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Abstract

We develop a new approach for solving stochastic master equations with initial mixed quantum state.
Thus, we deal with the numerical simulation of, for instance, continuous weak measurements on quantum
systems. We focus on finite dimensional quantum state spaces. First, we obtain that the solution of the
jump-diffusion stochastic master equation is represented by a mixture of pure states satisfying a system of
stochastic differential equations of Schrodinger type. Then, we design three exponential schemes for these
coupled stochastic Schrédinger equations, which are driven by Brownian motions and jump processes. The
good performance of the new numerical integrators is illustrated by simulating the continuous monitoring
of two open quantum systems formed by a quantized electromagnetic field interacting with a two-level
system, under the effect of the environment. Hence, we have constructed efficient numerical methods for
the stochastic master equations based on the simulation of quantum trajectories that describe the random
evolution of interacting wave functions.
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1. Introduction

This paper addresses the numerical simulation of open quantum systems. We consider a small quantum
system described by the time-dependent Hamiltonian H (¢) that interacts with the environment via the
Gorini-Kossakowski-Sudarshan-Lindblad operators L; (¢) and R, (t) (see, e.g., [2l 12} 13| 21]). Here, for
any t > 0, the linear operators H (t), L; (t) and R,, (¢) act on the complex Hilbert space (b, (-,-)). The
main goal of this article is to develop the numerical solution of the stochastic master equation

J
dp, = L(t) p_dt+ > (Lj (1) pm + po_ Ly (1) = 2R (Tr (L (1) p,_) p,—) ) dW]
o~ (1)

X [ Ru(t)p_ R (1) . *
+ mzz:l (”ﬁ (Rm () Ron (1) Pt_) — Py (dNt —Tr (Rm (t)" Ry, (t) pti) dt),

where p, is a random density operator (i.e., a random non-negative operator on h with unit trace),
W1, ..., W7 are independent real Brownian motions, the N™’s are doubly stochastic Poisson processes
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(also known as Cox processes) with predictable compensator ¢t — f(f Tr (R, (5)" R () p,_) ds (see, e.g.,
[T0, 27, 42]) such that N1, ..., N™ have no common jumps, and

J M
LMe=GMe+eG®) +Y L) el () + > Ru(t)eRm(®)
with
1 J 1 M
G (1) = —H (1)~ 3 Y L (L ()~ 5 3 R () R (1) 2)

For simplicity, we assume that the dimension of the space state b is finite, and H,L;, R,, : [0, +00[ = £ (h)
are continuous functions, where £ (§) stands for the space of all linear operators from b to . It is worth
pointing out that the unknown (p;),~, is an £ (h)-valued adapted stochastic process on the underlying

filtered complete probability space (Q, S, (t) >0 ,]P’)7 and that H (¢) is a symmetric operator. In this paper,

we design efficient numerical methods for the stochastic evolution equation .

The stochastic operator equation describes the dynamics of several quantum systems interacting with
the environment under the Born approximation. In the quantum measurement process, p, represents the
system density operator conditioned on the measurement outcomes (see, e.g., [4, B} [6 8 12 25] [40] 54]).
Moreover, N;" is the number of detections registered up to time ¢ by the counter associated to the observable
R, (1), and the integral from 0 to ¢ of the photocurrent in the homodyne or heterodyne measurement of
the observable L; (¢) is proporcional to W —|—2f0t R (Tr (L, (s) ps_)) ds (see, e.g, [4,[5, 16, 12, 54]). Since
describes the continuous weak measurements on the small quantum system, the stochastic master equation
and its versions have been used to study and design quantum feedback control systems (see, e.g.,
[6] 17, B3] 147, 48], 53, 54])).

Let p, be a random pure state, which means, in the the Dirac notation, that p, = [Xo) (Xo|, where Xq
is a §p-measurable random variable taking values in § such that ||Xo|| = 1. Then

Py = |X¢) (Xl (3)

(see, e.g., Remark given below), where X, is an adapted stochastic process taking values in k that satisfies
the non-linear stochastic differential equation (SDEs)

dX; = (G (t) X— + g (t,X;) dt+2 (X, L (8) X)) Xy dW

mtXt—
— X;_ ) dN™
+Z<|R &) X | ) !

with initial datum Xgq, t — fot R (s) X4 ||” ds the predictable compensator of N™, and

J 1 1 M
() = 3 (RO Ly (%)L (% = 30 (0 Ly (0 x) + 5 3[R (0% x
Jj=1 m=1

In case does not include the doubly stochastic Poisson noises (i.e., M = 0 and J > 1), the non-linear
stochastic Schrodinger equation has been solved by combining projections on the unit sphere with one
of the following numerical methods:

e Versions of the Euler-Maruyama scheme (see, e.g., [12, [35, [49]).
e A second order weak Ito-Taylor scheme [IT], 12].

e An exponential scheme [35].



On the other hand, if does not involve Brownian motions (i.e., M > 1 and J = 0), then X; has been
approximated numerically by simulating the quantum jumps and solving ordinary differential equations (see,
e.g, [13) 45, [54]).

In addition to the applications of , the non-linear stochastic Schrodinger equation plays a key
role in the computation of the mean values of the quantum observables (see, e.g., [12, [T} 211, [44] 49| [54]).
The mean value of the observable A € £ (h) at time ¢ is given by the trace of the operator A g,, where
o, € £(h) satisfies the quantum master equation

L
dt Q; =
The numerical solution of by schemes for ordinary differential equations presents drawbacks when the

dimension of the Hilbert space required for representing accurately the solution of is not small (see, e.g.,
[211, B8], [44], [49], [54]). It is a common practice to obtain T'r (A g,) by computing the solution of , because

L(t) e (5)

E(X:, AX;) =Tr (A g,)

whenever X is such that g, = E|Xq) (Xo| (see, e.g., [B, B7, 38, 44]). This method is called unraveling of
. One advantage of solving rather than is that the number of unknown complex functions of
is the square of the components of the vector X;.

Now, suppose that p, is a random mixed state, that is, p, is not a random pure state. We can transform
into a system of d? complex SDEs, where d is the dimension of b, and hence we can compute p, by
applying classical numerical schemes for SDEs (see, e.g., [20 28, 82]). Similar to , this procedure has
serious disadvantages if d is not small. In the pure diffusive case (i.e., M = 0), Amini, Mirrahimi and
Rouchon [3] introduced Scheme 5| given in Section that is a numerical method tailored to the specific
characteristics of (see also [47]). Scheme [5| preserves the positivity of p,, but shows an inaccurate and
slow behavior in our numerical experiments with high dimensional physical systems (see, e.g., Section [4.1)).

This paper develops a set of efficient algorithms that compute the solution of high-dimensional stochastic
master equations, with a reasonable computational cost. To this end, we introduce a quantum trajectory
approach for solving . In Section |2| we extend the representation to random mixed initial states.
Roughly speaking, we deduce that

o= 7 [XE) (X w0

where the h-valued stochastic processes XF’s satisfy a system of weakly coupled complex stochastic dif-
ferential equations of type . In Section |3] we design exponential schemes for computing the stochastic
interacting wave functions Xf, and hence we obtain numerical methods for that approximate accurately
p; by stochastic density operators. Section [] illustrates the very good numerical performance of the new
exponential methods, which are novel even for 7 by simulating the continuous monitoring of a quantized
electromagnetic field and a two-level system that interact among them and with the reservoir. Section [5]is
devoted to the proofs of our theoretical results, and Section [6] presents the conclusions.

2. Representation of the solution to the stochastic master equation

Suppose that

nw
po = >_|XE) (X (6)
k=1
where 1 € N and X},..., X} are Fo-measurable h-valued random variables satisfying > _%_, || XE 1. 1In
w 0 0 k=1 |20

practice, there is no loss of generality in assuming @ In many situations, using the physical meaning of
Py we obtain

m
pO _ Zpk ’Yk> <Yk
k=1

, (7)



with Y& € b, ||[Y*]| = 1, p* > 0 and Y, p* = 1, that is, p, can be represented as the mixture of

the quantum states |Yk> <Yk‘ with probability p*. Taking Xk = \/F Y* we obtain @ Otherwise,
conditioning on §q leads to solve with the initial density operator p, deterministic, and so applying the
spectral decomposition of p yields , where 4 is less than or equal to the dimension of b, p!, p?, ..., p are
the positive eigenvalues of the non-negative operator p, and Y*,...,Y* are the orthonormal eigenvectors

of p,.
We associate to @ the following system of classical stochastic differential equations in §:

t J t
XF :X’g+/ G(s—,x’;_)ds+2/ (L; (s) XE_ — ¢ (s—)XE_) aw?
0 =170

+Z/ ( ";m )—X’“)dfv;”,

where k = 1,..., 1, 7 (8) == Dby HRm (s) X’;H2, the N™’s are doubly stochastic Poisson processes with
predictable compensator ¢ — fot rm (8—) ds,

J 1 | M
G (s,x) = x—|—z< X—if )? >+22Rm

Jj=1 m=1

and £; (s) :== > 1_, R(XF, L; (s) X¥). The stochastic wave functions () are coupled by the functions ¢; and
Tm. We next represent the solution of by means of the generalized non-linear stochastic Schrodinger

equations .
Theorem 2.1. Suppose that the dimension of § is finite. Let X}, ..., X} satisfy the system . Set

I
P, = |XF) (X} vt > 0. (9)
=1

Then (p;);~q solves the stochastic master equation with initial datum @
Proof. Deferred to Subsection O

Remark 1. Let p = 1, that is, p, is the random pure state |Xg) (Xo|. Then becomes (4) with initial
condition Xg. Accordmg to Theoremu we have p, = |Xy) (X¢|, which is a well-known relation (see, e.g.,

#)-

Remark 2. Using Girsanov’s theorem, we can obtain one solution of , also called Belavkin equation, as
the normalized solution to certain linear SDE after changing the original probability measure (see, e.g., [7]
for details). Pellegrini [42, [43] proves the existence and uniqueness of the solution to the following version

of .'

dpe= oo+ [ (05 o0+ T (R (9 R (), ) oo =R (9 po R (5)7) s

+z / ) Pe 40, Lj (5)" — 2R (Tr (L; (5) p,) p,)) WV
s)ps R (s)° m
+ Z / /R < Tr(Ron () R (3) pu) Ps—) Locos Tr(R ()" R ()0, )V (ds, dz),
where NY, ..., NM™ are independent adapted Poisson point processes of intensity dt @ dx that are independent

of WY ,...,W7. Here, p, satisfies with N = fg Je logmgTr(Rm(s)*Rm(s)ps,)Nm (ds,dz). Analysis

4



similar to that in [{2, [43] yields the existence and uniqueness of the following version of .' for all
k=1,...,u,

t J t
X{;:X’5+/ G(s—,x’;,)ds+2/ (L; (s) XE_ — ¢ (s—)XE_) aw?
0 j=1 0

/ / ( X5 - Xk )109§,.m(3_)1\fm (ds, dz).
Ry Tm )

3. Numerical solution of the stochastic master equations

m=1

3.1. The Euler-exponential scheme

In this section we develop the numerical solution of the system of non-linear stochastic Schréodinger
equations . To this end, we consider the time discretization 0 = Ty < T} < Tp < --- of the interval
[0, 00[, where the T),’s are stopping times. Suppose that ¢ € [T}, Tp+1]. Decomposing G (t) = G (T,,) +
(G (t) — G (T},)) we obtain from (8] that

X} =8y + /G ) X% _ds,
where £k =1,...,u and

St =Xh, + [ (@) -G )X +g (X)) ds

+§:/tn@(s)xk — 4 (s—)XE) dWJJrZ/ 7X§‘—X’“ dN™
= T, J S /7) s
with g (s,%) = 27, (zj (5)L; (5)x — € (5)° x/2> +°M R, (s)x/2. Hence

X} = exp (G (Ty,) (t — Ty,)) Sk + /T X exp (G (T},) (t — s5)) dS*

(see, e.g., [46]). This gives

XF =exp (G (T,) (t — Tn))X]%n

J ot
ex —s OXE g (s—) XF ; (10)
Jr;/n+ p(G (T) (t— 9)) (L () XE_ — 5 (s—) XE_) a2
M R, (s) XE. k )
+mz_:1/Tn+ exp (G (Tn) (t = 5)) (7’m(s—) - X4 ) dN?".

We now approximate the terms in . Applying the Euler approximation yields

Trt1
/ exp (G (T,) (Th+1 — 9)) ((G (s) — G(T,)) Xf_ +g (5—, Xf_)) ds
T, (11)

~exp (G (1) (Th1 — Tn))8 (TnaXT )( n1 — 1)



and

Thri1
/ exp (G () (Tuy1 — 5)) (L (s) X5 — 45 (s—) X5_) dW}
Tnt (12)

~ exp (G (T) (Tavr = T)) (L (T) Xh, — 6 (1) X5,) (WH,,, - W3, ).

Moreover, in case 7., (T,) # 0 we have

Toi1 §) Xk
[ e @@ T - ) (W - Xi:) aNT”

T+ Tm (5—) (13)
~ exp (G (T,) (Tpy1 — T)) w_xk (Nm —Nm>
n n+1 n o (Tn) Ty Trt1 T, |
If 7, (Tr) = 0, then N* — Nf' = 0 for all s € [T, T;,41], and so
Tntt R, (s) X*
/ exp (G (T,)) (Tyi1 — 8)) R (5)Xs X* | dN™ = 0. (14)
Tt Tm (5—)

Suppose that we are able to get the approximations X1, ..., X# of the solution of at time T},. To make
this more precise we use the symbol =2, to denote the approximation in the weak sense (see, e.g., [20, 28] [32]),
that is, Y ~,, Z means, roughly speaking, that the distributions of the random variables Y, Z approximate
each other. Then, we actually assume that X1.,...,X# are §r,-measurable random variables such that

. ||Xf§||2 =1 and Xk mw_X’%n for any k= 1,..., p. Therefore, rn, (s) ~u 77" 1= 354 |Rm (T0) Xﬁ”z
and £ (s) moy 07 := Y R(XE, L; (T,,) XE) for all s € [Ty, Trs1].

Next, we simulate numerically the right-hand side of and . In order to approximate the in-
crements (Wj];n+1 - W%n> /\/Tny1 — T, and Np ., — Np, we consider the random variables Wiﬂ, ey

W;Lrh W,IIH, R 6Nﬁil7 which are conditionally independent relative to §r, (see, e.g., [14] [15]), such

N Tl 5/ . . c s . . . .
that: (i) 0W,, ,...,0W, ,; are identically distributed symmetric random variables with variance 1 that

are independent of §r,; and (ii) the conditional distribution of 67N;n+1 given §r, is the Poisson law with
parameter 71 (T4+1 — Tp,) for any m =1,..., M. Since

¢
/ Tm (8=)ds = 1y (Tn) (t — Ty) &y Tt (t— Th) Vt € [T, Tnt1],

Tn

m

WnH ~w Np' . — Np' . Hence, combining with gives

/ U exp (G (1) (Toss — ) (Rm”x - X’;_> INT"
Tnt rm (5-) (15)
R, (1) X5

~w 5D (G (T,) (Tss — o) ( Xﬁ) N

V'
where, for simplicity of notation, we define (R, (T},) Xk /\/fm — X¥) an_H to be 0 provided that 7" = 0.

Using 7 , , , together with

n

"
0 (To) m £ =Y R(XE, L () X5),
k=1



we deduce that X%LH ~yp XE, o forall k=1,...,u, where
X7]2-0-1 = exp (G (Tn) (Th+1 — Tn))xz + (Ths1 — Tn) exp (G (Tn) (Tr1 — Tn»gﬁ
J .
+ Zexp (G (Tn) (Tn-l-l - Tn)) (Lj (Tn) sz - 57% Xﬁ) V Tn+1 - T, WZL-H
j=1

R, (1,) X

with g = 7, (zgl L, (T,) Xk —1/2 () x;g) +1/2 oM 7 XE Therefore,

m=1"'n
"
pn+l = E

w
X]:L+l> <Xi€l+1’ w Z ‘XI;—'T,,+1> <X}§1n+1
k=1 k=1

and so Theorem 2.1 yields p,, 1 ~uw pr,,, -
In order to preserve the important physical property Tr (p;) = 1, we normalize p,,  ; by Tr (i)n +1)' Thus,

M
+ Z exp (G (Tr,) (T — 1)) (

)

X 2
using Tr (P,41) = > by HX,’j+1 H we deduce that

u . .
- X];:L-‘rl sz—&-l
an+1 ~w Z R 2 N 2|
=t \/lei—l X§+1H \/lei—l sz-&-lH
Summarizing, we have obtained the following numerical scheme of exponential type.

Scheme 1. Suppose that the random variables X, . .. ,Xg with values in § satisfy > h_; HX’SH2 =1. Let

W_}, W?, ceey Wij, Wé, ... be i.i.d. symmetric real random variables with variance 1 that are independent
of X3§,..., Xl For any n >0, we approzimate pr, by p, = 1 |Xﬁ> <Xm , where the h-valued random

vectors XL, ..., X, together with the real random variables Wi, ...,0N, , Wé, ..., are defined recursively
as follows:

o Generate the random variables (57N:l+1, e ,57]\[2/11 such that:

(i) 57N:L+1, e 67NT]\L/[+1 are conditionally independent relative to the o-algebra &,, generated by X3, . . .,
XL, SW, ..., oW, 5N;,... 0N~

(ii) W,lﬂ_l, e ,Wﬁ_l are independent of the o-algebra generated by Wiﬂ, e Wi_H.

(iii) For any m = 1,..., M, the conditional distribution of W::H given &,, is the Poisson law with
_ _ k112
parameter (T,11 — T,) 7', where 770 = S0 ||Ron (T7,) XE||”.
o Foranyk=1,...,u we choose
Xk XL, =...=X", =0,

X1 = 9§« v ke |7 -
Xo i1/ 2=t [ X otherwise,

with X,’iﬂ =exp (G (Ty,) (Tyg1 — Tn)) ZE 1, where

J .
Zy o =X+ (T = To) gl + > (L (T) X5 = 6, X5) /Togr — T, 0W,, 4
j=1

M

m=1



gh = Y (AL (1) X5 = (8)° X4 /2) + X0, 7rXh /2 and £; = Y R(XE,L; (T) X5).
Remark 3. Let p, be a random pure state. Then p =1, and so X described recursively by Schemell| is a
new numerical integrator for , which generalizes Scheme 2 of [35] constructed for solving efficiently
in the autonomous diffusive case, that is, when M = 0 and the coefficient operators G (t) and L; (t) are
constant.

Remark 4. An analysis of the derivation of Scheme |1] suggests us that the rate of weak convergence of
Scheme1] is equal to 1, that is, for any regular function £ : h — C we expect that Ef (py) — Ef (pr) = 0 (A)
whenever A = T/N and T,, = nA. The rigorous proof of this convergence property is in progress; by
combining techniques from [35] and [39] we have actually proved that ETr(A py) —ETr(A pp) = 0 (A) for
any linear operator A : ) — B, which is consistent with Table[q given in Section [{.3

3.2. Variants of the FEuler-exponential scheme

In this subsection we adopt the notation and approximations of Section except the relation . We
will design exponential schemes for by computing

/ " exp (G (1) (Tair — 5)) (G (5) — G (T,)) X5+ & (5, XE_)) ds

Ty

in two different ways.
First, (G (s) — G (T5,)) Xt +g (s— XF ) ~ g (T,,, X%, ) for all s € ]T},, T,11]. Hence

Tpis
/ exp (G (T) (Tni1 — 5)) (G (5) — G (T,)) XE_ + & (s—, X)) ds
, (16)

Tn+1 Tﬂ+1 _
= / exp (G (T,) (Thy1 — 9)) 8 (Tn, X?) ds =~ / exp (G (T,,) (Th+1—9)) g (Tn, Xﬁ) ds.

n n

This implies

_ Tnia
Xlzc"nﬂ ~w exp (G (Tn) (To1 — Tn))xﬁ + / exp (G (T7) (Tht1 — 8)) glfl ds
Tn
J B o .
+ Z exp (G (To) (Th1 — Tin)) (LJ (T,) X5, — 6, X’];:L) VI =T 5Wiz+1
j=1
M —
R, (T,)XF m
3 e (G (1) (T ~ 1)) (R0 - X)L
m=1 n

Using

gk Tnta —s))gkds
exp<<%fz> gon) (TnﬂTn)>_(exp(G(Tngl<in+l—Tn>> S e (G (T2) (T >>gﬁd>

(see, e.g., [51]), we get exp (G (T,) (Tha1 — T))XE and f;"“ exp (G (T;,) (Tp41 — 5)) gF ds by evaluating
just one matrix exponential. As in Scheme [I| normalizing by the trace of the approximation of Pr,., We
deduce the following numerical integrator.

Scheme 2. Define p,,, X%, ..., X", together with Wﬁl and WS,
the first d components of

en (55 ) ) ()

as in Scheme with Xflﬂ replaced by



with
4 : MR, (T,) XE
_ _ _ . J— ) p = ——m
Vi =XE 4+ (L (T)XE = 8 XE) /Ty — T 6Wi + ) (W - X,’;) N, ;.
j=1

Second, we suppose that G is continuously differentiable. Then G (s) — G (T,,) = G’ (T},) (s — T,) for
all s € [T, T, +1] . Therefore

Tht1
/T exp (G (T,) (Ts1 — ) (G (5) — G (T,)) X*_ + & (s—, X)) ds

~ / o exp (G (1) (Tng1 — ) (& (T, X% ) + (s — T0,) G/ (T,,) X% ) ds (17)

T’!‘L

Tn+1 _
o= [ (G (L) (T~ ) (8 + (5~ 1) G (1) X5 ds,
Tn

which becomes an alternative to the approximations and . It is worth pointing out that
becomes whenever G’ (T;,) = 0. Since

G(I,) G'(T.)X e,

eXp 014 0 1 (Tn+1 - Tn)
O1x4a 0 0
exp (G (1) (Ty41 — 1)) fqzzwl exp (G (1) (Tny1 — )G’ (T) X} ds L
= 01><d 1 Tn—i—l - Tn
01xd 0 1

(see, e.g., [B1]), using , and we construct the next numerical method for .

Scheme 3. Let p,, XL, ... X~ WZL and WZL be as in Scheme but with Xﬁﬂ giwen by the first d
components of

G(T,) G'(T.)X} g, Yo
exp 01><d 0 1 (Tn+1 — Tn) 0
led O 0 1

with

J ) M
Yoo =Xp+) (L ()X~ 6,X5) VT =T W, 0+ ) (
j=1 m=1

T)XE 0\ —am
Lj)n_xﬁ SN
VR

Remark 5. Ift — G (t) is a constant function, then Schemes and@ provide the same approximation of
pr, - Nevertheless, Scheme @ has higher computational cost.

Remark 6. Similar to Remark@ XL defined recursively by Schemes @ and@ are new numerical methods
for in case py is a random pure state.

1 x 1 * . L . .
On the other hand, 3 Z}]:1 L;(t)"L; (t) + 5 Z%Zl R, (t)" Ry, (t) is a positive-definite matrix, and so
we deduce from that I — G (7,,) (Th41 — T1,) is a nonsingular matrix, where I stands for the identity
matrix. Using exp(G (T3,) (Ty41 — Tn)) = (I = G(T3,) (Th41 — Tn))f1 we transform Scheme (1| into the

following semi-implicit Euler scheme, which avoids the solution of nonlinear equations.

Scheme 4. Adopt the setup of Scheme with sz-&-l substituted by

A~ 71_
Xﬁﬂ = (I = G(T) (Tos1 — Tn)) Zﬁﬂ'



3.8. Implementation issues

Schemes and [3| involve the computation of matrix exponentials times vectors, which can be ac-
complished in many ways (see, e.g., [34]). If A is a large and sparse matrix and v is a vector, then we
can get exp (A)v by Krylov subspace iterative methods (see, e.g., [18, 24} 52]). In case the dimension of
v is less than a few hundred, we use the standard scaling and squaring method with Padé approximants
for computing the exponential of A (see, e.g., [16] 22} 23] [34]). In the latter method, m € Z, is chosen
such that ||[A/2™] is of order of magnitude 1 and exp (A/2™) is approximated by the rational function
D,, (A/2m)~! N,, (A/2™), where p,q € N and for any matrix X we define

:ﬁi p+q—y )!p! X :ii p+q—J ¢! (~1)’ X

%andD -
e+ (p—i) J (p+q) J) J!

Jj= Jj=

(18)

Thus, exp (A) = exp (4/27)"" & (Dyy (A/27) 7 N,y (A/27))
We next obtain simple algebraic expressions for the Padé approximants to the matrix exponentials

appearing in Schemes [2]and [3] Hence, Schemes [2] and [3] increasing slightly the computational cost of Scheme
At each recursive step, Scheme [2] computes

oo (5 505 -1 (%3).

where for any n € Z;, G (T},) is a fixed matrix and g (Tn,)_(n), Z, .1 depend on the statistical sample.
According to Theorem [3.1] given below, we can reduce M evaluations of

exp ((G () & (T"O’ X")> (Tns1 — Tn))

led

to the operations required essentially to evaluate exp ((T,+1 — 1) G (7)), together with the multiplication
of a deterministic d x d-matrix by M sample vectors g (Tn,Xn). Thus, Schemes (1| and 2| involve similar
number of floating point multiplications.

G g
Oi1xa O
Z.. For any matriz X we set Ppy (X) = Dy, (X) " N, (X), where Dy, and N,, are as in (18). Then

myy2"
P,, (A/(2™))" s equal to

Theorem 3.1. Suppose that A = ( > with G € C™? and g € C>'. Fiz p,q € N and m €

P ($)7 1 (14 P (8)” ) Diy (8) 7 (N () Dy (£)) £

)

led 1
‘ ~ i1 ZVlal (—1)ixi-1
where for any matriz X, Ny (X) = >0, %XT and D o(X) =220, é}’f{;l(él%‘! ( 1)j!x )
Proof. Deferred to Subsection O

Every integration step of Scheme [3| involves the computation of a matrix exponential times a random
G(T,) G'(T.) X} g
vector, where the matrix exponential function is evaluated at | 0144 0 1 | (Thy1 — Tp) with
01 x4 0 0
G (T,), G’ (T;,) deterministic matrices and X%, gk random vectors. Similarly to Scheme [2 Theorem
allows us to implement efficiently Scheme [3] at a computational cost not substantially greater than that of
Scheme [1

10



G a g
Theorem 3.2. Set A= |01xq 0 b | withG e C¥? a,gc C> andbe C. Letp,q €N andm € 7.
01><d 0 0
Suppose that Dpg and N, are given by (18) and that Ppq, Npq, qu are as in Theorem. Then
AN (Pu($)" Rufmgy R (B +nd3) + Rufnd
P (27”) = 014 1
014 0

where T, = Dy (G/2m)~* (Npq (G/2™m) — ]5,,,1 (G/Qm)), the matrices Ru,, Ru are defined recursively by

my2* ) m 2%\ B k .
Rk+1:{(1+qu(G/2 )Ry ifkeN, andﬁk+1:{(I+qu(G/2 )Ry 2Ry ifkEN,

if k=0, 04xd if k=0,
(19)
and T, = Dy (G/2m)~" (Npq (G/2m) - ﬁpq (G/2m) - ]Spq (G/2m)) with
o Ouxd ifp=1, N 0dxd if g =1,
Ny, (X) = { (pHg—i)!p! xX3-2 . and Dye(X) = ¢ (prg—ilq (—1YXI"2 .
fer G S P22 i=2 prala—1 7 ifp=>2.
Proof. Deferred to Subsection O

In the next remark we show how to change the time scale of .

Remark 7. We can consider (1)) with normalized physical constants. For a given ¢ > 0, we define g, := p,.,
where t > 0. Then g, satisfies (1) with L; (t) and R, (t) replaced by cLj (ct) and \/c Ry, (ct), respectively.
Indeed, from we obtain that

do, = L(ct) o,_cdt

_+o,Lj(ct)" —2R (TT (Lj (ct) Qtf) Qtf)) \@dwtj

M *
(ct) @R (ct) ( N . >
E - dN{" — Tr (R, (ct)" Ry, (ct) o, ) cdt ),
2 ( () Ry (ct) Qtf) Qi t r( (ct) (ct) o )C
where o, th = Wcjt/ﬁ and Ntm = N[} are adapted stochastic process with respect to the new filtration
(Sct)i>o (see, e.g., Chapter X of [20] or [29]). Since W,... W are independent (Sect)i>o-Brownian mo-

tions and the N™’s are (Sct)i>o-doubly stochastic Poisson processes with intensity Tr (R (ct)" Ryn (ct) 0, ),
becomes with ¢Lj (ct) and /cR,, (ct) in place of Lj (t) and Ry, ((t), respectively.

We use the following remark to approximate the dynamics of quantum physical systems with infinite-
dimensional state space by finite-dimensional stochastic master equations.

Remark 8. In case the dimension of § is infinite, we can approximate by finite-dimensional stochastic
master equations in a similar way to that of the numerical solution of the quantum master equations (see, e.g.,
[36]). Indeed, we should find a finite dimensional subspace b, of b such that H (t) ~ H (t) :== P, H (t) P,
L;(t) ~ Lj (t) := P, L; (t) Ps and R; (t) = R; (t) := PsR; (t) Ps, where Py is the orthogonal projection
of b onto h Then p, is appmmmated by the solutzon of (1) with initial datum PspyPs and H (t), L; (t),
R (t) replaced by the operators H (t), L; (t), R; (t).

11



Table 1: Estimated values of the error € (A) and the relative CPU time 7 (A) for Schemes and
A 278 279 2710 2711 2712 2713 2714

Scheme [1| 5.8448 4.8383 4.0076 2.9131 1.8881  0.9954 0.6367
~ Scheme Z 6.0139 4.6793 3.9311 2.7937  1.6056  0.8887 0.6130
T SchemeW| 81782 7.7518 7.2824 6.6006  6.0178  5.1713 4.4519
Scheme g 7.4041 10.174 8.6682 11.792  15.868  12.446 9.8675
Scheme |1 1.01 1.97 3.95 7.89 15.82 31.69 63.41
a Scheme 2 1.06 2.10 4.18 8.34 16.71 33.39 66.96
~ Schemef| 1.00 1.99 3.95 7.90 15.91 31.82 63.37
Scheme g 248.28 49741 997.33 1991.83 3990.66 7974.96 16423.67

4. Simulation results

This section illustrates the performance of Schemes [I] through @l For this purpose, as a “small quantum
system” we select a single-mode quantized electromagnetic field interacting with a two-level system. The
internal dynamics of this coupled system is governed by the Rabi Hamiltonian

Hpyy = w1 07/2+woala+g(al +a)o”, (21)

which acts upon the tensor product space b := ¢ (Z,) ® C? (see, e.g., [1, @ 41l [(5]). Here, w; > 0 is the

transition frequency between the ground state of the two-level system and its upper level ,wo >0

0 1
! ()
is the angular frequency of the electromagnetic field mode and g > 0 is the dipole coupling constant. As
usual, the Pauli matrices %, oV, 0% are defined by

. (01 , (0 —i . (1 0
7 =\10) 9=\ o) 72 " \o -1)

and the creation and annihilation operators a, a' are closed operators on ¢2 (Z, ) given by

n—1 ifn €N,
ae, = {\/ﬁe 1 UneE

. and a'e, = {\/n—|— lepy1 ifneZy,
0 ifn=0

where (e,,),>0 denotes the canonical orthonormal basis of £2(Z..).

4.1. Autonomous stochastic master equation of diffusive type
In this subsection, M = 0 and H (¢), Ly (¢), ..., Ly (t) are constant functions. Therefore, we will compute
the solution of the autonomous stochastic master equation

J
dpy = L p,dt + Z (Ljpt + P L; — 2R (Tr (L;p,) pt)) dwy, (22)

j=1
where
J
Lo=-i(Hg-oH)+ ) (LjoL; - LiL;0/2 - oL;L;/2)
j=1
and H, Ly, ..., L are linear operators on h with H* = H. We will compare the performance of Schemes
and the following numerical method designed by [3] for solving .

12
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(e) E(Tr (Lg p;)) with A = 2714 (f) V (Tr (Lgp;)) with A =2714

Figure 1: Computation of E (Tr (Lg p;)) and V (Tr (Ls p,)), where Lg and p, are given by System [2 with d = 30. The reference
values are represented by a solid line with stars, and the time ¢ runs from 0 to to 1 nanosecond.

Scheme 5. Let p, be a random variable with values in §. Suppose that W},Wf, cen W{,Wé, ... are
i.5.d. symmetric real random variables with variance 1 that are independent of p,. Define recursively
M, p, M}

Pl = o =
i T’I” (Mn pnMn)
where n € Z4+ and
J J _
M, =I—[iH+1/2> LL; | A+ 3y,L;
J=1 Jj=1
with 3y), = Tr (L;p,, + p,L%) A+ VA W), ;.
We will simulate computationally the next physical system.

System 1. The internal dynamics of the small quantum system is determined by the Hamiltonian H = Hpygp;
acting upon the quantum state space b = (2 (Z, )C?, where Hrap; is as in . The interaction of the small
system with two independent non-zero temperature baths is described by the Gorini-Kossakowski-Sudarshan-
Lindblad operators Ly = \/aga, Ly = \/ngaT, L; = VBio~, Ly = /Baot and Ls = /B307, where
aq, o0, B1,62,83 >0 and o~ , ot are defined by

0 1 0 0
ot = and o~ =
0 0 1 0

13



(see, e.g., [21)]). The continuous monitoring of the radiation field is characterized by
Ls = \/a37/2 (exp (i)a’ + exp (—ig)a)

and Ly = y/az (1 —~) /2 (exp (iy)al + exp (fiw)a), with g, >0 and v € 10,1] (see, e.g., [4, 3, 50, [57)]).

The above generic model describes important physical phenomena. In circuit quantum electrodynamics,
for instance, the two-level system is realized by an artificial atom (superconducting qubit) and the field
represents a microwave resonator. Moreover, the channel Lg characterizes a quantum non-demolition mea-
surement of the squeezed quadrature observable of the cavity microwave mode with detection efficiency -~y
(see, e.g., [1L 19, 4T 50, [55]), the channel Ly represents the loss light in the detection of the field quadrature.

The time ¢ is given in nanoseconds. The resonator frequency of the field is set at 27 « 7 GHz (see,
e.g., [41]), and so we = 147 (see Remark E[) We choose the qubit transition frequency such that w; = ws.
Moreover, we select the qubit-mode coupling strength g equal to 0.15w,, and hence the small quantum
system reach the ultrastrong-coupling regime (see, e.g., [41]). The measurement strength ag is set to 0.3 ws,
the quadrature angle is ¢ = /4 and the detection efficiency v has been assumed to be 0.9. Furthermore,
we take a; = 2a9 = 1 = 282 = B3 = 0.02ws. The initial density operator is the mixed state described by

1 1/V2 1/v2 1 0 0
Po=3 |3><3®|<1/ﬁ>><<1/\/§>|+2 |4) (4] ® <1>><<1>
<1>> and X2 = V2 |4) ® <O>> As usual, the

1 2 1

coherent state |a) is defined by |a) = exp (—\a|2/2 S0 gk ler) /VEL
Following Remark [8] we approximate System [l| by the finite-dimensional stochastic master equation
described in System

)

1
that is, p, is given by @ with g = 2, X} = 3 13) ®

System 2. Consider the stochastic master equation with § = (2 ® C2, where (3 stands for the linear
span of ey, ...,eq for any d € N. Take

H :wlaz/2+w2PdaTan+gPd (aT +a) P,o”,

where P4 be the orthogonal projection of (2 (Z.1.) onto 63, Moreover, set Ly = /o1 PgaPy, Lo = Jaz Pgal Py,
L3 =/Bio~, Ly = /20", Ly = \/B307,

Ls = \/a3y/2 Py (exp (i)al + exp (—iv))a) Py
and Ly = /a3 (1 —7) /2P4 (exp (iv)al + exp —iya) Py.

Adopt the framework of System By pondering the computational time for running Scheme [5| and
the match between System [1] and [2] we take d = 30. First, we test Schemes and [5] by computing
ETr (Lg p;) with 0 < ¢ < 1. For any A € £((3®C?), ETr(Ap,;) = Tr (AE p,). Since E p, satisfies the
quantum master equation and d is not too large, we get the reference values of E Tr (Lg p,) by calculating
the explicit solution of (f]). Second, we compute V (Tr (Lg p;)), the variance of Tr (Lgp,). The reference
values for the variance have been calculated by sampling 10* times Scheme [2l with A = 2722, It is worth
pointing out that the maximal gap between the variances of Tr (Lg p,,) produced by Schemes [I{ and [2] with
A = 2722 i5 of order of 0.008, while the maximal difference for Schemes [1| and [4] is 0.2296.

Figure|l|displays estimations of E Tr (Lg p,) and V (Tr (Lg p,)) obtained from sampling 10* times Schemes
and with step sizes A equal to 272, 27!1 and 274, Figure[l|shows that Schemes [1|and [2| reproduce
very well the oscillatory behavior of ETr (Lgp,). The first part of Table |1| provides the errors

€(A) = max{|V (Tr (L¢p,,)) =V (Tr (Lgp,a))| : n=0,..., [1/A]},

14
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(e) E (Tr (L1p,)) with A = 2712 (f) E (Tr (R1p;)) with A = 2712

Figure 2: Consider System [4 with d = 50. We present the values of E (Tr (L1p,)) and E (Tr (R1p;)) obtained from 20000
samples of Schemes m E @ and with step-size A. The reference values are represented by a solid line with stars, and the time
scale is in nanoseconds.

where each numerical method p,, is sampled 10 times. Figuretogether with Table point out the superior
accuracy of the exponential numerical methods Schemes[I]and 2Jover Schemes[@and[f] Furthermore, Scheme
has experienced serious difficulties in approximating System

The second part of Tablepresents the relative mean CPU time 7 (A) used for processing 100 realizations
of Schemes and [5| with step size A. Each 7 (A) has been estimated by averaging 20 batches of 100
numerical approximations. For a given A, we report the ratio of the CPU time for each numerical method to
the minimum of all CPU times, which corresponds to Scheme@with A =278 Tableshows the advantages
of solving by means of the representation (ED In particular, the computational costs of Schemes
and [4] are significantly lower than the one of Scheme [5] Moreover, the CPU time used by Scheme 2] is close
to that of Scheme [} thanks to Theorem

4.2. Direct detection

This subsection concerns with the numerical simulation of non-autonomous stochastic master equa-
tions involving diffusion and jump terms. We study the following driven open quantum system, where a
monochromatic laser light is applied to the field mode of the small quantum system under consideration.

System 3. We take
H = Hpapi + ¢ (exp (=i (wst + ¢))a’ + exp (i (wst + ¢))a) ,

acting upon b = 02 (Z,)®C?, and so the small quantum system is driven by a coherent field of amplitude € >
0, frequency ws € R and phase ¢ € R (see, e.g., [19]). A noiseless counter is determined by Ry = v/B1yo ™,
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A 276 277 278 279 2710 2711 2712 2713 2714

Scheme(1f 0.615 0.315 0.159 0.083 0.038 0.029 0.015 0.012 0.010
qa Schemeg 0.677 0.532 0.354 0.200 0.107 0.052 0.031 0.016  0.009
\E Schemeg 0.638 0.426 0.281 0.170 0.093 0.046 0.035 0.012  0.007

Scheme Z 1.878 1.929 1.953 1.948 1.943 1934 1920 1.905 1.879

Scheme 1} 0.620 0.345 0.176 0.088 0.051 0.024 0.016 0.012 0.014
q Schemea 0.594 0.366 0.222 0.118 0.059 0.032 0.021 0.017  0.013
:ﬂ”; Schemeg 0.664 0.337 0.162 0.086 0.045 0.026 0.019 0.011  0.009

Scheme Z 1.064 1.134 1.270 1.388 1.504 1.596 1.650 1.696  1.739

Scheme |1} 1.25 245 471 9.09 18.08 34.07 67.17 134.44 262.67
qa Schemez 1.60 291 556 1041 20.65 38.22 76.52 153.14 305.68
~ Scheme|3 1.89 3.45 640 11.47 22.65 43.21 86.23 173.21 343.59

Scheme Z 1.00 196 3.75 7.53 14.89 29.88 59.73 119.22 238.68

Table 2: Estimated values of e2 (A) and €3 (A) for Schemes|[I]- ] obtained from 20000 observations of System [4] with d = 50.

and the channel Ry = \/f1 (1 —y)o~ represents the loss light in the direct detection, where v € ]0,1] is
the fraction of the detected fluorescent light and B1 > 0 (see, e.g., [0]). The interaction between the two
level system and a thermal bath is described by Rs = /Bao ™, Ry = /BzoT,Rs = \/Bs0?, as well as the
interaction of the field mode with an independent reservoir is modeled by Ly = /aja and Ly = \/@aT.

Here, a17a2762753u64 > 0

As in Section we choose w; = wy = 147w and g = 0.15wy. Moreover, we consider a coherent field
with amplitude € = 0.15ws, frequency ws = 1.1ws and phase ¢ = w/4. The measurement strength §; is
set to 0.3w; and the fraction of the detected fluorescent light v has been assumed 0.9. Finally, we select
a1 =2as = 0.02ws and By = 283 = 284 = 0.01w;. The initial density operator is the mixed state described

()= L 1))

Using Remark [8| we approximate System [3| by the following stochastic master equation.

1
by@withu:ZXé:i\Q)@

System 4. Adopt the stochastic master equation with h = 2 @ C?,

H=wo%/2+wy P,a'aP,+ gPy (aT +a) P,o”"
+ ePg (exp (—i (wst + #))al + exp (i (wst + ¢))a) Py,

Furthermore, set Ly = Jaj PgaPy, Ly = Jaa PsaiPy, Ry = Bivo~, Ry = /B (1—7)o~, Rz =
Boo~, Ry = /B30 and Rs = \/Bi07. As in System@ (2 denotes the linear span of eq, ... ,eq for any

d € N, and P is the orthogonal projection of * (Z..) onto (3.

We simulate numerically System [4 with d = 50, which is a good approximation of System [3| by applying
Schemes In order to test the accuracy of Schemes we compute E Tr (L; p;) and ETr (R4 p,), where
0 <t < 2. The references values have been obtained by solving via the ode45 MATLAB program,
which is based on the Dormand-Prince method. Figure 2| shows estimations of ETr (L1 p,) and ETr (R1p,)
obtained from sampling 2 - 10* times Schemes with step sizes A equal to 276, 272 and 2712. Table
provides the errors

&2 (A) = max {[E (Tt (L1p,,)) — E (Tt (Lip,a)) sn =0, [1/A]}
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Figure 3: Computation of the Mandel-QQ parameter corresponding to System [4| with d = 50 and w3 = 1.1w2. We use
20000 realizations of Schemes and

and
5 (A) = max {|E (Tr (R1p,)) — E (Tt (Rip,a))| i1 =0,.... [1/A]},

as well as the relative mean CPU time 7 (A) used for processing 100 realizations of Schemes with step
size A, which was calculated as in Table

Figure[2]and Table 2]illustrate the good accuracy of Schemes[I} 2]and 8] In contrast to Scheme[d] Schemes
reproduce very well the oscillatory behavior as well as the amplitud modulation of the interference
between the natural frequency of the small system and the driving coherent field.

Now, we compute the Mandel Q-parameter:

E((N})?) — (ENE)?
Qi (t) = (( I)E()Ntl)( )—17 (23)

which characterizes the departure of the number of photocounts from Poisson statistics (see, e.g., [0, 30} [31]).
Figure [3| displays estimations of Q1 (¢) obtained from Schemes with step sizes A = 276,279 2712 2-15,
Schemes consistently show that @ (t) takes negative values stabilizing around —0.28. These negative
values indicate sub-Poissonian statistics that is an indicator of non-clasical effects, in a good agreement with
the Physics of System [3] On the other hand, Scheme [4] change its behavior from sub-Poissonian statistics
to Poissonian statistics as the step size A decrease.

Finally, we study the behavior of System [3| for different frequencies ws of the monochromatic laser light,
while keeping the other parameters unchanged. To this end, we simulate numerically System [4] with d = 100
by using Scheme Figurepresents the Mandel Q-parameter @1 (¢) when w3 = 0, 0.4 wa, 0.8 wa, wa, 1.2 wa,
1.6 wa, 2ws; we recall that the time ¢ is given in in nanoseconds. If ws is near the resonance frequency wa,
then Figure 4| shows that @y (t) takes negative values. In the other case, Schemes [1| predicts that Qi ()
varies from negative to positive values as the system evolves in time.
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Figure 4: Consider System E with d = 100. We show the Mandel-Q parameter for different values of w3 obtained from
20000 observations of Schemem We take w3 equal to 0, 0.4 w2, 0.8 ws, wa, 1.2w2, 1.6 we and 2ws.

5. Proofs

5.1. Proof of Theorem [2.1
Proof. As A[N™ N™] = (AN™)(AN™) (see, e.g., [46]) we have

N™ ifm=m

=)

otherwise,
because AN;™ € {0,1} and N*,..., NM are counting process having no common jumps. Since
| XE) (XE[ = [XE) (X6 | = [XE) (AXE[ = [AXE) (XE_| = [AXT) (AXE| =0,

applying It6’s formula for complex-valued semimartingales (see, e.g., [46]) yields
t
38 (] = [xX8) (X8 + [ (1@ (= X8 )) (X4 | +[XE ) (@ (5= X5 ) s
J t
03 (s X~ (1) X (KE |4 X)Ly () XE 1 (1) XE|) a2
j=170

J t
+ Z/O (|1 () XE_ — € (s—) XE_ )Y (L () XE_ — ; (s—) XL _|) ds

Mot (IR, (s) XE k> . . <Rm<s>X’; "

— 5= _ X X X — X
+mz_1/0+< \/m s— < s—‘+| s—> \/m s—
M t
2L

R, ()XE ><W_ >dN;w.

Vim =) )\ A ()

) any

Xk




Using simple algebraic manipulations we get

M t
38 (] = 6 (X5 -+ 3 [ R (o) 8 (6| s en
t J
—|—/0 (’G(s) X§_> <X’§_‘ +[Xs-) <G (s) Xf_| + Z |Lj (s) Xf_> <Lj (s) Xﬁ_‘) ds

J t
30 [ () (R X (L ()X | =26, ) [XE) (K%

M
C R ()X ) (R ()X 5k y e m
Define pf = |X}) (XF| and g, = Y_i_; pf. Then
4 (s) =Y R (Tr(L; (s) pt)) = R (Tr (L () 0,)) (25)
k=1
and B
Tm (8) = Z Tr (R, (5)" Rin (5) pF) = Tr (R, ()" Ry () 0,) - (26)
k=1

Thus, the stochastic intensity of N™ is Tr (R, (s)" Ry, (s) p,_) for any m = 1,..., M. Combining (24),
and gives

M t
i = |X5) (Xg] + Z/O Tr (R (3)* R (5) 0, ) PF_ ds
m=1

t J
+/0 (G () ph_ +pE G (s)"+> L;(s) pb L, (8)*> ds

j=1

J t
30 [ (T )k kL (o)~ 2R (T (L () . ) ) V2

M "
n Z /t R, (5) plschm (5) _ pk AN™
m=1"0+ Tr (R’H'L (5)* RnL (5) Qs_) o 3
Therefore, p, satisfies . O
5.2. Proof of Theorem[3.]]
Proof. Since ‘
G gJ: G Gg VjeN
Ol><d 0 01><d O ’
N, (&) N, (&) &
simple algebraic manipulations yield N, (£) = ( Ig () pa (21m) 2m> and
1xd
G e}
qu(A) _ Dy, (2*”) Dy, (271)2im
2m 01><d 1



-1 -1~
Dm (2%) *qu (2%) Dm (2%) 2%"> and so

-1
Hence D, (QA) = ( 0, )
X

Puy (55) Dy (55) 7 (Nog (55) - Diy (55)) &

D, (A/2™) " Ny (A/27) =
led 1

Hence

m

o 2) e (2)

2m m_ j -1 [~ ~
Po (£)" (30 Po (£)) Dy () (N (£2) ~ Dy (£)) &
led 1

Using that Z?:o_ IXi = H;":_Ol (I + ij) for any matrix X, we obtain the assertion of the theorem.

5.3. Proof of Theorem|[3.9
Proof. Fix p € N. Due to

G/ Gi'a G/~2(Gg+ab)
Al =] 0144 0 0 Vi > 2,
led 0 0

algebraic manipulations lead to

Noo (8) Moo (8) 2 Nou () £+ M () 22

A
_ — bp
Nog (M) 01d 1 1w (p+9)
01xq 0 1
and _ —~
Ay (Prr(%) D ($)5 Do () 8400 (8) 52
) = ___bg
Dpq <M> 014 1 1 (p+9)
01xd 0 1
Therefore,

=|  Oixa 1 o

(2 [PlE) )
rq

o
—

led

—1 ~ ~
with « = Dy (S)  (Dyy (€) (B + 72225 ) + Dyg (S) 28). This gives

E
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From we obtain

v (Po(S) T v ) (Fu)E () 2R) +F () F () 2
Py <A> = Ol(xd) 1 ( b ) )

i
01x4q 0 1

™

with r (u) = Z?;é P, (G/p) and F(p) = 25;(} (k—1—=7)Pp (G/p)’. Using algebraic manipulations
we deduce that m +— r(2™) and m — T (2™) satisfy the recurrence relations ([L9). O

6. Conclusion

The numerical simulation of quantum measurement processes in continuous time, with mixed initial
states, leads to solve stochastic master equations (SMEs for short). In a wide range of physical situations,
the SMEs are (or are approximated by) stiff stochastic differential equations in high-dimensional linear
operator space. In order to overcome the difficulties arising in the direct numerical integration of SMEs,
we find a new representation of the solution to the jump-diffusion SME by means of coupled non-linear
stochastic Schrodinger equations. This has allowed us to design numerical methods for SMEs based on new
exponential schemes for jump-diffusion stochastic Schrédinger equations. Thus, we develop a set of numer-
ical methods that accurately compute high-dimensional stochastic density operator describing continuous
quantum measurements, with a reasonable computational cost. We show the good performance of the new
numerical integrators by simulating the continuous monitoring of two open quantum systems formed by a
quantized electromagnetic field interacting with a two-level system, under the effect of the environment.
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