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A posteriori error analysis for a viscous flow—transport problem*

MARIO ALVAREZ'T GABRIEL N. GATicA? RICARDO Ruiz-BAIERS

Abstract

In this paper we develop an a posteriori error analysis for an augmented mixed—primal finite
element approximation of a stationary viscous flow and transport problem. The governing system
corresponds to a scalar, nonlinear convection-diffusion equation coupled with a Stokes problem with
variable viscosity, and it serves as a prototype model for sedimentation-consolidation processes and
other phenomena where the transport of species concentration within a viscous fluid is of interest.
The solvability of the continuous mixed—primal formulation along with a priori error estimates for
a finite element scheme using Raviart-Thomas spaces of order k for the stress approximation, and
continuous piecewise polynomials of degree < k + 1 for both velocity and concentration, have been
recently established in [M. Alvarez et al., ESAIM: Math. Model. Numer. Anal. 49 (5) (2015)
1399-1427]. Here we derive two efficient and reliable residual-based a posteriori error estimators
for that scheme: For the first estimator, and under suitable assumptions on the domain, we apply
a Helmholtz decomposition and exploit local approximation properties of the Clément interpolant
and Raviart-Thomas operator to show its reliability. On the other hand, its efficiency follows
from inverse inequalities and the localization arguments based on triangle-bubble and edge-bubble
functions. Secondly, an alternative error estimator is proposed, whose reliability can be proved
without resorting to Helmholtz decompositions. Our theoretical results are then illustrated via
some numerical examples, highlighting also the performance of the scheme and properties of the
proposed error indicators.

Key words: Stokes—transport coupled problem, viscous flow, augmented mixed—primal formulation,
sedimentation-consolidation process, finite element methods, a posteriori error analysis.
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1 Introduction

We have recently analyzed in [2] the solvability of a three-field flow-transport problem given by the cou-
pling of a scalar nonlinear convection-diffusion problem with the Stokes equations where the viscosity
depends on the distribution of the solution to the transport problem. There, an augmented mixed—
primal variational formulation was proposed, where the Cauchy stresses are sought in H(div; (), the
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velocity is in H!(f2), and the solution to the transport problem has H!(2) regularity. The associated
numerical scheme employed Raviart-Thomas spaces of order k for the Cauchy stress, whereas the
velocity and the scalar field (e.g. concentration as in [3], or temperature) were approximated with
continuous piecewise polynomials of degree < k+1. Optimal a priori error estimates were also derived.

Our goal in this paper is to propose reliable and efficient residual-based a posteriori error estimators
for the coupled flow—transport problem studied in [2]. Estimators of this kind are typically used to
guide adaptive mesh refinement in order to guarantee an adequate convergence behavior of the Galerkin
approximations, even under the eventual presence of singularities. The global estimator 8 depends on
local estimators 07 defined on each element T of a given mesh 7. Then, 0 is said to be efficient (resp.
reliable) if there exists a constant Cegse > 0 (resp. Cre1 > 0), independent of meshsizes, such that

Cets 0 + h.ot. < |lerror| < Cre1 0 + h.o.t.,

where h.o.t. is a generic expression denoting one or several terms of higher order. A number of
a posteriori error estimators specifically targeted for non-viscous (e.g., Darcy) flow coupled with

transport problems area available in the literature (see, e.g. [10, 17, 27, 32, 36]). However, only
a couple of contributions deal with a posteriori error analysis for coupled viscous flow-transport
problems. In particular, we mention the reactive flow equations studied in [! 1] and the adaptive finite
element method for heat transfer in incompressible fluid flow proposed in [28], which is based on dual

weighted residual error estimation.

In contrast, here we apply a Helmholtz decomposition, local approximation properties of the
Clément interpolant and Raviart-Thomas operator, and known estimates from [1], [18], [21], [23] and
[24], to prove the reliability of a residual-based estimator. Then, inverse inequalities, the localization
technique based on triangle-bubble and edge-bubble functions imply the efficiency of the estimator. An
alternative (also reliable and efficient) residual-based a posteriori error estimator is proposed, where
the Helmholtz decomposition is not employed in the corresponding proof of reliability. The remainder
of this paper is structured as follows. In Section 2, we first recall from [2] the model problem and
a corresponding augmented mixed-primal formulation as well as the associated Galerkin scheme. In
Section 3, we derive a reliable and efficient residual-based a posteriori error estimator for our Galerkin
scheme. A second estimator is introduced and studied in Section 4. Finally, in Section 5 we provide
some numerical results confirming the reliability and efficiency of the estimators, and illustrating the
good performance of the associated adaptive algorithm for the augmented mixed-primal finite element
method.

2 A coupled viscous flow—transport problem

Let us denote by Q C R”, n = 2,3 a given bounded domain with polyhedral boundary I = I'p U Ty,
with T'pNT'y = 0 and |T'p|, |I'n| > 0, and denote by v the outward unit normal vector on I'. Standard
notation will be adopted for Lebesgue spaces LP({2) and Sobolev spaces H*((2) with norm ||-||, o, and

seminorm | - [so. In particular, H/2(T") is the space of traces of functions of H(Q2) and H~/2(T)
denotes its dual. By M, M we will denote the corresponding vectorial and tensorial counterparts of
the generic scalar functional space M. We recall that the space

H(div; Q) := {r € L*(Q): divT € L*(Q)},
equipped with the usual norm

2 2 2
ITllgiv.e = lITlloo + div Ty o



is a Hilbert space. As usual, I stands for the identity tensor in R™*™ and |- | denotes both the
Euclidean norm in R™ and the Frobenius norm in R™*".

2.1 The three-field formulation

The following system of partial differential equations describes the stationary state of the transport
of species ¢ in an immiscible fluid occupying the domain Q (cf. [2]):

LO'd:Vu in Q, —dive = f¢ in Q,
() (2.1)

o =9(Ve))Vep — opu — v(p)k in Q, —dive =g in Q,

u=up on Ip, ov =0 on Iy,
(2.2)
¢ =¢p on I'p, and v =0 on Iy.

where the sought quantities are the Cauchy fluid stress o, the local volume-average velocity of the
fluid u, and the local concentration of species ¢. In this model, the kinematic effective viscosity, u; the
diffusion coefficient, ¥#; and the one-directional flux function describing hindered settling, v; depend
nonlinearly on ¢. In turn, k is a vector pointing in the direction of gravity and f € L*°(Q2), up €
H'%(I'p), g € L?(Q) are given functions. For sake of the subsequent analysis, the Dirichlet datum
for the concentration will be assumed homogeneous, that is ¢p = 0, 1 is assumed of class C', and we
suppose that there exist positive constants p1, p2, 71, 72, Y1, ¥2, L, and L, such that

p1 < u(s) <pp and v <y(s) <y VseER, (2.3)

91 <VY(s) <o and 91 <V(s) + s (s) <y  Vs>0, (2.4)
lu(s) —pu(@)] < Luls—t] Vs, teR, (2.5)

Iv(s) =v(t)| < Ly|s -t Vs, teR. (2.6)

2.2 The augmented mixed—primal formulation

The homogeneous Neumann boundary condition for o on I'y and the Dirichlet datum for ¢ (¢f. second
and third relations of (2.2), respectively) suggest the introduction of the spaces

Hy(div; Q) := {T € H(div;Q?): 7v=0 on I‘N},
HL. () ::{weHl(Q): $=0 on FD}.

Also, due to the generalized Poincaré inequality, there exists ¢, > 0, depending only on  and I'p,
such that

[Wlhe < elvha Vo eHp (). (2.7)
An augmented mixed-primal formulation for our original coupled problem (2.1) reads as follows:
Find (o, u, ¢) € Hy(div; Q) x HY(Q) x H%D (©) such that
By((o,u), (1,v)) = Fy(r,v) Y(r,v) € Hy(div; Q) x H'(Q),

) (2.8)
Au(9,¥) = Gy(v) V¢ € Hp ()



where

By((vw), (1,0)) ::/10'd:’7'd + /Qu-diVT _ /Q'v-divcr (2.9)

o 1(9)

+ K1 /Q (Vu — u(l(p)o'd) Vo + Iig/QdiVO"diVT-l- K3 /FDu-'v,
Fy(7,v) :=(tv,up)r, + /chbv — Ko /Qfgb-diV'r + ,%3/F up - v, (2.10)
Aulot) = [00V6) Vo Vo — [6u-vu v vent, @, (211)

Q Q

Go() :=/ny<¢>k-w + /ng Vi e HE (O,

where k;, i € {1,2,3}, are the stabilization parameters specified in [2, Lemma 4.1]. Further details
yielding the weak formulation (2.8) can be found in [2, Section 3.1], whereas its solvability follows
from the fixed point strategy developed in [2, Theorem 3.13].

2.3 The augmented mixed—primal finite element method

We denote by 7, a regular partition of Q into triangles 7' (resp. tetrahedra T in R?) of diameter hr,
and meshsize h := max {hT S ANS 77L} In addition, given an integer k > 0, the space Py (T") contains

polynomial functions on T of degree < k, and we define the corresponding local Raviart-Thomas space
of order k as RTi(T') := Pr(T) @ Pr(T)x, where, according to the notations described in Section
1, Pi(T) = [Px(T)]", and « € R™. Then, the Galerkin scheme associated to (2.8) is as follows: Find
(oh, un, ¢p) € HY x H x HY such that

B¢>h((‘7h7uh)v (Tha'vh)) = F¢h(Th’vh) V(Th/vh) € Hg x Hj,

(2.12)
A, (D1, 91n) = /Q’Y(%)k'wﬁh + /991/% Vb, € HY

where the involved finite element spaces are defined as
HY = {Th € Hy(div;Q): c*rplr € RT4(T) VYeeR", VT e Th},
HY = {vh €C@): wplr € Pru(T) VT e Th},
Hy = {wh € C(Q)NH (Q):  thplr € Pra(T) VT € 7?1}-

The solvability analysis and a priori error bounds for (2.12) are established in [2, Section 5].

3 A residual-based a posteriori error estimator

In this section we derive a reliable and efficient residual-based a posteriori error estimator for the
Galerkin scheme (2.12). The analysis will be restricted to the two-dimensional case, with the discrete
spaces introduced in Section 2. Let us point out that a straightforward extension of our analysis to
3D would only apply to either convex polyhedral regions or piecewise smooth non-convex regions since
the stability of the corresponding Helmholtz decomposition (see (3.35) below for our 2D case) is valid
for these types of domains (see [35, Proposition 4.52] or [9, Theorems 2.17 and 3.12]).



Now, given a suitable chosen r > 0 (see [2] for details), we define the balls

W:={peHr,: |¢lio<r} and W, :={¢,¢€ Hf o lénlhie <}, (3.1)
and throughout the rest of the paper we let (o, u,¢) € Hy(div; Q) x H(Q2) x H%D(Q) with ¢ € W
and (op,un, ¢p) € HY x HYf x HZ with ¢ € W), be the solutions of the continuous and discrete

formulations (2.8) and (2.12), respectively. In addition, we recall from [2, Theorems 3.13 and 4.7] that
the following a priori estimates hold

Il < Cs{ luplljzry + I6lh.0 I fleo o)
3.2

I un)ln < Cs{lupllyory + lonllie | Flon -

where Cg is a positive constant independent of ¢ and ¢y,.

3.1 The local error indicator

Given T € T, we let &,(T) be the set of its edges, and let &, be the set of all edges of the triangulation
Th. Then we write &, = E,(2) U EL(I'p) U En(I'n), where E,(Q) :=={e € &, 1 e C Q}, E(Ip) :={e €
Eh e CI'p} and &(TN) := {e € &, : e C I'n}. Also, for each edge e € &, we fix a unit normal
vector v, := (v1,12)%, and let s, := (—v,11)* be the corresponding fixed unit tangential vector along
e. Then, given e € &£,(Q) and 7 € L?(Q) such that 7|r € [C(T)]? on each T € Ty, we let [ - v]
be the corresponding jump across e, that is, [7 - v¢] := (7|7 — 7|17)|e * Ve, where T and T" are the
triangles of Tj, having e as a common edge. Similarly, given 7 € L2(2) such that 7|7 € [C(T)]**? on
each T' € Ty, we let [Ts.] be the corresponding jump across e, that is, [7s.] := (7|7 — T|1/)|e Se. If
no confusion arises, we will simple write s and v instead s. and v., respectively. The curl operator
applied to scalar, vector and tensor valued fields v, ¢ := (¢1,2) and T := (7;;), respectively, will be
denoted as

Ov t 0712 oT11

5 - curl -
curl(v) :=<_za@2 ) curl(¢) :=(Cm~1EZ;§t)a and  curl(r) :=<§éz_§% )

X1 le 8x2

Then, we let o, := H(|Vop|)Von — dpup — v(én)k and define for each T' € Ty, a local error indicator
01 as follows

2

1
02 = || fén, + diven||2, + HVuh - —o¢
T H HO,T M(Qbh) h

+ hllg + divenlls -
0,7

+ > he

2 2

+ h3

et [t

0T g, (T)NEL(Q) O.e (3.3)
+ > hellon-velllge + > hellon - v,
eeé'h(T)ﬂé'h(Q) eeé‘h(T)ﬂSh(FN)
du 1 2
+ Z lup — w3 + Z he || =2 — ——ols
ce ds M(¢h) 0,e
e€ER(T)NER(I'D) e€&R (T)NER(I'D) ’

The residual character of each term defining 9% is clear, and hence, proceeding as usual, a global
residual error estimator can be defined as
1/2

0:=S > 0%, . (3.4)

TeT



d
uSD € L?(e) for each e € & (I'p). This is

ensured below by assuming that up € H}(I'p). We also emphasize, with regards to the remark at the
beginning of this section, that in the 3D case the convexity assumption on the domain 2 is required
only for the reliability of 6.

Note that the last term defining 9% requires that

3.2 Reliability
The following theorem constitutes the main result of this section

Theorem 3.1 Assume that ) is a connected domain and that Uy is the boundary of a convex part of
Q, that is Q can be extended to a convex domain B such that Q@ C B and 'y C 0B (see Figure 3.1
below). In addition, assume that up € HY('p) and that for some ¢ € (0,1) (when n = 2) or some
e €(1/2,1)(when n = 3) there holds

1
Cs k| + Collupllijzrers + C7llflcg < 5
where C3, Cg and C7 are the constants given below in (3.21). Then, there exists a constant Crey > 0,
which depends only on parameters, |[upll1/2ry, | fllc,q, and other constants, all them independent of
h, such that

16— dnlla + (o, u) = (on,un)a < Cra 6, (3.5)
where H := Hy(div, Q) x H(Q).

We begin the proof of (3.5) with the upper bounds derived in the following two subsections.

3.2.1 A preliminary estimate for ||(o,u)— (o, up)|lx

In order to simplify the subsequent writing, we first introduce the following constants

1 . L (1 2\1/2
Co:=—, C1:=2GC:C: Cs(r)“(:fl), Co =Co(1+k)Y2 + 7101, (3.6)
1

where Cs(r) and C., C. are defined in [2, ¢f. (3.22) ] and [2, Lemma 3.9 and Theorem 3.13], respec-
tively.

Lemma 3.2 Let 63 := Z 9(2]’T, where for each T € Ty, we set
T€Th

1 2
02 = || fon + diven|? . + HVuh - —o¢
0,7 || ||O,T N(d)h) h

+ > lwp — w3, - (3.7)
0.7 e€&p(T)NEL(I'D)

Then there exists C' > 0, depending on Cy, k1, k3, and the trace operator in H(Q), such that

(o, w) = (on, un)llm

B (3.8)
< C{O0+ | Bulluyamay b + {Ctlunllijarery +Co | Fle } 6= dnlia,
where C1 and Cy are given by (3.6), and Ej, € Hy(div, ), defined for each ¢ € Hy(div,Q) by
1
En(¢) :== (v, up)r, — / —0%: ¢ — /uh-divC — K2 /(fgzbh + diveoy) -div¢,  (3.9)
 1(¢n) 0 Q

6



satisfies
En(Cr) =0 V¢, € Hy. (3.10)

Proof. We first deduce from the H-ellipticity of By (cf. [2, Lemma 3.4]) that there holds the global

inf-sup condition
By((1T,v), (,w
al(r,v)[ln < sup o7, v), (€, w))

(¢,w)eH H(va)HH
(¢,w)#0

where « is the constant of ellipticity, which depends only on pg, pe, 2, 'y and I'p (see [2, Lemma 3.4]).
Then, applying (3.11) to the error (7,v) := (o — o, u — uy), we find that

all(o,uw) — (op,up)||lg < sup Fy(¢,w) — By((op,up), (C,w))'

(¢ w)eH (¢, w)||z
(¢,w)#0

Y (r,v) € H, (3.11)

(3.12)

Next, using the definitions of By (¢f. (2.9)) and Fy, (c¢f. (2.10)), and adding and subtracting suitable
terms, we can write

F¢(va) - B¢((0h7uh)v(C7w)) = F‘ﬁh(Caw) - B¢h((ah’uh)7(C’w))
+ B¢h((ah7uh)>(C>w)) - B¢((Uh7uh)7(C7w)) + F¢(C7w) - F(bh(C?w)'

In this way, employing the estimate for |By, (-, ({,w)) — Bg( -, (¢, w))| (see [2, eq. (3.29)]) and
|Fo (¢, w) — Fy, (¢, w)| (see [2, eq. (3.28)]), we deduce from (3.12) and (3.13) that

(3.13)

(o, u) = (on,un)llz < CollFy, () — Be,((oh un), - )llar
(3.14)
+{C1luplljzeery + Collfloco} 6= dnllo,

where, bearing in mind (3.9), there holds
Fy, (G w) = By, (on,un). (¢ w)) = En(¢) + En(w) V(¢ w)eH, (3.15)

with Ej, € H'(Q)’ defined for each w € H!(Q) by

Bu(w) i= = [ (Fon + divan)-w + w1 [

1
<Vuh — a%) :Vw + /{3/ (up — up) - w.
Q I'p

(én)

Then, applying the Cauchy-Schwarz inequality we readily deduce the existence of a constant ¢ > 0,
depending on k1, 3, and the trace operator in H!(£2), such that

| Enlle )y < €60,
which, together with (3.14) and (3.15), imply the main inequality (3.8). Moreover, using the fact that
Fy, (Cnywn) — By, ((0h, un), (Cpwn)) =0 V(p, wp) € Hp,
and taking in particular wy, = 0, we deduce (3.10), which completes the proof. O
Observe, according to (3.10), that for each ¢ € Hy/(div, ) there holds
Ep(C) = En(C—Cn) V¢, €HY,

and hence the upper bound of || Ej[|s, (div,0) to be derived below (see Subsection 3.2.3) will employ
the foregoing expression with a suitable choice of ¢; € Hf.

7



3.2.2 A preliminary estimate for |¢ — ¢pl1,0
We begin with the following results.

Lemma 3.3 The nonlinear operator Ay, : H%D Q) — [H%D(Q)]' induced by Ay (cf. (2.11)), that is
M)l = [ 00V6)Vo-ve - [ ou-vo  veent @), (3.16)
Q Q

where [-,-] is the duality pairing between H%D (Q) and [H%D(Q)]’, is Gateaux differentiable in H%D(Q).

Proof. We begin by observing, thanks to simple computations and the Cl-regularity of 1, that for all
O, ), € HILD (Q), with V¢ # 0 there holds

) [Au(a‘i‘ € 1/}) - Au(&)a 90] / o <v$ VU)) n
lim = [ Y(VP)~——2LVs-V
"y ¢ /Q (Vo) Vo oV (3.17)

+ [ 00vaNve-ve - [ vu-ve
Q Q
whereas for V(Z = 0, we find that

lim [Au($+ Ew) - Au(gg)v 4,0]

e—0 €

= /ﬁ(o)w.w - /¢u.v¢. (3.18)
Q Q

In this way, the identities (3.17) and (3.18) show that A, is Géateaux differentiable at . Moreover,
DA (¢) is the bounded linear operator of H%D (Q) into [H%D(Q)]’ that can be identified with the

bilinear form DAu(a) : H%D (Q) x H%D () — R defined by
DAL (W) = lim A0 V) = Aul@), 4]

e—0 €

V4, € HE (Q). (3.19)
O

Lemma 3.4 Let ¢, and c¢(Q2) be the constants given by (2.7) and [2, eq. (3.5)], respectively, and let
u € HY(Q) be such that
lulio < _ v

LG 2¢,c()

~

Then, the family of Gateauz derivates {DA (@) ) s uniformly bounded and uniformly elliptic

h?eH%D Q
on H%D (Q) x H%D (). More precisely, there exist positive constants \, @, depending only on 91,392 (cf.
(2.4)), ¢(Q), and cp, such that for all b, 0,1 € H%D (Q), there holds

~

DAL (W, 0)] < Awliallelie  and DAL (b,v) > ||

2
1,0

Proof. Tt proceeds similarly to the proof of [18, Lemma 5.1]. O

~

As a consequence of the ellipticity of the family {DA,, (o) , we obtain the following global

Yoem (@
inf-sup condition

~

o DA ,
allY|ie £ sup M
PEHL () ol
70

vy € Hp (Q). (3.20)



Next, similarly as before, we simplify the subsequent writing by introducing the following constants

~ 92 ~ ~
C:==, C3:=CLy, Cy:=7rc(Q)C, C5:=rc(Q)C, Cs:=C1Cs Cr:= CyC5, (3.21)

(%

where C' is the constant provided by Lemma 3.2.
Lemma 3.5 Assume that

1
C3|k| + Cs |luplli/24erp + C7 | fllo,o < 3 (3.22)

Then, there exists C > 0, depending on C and C, (cf. (3.21)), such that
I6 = énllia < C {80 + | Enllyavar + IEnlly_ay}- (3.23)

where Oy and Ey, are given in the statement of Lemma 3.2 and (3.9), respectively, and E’h € H%D (Q),
defined for each p € H%D (Q) by

Bu(e) = [ gv = [ {900) Vo = duun = 2(0n) Rk} - Vo, (324)

satisfies N
En(en) =0 YVn € Hﬁ (3.25)

Proof. Since ¢ and ¢y, belong to H%D (Q), a straightforward application of the mean value theorem
yields the existence of a convex combination of ¢ and ¢y, say ggh € H%D (), such that

DAW() (&~ é1,0) = [Au(@) — Auldn), ] Vi € HE (D).
Next, applying (3.20) to the Galerkin error v := ¢ — ¢y, we find that

~ Au _Au )
all6 - dulo < sup ul®) = Aul@n)p]
g;ngl,D(Q) HQDHLQ
p#0

Now, using the fact that [Ay(¢),¢] = [G4,¢], the definition of A, (c¢f. (3.16)), and adding and
substracting suitable terms, it follows that

[Au(®) = Aulfn), ¢l = [Go, — Aw,(Pn) 0] + [Gy — Gopr 0] + [Aw, (1) — Au(dn) ¢l (3.27)

In this way, applying the estimate for |[Gy — Gy, , ¢]| (see [2, eq. (5.5)]) and |[Aw(Pn) — Aw, (¢1), ¢]]
(see [2, eq. (5.6)]), we deduce from (3.26) and (3.27) that

6 = énllie < CllGy, — A, (On)llL_ @y + CLy k| [l¢ = énllne + re(@) Cllu—uplio. (3.28)

(3.26)

Then, bounding ||u — uy|l1,0 by the error estimate provided by (3.8) (cf. Lemma 3.2), and then
employing (3.22), we arrive at

I6 = énllre < 2C{IGs, — Au,(@n)llum, @y + C1 (80 + | Enlliyaivar) }
where, bearing in mind (3.24), there holds

(G, — A, (00), 9] = En(p) Ve €HE (D)



Finally, using the fact that [Gy, — A, (én),¢n] =0 Vep € Hi, we obtain (3.25) and the proof
concludes. O

At this point we remark, similarly as we did at the end of Section 3.2.1, and thanks now to (3.25),
that for each ¢ € H%D (©) there holds

En(p) = En(e—¢n)  Ven €Hj,
and therefore HEhHH; (oy Will be estimated below (see Subsection 3.2.3) by employing the foregoing
D

expression with a suitable choice of ¢y € Hi

3.2.3 A preliminary estimate for the total error

We now combine the inequalities provided by Lemmas 3.2 and 3.5 to derive a first estimate for the
total error ||¢ — ¢pll1,0 + ||(o,u) — (oh, up)||m. To this end, we now introduce the constants

C(up, f) = a{Cl lupllijo4ery + Collflloc,o + 1} and c(up, f) := C + C(up, f),

where C and C are provided by Lemmas 3.2 and 3.5, respectively, and C; and C5 are given by (3.6).

Theorem 3.6 Assume that

1
C3 k| + Cs |lupllijorery, + C7llfllocn < 3

Then there holds

lp—onllia + (o, u)—(on,up)lly < C(up, f) HEhHHIl,D(Q)/ + c(up, f) {90+\|Eh||HN(div,ﬂ)’}' (3.29)

Proof. 1t suffices to replace the upper bound for ||¢ — ¢p/1,0 given by (3.23) into the second term on
the right hand side of (3.8), and then add the resulting estimate to the right hand side of (3.23). We
omit further details. O

It is clear from (3.29) that, in order to obtain an explicit estimate for the total error, it only remains
to derive suitable upper bounds for HEhHH} @y and [|Epllmy (giv,0y- This is precisely the purpose of
D

the next subsection.

3.2.4 Upper bounds for HEhHH}D(Q)’ and || Ep s, (aiv,0)

In what follows we make use of the Clément interpolation operator Zj : HY(2) — X}, (cf. [16]), where
X, is given by

X = {Uh S C(Q) : Uh’T € Pl(T) VT € 77L}
The following Lemma establishes the local approximation properties of Zy,.
Lemma 3.7 There exist constants c1,co > 0, independent of h, such that for all v € H' () there hold
[0 = Zn(v)

or < cihrlvllyay YT €T, (3.30)

and

lo = Tu@)loe < czh2[oliae Ve € En (3.31)

where A(T') and A(e) are the union of all elements intersecting with T' and e, respectively.

10



Proof. See [10]. O

We now recall from Subsection 3.1 that we have defined there

oy = (|Vén|)Von — énun — v(én)k. (3.32)

Then, the following lemma provides an upper bound for HEhHH% @)
D

~92 ~
Lemma 3.8 Let 6 = Z 0%, where for each T € T;, we set
TeTh

Op == hyllg + divenldr + D hellen-vdlse + Y helon v
e€&p (T)NER () e€&L (T)NEL(T)

Then there exists ¢ > 0, independent of h, such that
D

Proof. Given ¢ € H%D (Q) we let ¢p, == I(p) € HZ, and observe, according to (3.24), (3.25), and
(3.32), that

En(p) = En(e — en) Z/ 9 (v —n) Z/U'h V(e —¢n).

TeT, TeT,

Next, integrating by parts on each T" € T, in the last term on the right hand side of the foregoing
equation, we find that

Z/g+d1v0h<p ©n) — Z/so on)[on-ve]l — > /90 ©n)Oh -V,

TET, ec&p( ec&n(I'N)

from which, applying Cauchy-Schwarz inequality, employing the approximation properties of the
Clément operator given by (3.30) and (3.31), and performing some algebraic rearrangements, we
readily conclude that

[En(o)] < cOllelia,
which yields (3.33) and finishes the proof. O
We now aim to provide an upper bound for || Ep,||g, (div,0y (cf. (3.9)), which, being less straight-

forward than Lemma 3.8, requires several preliminary results and estimates. We begin by introducing
the space

H%N(Q) = {cpeHl(Q): @ =0 on FN},

and establishing a suitable Helmholtz decomposition of our space Hy (div, Q).

Lemma 3.9 Assume that €} is a connected domain and that 'y is contained in the boundary of a
convex part of 2, that is there exists a conver domain B such that @ C B and Ty C OB (see Figure
3.1). Then, for each ¢ € Hy(div, ), there exist 7 € H'(Q) and x € H%N (Q) such that

¢ =7+curl(yx) in Q, (3.34)

and
(3.35)

with a positive constant C' independent of C.

11



Figure 3.1: Extension of ) to a convex domain B for the Helmholtz decomposition.

Proof. Given ¢ € Hy(div, ), we let z € H(B) be the unique weak solution of the boundary value
problem:

div¢ in Q

Az = , Vzvr =0 on 0B, /z = 0. (3.36)
Q

-1
| B\Q|

/divC in B\Q
Q

Thanks to the elliptic regularity result of (3.36) we have that z € H?(B) and
zll2,8 < clldiv]loq, (3.37)

where ¢ > 0 is independent of z. In addition, it is clear that T := (Vz)|q € H}(Q), divr = Az =
div¢ in Q, 7v =0 on 0B (which certainly yields 7~ =0 on I'y), and

Il < llzl2e < [z

2,8 < c|[div]logq- (3.38)
On the other hand, since div(¢ —7) = 0 in €, and 2 is connected, there exists x € H!(Q) such that

¢ -7 =curlx) in Q. (3.39)

In turn, noting that 0 = ({ — 7)v = curl(x)v = C% on I'y, we deduce that x is constant on I'y,

and therefore x can be chosen so that x € Hp_(€2), which, together with (3.39), gives (3.34). In
addition, from the equivalence between ||x||1,0 and |x|1,0 = |curl(x)|lo,o (which is a consequence of
the generalized Poincaré inequality), and employing (3.38) and (3.34), we deduce that there exists a
constant ¢ > 0 such that

Ixll1,e < €ll¢llaiv. - (3.40)
Finally, it is clear that (3.38) and (3.40) yield (3.35), which is the stability estimate for (3.34). O

We remark here that estimates (3.37) and (3.38) are still valid for an arbitrary 3D polyhedral region
2, whereas (3.40) requires the convexity of this domain (see [35, Proposition 4.52] or [9, Theorems
2.17 and 3.12]). This explains, as already announced, that the present a posteriori error analysis can
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be extended only to convex polyhedral domains in R3. Nevertheless, as observed in [22] for the a
posteriori error analysis of a pseudostress-based formulation of the linear elasticity problem, we claim
that the aforementioned geometric condition might very well be just a technical assumption for the
3D analysis. We plan to report on numerical results supporting this conjecture in a separate work.

We now consider the finite element subspace of Hr (£2) given by
Xpy = {cph cC@): @ylrePi(T) YT €T ¢, =0on rN},
and introduce, analogously as before, the Clément interpolation operator Zj, n : Hry(©2) — Xp n.

In addition, we let II§ : H*(Q2) — HZ be the Raviart-Thomas interpolation operator (see [12],[30]),
which, given 7 € H!(Q), is characterized by the identities:

/Hﬁ(r)u -p = /TV -p, VedgeeecT, VpecPile), whenk >0, (3.41)
and
/ IE(7): p = / T:p, YT €Ty, VpePr1(T), whenk>1, (3.42)
T T

where Py (e) := [Py(e)]? and P_1(T) := [Py_1(T)]?>*2. It is easy to show, using (3.41) and (3.42),
that (see, e.g. [20, Lemma 3.7], [29, eq. (3.4.23)])

div(II} (7)) = PF(divT), (3.43)
where PF : L2(Q2) — Qy, is the L2(2)-orthogonal projector and
Qn={vel®Q): v|lrePy(T) VTEeT,}.

Note that P}I’f can also be indentified with (P,ff, P,ff), where P}’f is the orthogonal projector from L?(Q)
into Qp, with Q := {v € L2(Q) :  v|r € P(T) VT € Tp,}. Furthermore, the following approxima-
tion properties hold (cf. [15], [20], [12], [30]):

v = PEW)lor < chF [olmr YT € Th, (3.44)

for each v € H™(Q), with 0 <m < k+1,

|7 =} (F)lor < chF |Flmr YT €Th, (3.45)
for each 7 € H™(Q), with 1 <m <k +1,
|div(7 — I} (F) o < ch|divT|mr VYT €Th, (3.46)

for each 7 € H'(f2) such that divF € H™(Q), with 0 < m < k + 1, and

0 < ch? |7l Vedgee € T, (3.47)

|lTv — Hﬁ(i—) v

for each 7 € H'(Q), where T, € T, contains e on its boundary.

Then, given ¢ € Hy(div,2) and its Helmholtz decomposition (3.34), we define x;, = Zp n(X),
and set
¢, = OF(T) + curl(x,) € HY (3.48)
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as its associated discrete Helmholtz decomposition. It follows that
¢—¢p =7 — I(7) + curl(x — xx),
from which, using (3.43) and the fact that divrT = Az = div ¢ in Q, yields
div(¢ — ¢p,) = div(r — I} (7)) = (I - Pf)(div¢). (3.49)

Hence, according to (3.9) and (3.10), and noting from (3.49) that

/uh-diV(T—HlfL(T)) = /uh-(I — PH)(div¢) = 0,
Q

Q
we find that
En(€) = En(€—Ch) = Ena(7) + Ena(x), (3.50)
where
1
By (7) i= ((r = (7)) v,up)r, — [ ——0oh: (T —1I5(7))
/Q w(én) (3.51)
+ kg /(f¢h + divey,) - (I— P;]f)(div T)),
Q
and )
Epa(x) = (curl(x — x3) v, up)ry, — /QM(%)U?L eurl(x — xp) - (3.52)

It is now evident from (3.50) that, in order to estimate || Ep||p, (div,0y it only remains to bound
|Epa(7)] and |Ep 2(x)| in terms of a multiple of ||¢]|giv.o, which is indeed the purpose of the following
two lemmas.

Lemma 3.10 Let 67 := Z G%I, where for each T € Ty, we set

TeTh
2 2 1 d ? : 2 2
917T = hT V'u/h - Wdh + ”f¢h + leO'hHQT + Z he ”UD — 'u/h’ O, *
o) lor e€&,(T)nEn(I'p)
Then there exists ¢ > 0, independent of h, such that
[Enai(7)] < c01][¢llaiv.e - (3.53)

Proof. The analysis for the first two terms defining Fj 1 (cf. (3.51)) follows as in the proof of [23,
Lemma 4.4], after replacing I' by I'p, and then employing the characterization (3.41) - (3.42), the
Cauchy-Schwarz inequality, the approximation properties (3.45) and (3.47), and the stability estimate
(3.35). In turn, for the corresponding third term it suffices to see that

' [ (Fon + aiver)- (1 ppy(aivr)
QO
< |fon + divepog |div oo < |fén + diverloo [<]laiv.a

which concludes the proof. U

14



Lemma 3.11 Assume that up € H}(T'p), and let 3 := Z 0§,T, where for each T € Ty, we set

TeTh
1 2 2
9§’T = h3 curl{o-}il} + HH ahsﬂ
/’L(th) O,T eegh T)ﬂf,' 0,6
du 1
- Z he d D (¢ )0% S
e€n(T)NER(TD) 8 H(Ph 0,
Then there exists ¢ > 0, independent of h, such that
|En20)| < c02][C]aiv,e- (3.54)

Proof. We proceed similarly as in the proof of [23, Lemma 4.3]. In fact, using that curl(x —x;)v =
D L(I'p), and then integrating by parts on I'p, we find that

du
%(X — X},), noting that

du du
(curl(x — xp) V,up)rp, = —{(X — Xh T:)FD = - Z /(X — Xn) dsD'
e€&p(p) ' ©

On the other hand, integrating by parts on each T' € T, we obtain that

Lyt emntea = 3 {/T“{u(iw o - [ ets e

T;/Curl{ } (x = xn) eegz: /H ﬂ (x — xn)

Z / O'hs (X — Xxp) — Z / (X — Xn)-

e (I'x)

Then, replacing the above expressions on the right hand side of (3.52), and using the fact that
XIry = Xnlry = 0, we deduce that

aa = 3 [

e€&R ()

Z/Cuﬂ{%} (x = xn)

TeTh

- Z/{duD— men) %}-(x—xh)-

e€&r(Ip)

(6n) Uhsﬂ (x —xn)

Next, since x;, := Zp n(X), the approximation properties of Zj, y (cf. Lemma 3.7) yield

r < ahrlxliar YT € Th, (3.55)

and
Ix = xnlloe < c2hl? Ixlhae Ve €& (3.56)

In this way, applying the Cauchy-Schwarz inequality to each term in the above expression for Ej, 2(x),
and making use of (3.55), (3.56), and (3.35), together with the fact that the number of triangles in
A(T) and A(e) are bounded, the proof is finished. O

As a consequence of Lemmas 3.10 and 3.11 we conclude the following upper bound for || Ep || (iv,0)-
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Lemma 3.12 There exists ¢ > 0, independent of h, such that
| Enllmy div,0y < 0{01 + 02}.

Proof. 1t follows straightforwardly from (3.50) and the upper bounds (3.53) and (3.54). O

We end this section by observing that the terms hZ|Vu, — (¢>h O'hHOT and he HuD - uh||067

which appear in the definition of 9%7T (cf. Lemma 3.10), are dominated by [|Vu, — ahHO o and

u(¢>
|lup — up|[§ ., respectively, which form part or 9(2)7T (cf. (3.7)). In this way, the reliability estimate

(3.5) (cf. Theorem 3.1) is a direct consequence of Theorem 3.6, the definition of 8y (cf. Lemma 3.2),
and Lemmas 3.8, 3.10, 3.11, and 3.12.

3.3 Efficiency

The following theorem is the main result of this section.

Theorem 3.13 There exists a constant Cess > 0, which depends only on parameters, |k|, luplli/2ry
| flloo.2s and other constants, all them independent of h, such that
1 1
(o= anlon + | ot ot
w(d)  p(dn)
where h.o.t. stands for one or several terms of higher order. Moreover, under the assumption that

o € LYQ), there exists a constant Cegs > 0, which depends only on parameters, |k|, luplli/2rg
[ flloo,2s lollLacqy, and other constants, all them independent of h, such that

Ceff

+ h.ot. (3.57)

)

Ceffa < ||¢— ¢h||1,Q + H(a,u) — (ah,uh)HH + h.o.t. (358)

Throughout this and the following sections we assume for simplicity that the nonlinear functions p,

1
(1(én)’
The same is assumed for the data wp and g. Otherwise, and if =1, ¥, v, up, and g are sufficiently
smooth, higher order terms given by the errors arising from suitable polynomial approximations of
these expressions and functions would appear in (3.57) and (3.58) (cf. Theorem 3.13), which explains
the eventual h.o.t. in these inequalities. In this regard, we remark that (3.57) constitutes what we
call a quasi-efficiency estimate for the global residual error estimator 6 (cf. (3.4)). Indeed, the quasi-
efficiency concept refers here to the fact that the expression appearing on the right hand side of
(3.57) is not exactly the error, but part of it plus the nonlinear term given by Hﬁad on ¢h)

However, assuming additionally that o € L*(Q), we show at the end of this section that the latter can
be bounded by [jo — oo, + [|¢ — ¢nll1,0, thus yielding the efficiency estimate given by (3.58).

9, and v are such that |V érl), v(on), and hence o, as well, are all piecewise polynomials.

In order to prove (3.57) and (3.58), in what follows we derive suitable upper bounds for the ten
terms defining the local error indicator 2 (cf. (3.3)). We first notice, using that f¢ = —dive in Q,

that there holds
Ifon + divon|l§r < 2[F(0— én)lgr + 2/div(ie — on)l§r (3.50)
< 2| fllclle = ¢nllgr + 2/div(ie — op)llr-
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In addition, since Vu = ﬁad in , we find that

2 2

L 4 1 d

1
Vu, — ———0% < 2||Vu — V|3 + 2 H o — o . (3.60)
H w(en) " 0,T T 1(9) w(en) " 0,7
Furthermore, employing that w = up on I'p and applying the trace theorem, we obtain that
> up = wnllfe = llw—willfr, < cfllu—wuiliq, (3.61)

ec&h(Ip)
where ¢ is the norm of the trace operator in H!(Q).

The upper bounds of the remaining seven terms, which depend on the mesh parameters hp and
he, will be derived next. We proceed as in [13] and [11] (see also [19]) , and apply results ultimately
based on inverse inequalities (see [15]) and the localization technique introduced in [34], which is based
on triangle-bubble and edge-bubble functions. To this end, we now introduce further notations and
preliminary results. In fact, given T € Tj, and e € E,(T"), we let ¥ and 1. be the usual triangle-bubble
and edge-bubble functions, respectively (see [31, egs. (1.4) and (1.6)]), which satisfy:

i) v € P3(T), supp(pr) €T, p =0 0on 9T, and 0 < ¢pp < 1in 7.

i) Ye|lr € Po(T), supp(te) C we := U{T" € Tp,: e € ER(T")}, e = 0 on IT\{e}, and 0 < ¢ <1 in

We.-

We also recall from [33] that, given & € N U {0}, there exists a linear operator L : C(e) — C(T") that
satisfies L(p) € Py(T) and L(p)le =p Vp € Py(e). A corresponding vectorial version of L, that is the
component-wise application of L, is denoted by L. Additional properties of ¢, %, and L are collected
in the following Lemma.

Lemma 3.14 Given k € NU{0}, there exist positive constants ¢y, ca,cs3, and cq, depending only on k
and the shape regularity of the triangulations (minimum angle condition), such that for each T' € Ty,
and e € E,(T), there hold

1/2
lWralis < lld3s < ellvialds  Yae PU(T),

e LISz < e < c2llveplie Vo€ Pile), (3.62)
cshellpllfe < I1W* LO)Er < cahelplfe Vo € Pile).

N

IN

Proof. See [33, Lemma 4.1]. O

The following inverse estimate is also needed.

Lemma 3.15 Letl,m € NU{0} such thatl < m. Then, there exists ¢ > 0, depending only on k,l,m
and the shape regularity of the triangulations, such that for each T € Ty there holds

lglmr < chl™lgir Vg€ Pu(T). (3.63)

Proof. See [15, Theorem 3.2.6]. O

The following Lemma is required for the terms involving the curl operator and the tangential jumps
across the edges of Tj. It proofs, which makes use of Lemmas 3.14 and 3.15, can be found in [13].
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Lemma 3.16 Let p;, € L2(Q) be a piecewise polynomial of degree k > 0 on each T € Ty. In addition,
let p € L2(Q) be such that curl(p) = 0 on each T € Tp,. Then, there exist ¢, ¢ > 0, independent of h,
such that

leurl(pp)lor < ehg' o= prlor VT €T

and

lonsellloe < &0 o= prllow, Ve €.
Proof. For the first estimate we refer to [13, Lemma 4.3], whereas the second one follows from a slight
modification of the proof of [13, Lemma 4.4]. Further details are omitted. O

We now apply Lemma 3.16 to obtain upper bounds for two other terms defining 0%.

Lemma 3.17 There exist ¢1,¢o > 0, independent of h such that

2 2

1, 1

1
h? Curl{ O'd} <¢||l—=0o®— o VT €Ty,
’ p(dn) S lor p(@)  ulon) "o
1 ﬂ SR | B B
el | ——o5% s <¢l|—0o— —0c Vee&L(Q).
|[N(¢h) "o p(@) " (dn) Mo, )
Proof. Tt suffices to apply Lemma 3.16 to p;, := ﬁa% and p = ﬁad = Vu. O
Lemma 3.18 There exists ¢s > 0, independent of h, such that
dup /A | N [ B 1 P
e ||l — — o%s < ¢3 o — o Vee&,(I'p). 3.64
ds  p(én) " lloe (o) w(dn) "o ) (364

Proof. We proceed similarly as in the proof of [23, Lemma 4.15], by replacing g, I', and ia‘fl by up,

1 4 :
I'p, and o ho respectively. O

Finally, it only remains to provide upper bounds for the three terms completing the definition of
the local error indicator 62 (cf. (3.3)). This requires, however, the preliminary result given by the
following a priori estimate for the error || — &hH%,T-

Lemma 3.19 There exists C > 0, depending on 91, V2, Ly (cf. (2.4), (2.6)), and |k|, such that
16 = &nlBr < {6 —onliz + lul@— onldz + lonlu—un)lir}- (3.65)

Proof. According to the definitions of o (cf. (2.1)) and o} (cf. Subsection 3.1), and applying the
triangle inequality, we obtain that

lo —anlir <2 {Hﬁ‘(lwbl)vcb —I(Vor)Venllsr + 2[1k(v(¢) — ()5 r
(3.66)
b o= ol + 4 lonu - wlir )
We now recall from [25, Theorem 3.8] that the nonlinear operator induced by the first term defining

A, (cf. (3.16)) is Lipschitz-continuous with constant L := max{vs2,2¢2 — ¥1}. In this way, applying
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the aforementioned Lipschitz continuity, but restricted to each triangle T' € Ty, instead of €2, and using
the Lipschitz continuity assumption for v (¢f. (2.6)), we deduce from (3.66) that

1 - &2 < 2 {L2 196 — Venldr + 222 kP 6 — énlir
(3.67)
Toafulé— B + 4lén(u - uhwaT} ,

which readily yields (3.65) and ends the proof. O

Having proved the previous result we now establish the efficiency estimates given by the following
three lemmas.

Lemma 3.20 There exists ¢4 > 0, which depends only on L, L, |k|, and other constants, all them
independent of h, such that

W2 llg + divanlie < & {||<z> —onll i + (@ — o)z + lén(u — uh>||3,T} 36

Proof. We proceed as in the proof of [/, Lemma 4.4]. In fact, given T' € T}, we first observe, using
that dive, = —g in 2, and integrating by parts, that

lg+divanlRr < erlleg® (g +divan) 3y = —a / V(i (g+diven)) - (5 — ).
T

Next, the Cauchy-Schwarz inequality, the inverse estimate (3.63), the fact that 0 < ¢y < 1, and the
triangle inequality imply that

lg+divepll§r < e lvr (g+diver)hrllo —anllor < Chy' g+ divamnllor |6 — anllor,

which gives
lg +divanlor < Chy' o —anllor.

The foregoing inequality and (3.65) (cf. Lemma 3.19) imply (3.68) and complete the proof. O

Lemma 3.21 There exists ¢s > 0, which depends only on L, L, |k|, and other constants, all them
independent of h, such that for each e € E,(Q)) there holds

hellBn- vl <& 3 {||¢ —onlr + o — o) Br + ln(u— uh>||3,T} L (3.69)

TCwe

where we 1s the union of the two triangles in T, having e as an edge.

Proof. Proceeding analogously as in the proof of [1, Lemma 4.5], we find that

helllEn-vll3e <c 3 {h%ug L divaalRs + |3, - & %,T},
TCwe

which, together with (3.65) and (3.68) (cf. Lemmas 3.19 and 3.20), yields (3.69) and ends the proof.
O
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Lemma 3.22 There exists cg > 0, which depends only on L, L, |k|, and other constants, all them
independent of h, such that for each e € E,(I'x) there holds

he 3 vl < % {||<z>— o

ir A+ (o —on)

Ba+ lonw-wle . @70
where T is the triangle of T, having e as an edge.

Proof. Following a similar reasoning to the proof of [/, Lemma 4.6], we find that
~ 2 2 o~ 2 ~ ~112
hellgn - vide < c{n}llg + divenlir + 16n — G137},

which, thanks again to (3.65) and (3.68), provides (3.70) and ends the proof. O

In order to complete the global efficiency given by (3.57), we now need to estimate the terms
[w(é—én)[I§. and [|¢n(w—up)|§ - appearing in the upper bounds provided by the last three lemmas.
In fact, applying Cauchy-Schwarz’s inequality, the compactness (and hence continuity) of the injections
i:HY(Q) — L4Q) and i : HY(Q) — L*(Q) (cf. [1, Theorem 6.3], [29, Theorem 1.3.5]), and the a priori
bound for ||ul|; o given by (3.2), we find that

> luw(@—dnlgr < D lullfaer) 16 = Snllfacr

TET TET (3.71)
< Nl 16— ol < Cllé— ol

where C' is a positive constant, independent of h, that depends only on [|i[|, [[ill, [|lupll1/2rys |fllco.0
and r (cf. (3.1)). Similar arguments allow to establish the existence of another constant C' > 0, also
independent of h, and depending now on ||i||, ||i||, and 7, such that

Y lon(u —up)lgr < Cllu—uplig. (3.72)
TET

Consequently, it is not difficult to see that (3.57) follows straightforwardly from (3.59), (3.60),
(3.61), Lemmas 3.17, 3.18, 3.20, 3.21, and 3.22, and the final estimates given by (3.71) and (3.72).
Furthermore, adding and subtracting a suitable term, using the lower bound (cf. (2.3)) and the
Lipschitz continuity (cf. (2.5)) of i, and applying the boundedness of 7 — 79, we find that

1

o 1

L
< —llo—anlloo + 5 (6 —dn)oloa, (3.73)
0,Q M1 H1

d
Op
)

from which, assuming now that o € L*(2), and estimating ||(¢ — ¢1)o|jo.o almost verbatim as we
derived (3.71) and (3.72), we arrive at (3.58), thus concluding the proof of Theorem 3.13.

4 A second a posteriori error estimator

In this section we introduce and analyze another a posteriori error estimator for our augmented
mixed-primal finite element scheme (2.12), which is not based on the Helmholtz decomposition. More
precisely, this second estimator arises simply from a different way of bounding HEhHHN(diV,Q)/ in the
preliminary estimate for the total error given by (3.29) (cf. Theorem 3.6). Then, with the same
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notations and discrete spaces introduced in Sections 2 and 3, we now set for each T' € 7} the local
error indicator

2

N . 1 .
B = |Fon + divonlly + Hwh Lol s Rz + avaal2s
1(¢n) 0,T
Y hlEsvdRe Y hlE@ vt Y -l
c€&n (TINER(Q) €& (T)NER(TN) € (T)NER(TD)

and define the following global residual error estimator
~92 ~
0 = Z 07 + [lup _uhH%/Q,I‘D' (4.1)
T€Th

In what follows we establish quasi-local reliability and efficiency for the estimator 0. The name
quasi-local refers here to the fact that the last term defining @ can not be decomposed into local
quantities associated to each triangle T" € Tj (unless it is either conveniently bounded or previously
modified, as we will see below).

Theorem 4.1 Assume that up € H}(I'p) and

1
Cs Ikl + Co lupllijziery, + Crlifllecn < 5
where Cs3, Cg and C7 are the constants given in (3.21). Then, there exists a constant érel > 0, which
depends only on ||uplli/21y, | Fllco,o and other constants, all them independent of h, such that

~ =2
l¢ = onlia + (o u) = (Fnup)lf < Craa 8. (4.2)

Proof. As mentioned at the beginning of this section, the proof reduces basically to derive another

upper bound for || Ep|lg (aiv,0)y - Indeed, Integrating by parts the third term defining £} (cf. (3.9)),

and then using the homogeneous Neumann boundary condition on I'y, we find that for each ¢ €
Hy (div, 2) there holds

1 4 . .

En(¢) = (Cv,up —up)ry, + (Vuh - 70',1) :¢ — ko | (fon + divey,) - div(,

Q 1(on) 0

from which, applying the Cauchy-Schwarz inequality, we readily deduce that

1 .
| En iy (@iv,0y < C {HUD—UhHm,FD + Hvuh T i + Hf¢5h+d1VUhHo,Q} , (4.3)

— O
o) d)h) hHO,Q

where C is a positive constant independent of h. In this way, replacing (4.3) back into (3.29) (cf.
Theorem 3.6), and employing again the upper bound for ”EhHH% (@ (cf. Lemma 3.8), and the
D

definition of @y (cf. Lemma 3.2), we obtain (4.2) and finish the proof. O

Theorem 4.2 There erists a constant Cggr > 0, which depends only on parameters, |k|, [[up|li/2,rp,,
| flloo.2s and other constants, all them independent of h, such that

2

+ h.o.t. (4.4)

. 52 . 1 1
C20e 8 < 6= nl20 + lu—uplq + [divie —on)lZe + H o ot
0,9

w(@)  pulen)
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where h.o.t. stands for one or several terms of higher order. Moreover, assuming o € L4(Q2), there
exists a constant Cegs > 0, which depends only on parameters, |k|, |uplli/2rps | Fllocs lollLa),
and other constants, all them independent of h, such that

~  ~2
Cets 0 < [lp — dnliq + (o, u) = (on,un)|l3r + hoot. (4.5)

Proof. We simply observe, thanks to the trace theorem in H'(f2), that there exists ¢ > 0, depending
on I'p and €2, such that

lup —wnllijor, < cllu—upliq. (4.6)
The rest of the arguments are contained in the proof of Theorem 3.13 (cf. Subsection 3.3), and hence
we omit further details. O

At this point we remark that the eventual use of 6 (cf. (4.1)) in an adaptive algorithm solving
(2.12) would be discouraged by the non-local character of the expression ||[up — uhH%/Q,FD' In order to
circumvent this situation, we now apply an interpolation argument and replace this term by a suitable
upper bound, which yields a reliable and fully local a posteriori error estimate.

Theorem 4.3 Assume that up € H{(I'p) and that

1
C3 k| + Co luplli/24ery, + C7llfllce < 5

27
2
where C3, Cs and C7 are given in (3.21). In turn, let @ := Z 5%, where for each T € T;, we set
TeT
2 . 2 1 d ? 2 co~ 12
07 == |fon + divepllor + |Vup — ———0aj + hrllg + divenllsr
11(¢n) 0,T
+ Y hellon-velle + Y helon-vil. + > lup —up -
e€&L(T)NER(Q) e€&p (T)NER(I'N) e€&p(T)NER(I'p)

Then, there exists a constant Crer > 0, which depends only on parameters, |[up|li/ory, || Flloon, and
other constants, all them independent of h, such that

~ ~2
lo = onlia + (o,w) = (anun)llf < Crea 8" (4.7)

Proof. Tt reduces to bound ||lup — upll1/2 - In fact, since H'/2(T'p) is the interpolation space with
index 1/2 between H'(T'p) and L?*(T'p), there exists a constant c¢p > 0, depending on I'p, such that

lup —unl?or, < epllup —unllorp lun — uallir,

4.8
< cepllup—wnllir, =co D lup—wl?,, (48)
e€&p(I'p)
which, together with (4.2), implies (4.7) and finishes the proof. O

5 Numerical tests

This section serves to illustrate the properties of the estimators introduced in Sections 3-4. The domain
of each example to be considered below is discretized into a series of nested uniform triangulations,
where errors and experimental convergence rates will be computed as usual

e(o) = |lo—onlaive, e(u) :=[u—-unlia, e(@):=¢—nlia,
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h e(e) r(o) e(u) r(u) e(p) r(p) iy ip eff(0) qeff(0) eff(6) qeff(H)

Augmented RTy — P; — P scheme

0.7071 99.1853 -~  10.1168 —  1.5980 — 4 12 1.8570 1.8603 1.8740 1.8773
0.4714 83.1416 0.4351 8.6706 0.3804 1.1558 0.7990 15 1.5604 1.5627 1.5950 1.5973
0.2828 56.1085 0.7698 6.1721 0.6653 0.7191 0.9288 17 1.2142 1.2158 1.2474 1.2490
0.1571 31.7872 0.9667 2.9676 1.2458 0.4035 0.9828 16 1.0694 1.0707 1.1021 1.1034
0.0831 16.7731 1.0051 1.3190 1.2749 0.2136 0.9998 16 1.0088 1.0101 1.0409 1.0421
0.0428 8.5927 1.0083 0.6226 1.1316 0.1100 1.0009 16 0.9861 0.9873 1.0180 1.0193
0.0217 4.3466 1.0053 0.3071 1.0422 0.0558 1.0003 5 16 0.9777 0.9789 1.0097 1.0110

Augmented RTy — P, — P scheme

0.7071 51.6128  — 7.1534 - 04563 - 5 13 1.0353 1.0370 1.1487 1.1506
0.4714 29.6423 1.3677 3.2044 1.9805 0.2157 1.8475 14 0.9638 0.9650 1.0549 1.0562
0.2828 15.2131 1.3058 1.2003 1.9222 0.0799 1.9439 16 0.9573 0.9580 1.0198 1.0205
0.1571 4.9972 1.8940 0.3289 2.2022 0.0249 1.9837 15 0.9525 0.9532 1.0088 1.0095
0.0831 1.4251 1.9726 0.0868 2.0947 0.0070 1.9944 16 0.9515 0.9522 1.0045 1.0052
0.0428 0.3799 1.9928 0.0225 2.0320 0.0018 1.9984 16 0.9488 0.9495 1.0003 1.0011
0.0217 0.0980 1.9983 0.0057 2.0070 0.0004 1.9996 16 0.9396 0.9403 0.9895 0.9902

=R s Ot W

Gt Ot O =

Table 1: Test 1: convergence history, average Newton iteration count, Picard steps to reach the
desired tolerance, effectivity and quasi-effectivity indexes for the mixed—primal RTy — Pr11 — Pyy1
approximations of concentration, Cauchy stress, and velocity, with £ = 0, 1.

) @) . loglelw/em) . log(e(6)/e(0)
W= ey T T e

)

with e and é denoting errors associated to two consecutive meshes of sizes h and iL, respectively. In
addition, the total error, the modified error suggested by (3.57) and (4.4), and the effectivity and
quasi-effectivity indexes associated to a given global estimator 7 are defined, respectively, as

e = {[e(@) + [e(w)]® + [e(¢)2}?, eft(n) = 5
ot ol |2 V2 m
n= {[e<u>12 L (@) + [dive — divoso + HM( - OQ} . stz =

According to the coupling structure of the scheme (2.12), the linearization of the coupled problem can
follow a Newton method solving the nonlinear transport problem, nested within a Picard iteration
to establish the coupling with the Stokes problem. This procedure requires the computation of the
Gateaux derivative (3.19). When the residuals from Newton-Raphson and Picard iterations reach
the tolerances exy = 1le-8 and ep = le-7, respectively, the algorithms are terminated. The unsym-
metric multi-frontal direct solver for sparse matrices (UMFPACK) is used to solve the linear systems
appearing at each linearization step.

In a first example, the following exact solutions to system (2.1) are considered

d(x1,292) =b—bexp(—z1(x1 — )aa(ze — 1)), wu(z1,22) = < sin(2mz1 ) cos(2nz2) > ,

— cos(2mxy ) sin(2mxs)
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Figure 5.1: Test 2: approximate solutions obtained with the lowest order method, after six steps of
adaptive mesh refinement following the second indicator 8. Concentration, velocity components, and
stress components are depicted.

o (@1, 2) = p(6) Ve — p(8) 241

85[)1 ’
defined on the unit square Q = (0, 1)? and satisfying the first and third conditions of (2.2) on the whole
boundary I'p = 02. The data up, f, g are constructed with these manufactured exact solutions, and
the involved coefficients in the equations (and in the solutions) are k = (0, —1)7, u(¢) = (1 — cp)~2,
() = cd(1— ), D(VS]) = my +ma(1+|VH2)™5/2~), with b= 15,c = my = my = 1/2,mg = 3/2.
These values imply @1 = 0.99, uo = 3.35, and consequently the stabilization parameters adopt the
values k1 = p3/pg = 0.2976, kg = 1/ps = 0.2985, and k3 = K1/2 = 0.1488.

The manufactured solutions on the considered (convex) domain are smooth, and the a posteriori
error indicators show effectivity (and quasi-effectivity) indexes close to one in all studied cases. This
behavior can be observed in Table 1, where errors in different norms indicate optimal convergence
rates for the two lowest order methods (k = 0,1). We also show the average number of Newton
steps to achieve the tolerance ey and the total Picard iteration count at each refinement level. The
subsequent examples will be restricted to the lowest order method k& = 0.

Our second test focuses on the case where, under uniform mesh refinement, the convergence rates are
affected by the loss of regularity of the exact solutions. The problem setting is as follows: the domain
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e(u)

r(u)

e(9)

r(¢)

ip eff(0) qeff(0) eff(0) qeff(0)

Augmented RTy — P; — P; scheme with quasi-uniform refinement

135
403
1191
4090
15074
58289
238705

497.2285 =

501.6796 -0.0174
325.2386 0.8264
150.5401 1.2842
81.0276 0.9336
41.1328 1.0175
20.5693 1.0063

172.3239 =
189.3379 -0.1835
136.1004 0.6295
35.1355  2.2575
12.4395 1.5649
3.05615  2.1089
0.8447 1.8650

1.6796
1.5883
0.7731
0.4022
0.1990
0.1012
0.0510

0.1090
1.3728
1.0896
1.0606
1.0146
0.9956

25
29
28
29
28
31
29

1.0930
0.9688
1.0512
1.0112
1.0022
1.0004
0.9997

1.0855
0.9610
1.0490
1.0078
0.9988
0.9968
0.9962

1.0736
0.9654
1.0413
1.0096
1.0031
1.0031
1.0032

1.0662
0.9576
1.0391
1.0062
0.9997
0.9996
0.9997

Augmented RTy — P; — P1 scheme with adaptive refinement according to 6

409
1215
3108
6346

13629
31278
79064

482.0538 -

325.3517 0.7222
160.3139 1.5071
82.9351 1.8466
44.6689 1.6201
25.1967 1.3780
15.0459 1.1118

229.0604 -
151.3681 0.7610
47.6470 2.4614
13.4484 3.5441
4.6110 2.8026
1.8416  2.2089
0.8192 1.7468

1.1557
0.5798
0.4017
0.3298
0.2538
0.1908
0.1332

1.2670
0.7817
0.5527
0.6851
0.6873
0.7739

21
20
19
18
21
20
19

1.1461
1.0059
1.0032
1.0060
0.9984
0.9941
0.9903

1.1431
1.0040
1.0007
1.0030
0.9949
0.9893
0.9849

Augmented RTy — P; — P scheme with adaptive refinement according to 0

409
1206
3247
6703

15393
36869
94817

482.0538 -

318.9239 0.7641
160.2352 1.3899
79.3292  1.9399
41.1173 1.5928
229177 1.3296
13.4813 1.1231

229.0604 =
148.2081 0.8052
49.7563 2.2041
12.8689 3.7315
3.7409  2.9945
1.2198  2.5490
0.5302 1.7635

1.1557
0.5510
0.3399
0.3024
0.2553
0.1777
0.1289

1.3700
0.9758
0.3221
0.4104
0.8247
0.6790

21
19
20
21
20
20
19

1.1219
0.9979
0.9986
1.0038
1.0073
1.0055
1.0058

1.1190
0.9962
0.9965
1.0011
1.0039
1.0008
1.0006

Table 2: Test 2: convergence history, Picard iteration count, effectivity and quasi-effectivity indexes for
the mixed—primal approximation of the coupled problem under quasi-uniform, and adaptive refinement
according to the indicators introduced in Sections 3,4.

is taken as the non-convex pacman-shaped domain Q = {(z1,72) € R? : 23 + 23 < 1} \ (0,1)?, where
an exact solution to (2.1) is given by the same velocity as in the previous test, while concentration
and Cauchy stress now read

¢(z1,22) = b— bexp(zi(z} + 23 — 1)),

Ouy
a$2

. (5.1)
0'(:61,1’2) = ,U(Qb) Vu — M(ﬁb) ((ﬁUl — a1)2 + (332 — a2)2)2 I

Now the boundary is indeed split into I'y = (0,1) x {0} (the horizontal segment of 9Q2) and I'p =
00\ 'y (the arch and vertical borders of the domain), and the only difference with respect to (2.1)
is that a non-homogeneous concentration flux ¢ - v = j is imposed on I'y, where j is manufactured
according to (5.1). In this case, the relevant term in the a posteriori error estimators will be evidently
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Figure 5.2: Test 2: log-log plot of the total errors vs. degrees of freedom associated to uniform and
adaptive mesh refinements using the two proposed indicators.

replaced by

Z h’e”&h'y_jn(%,w

e€&p(T)NER(IN)

whose estimation from below and above follows in a straightforward manner. For this example, the
individual and total convergence rates are determined by the expression

r() = —2log(e(-) /é(-))[log(N/N)] ",

where N and N denote the total number of degrees of freedom associated to each triangulation.
Alternatively to the first test, here the Picard tolerance is set to ep = le-6, and no inner Newton
linearization will be employed for the transport problem.

The viscosity, hindered settling and diffusivity functions u,,? are taken as in the first example
with the parameters a; = 0.1, ag = 0.5, b = 3, ¢ = 4/3. Notice that the isotropic part of the stress
in (5.1) exhibits a singularity just outside the domain, at (a;,a2). With the chosen parameters, the
concentration has a high gradient near I'p, and the viscosity vanishes whenever the concentration
attains its maximum value. Therefore, and according to (5.1), high gradients are also expected in
the stress approximation; and optimal convergence, especially in that field, is no longer evidenced
under uniform mesh refinement (see first rows of Table 2). On the other hand, if an adaptive mesh
refinement step (guided by the proposed residual error indicators) is applied, optimal convergence can
be restored, as shown in the last two blocks of Table 2. This feature is also seen in Figure 5.2, where
we plot the total errors e, m versus the degrees of freedom associated to each triangulation. Total errors
under adaptive refinement exhibit a superconvergence whereas uniform refinement yields suboptimal
rates. From the figure we also observe that the curves for e and m coincide for each algorithm.

Once the local and global error indicators are computed, the adaptation procedure uses the auto-
matic adaptmesh tool (see particulars in e.g. [26]) to construct the next triangulation. The algorithm
is based on an equi-distribution of the discrete a posteriori error indicators, where the diameter of
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Figure 5.3: Test 2: from left to right, four snapshots of successively refined meshes according to the
indicators @ and @ (top and bottom panels, respectively).

each triangle in 7j,, |, which is contained in a generic element T" € 7y, in the new step of the algorithm,
is proportional to hp times the ratio &T /¢, where é' denotes the mean value of an estimator over 7Tj,.
Approximate solutions obtained after six adaptation steps are depicted in Figure 5.1, whereas a few
adaptive meshes generated using the two proposed indicators are collected in Figure 5.3. At least for
this particular configuration, the second a posteriori error estimator produces smaller errors but the
convergence rates coincide with the ones obtained with the first indicator.

In our last example the assumptions on the diffusivity ¥ will not hold anymore: we allow 9 to be
constant and very small for any concentration below a so-called gel point ¢ € [0, ¢.]. This extension
(whose limit case translates into a loss of ellipticity in the concentration equation) implies that for
low volume fractions, one may expect shock-like fronts to develop (see e.g. the monograph [3] and the
recent review [5]). Adaptive mesh refinement would then be highly appreciated in this particular case;
not only to restitute optimal convergence orders, but also to resolve concentration profiles accurately
without the need of refining the grid everywhere (even more important if higher-order schemes are
used, or transient models are studied). The problem configuration corresponds to the so-called Boycott
effect (¢f. [0]), where the sedimentation-consolidation of small particles within an enclosure is enhanced
by tilting the vessel (from the gravity direction), thus allowing the formation of recirculation zones
carrying low concentration fluid along the underside of the inclined wall (see also [7]). The diffusivity
function will be set to

€ for ¢ < ¢c,

9(¢) = o
(®) 190% (%) otherwise,

with a = 5,99 = 0.055, ¢ =1e-6. As computational domain we consider an inclined rectangle of height
1.5 m and width of 6 m forming an angle of 27 /3 with the positive x1—axis, which we initially discretize
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Figure 5.4: Test 3: approximate solutions obtained with the lowest order method, after six steps of
adaptive mesh refinement following the second indicator 8. Concentration, velocity components, and
stress components are depicted.

into a coarse mesh of 102 triangular elements. Viscosity is set as in the previous examples and the
remaining coefficients are f = Apk, g = 0, up = 0, ¢p = {0.8 on the bottom and overside inclined
wall; 0.0001 elsewhere in 90}, v(¢) = {y00(1 — ¢)? if ¢ > ¢¢; 0 otherwise}, ¢. = 0.07, ¢ = 2/3,
Yo = 4.4e-3, Ap = 700, The stabilization constants will depend on p1 = 1 and us = 4.75.

The numerical solutions are collected in Figure 5.4, where velocity shows a main circulation zone
at the center of the domain, directing the flow towards the bottom along the lower inclined side and
moving upwards on the opposite side. In addition, high concentration zones are located at the bottom
of the vessel, while clear fluid forms at the top. These flow patterns are in accordance with the
observations in [7, 31]. Four intermediate steps of mesh adaptation guided by the second a posteriori
error estimator 6 are displayed in Figure 5.5. We can see the capturing of the high concentration
gradient and velocity boundary layer near the upper inclined side of the domain.
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