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EXPONENTIAL STABILITY TO TIMOSHENKO SYSTEM WITH SHEAR
BOUNDARY DISSIPATION

MARGARETH ALVES, JAIME E. MUNOZ RIVERA, AND MAURICIO SEPULVEDA

ABSTRACT. In this paper we consider a Timoshenko model with boundary dissipation over
the shear force effective in only one side. We prove that to get the exponential stability of
the related contraction semigroup, the equality of the wave propagations is not enough, it is
necessary additional conditions over the coefficient of the system.

1. INTRODUCTION

In this work, we study the stabilization of a Timoshenko model system which arises in the
theory of the transverse vibration of a beam. This system is given by

p1ot — K (pz + 1), =0 in (0, ¢) x (0,00), (1.1)

P2¢tt—b¢m+/’i(%+¢):0 in (O,E)X(0,00), '
where t denotes the time variable, x the space variable along the beam of length ¢ in its equi-
librium configuration; S = k(y; + 1) and M = b, denote the shear force and the bending
moment, respectively. We denote by ¢ = ¢(x,t) the transversal displacement(vertical deflec-
tion) and ¢ = v¥(x,t) is the rotation angle of the filament. Here p; = pA, ps = pI, k = KAG,
b = EI, where p denotes the density, A is the cross-sectional area, I is the area moment of

inertia, F is the modulus of elasticity, K is the shear factor and G is the shear modulus.
Here from on we consider the system (1.1) with the initial conditions

(10(1'70) = 900(‘7:)7 (pt(x70) = 901('%)7 1/1(9570) = 1/}0(‘7:)7 wt(‘rao) = wl(x) in (076)7 (12)
and the boundary conditions

e, t) =0, ¥(0,t) =0 in (0,00),

1.
Ka(0,1) = v¢i(0,1),  1ha(f,t) =0, in (0,00), 43
with v > 0.

Several authors studied the Timoshenko model with different mechanism of dissipation and
the most of them considered this mechanism effective only on the bending moment. We mention
here a few of them. For Timoshenko model with frictional damping we can refer to, e.g., [1,22].
There are also several works analyzing Timoshenko models with thermal dissipation, depending
on the Fourier law (see, e.g., [2]) or the Maxwell-Cattaneo law (see, e.g., [10,21]) or the Pikpin
and Gurtin constitutive law (see, e.g. [8]) for the heat flux or with thermoelasticity of type
III (see, e.g., [15,16]). In case of the Timoshenko model with dissipative memory effect, we
recall [5,9,14]. In all this cases, except for the Timoshenko model with Maxwell-Cattaneo law
(see [8,10]), the condition necessary and sufficient for a corresponding semigroup associated to
system be exponentially stable is that the wave speeds of the system are equals, that is,

kb

P1 ,02'
For dissipation boundary to model Timoshenko we have the pioneer work due to Kim and
Renardy [11]. They showed that the model with the dissipation effective in the shear force and

(1.4)
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the bending moment is exponentially stable. This result has been extended in [24] for a more
general dissipative boundary condition.

Ammar-Khodja et al. in [6] proved that the exponential stability holds "up to a finite dimen-
sional space of initial data”, provided that the dissipative mechanism is effective in both sides
of the boundary of the bending moment (see [7, Theorem 2]). This means that the authors do
not consider dissipative mechanism over the shear force, they only consider over the bending
moment, but they claim that is possible that there exist some initial data, in a finite dimensional
space, for which the exponentially stability does not holds.

Concerning of the Timoshenko system with only one boundary dissipation mechanism the
situation is completely different. That is to say, in this case the equality of the speed waves is
not sufficient to establish exponential stability. In fact, Bassam et al. [7] showed the polynomial
stability for the Timoshenko system with boundary dissipation mechanism only on one side of
the bending moment, provided the coefficients of the system satisfy some conditions.

The main result of this paper is to prove that when the length ¢ of the interval is small the
corresponding semigroup associated to system (1.1)-(1.3) is exponential stability if only if the

condition (1.4) holds and

(f — 33 , 2w (20)°

s F <—> ) (1.5)
Jji +75 b\«

for all natural odd numbers ji, jo, 71 7 Jj2-

The remaining part of this paper is organized as follows. In the next section 2, we show that
the model is well posed. In section 3 we show that there exists the condition that ensure the
strong stability of the semigroup associated to system (1.1)-(1.3) and in section 4 we prove that it
is exponential stable when (1.4)-(1.5) hold. Our main tools are recent results due to Priiss [20] as
well as spectral arguments. Finally, in section 5 we calculate numerically some large eigenvalues
near the imaginary axis using the Chebyshev-tau method [18], and we present some numerical
results illustrating the asymptotic behavior of the energy based on Finite Differences of second
order and the f—Newmark Method [12].

Throughout this paper, C' is a generic constant, not necessarily the same at each occasion (it
will change line to line), which depends in an increasing way on the indicated quantities.

2. EXISTENCE AND UNIQUENESS

In this section we will show the well-posedness of the problem (1.1)—(1.3) using the semigroup
techniques (see [19]).

Firstly, we introduce the notation. Given a Banach space X, let || - ||x be the usual norm
defined on X. In particular, we denote by (-,-) and | - || the inner product and the norm defined
on L%(0,¢), respectively. Before stating the existence and the uniqueness result of problem
(1.1)-(1.3), we first set-up the following short-hand notation for function space

H{(0,0) = {ue H'(0,6) : wu(f)=0},
H(0,6) = {ue H'(0,0): u(0)=0}.
The phase space of our problem is the Hilbert space
H = H!0,0) x L*(0,£) x H(0,¢) x L*(0,¢),
provided by inner product

¢ - e
(o1, P1,701, 1), (2, P2, 12, W)y = H/o (12 + 1) (p2r + 2)dx + b/o V1atp2.dz

4 74
+ p1 / O Dodx + ,02/ U Wodx
0 0
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and normed by

(0, @, 90, W) |3, = &lls + 91+ prl @12 + bllba || + pal [P
Putting ® = ¢; and ¥ = ¢/ and introducing the state vector

U(#) = (1), (1), (1), ¥(1) ",
the system (1.1)—(1.3) can be written as a Cauchy problem in #H of the form

d
EU(t) =AU(t), (2.1)
U(0) = Uy,
where Uy = (@0, @1, %o, ¥1)" and A : D(A) — H is the operator linear given by
[ 0 1d 0 0 ]
K K
—(Jaz 0 —()a 0
A= P1 P1
0 0 0 Id
K b K
—— () 0 —()ge——1Id O
L /72( ) P2( ) P2 i

while domain D(A) is the subspace

D(A)={U e H:p,¢p € H*0,0),® € H(0,£),¥ € H(0,£), kpz(0) — v®(0) = 0,1p5(£) = 0} .

It is not difficult to show that the operator A is dissipative, that is,
Re(AU,U)y = —y|®(0)]> <0, VU € D(A),

and that 0 belongs to the resolvent set p(A). Consequently, it follows from the Lumer Phillips
Theorem that the operator A generates a Cy-semigroup of contractions

Sp(t) =€ H - H

(2.2)

on the space H. Hence

Proposition 2.1. For any Uy = (goo,gpl,¢0,1/)1)T € H the problem (2.1) has a unique weak
solution U(t) = S (t) Us = (@(t), pe(t), (), ()" in U € C([0,00) : H). Moreover, if Uy €
D(A™) then

UeC"k(0,00) : [DAFN])NC™(0, 00): H), k=1, ..., n.

3. STRONG STABILITY

In this section we will prove the uniform stability of the semigroup {S4(t)}+>0. Therefore we
will need to study the resolvent equation (iA1 — A)U = F, namely

iNp—® = f; in H}(0,¢), (3.1)
i1 ® — K (pr + 1), = f2 in L*(0,0), (3.2)
iXp— U = fs in H0,0), (3.3)
N2 U — bipyy + K (py + 1) = f1 in L*(0,0), (3.4)

where F' = (f1, fo, f3, f4)" € H, U = (p,®,7),¥) € D(A) and A € R. Taking the real part of
the inner product in H of AU with U € D(A) we obtain

[Re(AU, Up| < [|U [l [l (3.5)
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and using (2.2) we get

1
[2(0) < ;HUHHHFHH- (3.6)
By (3.1) we conclude that
C C
p(0)* < WIIUHHHFHH + EHFH%{ (3.7)
for a positive constant C. Since kp(0) = y®(0), it follows that
2 (O)* < CIU Nl Pl (3:8)

for a positive constant C'.

Lemma 3.1. The imaginary axis iR is contained in resolvent set p(A) if only if
(p1bs7 — p2rg3)(p2rii — p1bj3) 20\ ?
L # p1a(p1b + par) | — (3.9)
(7 +43) 0
for all natural odd numbers j1, jo, j1 # jo-

Proof. Since D(A) has compact immersion over the phase space #H, the bounded linear operator
A~!':H — H is compact and then the spectrum o (A) has only eigenvalues. We will prove that
A does not have pure imaginary eigenvalues.

By contradiction argument, let 0 # U = (¢, ®,1, ¥) € D(A) and 0 # X € R such that

AU = i),
manely,
iXp—® =0 in H}0,¢), (3.10)
iAp1® — K (pp +10), =0 in L*(0,0), (3.11)
iN)— W =0 in HL0,0), (3.12)
iNoa W — bipyy + K (e +10) =0 in L*0,0), (3.13)

Our goal is to find a contradiction by proving that U = 0. Since
(AU, U) = AU,
it follows that Re(AU,U) = 0, and from (2.2) we have
B(0) = 0.
Hence, from (3.10) and by the condition ry;(0) = y®(0) we obtain
©(0) =0, ©,(0)=0, and ®,(0)=0.

Moreover, as 1(0) = 0 and ¢,(0) = 0 we can conclude by (3.12)-(3.13) that ,,(0) = 0.
Therefore, by (3.11) we have that

Finally, since that 1, (¢) = 0 it follows by (3.11) that
0z (0) = 0.

From equations (3.10) and (3.11) we have

wa:c:c = _)‘2%b§0:c:c - b@x:{:x:c
and from (3.12) and (3.13) we obtain
wa:c:c = ("i - )\2p2)7/}x + KPrz-



EXPONENTIAL STABILITY TO TIMOSHENKO SYSTEM WITH SHEAR BOUNDARY DISSIPATION 5

Thus, we get 1, in function of ¢, and Yiu... Substituting 1, into (3.10) we get that ¢ is a
solution of the ODE

Kb Prrrx + (Plb + 025) )‘2909096 + (Plp2)\4 - Plﬁ)\Z) Y= 07 (314)
whose general solutions depends on the roots of the polynomial
p(r) = kbr* 4+ (p1b + par) N2r? + (plpg)\4 - pm)\2) , (3.15)

which are given by

r:i\/g(%%) ST Ty YT

In case of
p1padt — p1eA? =0 (3.16)
ie,
=L
P2
we have that » = 0 is a double root of (3.15). Denoting by r; = ia, r9 = —ic, r3 = r4 = 0 the

roots of (3.15), the general solution of (3.14) must be of the form

o) = 1" + coe™" Y 4 3 + ey

Due to the boundary condition ¢, (0) = 0 we have that ¢; = co. Therefore we can write
o(x) = 2¢1 cos(ax) + c3 + cyx.
Since ¢, (0) = 0 we have that ¢4 = 0. Using that ¢(0) = 0 we get that c3 = —2¢; and thus
o(z) = 2¢1(cos(ax) — 1).
Finally, using ¢(¢) = .. (¢) = 0, we obtain
2¢c1(cos(al) —1) =0 and 2c;a? cos(af) = 0.

Therefore we obtain that ¢; = 0. This implies that ¢ = 0. Therefore, using (3.11) we get that
1 = 0. So we arrive at contradiction. We conclude that the equality (3.16) does not hold.

Now we can suppose that the polynomial p(r), given in (3.15), has two imaginary roots and
two real roots, then its roots are of the type r1 = iaq, ro = —iaq, r3 = a9, r4 = —ay with
|a| # |aa|. Therefore the solution of the ODE (3.14) can be written as

() = 1" + coeT"MT 3227 4 cqe” *2,
Using that ¢, (0) = ¢z.2(0) = 0 we obtain that
i (e —c2) + ey —cqg) =0, —iad(c; — c2) + a3(cs —¢q) = 0,
and we conclude that
cp =cy and c3=c4.
Since ¢(0) = 0 we have ¢; = —cg and , hence the function ¢ must be of the form

o(x) = 2¢1[cos(arz) — cosh(agx)).
Proceeding as before, if ¢; # 0, using that ¢(f) = . (¢) = 0 we obtain

cos(al) — cosh(agl) =0,
a?cos(arl) — a3 cosh(agl) = 0.

Since || # ||, it follows that cos(aif) = 0 and cosh(agl) = 0, which is not possible. There-
fore, ¢ = 0 and then ¥ = 0. Our conclusion follows.
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Now, we suppose that all the four roots of the polynomial (3.15) are imaginary and different,
that is, 71 = iqq, ro = —iqq, r3 = iag, 14 = —iag with 0 < ag < aq. Therefore the solution can
be written as

(,D(l‘) — Cleialx + C2e—ioc1:c + Cgeioazsc + C4e—ia2x‘
Using that ¢, (0) = ©z22(0) = 0 we get
ar(er —ez) +aoes —ey) =0, ad(cr — )+ ai(es —cq) = 0.

Since a # ag we conclude that ¢; —ca = ¢3—cg = 0. Moreover using that ¢(0) = 0 we conclude
that ¢; = —c3. Hence, the function ¢ must be of the form

o(x) = 2¢1[cos(arz) — cos(agz)].
If ¢; # 0, since ¢(£) = @,(¢) = 0 we obtain

{ cos(apl) — cos(agl) =0,

a2 cos(a1l) — a2 cos(azl) = 0,

and as a1 # as we conclude that
cos(af) =0 and cos(agl) = 0.

Therefore, there are non negative integer numbers m, n, m # n, such that

(I +2m)7 ~ (I+2n)7
NT T 0 T T
ie. )
nm Jom .. o,
aq 20’ (5 20 Ji, 2 €N, 75]27 ( )
with ji, jo being odd numbers. Note that
b
o?+al= <M> A2 (3.18)
kb
and
kbaf — (p1b + pak) N2 + (plpg)\4 — pl/-i)\z) =0. (3.19)

Substitution of a; given by (3.17) and A given by (3.18) in (3.19) yields

b (30) ' stontst = 303 (3)' + 2 (3)'

(p1b + p2r
2
_pETh e (1)2_
(plb—i-pz/i)(jl +j2) 2/ —07
ie.,
2p? p1K2b 20\ 2
—bri2i2 + P1P2K 2 N2 2 4 42 <_> —0.
J2J1 7(/)16—#/)25)2( i+72) bt o) (i +J2)
Thus we get

bt — pak j3)(pak 3 — p1bj3 20y°
(p1bji — p2 222)(022 Ji — p1b33) = p1(p1b + p2k) <_>

(i +73)
for ji, jo being natural odd numbers, j; # jo, which is not possible due to hypothesis (3.9).

Then the unique solution of the equation (3.14) must be ¢ = 0. In that case we conclude that
1 = 0. So our conclusion follows.
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4. EXPONENTIAL STABILITY

The main aim of this section is to prove the exponential stability of the corresponding semi-
group associated to system (1.1)—(1.3). Our main tool is the well known result (see [20]):

Theorem 4.1. Let {Sg(t)}+>0 be a Cy-semigroup of contractions on Hilbert space H with infin-
itesimal generator B. Then S(t) is exponentially stable if and only if

(a) iR C p(B),
(6) T [1(GAT — B) | sy < 0.
Here and in what follows we assume that (3.9) holds. Given F' = (f1, fa, f3, f4) € H and

A€ER, let U= (¢,P,7,V¥) be the unique solution of the resolvent equation (iAl — A)U = F,
namely

ip—®=f in H}0,P), (

A1 ® =k (pp + ), =pifz in L*0,0), (

iNp— U = f3 in HN0,0), (4.3
(

iN2 W —btbag + K (0o +9) = pofs in L*(0,0).
Let us introduce the following notation
Zy(@) = p2|W(@)* + bl ()%,
Ty(a) = pr|@()[* + Klps(a) + v(a)?,
I(e) = Zp(@) + Ly (o),

4
7- /O (Tos) + T (s))ds.

Lemma 4.2. For any q € H'(0,/) we have that
¢

¢
/0 q'(s)Ly(s) ds = q(oz)I@(oz)|€ + 2p;p Re/0 q(x)®V dr + Ry, (4.5)

¢ ¢
/ q'(s)Zy(s) ds = q(a)Iw(a)lg — 2/<;Re/ q(pz + ), dz + Ro, (4.6)
0 0
where the term R; verifies
|Rj| < CllUll|Flla, =1, 2,
for a positive constant C.
Proof. To get (4.5), let us multiply equation (4.2) by q(¢. + ). Integrating on (0, ¢) we obtain

4 - / - Y
iAp1 /0 g (g +)dr — K/o (P2 + V)2 q (0 +Y)dz = p1 /0 f2q (e +1)du,

Y4 VA Y4
- p1 / Oq(iNp, + i\p)dx — fi/ (0r + 1)z q (e +)dx = py / f2q (g +)dz.
0 0 0

Therefore, taking the real part we get

l 4 4
P1 d 2 I d 2 / —
iy ——|®|%dr — 5 — |z do = dWd
2/, Q(s)dx! |“dx 2/0 qu\go +¢|*dx = p1 Re ; q x

¢ l
+p1Re/0 q<I>(f1x+f3)d$+PlRe/0 qu(gpm+¢)dﬂf

M
=72
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Performing an integration by parts we arrive at

Y4 ¥
/0q'(s)[p1]®(s)]2+/£]cpx(s)+¢(3)\2] ds:qI¢\€+2p1Re/0 0T dz + Ry, (A7)

Similarly, multiplying the equation (4.4) by ¢i/, and integrating on (0,¢) we obtain
l

/ / YA
iAo / VT, dr — b / Qe Trd + 1 / (0 + ) 4 Byda = po / 14, de
0 0 0 0

and taking the real part we get

4 4 0
“paRe [ qUdo~0Re [ waBide = —nRe [ alps+ 0T, ds
0 0 0

Y ¢
+p2Re/ \I/quxda:—FpQRe/ faqi,dx.
0 0

_Ry
-2
Therefore
_ P ' (s)i]\I/Pds—é/é i\w |?ds = —k Re /Z (0 + ) dw+&
5 | 1), 3 ), 4 gz Itelds = - ales . 5
Integrating by part implies
¢ ¢
| AP + (o)) ds = aTulf ~ 2% [ ala + )0 dut Ba (48)
0 0

Our conclusion follows.

Remark 4.3. Multiplying equation (4.2) by @, performing integration by parts and proceeding
as made in the last Lemma we get

¥/ YA
/0 (0118 + wlooPldz = q(@) T (@)} + 24Re /0 G onts dz + R, (4.9)

whit |R}| < C||U||4||F||ln, for a positive constant C'. Summing (4.9) and (4.6) we obtain the
following observability result

l
0Tl + a(@)Tof@)ls = [ ol OF + pal U 4wl + Ul + R,

with
/ C 2
Ryl < CU |l Flln + WHUII :
Lemma 4.4. We have that
e ¢ ¢
b Re 0, (0)5210) — bx Re/ o, Tz + /1/ (on + 1Pz = b/ o Pdz+ By (4.10)
0 0 0
where Rs = bR3 + bRy,
x=2_n (4.11)

and
1%

[ B3| < CllU|[F i3 and  |Rq| < o

U153,
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Proof. Multiplying equation (4.2) by 1, and (4.4) by %,, integrating on (0,f) we obtain the
equations

¢ ¢ ¢ ¢
— pl/ OV, dr — lﬁ:/ (pz + V) de = pq / D f3 dx + p1 f2 Y, dz,

¥
—pz/ VB, dr — b wm %W)d:cm/(%w)(%w :—b/ e D

z ¢
+ /1/ (¢ + V)vdx + p2 f4¢x dx + pa / U f,dx.
0 0 0

Taking the real part of each one of the above equations and summing the results we obtain

(ﬂ—?>Re/£@x@dx—Re/0£%[(%+1/1)E Jdz + — / oz + ¢l dx——Re/ Yoz Pd

K
P1 g p1 S P2 - 2 —
+ Re <—/ (I)fgmdx 4+ — / f2 1/de(£ + — / f4(,0x dx + —/ \I’flxdx>
K Jo K Jo b Jo b Jo

:=R3

+Re—/ (,Ox—i-l/J Ydx .

=Ry

Due to boundary conditions ®(1) = ¥(0) = ¥(0) = v,(I) = 0, after that we perform some
algebraic manipulations we obtain (4.10).

Lemma 4.5. We have that
¢ 4 ¢
p2/ |U|2dx = ﬁ/ |z + ¥|*dz — bRe 1,(0)p,(0) — bx Re / U, dr + R, (4.12)
0 0 0

where x is given in (4.11) and |Rg| < C||U || || F |3, for a positive constant C'.

Proof. Multiplying equation (4.4) by ¢, + 1 and integrating on (0, ¢) we obtain
¢ ¢ ¢
H/ 0o+ 2de = p2/ V@, + O)dz + bibalpn T 0) | —b/o Vel T D)ada
0 0
¢ ¢
+ Pz/ fa(oz +¢)dz + p2/ U(fie + ¥)de
0
¢ bp1
= pz/ \‘If\2dw+pz/ VO, dr + bipe (00 + ¥) [0 + / U, Odz

¢
+P2/ falps + 1), dw+ / ¢xf2dx+/72/ U(f1y + V)da.

Therefore we have that

¢
/ oz + | da = pg/ | |?dz 4 bRe ¥y (02 + ) | + PlRe UO |5 +b xRe / Vo, dr
0

Z N —
+ p2Re / falps +)dzx + / Yy fodz + Pz/ U(fie + ¥)dz

:=—Rg

¢ e
= pa [ |¥%dz + bRe ¢,(0)0,(0) + b xRe / Ud,dr — Rg
0 0
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where
|Rs| < ClIU |l F |l

Lemma 4.6. There exists a positive constant C' such that

/ /
. / 0 + 92z = pr / B2dz + £ Re @, (0)2(0) + Ry + Re, (4.13)
0 0

where
C
|R7| < CIU || Fll3e and  |Rs| < WHUII%-

Proof. Multiplying the equation (4.2) by p, integrating on (0, ¢) and integrating by parts we get
‘ ¢ ¢ ¢ _
o1 [ OTpdn ke 050+ [ ot vPde=pn [ fipda k[ o+ v
0 0 0 0
Since iAp = ¢ + f1 we have

¢ ¢ ¢ ¢
k‘/ |z + ¢|2d:17 =p1 / |<I>|2d:17 — kRep(0)p(0) + lee/ fopdxr + ,01Re/ ® fidx
0 0 0 0

=Ry

é J—
+ k‘Re/O (pz + )dx .

:=Rg

Our results follows.

Lemma 4.7. Suppose 0 < { < %. Moreover, assume that x =0 and

Ut 33, 2n (%)2
J2+ j2 b \m) "’
for all natural odd numbers ji, jo, j1 # jo. Then there exists a positive constant C such that
[GAT = A)|[z) < C
for |\| large enough.

Proof. 1If we consider in (4.5) the function ¢(z) = — ¢, x € (0,¢) then we get

¢ ¢
/ Zy(x)dz = lk|p,(0) +1(0)[> + p1£|®(0)|* + 2p1 Re / (x —0)®V dx + Ry.
0 0

Applying the Young inequality and using estimates (3.6), (3.8) we obtain

/OZI@(:U)dx

IN

¥/
21 /0 BT [dz + C U 30| F e

IN

l l
P1
% [ 10rde+ 20 [ [Pda s Ol Pl
0 0

Therefore
40 py

l 4
| Twar < | pl¥de + CIU Tl Pl (4.14)
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By equations (4.12) and (4.13) we obtain

A 1 ¥4 1 Y4
/ po|U|2dx = 5/ K|pe + Pdx + = / K|pe + V)?dz — bRetp,(0)¢,(0) + Rg
0 0 0

2

) -
_ % /0 [01|®[* + Klpe + 1|*]dz + kRep, (0)0(0) — bRetby (0)p, (0) +

-

R;.
7=6
It results by equation (4.14) and estimates (3.7) and (3.8) that

Y4 2 Y4
20 C
/0 plvfae < 2L /0 palW2dz + CIU | Fllye + s

C
U3,

C
FI3 + =

+ ClYz (0)]lez(0)] + W'

Thus

20107
(1— p12 )/ pa|Odz < C|U |l Flls + Cleo(0)[02(0)]
c C
WU F Nl + 5 1 F I3, + HU||2
D DAY

for a positive constant C'. From the equation (4.10) and from the estimates (4.14) and (4.15)
we obtain

(4.15)

l
| WulPda < CIUIl Pl + o)l 0)] + U1 + CIFIB
for |[A| > 1. Therefore, we have
4
| Zota)ds < CIUI Pl + CliseO)lle: O + 101+ CIFI— (416)

for a positive constant C' and |\| > 1. By (4.14), (4.15) and (4 16) we obtain

I < ClUulFln+ Clee(0)]|ex(0)] + == ||UHH+C||F||H7 (4.17)

R
for a positive constant C' and |[A\| > 1. In Lemma 4.2, taking ¢(z) = = — [ and summing the
equations (4.5) and (4.6) we get
¢ ¢
RO + O +0OF) < T+2¢ [ [0l|0lds + 25t [ o, +vllislds
0 0

+ ClUwl F I3
Therefore using (3.8), (4.17) and the Young inequality we obtain

bl
Upr|PO) + rla(0)* + b2 (0)*) < ClTInllF o + 1w (O + 1= HUHH +C|IFII3.

RY
Finally, it follows from last estimate and from (4.17) that

C
(1= 157 W < I (4.18)
for [A\| > 1 and a positive constant C'. Our result follows.

Theorem 4.8. Assume that the conditions of the Lemma 4.7 hold. Then semigroup {Sx(t)}+>0
18 exponentially stable.

Proof. The result follows from Lemmas 3.1, 4.7 and Theorem 4.1 and due to continuity of the
operator (A —A)~! on C.
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5. NUMERICAL EXAMPLES

In this section, we present some numerical results illustrating the asymptotic behavior of the
energy and importance of the different conditions and assumptions for the exponential decay.

5.1. Numerical study of the spectrum. We present numerical results on the linear stability
of our system. We use normal mode analysis and set

$(x,t) = M P(x),  Y(z,t) = NQ().
Thus, (1.1), (1.3) become the following eigenvalues problem:
P+ Q) = NP (5.
bQue — (P + Q) = XQ (5.
(5.
(5.

(U R

)
)
kP(0) = AyP(0) )
P(l) = Q) = Q) = 0 4)
We discretize P(x) and Q(z) by the Chebyshev-tau method [18] (see also [11]). This is a
spectral method where the expansion functions are the Chebyshev polynomials T}, (z) defined by
T, (cos ) = cosnf when z = cos§. This method approximates discrete eigenvalues belonging to

C*° eigenfunctions with infinite-order accuracy. We rescale the spatial variable to z = 2z/¢ — 1,
so that —1 < z < 1. We set

N
= anTn(z), and Q(z an n (5.5)
n=0

and substitute into (5.1)-(5.4). The four boundary condltlons are imposed as part of the condi-
tions determining the coefficients p,, and g,. The (4N +4) x (4N + 4) matrix equation is given
by
O I O O\ (pn I
Kl O K2 O Tn -\ O 1070 (@) O Tn
O O O 1 an | O O I O n
K4 O K3 O Zn O O (@) 1070 Zn
where K;, with i = 1,...,4 are the matrices applied to the coefficients of the series (5.5), O are
the null matrix, I the identity and Iyo = diag{1,...,1,0,0}.

O O O\ /p
(5.6)

5.2. Some examples for different cases. In this subsection we show some numerical exam-
ples of the spectrum for different cases. Here we assume that N = 500. In Figure 1, we observe
the spectrum for different sizes of L, with the coefficients p; = po = kK = b = 1. That is,
we consider here the case p—”l = p%. In the same Figure 1 we note that for ¢ = 0.25, ¢ = 0.5,
{ = 1.0 and even £ = 2.0, the spectrum is well separated from the imaginary axis, as is to be

expected when exponential decay of energy. Recall that Theorem 4.8 requires the assumption
0</t< 2p , that in this example holds for £ < 1/4/2. However, for the case £ = 5, it is nu-

merically observed that the spectrum approaches the imaginary axis with a pair of eigenvalues
that apparently are on the imaginary axis. In this example there is not exponential decay since
besides not verified hypothesis of Theorem 4.8. Further observed that in all cases of this Figure
1 (J1 Jz) 7& 2K (%)2
] —|—‘]2 b s :
Furthermore, we observe in Figure 2, several spectral examples with parameters such that
2% (%)2 _ (7-53)?
b \m 24420
parameters converging to this condition. The graph in Figure 2(A) shows a set of three spectra,

or, when this condition is verified asymptotically, i.e. for a sequence of

9 2\2
in which the fixed parameters are £ = 0.25, po =k = 1.0, and p; = Kk = %(J;Qf;g (25) for three
1 2

pairs of odd indices (j1,j2). We observe in the three cases for this graph ((j; = 3,72 = 1), (j1 =
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Eigenvalues
100 : : ‘ ‘ ‘ — ‘
o
O  L=0.25 j:
sof| + L=05 % N o i
— +
. L=1.0 % M o
oo =20 4 o .
L=5.0 £ H
o
a0} g 4 1
bd H o
g i
20 g M o .
. § {
g X, « e L0
S o o X e o q
E £ {
-20 g H © 1
bd H o
g H
40 g + o J
H
g H
60| g i o i
-80+ 2 i 0o 4
g +
-100 L L L §A L L L L o L L
=05 -045 -04 -035 -03 -025 -0.2 -015 -01 -005 O
Real
. 2_;2)2 2 .
FIGURE 1. Exponential Decay: case & = £ and % # 27“ (2—4) . Eigenval-
p1 P2 J1t+73 ™
ues for different sizes of L.
Eigenvalues Eigenvalues
200 ; 4 1000 —
e T
i=3,1,71 3‘:‘? 800} - m=8 ! !'
150~ j.=5,j.=1 = 1. ¥
O 1,750, §¢ { }
o & 600} .
I R R { i
8811 400+ 4 R
| Q%+ B i
o 8 Bt > 2007 A !
g gre g ’
=) 0 o, # =) or .
E 8 X Q E U <,
£ Q o = -200f 4 ¥
501 36t H }
fojoges _a00L t i
o0+ 400 o
-100 L } 1
i -600 - .
& ‘ .'!
-1sor ¥ -800} H *x
5 *
00 ‘ ‘ ‘ . 81 o]
-0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 -0.1 -0.09 -0.08 -0.07 -0.06 -0.05 -0.04 -0.03 -0.02 -0.01 0 0.01
Real Real
(A) Eigenvalues for different values of j; and jo (B) Eigenvalues for the case po = b = 1 and
; — b= _ . G7-43)° (72 e _m (T2 s _
with po =b=1and p; =Kk = 30T (%) p1=r="2 (%) withm=38.

L. 2 2 52)2
FIGURE 2. Spectra for parameters around condition 27’{ (%) = %, when

it is verified, or when an infinite number of cases approaching it.

5,jo = 1) and (j; = 7,j2 = 1)), the three pair of eigenvalues on the imaginary axis, or at least
very close to this (away by some numerical inaccuracy). This eigenvalues are A3 ~ £i14.0496,
As1 ~ £122.6543 and A7 ~ +i31.4159, respectively.

On the other hand, the graph in Figure 2(B) shows the spectrum with the parameters ¢ = 0.25,

p2=r=10,and py = K =7 (%)2, with m = 8. This case is special, and corresponds to the

accumulation point of the sequence of consecutive indexes odd (j1, j2), with jo = j3 +2. That is
2 232
lim 7(]?2 ],22) =38
Here, there are countless pairs of indices close to the condition, but that equality is not verified
for any of them, then in theory should be exponential decay, and the values themselves distanced
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from the imaginary axis. However, numerically and as shown in Figure 2(B), a large number of
eigenvalues pasted to the imaginary axis is observed.

Initial Condition Exponential decay of the energy in semilog scale
T T T

0 10°
Energy
-0.2} 1 —y=ce"!
-0.4
= -0.6
T 08 €,
S m
& 0
-1.2}
-1.4}
-1.6 . . . . 10° : : : :
0 0.05 0.1 0.15 0.2 0.25 0 200 400 600 800 1000
X time t[sec]
(A) ¢(,0) = cos(3Zx) — cos(Z ) (B) Exponential decay of the Energy.
FIGURE 3. Exponential decay of the Energy for L = 0.25, with parameters
K _ b (i1—=345)* 26 (20)2 . . _ ot s
such that o= and pEany i (W) . Comparison with y = Ce® with

C =0.0025 and o = —0.0046.

5.3. Numerical study of the energy decay. We study numerically here, the decay of Energy.
For this, we use Finite Difference (of second order in space and time) which are more stable
than the Chebyshev-tau method for solving evolution equations. Furthermore, the method of
B—Newmark is a second order method preserving the discrete energy always when the discrete
system of equations of motion is symmetric (i.e. matrices associated to the system should be
symmetric).

We consider J an integer non-negative and h = ¢/(J + 1) an spatial subdivision of the interval
(0,0) given by 0 = 29 < 21 < ... < x5 < xj41 = {, with x; = jh each node of the mesh. We
use @;(t), ;(t), for all j = 1,2,...,J and ¢t > 0 to denote the approximate values of p(jh,t)
and ¢ (jh,t), respectively. In addition, we denote the discrete operator Apd; = 19"“_2:%
We assume the following finite difference scheme applied to system (1.1)-(1.3)

"4 20 4+ i1 — i

5, i + 26+ 1_%Ah%_ﬁw — (5.7)
4 2h

+ 297 + +1+ 205 + -

P2 j+1 9 j ! —bA ¢j+/’i(’0j+12h(p] ! +’f¢]+1 jf] Q’bj - = 0, (5'8)
io= 1.0,

s =1 =1 —v; = 0, (5.9)

<P1 %0
— = Yoo (5.10)

0i(0) = ¢7, DH(0) =}, ¥;(0) =4V, ¥i(0)=v), j = 1,...,J(511)
The discrete Energy of (5.7)-(5.11) is given by

=pig Z |52 +p2—Z 51 +

¢j+1 TJZ)]
h

2
90j+1 — ¥y 4 Vi1 + Y
h 2

(5.12)
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Initial Condition

2 . . - Energy for different initial conditions
=L, o=l 5 / \ 1 T T T T e e e
L | ——aumsmen, o=y N [\ [ 71_53’].2:1
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05 —~ | \ | b 08
£ I A R A\
1o ‘ “ “ | 2 07
13 \ [ Nae
g N i’
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| | \ 06F
| | | | :
“1b | |
(.
\ | | 0sl
\ | | .
15+ — [
/
2 . . . . 0.4 . . . . . . . . .
0 005 01 Lo 02 025 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
time t[sec]
(A) ¢(x,0) = cos(aix) — cos(aax) (B) Exponential decay of the Energy.

FIGURE 4. Energy behaviour for the case po =b=1and p; =k = 7 (%)2 with
m = 8, and different initial conditions.

5.4. Equation of motion and time discretization. The system (5.7)-(5.10) can be rewritten
as
Pn Pn ©n
M| % +C| 7 +K[ ] = 0, 5.13
[ Un ] [ (3 ] Un (5.13)
where M, C and K are the mass, damping and stiffness matrices of the system in My ;(R), and
Ph = (@17"' 7(10J)T7 T/Jh - (1/}17"' 7¢J)T S RJ'

The Newmark algorithm [17] is based on a set of two relations expressing the forward dis-
placement [}, T and velocity [@), OPFHT = 8 7+ T. The method consists in
updating the displacement, velocity and acceleration vectors from current time ¢t" = ndt to the
time t"*! = (n + 1)dt,

ML = B 4 (1 — )0t DY 4 ot DI (5.14)
ot = gy (% — 5) 5t* d + Bot* ot (5.15)
T = W (1 — )5t U st U (5.16)
Prt = g <% - 5) o7 Wy + Bot> Uit (5.17)

where  and ~ are parameters of the methods that will be fixed later. Replacing (5.14)-(5.17)
in the equation of motion (5.13), we obtain

(M 4261 4 55°K) [ Gyt } :_C<[ ig ] +(1—7)dt [ by D

gyt o
h h 1 2| O D
“K holyst| b4+ (==8)62]| . : 5.18
(WE]o k] Go)[]) om
The acceleration [@Z“, \PZH]T is computed from (5.18), and the velocities [®7 ! U+ are

obtained from (5.14) and (5.16), respectively. Finally, displacement [0}, 47T follow from

(5.15) and (5.17), by simple matrix operations. Thus, the fully discrete energy of the system
(5.14)-(5.18) is given by

g = Lol uf] M { o ] i [en | [ o } (5.19)
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which is an approximation of energy for the continuous case. The increment of this energy can
be expressed in terms of mean values and increments of the displacement and velocity. Then,
we choose v = % and g = %, reducing the above expression to
1 Ap +3. T ont+i T <I>n+%
nt+tl _en T T h n+s, n+s, h
g -8 = - {[A%,Mh} C { Ay ] + 6t [@h ) } C g ” <0.

With this, the fully discrete Energy obtained by the f—Newmark method is decreasing and we
expect that its asymptotic behavior be a reflection of the continuous case (see [12] and also [3,4]).

5.5. Numerical examples. We make simulations with parameters £ = 0.25, po = b=~ =1,
and the initial condition:

o(x,0) = cos(aiz) — cos(agr), z € (0,0), (5.20)

and ®(z,0) = ¢(z,0) = ¥(z,0) = 0.

In Figure 3, the exponential decay of energy is observed in scale semi-log from the initial
condition (5.20) with a; = %—}f, az = g5, =025 and py = Kk = po = b= =1 Thisis
compared to an exponential curve whose rate is given by @ = —0.0046, and is in line with the
separation between the spectrum and the imaginary axis seen in Figure 1.

Figure 4 shows the evolution in time of the energies simulated using parameters that give
the spectrum shown in the graph of Figure 2(B). In this graph certain eigenvalues stick to the
imaginary axis, and therefore it is not expected to have any decay of the energy, or at least
numerically decay has been extremely slow. That is what actually is observed in Figure 4(B),
and specifically this happens for hight frequencies of the initial condition in terms of cosine
functions, i.e. when we come to the eigenfunctions of the eigenvalues closer to the imaginary
axis. In particular, for the higher frequencies pair (ji,j2) = (21; 19), the energy remains
practically constant as shown in Figure 4(B).
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