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Abstract

In this paper we introduce and analyze a mixed virtual element method (mixed-VEM) for the
two-dimensional Brinkman model of porous media flow with non-homogeneous Dirichlet boundary
conditions. More precisely, we employ a dual-mixed formulation in which the only unknown is given
by the pseudostress, whereas the velocity and pressure are computed via postprocessing formulae.
We first recall the corresponding variational formulation, and then summarize the main mixed-
VEM ingredients that are required for our discrete analysis. In particular, in order to define a
calculable discrete bilinear form, whose continuous version involves deviatoric tensors, we propose
two well-known alternatives for the local projector onto a suitable polynomial subspace, which
allows the explicit integration of these terms. Next, we show that the global discrete bilinear
form satisfies the hypotheses required by the Lax-Milgram Lemma. In this way, we conclude the
well-posedness of our mixed-VEM scheme and derive the associated a priori error estimates for
the virtual solution as well as for the fully computable projection of it. Furthermore, we also
introduce a second element-by-element postprocessing formula for the pseudostress, which yields
an optimally convergent approximation of this unknown with respect to the broken H(div)-norm.
Finally, several numerical results illustrating the good performance of the method and confirming
the theoretical rates of convergence are presented.

Key words: Brinkman model, mixed virtual element method, a priori error analysis, postprocessing
techniques, high-order approximations

1 Introduction

The Brinkman system, which describes the flow of a viscous fluid in a highly porous medium, and
can be considered as a parameter-dependent combination of both the Darcy and Stokes equations,
has become a very relevant model of study for numerical analysts of boundary value problems in fluid
mechanics during the last few years (see, e.g. [2], [3], [4], [20], [21], [24], [25], [31], and the references
therein). In particular, one of the most significant features of this problem arises from its relationship
with the evolutive Stokes equations when a time stepping method is applied to them. Having said
the above, and since we are mainly interested in mixed variational formulations, we first mention
that, up to our knowledge, just a few references have dealt with mixed finite elements or related
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methods for this problem (see [20], [26], [27], and [31]). In particular, a dual mixed framework and
a H(div)-conforming finite elements combined with the symmetric interior penalty Galerkin method
is employed in [26] to obtain a stable discrete formulation with respect to a mesh-dependent norm.
The corresponding numerical study of the method proposed in [26] is performed in [27], in which,
besides verifying the theoretical error estimates, the analysis is extended to the case of a non-constant
permeability. In turn, a mixed formulation in which the flow vorticity is considered as an additional
unknown is introduced in [31]. This approach differs from other vorticity-based formulations since it
uses the de Rham sequence to derive an equation for this unknown, instead of obtaining it by taking
the curl of the momentum equation.

Nevertheless, we also remark that no stress-based or pseudostress-based methods seemed to be
available until the recent contribution [20]. Indeed, a new dual-mixed approach for the two-dimensional
Brinkman equations, which includes an alternative way of dealing with mixed boundary conditions
and the corresponding a priori and a posteriori error analyses, was introduced and analyzed there.
More precisely, the pseudostress o is the main unknown of the resulting saddle point problem in
[20], whereas the velocity and pressure of the fluid are easily recovered in terms of o through simple
postprocessing formulae. In addition, as it is usual for this kind of methods, the Dirichlet boundary
condition for the velocity becomes natural in this case, and the Neumann boundary condition, being
essential, is imposed weakly through the introduction of the trace of the velocity on that boundary
as the associated Lagrange multiplier. In this way, the Babuska-Brezzi theory is applied first in
[20] to establish sufficient conditions for the well-posedness of the resulting continuous and discrete
formulations. As a consequence, Raviart-Thomas elements of order £k > 0 for the pseudostress, and
continuous piecewise polynomials of degree k+ 1 for the Lagrange multiplier, become a feasible choice
of finite element subspaces. Next, a reliable and efficient residual-based a posteriori error estimator is
derived there. Suitable auxiliary problems, the continuous inf-sup conditions satisfied by the bilinear
forms involved, a discrete Helmholtz decomposition, and the local approximation properties of the
Raviart-Thomas and Clément interpolation operators are the main tools for proving the reliability. In
turn, Helmholtz’s decomposition, inverse inequalities, and the classical localization technique based
on triangle-bubble and edge-bubble functions are employed to show the efficiency. Lately, a natural
extension of the analysis and results from [20] to a class of Brinkman models whose viscosity depends
nonlinearly on the gradient of the velocity, which is a characteristic feature of quasi-Newtonian Stokes
flows, was developed in [21]. A reliable and efficient residual-based a posteriori error estimator was
also derived in [21] by following basically the same approach from [20].

On the other hand, the virtual element method (VEM), introduced in [6] for the Poisson problem
as a model, is one of the high-order discretization schemes that arised as a natural consequence of new
developments and interpretations of the mimetic finite difference method (MFDM) (see, e.g. [12]).
The main advantages of VEM approaches include an extension of the classical finite element technique
to general polygonal and polyhedral meshes, and also as a generalization of the MFDM to arbitrary
degrees of accuracy and arbitrary continuity properties. Additionally, as remarked in [8], other benefits
of VEM, when compared with finite volume methods, MMFD, and related techniques, are given by its
solid mathematical ground, the simplicity of the respective computational coding, and the quality of
the numerical results provided. While most of the projectors employed originally to define the virtual
element schemes were ad-hoc to the problem under consideration, it is interesting to highlight that
the first attempts to derive a systematic use of the simple L?-projection operator were introduced
in [1], and then in [11] for the case of non-coercive bilinear forms. Furthermore, in the context of
purely mixed virtual element techniques, that is based on dual-mixed variational formulations, the
method was initially developed in [13], and more recently extended in [10], [9], and [17]. In particular,
[10] corresponds to the extension of [1] to mixed formulations, whereas [9] generalizes the results of
[10] to the case of variable coefficients. In turn, [17] provides the first analysis of a virtual element
method for a mixed variational formulation of the Stokes problem in which the pseudostress and the



velocity are the only unknowns, whereas the pressure is computed via a postprocessing formula (see
also [16] for further details). Therein, a new local projector onto a suitable space of polynomials is
presented, which takes into account the main features of the continuous solution and allows the explicit
integration of the terms involving the deviatoric tensors. The uniform boundedness of the resulting
family of local projectors is established and its approximation properties are also derived. For several
other contributions on VEM and mixed-VEM we refer for instance to [5], [7], [15], [19], and [29].

According to the above discussion, in the present paper we are interested in continuing the research
line drawn by [20] and [17], and aim to develop a mixed-VEM approach for the two-dimensional
Brinkman problem with non-homogeneous Dirichlet boundary conditions. To this end, we first proceed
as in [20] and use both the equilibrium equation and the incompressibility condition to eliminate the
velocity and pressure, respectively, so that the pseudostress becomes now the only unknown. Moreover,
in order to define an explicitly computable bilinear form, we take advantage of the particular local
projection defined in [17] as well as of the LL?-orthogonal projection introduced and analyzed in [10]
(see also [9]). In other words, we propose two mixed virtual element methods depending on two
different projectors. The rest of this work is organized as follows. In Section 2 we introduce the
boundary value problem of interest, and recall its pseudostress-based mixed formulation and the
associated well-posedness result. Then, in Section 3 we follow [10] and [9] to introduce the virtual
element subspace that will be employed. This includes the basic assumptions on the polygonal mesh,
the definition of the local virtual element space, the projections and interpolants to be employed
together with their respective approximation properties, and finally the definition itself of the global
virtual element subspaces. Next, in Section 4 we introduce a fully calculable local discrete bilinear
form, which depends on a suitable projection of the local virtual space, establish its boundedness
and related properties, and describe two specific choices of that projection. In turn, in Section 5
we first set the corresponding mixed virtual element method, and apply the classical Lax-Milgram
Lemma to deduce its well-posedness. Then, we employ suitable bounds and identities satisfied by the
bilinear form and the projectors and interpolators involved, to derive the a priori error estimates and
corresponding rates of convergence for the virtual solution as well as for the computable projection
of it. In addition, we follow the ideas from [22] and [23] to construct a second approximation for
the pseudostress variable o, which yields an optimal rate of convergence in the broken H(div)-norm.
Moreover, this new postprocessing formula can be used in general for any H(div)-conforming VEM
scheme. Finally, some numerical examples showing the good performance of the method, confirming
the rates of convergence for regular and singular solutions, and illustrating the accurateness obtained
with the approximate solutions, are reported in Section 6.

Notations

We end the present section by providing some notations to be used along the paper, including those
already employed above. Indeed, given a bounded domain Q C R? with boundary T', we let n be
the outward unit normal vector on I'. In addition, standard terminology will be adopted for Lebesgue
spaces LP(€2), p > 1, and Sobolev spaces H*(2), s € R, with norm || - [|so and seminorm | - | q.
In particular, H'/2(T) is the space of traces of functions of H'(2), and H~/2(I") denotes its dual.
By M and M we will denote the corresponding vectorial and tensorial counterparts of the generic
scalar functional space M. Then, letting div (resp. rot) be the usual divergence operator div (resp.
rotational operator rot) acting along the rows of a given tensor, we recall that the spaces

H(div; Q) = {7’ cL2(Q): div(r) e L2(Q)},
H(div; ) == {r € L%(©Q): div(r) € L2(Q)},

H(rot; Q) := {7‘ e L*(Q): rot(r) € L2(Q)}
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and
H(rot; ) := {T cL2(Q): rot(r) e L2(Q)},

equipped with the usual norms

I ldive = ITI5.q + Idiv(D)[q V7€ H(div; ),
I |aivie = IITl6q + IIdiv(T)5e V7 € H(div;Q),
120 = 70 + rot(M§q V7 € H(rot; Q)
and
ITl2et0 == Tl + rot(T)|5q V7 € H(rot; ),

are Hilbert spaces. Also, given T := (7;;), ¢ := ((ij) € R**%, we write as usual

2

2
1
d
T = (1), tr(r) = E_lm, T¢ = T—Etr(r)ﬂ, and T:¢ = g Ti5Cij »

ij=1

where I is the identity matrix of R := R?*2. Finally, in what follows we employ 0 to denote a generic
null vector, null tensor or null operator, and use C, with or without subscripts, bars, tildes or hats,
to denote generic constants independent of the discretization parameters, which may take different
values at different places.

2 The Brinkman problem and its pseudostress-based formulation

Let Q be a bounded and simply connected polygonal domain in R? with boundary I'. Our goal is to
determine the velocity u, the pseudostress o, and the pressure p of a steady Brinkman flow occupying
the region Q. In other words, given a volume force f € L?() and a Dirichlet datum g € H'/?(T"), we
seek a tensor field o, a vector field u and a scalar field p such that

o = upVu—pl inQ, au—div(e) = f in Q,
. . (2.1)
div(u) = 0 in Q, u=g¢g onl, /p:(),
Q
where p is the dynamic viscosity, and a > 0 is a constant approximation of the viscosity divided by
the permeability. In addition, as required by the incompressibility condition, we assume from now on

that the datum g satisfies the compatibility condition fF g-n = 0. Furthermore, the incompressibility
condition also implies that (2.1) can be rewritten as:

1
—o% = Vu inQ, au-div(e) = f nQ, u=g onT, /tr(a) =0, (2.2)
H Q
where the pressure p can be obtained by the postprocessing formula
1
p = -3 tr(o) in Q. (2.3)

Then, proceeding as in [20], the velocity is replaced from the second equation of (2.2), that is
1
u = —{f + div(e)} inQ, (2.4)
e

which yields the following dual-mixed variational formulation of (2.2): Find o € H such that

a(lo,T) = F(1) VreH, (2.5)



where
H := Hy(div; ) := {T € H(div; Q) : / tr(r) = 0} ,
Q

a:H x H — R is the bilinear form
1 1
a(¢, ) = —/Cd:Td + —/div(C)'div(T) V¢, e H,
HJo o Jq

and F': H — R is the linear functional

Flr) = —%/Qf-div(r) b (rng)r VT eH.

In what follows we proceed as in [20] to derive the well-posedness of (2.5). We begin with the
following technical result taken from [14].

Lemma 2.1. There exists cq > 0, depending only on ), such that

coltloe < I + Idiv(r)I3e V7 eH.
Proof. See [14, Chapter IV, Proposition 3.1]. O

Then the H-ellipticity of a is proved as follows.
Lemma 2.2. There exists n > 0, depending only on p, o and 2, such that

a6, ¢) > nl¢lave V¢ eH.

Proof. According to the definition of a and Lemma 2.1, we find that for each ¢ € H there holds
1 1.
a(¢,€) = m 1¢I5 + o 1div(O)Fe = 7lI¢ivie -

where 1 := min{cqno, %} and 79 := mm{i % . 0

The unique solvability of (2.5) is established next.

Theorem 2.1. Assume that £ € L*(Q) and g € HY?(I'). Then, there exists a unique solution o € H
to (2.5). In addition, there exists C' > 0 such that

lollave < C{lEloa + lglhar}-

Proof. Thanks to the ellipticity of a and the boundedness of F', the proof is a straightforward appli-
cation of the Lax-Milgram Lemma. O

3 The virtual element subspace

The main purpose of this section is to introduce a virtual element subspace Hj, of H := Hy(div; ),
with which we prove later on that the mixed virtual element scheme associated with the continuous
formulation (2.5) is well-posed. To this end, we follow the approach from [10, 9] to define first a
virtual element subspace of H(div;{2), and then proceed row-wise to extend the above to H(div; ).
Along the way, local virtual element spaces, suitable associated interpolation operators, and their
main approximation properties are also provided. While all these results are available in [10] and [9],
for convenience of the reader we recall here most of the corresponding details.



3.1 Basic assumptions

We begin by letting {7, }n~0 be a family of decompositions of € in polygonal elements. Then, for each
K € T;, we let dg be the number of its edges and denote its diameter by hyx. In addition, we define as
usual h := max{hg : K € Tp}. Furthermore, in what follows we assume that there exists a constant
C7 > 0 such that for each decomposition 7, and for each K € 7T, there hold:

a) the ratio between the shortest edge and the diameter hx of K is bigger than C, and

b) K is star-shaped with respect to a ball B of radius C'yrhg and center xp € K, that is, for each
X9 € B, all the line segments joining xg with any x € K are contained in K, or, equivalently,
for each x € K, the closed convex hull of {x} U B is contained in K.

As a consequence of the above hypotheses, one can show that each K € 7T, is simply connected, and
that there exists an integer N7 (depending only on C7), such that for each K € Ty, dg is bounded
above by Ny.

3.2 The local virtual element space

In what follows, given an integer ¢ > 0 and U C R?, we let P,(U) be the space of polynomials defined
in U of total degree at most ¢. Then, for each integer k£ > 0 and for each K € 7, we introduce the
local virtual element space of order k (see, e.g. [10, 9])

HE = {7’ = (11,72)" € H(div; K) NH(rot; K) :  7-n|. € Pr(e) Vedgeee dK,

(3.1)
div(r) € Pr(K), and tot(r) € Pk_l(K)} ,
where rot(7) := 2_5?1 — g—; and P_1(K) := {0}. In addition, given an edge e € T}, with medium point

2. and length h., we consider the following set of k£ + 1 normalized monomials on e:

(),

which certainly constitutes a basis of Pi(e). Similarly, given an integer £ > 0 and an element K € Ty,
with barycenter xx, we define the following set of (¢ + 1)(£ + 2) normalized monomials

oo = {520}

which is a basis of Py(K). We remark here that (3.3) makes use of the multi-index notation, where,

given x := (z1,22)* € R? and a := (a1, a2)®, with nonnegative integers oy, as, we set x* = 2% z5>
and |a| := a1 + ag. Next, we recall from [10, 9] the following local degrees of freedom for a given
TE HkK

mee(T) = /T-nq Vg€ Bile), VedgeeedK,

mi(r) = [ 7ve VaeBI\ (1}, 5.0

mpk(r) = [ ra Vaegurn),



where Gi(K) is a basis of (VP;CH(K))l N P (K), which is the L?(K)-orthogonal of VP ;(K) in
Py (K). Then, thanks to the cardinalities of By(e) and By (K), and according to the dimensions of

P (K) and VP41 (K) (see also [16, Lemma 4.3.1] for details on the latter), we find that the cardinality

of Gr(K) is @, and hence the amount of local degrees of freedom defined in (3.4) is given by

= (k+1)(dg +k+1)—1.

nk = (k+1)di + {W_l} L kD)

2 2

Moreover, it is not difficult to prove that for each K € 7T these nkK local degrees of freedom are
unisolvent in HE (see [10, Section 3.4]).

According to the above discussion, we are now able to define for each K € 7Tj the tensorial local
virtual element space

HE = {T € H(div; K) NH(rot : K): (i1, 0)* € HY Vi€ {1,2}} , (3.5)
which is certainly unisolvent with respect to the 2nkK degrees of freedom

my (1) ::/Tn-q V qe€ Birle), Vedgeeecdk,
m(r) = [ 7:Va VaeBUE)\ {10 0.1, 56)

m}o% (1) = /KT:p VpeGrK),
where
Bi(e) :={(¢,0)": g€ Bile)} U {(0,9)": g€ Byle)},
{(g,0)*: g€ Br(K)} U {(0,9)*: g€ By(K)},

0. ={( &) acamfu{(]): acaum}.

For sake of completeness, we now describe the explicit computation of the basis Gi(K). In fact,
given K € Ty, we first denote by {5 }I" the elements of Byi1(K) (my := 1(k + 2)(k + 3)), which

certainly constitute a hierarchical basis of Py, 1(K), and let {1ij }?d:kl be the basis of Py (K) given by

and

p (g5 008 if 1<j <dg, .
, gpj_dk) otherwise ,

where dj := 1(k 4+ 1)(k + 2). Hence, setting Gr(K) = {qi}}%,, with rj, := @, we need to find,
for each ¢ € {1,...,r;}, constants {a?}?dz’“l such that
2dy,
qff = Zaﬁwf and /V(pfil-qf:O Vie{l,...,my—1}.
j=1 K
Equivalently, we have to solve the local rectangular linear systems
Mg Ax = 0, (3.7)



where 0 is the null matrix in RO™ D> and the matrices My := (M k) € R(me=1x(2de) anq
Ag = (Ajyk) € R(2%)*7k are given by
Mijk = /V‘Pfil'w]['{ and  Aj g = of,
K

respectively, Vi € {1,...,mp —1},V j € {1,...,2dx}, and ¥V £ € {1,...,rt}. In this regard, the QR
decomposition with column pivoting is employed to solve each system (3.7).

3.3 LZorthogonal projections, interpolants, and approximation properties

We now let PX : L2(K) — P(K) and P : L*(K) — Py(K) be the orthogonal projector and its
corresponding vectorial version, which, given v € L?(K) and v € L%(K), are characterized by

PE(v) € Pi(K) and /KPkK(v)q:/qu Vq € Pr(K) (3.8)

and

PE(v) € Pp(K) and /Pk q—/v'q VqePr(K), (3.9)
K

respectively. In addition, it is well-known (see, e.g. [9, eq. (22)] or [17, Lemma 3.4]) that, given an
integer m € {0, 1,...,k+ 1} there hold the following approximation properties:

v —PE@)|ox < ChEolmx VK ET,, YveH™K), (3.10)

and
v —PE@ ok < ChWEVimkg VKET, VveH™K). (3.11)

Actually, (3.11) is a direct consequence of (3.10) since it is easy to see that PX (v) = (P (v1), PE (v2))
for all v := (vy,v2) € H™(K).

At this point we observe for later use, as it was remarked in [9, Section 3.2], that the degrees of
freedom given by (3.4) do allow the explicit calculation of P (7) for each 7 € Hf . Indeed, it suffices
to check that the right-hand side of (3.9) is calculable in this case. To do that, we first note, thanks to
the definitions of my’.(7) and md“’ % (1) (cf. (3.4)), that we can compute the value of div(r) € Py(K)
by using the identity

/Kdiv(T)q: —/KT-Vq—F/aKT-nq VqePr(K). (3.12)

Next, given q € Py(K), we know that there exist unique q* € (VP/LH_l(K))l NPR(K) and q €
Pi.1(K), such that q = g + V¢. In this way, it follows that

/T-q:/T-ql+/T-Vq~:/T-ql—/q~div(7')—|—/ T-ng,
K K K K K oK

which, according to (3.12) and the definition of m‘“’t % (7) (cf. (3.4)), yield the required calculation.

Furthermore, we now let HkK - HY(K) — Hk be the interpolation operator with respect to the
degrees of freedom (3.4), that is, given 7 € H!(K), TIX(7) is the unique element in HY such that

m{lfe(Hfg{(T)) = /T-TL(] YV qe Bi(e), VedgeeecdK,
@) = [ rVa Vae B\ (1),
mt (HK( ) = /KT'q vV qe grK).
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Concerning the approximation properties of IIX, we first recall from [9, eq. (28)] that for each
7€ H"(K), with 1 <m < k + 1, there holds

I =T () ox < CHE|Tlmrx YV KET. (3.13)

In addition, for each ¢ € Pr(K) we find that
/ div(T—H,If(T))q = —/ (T—H;IQ{(T)) -Vq + / (T—H{f(q—)) ‘ng = 0,
K K oK

which, thanks to the fact that div(II (7)) € Py(K), implies that
div(ITE (7)) = PE(div(r)). (3.14)

In this way, applying (3.10) we deduce that for each 7 € H(K), such that div(r) € H™(K), with
0 <m < k+1, there holds

[div(r =TI (7)) [lo,x <

Chg |div(T)|mx ¥V K €Ty, (3.15)

which, together with (3.13), show that for each 7 € H™(K) such that div(7) € H™(K), with 1 <m <
k + 1, there holds

I7 = TE (v < CRR{ 7l + 1div(Dlmr } ¥ K € T (3.16)

Analogously, we now let TIX : H(K) — HIE (cf. (3.5)) be the interpolation operator with respect
to the degrees of freedom (3.6). Then, it is straightforward to see that Hff reduces to HkK acting
along each row of a tensor 7 € H!(K), and hence, thanks to (3.16), we conclude now that for each
7 € H™(K) such that div(7) € H™(K), with 1 < m < k + 1, there holds

7 — TK () |l aivsre < Chg'g{\rym v \div(T)]mK} VEKeT,. (3.17)

3.4 The conforming global virtual element subspaces
We now set the global virtual element subspaces of H(div;2) and H(div; ), respectively, that is
H)} = {T €cH(div;Q): 7lg cHE VK¢ ’ﬁL}
and
Hl = {TGH(div;Q): Tlk B VK eT}, (3.18)
or, equivalently
HY = {T € H(div;Q): (m1, 1)t € HI Vic {1,2}}. (3.19)

Then, we introduce the global interpolation operators I} : H'(Q) — H} and II} : HY(Q) — H},
whose local restrictions are given for each K € T, by

HZ(T)|K = HkK(T|K) Ve HY Q) and HZ(T)|K = HkK(T|K) V1 eHY(Q).

Note that the well-definiteness of HZ (resp. HZ) is guaranteed by the unisolvency in HkK (resp. HkK ) of
the local degrees of freedom (3.4) (resp. (3.6)), and by the fact that the belonging I1}(7) € H(div; Q)
(resp. II}(7) € H(div;Q)) follows from the definition of the degrees of freedom myg'. (resp. myg ).
Furthermore, we remark that the approximation properties of HZ and HZ follow straightforwardly

from those of their local restrictions, which are given by (3.16) and (3.17), respectively.



4 The local discrete bilinear form

The purpose of this section is to define a computable discrete version ahK : H{f X HhK — R of the local
bilinear form o : H(div; K) x H(div; K) — R, which is given for each K € 7T}, by

K SN Y RSN S AR, .
a*(¢,T) = M/KC T+ a/de(C) div(T) V¢, T € H(div; K). (4.1)

Indeed, the aforementioned goal is motivated by the fact that € is not explicitly calculable for
¢, T € H{f since in general the deviatoric tensors ¢ and 79 are not known on each K € Tj,. In order
to overcome this difficulty, we first assume the existence of an abstract space ]ﬁl,f and a corresponding
projector ﬁkK : H(div; K) — ]ﬁIkK , both satisfying suitable conditions, so that a,lf is expressed later
on in terms of these projections instead of the original elements of HhK . Next, a special bilinear form
depending on the degrees of freedom defining HkK and HkK , and which is also utilized to define a,lf , is
introduced. Then, the explicit definition of ahK is provided, and its main boundedness and positivity

properties are established. Finally, specific examples of ﬁ{f and ﬁ,[f verifying the indicated conditions
are described.

4.1 A suitable projection of the local virtual space

In what follows we assume that for each K € 7Tj, there exist a subspace ]ﬁIkK of H(div; K) and a
projection HkK : H(div; K) — HkK satisfying the following abstract assumptions:

(A.1) ]ﬁle C Py(K) for some integer ¢ > 0,

(A.2) TIK(¢) is explicitly calculable V ¢ € HE,

(A.3) there exists C> 0, independent of K, such that

ITE(Olox < Cliclax V¢ € H(div; K),

(A [ @EQN @) = [ @) ¥ ¢r e Hdivik), and
K K
(A.5) given an integer 1 < m < k + 1, there exists a constant C' > 0, independent of K, such that

¢ —TE ) lox < CHEIC|ms

for all ¢ € H™(K), or at least for all ¢ € HF,,,,(K), where

Ceurl(K) == {C e H™(K): ¢4 = Veurl(w) for some w e Hm+2(K)}. (4.2)

According to these assumptions, we first observe that (A.1) and (A.2) guarantee that for each
¢ € HE, TIX(¢) is known in the whole K. In addition, thanks to (A.3) and (A.4) we can carry out
the a priori error analysis (see Section 5.1 below) of our mixed virtual element scheme (5.3). Finally,
we observe in advance that the assumption (A.5) is required to prove later on the optimal rates of
convergence for the pseudostress variable or. To this regard, note from the first equation in (2.2) and
the third equation in (2.1) that 69 = pVu € L%(Q) and div(u) = 0, respectively. Thus, there exists
w € H2(Q) such that u = curl(w) := (0w, —0,,w)*, and hence o4 = pVeurl(w). These remarks
have motivated, similarly as done in [17], the introduction of the space H{, . (K).
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4.2 The degrees of freedom-based bilinear form

We now consider K € 7;, and gather all the K-moments of a given 7 € HY(K) (cf. (3.4)) in the
K K
set {m; (7)},%,. Then, as usual we let {Saj,K}?il be the canonical basis of HX, that is, given
ie{l,2,... ,nkK}, #; i 1s the unique element in HkK such that
mix(eik) = 8 Vie{l2...ng}.

It follows easily that
K
"
I (r) = > mik(T) e,
=1

or equivalently, ITX (7) is the unique element in Hf such that
mik (IR (7)) = mjx(r)  VYie{l,2,...nf}, VreHY(K).

In particular, it is also clear that

f
T = ijK(T)cij VreHF.
j=1

Now, for each K € T;, we let s® : HE x HE — R be the bilinear form associated with the identity

. nExnk . . ni K .
matrix in R" *"k with respect to the basis {¢; r};%; of Hy’, that is

s5(1,0) = mik(r)mik(() V7, ¢ € HY. (4.3)
i=1

In this regards we recall from [13, eqs. (45) and (104)] (see also [13, eq. (5.8)]) that there exist
co, 1 > 0, depending only on C7, such that

co HT”&K < sK(T,T) < HT”&K VreHE, VKeT,. (4.4)

Then, we let S¥ : H{f X H{f — R be the bilinear form associated with the degrees of freedom of HhK
(cf. (3.6)), that is

2

SK(T, C) = ZSK((Til,Tig)t s (Cil,Cig)t) VT = (Tij), C = (Czy) € HK, (45)

i=1
which, due to (4.4), satisfies

alltlix < S%(r7) < alrlix VYreHy, VEKeT. (4.6)

4.3 The computable local discrete bilinear form

Having provided the above analysis, we now let ahK : ]H[hK X ]H[hK — R be the local discrete bilinear form
given by

K = 1 X 4 ([E (r))d l iv(¢) - div(T
off(¢m) = [ SO ([ ) + 2 [ div(c) -div(r) -
+ SMC-TEQ), T~ 0f (7)) V¢ TeH).

Then, we have the following result, which is consequence of the properties of ﬁff and (4.6).
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Lemma 4.1. For each K € T}, there holds
ak (¢,7) = a(¢m)  V¢EHS, VrTeHf, (4.8)

and there exist constants aq, ag > 0, independent of h and K, such that for all , T € HhK there hold

@G < an{llawercliTlasir + 1€~ T okl — T (Plloe } (49)
and

o{llCR & + IdivOR kb < af (.0 < ar{lliv + IC-TEQIRx}.  (410)

Proof. We proceed as in [17, Lemma 4.6]. Indeed, given ¢ € ]ﬁle and 7 € HY, we certainly have that
ITK(¢) = ¢, and hence we deduce from (4.7) and (A.4) that

a(¢.7) = % / (T () (\K ()t + /K div(¢) - div(r)

K «
L[ gk ond. a1 . ;
= L[ @iEet s 2 div(e) - div(r)
nJK @ JK
1 d d 1 . . K
— | ¢ 7%+ — [ div(¢) -div(T) = a((,T),
HJK @ JK
which proves (4.8). Next, for the boundedness of ahK we apply the Cauchy-Schwarz inequality, the
estimate (A.3), and the upper bound in (4.6), to obtain

1, - 1
lay (¢ )| < ;H(HkK(C))dHO,KH(HkK(T))dHO,K + —ldiv(¢)llo.x [div(T)lo,x

T (S 11(o)) SR LTI oI 10

1 i 1 ~ ~
< ;02 ¢ asverc T llaivire + —l€ a7 llavie + eall¢ = T (O o.rellm = T (7)o ke
for all ¢,7 € HF, which gives (4.9) with a; := max{%@z + 1.¢;}. Finally, concerning (4.10), it is

clear that the corresponding upper bound follows from (4.9). In turn, applying the lower estimate in
(4.6), we find that

I + Idiv(OlRx < 2NAF )Gk + IdivOIFx + 20(¢ —TEC)

1, - 1. . 2 _
< 2 (LIS OF Bk ) + o (FIaivOR k) + 2 (e~ T )
) (7 Co
1 1 2 _ _
< 2 (G IEEQ) i) + o (SIav©IR ) + 2 856 - FE(@.¢ - T (0),
for all ¢ € HY, which yields the lower bound in (4.10) with as := max{2u, a, %}_1. O

4.4 Two particular choices for HX and I1X

We now proceed to define two possible choices for ]ﬁIkK and the projection ﬁff : H(div; K) — ]ﬁle .

12



First choice

We first consider ]ﬁl,f := P (K), which clearly satisfies (A.1), and let ﬁf = PE . L2(K) = Py(K) be
the IL2(K)-orthogonal projection. In other words, P stands for the operator P (cf. (3.9)) acting
along each row of a tensor in L2(K). It follows straightforwardly from Section 3.3 that ’PkK satisfies
the assumptions (A.2), and (A.3) with C = 1, whereas (A.5) is simply the tensorial version of
(3.11). For the remaining assumption we use the characterization of PX and the fact that for each
p € P(K) there certainly holds pd € Py(K). Thus, we find that

/K (T ()2 : (Tl (r))d = /K il (r) - (K (¢)¢ = /K (K@) = /K (T () 74,

for all ¢, 7 € HF, which proves (A.4).

Second choice

On the other hand, because of the identity 0¢ = pVu, with div(u) = 0 in Q (cf. (2.2)), we now
suggest the same projection defined in [17, Section 4] for the linear Stokes problem. More precisely,
we consider the subspace of Py (K) given by

HE = HE, @ HE, (4.11)

where
}ﬁlkffv = {chrl(q) : g €span{x® : 2<|a| <k+2}C Pk+2(K)}

and R
" = {ql : quk(K)}.

Then, we recall from [17, Lemma 4.1] that there holds dim ]ﬁ[kK = (k+1)(k+4). In addition, it is easy
to see from (4.11) that tr(7) = 0 for all 7 € HkK,V-

In turn, as explained in [17], the corresponding projection operator ﬁkK : H(div; K) — ﬁff is
defined in terms of the decomposition:

() = Cy + qcl + el € HY, (4.12)

where the components EV € ]ﬁIka, qc € PL(K) = span{x® : 1< |a| <k}, and c¢ € R are computed
according to the following sequentially connected problems:

o find ZV € ]ﬁlkffv such that

/ZVZT = /C:T VTE]ﬁIkK,V, (4.13a)
K K
e find ¢¢ € lgk(K) such that

/ div(ge I) - div(ql) = / div(¢ — Co)-div(ql)  VqePi(K),  (4.13b)

K K
and
e find c¢ € R such that
[ w@ite) = [ ulo. (4.13¢)
K K



Regarding the above definition of ﬁkK , we first remark that the unique solvability of (4.13) was
guaranteed in [17, Section 4]. In particular, note that having computed (v € H,ﬁfv and then g¢ €
Pr(K), the identity (4.13c) yields

1
cc = m/K{tr(c) — 2g¢}. (4.14)

Next, we check that the right-hand sides of (4.13) are indeed calculable when ¢ belongs to our virtual
space HE (cf. (3.5)). Firstly, for each 7 := Veurl(q) € HkK,V we have that

[ cir = [ ¢iveun@) = — [ cunllg)-divie) + | ¢ncurl(o).

oK

which establishes that the right-hand side of (4.13a) can be explicitly computed for ¢ € HhK . In turn,

since div(¢) € Py(K) (cf. (3.5)) and EV € Py (K), it is quite clear that the right-hand side of (4.13b)
is also calculable for each ¢ € Pi(K). Finally, for the right-hand side of (4.13c) we simply observe

that
[ = [cir= [¢ivx =~ [ xdivie) + [ cnox.

which, according to (3.5), is calculable as well.

Next, it is straightforward to check from (4.13) that ﬁkK (¢) = ¢ for all ¢ € ﬁff , which confirms
that ﬁf is in fact a projector. Hence, from the above discussion we have that the second choice of ﬁf
satisfies the assumptions (A.1) and (A.2). For (A.3) and (A.5) we refer to [17, Lemma 4.2] and [17,
Lemma 4.4], respectively. Finally, employing (4.12) and (4.13a) we find that for all {, 7 € H(div; K)
there holds

J @ @l oyt = [ Coire = [ Toin

- / ([E(C) T = / (fE () 74,
K K

which constitutes (A.4).

5 The mixed virtual element scheme

According to the analysis from the foregoing sections, and given an integer k£ > 0, we now consider
the virtual element subspace Hy, of H := Hy(div; Q) given by

Hy, = H} N Hy(div;Q), (5.1)

where HY is defined in (3.18) (or (3.19)) . Next, as suggested by (4.7), we define the global discrete
bilinear form a;, : Hj;, x H;, — R as

an(¢,m) = Y af(¢T) V¢ TEH,. (5.2)

KeTy
Then, the Galerkin scheme associated with (2.5) reads: Find o, € Hj, such that

1

on(n) = F(m) = =+ [ £-div(r) + (mimghr V7 € B (53
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5.1 Solvability and a priori error analysis

The following result provides the discrete analogue of Lemma 2.2.

Lemma 5.1. There exists n > 0, independent of h, such that
an(Cn €n) = nlCulldive ¥V Ch € Hy.

Proof. We adapt the proofs of [17, Lemma 5.2] and Lemma 2.2. Indeed, according to the definition
of ap, (cf. (5.2)), we apply the lower bound in (4.10) and Lemma 2.1 to find that for each ¢, € Hj

there holds x
an(Crs Cp) = Z ap (ChsTh)
KeTy,

ar{lICh3a + Idiv(c) 3 a}

v

v

(%) a2 .
097\|Ch\|3,9 + 7\|d1V(Ch)||(2),Q ;
a2

which yields the proof with 1 := S min{1, cq}. O

The unique solvability and stability of the actual Galerkin scheme (5.3) is established now.

Theorem 5.1. There exists a unique o, € Hy solution of (5.3), and there exists a positive constant
C, independent of h, such that

lowllave < C{lfloa + lghysr}-

Proof. The boundedness of aj, : Hj, x Hj — R with respect to the norm || - ||giv: of H follows easily
from (4.9) and (A.3). Hence Lemma 5.1 and a straightforward application of the Lax-Milgram lemma
complete the proof. O

We now aim to derive the corresponding a priori error estimates for (5.3) and (2.5). For this
purpose, we will make use of the global interpolation operator Hﬁ cHYQ) — HZ (cf. Section 3.4),
whose local restriction is denoted TIX : H'(K) — HE. In turn, given the local projector ﬁf :
H(div; K) — ]ﬁle defined by the assumptions (A.1) - (A.5), we denote by ﬁz its global counterpart,
that is we let R R

MOk =T (Clk)  YEK€ETy,  V¢eH.

Then, we have the following main result.

Theorem 5.2. Let o € H and o, € Hy, be the unique solutions of the continuous and discrete schemes
(2.5) and (5.3), respectively. Then, there exists a positive constant C, independent of h, such that

lo = aullave < € {lo~T0)lave + o —Tie)loa}- (5.4)

Proof. We adapt the proof of [17, Theorem 5.2]. Indeed, we first observe, thanks to the triangle
inequality, that

lo = onllaive < llo =L (0)|aive + [Ti(0) = onllaive, (5.5)
whence it only remains to estimate 5 = HZ(U) — oy € Hy. Hence, applying Lemma 5.1, adding

and subtracting ﬁﬁ(a), using the discrete and continuous formulations (5.3) and (2.5), respectively,
employing (4.8), and finally utilizing the definitions of aX and a* (cf. (4.7), (4.1)), we find that
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N0nllaiva < an(dn,6n) = ap(M(0),6,) — an(on. 6y)
= ap(TT}(0) — }(e),8) + an(TT}(0),8,) — alo,dn)
= Y {0 () - T (0),81) + (T (0) — 0,61)}

KeTy
1

> {E/K(ﬁf{“? (@) =)t ([ 0)" + - [ ([ (o)~ )" - o]

KET, K
1 ~ ~
b [ ATt (o) - o) divien) + SK(ITE (o) - T ), 00~ T 6) |
In addition, applying the Cauchy-Schwarz inequality, the upper bound from (4.6), and the estimate

provided by the assumption (A.3), we obtain, with the constant C' := % maux{%CA’2 + é, %, a(1+ 6’)},
that

16liive < C{lle = T laive + llo = T (@) lo0 + |TT(o) — TATTE(@) oo f16h aivie
which yields

[nlaive < C{llo — @) laive + llo = (@) lo + [TE(o) ~ T (@) oo - (5:6)

Next, adding and subtracting o — ﬁg(a), and employing again the boundedness of ﬁff (cf. (A.3)),
we deduce that

I3 () — IR{IL (o) }loo < o = TLi(@) oo + llo — (o) + [Ti{e — Ii(a)} oo

< (140) {llo — (@) laivo + llor = (o)l }

which, together with (5.6) and (5.5), imply the estimate (5.4) and complete the proof. O

Having established the a priori error estimates for our unknown, we now provide the corresponding
rate of convergence. Recall from (4.2) the definition of the space H,,,.(K).

Theorem 5.3. Let o € H and o, € Hy, be the unique solutions of the continuous and discrete schemes
(2.5) and (5.3), respectively. Assume that for somer € [1,k+1] there hold o |k € Hg,,1(K) € H'(K)
and div(o)|x € H'(K) for each K € Ty,. Then, there exists a positive constant C, independent of h,
such that

lo = anllavo < CB" > {lolx + |div(e)x - (5.7)
KeTh

Proof. Tt follows from (5.4) and a straightforward application of the approximation properties pro-
vided by (3.16) and (A.5). O

5.2 Computable approximations of o, p, and u

We now introduce the fully computable approximation of o, given by
&h = HZ(O’h), (58)

and establishes next the corresponding a priori error estimate in the L2(Q2)-norm, which, as shown
below in Theorem 5.4, yields exactly the same rate of convergence given by Theorem 5.3.
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Lemma 5.2. There exists a positive constant C', independent of h, such that

lo=uloe < C{lle = @) lava + llo — (@)oo} - (5.9)

Proof. Similarly as in [17, Theorem 5.4], we first write by triangle inequality that
lo = Gallog < llo—anlloa + llon —Mon)log- (5.10)

Next, adding and subtracting o and ﬁﬁ(a), and utilizing the boundedness of ﬁkK (cf. (A.3)), we find
that

lon — Tk (en)lloe < o —oulon + llo—1i(e)]oe + [T - on)llos
_ (5.11)
< c{llo = anllaivo + llo ~ (@)oo}

which, replaced back into (5.10), and then combined with (5.4), gives (5.9) and completes the proof. [

We remark here that the lack of the approximation property of ﬁZ in the whole H(div; K)-norm
does not allow us to establish an estimate for || — o |laiv.o. Nevertheless, thanks to a suitable
postprocessing of &, we are able to provide below (cf. Section 5.3) an explicitly calculable second
approximation of o yielding an optimal rate of convergence in the broken H(div)-norm.

On the other hand, since we know from (2.3) that p = —1 tr(¢’), we now suggest to define the
following approximation of the pressure:

1,
ph = — §tr(0'h), (5.12)

so that there holds ) )
lp — palloo = 3 [tr(o —an)llon < 7 o —anllog,

which, together with (5.9), gives the a priori error estimate for the pressure, that is

Ip=prllos < ¢ {llo =Tl + llo = (@) o } (5.13)

In turn, resembling (2.4), we now set the approximation of u as
1
w, = —{Pr(f) + div(on)}, (5.14)
where P,i‘ is the L?(Q)-orthogonal projector onto the space of piecewise polynomial vectors of degree
< k. Equivalently, we can set PE(v)|x = PHK(v|k) for each K € Ty, for all v € L*(2), where

PE . L?(K) — Py(K) is the local orthogonal projector defined in (3.9). Hence, it readily follows from
(2.4) and (5.14) that

1 .
lu—wion < — {IE=PL®loc + Idivie —an)loa} .

from which, using that f = au — div(o) (cf. (2.1)), bounding ||div(e — o)[lo.0 by ||l — o4l div:0s
and employing the a priori error estimate (5.4) (cf. Theorem 5.2), we deduce that

Ju—wnlloo < € {Jlu =Pl + divie) - P(div(e)) oo
~ (5.15)
+ o =T aivo + o — (o) o0 } -

In this way, we are now able to provide the theoretical rates of convergence for &y, py, and uy,.
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Theorem 5.4. Let o € H and o), € Hy, be the unique solutions of the continuous and discrete
schemes (2.5) and (5.3), respectively. In addition, let &, pn, and uy be the discrete approximations
introduced in (5.8), (5.12), and (5.14), respectively. Assume that for some r € [1,k + 1] there hold
olx € Hyeyu(K) € H'(K), div(o)|x € H'(K), and u|g € H"(K) for each K € Ty,. Then, there
exist positive constants C1 and Cs, independent of h, such that

lo = &nloe + Ip—pnlog < C1a” > {lohx + [div(e)l} (5.16)
KeTy,
and
lu—willoe < Coi” 3 {loha + [div(o)nx + [l (5.17)
KeTy,

Proof. It follows from (5.9), (5.13), (5.15), and a straightforward application of the approximation
properties provided by (3.11), (3.16), and (A.5). O

5.3 A convergent approximation of o in the broken H(div)-norm

Finally, motivated by the approach developed in [22, 23], we now construct a second approximation
o of the pseudostress o, which is shown below to yield an optimal rate of convergence in the broken
H(div)-norm. To this end, we first consider for each K € 7}, an arbitrary finite dimensional subspace
V(K) of H(div; K), which is going to be suitably chosen later on. Then, we let (-, -)div;x be the usual
H(div; K)-inner product with induced norm || - |[giv;x, and set o7 |k := o7, ; € V(K), where o7} ;- is
the unique solution of the local problem

(Oh.i> Th)div;k = /

on:Th + / div(oyp) - div(Ty) Vo, e V(K). (5.18)
K K

We emphasize that o, - can be explicitly (and, if the definition of V(K) allows it, efficiently) calculated
for each K € Ty, independently. Throughout the rest of the section we let II¥ : H(div; K) — V(K)
be the orthogonal projector with respect to (-,-)div;x- Then, the following result establishes the a
priori estimate for the local error [0 — o7, | div; k-

Lemma 5.3. For ecach K € Ty, there holds

lo = o, llaivie < lo = nllox + [divie —an)lox + llo =T (o) |ldivix - (5.19)
Proof. We proceed as in the proof of [22, Lemma 3.1]. In fact, using the orthogonality condition
(0 —IE (o), Th)divik =0 V75 € V(K), together with (5.18), we first obtain the error equation

(H{f(a) — 0'27K,Th)div;K = / (o —op):Th + / div(e — o) - div(rTy) V71, € V(K).
K K

Then, taking in particular 7 := H{,((U) — 0}, ¢ € V(K) in the foregoing identity, and then using the
Cauchy-Schwarz and triangle inequalities, we arrive at (5.19), thus finishing the proof. O

At this point we notice from our previous analysis that the first two terms on the right-hand side
of (5.19) converge at most with O(h¥*!); and hence we must choose V(K) so that at least this rate
of convergence is guaranteed by the projection error |l — IT¥ (0)||aiv. ;¢ as well. According to it, and
for simplicity, we now pick V(K) := Pyy1(K), whence the resulting rate of convergence is given as
follows.
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Theorem 5.5. Let o € H and o, € Hy, be the unique solutions of the continuous and discrete schemes
(2.5) and (5.3), respectively. In addition, let ), and o}, be the discrete approzimations introduced in
(5.8) and (5.18) with V(K) := Ppy1(K), respectively. Assume that for some r € [1,k + 1] there hold
ok € Hyoy(K) € H'(K) and div(o)|x € H'(K) for each K € Ty,. Then, there exists a positive
constant C, independent of h, such that

1/2
{ > Ha—amraw;K} <cn Y {lohx + [div(o)l)- (5.20)

KeTy KeTy

Proof. Given K € Ty, we first let Pp,; : L%(K) — Pj41(K) be the L?(K)-orthogonal projector.
Then, it readily follows that

lo T (@) laivirc < llo — Pl (@) awre < € {llo ~ PEA@lloxe + lo — Plao)lie )

estimate back into (5.19), summing the squares of the resulting (5.19) over all K € T}, and employing
the upper bounds for ||o —&]jo.o and || — o |laiv.o provided by (5.16) (cf. Theorem 5.4) and (5.7)
(cf. Theorem 5.3), respectively, we conclude (5.20) and end the proof. O

which, applying [17, Lemma 3.4], leads to ||o — IIf (o) |ldiv.xk < Chl o],k . Next, replacing this

6 Numerical results

In this section we present two numerical examples illustrating the good performance of the mixed
virtual finite element scheme (5.3) introduced and analyzed in Section 5. Here, we use both choices of
Hf and HkK described in Section 4.4. More precisely, we utilize the L2-orthogonal projection and the
projection defined by (4.13), which, according to the lastname initials of the authors of [17], is called
from now on the CG-projection. In turn, for all the computations we consider the virtual element
subspace Hj, given by (5.1) with k£ € {0,1,2}. However, similarly as in [18], the zero integral mean
condition for tensors in the space Hj, is imposed via a real Lagrange multiplier. This means that (5.3)
is reformulated, equivalently, as: Find (o, \) € Hz x R such that

on(onT) + A [ (r) = F(r) ¥ cH,
{2 (6.1)

{/Qtr(ah) =0 VéEeR.

Note here that the constraint [, tr(e,) = 0, which is automatically satisfied by the members of the
subspace Hj, (cf. (5.1)), is not incorporated in the definition of the space H} where o, is sought
now, but it is imposed weakly through the second equation of (6.1). In other words, A is an artifi-
cial unknown acting as the Lagrange multiplier taking care of that condition, which, thanks to the
compatibility assumption satisfied by g, is known in advance to be 0. Nevertheless, A is kept in (6.1)
to guarantee the symmetry of this equivalent system. On the other hand, concerning the polygonal
decompositions of 2 employed in our computations, we consider uniform triangles as well as distorted
squares and hexagons (the latter being generated by PolyMesher [30] in Example 1).

Furthermore, in what follows, N stands for the total number of unknowns (d.o.f.) of (5.3), that is,
N = 2(k+1) x {number of edges e € T} + 2k(k+ 2) x {number of elements K € T;,} + 1,
whereas the individual errors are defined by

e(o) := |lo—aulloa, e@) = llp—pulloe, e(u) = [u—-uyloa,
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and
1/2
G(O'*) = { Z ”U_O.ZH?ZIIV,K} )
KeTy

where &, pp, up, and o} are computed according to (5.8), (5.12), (5.14), and (5.18), respectively. In
turn, the associated experimental rates of convergence are given by

ry o (0 /)
T Tlosh/W)

where e and e’ denote the corresponding errors for two consecutive meshes with sizes h and I/,
respectively. The numerical results presented below were obtained using a MATLAB code, where the
corresponding linear systems were solved using its instruction “\” as main solver.

In Example 1 we consider Q := (—0.5,1.5) x (0,2), u = a = 0.1, and choose the data f and g so
that the exact solution is given by the flow from [28], that is,

1 — exp(Azxy) cos(2mxs)

1 1
u(x) = %exp()\:nl)sin(%r@) and p(x) = 5exp(2)\x1) — ﬁ{exp(ii)\) —exp(—A)},

for all x = (21,22)* € €, where A := £ — \/RT62 + 472 and Re := p~! = 10 is the Reynolds
number. Then, in Tables 6.1 up to 6.3 we summarize the convergence history of the mixed virtual
element scheme (5.3) as applied to Example 1, using the L2-projection. We notice there that the
rate of convergence of O(h**1) predicted by Theorems 5.4 and 5.5 (when r = k + 1) is attained for
all the unknowns of this smooth example, for triangular as well as for quadrilateral and hexagonal
meshes. In particular, these results confirm that our postprocessed pseudostress o} improves in one
power the unsatisfactory order provided by the first approximation & with respect to the broken
H(div)-norm. In turn, in Tables 6.4 up to 6.6 we present the convergence history of this example
when using the CG-projection instead. Note that basically the same results were obtained with this
projection. On the other hand, in order to illustrate the accurateness of the discrete scheme, in Figures
6.1 and 6.2 we display some components of the approximate solutions for k = 2 and the second meshes
of each decomposition, using only the L?-projection (no difference are observed with respect to the
CG-projection).

In Example 2 we follow [17], and consider the L-shaped domain © := (—1,1)2\ [0,1]?, p = 1,
a = 0.5, and choose the data f and g so that the exact solution is given by

$2
mm=< ;) and p(x) = (af + 2"~ .
M

for all x := (x1,29)"* € Q, where pg € R is such that pr = 0 holds. Note in this example that the
partial derivatives of p, and hence, in particular div(e), are singular at the origin. More precisely,
because of the power 1/3, there holds o € H?/3~¢(Q) and div(o) € H*37¢(Q) for each € > 0. Then, in
Tables 6.7 up to 6.12 we display the corresponding convergence history of Example 2, using again the
two projections introduced in Section 4.4. As predicted by the theory, and due to the limited regularity
of p and o in this case, we observe that the orders O (™ {k+1.5/3}) and O(h?/3) are attained by (&4, pp,)
and oy, respectively. In addition, we notice that u; shows a convergence rate of O(hmin{kv‘r’/ 3}+1).
This behaviour of the error ||u — uy||o,q is explained by the fact that, as shown by (5.15), it depends
on the regularity of u, o, and div(e). Finally, some components of the approximate solutions are
displayed in Figures 6.3 and 6.4. Once again, we use k = 2, the second mesh of each decomposition
and the L2-projection.

20



k| h N e(0) ()| em) r(m) | e(p) x(p) | elc”) x(c7)
0.2000 1241 1.53e-0 —— | 6.24e-1 —— | 85le-1 —— | 5.28e-0 ——
0.1000 4881 7.95e-1 094 | 2.6le-1 1.26 | 4.43e-1 0.94 | 2.74e-0  0.94
0 | 0.0500 | 19361 4.0le-1  0.99 | 1.22e-1  1.09 | 2.23e-1  0.99 | 1.38e-0  0.99
0.0333 | 43441 2.68e-1 1.00 | 8.04e-2 1.03 | 1.49e-1 1.00 | 9.25e-1 1.00
0.0250 | 77121 2.0le-1 1.00 | 6.00e-2 1.02 | 1.12e-1 1.00 | 6.94e-1 1.00
0.2000 4881 1.54e-1 —— | 6.03e-2 —— | 9.93e-2 —— | 6.02e-1 ——
0.1000 | 19361 4.13e-2  1.90 | 1.49e-2 2.02 | 2.64e-2 1.91 | 1.59e-1 1.92
1] 0.0500 | 77121 1.07e-2  1.95 | 3.69e-3  2.01 | 6.71e-3 1.98 | 4.04e-2 1.98
0.0333 | 173281 || 4.83e-3 1.96 | 1.64e-3 2.00 | 2.99e-3 1.99 | 1.80e-2 1.99
0.0250 | 307841 || 2.74e-3 1.97 | 9.22e-4 2.00 | 1.69e-3 1.99 | 1.0le-2 1.99
0.2000 | 10121 1.53e-2 —— | 5.32e-3 —— | 9.T4e-3 —— | 5.14e-2 ——
0.1000 | 40241 1.97e-3 296 | 6.52e-4 3.03 | 1.25e-3 296 | 6.82¢-3 291
2 | 0.0500 | 160481 || 2.47e-4 2.99 | 8.11le-5 3.01 | 1.57e-4 2.99 | 8.65e-4  2.98
0.0333 | 360721 || 7.31e-5 3.00 | 2.40e-5 3.00 | 4.65e-5 3.00 | 2.57e-4  2.99
0.0250 | 640961 || 3.08e-5 3.00 | 1.0le-5 3.00 | 1.96e-5 3.00 | 1.09e-4  3.00

Table 6.1: Example 1, refinement with triangles and using the L2-projection.

R % N [ e0) @[ e @] o) @ | (o) x(o)
0.2336 1681 1.38e-0 —— 5.27e-1 —— 9.33e-1 —— 5.83e-0 ——
0.1161 5625 7.18e-1 0.93 2.48e-1 1.08 | 4.91e-1  0.92 | 3.11e-0 0.90
0 | 0.0580 22201 3.34e-1 1.10 1.16e-1 1.10 | 2.29e-1  1.10 | 1.46e-0 1.09
0.0387 49729 2.15e-1 1.09 7.59-2 1.04 | 1.47e-1 1.09 | 9.39e-1 1.09
0.0290 88209 1.58e-1 1.07 | 5.66e-2 1.02 | 1.08e-1 1.07 | 6.90e-1 1.07
0.2336 5761 1.58e-1 —— 6.80e-2 —— 1.06e-1 —— 6.75e-1 ——
0.1161 19463 4.35e-2 1.85 1.69e-2  1.99 | 2.96e-2 1.83 | 1.89%e-1 1.82
1 | 0.0580 77257 9.49e-3  2.20 3.74e-3  2.18 | 6.46e-3 2.19 | 4.14e-2 2.19
0.0387 | 173383 3.88e-3  2.21 1.59e-3 2.11 2.63e-3  2.21 | 1.69e-2 2.21
0.0290 | 307841 2.07e-3  2.19 8.75e-4  2.08 | 1.40e-3 2.20 | 9.03e-3 2.19
0.2336 11441 1.79e-2 —— 6.39e-3 —— 1.20e-2 —— 5.53e-2 ——
0.1161 38777 2.28e-3  2.95 7.82e-4 3.00 | 1.55e-3 2.93 | 8.32¢-3 2.71
2 | 0.0580 | 154217 2.21le-4  3.36 8.13e-5  3.26 1.50e-4 3.36 | 8.81e-4 3.24
0.0387 | 346321 5.70e-5 3.35 2.25e-5  3.17 | 3.85e-5 3.36 | 2.32e-4 3.29
0.0290 | 615089 2.18e-5 3.33 9.17e-6  3.12 | 1.47e-5 3.35 | 8.99e-5 3.29

Table 6.2: Example 1, refinement with quadrilaterals and using the L2-projection.

k| h N e(o) ()| em) r(m) | e(p) x(p)| elc”) x(c")
0.0930 6003 6.72e-1 —— | 2.66e-1 —— | 4.56e-1 —— | 2.92e-0 ——
0.0738 | 10203 5.17e-1  1.13 | 2.00e-1 1.24 | 3.52e-1 1.12 | 2.25e-0 1.13
0 | 0.0556 | 18003 3.90e-1  1.00 | 1.53e-1 0.94 | 2.65e-1 1.00 | 1.70e-0  0.99
0.0400 | 36003 2.75e-1  1.05 | 1.06e-1 1.11 | 1.87e-1 1.05 | 1.20e-0 1.05
0.0294 | 66003 2.02e-1 1.01 | 7.78e-2 1.01 | 1.37e-1 1.01 | 8.82e-1 1.01
0.0930 | 18005 3.7le-2 —— | 1.85e-2 —— | 2.45e-2 —— | 1.60e-1 ——
0.0738 | 30605 2.20e-2  2.28 | 1.06e-2 2.43 | 1.46e-2 2.25 | 9.44e-2  2.27
1] 0.0556 | 54005 1.26e-2  1.95 | 6.18e-3 1.90 | 8.38e-3 1.96 | 5.46e-2 1.93
0.0400 | 108005 || 6.27e-3  2.12 | 2.99e-3 2.19 | 4.17e-3 2.11 | 2.71le-2  2.11
0.0294 | 198005 || 3.38e-3  2.01 | 1.62e-3 2.01 | 2.25e-3 2.01 | 1.47e-2  2.00
0.0930 | 34007 1.95e-3 —— | 9.04e-4 —— | 1.25e-3 —— | 6.24e-3 ——
0.0738 | 57807 8.67e-4  3.51 | 3.88e-4 3.67 | 5.59e-4 3.50 | 2.81le-3  3.45
2 | 0.0556 | 102007 || 3.75e-4 2.96 | 1.78e-4 2.76 | 2.4le-4 2.97 | 1.26e-3  2.85
0.0400 | 204007 || 1.26e-4 3.31 | 5.93e-5 3.32 | 8.06e-5 3.31 | 4.36e-4  3.19
0.0294 | 374007 || 4.96e-5 3.03 | 2.35e-5 3.02 | 3.18e-5 3.03 | 1.74e-4  2.99

Table 6.3: Example 1, refinement with hexagons and using the L2-projection.

We end this paper by remarking that the numerical examples presented in this section confirm
the suitability of our mixed virtual element scheme, based on either the L? or the CG projection, to
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k| h N e(0) ()| em) r(m) | e(p) x(p) | elc”) x(c7)
0.2000 1241 1.53e-0 —— | 6.24e-1 —— | 85le-1 —— | 5.28e-0 ——
0.1000 4881 7.95e-1 094 | 2.6le-1 1.26 | 4.43e-1 0.94 | 2.74e-0  0.94
0 | 0.0500 | 19361 4.0le-1  0.99 | 1.22e-1  1.09 | 2.23e-1  0.99 | 1.38e-0  0.99
0.0333 | 43441 2.68e-1 1.00 | 8.04e-2 1.03 | 1.49e-1 1.00 | 9.25e-1 1.00
0.0250 | 77121 2.0le-1 1.00 | 6.00e-2 1.02 | 1.12e-1 1.00 | 6.94e-1 1.00
0.2000 4881 1.56e-1 —— | 6.03e-:2 —— | 1.00e-1 —— | 6.02e-1 ——
0.1000 | 19361 4.17e-2  1.90 | 1.49e-2 2.02 | 2.66e-2 1.91 | 1.59e-1 1.92
1] 0.0500 | 77121 1.08e-2  1.95 | 3.69e-3  2.01 | 6.75e-3 1.98 | 4.04e-2 1.98
0.0333 | 173281 || 4.86e-3 1.97 | 1.64e-3 2.00 | 3.0le-3 1.99 | 1.80e-2 1.99
0.0250 | 307841 || 2.76e-3  1.97 | 9.22e-4 2.00 | 1.69e-3 2.00 | 1.02e-2 1.99
0.2000 | 10121 2.10e-2  —— | 5.39e-3 —— | 1.40e-2 —— | 5.35e-2 ——
0.1000 | 40241 2.76e-3  2.93 | 6.55e-4 3.04 | 1.85e-3 2.92 | 7.10e-3 291
2 | 0.0500 | 160481 || 3.51e-4 2.98 | 8.12e-5 3.01 | 2.35e-4 2.97 | 9.02e-4  2.98
0.0333 | 360721 || 1.04e-4  2.99 | 2.40e-5 3.00 | 7.00e-5 2.99 | 2.68e-4  2.99
0.0250 | 640961 || 4.42e-5 2.99 | 1.0le-5 3.00 | 2.96e-5 2.99 | 1.13e-4  3.00

Table 6.4: Example 1, refinement with triangles and using the CG-projection.

k| _h N e(o) ()| em) r(m) | e x(p)| elc”) x(c")
0.2336 1681 1.38e-0  —— | 527e-1 —— | 9.33e-1 —— | 5.83e-0 ——
0.1161 5625 7.18e-1  0.93 | 2.48e-1 1.08 | 4.91e-1 0.92 | 3.11e-0  0.90
0 | 0.0580 | 22201 3.34e-1  1.10 | 1.16e-1  1.10 | 2.29e-1 1.10 | 1.46e-0  1.09
0.0387 | 49729 2.15e-1  1.09 | 7.59e-2 1.04 | 1.47e-1  1.09 | 9.39%-1 1.09
0.0290 | 88209 1.58e-1  1.07 | 5.66e-2 1.02 | 1.08e-1 1.07 | 6.90e-1 1.07
0.2336 5761 1.59e-1  —— | 6.80e-2 —— | 1.07e-1 —— | 6.75e-1 ——
0.1161 | 19463 4.36e-2  1.85 | 1.69e-2 1.99 | 2.96e-2 1.83 | 1.89%e-1 1.82
1| 0.0580 | 77257 9.49e-3  2.20 | 3.74e-3 218 | 6.46e-3 2.20 | 4.14e-2  2.19
0.0387 | 173383 || 3.88e-3  2.21 | 1.5%e-3 2.11 | 2.63e-3 2.22 | 1.69e-2  2.21
0.0290 | 307841 || 2.07e-3  2.19 | 8.75e-4 2.08 | 1.40e-3 2.20 | 9.03e-3  2.19
0.2336 | 11441 2.30e-2  —— | 6.39e-3 —— | 1.56e-2 —— | 5.73e-2 ——
0.1161 | 38777 3.42e-3  2.73 | 7.81le-4 3.01 | 2.36e-3 2.70 | 8.69e-3  2.70
2 | 0.0580 | 154217 || 3.59e-4 3.25 | 8.12e-5 3.26 | 2.50e-4 3.24 | 9.22e-4  3.23
0.0387 | 346321 || 9.41e-5 3.30 | 2.25e-5 3.17 | 6.55e-5 3.30 | 2.43e-4  3.29
0.0290 | 615089 || 3.64e-5 3.30 | 9.17e-6  3.12 | 2.53e-5 3.30 | 9.41le-5  3.29

Table 6.5: Example 1, refinement with quadrilaterals and using the CG-projection.

k] _h N e(o) ()| em) r()| elp) x(p) | elc’) x(c¥)
0.0930 6003 6.72e-1 —— | 2.66e-1 —— | 4.56e-1 —— | 2.92e-0 ——
0.0738 | 10203 5.17e-1  1.13 | 2.00e-1 1.24 | 3.52e-1 1.12 | 2.25e-0 1.13
0 | 0.0556 | 18003 3.90e-1  1.00 | 1.53e-1 0.94 | 2.65e-1 1.00 | 1.70e-0  0.99
0.0400 | 36003 2.75e-1  1.05 | 1.06e-1 1.11 | 1.87e-1 1.05 | 1.20e-0  1.05
0.0294 | 66003 2.02e-1 1.01 | 7.78e-2 1.01 | 1.37e-1 1.01 | 8.82e-1 1.01
0.0930 | 18005 3.72e-2 —— | 1.85e-2 —— | 2.46e-2 —— | 1.60e-1 ——
0.0738 | 30605 2.20e-2  2.28 | 1.06e-2 2.43 | 1.46e-2 2.25 | 9.44e-2  2.27
1] 0.0556 | 54005 1.27e-2 1.95 | 6.18e-3  1.90 | 8.39e-3 1.96 | 5.46e-2 1.93
0.0400 | 108005 || 6.28e-3  2.12 | 2.99e-3 2.19 | 4.18e-3 2.11 | 2.72e-2  2.11
0.0294 | 198005 || 3.39e-3  2.01 | 1.62e-3 2.01 | 2.25e-3 2.01 | 1.47e-2  2.00
0.0930 | 34007 2.26e-3 —— | 9.04e-4 —— | 1.49e-3 —— | 6.34e-3 ——
0.0738 | 57807 1.02e-3  3.46 | 3.88e-4 3.67 | 6.75e-4 3.44 | 2.86e-3  3.45
2 | 0.0556 | 102007 || 4.27e-4  3.07 | 1.78e-4  2.76 | 2.81e-4 3.10 | 1.27e-3  2.87
0.0400 | 204007 || 1.47e-4  3.22 | 5.93e-5 3.32 | 9.69e-5 3.22 | 4.42e-4  3.19
0.0294 | 374007 || 5.71le-5  3.08 | 2.35e-5 3.02 | 3.75e-5 3.10 | 1.76e-4  3.00

Table 6.6: Example 1, refinement with hexagons and using the CG-projection.

solve the Brinkman problem (2.1). Moreover, because of the rates of convergence obtained with the
non-smooth Example 2, we realize that the approach will certainly be strengthened with the further
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k| h N e(o) ()| em) r(m) | el x(p)| e(c”) x(c7)
0.1667 1345 1.70e-1 —— | 7.89e-2 —— | 547e-2 —— | 1.95e-1 ——
0.0833 5281 8.45e-2  1.01 | 3.93e-2 1.01 | 2.59e-2 1.08 | 1.10e-1  0.82
0 | 0.0435 | 19229 4.40e-2  1.00 | 2.05e-2 1.00 | 1.32e-2 1.03 | 6.62e-2  0.78
0.0303 | 39469 3.06e-2  1.00 | 1.43e-2 1.00 | 9.19e-3 1.01 | 5.04e-2  0.75
0.0217 | 76545 2.20e-2  1.00 | 1.02e-2 1.00 | 6.57e-3 1.01 | 3.94e-2  0.74
0.1667 5281 2.86e-3 —— | 2.20e-3 —— | 1.78e-3 —— | 4.47e-2 ——
0.0833 | 20929 9.32e-4  1.62 | 5.49e-4 2.00 | 5.80e-4 1.62 | 2.82e-2  0.67
1] 0.0435 | 76545 3.21e-4  1.64 | 1.49e-4 2.00 | 2.00e-4 1.64 | 1.82e-2  0.67
0.0303 | 157345 || 1.77e-4  1.65 | 7.26e-5 2.00 | 1.10e-4 1.65 | 1.43e-2  0.67
0.0217 | 305441 || 1.02e-4 1.65 | 3.74e-5 2.00 | 6.37e-5 1.65 | 1.15e-2  0.67
0.1667 | 10945 4.95e-4 —— | 1.52e-5 —— | 3.30e-4 —— | 2.57e-2 ——
0.0833 | 43489 1.56e-4  1.67 | 2.40e-6 2.67 | 1.04de-4 1.67 | 1.62e-2  0.67
2 | 0.0435 | 159253 || 5.28e-5 1.67 | 4.23e-7  2.67 | 3.51le-5 1.67 | 1.05e-2  0.67
0.0303 | 327493 || 2.89e-5 1.67 | 1.62e-7 2.67 | 1.93e-5 1.67 | 8.24e-3  0.67
0.0217 | 635905 || 1.66e-5 1.67 | 6.67e-8 2.66 | 1.11e-5 1.67 | 6.61le-3  0.67

Table 6.7: Example 2, refinement with triangles and using the L2-projection.

R % N [ e0) @[ e @] o) @ | (o) x(o)
0.1667 1825 2.14e-1 —— 7.92e-2 —— 1.05e-1 —— 2.49e-1 ——
0.0927 5985 8.75e-2 1.52 | 4.03e¢-2 1.15 | 3.59e-2 1.83 | 1.23e-1 1.20
0 | 0.0478 22533 3.83e-2 1.25 1.98e-2 1.08 1.24e-2 1.61 | 6.91e-2 0.87
0.0321 49665 2.47e-2 1.10 1.31e-2  1.04 | 7.26e-3 1.34 | 5.13e-2 0.75
0.0239 89441 1.81e-2 1.06 9.67e-3 1.03 | 5.07e-3 1.22 | 4.16e-2 0.72
0.1667 6241 3.92e-3 —— 1.81e-3 —— 2.68e-3 —— 7.13e-2 ——
0.0927 20681 1.20e-3  2.01 4.54e-4  2.36 | 8.32¢-4 2.00 | 4.39e-2 0.83
1 | 0.0478 78347 3.66e-4 1.79 1.07e-4  2.17 | 2.54e-4 1.79 | 2.73e-2 0.72
0.0321 | 173057 1.86e-4 1.71 4.70e-5  2.09 | 1.29¢-4 1.70 | 2.08e-2 0.68
0.0239 | 312009 1.13e-4 1.69 2.56e-5 2.06 | 7.88e-5 1.69 | 1.71e-2 0.67
0.1667 12385 9.85e-4 —— 1.04e-5 —— 6.75e-4 —— 4.90e-2 ——
0.0927 41185 3.13e-4 1.96 2.03e-6 2.78 | 2.14e-4 1.96 | 3.02e-2 0.83
2 1 0.0478 | 156349 9.68e-5 1.77 | 3.87e-7 2.50 | 6.61le-5b  1.77 | 1.87e-2 0.72
0.0321 | 345601 4.93e-5 1.70 1.41e-7 255 | 3.37e-5 1.70 | 1.43e-2 0.68
0.0239 | 623329 3.00e-5 1.69 6.56e-8  2.59 | 2.05e-5 1.69 | 1.17e-2 0.67

Table 6.8: Example 2, refinement with quadrilaterals and using the L2-projection.

k| h N e(0) ()| em) r(m) | el x(p)| elc”) x(c")
0.0672 6933 7.86e-2 < —— | 4.09e-2 —— | 2.29e-2 —— | 1.17e-1 ——
0.0385 | 19113 4.65e-2  0.94 | 2.46e-2 091 | 1.27e-2 1.06 | 8.04e-2  0.68
0 | 0.0275 | 37341 3.31e-2  1.01 | 1.76e-2 0.99 | 8.79%-3 1.08 | 6.34e-2  0.71
0.0214 | 61617 2.57e-2  1.01 | 1.37e-2 0.99 | 6.76e-3 1.05 | 5.30e-2  0.71
0.0170 | 97173 2.04e-2  1.00 | 1.09e-2 1.00 | 5.33e-3 1.03 | 4.51e-2  0.70
0.0672 | 20795 1.15e-3 —— | 5.24e-4 —— | 791le-4 —— | 4.65e-2 ——
0.0385 | 57335 4.92e-4  1.52 | 1.89e-4 1.83 | 3.40e-4 1.52 | 3.29e-2  0.62
1] 0.0275 | 112019 || 2.83e-4 1.64 | 9.67e-5 1.99 | 1.96e-4 1.64 | 2.64e-2  0.65
0.0214 | 184847 || 1.86e-4 1.67 | 5.86e-5 1.99 | 1.29e-4 1.67 | 2.23e-2  0.68
0.0170 | 291515 || 1.28e-4 1.64 | 3.70e-5 2.00 | 8.8le-5 1.64 | 1.91e-2  0.67
0.0672 | 39277 3.67e-4 —— | 1.71le-6 —— | 2.55e-4 —— | 3.23e-2 ——
0.0385 | 108297 || 1.56e-4  1.54 | 4.54e-7 2.38 | 1.08e-4 1.54 | 2.28e-2  0.62
2 | 0.0275 | 211589 || 8.94e-5 1.65 | 1.82e-7 2.71 | 6.21e-5 1.65 | 1.84e-2  0.65
0.0214 | 349153 || 5.85e-5 1.69 | 9.72e-8 2.51 | 4.06e-5 1.69 | 1.55e-2  0.68
0.0170 | 550637 || 4.00e-5 1.65 | 5.11e-8 2.78 | 2.78e-5 1.64 | 1.33e-2  0.67

Table 6.9: Example 2, refinement with hexagons and using the L2-projection.

incorporation of an adaptive strategy based on a proper a posteriori error estimator. This issue will
be addressed in a separate work.

23



R % N [ e0) @[ e @] o) @ | (o) x(o)
0.1667 1345 1.70e-1 —— 7.89e-2 —— 5.47e-2 —— 1.95e-1 ——
0.0833 5281 8.45e-2 1.01 3.93e-2  1.01 2.59e-2  1.08 | 1.10e-1 0.82
0 | 0.0435 19229 4.40e-2 1.00 2.05e-2  1.00 | 1.32e-2 1.03 | 6.62e-2 0.78
0.0303 39469 3.06e-2 1.00 1.43e-2 1.00 | 9.19e-3 1.01 | 5.04e-2 0.75
0.0217 76545 2.20e-2 1.00 1.02e-2  1.00 | 6.57e-3 1.01 | 3.94e-2 0.74
0.1667 5281 2.86e-3 —— 2.20e-3 —— 1.79e-3 —— 4.47e-2 ——
0.0833 20929 9.29e-4 1.62 5.49e-4 2.00 | 5.81le-4 1.62 | 2.82e-2 0.67
1 | 0.0435 76545 3.20e-4 1.64 1.49¢-4  2.00 | 2.00e-4 1.64 | 1.82e-2 0.67
0.0303 | 157345 1.76e-4 1.65 7.26e-5  2.00 1.10e-4 1.65 | 1.43e-2 0.67
0.0217 | 305441 1.02e-4 1.65 3.74e-5 2.00 | 6.37e-5 1.65 | 1.15e-2 0.67
0.1667 10945 6.34e-4 —— 2.65e-5 —— 4.33e-4 —— | 2.57e-2 ——
0.0833 43489 2.00e-4 1.67 | 4.18¢e-6 2.67 | 1.36e-4 1.67 | 1.62e-2 0.67
2 | 0.0435 | 159253 6.75e-5 1.67 | 7.38e-7  2.67 | 4.61le-5 1.67 | 1.05e-2 0.67
0.0303 | 327493 3.70e-5 1.67 | 2.82e-7 2.67 | 2.53e-5 1.67 | 8.24e-3 0.67
0.0217 | 635905 2.13e-5 1.67 1.16e-7 2.67 | 1.45e-5 1.67 | 6.61e-3 0.67

Table 6.10: Example 2, refinement with triangles and using the CG-projection.

k]l n N e(o) x(o) | em) r(m) | e(p) z(p) | elc”) x(o7)
0.1667 1825 2.14e-1  —— | 7.92e-2 —— | 1.05e-1 —— | 2.49e-1 ——
0.0927 5985 8.75e-2  1.52 | 4.03e-2 1.15 | 3.59e-2 1.83 | 1.23e-1 1.20
0 | 0.0478 | 22533 3.83e-2  1.25 | 1.98e-2 1.08 | 1.24e-2 1.61 | 6.91e-2  0.87
0.0321 | 49665 2.47e-2  1.10 | 1.31e-2 1.04 | 7.26e-3 1.34 | 5.13e-2  0.75
0.0239 | 89441 1.81e-2  1.06 | 9.67e-3 1.03 | 5.07e-3 1.22 | 4.16e-2  0.72
0.1667 6241 3.92e-3 —— | 1.8le-3 —— | 2.72e-3 —— | 7.13e-2 ——
0.0927 | 20681 1.21e-3  2.01 | 4.54e-4 2.36 | 8.43e-4 2.00 | 4.39-2  0.83
1] 0.0478 | 78347 3.67e-4  1.80 | 1.07e-4 217 | 2.57e-4 1.79 | 2.73e-2  0.72
0.0321 | 173057 || 1.86e-4 1.71 | 4.70e-5 2.09 | 1.30e-4 1.71 | 2.08e-2  0.68
0.0239 | 312009 || 1.13e-4 1.69 | 2.56e-5 2.06 | 7.93e-5 1.69 | 1.71le-2  0.67
0.1667 | 12385 9.83e-4 —— | 7.12¢-6 —— | 6.82e-4 —— | 4.90e-2 ——
0.0927 | 41185 3.18e-4  1.92 | 1.45e-6 2.72 | 2.21e-4 1.92 | 3.02e-2  0.83
2| 0.0478 | 156349 || 1.0le-4 1.73 | 2.56e-7 2.61 | 7.03e-5 1.73 | 1.87e-2  0.72
0.0321 | 345601 || 5.21e-5 1.67 | 9.08e-8 2.61 | 3.62e-5 1.68 | 1.43e-2  0.68
0.0239 | 623329 || 3.19e-5 1.67 | 4.19e-8 2.63 | 2.21e-5 1.67 | 1.17e-2  0.67

Table 6.11: Example 2, refinement with quadrilaterals and using the CG-projection.

k]l n N e(o) x(o) | em) r(m)| e(p) z(p) | elc”) x(o7)
0.0672 6933 7.86e-2 < —— | 4.09e-2 < —— | 2.29e-2 —— | 1.17e-1 ——
0.0385 | 19113 4.65e-2  0.94 | 2.46e-2 091 | 1.27e-2 1.06 | 8.04e-2  0.68
0 | 0.0275 | 37341 3.31e-2  1.01 | 1.76e-2 0.99 | 8.79%-3 1.08 | 6.34e-2  0.71
0.0214 | 61617 2.57e-2  1.01 | 1.37e-2 0.99 | 6.76e-3 1.05 | 5.30e-2  0.71
0.0170 | 97173 2.04e-2  1.00 | 1.09e-2 1.00 | 5.33e-3 1.03 | 4.51e-2  0.70
0.0672 | 20795 1.15e-3 —— | 5.24e-4 —— | 7.96e-4 —— | 4.65e-2 ——
0.0385 | 57335 4.95e-4  1.52 | 1.89e-4 1.83 | 3.42e-4 1.52 | 3.29e-2  0.62
1] 0.0275 | 112019 || 2.85e-4 1.64 | 9.67e-5 1.99 | 1.97e-4 1.64 | 2.64e-2  0.65
0.0214 | 184847 || 1.87e-4 1.67 | 5.86e-5 1.99 | 1.29e-4 1.67 | 2.23e-2  0.68
0.0170 | 291515 || 1.28e-4 1.64 | 3.70e-5 2.00 | 8.87e-5 1.64 | 1.91e-2  0.67
0.0672 | 39277 3.75e-4  —— | 1.21e-6 —— | 2.62e-4 —— | 3.23e-2 ——
0.0385 | 108297 || 1.59e-4  1.54 | 3.17e-7 241 | 1.11e-4 1.54 | 2.28e-2  0.62
2 | 0.0275 | 211589 || 9.13e-5 1.65 | 1.30e-7 2.65 | 6.38e-5 1.65 | 1.84e-2  0.65
0.0214 | 349153 || 5.98e-5 1.69 | 6.84e-8 2.55 | 4.17e-5 1.69 | 1.55e-2  0.68
0.0170 | 550637 || 4.09e-5 1.65 | 3.65e-8 2.73 | 2.85e-5 1.65 | 1.33e-2  0.67

Table 6.12: Example 2, refinement with hexagons and using the CG-projection.
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Figure 6.1: Example 1, op,11 (top), 0,12 (center) and w1 (bottom), using k = 2 and the second mesh

of each kind (columns).
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