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A VIRTUAL ELEMENT METHOD FOR REISSNER-MINDLIN PLATES

L. BEIRAO DA VEIGA*, D. MORAT, AND G. RIVERAf

Abstract. We present a virtual element method for the Reissner-Mindlin plate bending problem which uses
shear strain and deflection as discrete variables without the need of any reduction operator. The proposed method
is conforming in [H(Q)]? x H2(Q) and has the advantages of using general polygonal meshes and yielding a direct
approximation of the shear strains. The rotations are then obtained as a simple postprocess from the shear strain and
deflection. We prove convergence estimates with involved constants that are uniform in the thickness ¢ of the plate.
Finally, we report numerical experiments which allow us to assess the performance of the method.
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1. Introduction. The Virtual Element Method (VEM), introduced in [7, 8], is a recent gen-
eralization of the Finite Element Method which is characterized by the capability of dealing with
very general polygonal /polyhedral meshes. The interest in numerical methods that can make use of
general polytopal meshes has recently undergone a significant growth in the mathematical and engi-

neering literature; among the large number of papers on this subject, we cite as a minimal sample
[4, 7,10, 23, 27, 38, 41, 42].

Indeed, polytopal meshes can be very useful for a wide range of reasons, including meshing of the
domain (such as cracks) and data (such as inclusions) features, automatic use of hanging nodes, use
of moving meshes, adaptivity. Moreover, the VEM presents the advantage to easily implement highly
regular discrete spaces. Indeed, by avoiding the explicit construction of the local basis functions, the
VEM can easily handle general polygons/polyhedrons without complex integrations on the element
(see [8] for details on the coding aspects of the method). The Virtual Element Method has been
applied successfully in a large range of problems, see for instance [1, 2, 6, 7, 8, 11, 13, 14, 15, 18, 21,
22, 30, 35, 36, 37, 43].

The Reissner—Mindlin theory is the most used model to approximate the deformation of a thin or
moderately thick elastic plate. Nowadays, it is very well understood that the discretization of this
problem poses difficulties due to the so called locking phenomenon when the thickness ¢ is small with
respect to the other dimensions of the plate. Nevertheless, adopting for instance a reduced integration
or a mixed interpolation technique, this phenomenon can be avoided. Indeed, several families of
methods have been rigorously shown to be free from locking and optimally convergent. We mention
[29, 33] for a thorough description and further references.

Recently, a new approach to solve the Reissner—Mindlin bending problem has been presented in [9]
by Beirdo da Veiga et al. (see also [28, 32]). In this case a variational formulation of the plate bending
problem is written terms of shear strain and deflection with the advantage that the “shear locking
phenomenon” is avoided. A discretization of the problem by Isogeometric Analysis is proposed. Under
some regularity assumptions on the exact solution, optimal error estimates with constants independent
of the plate thickness are proved.

The aim of this paper is on developing a Virtual Element Method which applies to general polyg-
onal (even non-convex) meshes for Reissner-Mindlin plates. We consider a variational formulation
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written in terms of shear strain and deflection presented in [9]. Here, we exploit the capability of
VEM to built highly regular discrete spaces and propose a conforming [H'(2)]> x H?(Q) discrete
formulation, respectively for the shear strain and deflections. The resulting bilinear form is contin-
uous and elliptic with appropriate ¢-dependent norms. This method makes use of a very simple set
of degrees of freedom, namely 5 degrees of freedom per vertex of the mesh plus the number of edges,
and approximates directly the transverse shear strain, which is distinctive of this approach. Moreover,
the rotations are obtained as a simple postprocess from the shear strain and deflection. Under some
regularity assumptions on the exact solution, optimal error estimates (in the natural norms of the
adopted formulation) with constants independent of the plate thickness are proved for all the involved
variables. In addition, we present error estimates in weaker norms using a duality argument. Finally,
we point out that, differently from the finite element method where building globally C*(€2) functions
is complicated, here the virtual deflection space can be built with a rather simple construction due to
the flexibility of the virtual approach. In a summary, the advantages of the proposed method are the
possibility to use general polygonal meshes and a better conformity with the limit Kirchhoff problem,
ensuing from the H?(f2) approximation used for the discrete deflection.

The outline of this article is as follows: we introduce in Section 2 the Reissner-Mindlin plate model,
first in terms of deflection and rotations variables and then in an equivalent form in terms of deflection
and transverse shear strain variable. In Section 3, we present the discrete spaces for the shear strain
and deflection, together with their properties, next, we construct the discrete bilinear forms and the
loading term. We end this section with the presentation of the virtual element discrete formulation.
In Section 4, we present the error analysis of the virtual scheme. In Section 5, we report a couple of
numerical tests that allow us to assess the convergence properties of the method.

Throughout the paper, € is a generic Lipschitz bounded domain of R2. For s > 0, [[Il e stands
indistinctly for the norm of the Hilbertian Sobolev spaces H*(Q) or [H*(£2)]? with the convention
H°(Q) := L?(Q2). Finally, we employ 0 to denote a generic null vector and we will denote with C' a
generic constant which may take different values in different occurrences, and which is independent
of the mesh parameter h and the plate thickness ¢.

2. Continuous problem. Consider an elastic plate of thickness ¢, 0 < t < 1, with reference
configuration Q x (—t/2,t/2), where € is a convex polygonal domain of R? occupied by the mid-section
of the plate. The deformation of the plate is described by means of the Reissner-Mindlin model in
terms of the rotations @ = (61, 603) of the fibers initially normal to the plate mid-surface and the
deflection w. We subdivide the boundary I' of € in three disjoint parts such that,

r=r.Ul, Ul

The plate is assumed to be clamped on I';, simply supported on I'y and free on I'y. We assume that I,
has positive measure. We denote by n the outward unit normal vector to I', the following equations
describe the plate response to a conveniently scaled transverse load g:

—divCe(0) — M 2(Vw—-0) =0 in €,

—divIM2(Vw — ) =y in Q,
(2.1) 6=0, w=0 on T,
Ce(@)n =0, w=0 on T,
Ce(O)n =0, (6—Vw)=0 on Ty,

where X := Fk/2(1 + v) is the shear modulus, with F being the Young modulus, v the Poisson ratio,
and k a correction factor, e(0) := £(V0 + (V0)") is the standard strain tensor, and C is the tensor of
bending moduli, given by (for isotropic materials)

Co = 12(#—%) (L=v)o+vu()l), oe[LXQ?

where tr(o) is trace of o and I is the identity tensor.
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Let us consider the space
X :={(v,n) € HY(Q) x [H'(Q)?:v=00nT.UTs,np=0on T}
By testing the system (2.1) with (v,n) € X, integrating by parts and using the boundary conditions,
we write the following variational formulation:

PROBLEM 2.1. Given g € L2(Q), find (w,8) € X such that
a(0,m) +b(0 = Vu,n = Vo) = (g,0)o0  Y(v.m) € X,
where (-,-)o.o denotes the inner-product in L?(SY), and the bilinear forms are given by

a(8,n) = (C=(8),£(n))o,0;
b(0,m) := )\t72(0, 7)o,

The following result states that the bilinear form appearing in Problem 2.1 is coercive (see [9,
Proposition A.1]).

LEMMA 2.1. There exists a positive constant o depending only on the material constants and the
domain € such that:

(2.2) a(n,m) +b(n - Vo,n— Vo) > a([nl}g+t 20— Voldq+lvlie) Y(v,mn) e X.

It is well known that the discretization of the Reissner-Mindlin equations have difficulties due to the

so called locking phenomenon when the thickness ¢ is small with respect to the other dimensions of
the plate. To avoid this phenomenon we will introduce and analyze an alternative formulation of the
problem that does not suffer from such a drawback. In order to simplify the notation, and without
any loss of generality, we will assume A = 1 in the following.

2.1. An equivalent variational formulation. The variational formulation that will be con-
sidered here, was introduced in the context of shells in [28, 32] and has been studied in [9] for
Reissner-Mindlin plates using Isogeometric Analysis.

Now, we note that the equivalent formulation is derived by simply considering the following charge
of variables:

(2.3) (w,0) +— (w,y) with 60 =Vw+~.

We note that the physical interpretation of the variable « corresponds to the transverse shear strain.
The equivalent formulation will be obtained by using the change the variables (2.3) in Problem 2.1.

For the analysis we will consider the following ¢-dependent energy norm:

(2.4) o, 7l = 7 + Vollt o + 2171160 + [1v]

2
1,0
for all sufficiently regular functions 7: Q@ — R? and v : @ — R.

Now, we define the following variational spaces:

X —c=@ xc=@p

X = {(v,7) €X:v=00onT,UT,,Vu+7=0on T.}.
It is immediately verified that

H2(Q) x [HY(Q)]? € X c H'(Q) x [LA(Q)]2.
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Moreover, note that the space X exactly corresponds to X up to the change of variables (2.3).
Let us introduce the equivalent variational formulation for the Reissner-Mindlin model as follows:

PROBLEM 2.2. Given g € L?(), find (w,v) € X such that

a(vw + v V’U + T) + b(77 T) = (ga U)O.,Q V(’U, T) € X

We have that Problem 2.2 is equivalent to Problem 2.1 up to the change of variables (2.3). As a
consequence, we have the following coercivity property for the bilinear form on the left hand side of
Problem 2.2 (see (2.2)):

(2.5) a(Vvo+7,Vo+71)+b(r,7) > o<|||v,7'|||2 V(v,T) € X,

with same constant a. Moreover, bilinear forms a(-,-) and b(-,-) are bounded uniformly in ¢.

Therefore, Problem 2.2 has a unique solution (w,~) € X and

I[|w, 4[| < C|lg]

0,Q-

3. Virtual element discretization. We begin this section, by recalling the mesh construction
and the assumptions considered to introduce the discrete virtual element spaces for the shear strain
and deflection, together with their properties, next, we will introduce discrete bilinear forms and the
loading term. Finally, we end this section with the presentation of the virtual element discretization
of Problem 2.2.

3.1. Mesh regularity assumption. Let {7}, be a sequence of decompositions of 2 into

polygons E. Let hp denote the diameter of the element F and h := éna%( hg.
€Th

For the analysis, we will make the following assumptions as in [7, 12, 13]: there exists a positive
real number C- such that, for every h and every FE € T,

A;: the ratio between the shortest edge and the diameter hp of E is larger than C7;
A, E €Ty is star-shaped with respect to every point of a ball of radius Crhg.

For any subset S C R? and nonnegative integer k, we indicate by P (S) the space of polynomials
of degree up to k defined on S. To keep the notation simpler, we denote by n a general normal unit
vector; in each case, its precise definition will be clear from the context and we denote by ¢ the tangent
unit vector ¢ defined as the anticlockwise rotation of n.

To continue the construction of the discrete scheme, we need some preliminary definitions. First,
we split the bilinear forms a(-,-) and b(, -) introduced in the previous section as follows:

(3.1) a(Vw+~,Vv+71) = Z a? (Vw+~,Vo+71) Y(w,7v), (7)€ X,
E€Th

(3.2) by, )= Y bP(v,7) vy, 7€ [H' (Q)P,
EcTh

with

a? (Vw +~,Vv+7) := (Ce(Vw + 7),e(Vo + MNo.&
and
bE(’Ya T) = t_2(77 T)O,E'-

Finally, we define

A((w,5), (v, 7)) :=a(Vw +~v,Vvo+7) + b(y,7) = Z AE((w,7), (v, 7)) Y(w,5),(v,T) € X,
E€T,
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where

AE (w,7), (v, 7)) = a® (Vw +~, Vo + 7)) + bE (v, 7).

In order to construct the discrete scheme associated to Problem 2.2, in what follows, we will show
that for each h > 0 it is possible to build the following:

1. a discrete virtual space X; C X such that
X i={(vn,7h) € Wi xVp):ivp=00nT .U, Vo + 7, =0o0nT.},

in which the virtual spaces W, C H?(Q) and V;, C [H*(Q)]?%;
2. a symmetric bilinear form Ay : X x X, — R which can be split as

(33)  An((wn, i) (0ns ) == Y AR (Wi, ¥3)s (0, Th)) - Y (wn, Y3, (08, Th) € X,
EeTy,

with AF(,-) local bilinear forms on X|g x Xp|Eg;
3. an element g5, € X, and a discrete duality pair (-, -) 5 in such a way that the following discrete
problem: Find (wp,~;,) € X, such that

(34) Ah((whufyh)a(vh77h)) = <ghuvh>h V(’Uh,Th) S Xh7
admits a unique solution (wp,,) € X and exhibits optimal approximation properties.

3.2. Discrete virtual spaces for shear strain and deflection. We introduce a pair of finite
dimensional spaces for shear strain and deflection:

Vv, C [HY(Q))?, W, € H*(Q).

First, we construct the shear strain virtual space Vy,, inspired from [2]. With this aim, we consider
a simple polygon E and we define

Bog := {11 € [C°(OF)]* : 71, - t|or € Pa(e) and T4, - n|or € P1(e) Ve € OE}.
We then consider the finite dimensional space defined as follows:
Vi = {7, € [H (E)]? : rot 74 € Po(E), Th|or € Bog, T5 minimizes the H'-seminorm}.

Note that the space VZ is well defined. Indeed, given a (piecewise polynomial) boundary value
Thlor € [HY?(OE))?, the associated function 7, inside the element FE is obtained by solving the
following well-posed problem:

—AT1p +rots=0in F,
(3.5) rot T, = f with f € Py(E),
T}, assigned in OF,

where

f t T 1/ t ! t
=TO0UTh|E = — oty = — Th L.
\E| Jp \E| Jor

It is important to observe that, since the functions in Vf are uniquely identified by their boundary
values, dim(VE) = dim(VF|yg), i.e., dim(VF) = 3Ng, with Ng being the number of edges of E.
This leads to introducing the following 3N g degrees of freedom for the space VE:

e VI the values of T, (vector) at the vertices of E.
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° Eg: the value of the

1
H/Th't Y edge e € OF.

Moreover, we note that as a consequence of the definition Vf, the output values of the two sets of
degrees of freedom V& and £} are sufficient to uniquely determine 7, - t and 75, - 7 on the boundary
of E, for any 7, € VF. Finally, we note that clearly [P1(E)]> C V7.

For every decomposition 75 of €2 into simple polygons E, we define the global space V;, without
boundary conditions.

V= {rn € [H' Q) :mhlp €V, VE € Th}).
In agreement with the local choice of the degrees of freedom, in 'V}, we choose the following degrees
of freedom:
e V" the values of 7, (vector) at the vertices of 7j,.

e & the value of the

1
H/‘rh-t YV edge e € Ty,.
Now, we will introduce the discrete virtual space W}, for the deflection, see also [21, 2]. With this
aim, we first define the following finite dimensional space:
WiE = {v, € H¥(E) : A%, = 0,vp|or € C°(OFE), vnlor € Ps(e),
Vunlor € [C°(OE))? and dnvp|or € Pi(e) Ve € OE},

where A? represents the biharmonic operator. We observe that any v, € WhE satisfy the following
conditions:

the trace on the boundary of E is continuous and on each edge is a polynomial of degree 3;
the gradient on the boundary is continuous and on each edge its normal (respectively tangen-
tial) component is a polynomial of degree 1 (respectively 2);

inside F satisfy the biharmonic equation A2v;, = 0;

Py(E) C WE.

We choose in W the degrees of freedom introduced in [3, Section 2.2], namely:

° W}}: The values of v;, and Vuvy, at the vertices of E.

We note that as a consequence of the definition W,f; , the degrees of freedom Wg are sufficient to
uniquely determine vy, and Vuvy on the boundary of E.

We now present the global virtual space for the deflection: for every decomposition T, of € into
simple polygons F, we define (without boundary conditions).

Wi = {vn € H*(Q) :vp|lp € WF VE € T}
In agreement with the local choice of the degrees of freedom, in W}, we choose the following degrees
of freedom:
e W": the values of v, and Vv, at the vertices of 7.

As a consequence of the definition of local virtual spaces Vf and W}F , we have the following result
which will be used in the forthcoming analysis.

PROPOSITION 3.1. Let E be a simple polygon with N edges. Then VWEF C VE,

Proof. Let vy, € W, then we have that: v, € H(E), A%v;, = 0, vy € Ps(e) and Vo, -n|. € Pi(e)
for all e € OF. Hence, Vv, € [H*(E))?, Vv, - t|l. € Pa(e) and Vo, - n|. € Pi(e) for all e € JE, i.e,
Vunlog € Bog. Moreover, rot(Vug) = 0 € Po(E). On the other hand, we have that

0= A2Uh =A (A’Uh) =A (diV(VUh)) = div (A(V’l}h)) .
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Since a star-shaped polygon E is simply connected, there exists ¢ € H'(FE) such that A(Vuv,) = rot q.
Thus, Vv, satisfies (3.5) and therefore Vv, € VE. The proof is complete. O

Finally, once we have defined V), and W),, we are able to introduce our virtual element space X},.

Xy, = {(’Uh,‘l'h) e Wy th}ﬁX.

3.3. Bilinear forms and the loading term. In this section we will discuss the construction
of the discrete version of the local bilinear forms a(-,-) (cf (3.1)) and b¥(-,-) (cf (3.2)), which will
be used to built the local bilinear form appearing in (3.3). Moreover, we will discuss the construction
of the loading term appearing in (3.4).

We define the projector II¥ : VI — [Py (E)]?> C VF for each 74, € VF as the solution of

) a®(p,1E7y,) = a®(p,71) Vp € [P1(E)]?,
3.6
<<p7 HsETh>> = <<p77h>> Vp € ker(aE(-, ))7

where for all ry, sy, in VE

Ng
1
({rp,sph)) = — Zrh(vi) -sp(vi), v; = vertices of F, 1 <i < Ng.
Ne 3

We note that the second equation in (3.6) is needed for the problem to be well-posed. In fact, it is

easy to check that it returns one (and only one) function IIZ7) € [P1(E)]2. Moreover, we observe

that the local degrees of freedom allow us to compute exactly the right hand side of (3.6). Indeed, for
all p € [P1(E)]?, we have

a? Th) = € ce(ry) = — iv(Ce T e(pm)-r
(B,71) /Ecua) () /Ed (Ce(p) h+/8E<c<p>> \
— [ (estom-m,
oF

where we have used that div(Ce(p)) = 0. Therefore, since the functions 7, € V¥ are known explicitly
on the boundary, the right hand side of (3.6) can be computed exactly without knowing 7, in the
interior of E. As a consequence, the projection operator I1Z is computable solely on the basis of the
degrees of freedom values.

Let IIY : VE — [Po(E)]? be the [L?(E)]?-projector, defined by
0 h

[ m = [ rmy e BB
E E

We note that as before, the right hand side above is computable. In fact, we consider a simple
polygon E with barycenter xg = (rg,yr)’ and we have that any p, € [Po(E)]* can be written as
po = a(1,0)" + 5(0,1)" = arot(y — yg) + Brot(zg — x). Thus, for all 7, € VZ we have

[ oy = [ arvotly—ye) = [ rotraty-ve)~ [ (rn-0) - ue)
E E E OE
—sotry [-ue) = [ (- == [ (0 e,
E OE OE
where we have used that for 7, € Vf, rot 75, € Po(E). Using the same arguments, we get

[ @1 =— [ euttas -

which shows that I1J7), is computable solely on the basis of the degree of freedom values.
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Let now S¥(-,-) and S§(-,-) be any symmetric positive definite bilinear forms to be chosen as to
satisfy
(3.7) coa? (T, ) < ST (T, 1) < craf(th,m1) V1, € VE with TF7), =0,
(3.8) 50bE(Th,Th) < S()E(Th,‘l'h) < 51bE(Th,Th) S VE,
for some positive constants cg, ¢1, ¢y and ¢; depending only on the constant C'r from mesh assumptions
A; and A,. Then, we introduce on each element E the local (and computable) bilinear forms
ay (v Tn) = 0P (5, IE7y) + S5 (), = OE,,, 7w = TETH) 7 € VY,
bg(’YIm Th) = bE(H§7h7 HOETh) + SOE(’Yh - HOE’Yhu Th — H(J?Th) Yh:Th € VhE

Now, we define in a natural way

ah(’Y}mTh) = Z af(v}mq—h)u bh(vhaTh) = Z bf(vhuTh) YhsTh € Vh'
EeTy, Ee€Th

The construction of af(-,-) and bF(-,-) guarantees the usual consistency and stability properties
of VEM, as noted in the Proposition below. Since the proof is simple and follows standard arguments
in the Virtual Element literature, it is omitted.

PROPOSITION 3.2. The local bilinear forms aZ(-,-) and bZ(-,-) on each element E satisfy

e Consistency: for all h > 0 and for all E € Ty, we have that

(3.9) ay (p,mh) = a®(p,Tn) Vp € [P1(E)]?, V1, € VF;
(3.10) be (py, Th) = bE (Do, T1) VP, € [Po(E))?, V71, € VE.

o Stability: there exist positive constants o, a*, By and B*, independent of h and E, such that

(3.11) aa? (T, ) < al(th, ) < a*aP (T, 11) YT, €VE, VEE€T,,
(3.12) BbE (T, 1h) < bf (T4, TR) < B6E(Th, ) VTR €VE, VEE T
We note that as a consequence of (3.11) and (3.12), the bilinear forms af(-,-) and b¥(-,-) are
bounded with respect to the H! and L? norms, respectively.

We now discuss the construction of the loading term. For every E € T, we approximate the data
g by a piecewise constant function g5 on each element E defined as the L?(E)-projection of the load
g (denoted by gg). Let the loading term

Ng
(3.13) (gnovn)y = > e Y on(vi)ws.

EcT,  i=1
where vi,...,vN, are the vertices of E and w}g, . ,wg’f are positive weights chosen to provide the

exact integral on F when applied to linear functions.

3.4. Discrete problem. The results of the previous sections allow us to introduce the discrete
VEM in shear strain-deflection formulation for the approximation of the continuous Reissner-Mindlin
formulation presented in Problem 2.2.

With this aim, we first note that since VW C V¥ (see Proposition 3.1), the operator IIZ can be
also applied to Vuy, for all v, € W,f . Hence, we introduce the following VEM discretization for the
approximation of Problem 2.2.

PROBLEM 3.1. Find (wp,7;,) € X, such that

(3.14) ah(th+7h,Vvh+Th)+bh(7h,7-h) = <gh,’l}h>h V(’Uh,Th) c Xy
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The next lemma shows that the problem above is coercive in the ||| - ||| norm.

LEMMA 3.3. There exists § > 0, independent of h and t such that

an(Von + Th, Vur 4+ 70) + br(Th, 1) = B[ (vns 70)|||° V(vn, Th) € Xh.

Proof. Thanks to (3.11), (3.12) and (2.5), we have that
an(Von 4 T, Vo +75) + bi(Th, 78) > Cs (a(Von + T, Vor +74) + b1, 1)) = B (vn, 1),

with 8 := min {C,, a}. 0 We deduce immediately from Lemma 3.3 that Problem 3.1 is well-posed.

Remark 3.1. The solution of Problem 2.2 delivers the shear strain and deflection. In addition,
it is possible to readily obtain the rotations @ by recalling (2.3). At the discrete level, this strategy
corresponds to computing the rotations as a post-processing of the shear strain and deflection. If
(wn,vp) € Xy is the unique solutions of Problem 3.1, then the function

0, = Vuwy, + Yho
is an approximation of the rotations. The accuracy of such approximation will be established in the

following section.

4. Convergence analysis. In the present section, we develop an error analysis for the discrete
virtual element scheme presented in Section 3.4. For the forthcoming analysis, we will assume that
the mesh assumptions A; and Ao, introduced in Section 3.1, are satisfied.

For the analysis we will introduce the broken H'-norm:

ol e =D Il g,

EcTy
which is well defined for every v € L?(Q) such that v|p € H(E) for all polygon E € Tj,.

Moreover, we have the following propositions, which are derived by interpolation between Sobolev
spaces (see for instance [31, Theorem I.1.5] from the analogous result for integer values of s. In
its turn, the result for integer values is stated in [7, Proposition 4.2] and follows from the classical
Scott-Dupont theory (see [17]).

PROPOSITION 4.1. There exists a constant C > 0, such that for every v € H*(E) there exists
v € Pi(E), k> 0 such that

v—vnle <ChSMler 0<s<k+1,01=0,...,s.
; E ;

PROPOSITION 4.2. There exists a constant C' > 0, such that for every T € [H*(E)]? there exists
T € [Px(E)]?, k > 0 such that

T—Tuhe <ChSUr|sp 0<s<k+1,1=0,...,s.
; E ;

The first step is to establish the following result.

LEMMA 4.3. Let (w,v) € X be the unique solution to the continuous Problem 2.2 and let 6 :=
Vw + 5. Let (wn,v,) € Xn be the unique solution to the discrete Problem 3.1. Then, for any
(wr, ;) € X and (81, 7ir, %) € [L2(Q))° such that Ol € [PL(E)]2, vyl € [PL(E)J? and vols €
[Po(E))? for all E € Ty, there exists C > 0 independent of h and t such that

0.2 + 70 = o) + v —vlle + kgl
+[10 = O11l1.n.0 + [ Vw — V|

llw = wn,y =yl < € (ly =4l 0,2

1,9) -
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Proof. We set 0~ := ), — 71, 0w := wp —wr, Oy := Vw, 4+, 01 := Vw; +v; and dg := 6, — 0.
Thanks to Lemma 3.3 and equations (3.14), (3.9), (3.10) we have that

BlIl(wn —wr), (v = ¥)II? < an(Bn — 61,86) + bu(vy — 1, 0~)
= an(Vwn + vy, 06) + bn(v4, 04) — (an(01,d6) + br(vy,6+))

= <gh;5w>h_ Z (af(ej—01’1,69)+CLE(0H—0,60)+CLE(0,69))

EeTy,

= > (=0, 84) + 6 (v = 7.05) + b5 (7, 65))

EeTy,

<Th+ 15+ 1T,

where
T = ‘<9h75w>h - (975w)0,9‘ : T; = Z (afy (01 — O11,86) — a” (6 — 6., 69))| ,
EEeTy,
T5:= Z (bf(’h — Y0, 0~) — bE(’Yo - ’7757))‘ .
E€7—h

We now bound each term T}, ¢ = 1,2, 3, with a constant C' independent of i and t.

First, we bound the term T5. Using (3.11), the fact that bilinear form a(-,-) is bounded and finally
adding and subtracting 8, we obtain

T, < Z lay (81 — 01, 86)| + Z |a” (6 — 6, 80)|

EeTy, Ee€Th

< Z C(|0r — Oull1,e + |0n — 0||1,5)||d6|1,E
EcTy

<> C6r-0]1.e+ 00— 0]1.0)ld6]1.2-
EcTy,

For the term T3, using (3.12), the definition of bilinear form b(-, -), the Cauchy—Schwarz inequality,
and finally adding and subtracting -, we obtain

T5 < Z Clllvr =l
E€Th

0.2 + 170 = Yllo,2)t > (|6+llo, 5-

Now, we bound T;. Using the definition (3.13), and adding and subtracting gr we rewrite the
term as follows

Ng
=Y (QEZ%(Vi)wE) -y /95w
EET;, i=1 peT, E
Ng ‘ ) 7
— E; (gE géw(vi)wlg — /EgE6w> + EGZT} (/E(gE —9)(6w —p)) ’ ,

for any p € Po(E), where we have used the definition of gg. Therefore,

Z <9Ez5w(Vi)W%—/EgE5w> + Z lg — gzl

EeTy, E€Th

T, < o)E:ZTla—i-le.

O,EH(Sw _p|
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First, T is easily bounded. In fact, taking p as in Proposition 4.1, we obtain that

1Y < Chllg|

0,.2/[0w|l1.0-

In what follows we will manipulate the terms T7: adding and subtracting py € Po(E), and since the
integration rule in (3.13) is exact for constant functions, we have

Ng
<Y /gE(5w_p0) +1> <§E (Z(lsw—po)(Vi)sz))‘
EeTy ' P EeT, i=1
1/2
< llgllo.e ( > 116w —p0||3,E> + Y |Egsldw — poll=(op)
EcTh EcT,
1/2 1/2
< llgllo.e ( > 110w —p0||§,E> + llgllo.e < > 1zl _p0|%°°(6E)> :
EcTy EeTh

We now recall that §,, — po is a (continuous) piecewise polynomial on OF, and that the length of the
edges of E is bounded from below in the sense of assumption A;. Therefore, we can apply Lemma
3.1 in [16], standard polynomial approximation estimates and a trace inequality to derive

160 — Poll = 0m) < Clowlij2.0m + 16w — pollo.or < Clowl1 /2,08 < Clow|1,p-
Hence, we obtain,
T <Chl|lgllo,eldwl1,0-
Thus, since [0,|1,0 < |[|0w, d~]||, we have that

(4.1) Ty < T{ + T7 < Chllgllo,all|dw, 8+]]]-

Therefore, by combining (4.1) with the above bounds for T» and T3, we get

[(wn —wr), (va — D) <CE (v = velloo + 7o — o)
+ 110 = 0110 + [|0m — O|1,n.0 + A9

0,2)-
Hence, the proof follows from the bound above, the triangular inequality, the definition of ||| - ||| (see

(2.4)), the definition of 8; and the inequality |0 — 0|10 < [[Vw — Vw1, + |7 — ¥sll1.0- In fact,

llw —wn,y =yl <Nlw —wr, v = ;||| + [lwr = wr, v — V]l
<Ct v —illoo +t Hlvo —vlloo + 1Y = ville
+ hllgllo,.o + 10 — Onl[1,n,0 + [[Vw — Vwrl1,0).

The proof is complete. O

The next step is to find appropriate terms (wr, vy;), (wim, yr) and v, that can be used in Lemma 4.3
to prove the claimed convergence. As a preliminary construction, we introduce, for every vertex v of
the mesh laying on 02, the following function. Let e, be any one of the two edges on 0f) sharing v,
fixed once and for all; the only rule being that, if one of the two edges is in I', and the other is not,
then the one in T'. must be chosen. Then, we denote by ¢, the unique (vector valued) polynomial of
degree 2 living on e, such that

(4.2) / p-oy=pv)  Vpe Pale,)

v

Then, for the term w; € W}, we have the following result.
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PROPOSITION 4.4. There exists a positive constant C, such that for every v € H3(Q) there exists
vr € Wy, that satisfies

|’U—’U[|[)Q SChSE_l|U|3)Q, [=0,1,2.

Proof. Given v € H3({2), we consider vy € L?(€2) defined on each E € Ty, so that vn|g € Po(E)
and the estimate of Proposition 4.1 holds true.

For each polygon E € Tj, consider the triangulation 771E obtained by joining each vertex of E
with the midpoint of the ball with respect to which E is starred. Let Tp := UEeTh T,E. Since we are

assuming Aq and Ao, {ﬁ}h is a shape-regular family of triangulations of €.

Let v, be the reduced Hsieh-Clough-Tocher triangle (see [25, 26]) interpolant of v over ﬁ, slightly
modified as follows. For the nodes on the boundary, the value of V. is given by

Ve (v) :z/ Ve - @y,

see (4.2), while the values of the remaining degrees of freedom is the same as in the original version.
This is a modification, in the spirit of the Scott-Zhang interpolation [39], of the standard nodal value;
the motivation for such modification is not related directly to the present result (that would hold also
with the original HCT interpolant) and will be clearer in the sequel. This modified version still satisfies
similar approximation properties with respect the original version [25, 26]; we omit the standard proof
and simply state the result:

(4.3) [v—velo <Chy ol q 1=0,1,2.
Now, for each E € Ty, we define v;|g € H?(E) as the solution of the following problem:

—A%y; = —A?%up in E,
vy =v. on JE,
Onvr = Opve on OF.

Note that v;|p € W}F . Moreover, although vy is defined locally, since on the boundary of each
element it coincides with v. which belongs to H?(Q), we have that also v; belongs to H?(Q) and,
hence, v; € Wy,

According to the above definition we have that

—A%(vgp —v7) =0 in E,
v — vy = v — v on OF,
On(vnn —v1) = Op(vn —ve) on OF,

and, hence, it is easy to check that
lom — vr|y p = inf{|z|2 gy 2€H*(E): z=wvn—v. ondF and 0p2z = On (v — ve) on 8E}
< fon = vely g -
Therefore,

lv — v1|27E <|v-— vH|2)E + |om — v1|2)E
S |1) - 'UH|2)E + |UH - vc|2)E

<2v— UH|2,E + v — UC|2,E :
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By summing on all the elements and recalling (4.3) (plus standard approximation estimates for poly-
nomials on polygons) we obtain

v —vrlyq <C(lv—vmlyq+ v —velyg) < Chlvfsa.

Moreover, from the above bound and (recalling that On (v — v.) = 0 and (v; — v.) = 0 on OF) a
Poincaré-type inequality, we have

lv—vrly g < —ve|y g+ v —vily p < |0 —ve|y g+ Chplve —vily g
<|v-— UC|1,E + Chg |v — UC|2,E + Chg |v — UI|2,E )
so that, summing on all the elements and using the bounds above,
v — U1|1,Q < Chn? |U|3,Q :
By an analogous argument one obtains
[v—vrlloe < C(”v —vecllo,o + b |ve — UI|1,Q) <Ch’ |’U|3)Q )
which allows us to complete the proof. O

Finally, we present the following result for the approximation properties of the space Vj,.

PROPOSITION 4.5. There exists C > 0 such that for every T € [H*(2)]? with s € [1,2] there exists
71 € Vy, that satisfies

T —7illoo+ kT — 71,0 < CR®|T|s 0.

Proof. We refer the reader to Section 3.2 for the definition of the degrees of freedom of V,, and
define 77 as follows. All degrees of freedom associated to internal vertices are calculated as an integral
average of T on the elements sharing the vertex (as in standard Clément interpolation). All the vertex
boundary values are taken as (see (4.2))

(V) :/e g,

v

Finally, the edge degrees of freedom are computed directly by

1 1
H/‘rl-t—m/‘r-t YV edge e € Ty,.

The rest of the proof is omitted since it follows repeating essentially the same argument used to
establish [12, Proposition 4.1]. O

According to the above results, we are able to establish the convergence of the Virtual Element
scheme presented in Problem 3.1.

THEOREM 4.6. Let (w,v) € X and (wp,~,;,) € X be the unique solutions of the continuous and
discrete problems, respectively. Assume that (w,~v) € (H3(Q),[H?*()]?). Then, there exists C > 0
independent of h, g and t such that

[lw = wn,y —v,lll < Ch (t7 v[1.0 + [8l2.0 + |wls.o + lgllog) ,
where 6 := Vw + ~.
Proof. The proof follows from Lemma 4.3 and Propositions 4.1, 4.2, 4.4 and 4.5. In fact,
[[lw —wp,y =]l SC(t‘l(H'r —7llo.o + 7o = vllone) + 117 =71llre
+ hllglloe + 110 = Oull1n0 + [[Vw — VwIHm)
<Ch (t"'vho + [0l2,0 + [w]z0 + |9l

O,Q) )
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where we have used that v = 6 — Vw so that |v]2.0 < |w|3.q + |0]|2,0. Thus, we conclude the proof. O

Remark 4.1. It is easy to check that the couple (wr,~;) used in Theorem 4.6 (accordingly to the
interpolants definition given in Propositions 4.4 and 4.5) does actually satisfy the boundary conditions
and is thus in Xp. Indeed, the condition wy =0 on I'c UT'g follows immediately from the analogous
one for w. The condition Vwy +v; = 0 on ' can be easily derived from the analogous one for
(w,) combined with our choice for the boundary node interpolation and the definition of the discrete
spaces.

Remark 4.2. We note that Theorem 4.6 provides also an error estimate for the rotations in
HY(Q)-norm.

In what follows, we restrict our analysis considering clamped boundary conditions on the whole
boundary, essentially to exploit the associated regularity properties of the continuous solution of

the Reissner-Mindlin equations. Nevertheless, the analysis in what follows can be straightforwardly
extended to other boundary conditions.

Now, we present the following result which establish an improve error estimate for rotations in
L?(2)-norm and the deflection in H*()-norm.

PROPOSITION 4.7. Assume that the hypotheses of Theorem 4.6 hold. Moreover, assume that the
domain § be either regular, or piecewise reqular and convex, that g € HY(E) for all E € T;, and

that T. = T. Then, for any (wn,Ym,Yo) € [L?()]° such that wn|g € Po(E), vule € [P1(E)])* and
Yol € [Po(E))? for all E € Ty, there exists C > 0 independent of h, g and t such that
(4.4) 10 = Onllo.o < C(h+ 1) ([[w = wn,y =¥/l + Allg] 1Lh.Q

+lv = vallpe + 7y — ’YoHo,sz) ;
(4.5) [w— w10 <C0 = Onllog+ v —vullo.)

Lha + [|[Vw — V]

Proof. The core of the proof is based on a duality argument. We first establish (4.4). We begin
by introducing the following well-posed auxiliary problem: Find (w,5) € X such that

(4.6) a(Vw+4,Vo+7)+b(7F,7)=(0—-0,,Vo+ 7)o V(v,7) € X.
The following regularity result for the solution of problem above holds (see [34, Theorem 2.1]):
(4.7) @ 3.0+ t M@ l2.0 + 7 FllLe < Cl16 = Onlo.0,

where w' is the solution of the Kirchhoff limit problem and w? := w — w'. Let (w},¥;) € X, be the
interpolant of (w', ) given by Propositions 4.4 and 4.5, respectively. Therefore, the above regularity
result yield immediately:

(4.8) @' = @ille+ Al — @ ll20 + 7RI = Fllon < h2[16 — 010,
(4.9) [@?]|2.0 + 17 = F/llLe < t]6 - Onllos.

Next, choosing v := (w — wy,) and 7 = (v —~,,) in (4.6), so that Vv + 7 = 0 — 0},, and then adding
and subtracting the term Vw} + 4, we obtain
10 — 050 =al0 — 6,V +7 — Vu; +7;) +a(0 — 6y, Vi +7;)
+0(Y =YY = A1) 0¥ = VY1)
Nl ~

(4.10) <llw = wn,y = vl 1@ = @7, 5 = 7,1l + [a(@ — 01, Vap +7,) + 0y = ¥nF1)]
where we have used that the bilinear forms are bounded uniformly in ¢ with respect to the ||| -||| norm.
Now, we bound each term on the right hand side above. For the first term we have, using (4.8) and
(4.9),
@ — wy,5 —,/|]” < C (|w - 151”3,9 +t727 - ’71”3,9 + 7 - ’71”%,0)
<C(la" —wrll30 + @150 + 217 =150 + 17 =4
<O +1%)]6 — 043 o-

1.o)
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Therefore

(4.11) @ — @17 = Il < C(h + )]

For the second term on the right hand of (4.10), since (w},7;) € X, we have that (see Problems 2.2
and 3.1),

|a(0 — 01, Vo +7,) +0(y = i 31)| = |(9, @10, — alOn, VBT +51) = b(v, V1)
= |(g,Wj)o,0 — <9h7@}>h + an(0n, Vi + 1) + bu(vy,¥1) — a(On, Vi + ;) — b(’Yhﬁ’l)’
(412) < By + Bs,

where
Bl = ‘(gaﬁ;})oyg - <gh7{5}>h‘
and
By := |an(0n, Vao; +77) — a(0h, Vi +77) + bu(v4, V1) = by 71| -
We now bound B; and Bs uniformly in ¢.
We begin with the term B;. First adding and subtracting w! we have
B < |(g,w; —w')oe| + [(9,0" )00 — (gn, "), | + [(gn, w7 — @), |
(413) <h2Hg||OQ|w1|2Q+} 97 OQ_<gh7@1>h}7

where we have used the Cauchy-Schwarz inequality and Proposition 4.4 to bound the first term; note
moreover that the last term on the right hand side above vanish as a consequence of (3.13) and the
definition of w?:

[{gn: @1 = @"),,[ =

Ng
Z <gE Z(ﬁ} - ﬁl)(w)%;) | = 0.

EcTy,

Now, we bound the second term on the right hand side of (4.13) and we follow similar steps as in
Lemma 4.3 to derive (4.1). In fact, using the definition (3.13), and adding and subtracting g, we

rewrite the term as follows
NEg
> / gu' — (QE > ot (Vi)w?;> |
EeTh =1

Ec€Th

for any p € Py(E). Now, taking p as in Proposition 4.1 and using that g|z € H*(E) and [17, Lemma
4.3.8]. we have that
(4.14)

‘(9, @1)0,9 - <gh7 | =

< + > g —azlozl@" — pllo.e,

EcTy,

[(g: 00,0 = (gn,@0"), | < Ch?||g|lLn0ll@t [0 + / gt — Y
E

E€Th

(gEZw Vi )w >| Bl —|—32

In what follows we will manipulate the terms B?: adding and subtracting p; € P1(E), and the fact
that (3.13) is exact for linear functions, we have

> [on@ )+ | (gE (f(wl—pn(mw%)ﬂ

E€Th EcTy, i=1

1/2 1/2
<||g|osz<Z||w -1 > +|9||09<Zh ' = pil E> :

EeTy, Ee€Th

B} < +

(4.15)
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By polynomial approximation results on star-shaped polygons we now have

(4.16) 1@~ pillo.p < Chg|@" |2k,
' @' = p1llco,r < Chp|wt|s,k,

where the first bound follows from Proposition 4.1 and the second one can be derived, for instance,
using the following brief guidelines. Let B be the ball with the same center appearing in As, but
radius hp. It clearly holds E C B. One can then extend the function @' to a function (still denoted
by w') in H%(B) with a uniform bound ||@!||s,5 < C||w!||2,r (see for instance [40], where we use also
that due to Ag all the elements F of the mesh family are uniformly Lipshitz continuous). Then, the
result follows from the analogous known result on balls and some very simple calculations. Hence,
from (4.15) and (4.16), we obtain

(4.17) Bt < Ch?|gllo,ol@|2,0-
Finally, from (4.13), (4.14) and (4.17) we have the following bound for the term Bj:
1,n,0[10 — 6] 1,n,0[10 — 6]

By <Ch?||g] 2.0 < Ch?|g|

0.0 < C(h+1)h]g|

Lhallo!|

0,0+

Now, we bound the term Bs in (4.12). First, we consider (wr,~yy,7o) € [L*(2)]° such that
wilp € Po(E), yule € [P1(E)]? and ~vy|r € [Po(E)]>. Moreover, we consider wy; € L*(Q) with
wi| g € Po(E) and define Oy := Vwy + ;. Thus, using the consistency property we rewrite the term
as follows

By = ’ Z (ar (On, Vi +7; — (Vi + 1)) + afy (On, Vi + 7))
EeTy,
- Z (a®(0n, V] +7; — (Vg + 1)) + a”(0n, Vioy + 1))
EeTh

+ Z (08 (Y A1 = F0) + b5 (Vs F0) = 07 (Vi A1 = Fo) — b7 (V15 70)) ‘
E€7—h

= | > (aF(6n— 61, V} + 5, — (Vith + ) - aP(On — 6n, Vi) +; — (Vioh + 7))
EcTh

+ Z (bﬁ(’m — Yo Y1 — Yo) — bE(’Yh — Yo V1 — ’70)) ’
E€7—h

Therefore, we have

By < C (16r — Oullino +tHvn — Yollo,) x

1/2
< Z |Va; — V@HH%,E + 177 — ’7H||%,E + 735, — :770”(2),E>
EEeTh

< C(16r = Onllina+t lva —Yolloo) (hlw'|s.0 + bt~ Fl1a + A1) ,

where we have added and subtracted V@' and 4 and then we have used Propositions 4.4, 4.1, 4.5 and
4.2, respectively. Finally, using (4.7) and the triangular inequality we have

By < C(h+ )]0 = Onllo.e (lllw —wn,y = villl + 10 = Onlline + 7 1y = volloo) -

Hence, (4.4) follows from (4.10), combining the estimate (4.11), with the above bounds for By and Bs
and the definition of 8. In fact, we obtain that

10 —Onllo.o < C(h+1) ([[[w—wn,y —¥ulll + Rllgll1,ne + |V — Vun|1,n0
v = yrlline + Y = ol

0.0) -
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Finally, bound (4.5) follows from the Poincaré inequality and the triangular inequality we have
that

[w —wnl[1,0 < CVw = Vwp oo = Cll0 = — (0rn —v,)llo,.0 < C( Q)

The proof is complete. O
Finally, we obtain the following result.

COROLLARY 4.8. Assume that the hypotheses of Theorem 4.6 hold. Moreover, assume that the
domain §) be either regular, or piecewise reqular and convez, that g € HY(E) for all E € T;, and that
T'. =T. Then, there exists C' > 0 independent of h, g and t such that

160 — O1llo.0 + lw —will1,o < Ch+t)h (£ A1,

0)-

Proof. The proof follows directly from Proposition 4.7, combining Theorem 4.6, Propositions 4.1,
4.2 and the fact that ||v — v, llo.0 < t|jw — wp,y —v,||. O

Remark 4.3. We note that the shear strain variable in the present paper is given by v = Vw — 0
and it is related with the usual scaled shear strain used in other Reissner-Mindlin contributions in the
literature as follows Q = t=2~. Since t=tv = tQ is a quantity that is known to be uniformly bounded
in the correct Sobolev norms (see, e.g [5, 20]). Therefore, the factors t=1 appearing in Theorem 4.6
and Corollary 4.8 are not a source of locking.

Remark 4.4. We note that in our convergence results, in order to obtain the full convergence
rate in h (independently of the thickness t) we need |w|s3q to be bounded uniformly in t. Even in
the presence of reqular data, this condition is not always assured due to the presence of layers at the
boundaries of the plate. Such small limitation of the method is related to the adopted formulation and
is, somehow, the drawback related to the advantage of having a method with C' deflections, that is
therefore able to give (at the limit for vanishing thickness) a Kirchhoff conforming solution. We finally
note that, in practice, this kind of difficulty can be effectively dealt with by an ad-hoc refinement of
the mesh near the boundaries of the plate.

5. Numerical results. We report in this section some numerical examples which have allowed us
to assess the theoretical results proved above. We have implemented in a MATLAB code our method
on arbitrary polygonal meshes, by following the ideas proposed in [8]. To complete the choice of the
VEM, we have to fix the bilinear forms S(-,-) and S¥(,-) satisfying (3.7) and (3.8), respectively.
Proceeding as in [8], a natural choice for S¥(,-) is given by

2Np
1
SE(vp, ) Z’yh Vi) Th(Vi +Z<| |/ t) <m/ rh-t), Yh,Th € VE,
€j J €

while a choice for SF(-,-) is given by

2Ng

1
S ('yh,Th Z'yh vZ Th vZ +Z< /’yh t) <| |/ -rh~t> , 'yh,ThEVf.
€j

The choices above are standard in the Virtual Element literature, and correspond to a scaled identity
matrix in the space of the degree of freedom values.

To test the convergence properties of the method, we introduce the following discrete L2-like norm:
for any sufficiently regular function v,

Ng
Vilg.e =Y <|E|Z(V(Vz‘))2>,

EcTy,
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with |E| being the area of element E. We also define the relative errors in discrete L2-like norms
(based on the vertex values):

) (|E|Z<w<vi> —wh<vz->>2>
(ew)2 = EETn — Ng
2 <|E|Z<w<vz->>2>

E€Th

)

and the obvious analogs for ev,, and eg. Finally, we introduce the relative error in the energy norm

(€)= An((w = wn,y = 1), (W = W,y = Y1)
' An((w. ), (w,7)) :

where Ap(+, ) corresponds to the discrete bilinear form on the left hand side of Problem 3.1.

5.1. Test 1:. As a test problem we have taken an isotropic and homogeneous plate Q := (0,1)2,
clamped on the whole boundary, for which the analytical solution is explicitly known (see [24]).

Choosing the transversal load g as:
[12y(y — 1)(52% — 5z + 1)(2y%(y — 1) + z(z — 1)(5y* — 5y + 1)

E
g(x,y) = m

+122(x — 1) (59 — by + 1) (222 (z — 1)? + y(y — 1)(52* — 5z + 1)],

the exact solution of the problem is given by:

1
w(z,y) = §w3(:v - 1%y — 1)
22

_ 75(1 - [y3(y - 1)3x(x — 1)(5x2 —bx+4+1)+ x3(x _ 1)3y(y . 1)(5y2 5y + 1)} 7

_ [ Yy -1 (- 1)*(20 - 1)
blo.y) = 363(2:16 — DYy -1y - 1) |

oF

12(1+v)
material constants have been chosen £ =1 and v = 0.

The shear modulus A is given by A := (choosing 5/6 as shear correction factor), while the

We have tested the method by using different values of the plate thickness: ¢ = 0.1, ¢ = 0.01 and
t = 0.001. Moreover, we have used different families of meshes (see Figure 5.1):

° 7711: triangular meshes;
e 72: trapezoidal meshes which consist of partitions of the domain into N x N congruent

1 12 1
trapezoids, all similar to the trapezoid with vertices (0, 0), (5, 0), (5, §> and (0, §)’

° 7713: triangular meshes, considering the middle point of each edge as a new degree of freedom
but moved randomly; note that these meshes contain non-convex elements.

The refinement parameter i used to label each mesh is h = }311&7); hg.
€Th
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Fic. 5.1. Sample meshes: T,} (left), T2 (middle) and T2 (right) with h = 0.1189, h = 0.1719 and h = 0.11078,

respectively.

We report in Table 5.1, Table 5.2 and Table 5.3 the relative errors in the discrete L?-norm of w,
Vw and 0, together with the relative errors in the energy norm, for each family of meshes and different
refinement levels. We consider different thickness: ¢ = 1.0e — 01, t = 1.0e — 02 and t = 1.0e — 03,
respectively. We also include in these table the experimental rate of convergence.

TABLE 5.1

’Thl: Computed error in L2-norm with t = 1.0e — 01, t = 1.0e — 02 and t = 1.0e — 03, respectively.

error | h=0.1189 | h =0.05878 | h =0.03142 | h = 0.01582 | h = 0.008271 | Order
ew 1.1084e-01 | 2.9410e-02 7.4232e-03 1.8414e-03 4.6791e-04 2.0627
eve | 1.3000e-01 | 4.1684e-02 1.3215e-02 4.2296e-03 1.5018e-03 1.6872
eo 8.8733e-02 | 2.2288e-02 5.4344e-03 1.3314e-03 3.3668e-04 2.1019
& 2.9935e-01 1.2776e-01 5.3946e-02 2.2765e-02 1.0702e-02 1.2625
ew 1.0302e-01 | 2.6332e-02 6.4931e-03 1.5956e-03 4.0406e-04 2.0898
evew | 8.9532e-02 | 2.2548e-02 5.4769e-03 1.3430e-03 3.3972e-04 2.1023
eo 8.9247e-02 | 2.2442e-02 5.4452e-03 1.3345e-03 3.3748e-04 2.1036
& 1.7557e-01 | 8.5496e-02 4.1989¢-02 2.0203e-02 1.0289e-02 1.0712
ew 1.0296e-01 | 2.6311e-02 6.4884e-03 1.5960e-03 4.0430e-04 2.0893
evw | 8.9262e-02 | 2.2454e-02 5.4519e-03 1.3385e-03 3.3869e-04 2.1022
eo 8.9259e-02 | 2.2453e-02 5.4516e-03 1.3384e-03 3.3866e-04 2.1023
& 1.7332e-01 | 8.4751e-02 4.1677e-02 1.9984e-02 1.0143e-02 1.0719
TABLE 5.2
T,LQ: Computed error in L?-norm with t = 1.0e — 01, t = 1.0e — 02 and t = 1.0e — 03, respectively.

error | h=0.1719 | h=0.0859 | h =0.0430 | h =0.0215 | h =0.0122 | Order

ew 3.8903e-01 | 1.1104e-01 | 2.9582e-02 | 7.6148e-03 | 1.8676e-03 | 1.9103

evy | 4.1467e-01 | 1.3705e-01 | 4.3810e-02 | 1.4053e-02 | 4.6530e-03 | 1.6097

€ 3.6466e-01 | 9.7423e-02 | 2.4805e-02 | 6.2472e-03 | 1.5348e-03 | 1.9574

E 6.2673e-01 | 3.1044e-01 | 1.3447e-01 | 5.8121e-02 | 2.5266e-02 | 1.1580

cw | 3.7958¢-01 | 1.0366e-01 | 2.6508¢-02 | 6.6562¢-03 | 1.6079¢-03 | 1.9554

evw | 3.6633¢-01 | 9.8309e-02 | 2.5015e-02 | 6.2782¢-03 | 1.5342¢-03 | 1.9594

€o 3.6589e-01 | 9.8016e-02 | 2.4903e-02 | 6.2447e-03 | 1.5252¢-03 | 1.9611

E 4.1994e-01 | 1.6745e-01 | 7.4795e-02 | 3.6193e-02 | 1.8249e-02 | 1.1154

ew | 3.7950e-01 | 1.0361e-01 | 2.6499¢-02 | 6.6620e-03 | 1.6120e-03 | 1.9545

evw | 3.6591e-01 | 9.8030e-02 | 2.4914e-02 | 6.2538¢-03 | 1.5283e-03 | 1.9603

co | 3.6590e-01 | 9.8027e-02 | 2.4913e-02 | 6.2534e-03 | 1.5282¢-03 | 1.9604

£ | 4.1544e-01 | 1.6465¢-01 | 7.3602e-02 | 3.5478¢-02 | 1.7716e-02 | 1.1213
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TABLE 5.3

’T,?: Computed error in L2-norm with t = 1.0e — 01, t = 1.0e — 02 and t = 1.0e — 03, respectively.

error | h =0.1108 | h =0.05943 | h =0.02939 | h = 0.01571 | A =0.007911 | Order
ew 2.8478e-01 | 8.7688e-02 2.4214e-02 6.2665e-03 1.5694e-03 | 2.0614
evw | 3.1623e-01 | 1.2017e-01 4.0908e-02 1.3382e-02 4.4467e-03 1.6953
o) 2.5664e-01 | 7.4651e-02 1.9137e-02 4.7397e-03 1.1606e-03 | 2.1426
£ 6.3713e-01 | 3.6532¢-01 1.6896e-01 7.6472e-02 3.4702e-02 1.1691
€w 2.6595e-01 | 7.4074e-02 1.9065e-02 4.7609e-03 1.1608e-03 | 2.1543
eve | 2.5677e-01 | 7.4955e-02 1.9117e-02 4.7777e-03 1.1667e-03 | 2.1435
eo 2.5625e-01 | 7.4605e-02 1.8981e-02 4.7359e-03 1.1552e-03 | 2.1466
£ 3.7935e-01 | 1.9753e-01 9.5553e-02 4.8323e-02 2.3655e-02 1.1007
Cw 2.6642e-01 | 7.4576e-02 1.9021e-02 4.7417e-03 1.1613e-03 | 2.1801
evw | 2.5605e-01 | 7.4680e-02 1.9071e-02 4.7265e-03 1.1606e-03 | 2.1689
€o 2.5605e-01 | 7.4676e-02 1.9069e-02 4.7261e-03 1.1605e-03 | 2.1689
£ 3.7438e-01 | 1.9044e-01 9.4471e-02 4.7568e-02 2.3429e-02 1.1081

It can be seen from Tables 5.1, 5.2 and 5.3 that the theoretical predictions of Section 4 are
confirmed. In particular, we can appreciate a rate of convergence O(h) for the energy norm &, that
is equivalent to the ||| - ||| norm. This holds for all the considered meshes and thicknesses, thus also
underlying the locking free nature of the scheme. Moreover, for sufficiently small ¢ we also observe a
clear rate of convergence O(h?) for for e, ey, and eg, in accordance with Corollary 4.8.

5.2. Test 2:. As a second test, we investigate more in deep the locking-free character of the
method, and also take the occasion for a comparison with the limit Kirchhoff model. It is well known
(see [19]) that when t goes to zero the solution of the Reissner-Mindlin model converges to an identical
Kirchhoff-Love solution: Find wy € H?(2) such that

(5.1)

with the corresponding boundary conditions.

We have considered a rectangular plate 2 := (0, a)x (0, b), simply supported on the whole boundary,
and we have chosen the transversal load g as

g(z,y) = sin (g:c) sin (%y) .

Then, the analytical solution wg of problem (5.1) is given by

o\ —1
wo(z,y) = 12(1T_V2) <7r4 (a_12 + biQ> ) sin (g:v) sin (%y) .

The material constants have been chosen £ = 1 and v = 0.3. Moreover, we have taken ¢ = 1 and
b = 2, and we have used three different families of meshes (see Figure 5.2):

e 7,': triangular meshes;
e 7;': hexagonal meshes;
e 7,5: Voronoi polygonal meshes.
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Fic. 5.2. Sample meshes: T;} (left), T,* (middle) and T (right).

Tables 5.4, 5.5 and 5.6 show an analysis for various thicknesses in order to assess the locking-free
nature of the proposed method. We show the relative errors in the discrete L?-norm of the deflection
w for each family of meshes and different refinement levels and considering different thickness: ¢t =
1.0e = 01,t =1.0e — 02, t = 1.0e — 03, t = 1.0e — 04 and t = 1.0e — 05, respectively.

It can be clearly seen from these tables that the proposed method is locking-free, since even for
corse meshes the solution does not lock but approximates (for small ¢) the Kirchhoff solution.

TABLE 5.4
Computed error in e by 'Thl

\h

2.4495e-01

1.2706e-01

6.4686e-02

3.2407e-02

1.6166e-02

1.0e-01
1.0e-02
1.0e-03
1.0e-04
1.0e-05

8.6091e-03
4.6875e-02
4.7301e-02
4.7305e-02
4.7305e-02

4.0902e-02
1.0335e-02
1.0963e-02
1.0969e-02
1.0969e-02

6.0389e-02
1.7984e-03
2.7190e-03
2.7284e-03
2.7285e-03

7.1077e-02
7.6646e-04
6.6677e-04
6.8234e-04
6.8250e-04

7.5623e-02
2.0123e-03
1.3850e-04
1.6637e-04
1.6665e-04

TABLE 5.5
Computed error in e by Tf

\h

2.7813e-01

1.3086e-01

6.7301e-02

4.4428e-02

3.3163e-02

1.0e-01
1.0e-02
1.0e-03
1.0e-04
1.0e-05

8.3939e-02
4.9794e-02
4.9428e-02
4.9424e-02
4.9424e-02

5.9358e-02
1.0178e-02
9.5752e-03
9.5691e-03
9.5691e-03

6.2558e-02
4.0223e-03
3.1448e-03
3.1358e-03
3.1357e-03

6.7150e-02
2.4758e-03
1.3334e-03
1.3211e-03
1.3210e-03

6.9098e-02
2.0948e-03
7.3806e-04
7.2280e-04
7.2265e-04

TABLE 5.6
Computed error in e by 'Ths

\h

4.5918e-01

2.3481e-01

1.2942¢-01

8.1744e-02

5.5071e-02

1.0e-01
1.0e-02
1.0e-03
1.0e-04
1.0e-05

2.7624e-02
1.2695e-02
1.2768e-02
1.2768e-02
1.2768e-02

4.0550e-02
3.4544e-03
3.0038e-03
2.9994e-03
2.9993e-03

4.6180e-02
7.2182e-04
3.8157e-04
3.8727e-04
3.8736e-04

6.5997e-02
1.1407e-03
6.4829e-05
6.2480e-05
6.2151e-05

6.9822e-02
1.3932e-03
4.5322e-05
3.2567e-05
3.1927e-05
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