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ACOUSTIC VIBRATION PROBLEM FOR DISSIPATIVE FLUIDS

FELIPE LEPE, SALIM MEDDAHI, DAVID MORA, AND RODOLFO RODRIGUEZ

ABSTRACT. In this paper we analyze a finite element method for solving a
quadratic eigenvalue problem derived from the acoustic vibration problem for
a heterogeneous dissipative fluid. The problem is shown to be equivalent to
the spectral problem for a noncompact operator and a thorough spectral char-
acterization is given. The numerical discretization of the problem is based on
Raviart-Thomas finite elements. The method is proved to be free of spurious
modes and to converge with optimal order. Finally, we report numerical tests
which allow us to assess the performance of the method.

1. INTRODUCTION

This paper deals with the numerical approximation of an acoustic dissipative
fluid system. This kind of problem has attracted much interest, since it is frequently
encountered in engineering applications ([3, 10, 15]). Omne typical example is to
achieve optimal designs that reduce noise and vibrations in fluid-structure systems
like cars, aircraft or dams.

Although dissipation is usually neglected in standard acoustics, modeling this
phenomenon is essential to study the effect of noise reduction techniques. Indeed,
in most real situations, damping mechanisms that transform mechanical energy into
heat do exist. Sometimes these mechanisms are based on surface damping arising
from viscoelastic materials placed on the boundary of the propagation domain. In
these cases, the dissipative effects are typically included in the model by means of
a surface impedance in the boundary conditions (see, for instance, [2, 4, 5]). The
present paper addresses damping when it arises in the propagation media itself due
to friction and heat conduction. A general approach to this topic can be found in
the books by Landau and Lifshitz [12], Morse [14], and Pierce [19], all of which
include extensive bibliographic references on the subject.

This paper focus on computing the (complex) vibration frequencies and modes
of an acoustic dissipative fluid system within a rigid cavity. One motivation for
considering this problem is that it constitutes a stepping stone towards the more
challenging goal of devising numerical approximations for coupled systems involving
fluid-structure interaction between viscous fluids and solid structures. The natural
model for the fluid system should be based on the Stokes equations for compressible
fluids. However, since in real applications the viscosity is typically very small, the
resulting problem turns out a singular perturbation of that for an inviscid fluid.
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This fact leads to a kind of dilemma, since appropriate finite elements for the
Stokes equations introduce spurious modes in the limit case of a vanishing viscosity,
whereas the finite elements that avoid such spectral pollution fail when applied to
the Stokes equation.

To circumvent this drawback, we resort to an alternative model based on a curl-
free displacement formulation (see [6] for the derivation of a similar model in the
time domain from basic mechanical laws). Let us remark that in principle the fluid
displacement does not need to be curl-free. However, since the viscosity term due
to vorticity is typically very small, except perhaps near the walls of the enclosure,
it may be neglected in the interior of the enclosure and eventually modeled as a
wall impedance on its boundary (see [15] for a similar model).

The numerical solution of the vibration problem for an inviscid acoustic homoge-
neous fluid is nowadays a well known subject (see, for instance, [3]). In its turn, as
is shown in Remark 2.1 of the present paper, the vibration frequencies of a viscous
homogeneous irrotational fluid within a rigid cavity can be algebraically computed
from those of the analogous inviscid fluid and the corresponding vibration modes co-
incide. However, this is not the case for a heterogeneous fluid and this is the reason
why we choose this as our model problem. In particular, we consider the acoustic
vibration problem for a dissipative fluid system that consists of two homogeneous
viscous immiscible fluids contained in a rigid cavity.

We begin with a variational formulation of the spectral problem relying only on
the fluid displacement, which leads to a quadratic eigenvalue problem. For the the-
oretical analysis, this is transformed into an equivalent double-size linear eigenvalue
problem. We introduce a convenient functional framework to analyze it and prove
that the nonlinear eigenvalue problem is equivalent to the spectral problem for a
nonselfadjoint, noncompact bounded operator. Thus, the essential spectrum not
necessarily reduces to zero (as is the case for compact operators). This means that
the spectrum may now contain nonzero eigenvalues of infinite-multiplicity, nonzero
accumulation points, continuous spectrum, etc. Thus, following [11], our first task
is to prove that the relevant eigenvalues can be isolated from the essential spectrum,
at least for sufficiently small values of the viscosity that are realistic in practice.
Then, we propose a conforming discretization based on Raviart-Thomas finite ele-
ments. By appropriately adapting the abstract spectral approximation theory for
noncompact operators developed in [7, 8], we establish that the resulting scheme
provides a correct approximation of the spectrum and prove error estimates for
the eigenfunctions and a double order for the eigenvalues. Moreover, the discrete
quadratic eigenvalue problem is shown to be equivalent to a well posed generalized
eigenvalue problem which can be solved by standard eigensolvers like eigs from
MATLAB, which is based on Arnoldi iterations.

The paper is organized as follows: in Section 2, we introduce the spectral problem
and the corresponding variational formulation, which leads to a quadratic eigen-
value problem. We introduce an auxiliary unknown to transform the quadratic
eigenvalue problem into a linear one. Moreover, we introduce the corresponding
solution operator for the spectral problem. In Section 3, we provide a thorough
spectral characterization of the solution operator, based on the theory developed
n [11]. We also consider the limit problem (i.e., the case when the viscosity van-
ishes) and the relation between the solutions of the dissipative and non-dissipative
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problems. In Section 4, we introduce a finite element discretization using Raviart-
Thomas elements for both fluids and imposing the continuity of the corresponding
normal components on the interface. We analyze the discrete spectral problem
analogously as in the continuous case and introduce the corresponding discrete so-
lution operator. We use the abstract theory from [7] to prove the convergence.
We also prove error estimates for our problem by adapting the arguments from [2].
Finally, in Section 5, we report some numerical tests which allow us to asses the
performance of the proposed method.

Throughout the paper, §2 is a generic Lipschitz bounded domain of R? (d =
2,3), with outer unit normal vector n. We denote by D(2) the space of infinitely
smooth function compactly supported in Q. For r > 0, ||||TQ stands indistinctly
for the norm of the Hilbertian Sobolev spaces H"(€2) or H" ()¢ with the convention
HO(Q) := L2(Q2). We also define the Hilbert space H(div;Q) := {v € L2(Q)? :
dive € L%(Q)}, whose norm is given by ||v||(2hv7Q = ||v||(2)Q + ||divv||(2)7Q, and its
subspace Ho(div; ) := {v € H(div; Q) : v-n =0 on 90}.

Finally, C' represents a generic constant independent of the discretization pa-
rameters, which may take different values at different places.

2. THE MODEL PROBLEM

We take as our model problem the case of two immiscible fluids within a rigid
cavity. Let Q; with ¢ = 1,2 be the polygonal (in the 2D case) or polyhedral (in
the 3D case) Lipschitz domains occupied by each of the fluids. Let p; be the
corresponding densities, v; the fluid viscosities, and ¢; the acoustic speeds, which
we consider all constant, p; and ¢; strictly positive and v; non negative. We denote
by n; the outward unit normal vectors corresponding to each subdomain. We define
Q= (L UQ)°, T =00 NN, and T'; := 9Q; NN, i = 1,2. We assume that
each domain ; as well as {2 are simply connected (see Figure 1).

FI1GURE 1. 2D sketch of the polygonal domains for the fluids.

We consider small displacements of a compressible viscous fluid at rest neglecting
convective terms. The equation of motion derived from the Stokes equation reads
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where U; denotes the fluid displacement and P; the pressure fluctuation in the
domain €2;, i = 1,2. The dot represents derivation with respect to time. Moreover,
since the fluid is compressible, we consider the isentropic relation

P+ pic?divU; =0  in Q.

Since we are considering irrotational ﬂuids7 we assume that curlU; = 0. Hence,
considering the identity AU; = V(divU;) — curl(curlU;), we conclude that
AU; = V(divU;). Then, the equations of our model problem are the following:
(2.1) p1U1 — 201 V(divU;) + VP =0 in Q x (0,7),

(2.2) P+ picidivU; =0 in Q4 x 0,77,

(2.3) p2Us — 2V (divUs) + VP, =0 in Qy x (0,7),

(2.4) Py + pacadivUy =0 in Qy, x[0, T7,

(2.5) Ui -ni+Usz - ny=0 onl x[0,T],

(2.6) (2v1 divU; + Py) — (2updivUs +P,) =0 on T x (0,7),

(2.7) U;-ny=0 only x(0,7),

(2.8) Uy ny=0 onlyx(0,7).

Let us remark that a similar argument leads exactly to the same equations in 2D.

Multiplying equations (2.1) and (2.3) by a test function v € Hq(div; 2), integrat-

ing by parts, and using the boundary conditions and the transmission conditions
on I', we obtain

(2.9) /pU~’U—|—2/Vdideivv—/Pdivv:O Yo € Hy(div, Q),
Q Q Q

where
L U1 in Ql, L P1 in Ql, L 141 in Ql,
U:= { U2 in QQ, Pi= { P2 in Qg, l/'_{ Vo in 927
_f pr in Qy, e inQy,
pe= { P2 in QQ, and ¢ := { C2 in QQ.

Using (2.2) and (2.4) we eliminate P in (2.9) and write
(2.10) / pU-U—i—Q/ VdiVUdiVU+/ pc? divU dive = 0 Vo € Ho(div, ).
Q Q Q

The vibration modes of this problem are complex solutions of the form U (x,t) =
eMu(x) with A € C. Looking for this kind of solutions leads to the following
quadratic eigenvalue problem:

Problem 1. Find A € C and 0 # u € Hy(div; Q) such that

)\2/ pu - T+ 2)\/ Vdivudivﬁ—&—/ pc® divudive = 0 Yo € Hy(div; ).
Q Q Q

Let us remark that in absence of viscosity (i.e., v = 0) we are left with the free
vibration problem of two inviscid fluids in contact (whose numerical approximation
has not been analyzed either). The eigenvalues A2 of such a problem are negative
real numbers (as will be proved below), so that A are purely imaginary, namely,
A = $iw with w being the so called natural vibration frequencies, which correspond
to periodic in time solutions U (z,t) = e~ “u(x) of the time domain problem. This
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is the reason why, for v = 0, Problem 1 is usually written as follows: Find w > 0
and 0 # u € Ho(div; Q) such that

(2.11) /pCQ divudivﬁ:aﬂ/ pu-v Yo € Hy(div; Q).
Q Q

In the applications, v is typically very small. As we will show below, in such
a case there are eigenvalues A of Problem 1 that lie close to £iw with w being
a natural vibration frequency (i.e., a solution of (2.11)). Actually, we will prove
below that those A converge to +iw as ||V|e,0 goes to zero. On solving Problem
1, the aim is to compute the eigenvalues A close to the smallest natural vibration
frequencies w > 0, which are the most relevant in the applications.

Remark 2.1. In the case of a homogeneous viscous fluid, p, ¢ and v are constant
in the whole Q2. Then, Problem 1 can be written as

2
/\Q/pu-ﬁ—i—w/pgdivudivﬁ:o Yo € Ho(div, Q).
Q pc Q
A2pc?
2 \v+pc2 T
w? with (w,w) being a solution to problem (2.11). Therefore, for a homogeneous
viscous fluid, X can be algebraically computed from the solution of (2.11) as follows:

Hence, in such a case, (A, u) is an eigenpair of Problem 1 if and only if —

N —vw? + /12wt — p2ctw?

pc?

We denote H := L2(Q)?% endowed with the weighted inner product

R

and V := Hy(div; Q) with the inner product

(v,w)y ::/pv-ﬁ+/p02divvdivﬁ.
o Q

Notice that the inner products in % and V induce norms || - || and || - ||y on each of
these spaces equivalent to the classical L?(9)? and H(div; Q) norms, respectively.
Therefore, when it might be convenient, we will use these classical norms.

Clearly A = 0 is an eigenvalue of Problem 1 with associated eigenspace

K = Ho(div®, Q) := {v € Ho(div; Q) : dive =0 in Q}.
We define:
Gi=KY={veV:(v,w)y=0 Yweck}.

Since K is a closed subspace of V, clearly V = G @ K. Notice that G and K are also
orthogonal in the A inner product. Hence,

G={veV:(v,w) =0 YVwe K}
The following result brings a characterization of the space G.

Lemma 2.1. There holds

g = %V(Hl(ﬂ)) ny.
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Proof. We will prove this result by checking the double inclusion. Let v € G. Then,
for all ¥ € D(Q)?, since curley € K, we have

Oz/ﬂpcurlw~ﬁ:/ﬂ¢~curl(pﬁ).

Thus, curl (pv) = 0 in Q. Since  is simply connected, this implies that there
exists ¢ € H'(Q2) such that pv = V. Hence, v € %V(Hl(Q)) NV. Conversely, let

vE %V(Hl(Q)) NV and w € K. Let ¢ € H(Q) be such that v = %V@. Then,

(v,w)H:/QpC[)Vgo)-w:—/ﬂgodivw%-/map(w-n)zo.

Therefore, v € G. The proof is complete. [

In what follows we prove additional regularity for the functions in G. From now
and on, s will denote a positive number such that the following lemma holds true.

Lemma 2.2. There exists s > 0 (with s depending on p and Q) such that v €
H*(Q)? for allv € G and

(2.12) lv]ls.0 < CJ divo|

where C' is a positive constant independent of v.

0,05

Proof. According to Lemma 2.1, there exists ¢ € H!(2) such that v = %Vgo. Con-

sequently, ¢ € H!(Q)/C is the unique solution of the following well-posed Neumann
problem:
1
div (Vgp) =diveo in Q,
p
1
78—@ =0 on Jf).
pon

Hence, in the 3D case, the theorem follows from [16, Lemma 2.20] with

1. :
§ 1= 5—min m&n{p}, 7mgx{p} > 0.

For the 2D case, the theorem follows by applying [16, Lemma 4.3]. (See [18] for
more details.) O

From the physical point of view, the time domain problem (2.10) is dissipative
in the sense that its solution should decay as t increases. The latter happens if and
only if the so called decay rate, Re()\), is negative. The following result shows that
this is the case in our formulation.

Lemma 2.3. Let (\,u) € C x V be a solution of Problem 1. If A # 0, then
Re(\) < 0.

Proof. Testing Problem 1 with v = u, we have that A\?> 4 BA + C = 0, with
A= / plul?, B:= 2/ v|divul?, and C:= / pc?| divul?.
Q ) Q

We observe that A > 0, B > 0, and C' > 0. Moreover, since A = 0 if and only
if u € K = Ho(div®,Q), for A # 0 we have that B,C > 0, too. Therefore, since

\ = =BEVBI-4AC VQB:_‘lAc, it is immediate to check that Re(\) < 0. O
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Remark 2.2. Any eigenpair (\,uw) of Problem 1 satisfies
)\2/pu-i—ﬁ—/(Z)\l/—i—pcz)divudiVﬁ:O Yo e V.
Q Q

Since the coefficients are constant in each subdomain, if 2 \v + pc? # 0 in €, by
testing with v € D(%;)4 we obtain that divulg, € H(S;), i = 1,2. On the other
hand, if 2X\v + pc? = 0 in Q; (i = 1 or 2), then, for A # 0, by testing again with
v € D()?, we obtain that w = 0 in ;. Thus, in any case, divulg, € HY(Q;),
i=1,2.

For the theoretical analysis it is convenient to transform Problem 1 into a linear
eigenvalue problem. With this aim we introduce the new variable 4 := Au, as usual
in quadratic problems, and the space V :=V x H endowed with the corresponding
product norm, which carry us to the following;:

Problem 2. Find A € C and 0 # (u,@) € V such that

(2.13) /pczdivudivv/\<2/1/divudivv/pﬁ'v> Yv eV,
Q Q Q

(2.14) /pﬁ~5:)\/pu~5 Vo € H.
Q Q

We observe that A = 0 is an eigenvalue of Problem 2 and its associated eigenspace
is K := K x {0}. Let G be the orthogonal complement of K in ¥V x H. Notice that
G§=GxH.

We introduce the sesquilinear continuous form a : ¥V x V — C defined by
a(u,v) == / pc divu div o,
Q

and the sesquilinear continuous forms 575: V — V defined as follows:

a((u,u), (v,v)) :=/pczdivudivﬂ-|-/pﬁ.ﬁ7
Q Q

)|

b((u, @), (v,0)) == —2/Vdivudivi—/pﬁ-§—|—/pu-
Q Q Q

In what follows we prove that a(-,-) and a(-,-) are elliptic in G and §, respectively.
Lemma 2.4. The sesquilinear form a : G x G — C is G-elliptic and, consequently,
a:GxG— C is G-elliptic.

Proof. For v € G we have

(2.15) a(v,v) = /Q pc? divo dive > mﬂin{pc2}|| divol[§ o

Then, the G-ellipticity of a(-,-) follows from Lemma 2.2. From this, the ellipticity
of a(+,-) in G = G x H is immediate. O

Let T : V — V be the bounded linear operator defined by T'(f,g) := (u, @) € G,
where (u,n) is the unique solution of the following problem:

a((uw,a), (v,8)) = b((f,9), (v,))  ¥(v,7)€q.
It is easy to check that
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(2.16) a=Ff inQ,

and

(2.17) /p02 divudivo = —2/ udivfdivﬁ—/pg~ﬁ Yv € G.
Q Q Q

As a consequence of the above equalities, we have that y = 0 is an eigenvalue of
T with associated eigenspace {0} x G+#, which is nontrivial since G+* > K. The
following lemma shows that the nonzero eigenvalues of T are exactly the reciprocals
of the nonzero eigenvalues of Problem 2 with the same corresponding eigenfunctions.

Lemma 2.5. There holds that (u, (u,u)) is an eigenpair of T (i.e. T(u,u) =
plu, ) with g # 0 if and only if (A, (w,W)) is a solution of Problem 2 with A =
1/p# 0.

Proof. Let (p, (u,w)) be an eigenpair of T with u # 0. Hence
o . s ~ PO
(218) CL((U,’U,%(’U,'D)) = ;b((u7u)7(va'v)) V(v,’v) €g.

Then, according to (2.16) we have that u = %u € G. Hence, for (v,3) € K =
K x {0}, clearly b((u, @), (v,9)) = 0 and a((u, @), (v,)) = 0. So, (2.18) holds for
all (v,0) € V = G®K; namely, (X, (u,@)) with A = 1/p is a solution to Problem 2.

Conversely, let (A, (u,u)) be a solution of Problem 2 with A # 0. Taking v € K
in (2.13), we have that [, pt-v = 0, which implies that 4 € G. On the other hand,
we observe that (2.14) implies that A\u = u € G. Hence it is easy to check that
T(u,u) = p(u,u) with p =1/ O

3. SPECTRAL CHARACTERIZATION

The goal of this section is to characterize the spectrum of the solution operator
T. Since the inclusion Hy(div; ) < L?#(Q)? is not compact, it is easy to check
from (2.16) that T is not compact either. However, we will show that the essential
spectrum, has to lie in a small region of the complex plane, well separated from the
isolated eigenvalues which, according to Lemma 2.5, correspond to the solutions
of Problem 2. With this aim, we will resort to the theory described in [11] to
decompose appropriately T'. Let T'1,Ts : G — G be the operators given by

(3.1) Tif=u1€G: a(ul,v):2/z/divfdiv§ Yv €@,
Q
(3.2) Tog=u€G: a(us,v)= / pg-v Vv € @.
Q

It is easy to check that these operators are self-adjoint with respect to a(-,-).
Moreover Ty is non-negative and T's is positive with respect to a(-,-) (namely,
a(T1v,v) > 0 Vv € G and a(T9v,v) > 0 Vv € G, v # 0). Moreover, we have the
following result.

Lemma 3.1. The operator Ty : G — G is compact.

Proof. Since a(-,-) is G-elliptic (cf. Lemma 2.4), applying Lax-Milgram’s Lemma,
we know that problem (3.2) is well posed and has a unique solution uy € G.
Moreover, according to Lemma 2.2, we know that there exists s > 0 such that
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us € H*(2)9. On the other hand, notice that (3.2) also holds for v € K, since in
such a case a(ug,v) =0 = fQ pg - v for g € G. Hence, since V = G & K, we have
that

a(uQ,v):/pg-ﬁ Yv € V.
Q

Then, by testing this equation with v € D(Q2)¢ C V, we have that —V (pc? div ug) =
pg in Q, so that pc? divus € HY(2). Therefore, since p and ¢ are positive constants
in each subdomain Q; and €3, we have that div us|q, € H*(Q;), i = 1,2. Since the
inclusions {v € L2(Q) : v|g, € HY(Q;), i = 1,2.} € L2(Q) and H*(Q)? c L2(Q)4,
are compact, we derive that T's is compact too. (Il

The operator T' can be written in terms of the operators T'; and T’ given above

as follows:
(T T,
ro (T

Moreover, by defining as in [11] the operators

I 0 _1-.1 _T1/2
S = d H = 2
(6 at) e 4).

we have that ST = HS. We note that the eigenvalues of T' and H and their al-
gebraic multiplicities coincide. Moreover the corresponding Jordan chains have the
same length. In fact, let {z}}_; be a Jordan chain associated with the eigenvalue
w of T'. Then, using the identities above, we observe that

HSxz, = STz, = S(uxy + 1) = pSxp + Sep—1, k=1,...,r

This shows that {Sx;}}_, is a Jordan chain of H of the same length. Actually,
the whole spectra of T' and H coincide as is shown in the following result, which
has been proved in Lemma 3.2 of [2].

Lemma 3.2. There holds
Sp(T') = Sp(H).
Moreover, Spegs(T') = Spess(H ), too.

The operator H can be written as the sum of a self-adjoint operator B and a
compact operator C":

_ _ 1/2
H=B+C with B:—< T 0> and o= 9, ")
0 0 T2

Then, applying the classical Weyl’s Theorem (see [20]), we have that Sp.(H) =
SPess(B) and the rest of the spectrum Spyi..(H) := Sp(H)\ Spess(H) consists
of isolated eigenvalues with finite algebraic multiplicity. Moreover, Sp.(B) =
Spcss(iTl) U {O}

Our next goal is to show that the essential spectrum of T'; must lie in a small
region of the complex plane. Actually, we will localize the whole spectrum of T';.
With this aim, we analyze separately for which values u € C, the operator (uI —T')
is not necessarily one-to-one and for which values it is not necessarily onto.

e If (uI —T') is not one-to-one, then there exists f € G, f # 0, such that
T\ f = pf, namely,

u/pczdivfdivﬁ:2/udivfdivﬁ Yv € G.
Q Q
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Then, testing with v = f and using that in each subdomain the coefficients
p and c are positive, we deduce that

2 fyv |div £
[y pe?|div £

(we recall that for 0 # f € G, [, [div f|> > 0 because of Lemma 2.2).
Hence,

2ming{r} 2maxq{r}
€ s )
maxq{pc?}’ ming{pc?}
e On the other hand, (uI — T') is onto if and only if for any g € G there
exists f € G such that T'1 f = uf — g, which from (3.1) reads

/ pct divgdivo = / (—2v + ppc?) div f divo Yv € G.
Q Q

By writing p = a + i with a, 8 € R, the equation above reads:
/ (—2v 4 apc? + pc®Bi) div f dive = / pc? div g divo Yv € G.
Q Q

We observe that for all 8 # 0 the problem above has a solution and hence
the operator (uI —T) is onto. On the other hand, if 8 = 0, then p has to
be real. In such a case, the operator T'; will still be onto when (—2v+ upc?)
has the same sign in the whole domain ). This happens at least in two
cases:

2

(i) when p > I,HLQ{V}, in which case —2v + upc? > 0,
ming{pc?}
9 mi

(ii) when p < %{VQ}, in which case —2v + upc? < 0.
maxq{pc?}

Therefore, if (uI — T) is not onto, then u € [Zmin”{"} 2mam{”}}, too.

maxq{pc?}’ ming{pc?}
Now we are in position to write the following spectral characterization of the
solution operator T'.

Theorem 3.1. The spectrum of T' consists of
SPess (T') = Sp(T'1) U {0}
with
2ming{r} 2maxq{r}
maxqo{pc?}’ ming{pc?}
and SPgisc(T') := Sp(T') \ Spess(T), which is a set of isolated eigenvalues of finite
algebraic multiplicity.

Sp(Tl) C

Proof. As a consequence of the classical Weyl’s Theorem (see [20]) and Lemma 3.2,
Spess (T) = Spess (H) = Spess(B) = Spess(_Tl) U {0}7
whereas the inclusion follows from the above analyis. O

In what follows, we will show that for » small enough some of the eigenvalues of
T are well separated from its essential spectrum. With this end, given f € G, by
testing (3.1) with v = u; € G and using (2.15), we have that

min{pe}H|ual|Giv,0 < alwr, u1) < 2[[vl|oo,oll div fllo.ollwa [lav.o-
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Therefore || T'1||zgxg) — 0 as [|[V[|oo,@ goes to zero. Consequently, H converges
in norm to the operator
1/2
0 =T
H,:= ( 1/2 ° )
T} 0

as ||V||eo,q goes to zero. Thus, from the classical spectral approximation theory (see
[9]), the isolated eigenvalues of H converge to those of Hy.

Since the isolated eigenvalues of H and T coincide (cf. Lemma 3.2), in order to
localize those of T', we begin by characterizing those of Hy. Let p be an isolated
eigenvalue of Hg and (u,u) € G X G the corresponding eigenfunction. It is easy to
check that

(3.3) H, (g) =pu (g) — Tou=—p’u and T;ﬂu = uu.

Since T'5 is compact, self-adjoint, and positive, its spectrum consists of a sequence
of positive eigenvalues that converge to zero and 0 itself. Notice that the spectrum
of Ty is related with the solution of the eigenvalue problem (2.11). In fact, this
problem has 0 as an eigenvalue with corresponding eigenspace K. The rest of
the eigenvalues w? are strictly positive and the corresponding eigenfunctions u €
K+v =: G, so that they are also solutions of the following problem: Find w > 0 and
u € G such that

a(u,v):wQ/pu~ﬁ Yv €G.
Q

Clearly (w?,u) is an eigenpair of the above problem with w > 0 if and only if
Tou = ﬁu Thus, by virtue of (3.3), we have that the eigenvalues of H( are given
by +i/w and hence they are purely imaginary.

Now we are in a position to establish the following result.

Theorem 3.2. For each isolated eigenvalue +i/w of T of algebraic multiplicity
m, let r > 0 be such that the disc D, := {z € C: |z Fi/w| < r} intersects
Sp(T'2) only in +i/w. Then, there exists & > 0 such that if || 0,0 < J, there exist

m eigenvalues of T, p1,..., m, (repeated according to their respective algebraic
multiplicities) lying in the disc D,. Moreover, i, ..., jm — = as [[V||s,0 goes to
zero.

As claimed above, the eigenvalues of T' that are relevant in the applications, are
those which are close to +i/w for the smallest positive vibration frequencies w of
(2.11). According to the above theorem, these eigenvalues are well separated from
the real axis and, hence, from the essential spectrum of T' (cf. Theorem 3.1).

4. SPECTRAL APPROXIMATION

In this section, we propose and analyze a finite element method to approximate
the solutions of Problem 1. With this end, we introduce appropriate discrete spaces.
Let {Tn(Q)}r>0 be a family of regular partitions of © such that 7,(;) = {T €

Tr : T C §;} are partitions of Q;, i = 1,2. We introduce the lowest-order Raviart-
Thomas finite element space:

Vi={veV:vr(x)=a+bx, acR bR, x T}

The discretization of Problem 1 reads as follows:
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Problem 3. Find A\, € C and 0 # uy, € Vy, such that
)\,21/ pun v + 2)\h/ vdivuy div oy, +/ pc? divuy, divo, =0 Yoy € V.
Q Q Q

We proceed as we did in the continuous case and introduce a new discrete variable
Up, := A\puy to rewrite the problem above in the following equivalent form:

Problem 4. Find A\, € C and 0 # (up,up) € Vi, X Vy, such that
/ pc? divuy, divo, = Ay, (—2/ vdivuy, divoy, — / puy, -'vh> Yo, € Vi,
Q Q Q

/ p’l/l\,h I )\h/ puyp - vy, Yo, € V.
Q Q

We observe that A, = 0 is an eigenvalue of this problem and its associated
eigenspace is IE;L = Kp x {0} with K, := K NV, being the eigenspace of A\, = 0
in Problem 3. At the beginning of Section 5, we will show that Problem 4 is well
posed, in the sense that it is equivalent to a generalized matrix eigenvalue problem
with a symmetric positive definite right-hand side matrix.

We introduce the well known Raviart-Thomas interpolation operator, II; : V' N
H"(Q2)4 — Wy, r € (0,1] (see [13]), for which there holds the approximation result

(4.1) o = hwllo.e < CH (o]l + || divolog)
and the commuting diagram property

(4.2) div(IIpv) = Pr(divv),

where

Py, : LQ(Q) — U, = {’Uh S LZ(Q) : vh|T S PO(T) VT € 7—h}
is the standard L2-orthogonal projector. Then, for any r € (0, 1] we have that
(4.3) lg = Pralloe < Chllgllre Vg € H(Q).

Let Gy, be the orthogonal complement of KCj, in Vj,, and §h = GgpxGp, C V=VxH
endowed with the corresponding product norm. Note that G, ¢ G and hence
GnZG.

The following result provides estimates for the terms in the Helmholtz decom-
position of functions in Gj,.

Lemma 4.1. For any vy, € G,

1
vy, = —VE+x
P
with %Vf € H*(Q)? and x € K satisfying
1 . A
[2ve| <cravudon  and ldon < Crlavonlon.
5,2

Proof. Let £ € HY(2)/C be a solution of the following well-posed Neumann prob-
lem:

1
div (pV§> =divoy, in €,

10§ _

;81’1_0 OHaQ.
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Thanks to Lax-Milgram’s Lemma, there exists a unique solution ¢ € H'(Q)/C

of this problem. Moreover, according to Lemmas 2.1 and 2.2, %V{ € H*(Q)? and
||%V§||S7Q < C|divopllo,o. Now, let x = vy — %V{. Clearly divy = 0 and

X -n =0, so that x € K. On the other hand

1
Ixl3 = /pr- ('Uh — pV§> :

Since %Vf € VN H*(Q)?, we have that Hh(%VQ is well defined. Hence,

2 _ Nor =11, (X . 1ge) 1
x5 = /Q PX |:'Uh 11y, (pVﬁ)} —|—/Q 1% [H;L (pV§> pvg} .
(I) (I

For (I), thanks to (4.2), div(vp, — Hh(%V@) =divoy, — Ph(div(%VQ) = 0. There-
fore, (vp, — Hh(%vg)) € Kp C K. Since %vg € G and vy, € G, we obtain

0 0= [ oo (35 () [ 1) -

For (II), since we have already proved that ||%V§ |
div(%Vf) = div vy, from (4.1) we obtain

11, (1v5> Lo
p p

which allows us to complete the proof. O

5,0 < O divup|on and

(1) < Ixllo.2

< Ch*[Ixllo,ell divvplo,q,
0,0

Now, we will prove that a(-,-) and a(-,-) are elliptic in G, and Gn, respectively.

Lemma 4.2. The sesquilinear form a : Gn, x G, — C 1s Gy -elliptic, with ellipticity
constant not depending on h. Consequently, a : G, x Gy, — C is Gy, -elliptic uniformly
in h.

Proof. Let vy € G,. We have that
a(vy,vp) = / pc? div vy, divo, > ngn{pCQ}H div vh||§79.
Q

Now, from Lemma 4.1 we write v, = %V{ + x with %Vf € H*()? and x € K.
Then, using Lemma 4.1 again we obtain

1
Ve
p

+ lIxllo,e < Cl[divvn|lo,0;
0,Q

[vnlloe <

which together with the previous inequality allow us to conclude that a(-,-) is G,—
elliptic. The Gp-ellipticity of a(-,-) is a direct consequence of the Gp-ellipticity of
a(--). O

Now, we are in position to introduce the discrete version of the operator T'. Let
Ty, : V — V be defined by Th(f,g) := (up,up) with (up,up) € G, being the
solution of

a((un, @), (0n,01)) = b(£.9), (vn, D)) V(vn, 1) € G

It is easy to check that (up,un) = Th(f,g) if and only if

(4.5) u, =7Pg, f,
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where Pg, is the H-orthogonal projection onto G, and uy € G, solves

(4.6) / pc? divauy, divoy, = —2 /
Q

VdindiVﬁh—/pg~ﬁh Yy, € Gp,.
Q Q

Since T, (V) C Gp, there holds Sp(T',) = Sp(T'hlg, ) U {0} (cf. [1, Lemma 4.1]).
Thus, we will restrict our attention to T’ G,

As claimed above, at the beginning of Section 5, Problem 4 will be shown to
be equivalent to a well posed generalized matrix eigenvalue problem. This prob-
lem has A\, = 0 as an eigenvalue with corresponding eigenspace Kn. The rest of
the eigenvalues are related with the spectrum of T, g, according to the following
lemma.

Lemma 4.3. There holds that (up, (up,un)) is an eigenpair of Th|§h with pp # 0
if and only if (An, (up,up)) is a solution of Problem 4 with A\, = 1/pup,.

Proof. The proof follows essentially as that of Lemma 2.5, by using the fact that
VhXVh:gh@(]ChX]Ch). O

Our next goal is to show that any isolated eigenvalue of T with algebraic mul-
tiplicity m is approximated by exactly m eigenvalues of T}, (repeated according to
their respective algebraic multiplicities) and that spurious eigenvalues do not arise.
With this end, we will adapt to our problem the theory from [2], which in turn use
arguments introduced in [7, 8] to deal with non compact operators. From now on,
let 11 € Spgise(T), 1 # 0, be a fixed isolated eigenvalue of finite algebraic multiplic-
ity m. Let £ be the invariant subspace of T' corresponding to p. Our analysis will
be based on proving the following two properties:

(T —Tn)(fn-9n)

||‘7—>0 as h — 0;

Pl [T —Thlln = sup
O;é(f,“gh)eg] ||(fh?gh)H\Nj
P2. V(v,v)e&, inf _ |[[(v,0)— (vp,vp)lly =0 as h—0.
(vn,On)EGRH

Let (£,,9,) € Gn and (w,@) := T(f},,g9,). From (2.17), we can write u =
U1 + ug with uq, us € G satisfying

(4.7) u €G: / pc? divau, dive = —2/ vdiv f, divo Yv € G,
Q Q
and
(4.8) us €G: / pc? divug diveo = —/ pg, v Yveq.
Q Q

The following result states some properties of the solutions of the problems above.

Lemma 4.4. For (f,.9,) € Gn, let (w,@) := T(f,,,g;,) and consider the de-

composition w = u; + uy as above. Hence, ui,uy € H*(Q)?, divu; € U,
divuslg, € H'T5(Q,), i = 1,2, and the following estimates hold
(4.9) uills,0 < Cll(Frr gl

(4.10) [wzlls.0 + [ divaslliyso, + ([ divus|ipso, < Cll(Fr.gn)lls-
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Proof. Since u; € G, due to Lemma 2.2 we have that w; € H*(Q)? and [Juq [|s,0 <
ClI(fn,gn)lly- Moreover, note that (4.7) also holds for v € K and hence for all
v € V. Then, we write

/(p02 divuy +2vdiv f,)divo =0 Yo e V.
Q

Thus, taking test functions in D(Q)? C V we have V(pc? divuy + 2vdiv f,) = 0.
Since p,c,v and div f, are piecewise constant, we have that divw, is piecewise
constant as well; namely, divu; € Up.

On the other hand, since us € G, by applying Lemma 2.2 again we have that
uy € H(Q)? and [Juzlls,0 < C[(f1.91)ll55- To prove additional regularity for
divug, we use Lemma 4.1 to write g, = %Vf + x with x € IC, %Vﬁ € H*(Q)? and
||%V§||579 < C||div gyllo.e- Moreover, since p is constant in each subdomain €;,
also V€|, € H¥(Q;)¢, i = 1,2. Then, from (4.8) we have that

/pczdivugdivﬁzf/Vﬁﬁ Yv € G.
Q Q

Since the above equation trivially holds for v € K too, it holds for all v € V. Then,
by testing it with v € D(Q)? we have that V(pc? divuy) = —VE € Q. Therefore,
by restricting to Q;, i = 1,2, we have that V(pc? divus|g,) = —V(£|q,) € H5(2;)4.
Since p and ¢ are piecewise constant, we conclude that divus|q, € Hits (), i=
1,2, and

[ divag|l1ys.0, + [|divuelliiso, < Cl[VE|oo < Clldivglog

Hence, we conclude the proof. ([l

We consider a similar decomposition in the discrete case. For (f},,g;,) € Gn, let
(up,up) == Tr(f,9p) We write up, = uyp, + wop with uqy, and wusy, satisfying

(411) up € Gy : / p02 divuy, divoy, = —2/ vdiv fh div oy, Vv, € G,
Q Q

and
(4.12) sy, € Gp, - / p62 div ugy, divoy, = —/ gy, - Up Yoy € Gp,.
Q Q

These are the finite element discretization of problems (4.7) and (4.8), respec-
tively, and the following error estimates hold true.

Lemma 4.5. Let (f),,g;,) € Gn. Let uy, uy be the solutions of problems (4.7) and
(4.8), respectively, and uyp,uap those of problems (4.11) and (4.12), respectively.
Then, the following estimates hold true:

(4.13) lur — winllaiv.o < CR(|(fh, g0l

(4.14) luz — wanllaive < CR7||(F 1, gn)lly-
Proof. Since G, ¢ G, we will resort to the second Strang Lemma, which for prob-

lems (4.7) and (4.11) reads as follows:

. a\u; — Uip,Vp
(4.15) [luy — wipllaiv,e < C | inf Jluy —vpllaive +  sup s — v, )
v EGR 0#£v, €6, ”vthiV,Q
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Because of Lemma 4.4, IT,u; is well defined. Since IIyu; € V), = Gi, @ K}, there
exists w1y € Gy, and uy, € Ky, such that IIpw; = wyp, + wy,. Then, since wp — wyy, is
orthogonal to @, we observe that

wr — a1} < ur — @inll$ + llanll}
= [(@in —wi) + @} = fur — Mpua |3
< C (Jlug = Mpua [|§ o + || divuy — div(Taus) |5 g) -
The first term on the right hand side above is bounded as follows:
lur — puallo. < Ch3([lurlls.e + [ divusllo,e) < Ch®(I(F1, gn)llp,

where we have used (4.1), (4.9), and the fact that ||divui|oo < C| div fyllo.0,
which in turn follows from (4.7) by taking v = f},. On the other hand, the second
term vanishes because of (4.2) since divu; € Uy, (cf. Lemma 4.4). Hence, ||u; —
wipllaiv,.e < Ch®||(f4,94) |5, which allows us to control the approximation term in
(4.15).

For the consistency term, it is enough to recall that (4.7) holds for all v € V.
Then, by using (4.11), it is easy to check that a(u; — w1y, vy) = 0 for all vy, € G, C
V. From this, the Strang estimate for ||us — w1 ||aiv,o reads as follows:

w1 — winllaive < C inf fluy —vpllaiv.e < CR°||(Fr, gnll5-
vrEGH

Thus (4.13) holds true.
To prove (4.14), we resort again to the second Strang Lemma:

. al\uz — U2p, Vp
(4.16) |lug — ugn|laiv.o < C | inf |Jug — vpllavo +  sup ol(uz — Uon, vh)
v EGH ozvneGn  Vnlldiv,e

Since up € H¥(Q)? (cf. Lemma 4.4), we have that II,uy is well defined. We
proceed as above and write IIpus = oy, + @y, with ws, € Gy and @, € Ky, to
obtain

(4.17)  luz — uznllaiv.o < C[[luz — Hpuslloo + || divus — div(Ilyus)(o.o] -
For the first term on the right hand side above, (4.1) and Lemma 4.4 yield
0.0) < CR*[[(Fr gn)l5-

For the second term, we have from (4.3) and from Lemma 4.4 again

[uz —IIpuz o0 < CR*([luz|ls,o + || divus

|| div g — divIT,us[§ o = || divus — Py (divus)||g o,
< On(|| divuz|[1,0, + | divusllia,) < Ch[(fr:95)ll5-

Hence, [luz — wanl|aiv.o < Ch*||(F1,, gx) |y, which allows us to bound the approxi-
mation term in (4.16).

For the consistency term, given v;, € G; we apply Lemma 4.1 to write v;, =
%VE + x with %Vﬁ € H5(Q)4, x € K, and ||x|lo.o < Ch®||divvpllo.q. Then, from
(4.8) we have

1 _
a(ug, vy) = / pc? div uy divo), = / pc? div uy div <V§) = / g, - VE&.
Q Q P Q
On the other hand, from (4.12),

a(ug;“'vh):/pc2diquhdivﬁh:/pgh-ﬁhz/gh~vg+/pgh-y.
Q Q Q Q
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Therefore,
a(uy — uzp, vp) = _/ Pgn - X < Ch¥|lgpllo.ellvnlaiv.o
Q
and, hence,
al{Uz — Uzp, Up,
Sup 3z — vz, vn) < Ch*(gpllo,s
0#£v,€G) th”div,Q
which allows us to complete the proof. 0

Now, we are in a position to establish the following result.

Lemma 4.6. Property P1 holds true. Moreover,
1T —Th|n < Ch®.
Proof. For (f,,9,) € Gn, let (w,@) := T(fy,g5) and (wn, @n) = Th(Fp.gn)

From (2.16) and (4.5) we have that u — uy, = f,, — Pg, f, = 0. Hence, by writing
u = uq + us and up, = w1y + wop as in Lemma 4.5, we have from this lemma

T = Thn < sup llur — winllaiv.o + [[uwe — won|ldiv.0

< Ch°.
0#£(gy,£1,)€EGn H(fh’gh)Hf}
Thus, we conclude the proof. 0

Our next goal is to prove property P2. With this aim, first we will prove the
following additional regularity result.

Lemma 4.7. Let (u,u) € €. Then, u,u € G C H*(Q)4, divu,diva € HF5(€,),
i=1,2, and

(4.18) ullso + [ diveliiso, + | diveliso, <Cll(u,u)ls,

(4.19) [ulls.0 + [ divaliis,o, + [ divalieso, <Ofl(u,u)l.

Proof. We prove the above inequalities for all the generalized eigenfunctions of T .
Let {(ux,ur)},_; be a Jordan chain of the operator T associated with p. Then,
T(ug,ug) = p(ug, )+ (Up—1,85-1), k=1,...,p, with (ug, ug) = 0. We will use
an induction argument on k. Assume that u,_1 and 4;_1 belong to G and satisfy
(4.18) and (4.19), respectively (which obviously hold for k¥ = 1). First note that,
because of the boundedness of T', we have

(4.20) [(wr—1, Ur—1)ll5 < Ol (g, )55

On the other hand, by using (2.16) and (2.17) we have that

(421) ,U//L\l,k +Up_1 =ur inQ

and that puy + up_1 € G satisfies

/ pc? div(pug + uk—1) divo = 72/
Q Q

Yv €q.

S

vdivu, divo — / puy -
Q
Hence, u, uy € G.
We observe that the equation above also holds for any v € K. Then,

/ pc? div(pug + ug—1) divo = —2/
Q

udivukdivﬁ—/pﬁk~ﬁ Yo e V.
Q

Q



18 FELIPE LEPE, SALIM MEDDAHI, DAVID MORA, AND RODOLFO RODRIGUEZ

Thus, considering test functions in D(Q2)? C V we obtain
(4.22) V((upc® 4 2v) divuy,) = puy, — V(pc?® divug_1).

Let us assume that ppc® + 2v # 0 in both € and Q (we discuss the other case
at the end of the proof). Hence, since p, ¢, and v are constant in each €, p;u, —
V(pic? divug_y1) € L2(Q;)%, divuglo, € H(Q;), and

| divugllie, < C (Idivug—ilio, + l(ur ae)lly), =12

Now, since uy € G, due to Lemma 2.2 we have that u; € H*(Q)¢. Then, from
(2.12) and the previous estimate we have

(4.23) lurlls.o < C (I divau—ilie, + I divag—1le, + | (w, @)5) -
On the other hand, from (4.21) we obtain

~ 1.
(4.24) [uk]ls.0 < m (lwr—1lls.0 + llurlso)
and, from (4.22),
(4.25) [ divug 14,0, < C(|divurlitse, + [ukls0), =12
Finally, from (4.21) again,
PN 1. .. PN .
(4.26)  [[divag1s0; < ;(ll divupliiso +[[divagaliiae),  i=1,2

Hence, from inequalities (4.23)—(4.26), the inductive assumption, and (4.20), we
derive (4.18) and (4.19) provided ppc® + 2v # 0 in both €; and Q.

In case that ppc? + 2v vanishes in €;, i = 1 or 2, arguing as in Remark 2.2 we
obtain that u1|q, = U1]q, = 0 and, once again, an induction argument allow us to
conclude that uy,u, = 0in Q;, k = 1,...,p. The proof is complete. O

Now, we are in position to establish property P2.

Lemma 4.8. Property P2 holds true. Moreover, for any (u,u) € &, there exists
uy,, up € Gy, such that

| — pllaiv.0 + [|U = Unllaiv,o < OB ||[(u, w)][5-

Proof. Let (u,4) € £. According to Lemma 4.7 u, 4 € H*(Q)? and divu,diva €
HT5(€), i = 1,2. Let IIu € V), be the Raviart-Thomas interpolant of w. Since
Vy, = G, ®Kp, we decompose Il u = uy, +uy, with up, € Gy, and 4y, € Kj,. The same
arguments from the proof of Lemma 4.5 that lead to (4.14) apply in this case and
combined with Lemma 4.7 allow us to prove that [[u — up|laiv.0 < Ch*[|(u, u)l|5.
A similar procedure can be used to define 4y, and to prove that ||& — up|aiv,o <

Ch2[|(w, w)|l-

We also have the following auxiliary result when the source terms are in €.

Lemma 4.9. For (f,g) € &, let (u,u) := T(f,g) and (up,upn) := Th(f,g).
Then,

lu — unllaiv.o + |4 — Unlloo < CRE|(f,9) -
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Proof. Since G, ¢ G, we resort once more to the second Strang Lemma, which
applied now to (2.17) and (4.6) leads to

[u —upllaivo <C alu — up, vp)

inf |Ju—vpldiv,o + sup
v EGn o#vneg,  Vnllaiv.o

From Lemma 4.8 we know that there exists u;, € G, such that
[w = wpllaiv.e < CR°||(w,w)lly < CR°|(f, 9)ll5-
Moreover, the consistency term above vanishes. In fact, consider vy, € Gj, and the

decomposition v, = %Vf + x as in Lemma 4.1. Using the same arguments as in
the proof of Lemma 4.5, we prove that

a(ufuh,vh):/pgiz(l
Q

where the last equality holds because g € G and x € K.
On the other hand, we know from (2.16) and (4.5) that w = f and u;, = Pg, f,
respectively. Then, since Pg, is the H-orthogonal projection onto Gy, we have that

lu — un|ln < ||u — anllu, with ap, € Gy, as in Lemma 4.8. Hence, we obtain
[ = unllo.o < CP°[[(w, w)ll; < CR2(|(f, 9)ly-
The proof is complete. O

The above lemmas are the ingredients to prove spectral convergence and to
obtain error estimates. Our first result is the following theorem which has been
proved in [7] as a consequence of property P1 (cf. Lemma 4.6) and which shows
that the proposed method is free of spurious modes.

Theorem 4.1. Let K C C be a compact set such that K NSp(T') = 0. Then, there
exists ho > 0 such that, for all h < ho, K N Sp(T}y,) = 0.

Let D C C be a closed disk centered at u, such that D N Sp(T) = {u}. Let
Hihs -+ s Man(hyn De the eigenvalues of T'j, contained in D (repeated according to
their algebraic multiplicities). Under assumptions P1 and P2, it is proved in [7]
that m(h) = m for h small enough and that limp_ pxp, = p for k=1,...,m.

On the other hand the arguments used in Section 5 of [2] can be readily adapted
to our problem, to obtain error estimates. We recall the definition of the gap
between two closed subspaces W and ) of V:

S(W,Y) == max{s(W, V), 6(Y, W)},

with
dW,Y) = sup _inf  [[(¢,9) — (&, 9)ll5;
(p,)ew | (d)EY
(@, )lI5=1
Let &, be the invariant subspace of T}, relative to the eigenvalues p1y, - - ., thmh

converging to p. From Lemmas 4.6-4.9, we derive the following results for which
we do not include proofs to avoid repeating step by step those of [2, Section 5].

Theorem 4.2. There exist constants hg > 0 and C' > 0 such that, for all h < hg,

~

3 (En,E) < Ch~.
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Theorem 4.3. There exist constants hg > 0 and C' > 0 such that, for all h < hg,

H*%Zukh

k=1

< Ch*,

max | — pugn| < Ch?*/P,
k=1,....m

where p is the ascent of the eigenvalue p of T'.

5. NUMERICAL RESULTS

We report in this section the results of some numerical tests, in order to assess the
performance of the proposed method. With this end, first we introduce a convenient
matrix form of the discrete problem which allows us to use standard eigensolvers.
As a by-product, this matrix form also allows us to prove that Problems 3 and 4
are well posed.

Let {¢; §V:1 be a nodal basis of V;,. We define the matrices K; := (KS)),

K, = (KE?)) and M := (M,;) as follows:

Kz(jl) ::2/deiv¢i div ¢, Kg) ::/Qch div ¢; divg;, and My, :Z/QP@'(bj.
The matrix form of Problem 3 reads

(5.1) (MM + MK + Ko)iiy, = 0,

where we denote by iy, the vector of components of uy, in the nodal basis of Vj,.
Analogously, the matrix form of Problem 4 reads

Ky 0\ (@) _, (~Ki —M) (@
o M)\w,) "\ M o )\a,)’

with 'ﬁ,h being the vector of components of u,. However, this problems is not
suitable to be solved with standard eigensolvers, since neither the right-hand side
nor the left-hand side matrix are Hermitian and positive definite.

Alternatively, for Ay # 0, let py := i Then, problem (5.1) is equivalent to

(M + 2, K1 + 1Ko, = 0.

Introducing w0y, := ppty, the problem above is equivalent to

M 0 ’ﬁ:h o —Kl _K2 ﬁh
o M) \w,) "\ M 0 W)’

which in turn is equivalent to

Ky Ko\ (d@n) _, (M 0\ (i,
M 0 w,)  "Plo M) \w,)"

Thus, the last problem is equivalent to Problem 3 except for A\, = 0 and the matrix
in its right-hand side is Hermitian and positive definite. Hence, it is well posed and
can be safely solved by standard eigensolvers.

We implemented the proposed method in a MATLAB code. We applied it to a
2D rectangular rigid cavity filled with two fluids with different physical parameters
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as shown in Figure 2. The domain occupied by the fluids are €, := (0, A) x (0, H)
and Qs := (0, A) x (H, B). For such a simple geometry, it is possible to calculate
an analytical solution which will be used to validate our method.

A

FIGURE 2. Two fluids in a rectangular rigid cavity.

Let u € Ho(div, Q) be a solution of Problem 1. Testing it with v € D(£2)? we have
V(2 v + pc?)divu) = —A2pu € L2(Q)2. Then, p:= —(2v\ + pc?) divu € HL(Q).
10py 1 0ps

Hence, pi1|r = p2|r. Moreover, u = ———Vp, which implies that —— = ——=
A2p p1 Ov  pg Ov
on I'. Then, we write problem (2.1)—(2.8), in terms of p; as follows:
~ )\Q,Oi ~ . .
Ap; = m?i inQ;, 1=1,2,
opi _ onT;, i=1,2,
8ni
p1=D2 on I,

10pr 1 0p2

= = L.
p1On ps On o

We proceed by separation of variables. Assuming that p;(z,y) = X;(2)Yi(y), we
are left with the following problem:

i 1 2
52 X0 V) " e

(5.3) X1(0) = XI(A) =0, i=1,2,

(5.4) Y{(0) = Y5(B) =0,

(5.5) pl—lxl(x)yf H) = %Xg(x)YQ’(H), 0<a<A
(5.6) X1 (2)Vi(H) = Xo(2)Ya(H), 0<z< A.

From (5.2) we have that X;(x)"”/X;(x) and Y;(y)"/Y;(y) are constant. Moreover,
from (5.5) and (5.6), it is easy to check that Y;(H) and Y/(H) cannot vanish
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simultaneously and X;(z) = Xs(z) (actually, it is derived that X;(z) = CXy(z),
but the constant C' can be chosen equal to one without loss of generality).
From the fact that X;(x)”/X;(z) is constant and (5.3), we have that

X1(z) = Xa(z) = cos (%) m=012,....

On the other hand, from the fact that Y;(y)"”/Yi(y) is also constant and (5.4) we
derive

(5.7)  Yi(y) =Cicosh(r{P(N)y)  and  Ya(y) = Cacosh(rZ (\)(y — B)),

where C7 and Cy are constants and

‘ A2 m2m2
W .= P —0,1,2 i =1,2
AN \/PiC?-F?Vi/\—’_ VeRE m=20,1,2,..., ) , 2.
Since Y;(H) and Y/(H) cannot vanish simultaneously, (5.5) and (5.6) lead to

%Y«H):éw(m and  Yi(H) = Ya(H),

respectively. Thus, substituting (5.7) into these equation yields the following linear
system for the coefficients C; and Cl:

Cy cosh(r{V(A\)H) = Cy cosh(r2 (\)(H — B)),

) 2)
Cirm (M) sinh(r(D(\)H) = Carm () sinh(r(?) (A\)(H — B)).
p1 P2

For this system to have non trivial solutions, its determinant must vanish, which
yields the following non linear equation in A for m = 0, 1,2, ..., whose roots are the
eigenvalues of Problem 1:

T%)(A) . 1 2
fm(A\) == Py sinh(r{ (A H) cosh(r®) (\)(H — B))

) (M)

5 sinh(r® (\)(H — B)) cosh(r{Y (A H) = 0.

We have computed some roots of the above equation and used these roots as
exact eigenvalues to compare those obtained with the method proposed in this
paper. For the geometrical parameters, we have taken A = 1m, B = 2m and
H=1.25m.

We have used physical parameters of water and air for the density and acoustic
speed of the fluids in ©; and Qy, respectively: ¢; = 1430 m/s, p; = 1000 kg/m®,
¢co = 340 m/s and ps = 1 kg/ m®. We have used uniform meshes as those shown in
Figure 3. The refinement parameter N refers to the number of elements per width
of the rectangle.
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FIGURE 3. Meshes for N =4 (left) and N = 8 (right).

In presence of dissipation (v # 0), the eigenvalues A are complex numbers A =
1N + 1w, with n < 0 being the decay rate and w the vibration frequency. In absence
of dissipation (v = 0), the eigenvalues A are purely imaginary (7 = 0). The same
holds for the computed eigenvalues Aj,.

In our first test, we neglected the viscosity damping effects by taking v; = v = 0.
In this case, the eigenvalues A\ are actually purely imaginary as can be seen from
Figures 4 and 5, which shows contour plots of log(|f,,(A)|) for the smallest values
of m (0 < m < 3). Accurate values of the zeros of f,,(\) have been obtained with
the MATLAB command fminsearch applied to | fi,,(\)].

-500 0 50C -500 0 500

FIGURE 4. Contour plots of log(|fm(N)]) for m = 0 and m =1
with vanishing viscosity (v = 0).
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18

17

16

15

14

13

12

1

10

©

-500 0 50C -500 0 500

m:2. m:3.

FIGURE 5. Contour plots of log(|fm(A)]) for m = 2 and m = 3
with vanishing viscosity (v = 0).

Table 1 shows the eigenvalues computed with the proposed method on succes-
sively refined meshes that approximate those shown in Figures 4 and 5. Accurate
values of the latter obtained with the MATLAB command fminsearch applied to
| fm(N)] are also reported on the last line of the table as ‘exact’ eigenvalues.

m 1 0 1 0 2 2
N = 1066.07¢ | 1418.42¢ | 1784.37% | 1796.614 | 2118.357 | 2573.861
N =16 | 1067.78¢ | 1422.524 | 1781.49¢ | 1797.09% | 2131.94¢ | 2569.90%
N =32 | 1068.217 | 1423.54¢ | 1780.73¢ | 1797.21¢ | 2135.36% | 2568.40%
N =64 | 1068.33¢ | 1423.794 | 1780.55¢ | 1797.234 | 2136.22¢ | 2568.091
Order 2.00 2.00 1.99 2.00 1.99 1.94
Exact | 1068.364 | 1423.87¢ | 1780.494 | 1797.244 | 2136.50% | 2568.54 1

m 0 1 3 3 2
N =8 | 2807.28% | 3021.267¢ | 3142.544 | 3492.471 | 3582.494
N =16 | 2837.764 | 3037.384¢ | 3189.227 | 3503.56¢ | 3568.16¢
N =32 | 2845.754 | 3041.02% | 3200.79¢ | 3506.19¢ | 3562.70%
N =64 | 2848.884% | 3041.894¢ | 3204.7847 | 3506.837¢ | 3561.22¢
Order 1.99 2.02 1.99 1.99 1.94
Exact | 2849.561% | 3042.184% | 3205.74¢ | 3507.167 | 3560.721¢

TABLE 1. Computed and exact eigenvalues for dissipative fluids
in a rigid cavity.

As predicted by the theory, these eigenvalues are purely imaginary. The high
accuracy of the computed eigenvalues can be observed from Table 1 even for the
coarsest mesh. We have used a least squares fitting to estimate the convergence
rate for each eigenvalue, which are also reported in Table 1. A clear order O(h?)
can be seen in all cases.

For the second test we have used the same physical parameters as above for
both fluids, but considering now non vanishing viscosities. In order to make the
dissipation effects more visible, we have used unrealistically large viscosity values:
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v1 = 9N/ms? and v, = 1 N/ms?. We have repeated the scheme used for the first
test. Figures 6 and 7 show the localization of all the exact eigenvalues A. Notice
that now all A have negative real parts (the decay rate) as predicted by the theory.

-500 0 500

FIGURE 6. Contour plots of log(|fim(A)]) for m = 0 and m =1
with non-vanishing viscosity (v # 0).

-500 0 50C -500 0 500
FIGURE 7. Contour plots of log(|fm()\)]) for m = 2 and m = 3

with non-vanishing viscosity (v # 0).

We report in Table 2 the computed and ‘exact’ eigenvalues and the estimated
convergence rates, which are in accordance with the theory once again.
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1

0

1

0

N=1
N=3
N=6

N=8

Order
Exact

—9.83 4 1066.03 ¢

—9.86 + 1067.74 17

—9.87 4 1068.171

—9.87 4 1068.38 ¢
2.00

—9.87 4 1068.32 7

6
2
4

—17.39 + 1418.314
—17.49 + 1422.414
—17.51 4 1423.434
—17.52 + 1423.784
2.00
—17.52 + 1423.76 4

—27.54 +1784.16 4
—27.45 + 1781.274
—27.43 4 1780.53 4
—27.42 +1780.341
1.99
—27.42 +1780.274

—0.05 4 1796.611

—0.05 4+ 1797.08 %

—0.05 + 1797.20¢

—0.05 4+ 1797.234
2.00

—0.05 4+ 1797.24 1

2

2

0

1

N=38
N =16
N =32
N =64
Order
Exact

—38.82 + 2118.0014
—39.32 4 2131.584
—39.44 + 2135.004%
—39.58 +2135.951
1.99
—39.49 4 2136.14 ¢

—57.31 + 2573.224
—57.13 4+ 2569.26 %
—57.06 + 2567.76 %
—57.04 + 2567.36 1
1.94
—57.04 4 2567.224

—68.17 + 2806.45 %
—69.65 4 2836.91 4
—170.05 + 2844.094
—70.15 4 2846.92 4
1.99
—70.18 4 2847.60 4

—178.96 + 3020.24 %
—179.80 + 3036.34 ¢
—80.00 + 3039.96 7
—80.04 4 3040.84 ¢
2.02
—80.06 + 3041.13 1

m 3

3

2

N =28
N =16
N =32
N =64

—85.43 + 3141.394
—87.99 + 3188.014
—88.62 + 3199.56 ¢
—88.88 +3202.451

—105.51 + 3490.884
—106.18 + 3501.9514
—106.34 + 3504.57 %
—106.38 + 3505.2214

—111.02 + 3580.7714
—110.14 + 3566.47 ¢
—109.80 + 3561.01 4
—109.70 + 3559.53 4

(1]

2]

(3]

[4]

[9)
[10]

(11]

[12]
(13]

Order 1.99 1.99 1.94
Exact | —88.84 4 3203.41¢ | —106.40 + 3505.44¢ | —109.68 + 3559.03 %

TABLE 2. Computed and exact eigenvalues for dissipative fluids
in a rigid cavity.
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