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Abstract. We study the dynamics of the solution of a non-linear quantum master
equation describing a simple laser under the mean field approximation. The quantum
system is formed by a single mode optical cavity and a set of two level atoms that
are coupled to two reservoirs. First, we establish the existence of a unique regular
stationary state for the non-linear evolution equation under consideration. Second, we
examine the free interaction solutions, i.e., the solutions to the non-linear quantum
master equation that coincide with unitary evolutions generated by the Hamiltonian
resulting from neglecting the interactions between the laser mode, atoms and the bath.
We obtain that a family of non-constant free interaction solutions borns at the regular
stationary state as a relevant parameter, which is denoted by C}, passes through
the critical value 1. These free interaction solutions yield the periodic solutions of
the Maxwell Bloch equations modeling our physical system in the framework of the
semiclassical laser theory. Third, in case C < 1 we deduce that the system converges
exponentially fast to the equilibrium, and so the regular stationary state is a globally
asymptotically stable equilibrium solution. Thus, the quantum system has a Hopf
bifurcation at Cy = 1.

Keywords: open quantum system, mean-field quantum master equation, laser dynamics,
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1. Introduction

This paper develops a physical example of bifurcation in open quantum systems.
Namely, we rigorously analyze the qualitative changes in the dynamics of the solution

1 Partially supported by FONDECYT Grant 1140411 and BASAL Grant PFB-03.
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to the mean field laser equation

d W 1 1
%pt = —15 [2 ala+ o3, pt] + 2K (a pa’ — §aTapt - éptaTa)
S S Lo -
+Kk_o |0 pr0" — =00 pr— =Zpt0' 0
2 2
X | (1)
+ Ky (a*pt o — §U’U+pt —5p aa*)

+g [(Tr (07 pr) a’ —Tr (e pr) a) + (Tr (ant) o~ —Tr(ap) a+> : pt]

as the parameter Cy 1= 2¢® (ky — k) / (k (K4 + E_)Q) varies from ]—oo, 1] to |1, +o0l.
Here, w € R, g is a non-zero real number, x, k4, k_ > 0, p; is a non-negative trace-class
operator on (% (Z,) @ C?,
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and the closed operators af, a on (*(Z,) are defined by a'e, = v/n+ 1e,;; for all
n € Z, and

Y

\/ﬁen—l ifneN
ae, =
0 ifn=0

where (e,,),>0 denotes the standard basis of (*(Z.).

The non-linear quantum master equation reproduces the Dicke-Haken-Lax
model of the laser (see, e.g., Section 3.7.3 of [I], Section V.E of [2] and [3]). Under
the mean field approximation, governs the evolution of a radiation field (with
resonance frequency w) coupled to a set of identical non-interacting two-level systems
with transition frequency w (active medium). The field and the atoms interact weakly
with independent reservoirs, causing the photons to leave the resonant mode of the
radiation field at rate 2k and producing the atoms to spontaneously make downward
and upward transitions at rates k_ and k., respectively. The constant g characterizes
the coupling between atoms and the field mode. Using we obtain, formally, the
closed set of first-order differential equations:

(d

7 Tr(ap) =—(k+iw)Tr(ap)+g Tr (o p)
%Tr (c7p) == (v+iw) Tr (67 p) + g Tr(ap) Tr (o®p,) vt >0, (2)
4 Tr (0%p) = —4g R (Tr (ap) Tr (a—pt)) — 2y (Tx (0°py) — d)

\ dt
where v = (ky +k_) /2 and d = (ky —k_)/(ky +Kk_). In the semiclassical laser
theory, the Maxwell-Bloch equations describe the evolution of the field (i.e.,
Tr (a p;)), the polarization (i.e., Tr (0~ p;)) and the population inversion (i.e., Tr (c®p;))
of ring lasers like far-infrared N Hj lasers (see, e.g., |4, [5 [6]).

Since the invention of the laser, many experimental and theoretical studies have
been undertaken to investigate qualitative properties of the laser dynamics (see, e.g.,
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5, [, 8 ©]). Depending on the operating conditions, lasers can show stable or
unstable behaviors (see, e.g., [8, [10, 11, 12]). FEach laser regime has enabled the
development of remarkable applications; for instance, chaotic lasers have been used
in secure communications (see, e.g., [8, 13, 14]) and random number generation (see,
e.g., [8, 14 15, 16]). Threshold conditions for the instability of the semiclassical laser
equations had been investigated already in the 1960s (see, e.g., [I7] and Section 3.4.1
of [7]). In 1975, Haken [18] found an analogy between the Maxwell-Bloch equations for
single-mode lasers and the Lorenz equations. From then on, the qualitative behavior of
semiclassical laser models has been examined in a number of physical papers by using,
for instance, linear stability analysis (see, e.g., [4, 5, [6, [7, [19]). As we recall in Section [2]
the Maxwell-Bloch equations develop periodic solutions from the stable fixed point
(0,0,d) as Cjy crosses 1 (see also, e.g., Section 3.7.3 of [I] and [20]). Therefore, (?2))
undergoes a Hopf bifurcation at Cy, = 1.

In this paper we determine how the full quantum dynamics described by yields
the bifurcation scenario of . Indeed, we prove that has a Hopf bifurcation at
Cy = 1. To the best of our knowledge this is the first time that Hopf bifurcation is
rigorously established at the level of (infinite dimensional) density matrices in the study
of a nonlinear evolution of an open quantum system. In contrast to the semiclassical
approach, full quantum models capture very well quantum effects like coherence,
spontaneous emissions and photon-number statistics (see, e.g., [4]). This motivates the
investigation of the changes in the qualitative behavior of quantum master equations
describing open quantum systems, as well as their mean-field approximations. Another
important motivation comes from the study of the connections between quantum
mechanics and classical chaotic systems, a subject treated in depth by the quantum
chaos theory (see, e.g., [21], 22, 23]).

First, we establish the existence and uniqueness of the regular solution to , as well
as we prove the validity of whenever the initial state is regular enough. Previously,
Arnold and Sparber [24] proved the existence and uniqueness of global solutions to a non-
linear quantum master equation involving the Hartree potential by means of semigroup
techniques.

Second, we study the changes in the invariant sets of the mean field laser equation
(1)) (namely, stationary and free interaction solutions) as the parameter Cy varies. We
show that

o= o) e (3% e eal+ 25 e e )

is the unique regular stationary state for (l) with w # 0, the physical situation we
are interested in. This invariant solution yields the unique stationary solution of .
Moreover, we consider the free interaction solutions to with w # 0, that is, the
solutions of that also satisfy

d w
= —]1—

gir = —ig [2ala+ ot al; @)
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the von Neumann equation describes the evolution of the physical system in absence
of interactions between the laser mode, atoms and the bath. If C, < 1, then we prove
that o, is the unique regular free interaction solution to . In case Cy > 1, we obtain
that 0. splits into o, and a family of non-constant free interaction solutions that yield
the periodic solutions of . In earlier works, numerical studies of the bifurcation
structure of the steady state density operators of quantum master equations in Gorini-
Kossakowski-Sudarshan-Lindblad form have been carried out, e.g., by [19, 25, 26].
Moreover, the stationary states for infinite-dimensional quantum Markov semigroups
have been treated, e.g., in [27, 28| 29].

Third, we deal with the long time behavior of p;. We show that p; evolves toward
0o Whenever Tr (a pg) = Tr (0~ pg) = 0. Furthermore, in case Cy, < 1, we deduce that
pr converges exponentially fast to g, in the trace norm, and so g is a global attractor
for ((1)). In previous articles, the exponential convergence to the equilibrium state of
quantum Markov semigroup has been examined in, e.g., [30, 3] 32].

This paper is organized as follows. Section [2| presents relevant properties of .
Section 3| is devoted to the main results. Due to its important role in studying ,
we address in Section [4] the linear quantum master equation resulting from replacing in
the unknown values of Tr (6~ p;) and Tr (a p;) by known functions « (¢) and 3 (t).
To this end, we develop basic properties of general linear master equations by using
probabilistic techniques. All proofs are deferred to Section [5

1.1. Notation

In this article, (b, (-, -)) is a separable complex Hilbert space whose scalar product (-, -} is
linear in the second variable and anti-linear in the first one, The canonical orthonormal

1
basis of (%(Z,) is denoted by (en)n>0, as well as e, = 0 and e_ = (1) is the

standard basis of C2. We write D (A) for the domain of A, whenever A is a linear
operator in h. As usual, we set [A, B] = AB — BA in case A, B are linear operators in
h, and N = afa. If X, 3 are normed spaces, then we denote by £ (X, 3) the set of all
bounded operators from X to 3 and we define £ (X) = £(X, X). By £, (h) we mean the
set of all trace-class operators on h equipped with the trace norm.

Suppose that C' is a self-adjoint positive operator in h. For any z,y € D (C)
we define the graph scalar product (z,y), = (z,y) + (Cz,Cy) and the graph norm
|z|lo = /{x,2) 5. We use the symbol L? (P, ) to denote the set of all square integrable
random variables from (€2, §, P) to (h,B (b)), where B (2)) denotes for the set of all Borel
set of the topological space ). Moreover, L% (P, ) stands for the set of all £ € L? (P, h)
such that £ € D(C) a.s. and E (||§||é) < 00. We define m¢ : h — b by no(z) = x if
x€D(C)and mo(z) =0if 2 ¢ D(C).

Recall that w € R, g € R\ {0}, and k,k,,k_ > 0. To shorten notation, we take
v=(ky +r_)/2and d = (ky —k_)/ (ks +K_). Then k- =y (1 —d), Ky =~ (1 +d)
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and

Using k_, ky > 0 we deduce that v > 0 and d € |—1,1[. In what follows, the letter K
denotes generic no-negative constants. We will write K (-) for different non-decreasing
non-negative functions on the interval [0, co[ when no confusion is possible.

2. Complex Lorenz equations

Taking A (t) = Tr (ap), S (t) = Tr (07 p;) and D (t) = Tr (0p;) we rewrite (2)) as

’%A(t) (i) A(H) + g S ()
C8() =~ (+iSH+gANDE) (5)

d S
| 5D (0 = —4g R (A ®)S (t)> —29(D(t) — d)
where t > 0, D(t) € R and A(t),Y (t) € C. The complex Lorenz equation has

received much attention in the physical literature (see, e.g., [20,33]) due to its important
role in the description of laser dynamics. For completeness, we next present relevant
properties of , together with their mathematical proofs.

Theorem 2.1. Suppose that d € |—1,1[, w € R, g € R\ {0} and x,y > 0. Then, for
every initial condition A(0) € C, S(0) € C, D(0) € R there exists a unique solution
defined on [0, 400] to the system (8]). Moreover, we have:
e [fd <0, then for allt > 0,
41| JA@P + 418 (O + (D (1) — df

< e ) (4]d]|A (O) + 418 (O) + (D (0) — d)?) o
o [fd >0, then for anyt > 0,
2 92 2 92 2
|A ()] +%!S(t)\ +m(D(t)—d) .
—tmin ”*%dﬁf%d 2, 9 2 g’ 2
I }(|A<o>| FLISOF + L (D0 - ).

o [fd>0 and Cy, < 1, then for any t > 0,

IS OF + (D (t) = d)* /4 (8)
—(1—-Cy) min{k,y}t M 2 4_I€ 2 E — — 2

< otmcmeient (B o4 (L) soF + (54 1) 00 - 02).

o Ifw#0, then (A(t),S(t),D(t)) = (0,0,d) is the unique constant solution of (3.

Proof. Deferred to Section [5.1.1] O]
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In case ¢g*d < k7, (0,0,d) is an asymptotically stable equilibrium point of (5)); in
fact, from (6)) and (7)) it follows that A (¢), S (¢) and D (¢) —d converge exponentially fast
to 0 as t goes to +oo. In order to describe periodic solutions of (whenever ¢g%d > k7y),
it is usual to set X (t) = exp (iwt) A(t), Y (t) = exp (iwt) S (t) and Z (t) = D (t) — d for
all t > 0. Thus, is transformed into

X'(t)=—-rX(t) —I—gY(t)
Y (1) = dg X (£) =Y (1) + g X (1) 2 (1) )
Z'(t) = ~4g% (X ) <> (1) =27 Z (1)

Using simple algebraic manipulations we now find the equilibrium points of @

Theorem 2.2. Let the hypotheses of Theorem[2.1] hold. In case Cy < 1, (0,0,0) is the
unique equilibrium point of (@ If Cy > 1, then the unique constant solutions of (@ are
(X (t),Y (t),Z(t)) = (0,0,0) and the family

{X<t>— (dg? — ), Y (t) =

Proof. Deferred to Section [5.1.2] O

L LEPRTENY
" (dgt =), 20 = 2 a2 1}

2f-€g 2g4

According to Theorems and we have that has a Hopf bifurcation at
Cy = 1, because periodic solutions of arise from the stable fixed point (0,0, d) as Cy
crosses 1.

3. Quantum Hopf bifurcation

This section presents the main results of the paper. We start by recalling that a density
operator p is C-regular if, roughly speaking, C'o C is a trace-class operator, where C' is
a suitable reference operator (see, e.g., [34, [35]).

Definition 3.1. Suppose that C' is a self-adjoint positive operator in h. An operator
0 € £1(h) is called density operator iff o is a non-negative operator with unit trace. The
non-negative operator o € £(h) is said to be C-regqular iff 0 = >, 5 An [un) (un| for some
countable set J, summable non-negative real numbers ()
elements of D (C), which together satisfy: >
the set of all C-regqular density operators in b.

ne and collection (uy), .y of

A |Cun||® < 0. Let £7 ¢ (b) denote

nedJ

Next, we establish the existence and uniqueness of the regular solution to . We
also obtain a Ehrenfest-type theorem describing the evolution of the mean values of the
observables a + af, 0= + ot and o3.

Definition 3.2. Let C be a self-adjoint positive operator in h. A family (pi);q
of operators belonging to £1+,C(f)) is called C-weak solution to iff the function
t — Tr(ap;) is continuous and for all t > 0 we have

7 Tr (Ap) = Tr (AL, (pt) pr) VAe £(h),
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where
1 1 1
L, (0)o= —% [2a'a + 0®, 0] + 2x (a oal — §aTag — 5gaTa)
Y N DU T N S
tho | 0700T — 50707~ 00T 0 | +ky | 0T00T — g0 0 e~ 0070

+g [Tr (U_E) al —Tr (0+§) a, Q] +g [Tr (aTE) 0" —Tr(ag)o™, Q} :
Theorem 3.1. Suppose that o € £ v, (> (Zy) ® C?), with p € N. Then, there exists

a unique NP-weak solution (p;),s, to with initial datum o. Moreover, the Mazwell-
Bloch equations (@ hold.

Proof. Deferred to Section [5.3] n

We now ensure the existence and uniqueness of the regular invariant state for
provided that w # 0. This stationary state yields the stationary solution of , which
is Tr (ap;) = Tr (67 p;) = 0 and Tr (®p,) = d.

Definition 3.3. Consider a C-regular density operator 0. We say that o is a stationary
state for iff t — 0 is a constant C'-weak solution to .

Theorem 3.2. Let the density operator oo, be defined by (@ Then 0o s a stationary
state for . Moreover, in case w # 0, 0 1S the unique N-reqular density operator
which is a stationary state for .

Proof. Deferred to Section [5.4] O

We turn our attention to the regular solutions of (|1f) that are also unitary evolutions
generated by the Hamiltonian £ (2N + ¢°), which arises from neglecting the interactions
between the laser mode, atoms and the bath.

Definition 3.4. Assume that (p;),5, is a C-weak solution to . We call (pt) >, free
interaction solution to if and only if
Pt = exp (—i% (2N + 03) t> 00 €XP (1% (2N + 03) t) vt > 0.
Remark 3.1. If (p;),5 is a N-regular free interaction solution to , then (pt);>o also
satisfies the quantum master equation
d W
J— = —1—
a’ = e

Consider with w # 0. The following theorem asserts that a family of non-
constant free interaction solutions borns at the regular stationary state as C, passes

[2aTa +0°, pt] .

through the bifurcation value 1. These free interaction solutions yield the periodic
solutions of whenever Cy > 1.

Notation 3.1. The coherent vector associated with ( € C is defined by

e(C) =Y ("en/Vnl,

n>0

where (€,)n>0 denotes the canonical orthonormal basis of (*(Z.y).
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Theorem 3.3. Let w # 0. Take Cy = dg?/ (vk). If Cy < 1, then does not have non-
constant N -regular free interaction solution. In case Cly > 1 all non-constant N -regular
free interaction solutions to are:

9 (e ()
V29 V2g
L(1+d) e G
(eww\/T %(1—07) )

where 0 is any real number belonging to [0, 27].

e

Proof. Deferred to Section [5.5] m

Remark 3.2. Suppose that w # 0. According to the proof of Theorem[3.3 we have that
the unique constant N -reqular free solution to 15 described by (@

Remark 3.3. The non-constant N -reqular free interaction solutions of are periodic.

Consider the complex Lorenz equation (j5) with initial condition A (0) = .5(0) =0
and D(0) € R. Using A(0) = S(0) = 0 we obtain A(t) = S(t) = 0 for all
t > 0, and so E (D(t)—d) = —2y(D(t) —d). In the language of the Maxwell-
Bloch equations (2), Tr(ap;) = Tr (07 p;) = 0 and Tr (0%p;) evolves toward d in case
Tr (apo) = Tr (o~ py) = 0. Theorem (3.4 below provides a full quantum explanation for
this long time behavior.

Theorem 3.4. Let o be a N-regular density operator in (*(Z,) @ C* such that
Tr(ag) = Tr(c70) = 0. Suppose that (p;),s, is the N-weak solution to with initial
state 0. Then Tr (apy) = Tr (o= pt) =0 for allt > 0, and

Tr (|pr — 0]) < 12 exp (=7t) (1 +|d]) + 4 exp (—kt) \/Tr (o N) vt >0, (10)
with 0o defined by @
Proof. Deferred to Section [5.6] O

Let Cy < 1. From Section [2] it follows that (0,0,d) is an asymptotically stable
equilibrium solution of the the Maxwell-Bloch equations . Indeed, lim;_, o Tr (ap;) =
0, lim;_, oo Tr (07 p;) = 0, and limy_,, o, Tr (63p;) = d. Next, we show that p; converges
to the stationary state with exponential rate, and so o, attracts all N-regular
density operators. Moreover, we get the limiting behavior of the mean values of N-
bounded operators like N ® (67 +07).

Theorem 3.5. Let (pt),~, be the N-weak solution to with w # 0 and initial datum
po € £ n (£ (Zy) ® C?). Suppose that Cy = dg*/ (yr) < 1. Then

Tr ([pe = 0s0l) < Kays (Ig]) exp (—0sys ) vt >0, (11)
where 0 1S given by (@,

{min{ﬁg,v}/Q itd<0
sys — )

(1 — Cy)min{k,~} /3 ifd>0
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and Kgys () is a non-decreasing non-negative function depending on Tr (po N) and the
parameters d,  and . If max {||A |2, ||A*x||2} < K ||z|3 for all z € D (N), then for
allt > 0 we have

d+1 1—-d

Tr(p A) — (eo®ey,Aey @ ey ) —

coRe_,Aeg®e_
(€0 0®e-) (12)

< Kyys (19]) exp (=045 t)

where IN(SyS () is a non-decreasing non-negative function depending on A, Tr (py N), d,
Kk and 7.

Proof. Deferred to Section [5.7] O

4. Linear quantum master equations

4.1. General linear quantum master equations

This subsection addresses the well-posedness of the non-autonomous linear quantum
master equation

d * *
P G(t) pe + G (1) + ; Ly (t) peL (t) t=>0, (13)
where p; is a density operator in h and G (t), Ly (t), Ly (t),... are linear operators in

b satisfying (on appropriate domain) G (t) = —iH (¢) — 2 352, L (t)" L (t) with H (t)
self-adjoint operator in h. Similar to [35], we will obtain basic properties of ((13]) with
the help of the linear stochastic evolution equation in b:

t ot
X9 =+ [ GEX©ds+ Y [ L) X (14)
0 =1 J0
where W1, W2, ... are real valued independent Wiener processes on a filtered complete

probability space (Q, 5, (&)tZO ,IP’). Suppose that the density operator py is C-regular.
According to Theorem 3.1 of [35] we have py = E |£)(£] for certain & € L2 (P, h). We set

pri=E[X: (§)) (X: (O], (15)
where we use Dirac notation and X; (£) is the unique strong C-solution of (see
Definition [4.1)). Then p, is a C-regular density operator (see [35] for details).
Hypothesis 1. There ezists a self-adjoint positive operator C' in b such that D (C) C
D (G (t)) and D(C) C D(Ly(t)) for all t > 0, and G(-) o m¢ and L, (-) o m¢ are
measurable as functions from ([0, 00 x b, B ([0,00[ x b)) to (h, B (h)).

Definition 4.1. Assume Hypothesis . Let T be either [0,00] or [0,T], with T € R,.
By strong C-solution of with initial condition &, on the interval I, we mean an

b-valued adapted process (Xy (§)),e; with continuous sample paths such that for all t € I:
E|IX; () < K OEE], Xi(§) € D(C) as., supyeo EIICX, (6| < 00, and

Xt(f):§+/ G (s) 7o (X, (g))ds+z/ Lo (s) 7o (X, (€)) dW! aus.
0 — J0
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The following theorem, which extends Theorem 4.4 of [35] to the non-autonomous
context, asserts that p, given by is a regular solution to (|13]).

Definition 4.2. Let C' be a self-adjoint positive operator in §. A family (pt)tZO of
C-reqular density operators is called C-weak solution to if and only if

% Tr (Ap;) = (A (G (t)pe +pG ()" + Z L () peL (t )) (16)

for all A€ £(h) and t > 0.

Hypothesis 2. Suppose that C satisfies Hypothesis 1], together with:
(H2.1) For anyt >0 and x € D (C), |G () z|]> < K (t) |||7, .

(H2.2) For anyt >0 and z € D(C), 2§R<x G(t)x) + 302, |1 Le () ||* = 0.

(H2.3) For any initial datum & € L% (P (-) has a unique strong C'-solution on any
bounded interval.

(H2.4) There exist functions fo, f1,... : [0,00] x [0,00[ — [0,00] such that: (i) fi is

bounded on bounded subintervals of [0, 00 x [0,00][; (i) lims_y fx (s,t) = 0; and
(iii) for all s,t > 0 and x € D (C) we have |G (s)z — G (t) z||*> < fo (s,t) ||z||% and
1Ze () = Lo (t) 2[|* < fe (s,8) ]l
Theorem 4.1. Let Hypotheses (1| and |4 hold. Assume that oy be C-reqular, and that
G (t),L1(t), Ly (t), ... are closable for all t > 0. Then p; given by is a C-weak
solution to . Moreover, for all t > 0 we have

t
Pt = Po +/ (G (8) ps + psG (5)" + Z L () psLe (s ) ds, (17)
0

where we understand the above integral in the sense of Bochner integral in £, (h).
Proof. Deferred to Section [5.2.1] O

Remark 4.1. Sufficient conditions for the regularity of the solution to the linear
stochastic Schodinger equation (i.e., Hypothesis 2.3) are given, for instance, in
30, (37, [38].

4.2. Adjoint quantum master equations

The next theorem introduces the operator 7; (A) that describes the evolution of the
observable A at time ¢ in the Heisenberg picture. Roughly speaking, the maps
A — T;(A) is the adjoint operator of the application o — p;, where p; is defined

by .

Hypothesis 3. Let Hypothesis[1] hold, together with Conditions H2.1 and H2.3. Suppose
that
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(H3.1) For allt >0 and z € D (C),
2R (2, G (t)x) + Y |ILe () 2] < K (1) ||l
=1

Theorem 4.2. Assume that Hypothesis |1 and Conditions H2.1 and H2.3 holds.
Consider A € £(h). Then, for every t > 0 there exists a unique T; (A) € £(bh) for
which:

(, T (A)y) = E(X; (2), AX; (y)) Va,y € D(C). (18)
Moreover, sup,cio 1 | T: (A)|| < oo for all T > 0.
Proof. Deferred to Section [5.2.2] O

Theorem below shows that T; (A) is the unique possible solution of the adjoint
quantum master equation

GTW=TOCO O T A+ L@ TA L@ (1)

Thus, we generalize Theorem 2.2 of [35] to the non-autonomous framework.

Theorem 4.3. Let Hypothesis [3 hold, and let T;(A) be as in Theorem with
A€ £(b). Assume that (A;),q is a family of operators belonging to £(h) such that
AO = A7 SUPsel0,4) ”ASHE(h) < 0, and

@ (o, A = (0, AG (1)) + (G (1), A+ S (Lo (1) 2, AL (1)) (20)
=1
for all x,y € D(C). Then Ay = T; (A) for all t > 0.

Proof. Our assertion can be be proved in much the same way as Theorem 2.2 of [35]

(see Section [B). O

Remark 4.2. In the autonomous case, [35, [39] obtain sufficient conditions for T; (A)
defined by (@ to be solution of (@ Using semigroup methods, [34), 40, 41, [42] show
the existence and uniqueness of solutions to and @, in the semigroup sense.

In order to check Condition H2.3 we establish the following extension of Theorem
2.4 of [36].

Hypothesis 4. Suppose that C satisfies Hypothesis[1], together with:
(Hj.1) For anyt >0 and x € D(C), |G (t)z|” < K () ||| .
(H4.2) For every { € N there exists a non-decreasing function K, : [0,00] — [0, 00|
satisfying ||Le (t) z||° < K (t) ||z]|2, for allz € D(C) and t > 0.
(H4.3) There exists a non-decreasing function o : [0,00[ — [0,00[ and a core D of C?
such that for any x € ®1 we have

2R (C%e,G () x) + Y |CLe () al* < at) Jall’ V>0
/=1
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(H4.4) There exists a non-decreasing function ( : [0,00[ — [0, 00[ and a core 4 of C' such
that

2R (2, G (1) x) + Z L (t) z||> < B (t) ||| YVt >0 and Vo € D,.
=1

Theorem 4.4. In addition to Hypothesis |4}, we assume that & € L (P,b) is Fo-mea-
surable. Then has a unique strong C-solution (X (§)),s, with initial condition §.
Moreover,

E[CX (O° < K t) (EICEI” +El&]”) -

Proof. The same proof of Theorem 2.4 of [36] works for this theorem. m

Remark 4.3. We will apply Theorem to the case: Ly = \/2ka', Ly = /v (1 —d)o™,
Ly=+/y(1+d)o~ and G (t) =iH (t) — 1 30_, LeL} with

H(t)= g (2a'a + o*) +1ig <a (t)al — ma> +ig (5_(t)0_ — B (1) U+> :

Since G (t) + G (t)" + S0 LiLy = 4r%1 4 272 (1 + d?) a3, Condition H2.4 of Theorem
2.4 of [36] does not apply to this case. Theorem given above asserts that Theorem
2.4 of [36] still hods if we replace the assumption H2.4 of [36] by Hypothesis Hj.4.

4.8. Auziliary linear quantum master equation

This subsection is devoted to the linear evolution equation obtained by replacing in
the unknown functions ¢ — ¢ Tr (0~ p;) and t — ¢ Tr(ap;) by general functions
a, 310,00 — C. More precisely, we study the linear quantum master equation

Co= Lot [alt)a ~a@a+ FHo ~ 510" p). (21)

where Pt € Si‘r (62(Z+) ® (C2)7
' 1 1
Lo= [—% (2a'a + 0%), Q] + 2K (a oa’ — §GTGQ - §WT@>
1 1

+ (1 —d) (U_QO'+ - §0+0_g — 50 O'+O'_) (22)

2 2

d € |-1,1[, w € R and K,y > 0. Though the open quantum system deserves
attention in its own right, our main objective is to develop key tools for proving the
results of Section [3| First, combining Theorems [4.1] [4.3] and [4.4] we obtain the existence
and uniqueness of the regular solution to (21J).

1 1
+ (14 d) (0‘+QO'_ ——o0 oo — —QO'_O'+) ,
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Theorem 4.5. Consider with «, 5 : [0,00] — C continuous. Let o be NP-regular,
where p € N. Then, there exists a unique NP-weak solution <pt)t20 to with initial
datum pg = p. Moreover, for any t > 0 we have

t
pr = po + / (Lo, + a(s)al —a(Sa+B(s)o = B(s) o, ) ds, (23)
0
where the integral of is understood in the sense of Bochner integral in £, (b).
Proof. Deferred to Section [5.2.3| O

Using the Ehrenfest-type theorem given in [36] we describe the evolution of
Tr(psa), Tr(pro™), Tr(ps 03) and Tr (p; N) by means of a system of ordinary differential
equations.

Theorem 4.6. Under the assumptions of Theorem [{.5,

%Tr (pra) =—(k+iw)Tr(pra)+ a(t), (24a)
%Tr (pro”) == (v+iw) Tr (pro™) + B(t) Tx (pe 0°) | (24b)

%Tr (pro®) =-2 (B (t) Tr (peo™) + B (t) Tr (pta*)) — 2y (Tr (po®) —d),  (24c)

and

d _

pr Tr (peN) = =2k Tr (py N) + 2R (a (t) Tr (py a)) . (25)
Proof. Deferred to Section [5.2.4] O

We now deal with the long time behavior of in case a (t) and [ (t) are constant
functions.
Theorem 4.7. Let (p;),5, be the N-weak solution of with a(t) = a € C,
B (t) =6 € C and a N-reqular density operator as initial datum. Then
2 e

Tr (lpt — Qg:o ® Q(;OD < 1287’% (1 + ‘d‘) + eil{t (\/ﬁ + 4/ Tr (QoN)) , (26)

ol = exp (—%) () ()l

with e (z) given by Notation and

where

1 d(*+e?) dB(y—iw)
a _ |2 2(r2+wr+218P) v?+w?+2|8
Goo dB(y+iw) 1 d(P+e?)
P +w2+2|8)? 2 2(y2+w2+206P%)

Proof. Deferred to Section [5.2.5] [



Bifurcation analysis of a mean field laser equation 14

According to Theorem [4.5] we have that

d
%p? (o) = LI p} (0)

pe(o) =o

(27)

has a unique NP-weak solution whenever ¢ € £{ v, ((*(Z;) ® C?), where p € N. From
Theorems 4.1 and 4.3 of [35] it follows that the family of bounded linear operators
(0 £y (P2 9 C) - £ (B(Z,) 0 C)

parameter semigroup of contractions (p,’} ())

can be extended uniquely to a one-
on £ ((*(Zy) ® C?), which indeed is

>0

>0
a Cp-semigroup as the next theorem shows.

Theorem 4.8. The family ('),
operators on £, ((*(Z,) @ C?). Moreover, for any N -reqular density operator o we have

Tr (|pf (0) — 0so|) <1277 (1 + |d]|) + 4e7y/Tr (0 N), (28)
where 0o, 1$ defined by @

18 a strongly continuous semigroup on bounded linear

Proof. Deferred to Section [5.2.6] [

We also establish a variation of constants formula for (21)), which plays a key role
in studying the long time behavior of in case C} < 1.

Theorem 4.9. Let a, 8 : [0,00[ — C be continuous functions. Assume that (p;),, is a
N -weak solution of . Then, for allt > s > 0 we have

p=rnto+ [ e ([(at0a ~ata) + (F@e - @ a*) ] )du. @9)

where p" (+) is given by .
Proof. Deferred to Section [5.2.7] O

5. Proofs

5.1. Proofs of theorems from Section [

5.1.1. Proof of Theorem[2.1]

Proof of Theorem[2.1. Fix A(0) € C, S(0) € Cand D (0) € R. Since () is an ordinary
differential equation with locally Lipschitz coefficients, has a unique solution defined
on a maximal interval [0, T (see, e.g., [43]).

For all t € [0,T[, we set X (t) = exp (iwt) A(t), Y (t) = exp (iwt)S(t) and
Z(t) =D (t) —d. Thus, becomes (9)), and so

% X (1) = 2% (X' (t) X—(t)> = 2k |X ()] + 29 R (Y (t) X—(t)>
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and
d 2 . X5 7N 2 [
SV OF =2dg% (X V@) =29V ()P +20 2 ()R (X )V 1)
d -
2t = —NZ ) -8 Z (R (X DY (t))
Hence,
d
dt
Suppose, for a moment, that d < 0. Then

—4d% X () + 4% Y ()] + %Z ()* = 8dr |X (1)|* = 8y |V (1)]* — 47Z ().

4% V() + S 7 ()2 = 8dg R (X (t)Y—(t)) 8y Y ()] — 492 (1)°. (30)

This gives
d

o (Ad (X O +4 Y ()] + (Z(®))

< —min {2k, 27} (—4d | X () +4 Y () + Z (1)),
which implies
4ld X OF +4 Y 0+ Z (1)*
< exp (=2t min {x,~}) (4]d] | X (0)]" +4 [Y (0)]" + Z (0)°)
for any ¢ € [0, 7.
On the other hand, assume that d > 0. Combining
d g

2 d 2 d 2
p X ()] +4fy—/€(4a Y (t)] +Ez(t))

(31)

2 2

— 2 (1 + —:> R (X (1) Y—(t)> 2 |X (1) — 29 v (1)) - %Z (1)

K

2|

Y (t)> <X @) + % |Y (£)[* we obtain
2, & 2 9 2
X (t — Y (¢ —Z(t
(x@r+ 2y op+ £ z0p)
2 2 2 2
gd 2 g'd\ g 2 g 2
< |- — ) | X (¢ — — | =Y @) —4v—Z(t).
< (-4 LD oP+ (- + 2 Ly op-n Lz
Therefore, for all ¢ € [0,T] we have
d 2, 2 g’ 2
— X (2 — Y (¢t —Z(t
dt(' ()|+%| ()|+4% (t)

2 2 2 2
: g“d g°d 2 g s g 2
< - L 22V X Z |y 2 7z .
< mm{m e }(| (t)] +%| ()] +4% (t))
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This yields

X 2 92 2 92 2
[ X (1) +%\Y(t)| +mZ(t)

(32)

—tmin “*#»7*# 2 g >, g 2
<e { }(|X(0)| +7_/{|Y(0)| +mZ(O)).

Suppose that T < +oo. According to (31 and we have that
I(A(t),S(t),D(t))] < K, where K > 0 and t € [0,7]. This contradicts the property
limy 7 |[(A(t),S (t),D(t))]| = co. Therefore, T" = +00. Moreover, and lead
to @ and , respectively.

We now assume that d > 0 and Cy := g?*d/ (k) < 1. Since

2R (X7 0) = 0 (X050 v 0) <20 X OF + 1 IY 0F,

from (30)) it follows

d o 8d%g?
v F 2o =

X0 57 41V (OF + 2 (1))
Hence,

8d2 2 t
J e_g”/ 27’ | X (s)|? ds.
v 0

3

AY O+ Z () <e 20 (4]Y (0) + Z (0)?) +

As g?d/ (k7) < 1, according to (7)) we have
. 1
AIX (O < ek (44 O)F 415 OF + { (D(0) - )

and so

8d2g2

3

AY P +2Z@1)? <e 2 (4 (0)]° + Z (0)*) +

t
e—‘;’vt/ e37° X (s)|* ds
0
t
<e 2 (4]Y (0) + Z (0)°) + sﬁe—ivt/ e37°d | X (s)|* ds.
0
Using that 3v/2 — (1 — Cy) min {k, v} > v/2 yields
AV (OF + 2 (1) < (4 () + 2 (0))
12 (AR +1SOF + 5 (D) ) (e-emmnteit — o)
This gives (3).
Let (A(t),S(t),D(t)) = (A, S, D) be a constant solution of (5]). Then
—(k+iw)A+¢g S =0, (33a)
—(y+iw) S+gAD=0, (330)
—4gR(AS)—2v(D—d)=0. (33¢)
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Combining (33d) with (334) we deduce that
A(— (7 + iw) (5 + iw) + ¢ D> —0. (34)

Using w # 0 and &,y > 0 we get (7 +iw) (k + iw) ¢ R. Since D € R,
—(y+iw) (k+iw) +¢° D #0,
and so yields A = 0. From (33d))-(33d) we obtain S =0 and D = d. ]

5.1.2. Proof of Theorem[2.7

Proof of Theorem[2.3 Suppose that (X (¢),Y (¢t),Z(t)) = (X,Y,Z) € CxC xR
satisfies (9). Then
—kX+g9gY =0

dgX =Y +9gXZ=0 ,
—4gR(XY)—-29vZ =0

which is equivalent to the system

v ="x, (35a)
g
X(dg—@Jrgz) —0, (35b)
g
7
XP?=--2 35
xXP =L (350)
From (358) we get X = 0 or Z = rvy/ (9?) —d. In the former case, (35d) and (35d) yields
Y = Z = 0. In the latter case, dg> — v& > 0 and | X|* = 7 (dg® — k7) / (2kg?). O

5.2. Proofs of theorems from Section [

5.2.1. Proof of Theorem[f.1 The proof of Theorem [£.1|follows from combining Lemma
5.2} given below, with the arguments used in the proof of Theorem 4.4 of [35] (see Section
. First, we get the weak continuity of the map ¢ — AX, (&) in case A is relatively
bounded by C'.

Lemma 5.1. Let Condition H2.3 of Hypothesz’s@ hold. Suppose that & € L% (P, h) and
Ae&((D(C),|I'llc)b). Then, for any ¢ € L? (P,b) and t > 0 we have

lim E (1, AX, (€)) = E (¢, AX; (€)) - (36)

Proof. Consider a sequence of non-negative real numbers (s, ), satisfying s, — t as
n — +o0. Since ((X;, (§),AXs, (§),CX,, (£))),
where h? = h x b x b, there exists a subsequence (sn(k)) ., such that

(Xerr (€0, 4K (€, C Xy (€)) —soe (VU V) (37)

is a bounded sequence in L? (P, h?),
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weakly in L? (P, h®). Define 9 = {(n, An,Cn) : n € L% (P, h)}. Thus,
(X (), AX, 0 (), CX, () €M VEEN,

Since 9 is a linear manifold of L? (P, h?) closed with respect to the strong topology (see,

e.g., proof of Lemma 7.15 of [35]), implies (Y, U, V) € M (see, e.g., Section II1.1.6

of [44]). Using E (supycjo .y [1Xs (€ £)||?) < oo, together with the dominated convergence
2

theorem we obtain that E HXS w (&) — X (f)H — 0 as k — +oo. Hence Y = X; (§),

and so U = AX; (§). Therefore, AX,  (£) converges to AX; () weakly in L* (P, ). O

Lemma 5.2. Assume Hypothesis[3, together with ¢ € L% (P,b) and A € £(b). Then,
t — Ly (t) Xy (€) is continuous as a map from [0, +o0[ to L* (P,h). Moreover,
t—E <G( ) Xi (6), AX, () + E (X, (§) , AG () X, (€))

+ZE (Lo (8) X1 (€), AL (1) X, (€))

1S a continuous functzon.

Proof. Suppose that (t,), is a sequence of non-negative real numbers satisfying ¢, — ¢
as n — +00. By E (supycp i | X (§)||2) < oo (see, e.g., Th. 4.2.5 of [45]), using
the dominated convergence theorem gives E || X, (€) — X; (€)]|> —n—+00 0, and hence
AX; (&) —nseo AX; (€) in L2 (P, ). For any ¢ € L* (P, h),

[E (¥, G (s) Xs (§)) = E (4, G () X, (€))]
SE[PIG (s) Xs (€) = G (1) Xs ()] + [E (2, G () X (€)) — E v, G () Xe (E)],

and so combining Lemmal5. | with E |G (s) X, (€) — G (t) X, ()| < fo (s, ) E|| X, (€)%
yields

m E (1, G (5) X; (€)) = E (@, G () X; (€)) - (38)
Therefore
nh—>Holo]E (G (tn) Xy, (&), AXy, (§)) = E(G (t) X, (£) , AX; (£)) (39)

(see, e.g., Section II1.1.7 of [44]). Analysis similar to that in shows
i E (i, L (5) X, (6)) = B (, Le (1) X, (6)).
and hence
L (tn) Xe, (§) —rnoo Lo (t) X () weakly in L? (P, b) .

(40)
According to with A replaced by A* we have that t — E (A*X, (£),G (1) X; (£))
is a continuous function, then so is t — E (X, (§) , AG (t) X; (€)). Moreover, taking A

I in we deduce that ER (X;, (&), G (t,) Xz, (€)) —nooe ER(X;(€),G (1) X (€)).
Applying Condition H2.2 we now get

ZEHLz ) Xi (O —noo D EILe (8) X ()] (41)

(=1
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Combining and yields
limsup E || L¢ (tn) Xo, (6)]I° < E || Le (8) Xe (€)]I”

n—o0

(see, e.g., proof of Lemma 7.16 of [35] for details) which, together with (0], implies
that Ly (t,) X, (€) converges strongly in L? (P, §) to L, (t) X; (£) as n — oo. Therefore,
t — Ly (t) X; (€) is continuous as a function from [0, +-o00[ to L? (P, B).

Using Condition H2.2 we obtain that Y, E (L (t) X; (§), AL (t) X (€)) converges
to Y o E(Ly (1) X; (§) , AL, (t) X, (§)) as n — oo uniformly on any finite interval. Since

B (L (tn) X, (§) , AL (tn) Xu, (§)) —nooo B (Le (1) X (§) , AL (1) X (£))

the map ¢ — Y0 E (L, (t) X; (§), AL, (t) X, (§)) is continuous. O

5.2.2. Proof of Theorem[{.2
Proof of Theorem[{.2. For any z,y € D(C) we set [z,y] = E(X;(x),AX;(y)).
According to Definition 4.1] we have

[z, y]| = [E (X (2), AXe (9))]| < K (&) [ All [l [yl Vz,y € D(C).

Since D (C) is dense in b, [-, -] can be extended uniquely to a sesquilinear form [-, -] over
b x b satistying |[z,y]| < K (¢t) || A ||z]] ||y|| for any z,y € . Hence, there exists a unique
bounded operator 7; (A) on b such that |[z,y]| = (x, T; (A) y) for all z,y in h. Moreover,
I7: (A < K (2) [ Al O

5.2.3. Proof of Theorem[{.]

Proof of Theorem[{.5. Throughout the proof, we consider the following operators in
b= (Z,) ® C*

(

H(t)= % (2a'a + o*) +i(a (t)al — oz(t)a) +i(5_(t)0_ — B (1) O'+>
<lex/ﬁa, Ly=+/v(1—=d)o™, Ly=+v(1+d)o" . (42)

3
. 1 .
G(t) = —iH () = 5> LiL
/=1

\

First, we will find a NP-weak solution to . To this end, we will verify that
C' = NP satisfies Hypothesis 2l Since Lo, Ly € £(h), L1, LjL; are relatively bounded
with respect to N, and ||H () z||* < K max (|a (t)], |8 (t)]) |z]|y for all € D(N), C
fulfills Condition H2.1 of Hypothesis [2 According to we have

2R (x,G(t)x)+ > Le()z|*=0  VreD(N),

and hence Condition H2.2 holds. Condition H2.4 follows from the continuity of «, 5.
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In order to check Condition H2.3, we denote by ® the set of all x € b such that
z(n,n) = (e, @ e,, ) is equal to 0 for all combinations of n € Z, and n = £ except a
finite number. Consider x € ®. A careful computation yields

3
2R (N, G (t)x) + Y | N"Lyz|?
/=1

= > 2w (a (t)x (k,n)x (k+ 1,n)) VE+1((k+1)% — k™) (43)
+ > 2w (k)Pk((k— 1P —k?).
k€Zy n=%

Since

> m(aﬁ)x(’ﬁn)x(iﬂﬂ,n)) VEF1((k+1)% — k)

k€Z+ M=%

<2a®)] > |wkn)|lek+1n) 6k

k€Zy n=%

<20a@® Y |zknfok)

k€Z+ ==t

with ¢ (k) = VE+ 1 ((k+ 1) — k%) = VE+ 137! (2;) > ki,

> 2%<a(t)$(k,n)x(k+1,n)) VE+L((k+1)% — k%)

k€Zi n=+

<la@IK Y lekmP (1+kP712).

k€Z+ M=%

Combining with we get

(44)

3
2R (NP, G () x) + Y INLea||* < K |a ()] |23 .
=1
and so Condition H4.3 of Hypothesis [4 holds because ® is a core of NP. Then, applying
Theorem 2.4 of [36] (see also Theorem gives Condition H2.3, together with

E (X (Ol < K OEEllx (45)

here and subsequently, X; () is the strong NP-solution of with G (t), L1, Lo, L3
given by and initial condition ¢ € L%, (P,h). Thus, G (t), Ly, L, L3, described by
, satisfy Hypothesis [2{ with C' = NP.

According to Theorem 3.1 of [35] we have that o = E|£)(¢] for certain £ € L%, (P, b).
Using Theorem |4.1| we obtain that p, := E | X; (§)) (X, (£)| satisfies

%Tr (Ap;) = Tr (A (G () pe +pG (t)* + ; LePth>> VA e £(h) 7 (46)

Po =0
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as well as the relation ([23)).

Second, we will prove that has at most one NP-weak solution provided that
the initial condition is NP-regular. Suppose that holds. Taking A = |y)(z| in
we get

% (@, py) = (G (&) ., p) + (2. pG (1) y) + > (Ljz, piLjy) (47)

=1
for all z,y € D(NP). Relation coincides with with A;, G (t), L1, Ly and Ls
replaced by p;, G ()", L3, Lj and Lj. This suggests us to apply Theorem to in
order to prove the uniqueness of the solution of . To this end, we next deduce that
the linear stochastic Schrodinger equation

Yt<§>=5+/ G(s)*m&)dHZ/ L3 Y. () AW (48)
0 = Jo

satisfies Hypothesis [4] with C' = NP.

Now, we check Hypothesis 4| with G (t), Ly, Lo and Ls replaced by G (t)*, L}, L}
and L. Take C' = NP. Since a is relatively bounded with respect to N, using analysis
similar to that in the second paragraph we can check that G (¢)" = iH (t) — 3 S LiLy
satisfies Condition H4.1 of Hypothesis |4 with G (¢) substituted by G ()", as well
as Condition H4.2 holds with L (t) replaced by L} = v2ral, Lj = /v (1 —d)o™,

Ly=+/v(1+d)o~. On ® we have

G() + (GO +) (L) L= (LeLj — LiLy)

3
/=1

AK*T +29* (1 + d?) o3,
which gives Condition H4.4. For any z € ©,
2R (N*Pxz,iH (t) z)
= Y 2% (a (t)a (k) Ok + 1,77)) VEET((k+ 1) — gy (49)

k€Z4 m==%
and
2p T * 1 * 2p 1 2p 1 %
xZ, LlN Ll - §L1L1N - §N LlLl T
(50)
= > 2x (k) ((k+ 1) — kT
k€Z4 m==%

Since Ly, L3 are bounded operators with conmute with N?7, using and yields

3
2R (N2, G (1) x) + 3 |N?Lial* < K (1) | N7
(=1

and hence Condition H4.3 holds. By Theorem , has a unique strong NP-solution
whenever £ € L% (P, ). Tt follows from Theorem that has at most one solution
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or € £(h) satisfying oo = 0. Thus, has a unique NP-regular solution, which is equal
to py == E[X¢ (§)) (X (§)]- O

5.2.4. Proof of Theorem[{.0

Proof of Theorem[{.6 In the sequel, G (t), H (t), L1, Lo, L3 are described by (42)). From
the proof of Theorem [4.5|it follows that has a unique strong N?-solution X (§) for
any initial datum £ € L3, (P,h). In order to establish we apply Theorem 4.1 of
[36] to obtain

Tr (ap;) = Tr (apo) + / E (L X, (€),aLleX, (€)) ds
.= (51)
+/0 (E(a'X,(€),G (s) X, (€)) + E(G (5) X, (€) ,aX, (€))) ds.

Therefore, t — Tr (ap;) is a continuous function. Suppose that z € ©. Since a conmutes
with ¢ and 0%, using [a,a'] = I we deduce that
< a'z,—iH (s)z) + (—iH (s) z,az) = (z,i[H (s),a] x)
= <:c, [iw a'a —a(t)a' + a(t)a, a} :z;>
(z,(—lwa+ a(t))x)

and
’ 1 1
> <x (L;aLZ — 5oLiLe— §L§Lga) x>
(=1
1 1
= <w, (L’{aLl - §aL{L1 - §LIL16L> :C> = —k(x,az).

Because © is a core for N, we obtain that for all z € D (N),
3
(d'z,G (s)z) + (G (s) z,ax +Z (Lex,alyzr) = (x,— (k +iw) ax + a (t) z) .
=1
Then, from it follows that
t
Tr (ap;) = Tr (apo) + / (— (k+iw) Tr (aps) + a(s)) ds,
0

which leads to (24d).
Fix n = — or n = 3. According to we have

d
E Tr (ptO'n) =Tr (O’77 (G (t) Pt + ,OtG + Z LgptLe>)
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and so applying Theorem 3.2 of [35] we deduce that

% Tr (po”) = Tr (pt <0”G (t)+ G (t) 0"+ Z LZU”L@))

(=1

3
1
=Ty (m <—1 (0", H (t Z <L20”Lg - —UnLELg QLZLN")>>
=1

ENENE +1(@<t>o OLel)
> Y (e e )}

Now, we use the commutation relations
[0+ O'_] = o3, [03,0’1 =207, [0_,03] =20~

to derive and ( -

Flnaully7 we deal with (25). Using Theorem 4.1 of [306] yields

Tr (Np,) = Tr (Npo) + /OtE (2 R(NX,(€),G (s) X, ()))ds
3t (52)
+Z/ E<N1/2LgXS (f),NlngXs (§)>d8

For all x € ® we have

2 R(Nx,G (t)x) + Z<N1/2L z, NY2L, x)
(=1

:<x< +23:( [Li, N L4+%LZ[N,LE]>)x>

= <x, (— [a (t)a' — a(t)a, N] +K [aT,N] a+ral [N,a]) :c>,

and so

2R (Nz,G(t) +Z<N1/2L:1:N1/2Lw:> < ((t)a*+0z_(lf)a—2/<a]\7>:c> (53)

=1
since [N, aq =a' and [a, N] = a. By D is a core for N, 1’ holds for all z € D (N),
and hence gives

T (Np) = Tr (V) + [ (29 (@B X, €).0X, €) - 26E (X, (6. VX, €) ds
which implies
Tr (Np:) = Tr (Npo) + /Ot (2 §R( (s) Tr (aps)> —2r Tr (N,os)> ds.

The continuity of « (), Tr (ap;) and Tr (Np;) yields (25). O
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5.2.5. Proof of Theorem[4.7]

Lemma 5.3. For any p € C**? we define

24

(54)

i 1 1
£1(0) = =5 [0%0] 491 - @) (070" ~ o*a 0 Joao")
R I _ 5
+ (1 +d) <O’+QO' — 50 oto— 500 0+) + [Bo™ = Bo™, p]
with d,w € R, v >0 and g € C. Consider the linear ordinary differential equation

d a a a

ey Vt207

Py =0

where p? € C**2. Then, for all t > 0 we have

Tr ([pf — Tr (o) 05.]) < 4exp (=) (llellp + |d Tr (0)])

where ||o|| stands for the Frobenius norm of o, and ¢ is as in Theorem [§.7

Proof. Decomposing p¢ in the canonical basis of C**? we obtain

o = cuur (8) e (ex ]+ () Jex) (] + as (8) e) {ex| + a—_ (1) e=) (e_]

where ayy (t) and oy (t) belong to C. Then

%p? = L3 (pf) = e (1) L3 (ley) (e ]) + aq— (1) £5 () {e-])

oy ()£ (Jeo) {esl) +a () £2 (le_) (e_]).
Computing explicitly £¢ (|ex) (ex|) and L (Jex) (ex]) yields

(s (1) = B () = Facy (1) =7 (L= d)aups (1) +7 (1 +d)a_ (1)

@ o (t) = Bap (1) + By (1) + 7 (L= d) gy (6) 7 (1 + ) a_ (8)
—ay () =—(y+iw)ar (1) + Baps (t) — Ba__ ()

| S () = (—y+iw)acy (1) + Baws (1) — Ba__ (1)

Adding the first two equations we get
pq (1) + - (1) = asy (0) + - (0) = Tr (o) ,

and so subtracting the first two equations we deduce that

Dy (8) —a (1)) = —2F s (1) — 280 (1

dt
— 2y (044 (8) — - (8)) + 27d Tr (o) -

(55)
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Therefore
g [+ (t) — o (t) e (1) = (2) 2vd Tr (o)
pr ( ag (1) ) =A ( ay_ (1) ) + ( 0 ) , (56)
a— (1) a— (1) 0
-2y =2 —28
with A = g =y —iw 0 ) .
0 -y + iw

g
Solving explicitly gives

o (t) = (1) ot (0)—a (0) 29 Tr (o)
( a,_ (t) ) = exp (At) ( a;—(0) ) —A! ( 0 )
oy (t) a4 (0) 0
(2761 Tr (o) )
+ A exp (At) 0 .

0
2vd Tr (o)
Calculating A~! 0 we obtain

0
o (t)—a__ 2+ w?
( () ) Lo (NVIW)
o (1) Pt 200\ G )
04++(0 a__ 7+ w?
exp(At)(( ) . dj;r(i)ﬂZ(ﬂ(fyiw))>.
_+() T2\ By + )

Y
1 0 0

Considerv e C33 and M =10 2 0 |. Then
0 0 2

%(exp (At) v, M exp (At)v) = (exp (At) v, (A*M + M A) exp (At) v)
= — 4 [lexp (At) v||> < —2v(exp (At) v, M exp (At) v),

and hence for all t > 0,
lexp (Af) v][? < {exp (AL) v, M exp (A1) v) < exp (~278) (v, M) < 2exp (~272) [lo].
From it follows
_ 2 2
Oy (t) a__ (t> d Tr (Q) 7 + w
(7. (t) - 9 5 2 /B (7
v+ w? + 2|P| 3 (

o (t) 7+w

st (0) —a—_ (0) 2
| )
e VRt 2
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< 2exp(—vt) + |d Tr (0)]

Using we deduce that
Tr(pa_Tr(Q)(l 0) d Tr (o) ((7 +w?) /2 By—iw) )D

! 2 0 1 _72+w2+2|5|2 Bly+iw) —(+w?)/2
apy () 1 (v* +w?) /2
<vall|o-O | Tl |1]|__ dT(o —(72+u{2) /2
oy (1) 2 |0 2rw24218P | Bly—iw)
a_y (t) 0 By +iw)
a4 (0)
< 4dexp(—7t) - (0) +|d Tr (o)| | .O
- ay— (0)
a4 (0)
Lemma 5.4. Suppose that (p{>t>0 15 the N-weak solution to
ip{zﬁf (p{) vVt >0
dt * , (58)
P =0
where o € £F ((*(Z,)) is a N-regular density operator and

LL(p) = [~ (k+iw)ala+ (aa' — aa), p] + 2k a pa’

with k >0, a € C and w € R. Then

o

where e (¢) is defined by Notation[3.1]

pf—@ifo‘) §2e‘”t< Tr(gN)+ya|/x/f<;2+w2) vt >0,

Proof. Consider the unitary Weyl operator W (u) defined by
W (u)e(z) =exp (— |u|2/2—ﬂz)e(z—|—u) Vz e C,

where v € C and e (+) is given by Notation (see, e.g., [46]). Applying the well-known
relations

W)W (—u)=1, W aW (—u)=a—ul, W (uwa W (-u)=ad" —al

we obtain W (u) afa W (—u) = afa — ua’ — @a + |u|>. Take v = o/ (k + iw). For any
§ € Ly (P, ), W (=0) B[} W (v) = E[W (—v) (W (—v) {] and

E (JINW (—v)€]*) < IW (=v)|*E||(a'a — va" - va + [o*) ]| < K ([0 E (Ji€]13) -
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Hence, the application p — W (—v) pW (v) preserves the property of being N-regular.
For all x in the domain of afa we have

\/2/<ax:W( a‘ )EW(— 04‘ )m
K+ 1w K+ 1w

—(n+iw)aTax+(aaT—@a)x:W( - )C?W(— = )x

K+ iw K+ iw

and

where I, = V2ka+v2kv I and

~ 2K 1 2
G=—(k+iw)ala - Ho'é a+ |af? — — i I
— K—iw K2+ w?

This gives
LL(p) =W (0) GW (=v) p+ pW (v) G* W (—v)
+ W (0) LW (—v) pW (v) L* W (=),

for any N-regular density operator p.

(59)

Choose p; = W (—=v) p! W (v). Then, the density operator p; is N-regular. Using
(p9) we obtain that (pt),, is the N-weak solution to
d_ -
P = Lo (Pe) vt >0
po =W (=v) oW (v)

: (60)

where £, (p) = Gp+pG*+ LpL*. A computation yields

(e, Llp)es) = =20 (5o pes) + 26 (G +1) (eja,pesn)  Vj >0

whenever p is a N-regular density operator. Applying we deduce that the functions
w; (t) == (ej, pre;) satisfy
@5 (t) = =255 (t) + 26(j + 1)@jp (), (61)

which are the Kolmogorov equations for a pure-death process. In case ¢;(0) = d;,, for

all 7 > 0, the solution of is

(7) e (1 —e )" if0<j<n
J .
0 ifj>n
Therefore, (eq, pr €0) = o (t) = 3,50 9n (0) (1 — 7)™
According to [30] we have Tr (|p; — |eo) (eo]]) < 2(1 — (eo, Preo))?. Using that
¢n(0) > 0and ) ¢, (0) =1 we obtain

p; (t) =

0<1—(eo,pne0) =Y n(0) (L= (1—e)") <) "np, (0),

n>1 n>1
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because 1 — (1 — )" < nux for any n € N and z € [0,1]. Hence

1/2 1/2
Tr (|7 — leo) {eol[) < 27" <Z (nen, po en>> =2 (Z (N en, po en>) :

n>0 n>0

and so
Tr (17 — leo) {eoll) < 267 (Tr (poN))'/* = 2e7 (Tr (oW (v) N W (=v)))"/?
(see, e.g., Theorem 3.2 of [35]). Then
T (72— Jeo) {eoll) < 267 (Tr (o (N — va! —va+ o))
Due to ¢ = E [£)(¢]| for certain € € L% (P, h),

(62)

T (0a')| = [E(a&,€)] < \E[agPEE = Elagl = VEINE€) = /Tr (o V)

and

Tr (0a)| = [E{at €,€6)| < \/E|aé]* = /T (o N)

(see, e.g., Theorem 3.2 of [35]). From ([62)) we deduce that

Tr (7 — leo) (eoll) < 27 (/Tr (o V) + o]},
and consequently
T ([of = W (@) o) {eol W (=0)]) =T (W () (7 — leo) ea) W (—0)])
< W @)W (o)l Tr (1o — [eo) (eoll)

= Tr (17— leo) (eoll) < 2¢7 (VTr (o) + Jol).

Since W (v) eg = W (v) e (0) = exp (— [v[* /2) e (v),
() ()l

Proof of Theorem[{.7. The solution of 1) is denoted by p¢ (o), and we write (p{ )
£>0
for the semigroup N-solution of the quantum master equation (58) (see [35] for details).

W (v) |eg) (eo| W (—v) = exp (— la/ (k + iw)]Z)

Due to pg is N-regular,
po=E[ e+ ®e ) (4 ®ey +E Qe
with & € L% (P, h), and so

Po = 04+ ® lex) (ex| + 01— @ les) (e—| + 0-1 ® |e-) (x| + 0-- @ |e—) (e-], (63)
where p, = E|,)(&;|. Since the right-hand term of is equal to £ @ I (p;) + I ®
L% (p;), where £ and L{ are described by Lemmata [5.3[ and , from we obtain

pe=p1 (01+) @ pi (les) (ex]) + ol (04-) @ pf (lex) (e-])

64
ol (0-4) ® i (Je) e ) + ol (0——) @ pf (le—) fe_]) oy
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Combining Tr (Jex) (ex|) = 0 with Lemma [5.3| we deduce that

T (|of (02) @ i (e} e )| ) = T ([of (020)|) Tr (1ot (Jew) Ge))
< Tr (Jou]) Tr (1 (lex) (e ) < dexp (=7) Tr (Joa]).

and so

e (|of (o) @ 4 (le=) {e)] ) < 4exp (—71) 20, (65)

because

T (Jouel) < ETr (162) (6x]) = Ellgal €l < VE el VE llg)? < 1

Since

T S)

< T (|of (004) @ i (Jea) {eal) = Tr (0us) L @ pf (Jex) fes)])

+ Tr (| Tr (0x+) 0 ® pf (lex) (ex]) — Tr (0+2) ol ® 0%])
=Tr ( pi (o) — Tr ( Qﬁ)gioD r(
+Tr (0x4) Tr (0L) Tr (|pf (|ex) (e=)) — o5l
=Tr < py (0x=) — Tr 0+ QOOD + Tr (o) Tr (|pf (lex) (ex]) — 051)
applying Lemmata [5.3] and [5.4] yields
S)

Tr(
2|a

< 24/Tr ( Tr ( N) +Tr AL R— S
\/ Qij: \/ Qﬁ:i ) (Qﬂ: ) \/m
- ‘O“ —t
\/Tr N) + Tr ( wi +4e " Ty 1+ 1d]).
Q:I::i: Q :t m (Q:I::t)( | |)
Now, using (64), (65), Tr(0++) + Tr(o——) = 1 and Tr(0s+N) < Tr(goN) we get
26). 0

pl (0xs) ® pf (lex) (ex]) — Tr (04) ol

|0t (Jex) (ex])])

pl (o) ® pff (lex) (ex]) — Tr (0zs) ok

+4e " Tr (0xs) (1 4+ |d])

5.2.6. Proof of Theorem[{.§

Proof of Theorem[/.8 Let o be a non-negative trace-class operator on h. According to
Lemma 7.10 of [35] we have that there exists a sequence of C-regular non-negative
operators g, such as lim, , . Tr(Jo — 0n]) = 0, where C is a self-adjoint positive
operator in h. Using Theorem 4.3 of [35] yields lim,_; Tr (|pf (0n) — p! (0n)|) = 0,
and so

Tr (|of (o) — o (0)])
< Tr (o} (0) — p1 (00)]) + T (|0} (0n) — £ (00)]) + Tr (|02 (00) — p% (0)])
<2 Tr(lo - oal) + Tr (|p! (00) = p" (00)))
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leads to

lim Tr (| pf' (0) — £ (0)]) = 0. (66)

s—t
Decomposing the real and imaginary parts of an element of £; (h) into positive and
negative parts (see, e.g., proof of Theorem 4.1 of [35]) we find that holds for any

0 € £1(h). Finally, applying Theorem gives (28). ]
5.2.7. Proof of Theorem[{.9 Throughout the proof, for any ¢ > 0 we define

LI (@) o= Lo+ [a(t)al —a@a+ B o~ B(t)o" o],
where p is a linear combination of a finite number of N-regular density operators in
L1 (h).
Lemma 5.5. Suppose that o, B : [0,00] — C are continuous functions, and that (p;),s
is a N?-weak solution of . Then, for any t > 0 we have

LI (5) py —o 0y LI (1) p, and LM py — i LN py,

where both limits are taken in £, (¢* (Z4) ® C?).

Proof. Since py is N2-regular, there exists { € L3, (P, ¢? (Z4) @ C?) such that p, =
E[€){¢| (see, e.g., Theorem 3.1 of [35]). From the proof of Theorem [4.5| we have
pr = E|X; (6)) (Xy (€], where X; (£) is the strong N2-solution of with G (t), L,
Ly, Ly given by (42). Now, applying Theorem 3.2 of [35] we obtain

LI (s) ps =BG (1) X ())X: ()] + E X ()G (8) Xe ()]
+ D E|LeXi (€)(LeXi (€)]

=1
(see, e.g., proof of Theorem 4.4 of [35]).
Using X, (§) € L3 (P, (* (Z4) ® C*) we deduce that

t 3 t
Y, = N§+/ NG(S)XS(f)d5+Z/ NLng(f)de Vt>0
0 —1 70

is a well-defined continuous stochastic process. As N is a closed operator in (2 (Z)®C?
we have Y; = NX; (¢) for all t > 0 P-a.s. (see, e.g., Proposition 4.15 of [47]). Moreover,
E (Supse[()’tﬂ} ||Y3||2) < oo and E (SUPse[o,t+1] | X s (§)||2) < o0 (see, e.g., Th. 4.2.5 of
[45]). Then, using the dominated convergence theorem gives

lim E[INX,, (§) = NX (I = lim E|Y,, —Y|*=0

n——+oo

and lim,_, o E || X,, (€) — X, (€&)||” = 0, where s,, — t as n — +o0. Therefore,
lim [ (§) — X Ol =0 vt > 0. (67)
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Suppose that A, B are linear operators in ¢? (Z, )®@C?, which are relatively bounded
with respect to N. For any s,t > 0,

Tr (JE|A X, () (B X, (§)] = E[AX, (€))(B X, (§)]])

< Tr(JEJAX, (§) = AX (ONB X (OI) + Tr ([E[AX, (6)(B X (§) = BX; (§)]])
<E([AX,(§) = AX: (OB X, () + (HAXt( )HIB X, (§) = BX: ()]
(

g\/IE (IAX, (&) = AX (O \/E 1B X (©)II)
+\/E (1A X, ©I)E (IB X, (&) - BX, (©)]).

Combining (67) with sup,co .1 E (|| X, (é)HN) < 00 yields
Tr ([E[AX, (§))(B X ()] = E|A X ())(B X (I) —5-: 0. (68)

Since a, B : [0, 00] — C are continuous functions, it follows from that

3

t = E|G(£) Xe (O)(X: ()] +E X ()G () X ()] + Y EILeX: () {Le X (€)|

(=1

is a continuous function from [0, co[ to £, (¢* (Z,) ® C?). Hence
LI (8) pg —> e LIU(E) py in £, (62 (Z,) ® (C2) )

In the same manner we can see that ¢ — L p; is continuous. O]

Lemma 5.6. Under the assumptions of Lemma[5.5,

. ps—p y .
lim S_tt—ﬁf”()pt in £ ((*(Z+) ®C?) .
Proof. Let t > 0. From Theorem we get
Pl L) o= e [ ) - 00 p) du, (09)

where s > 0, s # t, and the integral in is understood in the sense of Bochner
integral in £, (h). According to Lemma [5.5{ we have that u — LI (u) p, — LI (t) py
is continuous as a function from [0, +o0o[ to £, (¢? (Z4) ® C?), and so

t
lslir% — /s (ﬁf“” (w) pu— LI () p) du=0 in £ (*(Z,)®C?).
Thus, the lemma follows from . n

Lemma 5.7. Assume the hypothesis of Lemmal[5.5. Then, for all t > s > 0 we have

n=dsto+ [ o ([(ea =) + (5 -5 0) ] ).
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Proof. Consider t > s > 0. For any non-zero real number A such that —s < A <t —s

we have

1
Z (p?—(s+A) (p8+A) - plifl—s (ps)) + ﬁh Pt—s (ps) plifl—s (‘CIUH (S) pS)

1
= Pt (s+2) ( A (Psva = ps) = £L" (s) ps)
+ p?f(erA) (EIUZZ (8) ps) - p?fs (L{ull (S) ps)
1
+ X (Pl (s) = Py (p)) + L2 Pl (ps) -

Since p?f(HA) is a contraction acting on £, (¢* (Z,) ® C?),

1 U 1 u
Tr ( Pi-(sra) (A (psta — ps) — LI (s )ps)D < Tr ('A (psta — ps) = LI (5) ps
and so applying Lemma [5.6] yields

1
Tr ( p?—(s—l—A) (A (Ps+a — ps) — ﬁfu” (s) Ps> D — a0 0.

In case a(t) = B(t) =0, £/ = ch

* 7

)

and hence using Lemma we deduce that £!
coincides with the infinitesimal generator of the strongly continuous semigroup (pZ)

on the subset £ v, (* (Zy) ® C?), as well as
1

Tr ( Z (p?—(s—&-A) (ps) - p?—s (ps)) + Eh Pt—s (ps)
The strong continuity of the semigroup (pfj)u>0 implies
Tr (|0} (oray (L1 (5) ps) = piy (L1 (5) ps)|) —> a0 0.

Therefore, % (Pii(sM) (Ps+a) = Pl (ps)> + Lot (ps) = Pl (LL (s) ps) converges
to 0in £ (*(Z,) ® C?) as A — 0. Thus

d
ToPims (ps) = iy (L () ps) = L2 ply (ps) = Py (L1 () ps) = Pl (L2 ps)

and consequently

d
P —p) s (ps) = Pl (LL" (s) ps — L ps) - (70)

The contraction property of pl'  leads to

Tr (s (L1 (s) ps — L ps) — Py (L1 (W) pu— L2 pu)])
< Tr (Jpfy (L1 (5) ps = L2 ps) = piu (L1 (5) ps = L2 ps)|)

+ T (|pi (L1 () ps ﬁhps)—pt o (L1 (u) pu — L2 pu)])
< Tr (|pf, (L (s) ps — L2 ps) = Py (LI () ps — L ps)])

+ T (| (£ (5) ps — LL ps) — (LI (w) pu — LY p)]) -

u>0

) —a-0 0.
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According to Lemma |5.5( we have

Hm Tr (| (L1 (s) ps — L1 ps) — (LI (w) py — L2 pa)]) = 0.

u—S

The strong continuity of (p?)oo yields

lim Tr (|pf, (LI (s) ps — L ps) — piy (L1 () ps — L2 ps)|) = 0.

uU—Ss

Then, the map s — pf, (LI"(s) p, — L p,) is continuous. By the fundamental
theorem of calculus for the Bochner integral, integrating gives

t
P (pe) = Pl (ps) = / P (L1 (u) pu = L2 pu) du,

which is the desired conclusion. OJ

Proof of Theorem[{.9 Since py is N-regular, py = E|v)(v| for certain v belonging to
L3 (P, (2 (Z,) ® C?) (see, e.g., Theorem 3.1 of [35]). Hence, p; = E|X; (v)) (X; (v)] (see,
e.g., the proof of Theorem [4.5]). From now on, X; (£) denotes the strong N-solution of

with € € L% (P, (*(Zy) ® C?) and G (t), L1, Lo, L3 given by (42).
Let pr, be the orthonormal projection of ¢*(Z,) @ C? onto the linear span of
eoRes,....e,Rer. As

lpra 7+ [N pra )" < [P +02 33 ew @ e, ) < 140,
k=0 n==%

pro (v) € L3, (P, £?(Z,) ® C?). There exists ng € N such that E||pr, (v)||> > 0 for
I”

all n > ny, because the increasing sequence E|[pr, (v)||> converges to E|lv||* = 1

as n — +oo. For any n > ng we set v, = pry (v) /A/E|[prn (v)||*>. Then, pp =
E|X; (v,)) (X (V)] is a N2-weak solution of with initial condition E |v,) (v,| (see,
e.g., the proof of Theorem , and so Lemma yields

=+ [ e ([(awal - atia) + (Flao - 8o, p]) du (71)

for all t > s > 0 and n > ny.
Combining the linearity of with we deduce that

E (X () = Xu wa)lly) =E (I1Xu (v = v) y) < K () E (|lv = vally)
for all w > 0. Since N commutates with pr,,

H\/WNPV— N*pr, (v) 2 = ( E ||pr, (v)||> — 1)2 lprm (NP 1)

+ (Ellpra W)]°) IN?Y = pra, (N*v)||*
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with p =0, 1, and so

| (vam@m“4
<

E [|pra (v)|I”
E (v = pro 0)I°) +E (INv = pro (NV)|I*) —ns400 0.

> (E (Iv1°) +E (INv]*))

2
E (v = vally

Therefore,
timsup sup E (X, () — X, (n)[3) < lim K (0E (Jv - v]3) = 0. (72)
n—+o00 u€l0,t] n—+o0

Let A, B be linear operators in ¢2 (Z, ) ®C? that are relatively bounded with respect
to N. Then

Tr (JEJA X, (v))(B Xy (v )I—E\AX () (B Xu (va)[])

S Tr([E[AX, (v) = AXy (1)) (B Xy (0)]]) + Tr ([E[A Xy () (B Xu (v) — B Xy (vn)]])

<E([[AXy (v) = AXy ()] | B X (v)]

< VE(IAX, (v) — AX, ) [)/E (|
+/E(] |AX vl IVE (1B X, (v) - (yn)||2).

According to we have

E (IXu (va)lly) < K @ E (Joaly) < K @) E(Iv]5),

and so yields
sup Tr (|E|A X, (v))(B Xy (v)| = E|A X,y (vn))(B Xy (vn)]]) —n-s400 0. (73)

u€(0,t]

) +E (IIAX W)l 1B Xu (v) = B Xy (va)])
BX, )|

Since p? _ is a contraction acting on £; (¢? (Z) ® C?),

Tr (|p) (ps) — Pl (P2)]) < Tx (105 — P21,

|

and
T (|ol (| (w) o = au)a, pu - o]
Applying we obtain

sup Tr ([pu — p21) = Tr (|E X0 () (X (0)] = E X, ()} X0 ()]]) —norsoc 0.

u€(0,t]

dw<ﬁz&f—ﬂ@05ﬂm—pﬂﬂ)<ﬂ(“ﬁ@%‘—ﬁ@ﬁ”mu—%}>
<208 @I (lo {1+ llo™ 1)) T (o = i)

>> < Tr (‘ [a (w)a' — a(w)a, p, — PZ]

) o (T4)

This gives Tr (o}, (ps) = Pl (02)]) —n-s100 0, and

sup Tr <
u€[0,¢]

. ([MU’ —B )", p,— pZ]) D —ns400 0
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As
o (wya' — a (e pu - i
—E|(a(u)a' - alwa) X, ())X, ()] - E| (a (@)’ = awa) X @)X, ()
FE[ X, 1) ((a (@) o' ~ a(w)a) Xu 0)| = E[Xa () (@ () ol = a (W)a) X, (v)
(see, e.g., Theorem 3.2 of [35]), using and we deduce that

sup Tr ( ot <[oz (u)a" — a(u)a, p, — pﬂ )) — oo 0.
u€e(0,t]
Now, taking the limit as n — +o0 in we obtain . O]

5.3. Proof of Theorem

Proof of Theorem[3.1]. Let (A(t),S (t),D (t)) be the unique global solution of (5)) with
A(0) = Tr(ap), S(0) = Tr (67 p) and D (0) = Tr (¢3p). According to Theorem .5 we
have that there exists a unique NP-weak solution (p;),, to With a(t) =gS(),
B (t) = g A(t), and initial datum py = o. Applying Theorem we deduce that the
evolutions of Tr (a p;), Tr (67 p;) and Tr (63p;) are governed by

(d

G Teap) =~ (x+i) Te(ap) +9 5()
%Tr (c7p) =—(v+iw) Tr (67 pe) + g A(t) Tr (6°p;) . (75)
\ % Tr (03pt) = —4g R (A—(t) Tr (a’pt)> — 2y (Tr (U3pt) — d)

From the uniqueness of solution to (75) we find Tr (a p;) = A(t), Tr (o~ p;) = S (t) and
Tr (6®p;) = D (t), hence
d

= Tr (Aps) = Tr (AL, (pt) pr) VA€ £(h) ‘

Po =0

On the other hand, suppose that (p;),~, and (p;),», are families of NP-regular
operators satisfying such that py = po = o and t — Tr(ap), t — Tr(ap,) are
continuous. Then, (p;),5, is a NP-weak solution to with a(t) = g Tr(oc7p)
and B(t) = gTr(ap), as well as (p;);5o is a NP-weak solution to (21) with
a(t) = gTr(oc7p) and p(t) = g Tr(ap). Using Theorem we get that
(Tr(ap:), Tr (0= ps), Tr(03p;)) and (Tr (ap;), Tr (0= py), Tr (63p;)) are solutions of
with initial condition A (0) = Tr (a g), S (0) = Tr (67 ) and D (0) = Tr (6p). Applying
Theorem [2.1|yields Tr (a p;) = Tr (a p;), Tr (67 p;) = Tr (67 p;) and Tr (a3p;) = Tr (03p3).
Now, using Theorem we can assert that p, = p; for all ¢ > 0. O

(76)
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5.4. Proof of Theorem[3.3

Proof of Theorem[3.3, Since Tr(0 ps) = H{es,07er) + 5%e_,07e_) = 0 and
Tr (a p0o) = (€0, aey) = 0,

Ly (00) 0o = 'Cil Qoo
where £” is defined by . Using the fact that A |z)(y| B = |Az)(B*y| for any operators
A/ Binbh, z € D(A) and y € D (B*), we obtain L" o, = 0. Hence g, is a stationary
state for (1)), which is NP-regular for all p € N.

Suppose that w # 0. Let o be a N-regular stationary state for . According
to Theorem [3.1] we have that the functions A(t) := Tr(ap), S(t) := Tr(c0) and
D (t) == Tr (03p) satisfy (5). From Theorem [2.1]it follows that Tr(ap) = Tr(c0) =0
and Tr (039) = d. Therefore g is a stationary state for , and so using Theorem
we obtain that ¢ coincides with o. O

5.5. Proof of Theorem[3.5

Lemma 5.8. Let (p;(0));> be the N-weak solution of with a(t) = a € C,
B(t) = B € C and initial datum o € £f y (> (Z4+) ® C?). Then o, ® o2, is the unique
operator 0o, € L£f y (% (Zy) @ C?) for which

Here, ol and 0% are as in Theorem .

Proof. Using Lemm we deduce that £¢ (9% ) = 0. Returning to the proof of Lemma
, we verify that £, (|eg) (eo]) = 0, and so leads to

e (w () W( ))
K+ 1w K+ iw

W () B e (W

K+ 1w

Since W (n+1w) €y = exp (— ‘Kfiw ‘2 /2> (KJFM) Ll ( go) = 0. Therefore,
£l @1 (ol ®o0%) +1®L: (o, ®0%) =0.

This gives p; (0l ® 0%) = o0, ® o2 for all t > 0.
Consider oo € ST ~ (2 (Zy) @ C?) satisfying . Applying Theorem yields

05 = Jim_py (000) = 0l ® 0 in £ ((*(Z,) ®C?%). 0

Proof of Theorem[3.3. According to the Stone theorem we have that the self-adjoint
operator % (2N + 03) generates the strongly continuous one-parameter unitary group
(exp (1% (2N + 03) t)) teR" In order to describe the physical system in the interaction
picture we set

pi = exp (1% (2N + 03) t) Pt €Xp (—i%} (2]\7 + 03) t) vt > 0.
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Since N commutes with o?, o, € £] y (¢*(Zy) ® C) iff p, € £ y (* (Z4) ® C?). Hence,
0; is a N-regular free interaction solution to iff

pr=po € &y (C(Z1) ® C?) vt > 0. (78)

A careful computation shows that g, is a N-weak solution to iff p; is a N-weak
solution to

d . ~ 1. . 1_
@Pt =2K (a PtaT - §aTapt - §Pt&Ta)
+y(1—=d) (o prot — 10+0_N _15 oo
Y Pt 9 Pt 2pt (79)
T JEE
+y(14+d) (o po — 50 05 P o

+g [Tr (a_ﬁt) al —Tr (0+ﬁt) a, ﬁt} +g [Tr (aTﬁt) o —Tr(ap;)o™, ﬁt} .
Therefore, p; is a N-regular free interaction solution to (/1)) iff py is a N-regular stationary

state for (79).

We proceed to find all N-regular stationary state for . To this end, we suppose
that holds. According to Theorem we have that the functions ¢ — Tr(a py),
t — Tr (07 po) and t — Tr (0pg) satisfy (2) with w = 0. It follows that

—k Tr(apo) + g Tr (o py) =0, (80a)

—y Tr (67 po) + g Tr(apy) Tr (c®py) =0, (80b)

2g R (Tr (apo) m) +7 (Tr (0%p0) — d) = 0. (80¢)
Combining with we obtain

Tr (a po) (—w v Ty (03p0)> —0. (81)

Then Tr (a py) = 0 or g* Tr (c3py) = k.

Asume Tr (a po) = 0, together with . Then and lead to Tr (0~ pg) =
0 and Tr (03pg) = d. Therefore

Tr(ap:) = Tr (07p) =0 and Tr (6°p;) = d, (82)
and so pg is a N-regular stationary state for with w = 0. Theorem gives
d+1 1-d
o= o = len) Gl (5 e el 4 25 e e ). (53)

On the other hand, Tr (@ pso) = Tr (07 pao) = 0 and Tr (63ps,) = d, as well as L g, = 0.
Hence, p; = poo solves . Summarizing, p.,, given by , is the unique N-regular
stationary state for satisfying Tr (a po) = 0. We have found the free interaction
solution to ({1)):

pr = exp (—ig (2N + 03) t> Pt €XP (1% (2N + 03) t)

= exp (—ig (2N + 03) t> Poo EXP (1% (2N + 03) t)
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—leo) ol & (52 e lesl + 152 es) 1) = o (8)

Let Tr (a po) # 0, and suppose that holds. Then, implies that g # 0, and
0 gives Tr (03pg) = L3 Using 1@} we deduce that

| Tr (a.po)|” = (dg® —vr) . (85)

~
2Kg>
Therefore dg?> > k. From the previous paragraph we conclude that the state
is the unique N-regular free interaction solution to whenever dg? < k. In case
dg* > vk, according to (85 we have that there exists z € C with |z| = 1 such that
Tr (apy) = z\/%g (dg? — k). Using (80d]) we obtain

- kz [ 7
Tr (0 py) = YRETT (dg? — k).

Thus, due to and . Po is a N-regular stationary state for (21)) with w = 0,
a(t) = V% (dg — ’yr@') and B (t) = z+/5 (dg? — vk). Applying Lemma gives

(”ﬂ?)ﬂ (”“ﬁ‘T)i@

_ (Cb 1

00 = 0o (2) =€ 25

1+ & 52V Co — (86)
2/4 R /Ob 3 <1 — C%) .
From Lemma it follows that o (2 ), given by ., is the unique N-regular
constant solution of with w =0, a (t) = 2\ /5L (dg*> — vk) and

L (dg? — yr).

p(t) =z P

Now, Theorem [.6] implies

(

L (dg? — k) = 0

ZK
kT et
® T (ma) + o

—y Tr(pio™) +2 % (dg? — vK) Tr (pro®) = 0

2R (E % (dg?> — vk) Tr (pta_)> + (Tr (pta3) - d) =0
\
This yields Tr (a gg) = e (dg2 — k), Tt (0% 00) = % and

_ Kz [~
Tr (o7 e0) = "5/ 5 (4% = %),

Therefore, 0 (2) is a N-regular stationary state of .
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In case dg?> > ~k, we have proved that in addition to the only N-regular
stationary states for are given by for any complex number z with absolute
value 1. Since

= exp (-1% (2N + 0% t) 5e exp (lg (2N + 0% t) ,
all non-constant N-regular free interaction solution to are:

_72(2(%2_1) —int YV Cb —iwNt 28 Cb —1
e g e \/_g (& € T ®
1 d ZK /—
e %03t 2 <1 - C_b> 27 Cb iYo3¢
o o1 (1- 4

e 2 s

where |z| = 1, and therefore they are

_2(Cp-1)
292

R (25
( L(1+d) e \/Cbi>
et O 1 (1 - &)
for any 2| = 1. 0

5.6. Proof of Theorem[3.4)

Proof of Theorem[3.4 According to Theorem we have that the evolutions of
Tr(ap:), Tr (07 p;) and Tr(o%p,) are described by the Maxwell-Bloch equations (2).
Since Tr (a p) = Tr (0~ 0) = 0, from it follows that Tr (a p;) = Tr (o~ p;) = 0 for all
t > 0. Therefore, p; solves with initial condition g, and hence p; = pf (0), where
ol (0) is the N-weak solution of . Applying Theorem gives . O

5.7. Proof of Theorem[3.9

Lemma 5.9. Let C be a self-adjoint positive operator in by. Suppose that o is a C-reqular
density operator in . Consider the linear operator A : D (A) C h — b. Then:

o Tr(|Ap|) < /Tr(0A*A) whenever A,A*A e £((D(C),|lo),h)-
o Tr(JoA|) < /Tr (0AA*) provided that A*, AA* € £((D(C), ||llo),h)-

Proof. Since ¢ € £{(h), there exists £ € Lz (P,h) such that ¢ = E[£)(£] and
E(H5H2) = 1 (see, e.g., Theorem 3.1 of [35]). If A,A*A € £((D(C),|lo),h), then
using Theorem 3.2 of of [35] we obtain

Tr (|Ag]) = Sap Tr (BAo)| = e [E(E, BAG <E (] [[AL]),

and so

E (lell [ A€ll) < E (II°) VE (14€]%) = VEAAE &) = /Tt (oA ),
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because E (\\5\]2) = 1. Similarly, in case A*, AA* € £((D(C),||||o),bh) we have

Tr (JoA]) = sup [E(A*E, BE)| = \/E (|A*¢]|*) = /Tr (0AAY). O

Bll=1

Lemma 5.10. Suppose that (p;),s, is a N-weak solution to . Consider the solution
(A(t),S(t),D(t) to (3) with initial condition A(0) = Tr (apy), S (0) = Tr (o~ po) and
D (0) = Tr (63 pg). Then, for allt > s > 0 we have

Tr (|pe — poo|) < Tr (| (ps) — poc]) +4|9|/ 1S (u)] /Tr (pu N) + 1 du

' (87)
-mmmfwwwm/mwwm

where poo = |eo) {eo] ® (5 le4) (e ] + 557 e-) (e-1).

Proof. Since A (0) = Tr (apy), S (0) = Tr (0~ po) and D (0) = Tr (¢2 py), from Theorems
( —

2.1 and B.1] we deduce that A (t) = Tr(ap,), S(t) = Tr t) and D (t) = Tr (3p;).
Hence, (pt),5, is the N-weak solution to . ) with « (t) S(t), p(t) = gA(t) and

initial datum py. Now, Theorem [4.9]leads to
p=rte o)+ [ o (Sl - S@i) + (Ao~ - A o) ] )
where t > s > 0. Theiefore,
Tt (1o = pool) < Tr (|01 () = Poo])
+ |g| Tr < /Stp?u <[(S (u) a’ —ma) + (MJ’ — A(u) a*) ,pu]) du
Using that pf , is a contraction acting on £, (¢* (Z,) ® C?) we obtain
Tt (|or = pool) < Tr ([P (p5) = poc)

+ |g|/:Tr( [(S(u)aT —
and so

T (|pe — pocl) < Tr (|01, (ps) — poc])

t

ol |15 @) (Tx (Ja'pal) + T (|pual]) + Tr (o pul) + Tr (1o al)) do

S (u)a) + (MU’ — A(u) a+) ,pu} ) ‘ du,

+ g |A (u) Tr ‘a pu| +Tr ‘pu ’ +Tr(|0 pu’ —i—Tr(!pu ‘)du

As o* are bounded operators,

T (o™ pul) + T (lowo ) + T (jo* ou]) + T (Jpu )
< @[l |+ 20" ) Te (o) = 2o~ | + 2" .
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By a'la= N, aa’ = N + I and Tr (p,) = 1, applying Lemmayields
Tr (|a'pu|) + Tr (|pua’|) + Tr (la pul) + Tr (|pu al)
<2V/Tr (py (N + 1)) +2¢/Tr (py N) < 4+y/Tr (pu N) + 1.
We thus get . O

Proof of Theorem[3.5. Combining Lemma with Theorem [4.8 we deduce that for all
t>s2>0,

Tr (|pr — poo]) <12 e*’ﬂH (14 |d|) + 4e ") /Tr (g, N) (88)

+4|g| |S ) v/ Tr(py N du+2|g|(|a H+H0+” / |A (u)| du,

where (A (t), ( ), D(t
and D (0) = Tr (o2 po
S(t) = Tr(opi) and
BI) with a (1) = g5 (¢

gives

)) be the solution to (5)) with A (0) = Tr (apg), S (0) = Tr (o~ po)
). From Theorems and [3.1] we obtain A(t) = Tr(ap,),
D (t) = Tr(c%py), and hence (p;),s, is the N-weak solution to
), B(t) = g A(t) and initial datum py. Applying Theorem

Tr (p N) = e Tr (pg N) + 29 /Ot e S?R( (t) Tr (ps ))d
= e 'Tr(py N) + 29 /t e 2R=9)R (WA (3)) ds

0
t
<M T (oo N) + gl [ e (1S ()P + [A()) ds. (89
0

Since dg?/ (yx) < 1, according to Theorem [2.1] we have that
AWM < Kaexp(=est)  and SO < Ksexp(=cst),  (90)
2 min {x, v} ifd<0

where t > 0, ¢, = ;
(1 = Cy)min{r,~} ifd>0

IA(0)|2+|5( ) /1d] + (D (0) — d)* / (4]d]) if d <0
A0+ LIS 0F + L 00 - aF 4> 0
|d| \A(O)\2+]S(O)\2+(D (0) —d)? /4 ifd<0

and Kg = K K 9 K 2 . :
T aor+ (47+1)|S(0)|+(;+%)(D(O)—d) if d > 0

Suppose that either d > 0 or d < 0 with x > ~. Then 2x > ¢, and

KA + KS —cst —2Kt KA + KS —cst
e (e —e ) < %—_Cse .

t
[ e (s @ + 1A WP du <
From (89) it follows that

Tr (p: N) < (Tr(poN)+

2Kk — cq

gl (KA + Ks)> crt

2K — ¢4
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Consider t > s > 0. Applying we get
Tr(pe N) < Tr(po N) + |g] (Ka + Ks) / (26 — ¢5) ,

and hence gives

42

[ 15 @IV + Tdu < (14 T 0 + 'g'(f“KS) /\S )

_CS

Kis+ K 1/2 e_CSS/Z_e—CSt/z
< (2\/KS (1+Tr(p0N)+M) . :

2K — cq

Using we also obtain
(lo || + ||0+H / A ()| du < 2/ A )| du < 4y/FrS
According to and ( . we have

—cs8/2 _ e Cs t/2

S

Tr(Ipr — pocl) < 1267709 (14 [d]) + 4”\/ Te oy ) + 4
K — Cq

. 2Kk — cq

In case d > 0, taking t = 3s/2 yields

lgl (Ka + Ks)
2K — ¢4

Tr (|p3sj2 — poo|) < 12772 (1 + |d|) + 4e‘c§s\/Tr (po N) +

o 2K — ¢4

and so for all t > 0,

lg| (K4 + Kg)

(92)

1/2
Ki+ K
+86|g| (x/KS (1+Tr(p0N) 1 olEat Ks) S>> + KA> 5.

+ 2 (JK_S (1470 ¢ U KDY +¢K_A) e

Ky+ K 8
Tr (lpe — pool) <57 12(1+yd|)+4\/Tr(p0N)+|9|( atKs) (,!gl\/K_A

2Kk — Cq

8 K K

2K — cq4
On the other hand, in case d < 0 with x > ~, choosing ¢t = 2s we deduce that

lg| (Ka+ Ks)
2K — cq

Tt (|pss — pool) < 12677 (14 |d]) + 4\/ Tr (po N) +

. 2Kk — cq

)

1/2
Ki+ K es
8|g| (V]<S (1—|— Ir(pON) |g|< A S)) 1(A> 672\87
C
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and consequently

g Ki+Ks) | 8
Tr (|pe — poc]) <3 12(1+|d‘)+4\/Tr(p0N)+|g|(2/£A—c s) !gl\/K—A

8 Ku+ Ko)\ Y2
+g\/K_S(1+Tr(poN)+—|g|< A S>) .

2Kk — Cq

for any ¢ > 0.
Now, we assume that d < 0 and x < . Then

t
/ o200 (1§ (u)|? + | A (w)[?) du < 2t (K4 + Ks) exp (~2xt) |
0

and so leads to
Tr(pr N) < exp(—2kt)Tr(poN) +2|g| (Ka+ Kg)t exp (—2xt).  (93)
Since t exp (—2kt) < 1/(2ek), according to we have that for all t > s > 0,

/t |5 (u)] \/Wdu < \/K_S\/Tr(poN) 4 9| (K44 Kg)e™"? —e_"‘t.

Ke K

Moreover, (92) gives

t

(o 1+ 1) [ 14 ol < 20/ RZE—

K

Therefore, yields
Tr (ot = pool) < 1267707 (14 [d]) + 477/ Tr (po N) + |g] (Ka + Ks) / (e)
+ 49| (x/KS\/Tr (po N) + |g| (Ka+ Ks) / (ke) + KA) e "%k,

Hence
Tt (p2s — pacl) 12677 (L [d]) + 47 /T (oo N) + [g] (K + Ks) / (1e)
+4lgl (VEsv/Tr (po N) + 9] (K + Ks) [ (50) + VK1 ) o™/,

which implies

lg] \,ZK_S) \/Tr (oo N) + 9] (K4 + Kg)

Tr (|pr — poo|) < 4e™ 57 ((1 +
Ke

+3(1+|d|)+@).

Now, we decompose A as

A=AP+PA(I-P)+(I—P)A(l-P),
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where P is the orthogonal projection of £* (Z, ) ® C? onto the linear span of ¢y ® e, and
eo®e_,ie, Pr={(eg®e,,x)eg®e; + (eg®e_,x) ey ®e_. From it follows

+o0
Tr (00 AP) =D ) (en ® ey, 000 APey @ €7) = (000 @ €, Aeg @ €,)

n=0 n==+

d+1 1—d
= (ep®@er, Aeg®@er) +

We can extend PA (I — P) to the bounded linear operator

(eg@e_,Aey @e_).

PA(I-P)z=(A"¢y®es,(I —P)xyey®ey + (A% ®e_, (I — P)x)eg @ e_.

Using yields

+oo
Tr (0PA(I = P)) =Y > (0sctn @€y, PA(I = P)e, ® €,) = 0.
n=0 n==+
Applying we deduce that for all t > 0,
d+1 1—d

Tr (p. (AP + PA(I — P))) —

(eg@er, Aeg@er) +

(eg®e_,Aeg®e_)

< (IAP[+ [PA(I = P)[) Koys (|g]) exp (—0sys t) - (94)
Since A and A* are relatively bounded with respect to N,

AR =05 A+ A5+ iy (4" = )
=Sk A - 0 < K Qi+ 08 )
for all y € D(N) (see, e.g., Theorem VI.1.38 of [44]). Therefore,
(I-P)z,(I-P)A(I-P)x) <K (|I~-P)z|*+{(I-P)x,N(I - P)z))
< K{((I-P)a,N( - P)z) =K (z, Na)

for any x € D (N), and so gives

Tr(p, (I — P)A(I — P)) < K Tr (p,N) vt > 0.
Then, using , and we obtain . O

Appendix
A. Proof of Theorem [4.7]

Lemma A.1. Let Hypothesz’s hold, except Condition H2.4. For any & € L% (P,h), we
define

L.(&1) =E|G (£) X ()X, ()] + E| X ()G (1) X (6))]
+ 3 B|Le (8) X () (Le () Xe ()]
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Then L. (§,t) is a trace-class operator on b whose trace-norm is uniformly bounded
with respect to t on bounded time intervals; the series involved in the definition of L.
converges in £y (h).

Proof. By Condition H2.2, using |||z)(y||l, = ||=| ||y|| and Lemma 7.3 of [35] we get
[ 1G () X () (X (] + [[E X (NG (1) X (]I

+ ) IIE L (8) Xe (€))(Le (8) Xe (O]
(=1

<AE ([[X: (NG (1) Xe () < K (1) \/E Hsz\/E 1X: (©)ll¢
where the last inequality follows from Condition H2.1. O

Applying Lemma 7.3 of [35] and Lemma [5.2] we easily obtain Lemma [A.2]

Lemma A.2. Suppose that Hypothesis @ hold, ¢ € L% (P,h), and A € £(h). Then,
t— Tr (AL, (&,t)) is continuous as a function from [0, 00[ to C, and

Tr (AL, (&,1) = <Xt(£) AG (1) X; (€)) + E(G (1) X (§) , AX; (€))
+ZE (Le (8) X1 (€) , AL (1) Xi (€)) -

Here, L, (§,1) is as in Lemma .
Lemma A.3. Adopt Hypothesis @ together with & € L% (P, ). Then

pe =E[€)(€] + / L.(€.5)ds, (A1)

where t > 0 and L, (§,s) is as in Lemma[A.1; we understand the above integral in the
sense of Bochner integral in £, (h).

Proof. Fix x € b, and choose 7, = inf {s > 0: || X, (§)|| > n}, with n € N. Applying
the complex It6 formula we obtain that

(Xonr, (€)1 2) Xonr, (€) = (6,2) € +E / L (X, () s) ds + M, (A2)

where
— Z/O ™ (X (&), 2) Lo (8) X (€) + (L () X5 (€) , 1) X (€)) AW
and for any z € D (C),

L,(z,8)=(z,2)G(s)z+ (G (s) z,x z—l-z (Ly, (8) z,z) Ly, (s) 2.
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According to Condition H2.2 we have

EY / X (€)1 2) L () X (€) + (Le (5) X (€) ) X, ()2 ds
< 4n3||x||2E/0Mn 1G (s) X, | ds.

Therefore EM,; = 0 by Condition H2.1, and so (A.2)) yields

E (Xin, (€) ,2) Xonny (€) = E(€,2) € + E / UL (X (€).9ds. (AB)

We will take the limit as n — oo in (A.3]). Since X (&) has continuous sample paths,
Tn 'noeo 00. By H2.1 and H2.2, applying the dominated convergence yields

n—oo

lim E/OM Lo (X, (€),5) ds = E/Ot Lo (X, (€), ) ds.

Combining E (supse[o,t 1 11X (§)||2) < oo with the dominated convergence theorem
gives lim,, o0 E (Xinr, (£),2) Xinr, () = E (X, (), x) X; (). Then, letting first n — oo
in (A.3) and then using Fubini’s theorem we get

B (X (6).9) X (6) =Bl ¢+ [ L (X.(9).5). (A4)
By Condition H2.2, the dominated convergence theorem leads to
EY (Li(s) X (6)2) Li (5) X (§) = D E(Li (5) X, (§) 2) L () X, (6),
k=1 k=1

and so Lemma 7.3 of [35] yields EL, (X (§),s) = L. (§, s) z, hence

/0 'EL, (X, (€),s) = /0 v (€, ) xds. (A.5)

Since the dual of £; (h) consists in all linear maps o — Tr (Ap) with A € £(h),
Lemma implies that ¢t — L, (£, ) is measurable as a function from [0, oo[ to £, (h)
Furthermore, using Lemma we get that t — L, (£,t) is a Bochner integrable £; (h)
valued function on bounded intervals. Then , together with , gives . O]

Proof of Theorem[/.1. According to Theorem 3.2 of [35] we have

AG (1) pr = EAG (1) X, (§))(X¢ (6]

Since G (t), Ly (t), Ly (t), ... are closable, G (¢)*, Ly (t)*, Lo ()", . .. are densely defined
and G ()™, Ly (t)™,... coincide with the closures of G (t),L;(t),... respectively
(see, e.g., Theorem II1.5.29 of [44]). Now, Theorem 3.2 of [35] yields Ap,G (t)" =
EJAX, (§)){(G (t) X (§)] and

AL (t) peLy, (1) = E|ALg () X (§)) (L (1) X ()]
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Therefore

L.(&t) =G () p+ pG +ZLk ) peLi (t)" (A.6)

where £, (¢,t) is as in Lemma [A.]] Comblnmg with Lemma we get (L7)),
and so Tr (Ap;) = Tr (Ap) + fot Tr (AL, (€, 5)) ds for all t > 0. Using the continuity of

L. (&, ) we obtain (16]). O

B. Proof of Theorem [4.3]

Proof. Using 1t6’s formula we will prove that for all z,y € D (C),
E (X (z), AX (y)) = (z, Awy) - (B.1)

This, together with Theorem [4.2] implies A, = T; (A).
Motivated by A, is only a weak solution, we fix an orthonormal basis (e,),,cy of b
and consider the function F, : [0,¢] x h x h — C defined by

F, (s,u,v) = (R,u, A_sR,v) ,

where R, =n(n+C)" " and @ = Y nen (€nsu)e,. Since the range of R, is contained in
D(0),
d _
dsF (s,u,v) = —g (s, Ryu, R,v), (B.2)
with g (s,z,y) = (x,4_sGy) + (Gz, Ai—sy) + > pey (Lix, Ai—sLyy). We have that
t — (u, Aw) is continuous for all uw,v € B, and so combining CR, € £(h) with
Hypothesis [3| we get the uniformly continuity of (s, u,v) — ¢ (s, R,u, R,v) on bounded
subsets of [0,¢] x h x h. Then, we can apply It6’s formula to F;, <3 ATy, X (2), XS (y)),
with 7; = inf {t > 0+ || X; (2)[| + [ X: ()] > j}-

Fix z,y € D (C). Combining Itd’s formula with we deduce that

Fo (A7, X7 (2), X7 (9)) = Fu (0.0 (2), Xo (v)) + I, + M,

where for s € [0, ]:

SNTj

M, = Z / (R X7 (), Ay Ry Li X7 (y)) dWF

o SAT;
+Z/ (BuLi X7 () Avr Ru X7 (3)) AW
k=1"0

and I7 = [ (=g (r, Ru X, (x) , R X, () + gn (r, X, (), X, (y))) drr with

gn (ryu,v) = (Ryu, Ay R,Gv) + (R, Gu, A;_.R,v) + Z (R, Liu, Ay R, Liv) .
k=1
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We next establish the martingale property of M. For all r € [0, t] we have
B X7 (@)1 A l[* || B L X7 (9)]* < 5% sup || AN 1Le X7 ()]

s€[0,t]

By H2.1 and H3.1, E [["" 3% [(R.X7 (2), Ay RuLi X7 ())|*ds < oo, Thus

(ZZL fosmj <RnXZj (), Ay Rn L X7 (y)> dWTk)SE[Ovt]

conclusion can be draw for

0 SN\T;
S [ RN (@) A R X () W,
k=10

is a martingale.  The same

and so (M) is a martingale. Hence

s€[0,¢]
E (R, X" (), Ai—inr; R X7 (y)) = (Rnw, AiRpy) + EI,,.. (B.3)
We will take the limit as j — oo in 1) Since E (sup,epo 4 |1 Xs (f)Hz) < oo for

& =,y (see, e.g., Th. 4.2.5 of [45]), using the dominated convergence theorem, together
with the continuity of ¢t — (u, A;v), we get

E <Rn)(t7—7 (l’) 7At7t/\‘rj RnX;rj (y)> _>me E <RnXt (.Z') 7ARnXt (y)> .

Applying again the dominated convergence theorem yields Elf,,, —jsx EI', and
hence letting j — oo in (B.3|) we deduce that

E(R,X; (z),AR,X; (v)) — (R,z, A,R,y) (B.4)
—E / (—g (5. RaXa () RuXo (4)) + g (5. Xo (2) . X, () .

Finally, we take the limit as n — oo in (B.4). Since |R,|| < 1 and R, tends
pointwise to I as n — oo, the dominated convergence theorem yields

n—o0

lim E / 0n (5, X, (2), X, (3)) ds = E / g (5. X, (), X, () ds.

For any z € D (C), lim, oo CR,x = Cz. By ||[CR,z| < ||Cz||, using the dominated
convergence theorem gives

n—o0

lim E / 95, Ru X (1), Ru X, (3)) ds = E / 905, X, (x), X, () ds.

Thus, letting n — oo in (B.4) we obtain (B.1)). O]
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