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Abstract

In this paper we analyze a conforming finite element method for the numerical simu-
lation of non-isothermal incompressible fluid flows subject to a heat source modelled by a
generalized Boussinesq problem with temperature-dependent parameters. We consider the
standard velocity-pressure formulation for the fluid flow equations which is coupled with a
primal-mixed scheme for the convection-diffusion equation modelling the temperature. In
this way, the unknowns of the resulting formulation are given by the velocity, the pressure,
the temperature, and the normal derivative of the latter on the boundary. Hence, assuming
standard hypotheses on the discrete spaces, we prove existence and stability of solutions of
the associated Galerkin scheme, and derive the corresponding Cea’s estimate for small and
smooth solutions. In particular, any pair of stable Stokes elements, such as Hood-Taylor ele-
ments, for the fluid flow variables, continuous piecewise polynomials of degree < k-+1 for the
temperature, and piecewise polynomials of degree < k for the boundary unknown become
feasible choices of finite element subspaces. Finally, we derive optimal a priori error esti-
mates, and provide several numerical results illustrating the performance of the conforming
method and confirming the theoretical rates of convergence.
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temperature-dependent parameters, primal-mixed formulation
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1 Introduction

This paper is concerned with the numerical approximation of the stationary generalized Boussi-
nesq problem:
—div (¥(#)Vu) + (u-V)u+Vp—gh =0 in Q,
divu=0 in £,

u=0 on T, (1.1)
—div (k(0)V) +u-VO =0 in QQ,
0 =60pon T.
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where Q@ C R™, n € {2,3}, is a polyhedral domain, u is the fluid velocity, p is the fluid pressure,
0 is the fluid temperature, 0p is a given non-vanishing boundary temperature and g is a given
external force per unit mass, usually acting in the opposite direction to gravity. The functions
v(-) and k(+) are the fluid viscosity and the thermal conductivity, respectively, which are assumed
to be Lipschitz continuous and bounded from above and from below: there exist constants
Vlip, Klip > 0 and vy, v9, K1, ko > 0, such that

[(01) = v(02)] < viplh — 2, |K(61) — K(02)] < Kiip|6h — B2, (1.2)
for all values of 61,65, and

0 < v <) <, 0 < k1 < K(0) < ko, (1.3)

for all values of #. In particular, we are interested in approximating the unknowns of the system
by using conforming finite elements.

The study of numerical methods for approximating the solution of incompressible non-
isothermal fluid flows, modelled by the Bousinnesq equations and its generalizations, has signi-
ficantly increased in recent years (see e.g. [1l 2l 7, [9] 10, 14} 15 23| 24} 26], and the references
therein). This fact has been motivated by the diverse applications of this model in industry
(fume cupboard ventilation, heat exchangers, cooling of electronic equipments, cooling of nu-
clear reactors, etc.) and in geophysics or oceanography (climate predictions, oceanic flows, etc.),
to name a few. In particular, the work [26] studies a finite element method for time-dependent
non-isothermal incompressible fluid flow problems. Here, the governing equations are discretized
by the backward Euler method in time and conforming finite elements in space. On each time
step, in [26] the convective and diffusive terms are linearized by considering the solution com-
puted in the previous step, and as a result, there is no need of analyzing the corresponding
steady state nonlinear problem. More recently, in [24] has been proposed and analyzed a new
mixed finite element method with exactly divergence-free velocities for the numerical simula-
tion of the generalized Boussinesq problem ([1.1)). The method proposed in [24] is based on
using divergence-conforming elements of order k£ for the velocities, discontinuous elements of
order k — 1 for the pressure, and standard continuous elements of order k for the temperature.
The H'-conformity of the velocities is enforced by a discontinuous Galerkin approach. Similarly
to [22], in [24] it is shown existence and stability of discrete solutions by assuming that there
exists a small enough (in the L3-norm) discrete lifting of the temperature boundary data into the
computational domain. The latter is a delicate issue since constructing such a lifting satisfying
the required smallness assumption may be difficult.

In this paper we propose and analyze conforming finite element discretizations for the nu-
merical approximation of the non-isothermal fluid flow problem . We employ the standard
velocity-pressure formulation for the Navier-Stokes equations, which is coupled with a primal-
mixed scheme for the convection-diffusion equation modelling the temperature, and introduce a
new primal-mixed variational formulation for the generalized Boussinesq equations , which
yields the velocity, the pressure, the temperature, and the normal derivative of the latter on the
boundary as the main unknowns of the resulting formulation. We point out that the utilization
of the primal-mixed scheme for the temperature equation, as has been recently applied in [9],
allows us to avoid the necessity of assuming a smallness assumption on the discrete lifting of the
temperature boundary data, as it is required in [24]. Then, similarly to [24], we introduce an
equivalent fixed-point setting and apply the classical Brower’s Theorem, combined with the gen-
eralized Lax-Milgram Theorem and the Babuska-Brezzi theory to prove solvability and stability



of the corresponding discrete problem under a sufficiently small data assumption. In particular,
any pair of stable Stokes elements for the velocity and pressure, such as the Hood-Taylor ele-
ments, combined with continuous piecewise polynomials of degree < k 4 1 for the temperature,
and piecewise polynomials of degree < k for the boundary unknown become feasible choices
of finite element subspaces, yielding optimal convergence. The rest of the paper is organized
as follows. In Section [2] we derive the primal-mixed variational formulation, and analyze exis-
tence and stability of solution under a smallness assumption on the data. Next, in Section [3| we
introduce the Galerkin scheme, and derive general hypotheses on the finite element subspaces
ensuring existence of discrete solutions and the corresponding Cea’s estimate. In addition, suit-
able choices of finite element subspaces satisfying these assumptions are introduced in Section
[ Finally, in Section [5| we provide several numerical results illustrating the performance of the
primal-mixed finite element method and confirming the theoretical rates of convergence.

Throughout the rest of the paper, we utilize the standard terminology for Sobolev spaces,
norms and seminorms, employ 0 to denote a generic null vector and use C and ¢, with or
without subscripts, bars, tildes or hats, to denote generic positive constants independent of the
discretization parameters, which may take different values at different places.

2 Continuous problem

2.1 Preliminaries

Let us first introduce some notations and previous results that we will serve for the forthcoming
analysis. Let O be a domain in R, n € {2,3} with Lipschitz boundary 00O. For r > 0 and
p € [1,00], we denote by LP(O) and W"P(O) the usual Lebesgue and Sobolev spaces endowed
with the norms || - [0y and || - [[wrs (o), respectively. Note that WOP(O) = LP(O). If p = 2, we
write H"(O) instead of W"?(0), and denote the corresponding Lebesgue and Sobolev norms by
| [lo,0 and || - ||,o, respectively. For r > 0, we write | - |, for the seminorm. H}(Q) is the space
of functions in H'(O) with vanishing trace on 0, and L5(O) is the space of L2(O) functions
with vanishing mean value over O. Spaces of vector-valued functions are denoted in bold face.
For example, H"(O) = [H"(O)]", for » > 0. For simplicity, we also write || - |0 and | - |;,0 for
the corresponding norms and seminorms on these spaces. In the subsequent analysis, we denote
by C'sx > 0 the embedding constant such that

o < Cxllullwie@e) and |[0]lLo < Collfllwrc(o) (2.1)

for all u € W1(0) and § € WH>(0).
Now, let 7o : H'(2) — L2(T") be the trace operator satisfying yo(y) := 90‘1‘ Ve € HY(Q).
Then, we define the trace space as:

HY2(T) := ~o(H'(Q)),
endowed with the norm
H¢H1/27F := inf {Hw”m : w € HY(Q) such that yo(w) = w} .

It readily follows that
lvo(w)lhjer < wlhe YweH(Q). (2.2)



As usual, the dual space of H/?(T') is denoted by H~/2(T). In addition, we use (-, ) to denote
the duality pairing between H~/2(I") and H'/2(I") with respect to the L?(I')-inner product. In
addition, it is easy to see that there holds:

HY(Q) = Hy(Q) & [Hy(Q)]*,

where H}(€) is the null space of 7y (see, e.g. [L7, Theorem 1.3-1]). Then, defining the linear

bounded bijection g := 70|[H1(Q)} ., it follows that there exists Cjg > 0, such that
0

1907 @) l1,0 < Cuglltllijor Yo € HYAT). (2.3)

2.2 The weak formulation

The unknowns in the weak formulation will be the velocity u, the pressure p and the temperature
f. The corresponding spaces will be

ucH\(Q), peLi(Q) and 6cHY(N).
In addition, we will need to define the following unknown on the boundary:
A= —k(0)VO-n € HTY2(I),

where n is the unit normal vector field on I" which points outwards from 2. We point out that
the introduction of this new unknown is due to the fact that we are not imposing the Dirichlet
boundary condition § = ép on I' in the space where the unknown 6 is looked for (see, e.g., [16]
Chapter 2)).

Now, in order to obtain the weak formulation of we test the first and fourth equations
of (1.1)) with arbitrary test functions v € H}(€2) and ¢ € H'(f), respectively, integrate by parts
and utilize the Dirichlet boundary conditions u = 0 on I' and the definition of the new unknown
A, to obtain the variational equations

/Qy(e)Vu:vV+/Q[(u~V)u].v/deivv/gga-v =0 WWecH)Q), (2.4)

/n(e)ve-v¢+/(u-ve)¢+ M) =0 Ve € HY(Q). (2.5)
Q

Q

In addition, the incompressibility condition divu = 0 € €2, as well as the Dirichlet boundary
condition 8 = fp on I', are imposed weakly as follows:

/qdivu =0 VgeLi() (2.6)
Q

and
(€0 = (&0p)r V&€ HTYA(T). (2.7)



According to the above, the weak formulation of ([1.1]) reduces to: Find ((u, p), (6, )) € (HS(Q) x
L2(Q)) x (HY(Q) x H"Y/2(T)), such that

/QV(G)Vu:Vv—i—/g[(u-V)u]~v—/gpdivv—/ﬂ€g‘v:O

/ qgdiva =0
i (2.8)
/ K(0)V0 - v¢+/(u-v9)¢+ ) = 0
Q Q
(€,0)r = (£, 0p)r,

for all (v, q), (1,€)) € (HH(Q) x LA(Q) x (H!(Q) x H-V/2(T)).

2.3 Analysis of the continuous problem

Now, we stablish the main aspects of the continuous problem, namely, existence, uniqueness
and stability. In what follows we basically adapt the results provided in [22] and [24] to our
primal-mixed variational problem. We start by identifying the forms appearing in the weak

formulation :
Ap(p;u,v) = / v(¢) Vu: Vv, Op(w;u,v) = / [(W-V)u] v,

Q Q
Ar(p;0,9) =/n<eo)ve-w, OT(v;H,w):/(v-ve)w,
Q Q
Br(v,q) = / gdivwv, Dr(0,v) = | Og-v,
Q
Br(0,€) = (&, 0)r.

In this way, the variational problem (2.8) can be rewritten as follows: find (u,p) € H}(Q2)xL3(9)
and (0, \) € H'(Q) x H~/2(Q), such that

(2.10)

for all (v,q) € H}(Q) x L3(Q) and (¥,€) € xH(Q) x H-/2(I).

2.3.1 Stability properties

Let us now discuss the stability properties of the forms in (2.9). We begin by observing that,
according to hypothesis (1.3]), the forms Ap and At are bounded in the last two components:

[Ar(5u,v)| < wllulliollviiie,  and  [Ar(50,9)] < K,[0])10ll¢ L0, (2.11)

for all u,v € H}(Q) and 60,v¢ € HY(Q). Moreover, from the Lipschitz continuity of v and & (cf.
(1.2))), and the Hélder’s inequality, it readily follows that for all 61,60, € H'(Q2), u € WH>(Q)



and 6 € WH*°(Q), there hold
|Ap (6150, v) — Ap(f2;u,v)| < vip|lullwico) 61 — f2lliolvlne, veHNYQ), (212
|Ar(60156,1) — Ar(62;0,9)] < kipllfllwrce o161 — O2lliollvlle, ¥ eHY(Q).  (2.13)

Now, owing to standard Sobolev embeddings (cf. [27]) and the Holder’s inequality, it is not
difficult to see that the convective terms Or and Ot are bounded:

Or(w;u,v)| < Copllwlhellulliollvlie, and  [Or(w;0,9)] < Corllwlliallfllelldle,
(2.14)
for all w,u,v € H(Q) and 6, € H!(Q). Similarly, we have

1Dr(6,v)| < Cpllgllocllblhelvine, — 6€HY(Q), veHY(Q). (2.15)
In turn, owing to the Holder’s inequality and to property (2.2]), we easily obtain
lglloe and  [Br(, &) < [[¥]elléll-1/2r, (2.16)

for all (v,q) € H5(Q) x g € L2(Q) and (1, €) € H(Q) x H-V/2(I).

Next, we observe that the form A is elliptic on H}(€2) in the last two components. In fact,
owing to the Poincaré inequality and to (1.3)), it follows that there exists a;, > 0, such that

|Br(v,q)| < Cppllvlli0

Ap(v,v) > @FHVH%,W Vv e H(l)(Q) (2.17)

Analogously, we can obtain that A is elliptic on Hj(f2) in the last two components, that is,
there exists a., > 0, such that

Ar(59,0) 2 ag|[¥lie, Vo € Hp(€). (2.18)
On the other hand, by integrating by parts, it readily follows that

Or(w;v,v) =0, weX, veHY(Q), (2.19)
Or(w;1p, 1) = 0, weX, ¢eH(Q), '

where X is the kernel of the bilinear form By, that is
X = {VEH(I)(Q) : Bp(v,q) =0 VqGL%(Q)}: {VGH(I)(Q) s divv =0 in Q}.

We conclude this section by noting that the bilinear forms Br and Bt satisfy the following
inf-sup conditions:

Br(v,
sup DFVD > g aloas Vg € LAQ), (2.20)
veH|(Q) Ivil10
v#0
Br(¢ .
sup DX 5 g el ar, Ve e HIVAD), (2.21)
vert() 1Yo
P#0

where (3, and (3, are positive constants depending on |2|. The proof of (2.20) and (2.21) can
be found in [I7, Theorem 3.7] and |16l Section 2.4.4], respectively.



2.3.2 Existence and uniqueness of solution

Now, we study the existence and uniqueness of solution of problem . To that end, it is
enough to study the reduced version of problem (2.10): Find u € X and 6 € H'((2), such that
Olr = 0p and

Ar(0;u,v) + Op(u;u,v) — Dp(6,v) =0,

A1 (6;0,%) + Or(u;6,¢) =0, (2.22)

for all v € X and ¢ € xH}(€2).

In fact, the next lemma establishes the equivalence between problems (2.10)) and ([2.22]).
Lemma 2.1 If ((u,p), (§,)) € (H}(Q) x L3(Q)) x (H'(Q) x H~/2(T")) is a solution of ,
then u € X and (u,0) € X x HY(Q) is a solution of ([2.22). Conversely, if (u,0) € X x H(Q)
is a solution of (2.22)), then there exists p € L2(Q) and A € H™Y2(T) such that ((u,p), (6, \)) €
(HE(Q) x L3(Q)) x (HY(Q) x H™Y2()) is a solution of (2.1().

Proof. Let ((u,p), (6, ) € (H}(Q) x LE(Q)) x (HY(2) x H~/2(T')) be a solution of (2.10). Then
it readily follows that u € X, f|r = 0p, and therefore (u,6) € X x H}(Q) is also a solution of
2.29).
Conversely, let (u,0) € X x H'(Q) be a solution of (2.22). Then, owing to the inf-sup
condition (2.20)), we easily obtain that there exists p € L3(9), such that
BF(Vap) = AF(97 u, V) + OF(U, u, V) - DF(0> V) Vv e H(IJ(Q)
Similarly, since the bilinear form Br satisfies the inf-sup condition ([2.21]), we obtain that there
exists A\ € H-Y/2(T"), such that
Br(v,A) = —Ar(0:0,¢) — Or(w;6,¢), Ve € H(Q).
Finally, since u € X and 0|r = 0p, then

BF(U, Q) =0 and BT(G,&) = <£a0D>F’
for all ¢ € LZ(Q) and ¢ € H~'/2(T"), which concludes the proof. O

The next result provides the existence of solution of problem (2.22)). Its proof can be found
in [22, Theorem 2.1]

Theorem 2.2 Given 0p € H'/2(T) and g € L%(2), there exists (u,0) € X x HY(Q) solution to
problem (2.22)).

Next, we establish the corresponding uniqueness result of problem ([2.22). Its proof can be
found in [24, Theorem 2.3] and is based on an additional smallness assumption on the solution.

Theorem 2.3 Let (u,0) € [X N Whe(Q)] x Wh*(Q) be a solution to problem (2.22)), and
assume that there exists M > 0, such that

aF aT
: , 2.23
COFCoo + K Klip + K} ( )
with K = (Cpy + viip + Co,.Cx)/2. Then, the solution of problem (2.22)) is unique.

max{ o [ullwee s [Bllwoo(e} < M < mm{

We end this section by observing that, owing to the equivalence of problems (2.10) and([2.22))
(Lemma , and the existence of solution of problem ([2.22)) (Theorem , we can conclude
that problem (2.10)) admits a solution, which is unique if we assume further that (2.23)) holds.
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2.3.3 Stability of solution

Now, we establish the corresponding stability result of problem . We begin by observing
that, analogously to the analysis presented in Section and according to Lemma [2.1} it
suffices to analyze the stability of solution of problem .

Let us now point out that this result has been already established in [22] Section 3] for the
reduced problem , assuming that there exists a sufficiently small, in the L3-norm, lifting of
the temperature boundary datum 6p into the computational domain. More precisely, we have
the following result.

Theorem 2.4 Given Op € HY/2(T') and g € L2(Q), let (u,0) € X x HY(Q) be a solution of
problem (2.22). Given € > 0, assume that there exists 6; € H'(Q), such that 61|r = p and
101]|s() < €. Then there exist positive constants c1 and cz, independent of the solution, such
that

[ullo < callfilie  and [|0]10 < 20110

At this point, we observe that the assumption |61/ 13(q) < € may be a delicate matter when
solving the equations numerically. In fact, as it is done for the continuous case, to ensure
the stability of a finite element solution of problem , one needs to be able to find a small
enough, in the L3-norm, discrete lifting 01, of a suitable approximation of the datum 6p on the
boundary I". One option (see [24, Section 4.2] for other options) is to approximate 6p by using
the Lagrange interpolant (assuming more regularity for §p), and then define 6, j, as the resulting
approximation of 8p on the boundary, and zero in all the internals nodes. Hence, in this case
101,11/ 23 () is small enough as the discretization parameter h tends to zero. However, ||61 1|10
blows up as h tends to zero, making the numerical method unstable. This issue motivates the
utilization of the primal-mixed formulation for the heat equation since, in this case, the datum 6p
appears on the right-hand side of the resulting scheme, avoiding the necessity of approximating
fp on the boundary. In this way, as we will see later, the stability result for the corresponding
finite element discretization can be obtained assuming now that the original datum 6p is small
enough in the H 1/2 norm.

According to the above, we now provide the following alternative proof for the stability of

solution of problem ([2.22)).

Lemma 2.5 Given 0p € HY/?(T') and g € L3(Q), let (u,0) € X x HY(Q) be a solution of
problem ([2.22). Assume that

1
Cstavllglloellfpll1/2r < 2 (2.24)
with o on
Cltap 1= — 22— Pr A, (2.25)
aTaF

Then, there exist constants Cy and Cy depending only on ||gllo.q and the stability constants,
such that
lullLe < Cullfpllij2r and [1flle < Collfnll/zr- (2.26)

(Explicit expressions for Cy and Cy can be found in (2.31) and (2.32), respectively.)

Proof. Let 6 = 7o~ (0p), with 7o being the operator defined in Section and let g = 0 — 6.
It follows that 6y € H{(Q2) and 6, |. = 0p. In addition, from (2.3), we have

[101][1.0 < Cue[|0D |1 /2,r- (2.27)

Ir
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Then, owing to (2.19)), from ([2.22) with (v,v) = (u,6p) € X x H}(Q2) we easily obtain the
identities

AF(Q; u, ll) = DF(Q,U) and AT(Q;G(),GQ) = —AT(9;¢91,90) — OT(u; (91,(90),

which together with (2.11)), (2.14), (2.15)), (2.17) and (2.18]), implies

lulle < o' Collglloellfll.e. (2.28)

and
1160

In particular, according to ([2.27)), the latter can be rewritten as

10 < ap'Kll0lie + o Corllullialltr]le.

160ll1.0 < oy 5, Cleellfn 12,0 + o' CorChiellull 1010011 2.1,

which together with the identity 6 = 6y + 6; and the triangle inequality yields

10010 < I6oll1,0 + (16110
< 10oll1,2 + Cuisel0p]1/2,r (2.29)
< (K, + o) & Clige |00 11 2,0 + 0y Cor CrigelullLell0n|1 2.1

Hence, replacing ([2.29) into ([2.28]), we obtain

(1— ;o 'CorCppCrist |0 j2.rlIgllo0) [l
< (Ky + ap) o o Op Crigc 100 |1 /2,0 1210,

which combined with assumption (2.24]), implies
lalle < Cullfplli/2r, (2.30)

with
Cu = 2(/62 +aT)a;1aF_ICDF011ft||g

0.. (2.31)

Similarly, replacing ([2.30) into (2.29)), we obtain

1610 < (1+ 20, o 'CorCpy Cuscll0nll1 2rlI8ll0.0) (5, + ar) ol Crige 0Dl /2.0
which combined with assumption (2.24)) yields
10110 < Collfpll1/2r,

with
Co =2 (k5 + ap) o' Clige. (2.32)
O
As a consequence of Lemma we can obtain the stability of solution of problem (2.10)).



Theorem 2.6 Given Op € HY/2(I') and g € L), let ((u,p), (0,)) € (H}(Q) x LE(Q)) x
(HY(Q) x H-Y2(I")) be a solution of problem (2.10). Assume that 0p and g satisfy ([2.24)), that

8

—_

CstangHO,QHgD”l/ZF < 2
with Cgap given by (2.25). Then,
[ullio < Cullfpllijer and [|0l1a < Coll0pll1 /21

with Cy and Cy given by (2.31) and (2.32)), respectively. In addition, there exist positive con-
stants Cp, and Cy, depending only on ||g|lo.q and the stability constants, such that

Iplloe < Cpllfpllijor  and |[A|—1/2r < CAll0p|l1/2,r- (2.33)
(Ezplicit expressions for C, and Cy can be found in and , respectively).

Proof. Since ((u,p), (6, A)) is a solution to (2.10) owing to Lemma [2.1]and Lemma[2.5] it readily
follows that u and 6 satisfy the estimates (2.26)). In this way, it suffices to verify the estimates

in (2.33) to conclude the proof.
First, from inf-sup condition (2.20)), the first equation in (2.10|) and the continuity properties

[£11). ©-14) and ([2.15), we obtain

BF v,p
Bellplon < sup Do)
veH}(Q) [NA[E%S)
v#£0
S {AF(Q, uvv)—l_OF(u;uaV)_DF(evV)}
= up
veH! (Q) [v][1,0
v#£0
< |lull1,o(v, + Cogllulli,0) + Coellgllo.0llf]l1,0-
which together with (2.26)) and (2.24)), implies
[pllo,e < Cpllpll1/2r,
with C) is defined as
_ Co.Cuara
c,=p"tC RPN E )y O C . 2.34
» =B [ " <V2 + 2C0TCDFChft) CD 9} lgllo.c ( )

Similarly, from the inf-sup condition (2.21)), the third equation of (2.10]) , and the continuity of
At and Or in (2.11) and (2.14)), respectively, we have

Br(ih. A
BelMlijor < sup TN
vert(e) [¥le
»#0
= sup
YeH! (Q) [CAIFRs)
»#0

< (K, + Corllullio) 1010,

10



which together with (2.24) and ([2.26]), yields
[Al=1/2,0 < CAllODIl1 /2,5

with

(2.35)

C)\ — ﬁ;lce </€2 + COTCUOZTOZF )

2C0.Cpp it

3 The Galerkin scheme

In this section we introduce the Galerkin scheme of the variational problem (2.10)), analyze its
solvability and provide the corresponding Cea’s estimate.

3.1 Preliminaries

We begin by taking arbitrary finite dimensional subspaces

H), CHY(Q), QyCL3(Q), W, CHY(Q) and A, CH V(I

Hereafter, h stands for the size of a regular triangulation 7 of Q made up of triangles K (when
n = 2) or tetrahedra K, (when n = 3) of diameter hg, that is h:= {hg : K € Tp}.

As we will see in Section {4} the pair (Hp, Q) will be chosen as a pair of stable finite element
subspaces for the Stokes problem which, as it is well known, may not produce divergence-free
velocities, and as a consequence, at the discrete level properties may not be necessarily
satisfied. According to this, in what follows we will consider discrete versions of the convective
terms O and Or, denoted respectively by OI}; and OZ}, both of them linear on each variable
and satisfying

Ok(w;u,v)| < Copllwlhellullelvine, — w,uveHY(Q), (3.1)

O%(w;0,9)| < CorllwlhallOliollvlhe — weH(Q), 0,4 € H(Q), (32)

with @oF, and éoT being positive constants independent of the parameter of discretization h.
Concrete examples for these discrete convective terms will be provided in Section [4

In this way, considering the forms A, Ar, Br ,Bt and Dy, introduced in Section , the

Galerkin scheme associated to (2.10) reads: Find ((up, pp), (On, An)) € (Hp x Qp) x (¥, x Ap),
such that

(3.3)

for all ((vn,qn), (¥n,&n)) € (Hp x Qp) x (¥), x Ap).

In what follows we derive general hypotheses on the spaces Hy,, Qn, ¥y and Ay, that will allow
us to show in Section below the solvability of (3.3). Our approach consists of adapting to the
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present discrete case the arguments employed in [24], Section 4]. We begin by introducing the
following two hypotheses providing sufficient conditions (Babuska-Brezzi conditions) to ensure
the well-posedness of Oseen-type problems (see [16, Section 2.5)):

(H.0) There exists a, > 0, independent of the discretization parameter h, such that for given
wp, € Xy, and @y € Uy, there holds

Ar(on; Vi, zn) + OM(Wh; Vi, Zn, ~
sup 2P )+ O ) > g llvillhe Vvi € Xy, (3.4)

zp€Xp ||zhH17Q
zh;é()

where X, is the Kernel of the bilinear form Bp, that is

Xy = {vp,€Hy : Bp(vh,qn) =0, Vg, € Qp}.

(H.1) There exists EF > 0, independent of the discretization parameter h, such that

Br(vh,qn =

sup Br(vh,4n) > Brllanlloe Van € Qp. (3.5)
vreEH), ||VhH17Q

Vh¢0

In fact, owing to hypotheses (H.0) and (H.1) we easily obtain the solvability of the problem:
Given wj, € Hy, and ¢, € Uy, find (up, pp) € Hy X Qp, such that
Ar(on; un, Vi) + Of(Whs up, vi) — Be(Va,pr) = Dr(pn, Vi) (3.6)
Br(up,qn) = 0,
for all (vh,qn) € (Hp X Qp).

Similarly, due to the mixed structure of the convection-diffusion equation modelling the
temperature, we will require the following hypotheses:

(H.2) There exists ET > 0, independent of the discretization parameter h, such that

Br (i, _
p BrWmh) 5 5 el o Ve € A (3.7)
dnev,  [Ynllie
Yn#0

(H.3) There exists @, > 0, independent of the discretization parameter h, such that for given
pp € Uy, and wy, € X, there holds

Ar(on; ¥, dn) + Ol (Wi ¥n, o)

sup > arlvnllie Vin € Yho, (3.8)
¢h€‘yh,0 Hgbh”l,Q
én#0
where Wy, o is the Kernel of the bilinear form B, that is
Upo:={vn € ¥y, : Br(¢n, &) =0, V& € Ay} (3.9)

Finally, in order to achieve the derivation of the Cea’s estimate, we will assume that the
discrete convective terms Og and O% are consistent with the continuous ones in the following
sense:

(H.4) Given w € X, there hold
Of(w;u,v) = Op(w;u,v) and O&(w;0,v¢) = Or(w;0,1), (3.10)
for all u,v € H'(Q) and 6, v» € H(Q).
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3.2 Existence and stability of solution

In what follows we establish existence and stability of solution of problem (3.3). To do that,
we first observe that owing to hypothesis (H.1), it readily follows that (3.3]) is equivalent to the
reduced problem: Find uy, € Xj and (6, A\n) € ¥y x Ap, such that

Ap(0p;ap, vi) + Of(up;up, vi) — Dp(Op,vi) = 0,
A1 (On; 0n, 1) + OB (ap; 0n,90n) + Br(Yn, An) = 0, (3.11)
Br(0h,6,) = (&n,0D)r,
for all v, € Xy, and (¢, &n) € ¥y x Ap. In fact, we have the following result:

Lemma 3.1 If ((un,pn), (On, An)) € (Hp x Qn) X (Vp, x Ap) is a solution of (3.3), then up € Xy,
and (up, (Op, \n)) € Xp X (Up, Ap) is also a solution of (3.11). Conversely, if (ap, (On, Ap)) €
Xy, x (¥ x Ap) is a solution of (3.11), then there exists a discrete pressure py, € Qp such that

((up,pn), (On, An)) € (Hp x Qp) x ¥y X Ap) is also a solution of (3.3)).

According to the above, in the sequel we analyze problem (3.11]).

3.2.1 Two technical results

Before proving the main results of this section, we first provide two technical results that will
serve for the forthcoming analysis.

Lemma 3.2 Let g € L2(Q), w;, € Xy, and ¢, € V,. Assume that (H.0) holds. Then there
exists a unique uy, € Xy, such that

Ap(on; up, vi) + Ok (Wpsup, vi) = Drlon, vi) Vv, € X (3.12)

Moreover,
lunlle < a7 Coiligloelenlie. (3.13)

Proof. Given wj, € X;, and ¢j, € ¥y, from (H.0) (cf. (3.4)), (2.11) and (3.2), we easily obtain
that Ap(pp, -, ) +O}§ (Wp; -+, -) induces a continuous and bijective linear operator from X, to X,

which implies the existence and uniqueness of solution of (3.12)). In addition, from (2.15)), (3.4))
and (3.12), it readily follows that

Ap(on;up, zp) + O (wp;up, zp)

ap [[upll1,o < sup

zp, €Xp, HZhHLQ
zp, 70
D
. v (on, Zn)
zp€Xp, ||ZhH17Q
Zh;éo
< Cpellglo.cllenle,
which implies (3.13]) and concludes the proof. O

Lemma 3.3 Let p € HY/2(I'), g € L2(Q), wy, € Xy, and ¢, € U),. Assume that (H.2) and
(H.3) hold. Then, there exists a unique (On, Ap) € Uy, x Ap, such that
A1 (pn; On, ¥n) + O (Wi On, Y1) + Br(n, An) = 0,

Br(Onn) = (En60)r. (3:14)
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for all (Yp, &) € Wy, X Ap. Moreover,

10nll0 < @7 By (ka + Cogliwillie + G ) 100150 (3.15)

and

IMnll-1jor < 8718725, + Coyllwnllia) (k + Coplwallie + @, ) bl jpr.  (3.16)

Proof. Since hypotheses (H.2) and (H.3) hold, a straightforward application of the classical
Babuska-Brezzi theory implies that problem is well posed. Now, let 0,9 € ¥} and
Oy € \Ifio, such that 0, = 0,0 + 04,1, with ‘Ijio being the orthogonal complement of Wy .
Then, owing the inf-sup condition and the second equation of , a classical result in
functional analysis (see, e.g., [16, Section 2.2]) implies that

~ Br(0h,1.&n) a1 (&n,OD)r 21
10n1ll10 < Bt sup =" = B! sup = < B0pl/2r-
" enenn N€nll=1j2r " enenn Inll-1/2r T /2 (3.17)
En#0 En#0

Then, from the inf-sup condition (3.8)), the first equation of (3.14]) and the continuity of At and
Ol in (2.17)) and (3.2)), respectively, we obtain

Ar(en; 0n,0, d1) + O (Wi On0, O1)

arllbnollie < sup

PrEYh 0 H‘Zﬁh ‘LQ
én#0
~ sup —Ar(on; O, 1) — O (wi; 01, é1)
PrEYh 0 |’¢h”1,ﬂ
$n#0

< (ky + CollwWhll1,0)l10h1 1.0,
which together with (3.17)), implies
10n0l.0 < @587 (2 + Corlwallie) 18nll1 /o
Hence, owing the triangle inequality and (3.17]), we easily obtain

10nll1.2 < 10noll1,0 + 10n1ll1,0
< ||0ho 1,Q+5T_1H9DH1/2,F (3.18)
< @137t (ke + Coyllwil

Lot aT) 1012,

Finally, for (3.16|) we utilize the inf-sup condition (3.7]), the first equation in (3.14)), and the
continuity of Ap and O’% in (2.11) and (3.2)), respectively, to obtain

~ Br(Yn, An
BlMlor < sup D2WmAn)
dnevn  [WUnlla
Pyp#0

—  sup {—AT(¢h;9h7¢h)—O%(Wh;ﬁhﬂbh)}

URED), [¥nll1,0
Y70

< (ky + CopllwallLe)ll0nl1.0,

which together with (3.18)) concludes the proof. O

A
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3.2.2 Existence and stability of discrete solutions

In this section we establish the existence and stability of discrete solutions of problem .
To do that, we proceed as in [24] Section 4.3] and first analyze the existence and stability of
the reduced problem by making use of the classical Brouwer’s fixed point theorem in the
following form (see e.g., [6]): Let KC be a non-empty compact convex subset of a finite dimensional
normed space, and let L be a continuous mapping of K into itself. Then L has a fized point in
K.

In order to fit our analysis into the framework of the Brouwer’s fixed point theorem, we first
let Cu, Cg and CA be positive constants (to be specified later), independent of h, and introduce
the finite dimensional, convex and compact set:

(Vs (n, 1)) € Xp x (U1, x Ap) = Ivalle < CallOll1jor,
ICZ: 9

[¥nlle < Collpllijer and ||l _1jor < Crlfpll1/or

IA

A

In addition, we define the mapping

LK =K, (Wh, (@n,xn) = L(Wn, (¢n, xn) = (Un, (On, An)), (3.19)

where u;, € Xy, and (0, A\p) € ¥y, x Ay are the unique solutlons of problems (3.12)) and -,
respectively. It is clear that (up, (64, A)) is a solution to (3.11)), if and only if,

L(up, (On, An)) = (an, (On, An)),

that is, (up, (6h, An)) is a fixed point to £. In turn, it is not difficult to see that, by assuming a
smallness assumption on the data, and for specific constants Cy, Cy and C), the mapping L is
well defined and maps K into itself. In fact, we have the following lemma.

Lemma 3.4 Let Op € HY/2(T) and g € L%(Q). Assume that hypotheses (H.0), (H.2) and
(H.3) hold. Then, given (W, (¢n, xn)) € Xp X (¥ X Ap,), there exists a unique (up, (On, Ap)) €
Xp X (U, x Ap), such that L(wp, (©n, Xn)) = (ap, (On, An)). In addition, under the further
assumption on the data

=~ 1
Coaslighoallnliar < 3. (3.20)
with
~ Co.C
Cotap = —222x (3.21)
T/BT
and setting the constants éu, 69 and 5)\ as
& — QCDF(F»AQ t&E)HgHo,Q’ Gy — M and Gy — 2(52+aj)(3ﬁ2+aT)’
QpOip By QB Qp ﬁ%

(3.22)
the mapping £ maps K into itself.

Proof. Let (wp, (¢n, xn)) € K. The existence and uniqueness of (up, (6x, A\p)) € Xp x (U x Ap)
such that L(wp, (¢n, xn)) = (up, (0n, An)) is guaranteed by Lemmata and Therefore,
it remains to prove that, under hypothesis (3.20), (up, (05, Ay)) belongs to K. To do that, we
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need to find suitable constants Cy, Cy and Cy for which the inequalities luplli,0 < auHGDHUQI,

[0nll1,0 < aeWDHl/zF and [[Ap|—1/2r < a/\HeDul/Z,F hold.

First, we recall that, since (wy,, pn, xn) € K, then

HWhHl,Q < CUHGDHl/Q,IH HSOhHl,Q < Ce||9D||1/2,r and HXhH—l/Q,F < C)\HHDH1/2,F-

(3.23)

NOW since uy, € X, and (Hh, An) 6 \Ifh X Ah are the unique solutions of problems (3.12)) and

, respectively, from (3.13]) and ( and ( , we obtain
[up([1,0 < aF_chpcellgHo,QlleDH1/z,r,

and
8all.0 < @787 (5 + CorCullfnlhjor + 8z ) 16112,

Then, setting Cyy = aF_lCDFé(;HgHO’Q, from (3.24) and ([3.20]), we obtain

Co CD 09 —I—a
[0l < ATAiFHgIIOQII9DII1/2r+ e “10pll1/2.r
aF T/BT a T
_|_
= Cecstab”gHOQHQDHl/n+ 10D]]1/2,r
69 K, + Q.
< ?+% 10D 11 /2,7
aTﬁT

In this way, we set 69 = % + Ké %a T and find that
TFT

which according to the above, implies that

Cu = &' Cp,Collgllo =

Finally, from (3.20) and (3.27)), we easily obtain that

QC\OT CDF ("4’2 + aT)

Cor[[Whllre < CorCullfpll1/2r =

aFaTﬁT
which together to (3.16)), implies
(5, + Coy [ wall10) ~
Inllyjop < 20 (%, + Cox

Gy B2

< C)\”9D||1/2 r

with

Q(Hz + aT)(QFLQ + &T)

Ch = -
o 32
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In this way, if (wp, (¢n, xn)) € K, with K defined with the constants in (3.22)), then (uy, (6, Ar))
€ K, which concludes the proof. O

We are now in position of establishing the existence and stability of solutions of problem
(13.11)).

Theorem 3.5 Let Op € HY/2(T') and g € L%(Q). Assume that hypotheses (H.0), (H.2) and
(H.3) hold. Assume further that

1

CstangHO,QHQDHUZF < 2

with agmb being the constant in (3.21)). Then, problem (3.11) admits a solution (up, (0, \n)) €
Xy x (¥y, x Ap), satisfying

[unlli.o < Cull@pllijor, NOnlle < Colldpllior and  [[Anll—12r < CallODll1 2, (3.28)
with éu, Cp and C, being the constants in (3.22]).

Proof. As mentioned before, according to the definition of £ and the Brouwer’s fixed point
theorem, it suffices to prove that £ is continuous operator. To do that, we let (w, (¢, x)) € K
and a sequence {(Wi, (©m, Xm)) men C K, satisfying

m—00 m—00 m—0o0

W =Wl =0, llom —¢lho =0, and |xm = xl-1/2r — 0. (3.29)

Then, setting (u,(0,))) = L(w, (p,x)) and (W, (0m, Am)) = LW, (@m, Xm)), we proceed
similarly to the proof of [24, Theorem 4.1] to prove that

m— 00 m— 00

[n = ullio ™=5°0, [0 —6llo ™20, and  [Am—A|_1jpr "=3°0. (3.30)

In fact, from the definition of £ in (3.19)), and from (3.12)) and (3.14]), we first observe that there

hold
AR(©m; Um, V) + O_ (Wi W, V) = Dr(om, V)

AT(SOm; emﬂ/]) + O%(WTM Om, w) + BT(% )\m) =0
BT(Gm)é-) = <£7 9D>Fa
for all (v, (¢,&)) € X, x (), x Ap,), and

Ap(p;u,v) + Ol(wiu,v) = Dp(p,v)
Ar(p;0,1) + O%(w;0,9) + Br(y,\) = 0
BT(Q,g) = <§7 9D>F7

for all (v, (¢,€)) € Xj, x (¥, x Ap). Then, subtracting the two systems from each other we
easily obtain

[AR(@m; Um, V) — Ap(;0, V)] + [OR(Win; U, V) — Op(wWi 1, v)] — D(om — @, v) =0 (3.31)

[AT(0m; O ) — A1 (3 0,)] + [OF (Wi O, ) — Of(w30,9)] + Br(, A — Ap) =0 (3.32)
Br(0 — 0,,,,6) =0, (3.33)
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for all (v, (¢,€)) € Xp x (U, x Ap). In particular, from (3.31]), we add and subtract suitable
terms, to obtain

Ap(om;u—upy,, v) + O{é(wm; u—u,,v)= —[Ar(p;u,v) — Ap(om;u,v)]
—Ok(W — Wi u,v)) — De(om — ¢, v).

Then, owing to (H.0) (cf. (3.4)), (2.12), (2.15) and (3.1)), from the previous identity, it follows
that

AF(@mSU_‘umav)4‘0%0Nm3u_'umwv)

Gl — 1o < sup

veXy HVHLQ
v#£0
— sup —[Ar(p;u,v) — Ap(@m;u, v)] — OR(W — Wi u,v)) — Dp(om — ¢, V)
veXy ||V||1,Q
v#0 R
< viplle — emllrellullwie @) + Copllw — wml[1ellullLe + Coeliglloellem — ¢l
which together with (3.29)), yields
lim [[u—uplio=0. (3.34)
m—0o0

Similarly to the above, we now add and subtract suitable terms in (3.32]), to obtain
—Oh(W = Wi 0,0) + Br(, A= An),

for all yp € ;. Hence, noting that 6 — 6,, € Vo (cf. (3.9)), we apply the inf-sup condition
(13.8) to the left-hand side of (3.35)) and utilize the estimates (2.13)) and (3.2)), to get

ap |0 = Omlo < sup

YEVh 911,00
Y0 .
. —[Ar(p;0.9) — Ar(pm; 0,9)] — Op(W — w3 6,9)
PeEV o H¢HLQ
W0 R
< kiiplle — emllLellfllwie @) + Corllw — w1010,
which together with (3.29)), yields
lim ||§ — 6|10 =0. (3.36)
m—0o0

Finally, from the inf-sup condition of By (cf. (3.7)), the identity (3.35]), and the estimates (2.11)),
(2.13) and (3.2)), it follows that

~ Br(, A — A\,
BlA = Aml_yor < sup STWATAn)
$£0

< Koll0 = Ol + Copl[Wimll1oll0 — 6

1,0

1.0+ Copllw — Wi l1.0l8]l1.0

+ Klip 10]lw.oo (@)l — om
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which together with (3.34)), , and the fact that {wp, }men and {@m, }men are convergent
sequences, leads us to

IA = Amll—1/2,0 =0, (3.37)

lim
m—00
which concludes the proof. O

We end this section with the main result of this section, namely, existence and stability of
solutions of problem (|3.3)).

Theorem 3.6 Let Op € HY/2(I') and g € L2(Q). Assume that hypotheses (H.0), (H.1), (H.2)
and (H.3) hold. Assume further that

Cstav||8llo.2ll0pll1/2r <

)

N =

with @mb being the constant in (3.21)). Then, problem (3.3|) admits a solution ((un,pn), (On, A\n))
€ (HpxQp) X (U x Ap), with uy, 0, and Ny, satisfying the stability estimates (3.28)). In addition,
there exists a positive constant Cp, depending only on ||g|lo.o and the stability constants, such
that

Ipnlloe < CyllOnll1jar- (3.38)

Proof. It is clear that the existence of solutions of problem follows from Lemma and
Theorem In addition, owing to Theorem the estimates hold. Then, it suffices
to prove the estimate to conclude the proof. To do that, we first observe that from the
inf-sup condition , and the first equation of , we have

B B
Bollonllbe < sup DElYmPn)
vheHy INZY RS
Vh;éO
= sup {AF(Qh;uh,vh) + O (up; up, vi) —DF(Hh,vh)}
e thHl,Q )
Vh7£0

which together with the continuity of Ap, OF and Dy in (2.11), (3.1) and (2.15), respectively,
implies

Ipnlloe < B (v, + Copllunllie)[unllie + B Coelgllogllfnll1,0- (3.39)
Hence, using the estimates (3.28]), from the previous inequality, we obtain

Ipnllos < B (Culvs + CopCullfnll o) + Ciy Colle]

O,Q) ||9DH1/2,F-
Hence, assumption (3.20) and the previous inequality yield the result. O

3.3 C(Céa’s estimate

Now, we derive the corresponding Céa’s estimate of our Galerkin scheme ({3.3). To that end,
we first provide some previous results that will serve for the forthcoming analysis. We begin by
defining the set

Unp = {on € ¥y : Br(én, &) = (&n,0p)r V€ € Ay}, (3.40)

19



which, according to hypothesis (H.3) is a non-empty space. In addition, it is not difficult to see
that the following inequality holds (see for instance [16, Theorem 2.6]):

L 10— Gulle < it 9= dnlle (3:41)

with ¢ > 0 independent of h. Similarly, owing to hypothesis (H.1), it is possible to prove that
there exists ¢ > 0 independent of h, such that

inf |lu—w < ¢ Inf |lu—v . 3.42
Wheth rllie < 2VheHhH nllo (3.42)

In order to simplify the subsequent analysis, we write e, =u—uy, e, =p —pj, eg =0 — 0,
and ey = A — A,. As usual, for given v, € Xy, ¢ € Qp, ¥y € ¥y p and &, € Ay, we shall
decompose these errors into

€u=Ty+Xu ©€=Tp+Xp, € =Tg+Xxp and ey=r1y+ X,

with
ry:=u-—vy, € X, Xu = Vi —uy € Xy,
Ip=p—qn € Q, Xp = qn — Pn € Qn,
R R (3.43)
rg:=0 -t e HY(Q),  xp:=Un— 0 € Upy,
= A= & e HTVAD), xx=8& — A € Ap.
We first provide the estimates for u, # and .
Theorem 3.7 Assume that (H.0), (H.2), (H.3) and (H.4) hold. Assume further that
maX{Cstabvastab}HgHO,Q ‘GDHl/Q,F < 9 (3.44)

with Csap and Catap given by (2.25) and (B.21), respectively. Let ((u,p),(0,))) € (H}(Q) x
LE(Q)) x (HY(Q) x H-Y2(T)) and (an, (0r, M) € Xy x (U x Ay) be solutions of the continuous

and discrete problems (2.10) and (3.11)), respectively, and assume that

mac{gllo0 s, [0l <oy} < 3 = min {2, 7T}, (3.45)

with M and M sufficiently small as specified in (2.23) and (3.52) below, respectively. Then,
there exist positive constants C{** and C5°® independent of the discretization parameter h, such
that

[u—upll10+ 16 = Onllio < C7* { inf [[u—wvp|1,0+ inf [0 - whHLQ} ; (3.46)
vrEHy, Ppevy,

A== < C5%<  inf — inf ||6 — inf ||A—¢&l- . (347
A= ulyr <5 { inf, u=valia+ g 10— vallo + juf A= &l oyar |- (47
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Proof. Let v, € X, QZh € ¥y p and {Ah € Ay, and define ry, Xu, 9, X0, 'x and x) as in (3.43)).
First, since ((u,p), (6, ) € (H}(Q) x L3(Q)) x (H(Q) x H~Y/2(I)) is the solution of (2.10)),
for a given (vp, ¥n,&n) € Xy x Uy, X Ay, it readily follows that
AF(G, u, Vh) + OF(U, u, Vh) - DF(97 Vh) = 07
AT(9797¢h) + OT(u707¢h) +BT(¢ha)‘) = 07 (348)
BT(evgh) = <£h50D>F7

Then, we subtract equations (3.48)) and (3.11]) and utilize hypothesis (H.4) (cf. (3.10)), to obtain

[Ar(0;u,v1) — Ap(0p; up, vi)] + [OR(w;u,vi) — O (up;up, vi)] — Dr(eg, vi) = 0,
[AT(0;0,¢n) — AT (0h; Op, thn)] + [OB(w;0,95) — O (up; 0, ¥n)] + Br(Yn,en) = 0, (3.49)
Br(eg, &) = 0,

for all (vp, ¥n,&n) € Xp X Uy, x Ap. In particular, using the first equation of (3.49)), we add and
subtract suitable terms, to obtain

Ap(0h; Xus Vi) + Op(upi Xu, Vi) =  —[Ap(Oh; tus Vi) + Op(up;Tu, vi)]
—[Ar(6;u,vy) — Ap(On;a, vy)]
—Of(ew;u,vp)) + Dr(eg, vi),

for all v, € X}, which together with hypothesis (H.0), the fact that x, € X}, and the estimates

@11), 12), @.15), (B.1), implies

P~ Ar(0y; Oh(uy:
aFHXUHLQ S sup F( h,Xu,Vh) + T( thu,Vh)
vh€Xp [vall1,0

Ve . (3.50)
Vv,lIrullie + Cog lunlliellrullie + vipllullwie @) llesll1.0

IN

+Coyleu

1ellullie + Cogllglloallesl1,0-

Similarly, adding and subtracting suitable terms in the second equation of , we get
Ar(O1; X0, ¥n) + O (an; xo, ¥n) = —[Ar(Oh;ve,9n) + O (up;re, vn)]
—[A1(0;0,9n) — Ar(0n; 6, ¢)]
—Oh(ew; 0,9n) — Br(vn, ex),

which together with hypothesis (H.3) (cf. (3.8))), the estimates (2.11]), (2.13)) and (3.2, and the

fact that xg € Wy, o, yields

Q Ar(0r; x0,¥n) + O (up; xo, ¥
aclolos sup ATl ) + Oh( )

Yn€¥n0 ||¢h”1,9
v #0 R
Ky el + Coyllunll1.0

IN

[roll1,0 + Kiipll0]lwr.o () lleall1.0 + Coxlleull1,0ll0]1,0-
(3.51)
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Then, using the continuous dependence result ||up |10 < éuue pll1/2,r, the triangle inequality for
lleull1,0 and ||eg||1,0, hypothesis (3.45)), and the fact that ||ulj;o < COOHUHWI(Q) and [|0]|1 o <
CoollO]lw1 (0, from (3.50) and (3.51)), we obtain

dplxullie +axllxelie < Cllrallie + lrollue) + Coo(Cop + Cor)Mlixulle

+ (ip + Kiip + CDF)MHXGHLS%

with €' > 0, depending on Cw, [|0p]|1/2,r, and on the stability constants. Then, choosing ]\7,
such that

M < 1min Y ) A )
2 Coo(Coy + Co,) ip + Kiip + Cpg

(3.52)

it follows that

~ ~

(0% (0%
% xalla + Elvollie < Clr

1,0 + lrelle)

which together with the triangle inequality, yields

lLa + lleslle < [Irullie + Ixullue + [lralle + [Ixell1e

< C{lrallie +lrollie}

= C{lu=nlho+ 110 = dulia},

leu

for all v, € X, and @h € ¥y, p, which implies

leallro + lleglle < C {Ainf lu—Vpllo+ inf [0~ %Z)hllm} ; (3.53)
vreXpy V€Y D
with €' > 0 depending on 0p]l1/2,r and the stability constants. In this way, the estimate ((3.46))
follows from and the properties (3.41) and (3.42).
Now, we prove estimate (3.47)). To do that we first observe that, adding and subtracting
suitable terms in the second equation of , there holds

BT(,l/}ha X)\) == _[AT<6h7 €g, "¢h) + O’%(“h; €9, wh)] - [AT(97 07 "¢h) - AT(ehv 07 wh)]
_O"f‘(eua 97 ¢h) - BT(w}h I')\),

which together with (H.2) (cf. (3.7))), and the estimates (2.11)), (2.13)), (2.16]) and (3.2), implies

5 At (6n; . ¥n) + O (ups e, ) + Of (ews 6,
ol 1jor < 7' sup {' (03 0, 1n) + Ol (uns eg, ¥n) + Ol (e ¢h>|}
Yn€Wn [4nll1.0
Yp#0 (00 e0e0 .
—{—BT_l sup {| T( ’ 71/}}1«)_ T( h» ﬂbh)-l- T(wh,r)\”}
vneds, 1Ym0
N Y #0 R R
< B (Kylleollne + Corllunlligllesllie + Corlleulliallflle

+h, 10l wree () leolln + [IEall-1/2,r)-
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Hence, recalling that [|0]1,0 < Cool|0]lwieq) and [Jusllio < C\HHHDH1/271", from (3.44), we
obtain that there exists ¢ > 0, independent of h, such that

alloyzr < eClesllie + leullne) + By el -z (3.54)
Therefore, the triangle inequality and the previous estimate imply that
lexllzier < lIrall=ij2r + [Ixall=1/2,r
< cllleslo + lleulle) + (1+571) Imall-1/or
which together with yields and completes the proof. O

We end this section by providing the corresponding estimate for the pressure.

Corollary 3.8 Assume that hypotheses of Theorem hold. Assume further that (H.1) holds.
Let p € L(Q) and pr, € Qp, such that ((u,p),(0,)) and ((n,pn), (0n, An)) are solutions to
and , respectively. Then, there exits a positive constant C5°®, independent the pa-
rameter discretization h, such that

Il — palloo < C§w{ inf [lu—wvpl1,0+ inf |0 —pll1o+ inf Hp_QhHO,Q}- (3.55)
PeEV), an€Qn

vreH,,

Proof. Let p, € Qy, and define r, € L3(Q) and x, € Qp as in (3.43). Similarly to the proof of
Theorem we subtract the first equations of (2.10) and (3.3) and add and subtract suitable
terms to obtain

Br(Va, Xp) =  Ar(0n; e, i) + Of(up; ew, vi) + [Ar(0; 1, viy) — Ar(0h; 1, vi)]
+ O%(eu; u,vy,) — Dr(eg, vi) — Br(vp,1p),
for all v, € Hy,. Then, from (H.1) (cf. ), it readily follows that
| AR (61; €, Vi) + Of(up; eu, vi) + A (651, v4) — Ap(Gp;u, vi)| }

Brlxolon < sup {

viheH), thHLQ

v, #0 h

+ sup { |Ox(eu; u, vi) — Dr(eg, vi) + Br(Vh,1p)| }’
vpEHy, thHLQ
v #0

which together with (2.11)), (2.12)), (2.15]), (2.16]) and (3.1)), yields

00 < wlledlie + Cogllurlhgleallie + vipllullwi oo lleo] 1.0

ﬁF”Xp

+Co [leull1.llull1.o + Cprligllogllesli.o + Crpllrplo.o-

Then, using that [lull1,0 < Cullullwie(q) and [Jupllio < 6,1“01)“1/2’1“, from (3.44)), we obtain
that there exists ¢ > 0, independent of A, such that

Ixpllo.0 < ¢ lleallio + lleall.e) + Bz ' Copllrpllo0,
which together with the triangle inequality implies
lepllog < e(llealli + lleall) + (Bp Cre + 1)llp = Bhllo.o,
for all p, € Qp. Then the result readily follows from the previous estimate and ([3.46)). O
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4 Concrete finite element discretizations

In this section we provide concrete examples of finite elements subspaces and convective forms
satisfying hypotheses (H.0)—(H.4).

First, for the discretization of the convective forms we adopt the well known skew-symmetric
forms (see [27]), given by

Ol (wp;up, vy) = /

1
[(Wh - V)ug] - vy + 3 / (divwp)up, - v, Wy, up, v, € Hy,

2 L (4.1)
Ol (wh; Op, thn) = /Q(Wh - VO)ton + Q/Q(diVWh)ehwh O Y € U,

which clearly satisfy (3.1)), (3.2)) and hypothesis (H.4) (for further choices of convective forms,
see, for instance, [21]). In addition, by using integration by parts, it readily follows that

Of(wp; v, vy) =0, wyp, vy € Hy, (4.2)
Oh(Whsthn, ) = 0, wp € Hy, ¢y € Uy, '

Next, among all the choices of finite element subspaces that can be utilized to approximate
the solution of , in what follows we introduce two particular examples. To do that, given
an integer k > 0 and a set S of R™, in the sequel we denote by P(S) the space of polynomial
functions on S of degree < k.

4.1 Hood-Taylor + Lagrange + piecewise polynomials

Let k£ > 0 an integer. Then, the well known Hood-Taylor element (see, e.g. [L7]) consists of the
pair (Hp, Qp), where

Hy, := {vi, € [C(Q)]" : V| € [Pre2(K)]" VK €Tp, vy =0onT}
and o
Qn = {an € C(Q) : @l € Pra(K) VK € Th}.

It is well known that this pair satisfy hypothesis (H.1) (see, for instance [3, 4] [I7]). In turn,
given an integer [ > 0, to approximate the temperature § we can simply choose the discrete
space

U, = {un € C@) : |y € Pra(K) VK € Th}. (4.3)

Now, to approximate the Lagrange multiplier A, for technical reasons that can be found in
[T6, Section 4.3], we first let {I';,T,...,T,,} be an independent triangulation of I' (made of
triangles in R? or straight segments in R?), and define h := max {|T;| : j € {1,...,m}}. Then,
we define the finite element subspace to approximate the Lagrange multiplier \ as

A = {g,; €LAT) : glp € PuTy) Vi€ {1,...,m}}.

The following lemma establishes that the pair (¥y, Ap,) satisfies hypotheses (H.2).
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Lemma 4.1 There exist Cop > 0 and B\T > 0, independent of h and h, such that for each
h < Cyh, there holds

BT(wha é.‘}vl) i
sup U ShL > Ble| Ly Ve € Ac (4.4)
srew, nlluo T iSal= e
Yp#0

Proof. 1t follows basically using the same arguments employed in [16, Lemma 4.7], where the
approximating spaces for § and A\ are defined as above but with [ = 0. In fact, it suffices to
replace the orthogonal projector from H*(£2) onto the continuous piecewise polynomials of degree
< 1 (employed there), by the one onto the continuous piecewise polynomials of degree <[+ 1
(required here). We omit Further details. O

Finally, in order to complete the analysis of this section, it remains to verify that the finite
elements spaces and the convective forms described above satisfy hypotheses (H.0) and (H.3).
This result is established in the following lemma.

Lemma 4.2 There exist positive constants &, and a.., independent of h and h, such that the
inf-sup conditions (3.4) and (3.8) hold.

Proof. We start by verifying the inf-sup condition (3.4). To do this, we first recall that the
discrete kernel of By is given by

Xp = A{vn€Hyp : Br(vp,qn) =0, VYgn € Qu}.
Now, given wy, v, € Xj and ¢, € Uy, from (2.17) and (4.2)), it readily follows that
Ar(n; Vi, Vi) + OF (Wi Vi, vi) > agllvalli o

which clearly implies (3.4) with &, = «,.
Next, for (3.8) we recall that the discrete kernel of Bt is given by

Uhno:={vn € ¥y : Br(¢n,§;) =0, V& €Az}

In particular, §; = 1 belongs to A;, and hence ¥}, is contained in the space

Vo= {weHl(Q): /sz—o},

where, thanks to the generalized Poincaré inequality (cf. [I9, Theorem 5.11.2]), | - [j1,o and
| - |1,0 become equivalent on V', which in particular implies that there exists Cp > 0, depending
only on €, such that |¢|] o > Cpl|¢|3 o, for all ¥ € V. Then, given wy, € X, and ¢, € ¥y,

from (4.2)) and ((1.3)), it follows that
A1 (n; Yn, Yn) + O(Was n, ¥n) = K1|tnl g = k1CpllYnllia  Vin € Ty,

which clearly implies (3.8]) and completes the proof. O

Let us now recall the approximation properties of the subspaces specified above.
(AP}!) There exits C' > 0, independent of h, such that for all u € H**3(Q), there holds

inf Ju—vallo < CP2fulpss0:
vreH,
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(AP?) There exits C' > 0, independent of h, such that for all p € H*2(Q), there holds

00 < Ch"2|Ip|lpso0.

inf —
of P — anl

(AP%) There exits C' > 0, independent of h, such that for all § € H*2(Q), there holds

inf 1|0 — ¥nlle < CHH0]1420.
YREY)

(AP}%‘Z) There exits C' > 0, independent of &, such that for all A € HH'%(F ), there holds

inf ||\ —& |- < Ch™HIX :
eneh; H th 1/20 > || Hz+%,r

Owing to these approximation properties, we now can establish the theoretical rate of con-
vergence of our method.

Theorem 4.3 Assume that hypotheses of Theorem[3.7 and Corollary[3.§ hold. Given k, 1> 0,
assume further that u € H*3(Q), p € H*2(Q), 6 € H(Q) and A €~H1+1/2(I‘). Then, there
exist Cq, Cy, C3, > 0, independent of h and h, such that for all h < Cyh, there holds

0.0+ 1|0 — 04

lu = anlli0 +[lp = pn Lo+ 1A = Aull-1 /o0 < CLF2{|lullkis.0 + [pllkiz0}

+Coh 16|12 + Csh Ay 1 e
(4.5)

Proof. 1t follows from the Céa estimates (3.46), (3.47) and (3.55), and the approximation
properties (AP}), (AP?) ,(APY) and (AP%).

O
4.2 MINI-element + Lagrange 4 piecewise polynomials

In what follows, for the sake of simplicity we restrict ourselves to the 2D case. Then, for each
T € Tp, we let Py ,(T") be the space (see, e.g. [17])

Pi4p(T) =P (T)® span{br}]?,

where by := p1p2¢3 is a P3 bubble function in 7', and ¢1, (2, @3 are the barycentric coordinates
of T. Then, the MINI-element (see, e.g. [17]) is the pair (Hy, Qp), where

Hh = {Vh € [C(ﬁ)]Z : Vh‘K S Pl,b(T) VK € 7;“ vy, = 0Oon F}

and
Qh = {qh EC(Q) : qh}K EPl(K) VKEE}

It is well known that this pair satisfy hypothesis (H.1) (see, for instance [13] 17]). Now, to
approximate € and A, we proceed as in Section and simply choose the discrete spaces

Uy, = {l/lh GC(Q) : ¢h’K GPl(K) VKEE},
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and B
Ay = {6 €120 : g, € Po(Ty) Vi€ {L,...,m}},

where {T';,T,...,T,} and h are defined as in Section Let us observe that, by using the
same arguments employed in Section it follows that hypotheses (H.0), (H.2) and (H.3)
hold.

We now state the approximation properties of these subspaces and the rate of convergence
of our method.

(ﬁ’z) There exits C' > 0, independent of h, such that for all u € H?(Q), there holds

inf [[u—wval1,0 < Chlulz0.
vreEH),

(@2) There exits C' > 0, independent of h, such that for all p € H*(Q2), there holds

inf |[p —anlloo < Chllpllia-
ah€QR

—0
(AP;) There exits C > 0, independent of h, such that for all § € H?(€2), there holds

inf |0 — 1,

< Chl|l@ .
ot Lo < Chllf]20

—— -
(APj) There exits C' > 0, independent of h, such that for all A € H%(F), there holds

inf [[A—&_ < Ch|I .
ghlIelA;L” th 120 = | ||1/2,F

Theorem 4.4 Assume that hypotheses of Theorem and Corollary[3.8 hold. Assume further
that u € H2(Q), p € I‘Il(Q), 0 € H2(Q) and X € H'/2(T"). Then, there exist Cy, Cy, C3, > 0,
independent of h and h, such that for all h < Cyh, there holds

[+ lIp = palloa + 10 = Onllia + 1A = Aull—1/2r < Cra{{lull2a + plh.o}

Hu Up ( )
) 4.6
+Cgh‘|0||2,ﬂ + C3hH)‘”%,F

Proof. Tt follows from the Céa’s estimates (3.46)), (3.47) and (3.55)), and the approximation
properties (APZ), (APZ) ,(AP,;) and (APj}). O

5 Numerical results

In this section we present some numerical results illustrating the performance of our mixed
finite element scheme on unstructured meshes under a set of uniform refinements of the
corresponding domain and considering the finite element spaces introduced in Section [, Our
implementation is based on a FreeFem++ code (cf. [1§]), in conjunction with the direct linear
solver UMFPACK (ct.[12]).

In order to solve the nonlinear problem, we use the fixed point strategy suggested by the
operator introduced in Section [3.2.2
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Given (u”,p°, 6% X°) € Hj, x Qp, x ¥), x A;, for m > 1, find (u™,p™, 0™, A™) € Hj, X Qp, X
V), x A; such that

AF(Hm_l; um’ V) + O?(um_17 um’ V) - BF(V>pm) DF(Gm_17 V)7
BF(umaq) 07
-1 h -1 (5.1)
Ap (0™ 0™, ) + Op(u™ 5 0™, ) + Br(¢, A™) 0,
Br(6™,&) = (£ 6p)r,

for all (V7Q7w7§) S Hh X Qh X \Ijh X Ah~

The iterations are terminated once the relative error of the entire coefficient vectors between
two consecutive iterates is sufficiently small, that is,

|Coeff™ ! — Coeff™||;2

< tol

|[Coeff™ |2 -
where || - ||;2 is the standard [?>-norm in RY, with N denoting the total number of degrees of
freedom defining the finite element subspaces Hy, Qp, ¥j, and Aj, and tol is a fixed tolerance

chosen as tol = le — 08. For each example shown below we simply take u% = 0 and 92 =0 as
initials guess. In what follows, for practical purposes, the restriction on the meshsizes established
in Lemma {4.1] is verified in an heuristic sense only. More precisely, since the constant Cy is
actually unknown, we simply assume Cy = 1/2 and consider a partition of I" with a meshsize h
given approximately by the double of h. The numerical results below confirm the suitability of
this choice.

We now introduce some additional notations. The individual errors are denoted by
e(u) := lu—wll10, e@) =Ip—prloa,
e(0) =10 = OnllLo, e(A) = [A=A;llor-
Also, we let r(u), r(p), r(6) and r(\) be the experimental rates of convergence given by

r(u) = OB/ W) oy los(e(®)/e'(p))

log(h/h') log(h/h')
. log(e(8)/¢'(0)) Oy o Lo8(e(V)/¢()
r(0) = log(h/) ) = log(h/h)

where h and h' (resp. h and B/ ) denote two consecutive mesh sizes with their respective errors
e and €.

For all the examples below, we consider the domain € := (0, 1)? and choose the temperature—
dependent parameters as
v(f) == e ?, () == €.

In our first example, we take g = (0,1)" and adequately manufacture the data so that the
exact solution is given by the smooth functions

u(z1, z9) = 20219 (229 — 1) (22 — 1) (21 — 1)?
1,22) ‘= _2;3130%(332 — 1)2(21}1 _ 1)($1 . 1)

p(w1,22) 1= e®2(x1 — 0.5)3

O(x1,20) = 22 + 773
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N h e(u) r(u) e(p) r(p) e(0) r(0)
1,116 0.1964 || 2.9619E-03 - 1.9480E-03 - 1.1890E-02 -
4,237 0.0997 || 7.1929E-04 | 2.0869 || 4.5509E-04 | 2.1440 || 2.4792E-03 | 2.3117
16,354 | 0.0487 || 1.9507E-04 | 1.8213 || 1.2350E-04 | 1.8204 || 5.3607E-04 | 2.1374

64,443 | 0.0250 || 4.9249E-05 | 2.0604 || 2.8953E-05 | 2.1713 || 1.2415E-04 | 2.1896
256,158 | 0.0136 || 1.2075E-05 | 2.3082 || 6.9087E-06 | 2.3527 || 2.9349E-05 | 2.3680
1,008,151 | 0.0072 || 2.7675E-06 | 2.3171 || 1.6736E-06 | 2.2301 || 6.9932E-06 | 2.2560

N h e(N) r(A) | iterations
1,116 0.2500 || 2.6590E-01 - 13
4,237 0.1250 || 7.3446E-02 || 1.8562 13
16,354 0.0625 || 1.8858E-02 || 1.9615 13
64,443 0.0312 || 4.7216E-03 || 1.9979 13

256,158 | 0.0156 || 1.1776E-03 || 2.0034 13
1,008,151 | 0.0078 || 2.9387E-04 || 2.0026 13

Table 5.1: EXAMPLE 1: Degrees of freedom, meshsizes, errors, rates of convergence and iterations
for the [P3]?2 — Py — Py — Py approximation of the generalized Boussinesq problem.

In Table and we summarize the convergence history for a sequence of quasi-uniform
triangulations, considering the subspaces provided in Section with k =0 and [ = 1 ([P2]? —
P; — P2 — P1) and the subspaces in Section (P1p — P1 — Py — Py), respectively. In Table
5.1l we observe that the rate of convergence O(h?) predicted by Theorem is attained by all
the unknowns. Similarly, in Table we can observe a first order convergence for all fields,
confirming the expected results from Theorem Next, in Figure we display (to the
left) the approximate vector field, the approximate pressure, and the approximate temperature,
respectively, and we compare them with their corresponding exact counterparts (to the right).
All the figures were built using the [P]? — P; — Py — Py approximation with N = 1,008, 151
degrees of freedom. In all the cases we observe that the finite element subspaces employed
provide very accurate approximations to the unknowns.

In our second example we illustrate a more realistic situation in which the exact solution is
unknown. Here, we consider the external force g = (0,1)! and the boundary data

1%2 on I

9D (371, 372) =€
Notice, that §p attains its maximum value at (xj,z2) = (1,1), whereas §p = 1 on {0} x
(0,1) and (0,1) x {0}. In Table we summarize the convergence history for a sequence of
quasi-uniform triangulations, considering a Py, — P1 — P1 — Py approximation. There, the
errors and experimental rates of convergence are computed by considering the discrete solution
obtained with a finer mesh (N = 2,508,849) as the exact solution. We observe that the rate
of convergence O(h) predicted by Theorem is attained by all the fields. Next, in Figure
we display the approximate velocity magnitude and velocity vector filed (top left and top right,
respectively) together with the approximate pressure and temperature (bottom left and bottom
right, respectively). All the figures were obtained with N = 620,009 degrees of freedom. We
can observe that the discrete temperature preserve the prescribed boundary condition.
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N h e(u) r(u) e(p) r(p) e(6) r(0)
705 0.1964 || 1.6109E-02 - 6.0464E-03 - 1.8407E-01 -
2,685 | 0.0997 || 7.8785E-03 | 1.05647 || 2.4493E-03 | 1.3324 || 8.8390E-02 | 1.0817
10,017 | 0.0487 || 3.8720E-03 | 0.9915 || 9.6648E-04 | 1.2979 || 4.3696E-02 | 0.9833
39,5661 | 0.0250 || 1.9484E-03 | 1.0280 || 4.2686E-04 | 1.2232 || 2.2112E-02 | 1.0196
157,441 | 0.0136 || 9.6101E-04 | 1.1605 || 1.8493E-04 | 1.3735 || 1.0996E-02 | 1.1470
620,009 | 0.0072 || 4.6761E-04 | 1.1330 || 8.2510E-05 | 1.2694 || 5.4859E-03 | 1.0937

N h e(\) r(A) | iterations

705 0.2500 || 2.1729E-00 - 13

2,585 | 0.1250 || 1.1262E-00 || 0.9482 13

10,017 | 0.0625 || 5.5209E-01 || 1.0284 13

39,661 | 0.0312 || 2.7302E-01 || 1.0159 13

157,441 | 0.0156 || 1.3455E-01 || 1.0209 13

620,009 | 0.0078 || 6.6790E-02 || 1.0104 13

Table 5.2: EXAMPLE 1: Degrees of freedom, meshsizes, errors, rates of convergence and iterations
for the Py — P1 — P1 — Pg approximation of the generalized Boussinesq problem.

N h e(u) r(u) e(p) r(p) e(6) r(0)
705 0.1964 || 2.3553E-02 - 2.6231E-03 - 2.0396E-01 —
2,685 | 0.0997 || 1.1439E-02 | 1.0649 || 1.3508E-03 | 0.9786 || 9.0159E-02 | 1.2037
10,017 | 0.0487 || 6.0892E-03 | 0.8800 || 5.9926E-04 | 1.1344 || 4.1347E-02 | 1.0881
39,561 | 0.0250 || 3.0282E-03 | 1.0456 || 2.2325E-04 | 1.4780 || 2.0379E-02 | 1.0590
157,441 | 0.0136 || 1.4881E-03 | 1.1666 || 9.3239E-05 | 1.4336 || 1.0046E-02 | 1.1614
620,009 | 0.0072 || 7.8121E-04 | 1.0136 || 4.8769E-05 | 1.0193 || 5.1740E-03 | 1.0437

N h e(\) r(A) | iterations

705 0.2500 || 7.5565E-00 - 11

2,685 | 0.1250 || 4.8078E-00 || 0.6524 11

10,017 | 0.0625 || 2.7053E-00 || 0.8296 11

39,561 | 0.0312 || 1.4305E-00 || 0.9193 10

157,441 | 0.0156 || 7.2451E-01 || 0.9814 10

620,009 | 0.0078 || 3.4733E-01 || 1.0607 10

Table 5.3: EXAMPLE 2: Degrees of freedom, meshsizes, errors, rates of convergence and iterations
for the Py, — P1 — Py — Pg approximation of the generalized Boussinesq problem.
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-0.337 0.337 -0.337 0.337

0 2 0 2

Figure 5.1: Example 1: Approximate velocity vector field (top left), exact velocity vector field
(top right) py (center left), p (center right), 65 (bottom left) and 6 (bottom right) with N =
1,008, 151.
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4.79¢-09 0.0161 4.79¢-09 0.0161

1 271

Figure 5.2: Example 2: Approximate velocity magnitude (top left), approximate velocity vector
field (top left), exact velocity vector field (top right) pp (bottom left), 8 (bottom left) and 6
(bottom right) with N = 620, 009.
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