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A HIGH ORDER HDG METHOD FOR STOKES FLOW IN CURVED
DOMAINS

MANUEL SOLANO * AND FELIPE VARGAS *

Abstract. We propose and analyze a high order hybridizable discontinuous Galerkin (HDG)
method for the Stokes equations in a curved domain. It is based on approximating the domain by a
polyhedral computational subdomain where an HDG solution is computed. To obtain a high order
approximation of the Dirichlet boundary data in the computational domain, we employ a transferring
technique based on integrating the approximation of the gradient. In addition, we first seek for a
discrete pressure having zero-mean in the computational domain and then the zero-mean condition
in the entire domain is recovered by a post-process that involves an extrapolation of the discrete
pressure. We prove that the method provides optimal order of convergence for the approximations of
the pressure, the velocity and its gradient. We present numerical experiments validating the method.
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1. Introduction. We present a high order hybridizable discontinuous Galerkin
(HDG) method to solve numerically the Stokes equations of an incompressible fluid
flow occupying a region © C R? not necessarily polygonal (d = 2) or polyhedral
(d = 3) with boundary I" := 92 compact and Lipschitz. More precisely, denoting by
u the velocity of the fluid, p the pressure, v > 0 a constant viscosity, f € [L%(Q)]?
a source term and g € [L?(I')]¢ the prescribed velocity at the boundary satisfying

the compatibility condition / g-n = 0 (n is the outward unit normal to ), the
r

equations to solve are

(1.1a) L-Vu=0 1in{,
(1.1b) -V-(vL)+Vp=f inQ,
(1.1c) V-u=0 inQ,
(1.14d) u=g onl,
(1.1e) / p=0.

Q

The main idea is to approximate {2 by a polyhedral computational domain where the
boundary data g is properly transferred to the computational boundary. We follow
the approach proposed by [9] and analyzed in [8] that consists of integrating the
approximation of the gradient along transferring paths connecting the computational
boundary and I'. This technique allows us to obtain a high order approximation of the
boundary data in the computational domain which leads to a high order accuracy of
the discrete solution. More precisely, if polynomials of degree k are used to construct
the local discrete spaces, the error in the variables L, u and p, measured in L?-norm,
will be of order h**1, where h is the meshsize. This technique has been recently
applied to several problems and shown to perform properly. However, to the best
of our knowledge, this is the first work that applies it to the Stokes flow problem
where the main difference with previous work is the treatment of the approximated
pressure in the computational domain. One of the first ideas based on this transferring
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technique was introduced by [7] for the one-dimensional case and then extended to
higher dimensions for pure diffusion ([8, 9]) and convection-diffusion [10] equations.
In all these work, Dirichlet boundary data was considered and the mesh does not
fit the domain. It was shown that high order accuracy is obtained if the distance
between the computational domain and the boundary is of only order h. Recently,
a similar approach was proposed and studied numerically for Neumann boundary
conditions and elliptic interface problems [28]. There, the Neumann data cannot
be treated in the same way as we treat the Dirichlet data and the computational
boundary/interface in [28] must be order h? away from the true boundary/interface
in order to obtain optimal results. Roughly speaking, the Neumann data in [28] is
imposed by extrapolating the discrete gradient, whereas the Dirichlet data is imposed
by performing a line integration of the discrete gradient. This integral is over a
segment of length proportional to h, hence it provides a power of h that allows to
overcome the fact that the distance between I' and the computational boundary is of
only of order h.

Let us briefly discuss some of the literature related to numerical methods for
differential equations involving curved boundaries or interfaces. In general, these
methods can be classified as fitted or unfitted. In fitted methods, the discretization
of the domain resolves the boundary/interface, up to some degree of accuracy. For
instance, this is the case of isoparametric finite elements [20] where the mapping from
the reference element to a physical element is a polynomial whose degree is the same
as the polynomial degree of the finite element space. In this direction, [1] considers a
finite element approximation for smooth elliptic interfaces where optimal convergence
rates are obtained if the mesh isoparemetrically fits the interface. For piecewise linear
approximation of a Dirichlet boundary value problem, [3] approximates the boundary
data at the computational boundary I', by transferring the boundary data ¢ in a nat-
ural way. That is, for z € T'j, and a suitably defined Z € T such that |x — Z| is of order
h?, then the computational boundary data, g, is set as g(x) := g(Z). The same idea
was extended later to interface problems [4]. As we will see in (2.2), in some sense
our technique can be seen as a generalization where we add an additional term to
the natural way of transferring. For a high order H-div-conforming method to solve
elliptic interface problems we refer to [21]. There, the curved interface is locally in-
terpolated by splines and optimal convergence is obtained for a suitable chosen spline
degree. Fitted methods have been also applied to control problems in curved domains
[13], where only polynomials of degree one are considered. In general, one of the main
advantages of fitted methods is that the prescribed data at the boundary /interface
can be easily imposed. However, the construction of the meshes might be difficult,
especially in complicated geometries. On the other hand, the attractive feature of
unfitted methods is that the mesh is not adjusted to the domain and even Cartesian
grids can be considered. However, it is not straightforward to develop a high order
unfitted method, mainly because of imposition of the boundary /interface data away
from the true boundary/interface. In the context of finite differences, one of the most
popular unfitted method is the Immersed Boundary (IB) method introduced by [25]
in 1972. For the two dimensional case, [22] showed that it is a first order method for
the velocity of a Stokes flow and second order accuracy can be achieved away from
the interface. Later, in the same direction, LeVeque and Li developed the Immersed
Interface method [19], which is second order accurate. In the context of finite element
method, [2] proposed an unfitted method based on Nitsche’s approach [24] with the
polygonal domain approximation method [29]. There, the numerical scheme is posed
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in a polygonal domain and a correction term is added to Nitsche’s bilinear form in
order to obtain high order accuracy. Recently, a high-order finite element method was
proposed to solve elliptic interface problems [16]. It is also based on a term involving
a piecewise polynomial correction function which is added to the functional at the
right hand side. This correction function is suitable constructed a priori using the
information provided by the equation and the transmission conditions at the inter-
face. Similarly, an HDG method based also on pre-computing a correction function
was proposed and analyzed in [14]. Finally, we would like to mention an alternative
approach, the Composite Finite Elements [26, 27], that deals with complicated do-
mains involving rough boundaries or small holes inside. However, to the best of our
knowledge, it has not been developed for high order approximations.

Our aim is to develop a method that combines the flexibility of the mesh con-
struction of unfitted methods with the high order accuracy of fitted methods. In fact,
the main advantage of our technique is that the computational domain is easy to
build and there is no need to adjust it to the actual domain. Moreover, the way we
transfer the Dirichlet data allows us to consider high order polynomials in the discrete
spaces and obtain high order accuracy. On the other hand, one of the drawbacks of
our method compared to others is that it relies on two aspects of the PDE: (1) Vu
must be part of the equation and (2) w = g at I'. In addition, the resulting global
matrix is not symmetric in our case. Symmetrizing the method is subject of future
work. We believe our technique is, in principle, independent on the numerical method,
as long the gradient is properly approximated and the PDE has the aforementioned
characteristics.

In this paper we consider a standard HDG method ([5, 23, 6]). The rest of the
paper is organized as follows. We first describe the construction of the computational
domain and transferring paths in Section 2. The method is introduced in Section 3
and its well-posedness is analyzed. In Section 4 the error estimates are stated and
Section 5 is devoted to their proofs. In Section 6 we propose an approximation of
the solution outside the computational domain and provide the corresponding error
estimates. Section 7 shows numerical experiments validating these results. We end
with concluding remarks.

2. Computational domain and transferring paths. In this section we intro-
duce notation associated to the computational domain and to the family of paths that
will allow us to transfer the boundary data from I' to the computational boundary
T'y,. Moreover, we establish a set of assumptions under which our analysis holds.

Given h > 0, we denote by Dj; an open polyhedral computational domain, with
boundary I'j,, meshed by a triangulation T, of meshsize h, consisting of simplices K
that are uniformly shape-regular, that is,

(D.1) there exists v > 0, independent of h, such that hx < vpr,
where pg is the radius of the largest ball contained in K and hy is the diameter of
K. We assume

D.2 < h.
(D2) Jogg e <

For a simplex K, we denote its outward unit normal by ng, writing n instead of ng
when there is no confusion. Similarly, for a face e, we write n instead of n. to refer
to its normal vector. We also consider, by simplicity, that the triangulation does not
have hanging nodes.
In addition, we suppose that
(D.3) D, C Q.



The set of faces and boundary faces of T}, are denoted by £, and 82, respectively,
and we define the non-meshed region D§ := Q\ Dy,.

On the other hand, let P,.(K) denote the space of polynomials of total degree at
most r defined on K, P,.(K) := [P,.(K)]? and P,.(K) := [P.(K)]¥*?. Given a region
D C R% we denote by (-,-)p and (-,-)gp the L?(D) and L?(dD) inner products,
respectively. The L?-norms over D and 0D will be denoted by || - [|p and || - ||op-

For each scalar-valued function n and ¢, we define

1 Or = D>, 1, and  (n,Qar, = Y (1, Qox-

KeTy, KeTy
Vector-valued functions are boldfaced and, for n and ¢, we write

d d

M7, =Y i G)v, and  (m,Qor, =Y (mi, Gidor, -

i=1 i=1

Tensor-valued functions are in Roman letters and, for N and Z, we write

d d
(N, Z)7,, = Y (Nij,Zij)v, and (N, Z)gr, := Y (Nij, Zij)or, -
1,j=1 i,5=1

We use the standard notation for Sobolev spaces and their associated norms and
seminorms. Finally, to avoid proliferation of constants, we will write a < b instead of
a < Cb, where C' is a constant independent of h.

Now, since the problem will be solved in Dy, we must specify a suitable boundary
data on the computational boundary I'y,. To this end, we consider the idea proposed
by [9] and transfer the boundary data g from I' to I'j, through transferring paths.
That is, let e € 82 with normal unit vector n. For each @ € e, we set & € I as
the closest intersection between I' and the ray of tangent vector n starting at . We
denote by o, (x) the segment joining & and x, which is referred as transferring path.
The length of this segment, [(x) := |& — x|, is assumed to satisfy

(D.4) l(x) < h.

We notice that this assumption implies that dist(T',,T") < h. In addition, we
observe that if « is a vertex in I'j, then it has associated two different transferring
paths. In other words, the functions € = &(x) and [(x) are double-valued on the

boundary vertices.
Let e € €2 and K* the element where it belongs. We define
K ={x+sn:0<s<l(x),z€e}

and assume that,
(D.5) for each point « € e, the intersection of the ray {z + nn : n > 0} and I is
unique.
We denote by HZ- the largest distance of a point in K¢, to the plane determined
by e and h} be the distance between e and the vertex of K¢ opposite to e, as Fig.

1 shows. We set r. = H}/ht and R = max re. This ratio will be important in our
e€ly

estimates and assumptions, since it indicates how far is I' from the computational
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Fig. 1: Geometric definitions

boundary relative to the mesh size. If the domain were polygonal and the mesh fits
its boundary, this ratio would be zero.

Through the rest of this manuscript, Assumptions (D) will be assumed valid,
without mention it explicitly.

We are now in position to deduce the boundary data at I',. Let e € 82 with
outward normal unit vector n and x € e. Integrating component-wise L = Vu along
on(x) we obtain

I(x)
u(x) = u(x) — /0 L(z + ns)nds.

Denoting by g the trace of u at e and noticing that w(Z) = g(&), from previous
identity we get

I(x)
(2.1) glx)=g(x) — /0 L(z + ns)nds.

In other words, (2.1) provides an expression to obtain the boundary data at T'j, in
terms of the unknown L. We point out that, according to Lemma B.1 in [8], g is
well-defined if ' is compact, Lipschitz and piecewise C2.

In order to construct a discrete approximation of g, denoted by g,,, we consider
a local extrapolation of polynomials, i.e., given G a polynomial defined on K¢, with
e € &Y, we extrapolate it from K¢ to K¢,,. Thus, the expression in (2.1) suggests the
following approximation

()
(2.2) gn(x):=g(x) — /0 Lp(z + ns)nds,

where Ly, is the local extrapolation of the HDG approximation of L.
We end this section be defining the norms

1/2 1/2
I¢llog s = D A lIClle, s mllor,.a = { > <aaKC,C>aK} ;
668‘2 KeTy
1/2 12
Gl = S aclcl2 b, and flula = { ) hK(%M)aK} |
ecé? KeTy,

where a, := af. and agx = a|sk.



3. The HDG method. We proceed now to introduce the numerical method on
the computational domain Dj. First of all, we decompose

(3.1) p=1"+p,

where pP* p and p € LE(Dy) (L?(Dy)-functions with zero mean in Dy,).

~ [Dal
Since now the problem is posed in a polyhedral domain, we consider the standard
HDG method ([5, 23]) that seeks an approximation (L, wp, pp,un) of the solution
(L, u,p,ule, ) in the space Gy, x V', x P, x M, given by

(3.2a) G, ={GeL*T,): G|k € Pr(K) VK € Ty},
(3.2b) Vi={veL*T,): v|gecPrK) VK T},
(3.2¢) P,={qe L*(Th): qlk € Pu(K) VK € T1},
(3.2d) My, ={pncL*¢&): ple€Prle) Vec &y}

As we will see in Section 3.1, this approximation is the only solution of

(3.3a) (Ly, G)1), + (un, V- G)1,, — (U, Gn)or, =0,

(3.3b) (L, Vo)1, — (Bn, V- 0)71, — (WLpn — ppm, vdor, = (£,0)71,,
(3.3¢) —(un, V@)1, + (Un - n, q)or, =0,

(3.3d) (@, p)r), = (G, )Ty,
(3.3e) (I/Lhn prm, ) or,\r, = 0,

(3.3f) (Pn,1)p, =0,

for all (G,v,q, ) € Gy x Vi, x P, x M, where we emphasize that g, depends on
Ly (cf. (2.2)),

(3.3g) Vﬁhn —ppn =vLlpn — ppn — tv(up — up) on 0Ty,

and 7 is a non-negative piecewise constant stabilization parameter defined on 9Ty,
In order to simplify notation, we assume 7 to be constant on dT;,. The choice of 7 is
not crucial in our method. For other values of 7 we refer to [5].

3.1. Well-posedness of the method. In this section we show that the discrete
scheme (3.3) with the approximated boundary data (2.2) is well-posed. The steps that
will lead to this statement will be very similar to those needed to obtain the error
estimates in Section 5. First of all, we define an auxiliary function and a norm that
will help to carry out several of the estimates in this work. Let e € 8‘2, a point x
lying on e and a tensor-valued function G. We define the function

(3.4) da(x) := b /l(w) (G(z + sn) — G(z))n ds.
() Jo
If G is a polynomial, the estimates in Lemma 5.2 of [8] states that
(3:5) 17206l < 37220 ChulIGl ke,
where
(3.6) co Gk,

u
VTe cepy(ren{oy IGllxe
6



and

|0n G|
Gepp(ken{o} lIGllxe

(3.7) ce

L
mnv T he

The constants C¢,, and C;,, do not depend on the meshsize, but depend on the
polynomial degree and shape-regularity constant as can be deduced from Lemma A.2
in [8]. C¢,, is what we call extrapolation constant because it allows us to bound the
L2-norm of the extrapolation of the polynomial G in terms of |G|/ k<. Similarly, C¢,,
can be seen as the constant of an inverse-type estimate that allows us to control the
L?-norm of the directional derivative of the extrapolation of the polynomial G in
terms of |G| k<. Finally, we recall the discrete trace inequality (Lemma 1.46 in [15]):

If o is a scalar, vector or tensor-valued polynomial in K¢, then
(3.8) lelle < CERZY2 0l ke

where Cf, is independent of the meshsize but depends on the polynomial degree.

The next two lemmas will lead to the well-posedness of the method.

LEMMA 3.1. Let (Lp, wp,Dn, up) € Gp X Vi X Py x My, be the solution of (3.3)
with the boundary data in (2.2). Let us suppose that f =0 and g = 0 . In addition,
for every e € 82, we assume that

(AZ) Tg(cgwt)Q(Cfnv)Q S 1/8 and
(A.2) rehir <1/8.
Then,

(3.9) L llo,+ llun = Gnllor, w+ 1gnlr, i1 < 2v60[Prlle, i

Before going through the proof, let us comment on these assumptions. If the
domain were polygonal and the mesh fits its boundary, then r. = 0 and all the
assumptions are satisfied. In that case and we recover the standard HDG method [5].
On the other hand, the constants C¢,,, Cf,. and Cf. are proportional to (k + 1)8/3
as stated in Lemma A.2 of [8]. Then, if the ratio r. is small enough, (A.1) and (A.2)
hold. In other words, the larger is the polynomial degree, the smaller this ratio must
be to guarantee well-posedness of the scheme.

Let us continue with the proof of Lemma 3.1.

Proof. By taking G = vLy, v = up, ¢ = pp and g = 4y, in the first four equations
of (3.3) and adding them up we obtain

(3.10) IThlB, + lan = @nll3r, . = v~ (vEam — Bam, Gy, -
Now, let e € €7 and x € e. According to (2.2) and (3.4) we can write
I(x)"'gn(x) = —0v, (x) — L (2)n.

From this inequality we obtain an expression for Ly, (x)n and, by (3.3g), we write:

v (WLpn — Pum, Ga)r, = (Lnm, Ga)r, — v (e, Gp)r, — (T(un — @), Gy)r,
= _<l_1§h7§h>rh - <5L;Lv§}z>F;L
_V_1<ﬁhn7§h>Fh - <T(uh - ah)7§h>rh'
7



Replacing this in (3.10), using Cauchy-Schwarz and Young’s inequalities; and moving
to the left hand side the terms involving g,, we get

LAl + llun — a3, - + 1847, -

4 ~
(3.11) < Allow, 17,0 + 51w, o + 47 (wn — @)IE, -

By (3.8), (3.5), assumptions (A.1) and (A.2), the fact that I(z) < H: = r.ht and
hj‘ < ~h., we obtain

||5Lh

1 1
Pt < 3 gé%%f?(ciu)z(cfnv)Qlth||2D,L < ﬂHLhHZDh

and

~ - 1 ~
I (un —@n)l7, 1 < ma rehelun = dnl3r, - < <lun = Gnl3r, -
h

These two inequalities, together with (3.11), imply (3.9). O

In order to deal with the term at the right hand side of (3.9), we consider the
L?—projection onto M, denoted by Py, and the following assumption: for each
ee€ 82.

1
(A.3) 2v68MA~Y2CE rl/? < 3 where M := max {1, (Th)l/Q}

and 8 > 0 is the constant, independent of h, appearing in next lemma.

LEMMA 3.2. Suppose assumptions of Lemma 3.1 and (A.8) hold. Then pp, = 0.

Proof. We adapt the proof of Proposition 3.4 in [5] to our setting. Since pj €
L3(Dy,), there exists 8 > 0, independent of h, such that

D ﬁha v W)p
(3.12) [Prllp, <8 sup (Bn, V- wo,
weHy(D,\{0} [Wl[E1(D,)

On the other hand, let P : H'(T}) — V', be any projection such that (Pw—w,v)x =
0 for all v € Py_1(K), for all K € Ty,

Now, we will work on the numerator of the right hand side of (3.12). Integrating
by parts and using the projection P, we have

(5h7 = w)Dh = *(vﬁh’ w)Th + <§hn7 w>3Th
(3.13) = _(vﬁha Pw)Th + <Z~)hna w>8Th'

Integrating by parts again and using (3.3b) with v := Pw, we obtain

—(Vph, Pw)t, = (pn, V- Pw)1, — (Dpn, Pw)aT,

= (WL, VPw)t, — (vLpn — pun, Pw)or, — (Prn, Pw)or, .
Using the definition of the numerical flux (3.3g), we can write
—(Vpn, Pw)t, = (vLp, VPw)T, — (vLpn, Pw)gr, + (Tv(up — up), Pw)or, -
Integrating by parts we observe that

(vLp, VPw)T, — (vLpn, Pw)st, = —(vV - Ly, Pw)T, .
8



Using the projection P and integrating by parts once again, we obtain
—(wV - Ly, Pw)t, = —(vV - Ly, w)1, = (WL, Vw)7, — (VLpn, w)or, .-
Hence, we have that
—(Vpn, Pw)t, = (vLp, Vw)1, — (VLpn, w)st, + (tv(un, — @), Pw)sT, -
Replacing this into (3.13), we conclude that
(Pn, V- w)p, = (vLp, Vw)T, + (tv(un — up), Pw)sr, — (vLpn — ppn, w)at, -

Adding and subtracting the term (rv(u, — up), w)oT, , Wwe can rewrite this equation
as

(Pn, V - w)p, = (vLy, Vw)t, + (tv(un, — uy), Pw — w)ar,

—(vLpn — ppn — mv(up — Up), w)aT, -

Since vLy, pp, and 7v(up — Up) are polynomials, we can use the definition of Py to
rewrite the last equation as

(Pn, V- w)p, = (vLp, Vw)1, + (tv(un — up), Pw — Ppyw)ar,

—(vLpn — ppn — v(up, — up), Pyw)ar, -

The last term vanishes thanks to (3.3¢) with g1 = Pprw and the fact that w € H{(Dy,).
Thus,

(3.14) (ﬁh, V- ’UJ)D,L = (Z/L}L, V'w)T,L + <7’V(uh - ﬁh),Pw - PM'w>5-r,L,

On the other hand, Proposition 3.9 in [5], states that

Pw—P
(3.15) max {1, sup | Pw MW||oT,,r } < max {1’ e (ThK)l/Q} .
weH;(Dp)\{0} ”wHHl(D,L) KeTy,

Combining (3.12), (3.14), Cauchy-Schwarz inequality and (3.15), we arrive at

IPrllp, < BvM(|[Lallp, + lun — @nllor,,r) < BM2V6|Bhllr, 1,

where the last inequality is provided by Lemma 3.1. Thus, the result follows from
this estimate, discrete trace inequality (3.8) and Assumption (A.3). O

Finally, from Lemmas 3.1 and 3.2 we conclude:

THEOREM 3.3. Under the assumptions of Lemmas 3.1 and 3.2, the scheme (3.3)
with the boundary data (2.2) has a unique solution.

4. Error estimates. In this section we summarize the main error estimates in
this work. First, we make the following assumption that allows us to estimate the
L?-norm of u by using a duality argument.

For any given 8 € L*(Q), let (®, ¢, ¢) be the solution of

(4.1a) ®+Vep=0 inQQ,
(4.1b) V-(v®)-V¢=0 inQ,
(4.1c) —-V-¢p=0 inQ,
(4.1d) ¢ =0 on 9.
We suppose



Assumption B.

(4.2) v[[®lla ) + VIl @) + 9la @ < Cl0]a.

This is satisfied, for example, for the two-dimensional case if the domain is convex
[17] and for any convex polyhedron in three dimensions [11].

THEOREM 4.1. Suppose that Assumptions A hold. If (L,u,p) € H*'(Q) x
H*H(Q) x H¥Y(Q), then, for h <1 and k > 1, we have

IL —Lalio, + 119 = Gulle,i-r +v 7B = Ballo, S Creg B

Moreover, if Assumption B holds, then ||u — up|lp, < Creg K1 and

~

IPrw —@nllor, n + = ujlo, S Creg b3/,

Here, Creg (|L v ﬁI‘Hk+l Dh)+T|u|Hk+1(Dh)+‘L|H’“+1(Dh)) and u} is an element-
by-element postprocessmg of uj, computed as follows. For each element K € Ty, we
seek uf € PP, (K) == {w € Py (K) : J;c w = 0} such that

(4.3a) (Vuy, Vwn)k = (Ln, Vwn)k - Ywy, € PRy (K),

(4.3b) / uy = / Up.

In other words, if the solution is smooth enough and 7 is properly chosen (order
one, for instance), then the L2-norm of the errors in L, u and p are of order h**+1, which
is the same as in the case of a polyhedral domain [5]. In addition, the above estimate
indicates that the error in the numerical trace u;, and the post processed solution uj,
is of only of order h**3/2 which is half a power of h less than the estimates provided
in the case of a polyhedral domain [5]. However, in our numerical experiments we
observe an experimental order of convergence of h¥*+2 for the latter variables, which
suggests that the order h**3/2 provided by the analysis might not be sharp. The same
behavior has been observed for the Poisson’s equation in curved domains [8].

5. Proofs. This section is devoted to prove the error estimates stated in Theorem
4.1. Tt follows from the standard procedure for analyzing HDG schemes using the
projection-based approach. That is, a suitable projection operator is defined and
then an energy argument helps to bound the projection of the errors of all variables
except w. A duality argument is employed to obtain an L2-estimate of the projection
of the error in w. The main difference compared to [5] is the presence of additional
terms at I'j, due to the approximation of the boundary data (2.2).

5.1. An energy argument. First of all, let us recall the projection defined in
[5] which will be used in our analysis. If (L,u,p) € H(Ty) x H(T,) x H'(T),
we take its projection 1 (L, w,p) := (IIL, ITu, IIp) as the element of G;, x V', x P
defined as follows. On an arbitrary element K of the triangulation Tj, the values of
the projected function on the simplex K are determined by requiring that

(5.1a) (IIL, G)x = (L,G)k VG € Py1(K),
(5.1b) (ITu,v)k = (u,v) VoePr1(K),
(5.1c) (Ip,q)x = (P, )k Vg€ Pr1(K),
(5.1d) (tr TIL, ¢) i = (tr L, q) Vg e Pp(K),
(5.1e) (VIILm — IIpn — rvllu, p). = (vVLn —pn — 7vu, p)e., V p € Pi(e)

10



for all faces e of the simplex K. Thus, we deﬁne the prOJectlon of the errors EY :=
IIL — Ly, €% := Hu — uy, , e := IIp — pp, €* := Ppyu — uy; and the interpolation
errors I* := L—HL, I =u—IMu, I .= p— Hp. If (L, u, p) € H¥Y(K)x H* ' (K) x
H**1(K) on each element K € Ty, it is known (Theorem 2.1 in [5]) that the above
defined projection satisfies the following properties:

(5.2a) 1[5 < PR el s oy + R () THY - (VL = T5) e e
(5.2b) [[WI™]lx + 17|l S R WL = Bllassr (xe) + B rvful g gy + TV T &
Moreover, by a standard scaling argument and the fact that h- < hx, we obtain
(52¢)  [nflons SN, I1Tens SNk, and  [[17]lepz S 117 k-

We observe that fD e? =0 for k > 0, thanks to (5.1c) and (3.3f). Since we are
interested in a high order method, we assume k > 0 to avoid technicalities.

Let O, (I"n) be the directional derivative of each component of I"n. We define
the following quantity that will appear in the right hand side of next estimates:

1/2
(53) O = (AR¥0L(n)[3: iy + 12RIT0]R, 0 +5I1]3,) "
If (L,u,p) € H*(Q) x H*1(Q) x H*1(Q), by Lemma 3.8 in [8] and (5.2), we have
(54) @IL ,S thrl (|L — 1/71]31|Hk+1(9) + T|U|Hk+1(Q) =+ |L‘Hk+1(Q)) .
LEMMA 5.1. Let us suppose Assumptions A hold. Then

I (BY &% —e®,g—g,,e") || < (4\/§ﬁM + 1) O, where

I (B e* —e*.g—g,.e") | = (IB"[3, +lle* — €3, - + 19— gnllF, 1
_ 1/2
+l/ 2||5pH2D},) *

We now proceed to detail the steps that lead to the statement of Lemma 5.1. As we
will see, we will employ the ideas behind the proofs of Lemmas 3.1 and 3.2.

Step 1: The projection of the errors. The following lemma establishes the
equations satisfied by the projection of the errors.

LEMMA 5.2.
(5.5a) (EY, G)1, + (e, V- Q)1, — (€%,Gn)ot, = —(1*,CG)1,,
(5.5b) —(V - (WEY),v)1, + (VeP,v)1, + (tv(e* — %), v)a7, =0,
(5.5¢) —(e*, Vo), + (€%, qn)or, =0,
(5.5d) (€, m)r, = (@ — Gn 1),
(5.5¢) (En, p)ot,\r, =0,
(5.5f) (e?,1)p, =0,

for all (G,v,q, ) € G, x Vi, X P, X M}, where

En := Py (vLn — pn — vLyn + ppn)
(5.5g) = vEMn — Pn — 1v(e* — %) on Ty,
11



Proof. All the equations, except (5.5d), follow directly from Lemma 3.1 in [5]. To
show (5.5d), let p € M},. Thanks to (3.3d) and the fact that g = u on I'y, we get
(" wr, = (Pyu —up, p)r, = (u, p)r, — (Un, p)r, = (g, w)r, — (Gn> )1, - O

COROLLARY 5.3. Let Ty, := v (€% En)r,. Then,

||ELH2D;, + ||Eu - Eﬁ”%Th,T = _(IL7EL)Th + I’]--L‘L,h-

Proof. Tt is consequence of previous lemma by taking G = vEY, v = g%, ¢ = &P,
p = €% and adding the equations. O

If Q were polygonal and the mesh is fitted to it, then g would be equal to g,,.
Thus, the right hand side of (5.5¢) would be zero and, as a consequence, Ty, ;, would
vanish, recovering Lemma 3.1 and Proposition 3.2 in [5].

Step 2: A bound for T ;. Following the approach by [8], we need to rewrite
the term Ty, 5, in a suitable manner.
LEMMA 5.4.

Ten <= 19— GnllE, - + 119 = ulle, -1 {10 I, 0 + [Ton]

+ |0 llr,. + le™ — €*llr, vz + v HIEP T, }-

Tyl

Proof. Proceeding exactly as in Lemma 5.1 of [8], it is not difficult to see that,
according to (2.1), (2.2) and (3.4), we can decompose (§ — g,)(x) = —I(x){dn +
“n + 6pr + ELn}(ac) Then, by (5.5g), we obtain

(5.6) En = —v {(@—gn)/l+ 0w +T"n +0gL} — ePn — Tv(e™ — ).

On the other hand, by the definition of Ty, 5 and (5.5d),

TLJL = V71<€a7En>Fh = V71<PM(Q - gh)vEn>Fh, = Vﬁl((g - gh)a En>rh7

which, according to (5.6), leads to the decomposition Ty, ;, = Z?:l ']I‘};h7 where

’]I‘Il_”h = 7<(gfgh)£lv(gigh)>rh’ T%,h = 7<g*gha5ﬂ‘>rh7
Ti,h = —(@g-gIn)r,, Tg,,h = —(9—9n OgL)rs>

Ti,h = —<$~] - gth(su - Eﬂ)>rh’ TL h _V_1<g - gh’gpn>rh_

s

The result is obtained by applying Cauchy-Schwarz inequality to each of these terms.
|

Step 3: A first energy estimate. We recall the estimate in Lemma 5.2 of [§]:
(5.7) 1126l < 37 2 rellhd 0 (1Mn) | e,

Thus, gathering the result stated in Corollary 5.3, estimate in Lemma 5.4, inequal-
ity (5.7), (3.5) with G = EL, Young’s inequality, definition (5.3) and noticing that
HIL"H%h,z < RHILnH%h’hL, we conclude:
LemMA 5.5. [EX[3, +[le* —e®|3y, , + 19— gulf, ;-1 < OR +12072]|eP|I2, ;-
Comparing this estimate with the corresponding result in [5] for polyhedral do-
mains, we see in our case the presence of the terms ||g — thlz“h,l—l and 12V’2|\5p||1%}L7l
coming from Ty, . In other words, for a polyhedral domain, we would have Ty, ;, = 0

12



and recover the estimates in [5]. We also observe that the estimate in Lemma 5.5 is
similar to the one obtained in Lemma 3.1, except that the right hand side involves
terms related to the interpolation operator instead of the source term and boundary
data. Similarly, we must bound the term that contains P and proceed as in Lemma
3.2.

LEMMA 5.6. If Assumption (A.3) holds, then ||€P||p, < 3v2B8vM®..

Proof. The proof of this lemma is very similar to that of Lemma 3.2. Since
eP € L3(Dy,), there exists B > 0 such that

eP V- w
(5.8) IePlo, <8 sup oV wWon
weH}(Dy)\{0} ”w”Hl(Dh)

On the other hand, similarly to the proof of Lemma 3.2, using (5.5¢), we get
(5.9) (P, V- w)p, = (WEY, Vw)t, + (Tv(e* — %), Pw — Pprw)ar, ,

for w € H é(Dh). Using Cauchy-Schwarz inequality in this expression, combining
(5.8), (3.15), Lemma 5.5, trace inequality (3.8) and Assumption (A.4), the result
follows. O

If ) were polyhedral, this result reduces to the estimate of Proposition 3.4 in [5].

Step 4: Conclusion of the proof of Lemma 5.1. Gathering the bounds
obtained in Lemmas 5.5 and 5.6, we obtain the estimate stated in Lemma 5.1.

5.2. A duality argument. We recall ([5]) properties of the projection IIj, that
will be used to obtain estimates for the velocity. Let (®, ¢, $) € H'(Tj) x H'(T}) x
H(T}). Then, for all (G,v,q) € Gy, x V}, X Py,

(5.10a) (v,V-®)7, = (v,V-UD)r, + (v, (P — IIP)n)sT,,
(5.10Db) (G, Vo)1, =—(V-G, IIP)r, + (Gn,d)sT,,
(5.10c) (¢, V- @)1, = —(Vq,II)7, + (qn, P)or,,
(5.10d) (v, Vo)1, = (0, VII$)T, + (v, (6 — H$)nor, .

The main estimate of this section is the following.
LEMMA 5.7. Let H(R,h) := hY2(1 + 1) + R+ RY? + hY/27Y2R + R3/2. If
Assumptions A and B hold, and h < 1, then

Heu”Dh 5 hl/Q(H(Rv h)@IL + RV_lHIp”Dh + RTHIu”Dh,)'

We observe that, for a smooth solution, if 7 and R are of order one, then |[e¥||p, <
h¥+3/2 since the interpolation errors are of order A**!. In the case of a polyhedral
domain where T}, fits T, we would have R = 0, g = g,. As a consequence, ||e*||p,
would be of order h¥*2 which agrees with the estimates in [5]. We now detail the
steps that construct the proof of Lemma 5.7.

Step 1: Estimate of the velocity. We first obtain an identity for the projection
of the error in the velocity by using a duality argument.

LEMMA 5.8. Let Ty = (En,@)r, + (€% v®n — ¢n)r, and Py_; the L2-
projection over the space of piecewise polynomials of degree at most k — 1. Then,

(e*,0)1, =v(L, —L,1® —®)7, —v([*,® — Pp_1®)7, + Tun-

13



Proof. Proceeding as in the proof of Lemma 3.6 of [5], but keeping the boundary
terms since in our case they are not zero, we can write (%, 0), = Z?:I T;, where

Ty :=v(L, — LI® - ®)y,, Tp:=—v(I" ®)r,,
Ts:= (e* — % v(® —U®)n — (¢ — TP +1v(Pp — M P))oT,
Ty := <VEL’I’I, —ePn —Tv(e® — eﬂ), dot,, Ts5:= (5717 vdn — ¢n)sT, -

By the property of the projection (5.1a), we have that Ty = —v(I%, ® —Pj_1®),,
and by (5.1e) with p = €% — €%, we have that 73 = 0. Moreover, using the error
equation (5.5¢) we obtain that Ty = (En, ¢)p,. Finally, since v® — ¢I € H(div, Q)
and € is single-valued, then T5 = (e*, v®n — ¢n)r, , which concludes the proof. O

We point out that ¢ = 0 on T, but not in T'y,. Thus, if ' and T';, were the same (as
in the polyhedral case), then Ty would be zero. Moreover, for a polyhedral domain

Q, Ts would also vanish thanks to (5.5¢) since g = g,,, recovering the equality stated
in Lemma 3.6 of [5].

Step 2: A new expression for T, ;. As we did previously with Ty, 5, we
proceed now to rewrite T, 5, in a suitable manner.

LEMMA 5.9. We have that Ty, = Z LT, ., where

u,h’

Tos = —v((@—8,)/Lé+ IN¢n)r,, Ti, =v(g— gy Vén —Pyu(Vén))r,
T;, h = v, P)r,, Tunp=-v{I*n,¢—Pyud)r,, T5,=—("nPyd)r,,
To, = —v(PutI*, ¢)r,, Tin=-—v{0pm, d)r,, Ta,=—(nd)r,,
Ton = —v(T(e* —€*),é)r,, Tuh =—(G— G Pu(dn))r,.

Proof. We recall (5.5g):

En=—v {(g—an)/1+ 0 + “n + bpr} —ePn —vr(e™ — &%),
Then, since €% = P;(g — g;,) on I'y,, we obtain

Tu,h = <En> ¢>Fh + <€ﬁv voén — ¢n>rh
= V<(g - gh)/la ZPM(CDn) - ¢>Fh - V<6IL7 ?>Fh, - V<1Ln7 ¢>Fh
7V<5EL3 ¢>Fh, - <€pna ¢>Fh, - V<T(€u - Eu)a ¢>Fh - <g - gh7 PM(¢n)>Fh

Using the first equation of the dual problem (4.1a), adding and subtracting [V ¢mn,

V((g - gh)/la lPM((I)n) - ¢>Fh = _V<(g - gh)/lv lvd)n + ¢>Fh
+1v(g — gy, Vén — Py (Ven))r,.
On the other hand, adding and subtracting Pys¢, and using equation (5.1e), we get

v(I*n, ¢)r, = v{"n,¢ — Pyud)r, + (IPn,Pre)r, + v{(TI* Prré)r,. The result
follows by gathering the above equalities. O

Step 3: Estimate of T, ;. In order to obtain the estimate of Ty, », we need the
following lemma, which provides bounds related to the solution of the dual problem
(4.1a)-(4.1d) that will be used later.

LEMMA 5.10. Suppose that the elliptic reqularity inequality (4.2) holds. Then

v[[¢ = Pudlr, vy ShOla, vIVén —Puyu(Ven)|r, . S hR[|O]q,

v+ 1V¢nlr, s < 10la, viiglr, -2 S 18l llonlin, . S 1H2RY?|6]|q.
14



Proof. The first four estimates follow by applying Lemma 5.5 of [8] to each
component of a tensor- or a vector-valued function. For the last one, we observe that
for e € €2, Z l¢n|Z, < Z rehs||oll? < hlloll3, max re. Now, since ¢ € HY(Q),

ece? eced cc&h
by trace inequality we have that ||¢]r, < ||éllp, < ||¢lla, and the result follows. O
We are now ready to obtain the estimate of T, 4.
LEMMA 5.11. We have that

|’]r'u,,h| 5 h1/2{<R3/2 +h1/2 +R+R1/2 +h1/2T1/2R)@IL

R o, + RTHI”nDh}eng.

Proof. By Lemma 5.9, we know that T, ; = 2321 Tihh. We first apply the

Cauchy-Schwarz inequality to each term TL,h- The result follows from estimate in

(3.7), Lemma 5.10, Assumptions A, the fact that || [Pn|p, ;2 < RhY/?|IPn||p, 4., the
interpolation properties (5.2c) and Lemma 5.1 . O

Step 4: Proof of Lemma 5.7. From Lemma 5.8, we have
(€*,8)7, < |Ln — Lo, [[vI1® — v®|[p, + [[1*[[o, [[® — vPi—1®|Ip, + [Tuu,nl-

According to the regularity Assumption B, (5.2a) implies that ||vII® — v®||p, <
h(1+ 7h)||@||q. Also, by the approximation properties of the L?-projection, we have
[v® — vPr_1®||p, S h||€|lq. We recall we are considering k& > 1. Hence,

(€*,0)r, < h(1+7h) (IE o, + [1-]b,) 18lle + Tu.nl-

Thus, using the estimate for |T,, | from Lemma 5.11, recalling that |E¥||p, < O
from Lemma 5.1, dividing by [|0||q, € # 0, and considering the supremum over 6, we
obtain the result.

5.3. Conclusion of the proof of Theorem 4.1. First of all, adding and sub-
tracting IIL and IIp, using the triangle inequality, Lemma 5.1 and recalling the defi-
nition of O in (5.3), we get

IL — Lallo, + 11§ = gullry -+ + v~ = Ballo, < On + v 1P]p,

Moreover, if Assumption B holds, by adding and subtracting ITu, using triangle

inequality and Lemma 5.7, we obtain

lu —unlio, S HY2(H(R,1)Ow + Rv~ | [7|lp, + Rr|IT*|o,) + [ T*]lo,,-

~

Lemma 3.7 in [5] states that ||e®||;, < hllI%|p, + h|E¥|b, + [|€%|lp, which, together
with Lemmas 5.1 and 5.7, implies

IParw —an|n S 02 ((RY? + H(R, h)Ow + Ry~ | I7||p, + Rr|I*|p,).
The error estimate [|u—wuj o, < [€*|p, +ChlIL —La|lp, + Ch¥*?|L|grs1 (g can
be found in [6] and, from Lemma 5.7, follows that
lu = ujllo, < Y2 (H(R,h)Ow + Rv~ || I?||o, + Rr|[I*|p,)
+h|L = Lylp, + h**2|Liges1 o).

Finally, according to assumption (D.4), we have R < Ch < C, which implies that
H(R,h) <147+ 72 and the estimates stated in Theorem 4.1 follow.
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6. Approximation in Dj and recovering p;. In this section we provide a
way to extend the solution (Lj,wn,pn) of (3.3) to the non-meshed region Df, in the
two-dimensional case. The case of three dimensions can be treated similarly. In
addition, since the scheme (3.3) provides an approximation of py, here we will explain
a procedure to recover py. To that end, we write Df, as the union of disjoint regions.
More precisely, let e € 82 that belongs to K¢ € Tj. For j € {1,2}, we denote by y;,
the j-th vertex of e and by g, its closest point in I'. We remark that the closest point
is unique if we assume

(D.6) the mesh in fine enough and T is C2.

We define f{grt as the region enclosed by I', e and the transferring segments

associated to y; and y,, as Fig. 2 shows.

, I g
"
}(;n /
y1 € Y2

Fig. 2: Example of region K ot

Now, the polynomials Ly|ke and pp|xe are extrapolated from K¢ to I?fm and
they constitute an approximation of L and p in K We can also approximate u

in K &, by extrapolating uy|xe, however we construct a better approximation based

e
ext*

on the fact that L is the gradient of u. Let y € f(gm and ¥ its closest point in I
Let € e be the intersection between e and the line determined by y and y. Then,
denoting by t(x) the unit tangent vector of the segment joining & and T, we can write
y =« + nt(x) and y := x + 7t(x), for some 7 and 7 positive. Thus, based on the
procedure to obtain (2.1), we integrate L = Vu along the segment connecting y and
9, and propose the following approximation of the velocity in vy,

(6.1) uny) = 9(0) - [ "Ly + t(a)s t(x) ds.

On the other hand, since 0 = /p = |Q|pP" +/ p, we suggest the following
Q D

c
h

approximation
1 _
(6.2) PPt = = [ D,
€2 Jog
thereby
(6.3) Phi=Dr"" + Pn

is an approximation of p. In the Appendix we explain how to approximate an integral
over Df.

Thus, we have defined approximations of L, p and w in D¢ = U K Even

€
ext:
eeSg

though the variables Ly, py and uj denote the approximations delivered by the HDG
16



method in Dy, we use the same notation to represent the approximations in D} pro-
posed in this section.
Finally, from Lemmas 3.7 and 3.8 in [8], it can be obtained that

(6.4a) IL = Lullog < 1Tlo, + I1E(lp, + h* L ),
(6.4b) ||u — ’u,thf1 5 h”L — Lh”D,ﬁ and
(6.4c) 1P = Prllog < (I17llo, + lle”llb,.) + h* [Plares o,.)-

Actually the estimates of Lemmas 3.7 and 3.8 in [8] were obtained based on a different
projection of a point into I'. However, if the closest projection is considered instead,
the same results hold under minor modifications in the proofs.

THEOREM 6.1. Suppose assumptions of Theorem 4.1 hold, then

6.52)  |IL—Lullps < Creg hF,
6.5b)  [lu —up|pe S AL — L]

D¢
6.5¢) I[P —prlo, < hF ! max {17 (Th)1/2} (Creg + \§|Hk+1(sz)) and

(
(
(
(65d) Hp 7thD‘;L S thrl max {17 (Th)1/2} (Creg + ‘§|H’“+1(Q))7

where we recall that C..q has been defined in Theorem 4.1.
Proof.
The first two inequalities are obtained from (6.4), Lemma 5.1, estimates in (6.4)
and the approximation properties (5.2). Now, by (3.1) and (6.3), we have that
Hp _thDh < Hﬁ_ﬁhHDh + ||5Dh _]ThDh Dr
< [P = Pallo, + 1DalI2] ™[5 — Bnl

Dg -

This inequality, together with Theorem 4.1 and (6.4c) imply (6.5¢).

Similarly [|p — pnllos < |5 —Pullog + D127 — Prllos and (6.5d) follows from
(6.4c). O

We remark that, if the solution of the problem is smooth enough, these estimates
indicate that the L2-norm of the error for Lj and p; converge with optimal order
h¥+1 also in the region Dj.. Moreover, uy, converges with order h¥+2. This additional
power of h is due to the the fact that in (6.1) the length of the integration segment is
of order h.

7. Numerical results. In this section we present two-dimensional numerical
experiments to validate the theoretical orders of convergence of the approximations
provided by the HDG method. For v = 1 and 7 = 1, we compute e, := ||p — pr ||,

I 1/2
Cy ‘— Hu — uh||Q, ey, = HL — LhHQ, €y — (ZKEDh hK||PMu — uh||3K) and

)1/2. In addition, for each variable, we calculate

log (e, /ex,)
IOg(N{J'l /N(J'2>
are the errors associated to the corresponding variable considering two consecutive
meshes with Ng, and Ny, elements, respectively.

e = (lu — wpl3, + lu— w3

the experimental order of convergence e.o.c. = —2 , where eg, and eq,

7.1. Example 1: dist(I',,I") of order h2. In this first example, we consider
the annular domain Q = {(z,y) € R? : 0.5 < 22 + y? < 22}. The computational
boundary I'j, is constructed by interpolating 02 by a piecewise linear function and
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D;, is the domain enclosed by I';,. In this case all the assumptions are satisfied, except
(D.3) because the domain is not convex. However, if we assume that the PDE is also
valid in the Dj N Q°¢, under minor modification our analysis is also valid.

The source term f and boundary data g are such that the exact solution is

. . | sin(z) sin(y)

p(z,y) = sin(x) sin(y), u(z,y) = {cos(x) cos(y)|

In Table 7?7 we observe optimal convergence rate for all the variables as Theorems

4.1 and 6.1 predict, i.e., order of h**! for the errors of e,, €, and er,; and supercon-

vergence with order h**2 for the numerical trace of the velocity and post-processed

solution. Moreover, in Fig. 3 we display the approximation of the second component

of u for k =1 and 2 obtained with meshes of sizes N = 150 and 2396 elements (first
column).

order order order order

order| e,

2.01e-02
5.10e-03 1.96

Cu*
3.21e-03
4.20e-04 2.91

€L
3.76e-02
8.92e-03 2.06

€4
7.68e-03 —
1.04e-03 2.86

€p
1.83e-02
4.38e-03 2.04

1.05e-03 2.08
4.19e-04 2.07
1.57e-04 2.01

1.29e-03 2.00
5.32e-04 1.99
2.02e-04 1.98

2.23e-03 2.02
8.84e-04 2.07
3.35e-04 1.99

1.34e-04 2.99
3.35e-05 3.10
7.98e-06 2.94

5.51e-05 2.96
1.39e-05 3.10
3.28e-06 2.96

1.29¢-03
1.43e-04 3.14
1.70e-05 3.11
4.33e-06 3.07
1.01e-06 2.98

1.35e-03
1.62e-04 3.04
2.07e-05 3.00
5.44e-06 2.99
1.29¢-06 2.96

1.99¢-03
2.43e-04 3.00
3.02e-05 3.04
7.74e-06 3.06
1.82e-06 2.97

2.79-04 —
1.75e-05 3.95
1.18e-06 3.93
1.99e-07 3.99
2.97e-08 3.91

1.48e-04
9.49e-06 3.93
6.05e-07 4.01
1.01e-07 4.01
1.49e-08 3.93

7.2. Example 2: dist(I'y,,I") of order h. We consider Q := {(z,y) € R

4.49e-05 —

2.94e-06 3.90
1.81e-07 4.06
2.93e-08 4.09
4.27e-09 3.95

5.54e-05 —

3.80e-06 3.83
2.40e-07 4.03
3.98e-08 4.03
5.83e-09 3.94

1.10e-04
6.45e-06 4.05
3.99e-07 4.06
6.46e-08 4.08
9.48e-09 3.94

9.42¢-06
3.19e-07 4.84
9.85e-09 5.07
1.05e-09 5.03
9.75e-11 4.87

Table 1: History of convergence of Example 1.

1.4 < /22 + y? < 2} and the exact solution

4.58e-06
1.50e-07 4.88
5.08e-09 4.94
5.42e-10 5.02
5.0le-11 4.89

sin(3x)e?

2 .
Tt

plz,y) =" — (¢ =) /(22 = 147), u(z,y) = [_gcos(gx)ey] :

The computational Dy, is set in such a way that r. = 1 for all e € T'j, \ {(=,y) :
x=0Vy =0} as seen in Fig. 4.

Table 2 shows optimal rate of convergence for the error all variables in €2, that
is, order k + 1 for the errors of the pressure p, the velocity u and the gradient of the
velocity L. In addition, the rate of convergence of the errors ez and e« seems to be
slightly larger than the order k + 3/2 predicted by Theorem 4.1.

18



Fig. 3: Approximation of the first component of w in Example 1. Columns: N = 150
and 2396. Rows: Polynomial of degree kK =1 and 2.

0

0 0.5 1 1.5 2

Fig. 4: Domain 2 (red solid line) and Dy, in Example 2. Transferring paths (blue solid
lines) associated to the quadrature points when k = 1.

7.3. Example 3: Other choice of transferring paths. In this last set of
examples, we explore the capabilities of the method in a more general setting where
some of the assumption are not necessarily satisfied. We consider a kidney-shaped
domain whose boundary satisfies the equation (2[(z + 0.5)% + 3?] — 2 — 0.5)? — [(x +
0.5)2 442} +0.1 = 0 and a triangulation of a background domain B such that Q C B.
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€p

order

ey  order

€L

order

ez  order

ey order

2.35e+00
4.20e-01
9.37e-02
2.16e-02
5.05e-03

2.19
2.04
2.06
2.07

1.13e-01
2.05e-02 2.17
4.95e-03 1.93
1.24e-03 1.95
3.10e-04 1.96

2.29e+00
2.79e-01
6.90e-02
1.72e-02
4.23e-03

2.67
1.90
1.95
1.99

1.96e-01
2.62e-02 2.55
3.86e-03 2.61
5.35e-04 2.77
7.18e-05 2.86

5.46e-02
7.76e-03 2.48
1.15e-03 2.60
1.61e-04 2.76
2.18e-05 2.85

1.95e-01
2.14e-02
2.28e-03
2.48e-04
2.76e-05

2.81
3.04
3.11
3.13

5.49e-03
4.76e-04 3.11
4.78e-05 3.13
5.45e-06 3.04
6.65e-07 2.99

7.69¢e-02
9.84¢-03
1.22e-03
1.52e-04
1.87e-05

2.61
2.83
2.92
2.98

1.22e-02
1.03e-03 3.14
7.56e-05 3.55
5.20e-06 3.75
3.47e-07 3.85

3.66e-03
3.09e-04 3.14
2.28e-05 3.54
1.58e-06 3.74
1.06e-07 3.85

868
3780
15748

4.74e-02
1.31e-03
6.97e-05
3.79e-06

4.57
3.98
4.08

1.77e-03
2.02e-05 5.69
7.68e-07 4.45
3.20e-08 4.45

4.85e-02
5.54e-04
3.51e-05
2.21e-06

5.69
3.75
3.87

3.17e-03
5.75e-05 5.10
2.11e-06 4.50
7.28e-08 4.72

9.36e-04
1.72e-05 5.08
6.34e-07 4.49
2.21e-08 4.70

Table 2: History of convergence of Example 2. Errors measured in the Computational
domain Dy,.

We set Dy, as the union of all the elements inside , as it is shown in Fig. 5 (most-left).
In this case, the family of transferring paths is constructed by the procedure in Section
2.4.1 of [9]. We point out that now the tangent vector associated to a transferring
path is not, in general, normal to a boundary edge. An example is depicted in Fig.
5. In this case, instead of (2.2), for  in a boundary vertex e, we set

()
(7.1) G, (x) = g(3) - / Ln(e + t(x)s t(z) ds,

where t(x) is the unit vector joining  and &.

Fig. 5: Left: Example of a domain Q (kidney-shaped), background domain (square)
and polygonal subdomain (gray). Middle: transferring paths (segments with starting
and ending points marked with o) associated to boundary vertices. Right: transferring
paths associated to two points on each boundary edge.

In all the simulations the source term f and boundary data g are such that the
20



exact solution is

sin(z) sin(y)} |

p(z,y) =sin(z” +y*) —co and  u(z,y) = Los(x) cos(y)

1
where cq = @ / sin(z? + y?) dx dy was computed numerically considering a ex-
Q

tremely fine triangulation that fits the domain.

7.3.1. h-convergence. In Table 3 we observe, for k = 1, convergence of order
k+1 for the errors in p, w and L; and order k4 2 for the errors of the numerical trace
and post-processed solution. This agrees with the estimates provided in Theorems 4.1
and 6.1. We recall that Theorem 6.1 predicts an order h+ 3/2 for the numerical trace
and post-processed solution, but for an HDG method in polyhedral domains the order
of convergence is k + 2 for these variables. For the case k = 2, the convergence rate
deteriorates in the fourth mesh, but then the optimal order seems to be recovered.
When k = 3, optimal rates are also observed. In the last mesh e+ and ey seem to
be affected by round-off errors. On the other hand, Fig.6 shows the approximation of
the first component of the tensor L obtained with k£ = 2 and 712 elements. Here we
display the computational domain, the approximations in D, and Df,, and the two of
them together in €.

7.4. k-convergence and condition number. Even though our estimates pro-
vide convergence with respect to the meshsize h, we numerically explore the perfor-
mance of the method when the polynomial degree increases, since the constants in
Assumptions A depend on k. Fig. 7 (left) shows the behavior of the log of errors for
a fixed mesh with 154 elements. We observe that they linearly decrease for k =1, 2,
3 and 4. For k = 5 they deteriorate but decrease again for k = 6.

On the other hand, we denote by k the condition number of the global matrix.
For comparison purpose, let £y, the condition number of the global matrix where
the boundary data on I'j, is being imposed exactly (we can do this since in this
example we know the exact solution). We define the ratios r* := x/((k+1)*h~2) and
oty = Kpoty/((k+1)?h~?). We observe in Fig. 7 (right) that 7.z, remains constant,
which means it behaves like a constant times (k + 1)?hA~2. However, r* increases
with k. This fact shows one of the limitations of our method which has been also
observed in the Poisson problem [8]. Developing efficient preconditioners is subject of
future work. Meanwhile, we solve the system using UMFPACK [12], which is an LU
factorization for sparse matrices that is a built-in function in MATLAB.

8. Conclusions. We have proposed and analyzed a high order HDG method for
the Stokes equations in a curved domain ) approximated by a polyhedral subdomain.
We showed that if Assumptions A are satisfied, the method is well-posed and provides
order of convergence k + 1 for the pressure, the velocity and its gradient; and order
k + 3/2 for the numerical trace of the velocity and for the element-by-element post-
processed velocity. We have also provided numerical evidence validating the error
estimates and showing that the method performs optimally even if Assumption A can
not be totally guaranteed. One of the advantages of our approach is that the mesh
does not need to fit the domain which is convenient for complicated geometries or
evolving boundary. In addition, it can be easily coupled to an standard HDG code
for polygonal domains and handling the curved boundary reduces to compute line
integrals of locally extrapolated polynomials. On the other hand, we think the main
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Fig. 6: Approximation of the first component of L in Example 3 for kK = 2 and 712
elements.

HN

€p order

Cu order

er order

ey order

eq order

1| 28
154
712

3054

12579

50877

1.82e—-02 —
2.78e—03 2.21
8.09e—04 1.61
1.41e—04 2.40
3.44e—05 1.99
8.39e—06 2.02

1.24e—03
2.77e—04 1.75
8.35e—05 1.57
2.06e—05 1.92
5.12e—06 1.97
1.28e—06 1.99

1.10e—-02 —
1.97e—03 2.01
4.77e—04 1.85
1.29¢e—04 1.80
3.31e—05 1.92
8.20e—06 2.00

2.20e—03
1.83e—03 0.22
3.14e—05 5.31
3.24e—06 3.12
3.51e—07 3.14
4.43e—08 2.96

3.10e—03
3.74e—04 2.48
6.71e—05 2.24
7.54e—06 3.00
8.55e—07 3.08
1.09e—-07 2.95

28
154
712

3054
12579
50877

2.21e—03
2.25e—04 2.68
2.84e—05 2.70
1.88¢—05 0.57
8.11e—08 7.69
8.43e—09 3.24

6.20e—05
7.40e—06 2.49
6.18e—07 3.24
1.88e—07 1.63
4.66e—09 5.23
5.82e—10 2.98

7.75e—04
1.03e—04 2.37
1.73e—05 2.33
1.15e—05 0.56
6.97e—08 7.22
7.61le—09 3.17

9.84e—05
1.21e—05 2.46
8.27e—07 3.50
2.38e—07 1.71
7.68e—10 8.11
4.60e—11 4.03

1.18e—04
2.20e—05 1.97
1.73e—06 3.32
5.31e—07 1.62
1.85e—09 8.00
1.12e—10 4.01

28
154
712

3054
12579
50877

1.33e—02 —
2.06e—05 7.59
9.09e—07 4.08
2.53e—08 4.92
1.40e—09 4.10
8.13e—11 4.07

4.74e—04
5.62e—07 7.90
1.50e—08 4.73
3.05e—10 5.35
1.53e—11 4.23
1.36e—12 3.47

5.33e—03 —
1.13e—05 7.22
5.43e—07 3.97
1.47e—08 4.95
1.13e—09 3.63
6.43e—11 4.10

8.67e—04
8.40e—07 8.14
2.00e—08 4.88
2.98e—10 5.78
1.23e—11 4.51
1.46e—12 3.04

Table 3: History of convergence of Example 3.

1.06e—03
1.43e—06 7.75
4.04e—08 4.66
6.65e—10 5.64
3.00e—11 4.38
3.53e—12 3.06

limitation is the bad conditioning of the linear system when the polynomial degree
increases. The development of a suitable preconditioner is subject of future work.
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Fig. 7: Left: Errors er, (0), e, (+) and e, (*) versus k =0, ...,6 in semi-log scale, for
154 elements. Right: Ratios r* (dashed line) and rj,,, (solid line) in semi-log scale
for 28 (o) and 154 (*) elements.

Appendix A. HDG implementation. The HDG method (3.3) can be im-
plemented similarly to the standard HDG method for polygonal domains [23]. The
boundary data g,, defined in (2.2) produces a slight modification in the global sys-
tem, as we will see. We first construct the local matrices associated to an element
K € Tj, and the boundary data will be imposed after the global matrix is assem-
bled. To fix ideas we briefly describe the two dimensional case. Let K € T, with
edges e1, ez and ez, Ny, = dim(Py(K)), N, = dim(Py(K)), N, = dim(Px(K)) and
Na = dim(Pi(er)) = dim(Py(ea)) = dim(Pees). Let {032, {9}, (051
and {S?};yjl (I = 1, 2 and 3) the basis function of Pp(K), Pr(K), Pr(K) and
Pr(er), respectively. In our numerical experiments we considered Dubiner basis [18]
for the polynomial spaces in K and Legendre basis for the polynomial space on the

edges. We write now the unknowns restricted to K as linear combination of the basis
. . N N, ~ N,

functlons, Le., Lh‘K = j:Ll O‘fll’_ﬁ uh‘K = Zj:l BJI(I:ZJ]) ph|K = ijpl ,Ygl(w] and

Uple, = Zjvjl Aj'€5'. We decompose pp|x = P + pn, where % € Po(K) and

pn € Pr(K)NLE(K). Since Dubiner basis are orthogonal on K and 17 is a constant,

then pp, = Zivng fyijj. Thus, the system associated to (3.3a)-(3.3c) is of the form

K e
o7 At
(A1) AK |5 | =EX |A?| + FX, where AX ¢ RNt>*N1 EX ¢ RN7x3Na
K es
¥ A

FX € RYT and Ny := Np, + N, + Np. On the other hand, the local contribution of
the global equation (3.3g) can be written in the following matrix form

aK )\el
(A2) BE | g5 | —HEpK = AK | X2 | | where BE € R*NaxNr HE ¢ R3Na
K e3
~ A

and AX € R3Na*3Na  Gince the matrix on the left hand side of (A.1) is invertible, we
express the unknowns o, 8% and ~¥ in terms of A* and substitute them in (A.2)
to obtain a local system of the form

A
(A.3) ME [ X2| + HEp K = b, where MX € RVa*Na and bX ¢ RVa,
A%
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Now, let N, and Nk be the number of edges and elements of the triangulation.
We denote by Al (I=1, ..., N.) the global unknowns associated to the I-th edge. We
define the global vectors A = [(AN)Y, ..., (AN)!]* and o = *hKH...,TafNK]t. Thus, once
the above local matrices are computed, we assembly on the edges of the triangulation
and obtain the global system of the form

(A4) [M H] m =b, where M ¢ RWeNa)x(NeNa) 1y ¢ RINeNa)xNic

and b € RWeNa) | Tn addition, equation (3.3f) can be written as [|[ K| ... |Kny|]o =
0, which, together with (A.4) and the boundary condition, fully determines A and o

We proceed now to impose the boundary condition. Let e € 82 and K€ the
triangle where it belongs. We assume that the only boundary edge of K is e and
denote by e; and ey the other two edges. If K had two boundary edges the procedure
is analogous. From (3.3d) and (7.1) we have that

AN =Db9 — JeaX",

b? = { /Q/OM 9(@()) - & () ds d"’}z

Je .= {/e/ol(m) W, (x+ st(x))t(x) - & (x) ds da:}

where

and
Nz

i=1

Here, we see how the basis functions ¥; (defined in K') are being evaluated (extrap-
olated) along the path x + st(x). From (A.1) we write ® in terms of A°*, A®® and

A
A, say af = K [A°| +r, and obtain the system
}\e
A4
(A5) [[@NﬁX?)Na @Nax?,]\/'a Ae] +J6K] A2 | =b9 — J°r.
Ae

Finally, we substitute the rows in (A.4) associated to the global degrees of freedom of
the edge e by the equations in (A.5). This resulting global system is not symmetric
(unless J¢ = @). If Q2 were polygonal, then J¢ = © and the (A.5) becomes A°A° = b?
which is one of the ways to impose Dirichlet boundary conditions.

Appendix B. Integration over curved regions. In order to compute the
approximation p,P* and errors in D¢, integrals over K¢, must be calculated. We
write I?sxt as a union of three disjoint regions 77, 75 and S as Fig. 8 shows. The
same quadrature rules considered in the calculation of the local matrices of the method
are used now in the triangles 77 and T,. Now, let eg and I's denote the straight and
curved part of the boundary of S, resp. For a point x in I'y, we construct op (),
where ng is the unit normal of eg pointing to I'g. Thus, for a smooth enough function
q defined on S, we approximate

l(z)
/q(az)dm:/ / q(x + tng)ng dt de
S es 0
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Fig. 8: Examples of K¢, divided in triangles T} and Ty, and a region S (dashed area).

using one-dimensional quadrature on both integrals.
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