 04 | 1.968 | 1.619F — 04 | 2.041 | 1.185F — 02 | 0.996

Table 6.2: Example 1, quasi-uniform refinement with hexagons.

N | h | eo) |xlo)| e | x(m) | e | x(u)
272 0.707 | 3.866F — 02 — 3.7T7T0F — 02 — 1.131F - 01 —
1024 | 0.354 | 9.502F — 03 | 2.025 | 7.461E — 03 | 2.337 | 5.747E — 02 | 0.976
3968 | 0.177 | 2.507E — 03 | 1.922 | 1.851F — 03 | 2.011 | 2.888F — 02 | 0.993
15616 | 0.088 | 6.419F — 04 | 1.966 | 4.549F — 04 | 2.025 | 1.446F — 02 | 0.998
61952 | 0.044 | 1.625E — 04 | 1.982 | 1.141F — 04 | 1.996 | 7.231E — 03 | 1.000
246784 | 0.022 | 4.100F — 05 | 1.987 | 2.867E — 05 | 1.992 | 3.616FE — 03 | 1.000

985088 | 0.011 | 1.029F — 05 | 1.995 | 7.179E — 06 | 1.998 | 1.808E — 03 | 1.000

Table 6.3: Example 2, quasi-uniform refinement with triangles.

N h eo(o) ro(o) e(p) r(p) e(u) r(u)
176 0.800 | 6.059F — 02 — 3.400F — 02 — 1.352F — 01 —
640 0.431 | 1.736E — 02 | 2.020 | 8.099F — 03 | 2.319 | 7.081EF — 02 | 1.045
2432 0.215 | 4.347E — 03 | 1.989 | 1.352F — 03 | 2.571 | 3.584F — 02 | 0.978
9472 0.110 | 1.097E — 03 | 2.050 | 3.182F — 04 | 2.154 | 1.7T96F — 02 | 1.028
37376 | 0.055 | 2.746FE — 04 | 1.990 | 6.277E — 05 | 2.332 | 8.997F — 03 | 0.993
148480 | 0.028 | 6.873E — 05 | 2.066 | 1.328E — 05 | 2.317 | 4.504F — 03 | 1.032
591872 | 0.014 | 1.718 E — 05 | 2.015 | 2.987F — 06 | 2.168 | 2.253F — 03 | 1.007

2363392 | 0.007 | 4.295FE — 06 | 2.002 | 7.091F — 07 | 2.077 | 1.127E — 03 | 1.001

Table 6.4: Example 2, quasi-uniform refinement with quadrilaterals.
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N h eo(o) | o(o) e(p) r(p) e(u) r(u)
352 0.354 | 3.626E — 03 — 4.324F — 03 - 9.552F — 02 -
1344 0.177 | 1.215E — 03 | 1.578 | 1.406E — 03 | 1.621 | 4.802F — 02 | 0.992
5248 0.088 | 3.963E — 04 | 1.616 | 4.522E — 04 | 1.636 | 2.405E — 02 | 0.998

20736 | 0.044 | 1.275F — 04 | 1.636 | 1.444F — 04 | 1.647 | 1.203F — 02 | 1.000
82432 | 0.022 | 4.070E — 05 | 1.648 | 4.591E — 05 | 1.654 | 6.014E — 03 | 1.000
328704 | 0.011 | 1.293E — 05 | 1.655 | 1.454FE — 05 | 1.658 | 3.007TE — 03 | 1.000
1312768 | 0.006 | 4.093L — 06 | 1.659 | 4.598FE — 06 | 1.661 | 1.504EF — 03 | 1.000

Table 6.5: Example 3, quasi-uniform refinement with triangles.

N | k| eo) |mole)| e | x| e(w) | x(u)
64 0.707 | 3.088FE — 02 — 4.188F — 02 — 2.285F — 01 —
224 0.495 | 1.211EF - 02 | 2.624 | 1.601E —02 | 2.696 | 1.267E — 01 | 1.654
832 0.277 | 4.451FE — 03 | 1.722 | 5.858F — 03 | 1.729 | 6.757E — 02 | 1.081

3200 0.143 | 1.337E — 03 | 1.812 | 1.797FE — 03 | 1.780 | 3.447FE — 02 | 1.014

12544 | 0.072 | 3.985FE — 04 | 1.765 | 5.423F — 04 | 1.747 | 1.732E — 02 | 1.003

49664 | 0.036 | 1.214FE — 04 | 1.720 | 1.659F — 04 | 1.714 | 8.673E — 03 | 1.001

197632 | 0.018 | 3.744F — 05 | 1.698 | 5.125F — 05 | 1.695 | 4.338EFE — 03 | 1.000

788480 | 0.009 | 1.164F — 05 | 1.686 | 1.594F — 05 | 1.685 | 2.169F — 03 | 1.000

Table 6.6: Example 3, quasi-uniform refinement with distorted squares.
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Figure 6.1: Example 1, 6411 and o1 for a mesh with triangles (N = 20736).
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