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Abstract

We propose and analyze a high order mixed finite element method for diffusion problems with
Dirichlet boundary condition on a domain 2 with curved boundary I'. The method is based on
approximating ) by a polygonal subdomain Dj,, with boundary I',, where a high order conforming
Galerkin method is considered to compute the solution. To approximate the Dirichlet data on the
computational boundary I'y,, we employ a transferring technique based on integrating the extrap-
olated discrete gradient along segments joining I'y, and I'. Considering general finite dimensional
subspaces we prove that the resulting Galerkin scheme, which is H(div ; Dj)-conforming, is well-
posed provided suitable hypotheses on the aforementioned subspaces and integration segments. A
feasible choice of discrete spaces is given by Raviart—Thomas elements of order k£ > 0 for the vec-
torial variable and discontinuous polynomials of degree k for the scalar variable, yielding optimal
convergence if the distance between I'y, and I' is at most of the order of the meshsize h. We also
approximate the solution in Df, := Q\Dy, and derive the corresponding error estimates. Numerical
experiments illustrate the performance of the scheme and validate the theory.
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1 Introduction

This work proposes and analyzes a high order mixed finite element method applied to a diffusion
problem with Dirichlet boundary conditions on a domain {2 not necessarily polygonal. More precisely,
given f € L2(Q) and g € HY/2(I') we are interested in approximating, by a mixed finite element
discretization, the vector field o and the scalar field u satisfying the following first—order system of
equations

o=Vu in Q dive=—-f in Q wu=g on T, (1.1)
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where I' := 92 is the boundary of 2, which is assumed to be piecewise C2 and Lipschitz. Our approach
is based on a technique originally developed in the context of high order hybridizable discontinuous
Galerkin (HDG) methods [13, 15, 17]. It consists of approximating € by a polygonal subdomain Dy,
with boundary I'j,, and transferring the Dirichlet boundary datum ¢ from I' to the computational
boundary I'y, in such a way that the method keeps high order accuracy when D}, does not necessarily
fit Q. As we will detail below in Section 2.1, the transferred boundary datum on I'y, denoted by
g, is obtained by integrating o = Vu along a family of segments joining I'y, and I', which will be
referred as transferring paths. At discrete level, g is approximated by a boundary datum g obtained
by integrating the extrapolation of the discrete approximation of o along the transferring paths. Thus,
the problem is solved in Dy, by means of any standard mixed method for polygonal domains.

This technique, as mentioned before, has been introduced for HDG methods. It was first proposed
and analyzed for the one-dimensional case in [13]. The approach was extended in [15] to two dimen-
sions where numerical evidence indicated that the method performs optimally. Later, the authors in
[17] proved that the method converges with optimal order in two and three dimensions under assump-
tions regarding the transferring paths. In addition, this technique has been successfully applied to
convection-diffusion problems [16], exterior diffusion equations [14] and the Stokes flow problem [31].
We point out that in all these work the distance d(I',,I") between I'j, and I' is only of the order of
the meshize h and there is no need of fitting the domain 2. On the other hand, also in the context of
HDG methods, [29] applied this technique to a diffusion problem with mixed boundary conditions and
to an elliptic transmission problem where the interface is not piecewise flat. In these two cases, the
boundary/interface needs to be interpolated by a piecewise linear computational boundary /interface
in order to obtain high order accuracy, which means that the distance between the computational
boundary /interface and the true boundary /interface has to be at most of order h2. The reason why
this approach works for the Dirichlet problem under less restrictive assumption than the Neumann
problem (d(T',,T’) of order h versus order h?) relies on the fact that the PDE provides a way to deter-
mine the Dirichlet data at the computational boundary through performing a line integration of the
equation o = Vu. An appropriate transferring procedure of the Neumann datum, allowing d(T'j,,T")
to be of order h, remains as an open problem.

On the other hand, a variety of numerical methods dealing with curved boundaries or interfaces
have been proposed since the seventies, most of them provide low order approximations. In general,
they can be classified in two groups: fitted and unfitted methods. Fitted methods fit the computational
boundary to I'. For example, I';, can be constructed by a linear interpolation of I' and the boundary
data is transferred in a natural way, i.e., if v € T'j, and & € I'is a projection of x in I, then g(z) := g(z).
We recall that g denotes the boundary data on I',. This idea, which was first introduced in [4] and
then extended to interface problems in [5], leads to a low order approximation. To achieve a high order
approximation in the context of fitted methods, an alternative procedure is to use isoparametric finite
elements (see e.g. [25]). However, these meshes are not easy to construct, especially for complicated
geometries or when dealing with moving domains. On the contrary, unfitted methods, such as the
immersed boundary method, allow us to work with background meshes, which is useful in complicated
geometries. Nevertheless, since the boundary of the resulting polygonal domain is “far” from the curved
boundary, the boundary data must be incorporated differently from the classical approaches. We refer
the reader to [17, Section 1] for a review of unfitted methods, including the work [3, 26, 27, 28].

The method presented in this manuscript can be classified as an unfitted method, where the bound-
ary data is transferred in such a way that optimal high order accuracy is achieved. To the best of
our knowledge, this technique has only been applied to HDG methods. Therefore, the purpose of our
work is to consider this approach to the context of dual-mixed formulations of elliptic problems. The
literature regarding mixed methods in polygonal/polyhedral domains is extensive. For instance we



refer the reader to [9] and [21] for a detailed analysis of mixed methods applied to different problems.
However, in the context of curved domains the literature is scarce. Up to the author’s knowledge,
probably the only work dealing with mixed methods in curved domains are [7, 8], where a parametric
Raviart—Thomas finite elements for domains with curved boundaries is employed.

The rest of this work is organized as follows. In the remainder of this section we recall notation
and general definitions. Then, the domain ) is approximated by a polygonal subdomain where a
Galerkin scheme is introduced and analyzed in Section 2. In Section 3, we derive the corresponding
a priori error analysis whenever the distance d(I',I';) is at most O(h). Next, in Section 4 we make
precise the definition of the involved discrete spaces, recall some approximation properties, and Finally,
conclusions are drawn in Section 6.

We end this section by introducing definitions and notations. In the sequel, when no confusion
arises, | - | will denote the Euclidean norm in R?. Additionally, in what follows we utilize standard
simplified terminology for Sobolev spaces and norms, where spaces of vector-valued functions are
denoted in bold face. In particular, if O is a domain in R?, ¥ is an open or closed Lipschitz curve,
and s € R, we define

H!(0) := [H*(0)]*> and H(X) := [H*(Z)]%
However, when s = 0 we write L?(0) and L?(X) instead of HY(O) and H%(X), respectively. The
corresponding norms are denoted by || - ||5 0 for H*(O), H*(O), and || - |5 » for H*(X) and H*(X). For

s > 0, we write | - [0 for the H%-seminorm and H®-seminorm. In addition, we define the Sobolev
space (see, e.g. [9, 21, 23]):

H(div;0) := {7 = (r,7)' € LX(0) : divr € L2(0)},

1/2
equipped with the norm ||7||giv,0 := (HTH%O + ||div7'\|%7o) , where the divergence operator div is
understood in the sense of distributions, that is,

<diVT,(P>@/(O)><@(O) = —/OT -Vepdx VY€ .@(O) = CSO(O),

with (-,-)g/(0)x2(0) being the distributional paring between 2'(0) and 2(0). Note that if 7 €
H(div;O), then 7 vy € HY 2(00), where vyo denotes the outward unit vector normal to the
boundary 90 and H~/2(90) corresponds to the dual space of H/2(O). Hereafter, (-,-)oo denotes
the duality pairing between H=1/2(90) and HY/2(9O) with respect to the L2(dO)-inner product.

Finally, by 0 we will refer to the generic null vector (including the null functional and operator),
and we will denote by C' and ¢, with or without subscripts, bars, tildes or hats, generic constants
independent of the meshsize, but might depend on the polynomial degree, the shape-regularity of the
triangulation and the domain. Moreover, for quantities A and B, we write A < B, whenever there
exists C > 0 such that A < CB.

2 The Galerkin method

In this section we derive our numerical scheme and analyze its well-posedness. We begin by introducing
some notations and auxiliary results.



2.1 Notation and preliminaries

For the sake of completeness and easy presentation of the main ideas, we start by briefly recalling the
mixed formulation of the Poisson problem, which reads: Find (o, u) € H(div ;) x L2(Q) such that

a(lo, )+ b(t,u)=G(T) V7 e H(div;Q),

(2.1)
b(o,v)=F(v) VYwvelLl3Q),

where the bilinear forms a : H(div; Q) x H(div;Q) — R, b : H(div; Q) x L?(2) — R, and the linear
functionals G : H(div; Q) — R, F : L2(Q) — R are defined by

alo,T) = /QO' cTdx, b(T,v):= /deiVde, G(t) = (r-vr,g9)r, F(v):= —/vadx.

Here vr stands for the outward unit normal to I". For the well-posedness analysis of this problem we
refer the reader to [21, Chapter 2].

Next, to derive our numerical method, from now on we suppose that {2 can be approximated by
a family of polygonal subdomains Dy. To construct such a family, the most natural choice, guided
by [15, Section 2.1], consists of considering a background domain B D ) easy to triangulate. More
precisely, given a mesh 7, of B made up of triangles K of diameter hy, we use a level set function ¢
to determine which elements are inside of €2 in order to set our subdomain Dy; see an illustration in
Figure 1. Here ¢ : B — R is a continuous function such that ¢ < 0in Q, ¢ =0in I' and ¢ > 0 in
B\ Q. Then, we define Ty, := {K € T, : p(x) <0Vx € K} and set Dy, := (Uger, K)°. Also, we set
[, := 0Dy, and D := Q \ Dy,

Figure 1: Example of a curved domain € (annulus of boundary I' in blue color), a corresponding
background domain B, and the polygonal subdomain Dy, (gray color).

Now, we introduce notation associated with the sets introduced above. Hereafter, h denotes the
meshsize of the triangulation T}, of Dy, that is h := max{hg : K € T}}. In addition, we denote by
En the set of all edges/faces of T}, subdivided as follows

E, =808,

where &) := {e € &, : e C Dy} and 8,‘? :={e€&,: e CTy}. Finally, for all K, vi will denote the
the unit outward normal vector on the boundary K. However, to emphasize that v is normal to T'y,
or to an edge e of K, we will write vr, or v, respectively.

In the computational domain Dy, the solution of (2.1) satisfies in a distributional sense,

o=Vu in Dy, dive=-—f in Dy. (2.2)



Moreover, thanks to the first equation in (2.2), the trace of u on I'y, denoted by g, can be written as

(%) == g(x) — / o - m(x) dr, (2.3)
¢(x)

where % (x) is, in principle, any path starting at x € I'j, and ending at X € I, m(x) is the unit tangent

vector of € (x), and g(x) := g(X(x)). In Section 2.2 we specify a construction of a suitable family of

paths. Note that the value of g is independent of the integration path since it comes from integrating

o = Vu. In addition, it is easy to see that the solution of (2.1) also satisfies

ah(U,T)+bh(T,u)—<T'l/1"h,§>[‘h:0 VTEH(diV;Dh),

(2.4)
bp(o,v) = Fp(v) Vv € L2(Dy),

where the bilinear forms ay, : H(div; Dy,) x H(div; D) — R and by, : H(div; D) x L2(Dy,) — R, and
the functional F}, : H(div; Dy) — R are given by

ap(o,T) ::/D o-Tdx, by(T,v) ::/D vdivrdx, Fp(v):=— A fodx. (2.5)
h h h

We end this section by mentioning that, while the classical mixed finite element method provides
a Galerkin scheme for (2.1), we aim to propose a Galerkin scheme for (2.4), under a suitable approxi-
mation of the Dirichlet data on the boundary I'j,, denoted by gy, allowing a high order approximation
and keeping high order accuracy when the distance between I" and I'y, is of only order h. Before doing
that, we proceed analogously to [17] and construct the aforementioned family of transferring paths.

2.2 Family of transferring paths

We now summarize the procedure introduced in [15] to construct the family of transferring paths
{%(x)}xer, connecting I'y, and I'. Let u and v be the vertices of a boundary edge e, x be a point on
e and K€ the only element of T}, where e belongs. We first determine points u and v in I' associated
to u and v, respectively:

Step 1: For the vertex u, we suggest two approaches to define u.

e One possibility is to use the algorithm proposed in [15, Section 2.4.1] that uniquely
determines a point u as the closest point to u such that %’ (u) does not intersect any
other path and does not intersect the interior of the domain Dy. In Figure 2 (left) we
display an illustration where u is the point in I' associated to u.

e An alternative is to assume that I' is C? and the mesh is fine enough. In this case U
can be set as the orthogonal projections of u into I'.

Let m" := 1 — u. We set m" := m"//m"| if /m"| # 0 and m" = v, otherwise. To define

v and mY we proceed similarly.
Then, for a point X € e, which is not a vertex,

Step 2: %(x) is determined as a convex combination of those paths originated from the vertices of e.
More precisely, for 0 € [0, 1], we write x = u(1 —6) 4+ v and define m := m"(1 —6) + 6m".
Then, we write m := m//m| if |m| # 0 and m := v, otherwise. Thus, we set X as the
intersection between the boundary I' and the ray starting at x whose unit tangent vector is
m; see Figure 2 (right) for an illustration.



Figure 2: Transferring paths from the boundary edge e.

Subsequently, the transferring path connecting a point x € T';, to the point X := x+/¢(x)m € I', where
{(x) := |x — x|, is given by
C(x):={x+tm: te€[0,0x)]}. (2.6)

e

Additionally, for each edge e € £ of vertices u and v, we define K s
intersection of Dj, with the cones (see Figure 3):

. as the region enclosed by the

C:= {u+771(ﬁ—u)+772(V—u)3 1, 12 €R+},

Cy:= {V+771(i7 —v)+mn(u—v): g, n € R+},
and denote by T}, := {IN(sxt te€ 5,?} the partition of D}, satisfying,

Tjg = LJ E%Ex#

6652

2.3 Statement of the Galerkin scheme

Let us introduce generic finite dimensional subspaces Hy, (D) and Qp,(Dy,) of H(div; Dy) and L2(Dy,),
respectively. On each K € T}, we let (M(K), W(K)) be a pair of arbitrary finite dimensional sub-
spaces, where M(K) is the space of two-dimensional vector functions on K, and W(K) is the space
of scalar functions on K. Then, our approach consists of approximating the exact solution (o, u) by
a pair (o, up) belonging to the product space Hy,(Dy,) x Qn(Dy), where

H,(Dy,) = {rh € H(div;Dy) : 73|, € M(K) VK € Th} , o
Qn(Dp) = {vh € L2(Dy) : vl € W(K) VK € Th}. '

A feasible choice of (M(K), W(K)) will be specified in Section 4. Now, inspired by (2.3), for any x
lying in e € 5,‘3 , g can be approximated by

(x)
gn(x) :=7(x) — OE Ep(op)(x + tm) - mdt, (2.8)

e

where Ej(o},) is a local extension operator from K¢ to K &y acting on o,. In practice, since M(K) is

a space of polynomials, given ¢; € M(K) we consider E;((},) as the extrapolation of {;, from K¢ to



K opt- In this way, defining now

()
dn(Choh) ;:ega/e (/0 Eh(ch)(x+tm)-mdt> T vedSy, (2.9)

and

Gp(Th) = Z /gTh Ve dSx, (2.10)

6655 €

for ¢, Tn € Hp(Dy), the Galerkin scheme associated to (2.4), reads: Find (o, up) € Hp(Dp)xQp(Dp)
such that
(ap, + dp)(on, Th) + bp(Th,up) = Gr(Tr) V15, € Hy(Dy),

br(on,vn) = Fp(vn)  Vor € Qu(Dp),

where the bilinear forms ay,, by, and the functional F}, have been introduced in Section 2.1. We remark
that problem (2.11) can be seen as the discrete version of problem (2.4) where g has been approximated
by gn (cf. (2.8)). Moreover, if  were a polygonal domain coinciding with Dy, the term dp({p,, 7h)
would be zero for all {;, 75, € Hy(Dy,), and then problem (2.11) would become well-posed provided the
Babuska—Brezzi conditions are proved, namely, the coercivity of a; on the kernel of by, the discrete
inf-sup condition for b;, and the boudedness of all the forms involved.

(2.11)

2.4 Solvability analysis

We now aim to prove the well-posedness of problem (2.11). We begin by stating the assumptions
regarding the Galerkin method, the triangulation and the closeness between I'y, and I'. Let us first
introduce some assumptions on the boundary I' and the mesh T},.

A. For some technical results concerning inverse inequalities, we first assume that the elements K in
T}, are shape-regular in the sense of Ciarlet (see [10]):

(A.1) There is a constant yx such that hx < yxpg, where pg is the radius of the largest ball
contained in K.

Next, in order to give sense to the integrals involved in G}, and dp, in (2.11), we need g (cf.
(2.8)) to be a measurable function, which certainly holds under the following assumptions on the
boundary I' (see [17, Lemma 3.1]):

(A.2) T is a compact Lipschitz boundary,
(A.3) There exits T C T closed in T such that || = 0 and I'\T is C2.

Owing to the latter hypothesis we can also define extension operators from  to R?. In fact, relax-
ing the smoothness requirement in assumption (A.3) to C! only, we have the following extension
theorem. For its proof we refer to [32, Chapter VIJ.

Theorem 2.1. There is an extension mapping & : H™(Q) — H™(R?) defined for all non-negative
integers m satisfying éa(C)’Q = for all ¢ € H™(Q) and

1€ llimr2 < CliCllm.g

where C' is independent of (.



In order to simplify the technicalities of the analysis on the region Df, for every edge e € 5,? and
X € e, we assume that

(A.4) the intersection of the ray {x + n(x — x), n € Rt} with ' is unique.

This prevents situations like the one shown at the right of Figure 3.

Figure 3: Examples of sets K¢,,.

Next, we describe two sets of hypothesis establishing the constraints on the choice of the discrete
subspaces in (2.7).

B. Let VPr be the discrete kernel of by, i.e.,
VP = {7, € Hy(Dp) : b(Th,vn) =0 Vo, € Qu(Dp)}.

In order to have a more explicit definition of VP» we introduce the following assumption:
(B.1) divH,(Dy) € Qi(Dp).

If fact, owing to (B.1) the subspace VP can be characterized as follows
VP = {1, e Hy(Dy,) : divr, =0 in Dy}.
Consequently, the bilinear form ay, satisfies the identity
an(Th:Th) = ITnldiep, V7h € VDR
which clearly shows that ay, is coercive on VP» with constant & = 1. In turn, we assume that by,

satisfies the inf-sup condition:

(B.2) There exists ﬁ > 0, independent of A, such that

bh Th,Uh ~
Sup Dula 0n) > Bllonllop, Yun € Qu(Dp).
TR,EH (D) ”Th”div;Dh

T}L#O

For the subsequent analysis we will also need the following hypotheses on the local discrete
spaces.

C. Given an integer & > 0 and a region O C R?, we denote by Pj(O) the space of polynomials of
degree at most k defined on O, and let Py(O) := [Pr(O)]%. Let ni, ny and n3 be integers such
that n1, no > 1 and ng > 0. Then, for all e € 5;?,



(C.1
(C.2
(C.3

) M(K?) € Pp, (K°),
) M(K®) - vke|s C Pp,(€) for all edge € C OK®,
) W(K®) C Ppy(K°),
Next, in Section 4 we specify suitable choices of finite element subspaces satisfying hypotheses
(B.1), (B.2) and (C.1)—(C.3).

Now we introduce assumptions related to the sets K ¢+ and the bilinear form dj,. More precisely, in
what follows we introduce smallness assumptions on certain quantities that will appear in the analysis
of our method when approximating the L?-norm of functions defined on K¢,. These conditions
determine how close the boundaries I and I';, must be.

D. Let e be any edge in £7. We define 7, := H,/h}, where H, := maxge. {(x) and h} is the distance
between the vertex of K¢, opposite to e, and the plane determined by e. We assume
(D.1) 7 <R,

where R denotes a constant that does not depend on the meshsize h. This hypothesis indicates
that the distance d(I',I';) must be at most O(h). In particular, the family of paths (Xp) (cf.
Section 2.2) satisfies this hypothesis by construction.

To establish the remaining hypotheses, for each K € T} we denote

NL(OK) = {w € L2(0K) : w|. € Py, (e) for all edges e of K} ,

and introduce the following constant:

Ceq = il sup M. (2.12)
wh ENY, (0K ®) ”wh||—1/2,az<e
wp#0
This definition can be inferred using the equivalence of the norms || - loox and || - [|_1/2,9x on

the space N, (0K) for all K € Ty; see [18, Lemma 3.2] for further details. Moreover, the value of
C¢, depends solely on the shape-regularity constant yxe and the polynomial degree of the space
Ny (OK®).

We shall also make frequent use of the quantity

(%) 1/2
el := (/ / |p<x+tm<x>>r2dtdsx) , (213)

where e € S;? and p is smooth enough in order to make the integral well-defined. In addition, we
define

E
Ge — i 12 gy IER (Sl (2.14)
crem(re) ICnllo xce
¢r#0
We recall that Ej(¢j,) is the extrapolation of the polynomial ¢, from K to K¢, since if M(K¢)

is a space of polynomials thanks to (C.1). The constant Cext is independent of the meshsize h,
but depends on the shape-regularity constant yxe and on the polynomial degree; see Appendix A.

We are now in a position of discussing the boundedness of the bilinear form dj. Let ¢; €
H;,(Dy). According to the notations stated in Section 2.2, for any x lying on a boundary edge e,
we set

w9 = [ B 6+ tmi) m) e

9



Applying the Cauchy Schwarz inequality, considering (2.13), (2.14) and the fact that, for all x € e,
(x) < H, = Foht < Fehgce, we obtain

£(x)
J@nle < [ €00 [ Bn(C)Fx+ tm(x) de s
<7 H, (Cty) uchu%Ke (2.15)
S?ShKe( ewt) |

In turn, by definition of dj, (cf. (2.9)), utilizing again the Cauchy—Schwarz inequality, and using
definition (2.12) together with assumption (C.2), we deduce that

|dn (S ) < D W

6658

o < {7 CenCly I llaivimn Imnlla s (216)

for all ¢}, 7, € Hy(Dy,), where we have utilized the continuity of the normal trace operator acting
from H(div; K¢) onto H"/2(0K*) (see e.g. [21, Theorem 1.7]). Thus, the boundedness of dj, is
certainly satisfied if we assume that:

(D.2)
e
< .
gé%j?({ 7 CC,,C } <1/2
We emphasize that, in general, the condition above is not entirely verifiable because, in most
cases, some of the quantities involved cannot be calculable explicitly. Certainly it holds if 7. for A
is small enough, as it happens when the boundary is interpolated by a piecewise linear function.

Having introduced the aforementioned hypotheses we are now in position of establishing the main
result of this section, namely, the well-posedness of problem (2.11).

Theorem 2.2. Suppose that assumptions A, B, C and D are satisfied. Then, given f € L2(Q) and
g € HY2(), there exists a unique (o, up) € Hy(Dy) x Qu(Dy) solution to problem (2.11) which
satisfies

Fp(wp, Gr(¢
”(Uhauh)”H(div;Dh)xL2(Dh) <C sup 7' (wn) + sup 7' ()
whEQh Dh HwhHO Dy, CheHh(Dh) ”Ch”div ;Dn
wp#0 Ch70

Proof. Let us start by providing the boundedness of the forms involved. Since X : 'y — I' is a
continuous mapping and we have assumed g € H'/2(T'), the composition g(-) := g(X(-)) is a function
in H'/2(I'},), and then we can apply the normal trace theorem (see e.g. [21, Theorem 1.7]) to obtain
\Gr(Th)| < ITrllaiv;D, 1]l /2,0, for all 74 € Hy(Dy), which implies G, bounded with constant [|G|| <
1. Moreover, we easily obtain ay, by, and F} bounded with constants < 1.

On the other hand, the bilinear form aj, + dj, is coercive on VP, Indeed, it is clear that

1

(an +dp)(Th, Th) > §HThH31v;Dh V1), € VPr,

owing to (2.16), assumptions (B.1) and (D.2), confirming the assertion. Finally, the discrete inf-sup
condition for by, is fulfilled by virtue of assumption (B.2) and hence the result is a straightforward
consequence of the classical Babuska—Brezzi theory. |

10



3 Error analysis

In this section we carry out the error analysis for our Galerkin scheme (2.11). We first derive error
estimates on Dy by considering the arbitrary finite element subspaces satisfying the assumptions in
Section 2.4, and well-known Strang-type estimates for saddle point problems. Then, we will follow
the procedure in [17, Section 5.2] to control the errors on Df. Moreover, we use the aforementioned
analysis to state the theoretical rates of convergence when using the specific discrete spaces provided
in Section 4.

3.1 Error estimates on D,

Let (o,u) € H(div; Q) x L2(2) be the solution of (2.1) satisfying (2.4) and let (o4, us) € Hy(Dy) x
Qr(Dp) be the solution of (2.11). Firstly, we are interested in obtaining upper bounds for
(o, u) — (UhaUh)”H(div;Dh)xw(Dhy
To this end, we rearrange (2.4) and (2.11) as the following pairs of continuous and discrete formulations:
ap(o, ) + bp(T,u)=(T-vr,,9)r, V7€ H(div;Dy), 3.1)
b(o,v) = Fi(v) Vv € L?(Dy),

and
an(on, Th) 4+ bp(Th,up) = Gr(Th) — dp(on, Th) V1R € Hy(Dy),

bh(dh,vh):Fh(Uh) Vvh S Qh(Dh).

Thus, as we have already pointed out before and as suggested by the structure of the foregoing systems,
in what follows we proceed similarly to [22] (see also [11]) and apply a Strang-type estimate for saddle
point problems whose continuous and discrete schemes differ only in the functionals involved, which
for the sake of completeness is introduced next. We refer the reader to [30, Theorem 11.2] for more
details.

(3.2)

Theorem 3.1. Let H and Q be two Hilbert spaces, G € H', F € Q/, and let a : Hx H — R and
b:H x Q — R be bounded bilinear forms satisfying the Babuska—Brezzi conditions, that is,

(1) There exists a > 0 such that
a(t,T)>a|T|F VTEV,
where V:i={r e H: b(T,v) =0 VYveQ}.
(i7) There exists B > 0 such that
b
o 270
ren [7|lu

T#0

> Blvllg VveQ.
In addition, let Hy, and Qp, be two finite dimensional subspaces of H and Q, respectively, and for each
h > 0 consider functionals G, € Hj, and F, € Q},. Assume that:
(7i1) There exists & > 0, independent of the discretization parameter h, such that
a(Th,Th) > dHThH%_I YT € Vh,

where Vi, :={1p € Hy : b(Tp,vn) =0 Yo, € Qp}.

11



(iv) There exists B > 0, independent of the discretization parameter h, such that

b Th,Uh N
sup A7) 5 Bl Von € Qu.
mel, |IThla
T}ﬁéO

In turn, let (o,u) € H x Q and (op,up) € Hy x Qp such that

alo,7)+b(T,u)=G(T) VreH,

(3.3)
blo,v)=F(v) VYwveQ,
and
a(on, Th) + 0(Th,un) =Gn(Th) V1, € Hy, 5.0
b(ah,vh) :]-"h(vh) Vvh € Qh. ‘
Then, for each h > 0 the following estimates hold
IICLII) o)y . ol .
- iv; < 1 ~ 1 ~ f - —_ f —
o ullan, < (1450 ) (14750 ) cinf o Gl + 10 int = il
1 Jal (F = Fwn) (1 -Gy Y
+—= <1—|—A) sup —|—<A> sup ————,
B @/ wpeQp HwhHQ &/ rh,eHy, | ThlE
wp#0 Tr#0
and
||&||< IICLII) ol .
_ < = fihed 1} b} _
o= unllop, < 150 (14 TG0} (1450 ) ing o — Gl
b b
+<1+” il +”|M> inf [lu—whllq
15} B8 a Jw,eQy
B (3.6)
e (1 1oy, 1= Tl
32 & ) weq,  llwnllg
wp, 70
1 —
(e lel) o OG0
g & ) rpen,  lThllm
7170

Hence, applying (3.5) and (3.6) to (3.1) and (3.2), noticing that in our case & = 1 and ||a|| < 1, we
can easily deduce that

o — opllavp, <C&  inf o— v, +C%  inf U —w + T7,

| nllaivip, <Cs b | llo = Cpllaivi, +C5 - nf nllo.p, (3.7)
and 5

u—upllop, <C% inf o — ¢ |laivp, + Cé inf u —wpllo;p, + =T, 3.8

I wilon, <CE, inflo Gl +C | nf uwnlop, + 277 (38)

with C’é, C’%, Cg and C’é being positive constants independent of the discretization parameters and

T .— sup ’<Th ) VFh7§>Fh - (Gh(Th) - dh(UhaTh))’.

ThGHh(Dh) HTthIV,Dh
7170

(3.9)

We now proceed to bound T?.
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Lemma 3.2. There exists a positive constant C, independent of h, such that

. ~ 1 1
T7 < inf S F)2CE o — En(C)ll. + 5llo = Cullp, | + 5l — onlp,  (3.10)
¢r€HL(Dr) ce? 2 2
h

Proof. First of all, using the Cauchy—Schwarz inequality, (2.8) and (2.12), we immediately have that

T < 3 Cehicd*I15 = Gullo.- (3.11)

6652

Moreover, for e € £7, from the definitions of § and gj, (resp. (2.3) and (2.8)), we obtain that

(9 —9n)(x) = - /OK(X) (0 — Ex(oh))(x + tm(x)) - m(x) dt,
for each point x of e. Then, by Cauchy—-Schwarz inequality, we find that

19 = Gnlle.e < Hello = En(an)|l? < Fehiello — En(an)IZ,
which, together with (3.11), yields

T7 < 3 (7)*Cello — En(on)ll,-

eeig

Let now ¢;, € Hy(Dp). Adding and subtracting Ej(¢;,) to the term on the right hand side of last
inequality, considering (2.14) and Assumption (D.2), we obtain

T7 < 3 (F)2C o =BGl + D (7o) CEIER(C,) — Enlon)]l.
6652 6683
~ 1
< Y (F)VPClle — Bl + 3 > 1I6h = anlloxe
ecg? ecg?
Thus, adding and subtracting o we obtain (3.10). |

In summary, (3.7), (3.8) and (3.10), yield the following result.

Theorem 3.3. Suppose that assumptions of Theorem 2.2 are satisfied. Let (o, u) € H(div; Q) x L2(2)
be the solution of (2.1) satisfying (2.4) and (op,up) € Hp(Dp) x Qn(Dy) be the solution of (2.11).
Then,

[(o,u) — (on, Uh)HH(div;Dh)xL?(Dh)

< inf |lu—wplop, + inf o — Cpllaivp, + F)Y2CC |lo — En(¢
whthmh)” llo,0s, et | nlldiviDy, ggja( e) Ol Cn)llle
h

(3.12)
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3.2 Approximating o and u in Df

In this section we provide error estimates outside the computational domain. Before doing so, we need
to show that, under certain conditions, the norms || - || 0.%e., and ||-||, are equivalent.

Let u and v be the vertices of a boundary edge e, and 1 and v be their corresponding points
in I described in Section 2.2. We recall that f(;ext is the region determined by u, v, u and v as
Figure 3 (left) shows. Then, a point x on e can be represented as x() = u+ 6(v — u) for 6 € [0, 1].
Now, according to Section 2.2, the tangent vector of the path associated to x can be written as
m(f) := m" +0(m” —m"). Moreover, m(f) := m(0)/|m(0)| if m(0) # 0; and m(#) = v., otherwise.

Thus, for y € ﬁg . we have:

y(0,s) =x(0) + m(0)s s€0,4(0)], 0 € 0,1], (3.13)

where ¢(0) is the length of the transferring associated to x(6).

1

Now, for a vector w = (w1, wsz), we define w= := (—ws,w;) and the Jacobian of the above trans-

formation is given by

lefm(6) - ve + —m(6f) - (m¥ — m")" |, (3.14)

J(s,0)= o0

where a(f) = lm(0)| if m(0) # 0; and a(f) = 1, otherwise. In turn, considering the parametrization
(3.13), we have that

1 40)
P2 = [ @Ay = [ [ ipr(s. 0D (s 0] dsao. (315)

Thus, the equivalence of norms holds if |J(s, )| is bounded from above and below for which specific
conditions must be satisfied by the vectors appearing in (3.14). More precisely, we have,

Lemma 3.4. Let p € L2(K¢,,) and suppose assumptions (A.1)-(A.5) are satisfied. In addition, let

us consider the following conditions:

(i) m"-mY >0,
(ii) there exists constant 5., independent of h, such that m(0) -v. > e > 0 for all 0 € [0,1] ; and
(i) m" - (m¥)+ > 0.

If (i) holds, then
Il < C5lIpll. (3.16)

_\1/2 e
where C§ = (1 + 2\/§7Kere) . Moreover, if (ii) and (iii) hold, then
Cilipllle < flelly 7. (3.17)

with C¢ = B2
We point out that, if m*" is parallel to m", then |J(s,0)| = e[, which means that ||p||. = |Ipll, 7.
" rext
and conditions (1)-(iii) are not required.
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Proof. By assumption (i) we have that
a0)? =607+ -1 +20(1 —0)m"-m" > 6%+ (0 —1)> > 1/2.

Since £(0) < H, < Tehi, < yieTe|e| for all € [0, 1], then

/(0 -
3(s,0)] < le] + Cf(e’)amw T ) < Je| + 2v3yierilel.

Thus,
9 _ 1 rl(0) 9 B 9
IpI2 . < (1 2v2rceic) el [ [ p(y(s. o) dsdb = (14 2v27) 1Dl
which implies (3.16).

On the other hand, we notice that the Jacobian (3.14) can be written as

lefm(6) - ve + ——m" - (m")" |.

()

Then, by assumptions (ii) and (i), we have that J(s,0) > Be|e|. Thus, by (3.15) we obtain (3.17). W

J(s,0) = (3.18)

Then we have the following intermediate result.

Lemma 3.5. In addition to the hypotheses of Theorem 2.2 and assumption (i) in Lemma 3.4, we
suppose that there exists an integer m > 0 such that o € H™TY(Q). Then, for any ¢, € Hy(Dy),
there hold

> llo = EnCillly ze, S B o lmirg + o = Callo, (3.19)
6653
and
> llo = BalCi)l gy e, S llo = Cullaiv, A" (o llmera + |divollng). (320

6652

Proof. Let ¢, € Hy(Dy) and & : H™(Q) — H™(R?) be the extension operator introduced in
Theorem 2.1. Then, since I' is Lipschitz (cf. assumption (A.1)), we define

Y, = (TV(Eor), TV (E02))", (3.21)

where, for each i € {1,2} and for any e € £7, Tg‘“(éoai) is the Taylor polynomial of degree m + 1 of

the function &o; around the center of the ball B¢ (see [6, Chapter IV] for details), with B¢ being the
ball of radius hz, (equal to the diameter of K¢, U K*) centered at the middle point of the edge e; see

€T

Figure 4. Thus, by definition, 1, € Ps(ée) with s <m + 1.
Then, by triangle inequality, definition (2.14) and Lemma 3.4, we obtain

HU - Eh(Ch)HO Ke < HU - /l:beHD Ke + ”we - Eh(Ch)HO Ke
"l ext " rext " rext

<o = elly g +C57e*Clrllpe = Callo.xce (3.22)

~1/2 ~ ~1/2 ~
< (14 C572Cl ) llo = ellg .+ C5722Clgllor = Collosees
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Figure 4: Example of the ball B¢ associated with the boundary edge e.

where in the last inequality we added and subtracted o. On the other hand, by approximations
properties of the Taylor polynomials (cf. Section 4.1 in [6]), we have

llo — ¢6H0J~<§M < &g (3.23)

nr%LEE’
where &0 := (§01,802)t. Thus, replacing (3.23) in (3.22), adding over e € £, using the continuity
of & and Assumptions in D, we obtain (3.19).

On the other hand, we notice that divEp(¢,)(y) = Ep(div ¢, )(y) for all y € K¢, Then, repeating

the arguments that led us to (3.19), but this time taking w, := TI*(&(dive)) € Ps(B€), with s < m,
instead of v, we readily deduce that

Z |dive — diVEh(Ch)HOJ};t < Z {Hdiva — weHof(:M + [|div Ep(¢p) — weHOVI?SIt}

ecg? ec€?
SE™Hdiv om0 + |div (e = ¢)

|0,Dh7

which together with (3.19) implies (3.20). [

We now propose suitable approximations for o and u in Df§. These approximations, in abuse of
notation, we will be named also o and wuy. To that end we let (o, up) € Hp(Dp) x Qn(Dp) be the
unique solution of (2.11).

First, to approximate o in D, we proceed analogously to [17, Section 2.1.3] and simply take the

extrapolation of o in D¢, that is, for any e € E}? and any y € Egzt, we define
on(y) == Ep(on)(y)- (3.24)
Observe that, for each edge e € £7, the extrapolation of o[ to fgxt belongs to H(div; ngt), but

not necessarily to H(div;Df). Consequently, for the subsequent analysis we introduce the broken
space (see for instance [12]): B N
H(div;Ty) := H H(div; K,,)
6655
endowed with the broken norm
1/2

o= 2
"6“diV;Th T Z HE”diV;Keewt

6652

The following result establishes the estimate for o — o, in Dj.
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Lemma 3.6. Suppose that assumptions of Lemma 3.5 are satisfied. Then

o—op|l, =~ < inf o — w:D, +  inf u—w
” h”le T~ ¢, €Hp(Dn) || Cthlv,Dh wneQu (D) H h”O,Dh (3 25)
o = onllasen, + 5" (om0 + [divellmio)
and
O —Op ODCS, inf g — 0,D¢ + inf U — Wh||0,D
o= onlony S _inf, o= Culloog + _intlu= wnlo, o

+lo = aullop, + 2" llm1.0.

Proof. Let ¢;, € H,(Dy). By applying estimate (3.20), we deduce that

||U o Uh”div;%h = Z ||U o Gh”div;[?szt
ec&?

S ¢k = onllain, + o = Cullaiv v, + 5™ (om0 + [div e lmir0),

Hence, adding an subtracting o in ||{}, — o4|div;p, We obtain (3.25). In addition, (3.26) is obtained
analogously, but considering the estimate (3.19) instead of (3.20). [

Now, to define the approximation of u in Dj,, we proceed again analogously to [17, Section 2.1.3]
and adopt the same ideas when defining g, (cf. (2.8)). More precisely, given an edge e € E,? , for any

e

point y € K¢, there is a path ¢ (x) starting at x € I'j, and ending at X € I' so that we can write

y = x+ (n/4(x))(X — x) for some 7 € [0,¢(x)]. Then, for any e € £ and y € K&,,, we set

extr

ly—y|
un(y) = u(y) - /0 only + sw(y)) - w(y)ds, (3.27)

where y :=X, w(y) := (¥ —y)/|¥ — y| and o}, is defined as in (3.24).

Now we address the estimate for u — uy by using the L?-norm on Ds.

Lemma 3.7. Suppose that assumptions of Lemmas 3.4 and 3.5 are satisfied, then

U — U . < 2o + h inf U—w + inf o — - .
= uloy S W2 lmira+ h{, nE uswnlon, + ot o= Glla o,

Proof. We first use (3.16) to obtain
2 2 2 2 6x) 2
=l < 3 (€Nl —will = X (€9 [ [ - s+ tmx) de sy, (3.28)
ec€? ec&?d c

Let y = x + tm(x), then using the definition of uy(y) in (3.27) and the facts that y = X and
w(y) = m(x), we have

- =— [ ou)y + swy)) - wiy) ds

(ex)-t)
_ _/0 (0 — o) (x + (t + s)m(x)) - m(x) ds.
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This expression, together with the Cauchy—Schwarz inequality and a simple change of variables, implies

£(x)
Ju — unl*(y) < (€(x) *t)/t (o — on)(x + rm(x))|* dr

" (3.29)
<060 [ I = on)x + rm(x)) P dr.
0
In this way, replacing (3.29) into (3.28), we obtain
2 e\2 o [H) 2
o=l < 30 (€52 [ €0 [ I(or = o)+ ren(x)) P dr, (330
668;? € 0
Since £(x) < H, = Fht < Fohge, thanks to assumption (D.1) and (3.17), we obtain
lu —unl§ps < Y- (C5)*Fehrello — aull; < (Rh)* max (C5)* (CF)llo — onllf e -
. ec&
ecef h
and the result follows from (3.26). [ |

Remark 3.1. The solvability and error analyses in previous sections do not rely on how the com-
putational subdomain and the transferring paths are constructed, as long as Assumptions A, D and
assumptions of Lemma 3.4 are satisfied.

Remark 3.2. We now illustrate an alternative way to construct the computational domain Dy. If Q
s convex, we can construct I'y, interpolating I' by a piecewise linear function. Thus, the subdomain Dy
is the region enclosed by 'y, and the transferring paths associated to the interior points of a boundary
edge e can be chosen so that they are perpendicular to e. In this setting, Assumptions A and D hold
and actually 7. is of order h. Moreover, the norms || - HO,IN(E t and ||-|| coincide and hence Assumptions
(1) — (iii) of Lemma 3.4 are not necessary. If Q is notexconvex, we can proceed similarly and our
analysis still holds under the additional assumption that the solution (o,u) of (2.1) can be extended

to the region Q°N Dy,.

4 Particular choice of finite elements

Given an integer k > 0 and a set O in R2, we denote by Py(0Q) C Py(O) the space of polynomials
of total degree equal to k. Then, with the same notations and definitions introduced in Section 2.1
concerning the triangulation T}, of Dy, we start by defining the local Raviart-Thomas space of order
k as N

RT(K) := Py(K) ® Pr(K)x,

or each K € Ty, where x := (z1,22)" is a generic vector of R?, and P(K) stands for the space of
vector-valued polynomials of degree at most k on K € T},. Then, a concrete example of discrete spaces
for is given by the sets:

H,(Dy) := {rh € H(div;Dy) : 74|, € RTL(K) VK € Th}, )
Qu(D1) = {vn € L*(Dy) : v, €Pr(K) VK €T,}. '

It is well-known that these spaces satisfy assumptions B and C (cf. Section 2.4). Moreover, they have
the following approximation properties (see, e.g. [21, 24]):
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(APf) For each r € (0,k + 1], and for each & € H"(Dy,) N H(div;Dy,) with dive € H"(Dy,), there
holds

inf ~ Cllaswm, <7 ( di ).
ChEII‘Inh(Dh) lo Ch”le,Dh ~ HUHT,Dh + || IVUHT,Dh

(AP})) For each r € (0,k + 1], and for each u € H"(Dy,), there holds

inf flu —whllop, S A" [u

7,Dp -
wr€QR(Dr)

The following theorem establishes the a priori error estimates associated to the scheme (2.4), under
suitable regularity assumptions on the exact solution. It also provides estimates of the error in the
non-meshed region D .

Theorem 4.1. In addition to the hypotheses of Theorem 3.3, Lemma, Lemma 3./ and 3.5, let us
assume that the exact solution (o,u) satisfies o € H*1(Q) N H(div;Q) with dive € H*1(Q) and
u € H*1(Q). Then

(o, u) = (oh, un) | H(div:Dy)xL2(Dy) S hk+1(”””kz+1,ﬂ + [|div o |lk+1.0 + HUHk+1,9>>

lo —Bn(on) 7, S0 (lolivre + Idivela + fulig).

and
lu—wunllo,g, S B2 (lollesro + Idive ko + fullke)-

Proof. 1t follows from Theorem 3.3, Lemmas 3.6, 3.7, and the approximations properties (AP}') and
(AP7) specified above. [ |

Remark 4.1. The theory developed above covers other similar finite element subspaces available in
the literature, such as the local Brezzi-Douglas—Marini space of order k > 1 (see for instance [9]):

BDM(K) := Py(K).
More precisely, one can also choose the discrete spaces in (2.7) as:
H), (D) = {7 € H(div;Dy) : 74|, € BDMy(K) VK €Ty},

Qn(Dp) = {vh e L?(Dy) : vl € Proa(K) VE € Th} ,

and obtain the well-posedness of the discrete problem and optimal error estimates, as well.

5 Numerical results

In this section we present numerical experiments in R? illustrating the performance of the discrete
scheme introduced and analized in Section 2. The numerical results shown below were obtained using
a MATLAB code, along with the direct linear solver UMFPACK (cf. [19]), also incorporated as a built-in
function into MATLAB. In all the computations we consider the specific finite element subspaces Hy,(Dp,)
and Qp(Dy,) defined in terms of the discrete spaces given by (4.1) with £ = 0,1,2,3. At this regard, an
important issue is the computational implementation of specific basis functions providing high order
approximations. This is facilitated through the use of hierarchical basis for the local Raviart—Thomas
space of order k, as was introduced in [1], and Dubiner basis for the local polynomial space of degree
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at most k (see e.g. [20]). We begin by introducing additional notations. Firstly, we must take into
account that, in all our examples, the computational domain D, and the region Dj change with h.
That is why we compute the relative errors

u — Up|lo,D 0 — Opldiv;D
oy I mlon, o~ oo,
[[ullo,p, lollaiv:Dy,
. ||U—Uh”0,D;'L . Ho._Eh(o.h)Hdiv;%h
€ext(U) == W; €ext(0) = ol ~
ullo,pg T lldiv Ty

Subsequently, we define the experimental rates of convergence as

AT log(eint () /€ int (")) o) = log(eext () /€ ext ()
rlnt( ) . 2 { log(N/N’) }7 ext( ) . 2 { log(N/N’) },

where N and N’ denote the number of elements of two consecutive meshes with their respective errors

/ /
eint and €}, (resp. eext and el ).

Example 1. We take u(xi,z2) = sin(mx;)sin(mzs) as exact solution, and choose 2 to be the an-
nular domain consisting in two concentric circles of radius 1.5 and 0.7, respectively. As required by
assumption (D.1), the subdomain Dj, is constructed in such a way that the distance d(I",T') is at
most O(h). To do that, we consider a background triangulation 7, of the square B D €, obtained
by subdividing the squares of the Cartesian grid into four congruent triangles, and then follow the
process in Section 2.1 to choose those elements of 7T, inside of 2. In Table 1 we present the history
of convergence and observe that the convergence rates predicted by Theorem 4.1 are attained by all
the unknowns, namely O(RFT1) for ejnt (o), €ext(0) and eine(u), and O(h*+2) for eext(u). Next, in
Figure 5 we display the approximate value of the second component of o, denoted by oy, 2, obtained
for the approximation RT3 — P3 with total number of degrees of freedom (d.o.f) equal to 32560 and
N = 1152 elements. The corresponding extrapolated solution on the set Dj is also displayed there.

Example 2. We set f and g such that u(x1,z2) := 22 exp(2(x2 — 1)), and consider a kidney-shaped

domain 2 whose boundary satisfies the equation
(2[(x1 +0.5)* + 23] — 21 — 0.5)% — [(z1 + 0.5)*> + 23] + 0.1 = 0.

The way to construct Dy, is the same as in the previous example. In Table 2 we present the corre-
sponding convergence history and again observe there that optimal convergence rates predicted by
Theorem 4.1 are reached by all the unknowns. In Figure 6 we display the approximate value of the
first component of o, denoted by 0 1, obtained for the approximation RT3 — P3 with total number
of degrees of freedom (d.o.f) equal to 18480 and N = 654 elements.

Example 3. We consider exactly the same domain ) as in Example 2, but this time we choose
u(z1,x2) := sin(10mz; — brxa) as exact solution instead. The goal is to explore how the error of our
method is affected when we consider keeping a triangulation of Dy, fixed and varying the degree k of
the finite element spaces in (4.1). In Figure 7 we show the results for three fixed meshes with N = 146,
N = 654 and N = 3068 elements, respectively. As expected, it can be appreciated there that the
quality of the approximations improves as h diminishes or k increases.

Example 4. In our last experiment, we observe the performance of the method considering another
type of computational domain, as Remark 3.2 mentioned. We take u(z1,z2) := sin(z1)sin(z2) as
exact solution and consider €) to be the annular domain consisting of two concentric circles of radius
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k

N

h

d.of ‘ €int (1)

Errors on Dy,

Fine (1) | esne(0)

Fine(0) | €exe (1)

Errors on Dj,

lext (u) ‘ €eoxt (U)

rex‘c (U)

248
1152
4840

22028
89384

0.262
0.131
0.065
0.031
0.015

664
2956
12260
55352
224020

2.28e — 01
1.08e — 01
5.31le — 02
2.20e — 02
1.09e — 02

0.96
0.99
1.16
0.99

2.30e — 01
1.10e — 01
5.39¢ — 02
2.26e — 02
1.12e — 02

0.96
0.99
1.14
0.99

9.84e¢ — 03
2.28¢ — 03
5.52e — 04
1.62e¢ — 04
3.22e — 05

1.90
1.97
1.61
2.30

2.99¢ - 01
1.24e — 01
6.50e — 02
3.28e — 02
1.58e — 02

1.14
0.90
0.90
1.03

248
1152
4840

22028
89384

0.262
0.131
0.065
0.031
0.015

2072
9368
39040
176790
716200

2.79e¢ — 02
5.44e — 03
1.32e — 03
2.95¢ — 04
7.36e — 05

2.13
1.96
1.97
1.98

2.37e — 02
5.51e — 03
1.36e — 03
3.03e — 04
7.56e — 05

1.90
1.95
1.97
1.98

3.62e — 03
4.72e — 04
5.35e — 05
5.02e — 06
5.86e — 07

2.65
3.03
3.12
3.06

1.08e — 01
2.43e — 02
6.70e — 03
1.79¢ — 03
4.41e — 04

1.94
1.79
1.74
1.99

248
1152
4840

22028
89384

0.262
0.131
0.065
0.031
0.015

4224
19236
80340

364310
1476500

6.51e — 03
2.74e — 04
3.01e — 05
2.32e — 06
2.84e — 07

4.12
3.07
3.38
2.99

2.88¢ — 03
2.58e — 04
3.13e — 05
2.42e — 06
2.96e — 07

3.14
2.93
3.37
3.00

9.75e — 04
4.57¢ — 05
4.51e — 06
1.18¢ — 07
7.08¢ — 09

3.98
3.22
4.80
4.02

2.16e — 02
1.76e — 03
2.97e — 04
2.53e — 05
2.92e — 06

5.87
3.26
2.48
3.24
3.08

248
1152
4840

22028
89384

0.262
0.131
0.065
0.031
0.015

7120
32560
136160
617910
2505000

2.27e - 03
2.83e — 05
1.16e — 06
1.67e — 08
9.51e — 10

5.70
4.44
5.59
4.09

7.27e — 04
1.70e — 05
1.22e — 06
2.18¢ — 08
1.14e — 09

4.88
3.67
5.31
4.20

2.25e — 04
3.48e — 06
2.25e — 07
1.72e — 09
4.27e — 11

5.43
3.81
6.43
5.28

5.59¢ — 03
2.82e — 04
2.56e — 05
1.52e — 06
8.87e — 08

3.88
3.34
3.72
4.05

Table 1: History of convergence of the approximation in Example 1.

Figure 5: Example 1: oy, 5 for the approximation RT3 — P3 with NV = 1152 elements.
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k

N h

d.of | €int (1)

Errors on Dy,
Fine (1) | esne(0)

Fine(0) | €exe (1)

Errors on Dj,
Fext (u) | €ext (U)

rex‘c (U)

146 0.131
654 0.065
3068 0.031
12579 0.015
50877 0.007

384
1677
7748

31602
127500

1.65e — 01
7.88e — 02
3.84e — 02
1.89e — 02
9.44e — 03

0.98
0.93
0.99
0.99

5.12e — 02
2.61e — 02
1.12e — 02
5.64e — 03
2.82e — 03

0.89
1.09
0.97
0.98

3.51le — 03
1.51e — 03
2.91e — 04
7.13e — 05
1.66e — 05

1.12
2.13
1.99
2.08

1.01e — 01
5.25e — 02
2.63e — 02
1.32e — 02
6.68¢ — 03

0.88
0.89
0.96
0.98

146 0.131
654 0.065
3068 0.031
12579 0.015
50877 0.007

1206
5316
24700
100940
4076400

1.22¢ — 02
2.68¢ — 03
6.84e — 04
1.67¢ — 04
4.12e — 05

2.02
1.76
1.99
2.00

2.19¢ - 03
5.23e — 04
1.17e — 04
2.89¢ — 05
7.20e — 06

1.91
1.93
1.98
1.99

4.48¢ — 04
6.60e — 05
7.47e — 06
9.24e — 07
1.29¢ — 07

2.55
2.81
2.96
2.81

8.88e — 03
2.40e — 03
6.89¢ — 04
1.78e — 04
4.29¢ — 05

1.74
1.61
1.91
2.03

146 0.131
654 0.065
3068 0.031
12579 0.015
50877 0.007

2466
10917
50856

208020
840400

2.74e — 04
3.16e — 05
2.83e¢ — 06
3.40e — 07
4.20e — 08

2.88
3.12
3.00
2.99

6.18e — 05
1.23e — 05
5.62e — 07
6.31e — 08
7.67e — 09

2.14
4.00
3.10
3.01

1.59¢ — 05
2.66e — 06
6.59¢ — 08
2.96e — 09
2.00e — 10

2.38
4.78
4.39
3.85

5.59¢ — 04
9.84e — 05
1.09e¢ — 05
1.36e — 06
1.66e — 07

2.31
2.83
2.95
3.01

146 0.131
654 0.065
3068 0.031
12579 0.015
50877 0.007

4164
18480
86216

352830
1425800

4.76e — 06
4.73e — 07
9.83e — 09
5.27e — 10
3.15e — 11

3.07
5.01
4.14
4.03

1.58e — 06
2.78e¢ — 07
4.52e — 09
1.66e — 10
8.91e — 12

4.94
2.31
5.33
4.67
4.19

6.26e — 07
6.11e — 08
6.07e — 10
1.42e — 11
4.87¢ — 13

3.10
5.96
5.32
4.82

2.62e — 05
3.00e — 06
1.40e — 07
8.00e — 09
5.05e — 10

2.89
3.96
4.06
3.95

Table 2: History of convergence of the approximation in Example 2.

Figure 6: Example 2: oy, 9 for the approximation RT3 — P3 with N = 654 elements.
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Figure 7: Example 3: Log of the error vs. (k+ 1) for kK =0,7 and three fixed meshes.

2 and 0.5, respectively. In this case, the computational boundary I'y, is defined through a piecewise
linear interpolation of I' as Figure 8 shows. Here, the distance d(I',T'},) is at most O(h?). Table 3
shows that the experimental rates of convergence for eint(0), €ext(0) and eint(u) are optimal, i.e.,
O(h*+1). In addition, the convergence rate of eqyt(u) is O(h¥3). This behavior can be explained by
the proof of Theorem 3.7. In fact, since now 7 is of order h, the estimate becomes

lu = upllops < h2llo —En(on) g, 5, S H.
Appendices
In this section we use the equivalence of the the norms ||-[|, and [|- ||, 7. (cf. Lemma 3.4) to provide
~ " rext
an estimate of C¢,, defined in (2.14).
A Estimates of C¢,
The following result extends the estimation in [17, Lemma A.1] to the case when the norm || - || 0.7
" rext

is considered.

Lemma A.1. Let e be any edge in 5,‘?. Let L be the line segment with endpoints given by the center
of the biggest ball contained in K€, and the point of the set K¢t where the polynomial p achieves its
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Bl N h dof | ei(u)

Errors on Dy,

lint (U) ‘ eint(o-) lint (O') ‘ €ext (U)

Errors on Dj,

lext (u) ‘ €ext (0')

lext (U)

150
608
2396
9358
37798

0.660
0.355
0.187
0.095
0.050

395 |1.39e — 01
1560 |6.89e — 02
6070 |3.50e — 02
23555 |1.78e — 02
94815 [8.98e — 03

1.26e — 01 8.03e — 05
6.25e — 02 9.51e — 06
3.16e — 02 1.16e — 06
1.61e — 02 1.46e — 07
8.05e — 03 1.87e — 08

1.00
0.99
0.99
0.99

1.00
0.98
0.99
0.98

9.38¢ — 02
4.62e — 02
2.35e — 02
1.18¢ — 02
5.99¢ — 03

3.04
3.05
3.04
2.94

1.01
0.98
1.00
0.97

150
608
1] 2396
9358
37798

0.660
0.355
0.187
0.095
0.050

1240 |8.68e — 03
4944 12.23e — 03
19328 |5.69¢ — 04
75184 |1.46e — 04
30302 |3.63e — 05

1.10e — 02 2.42e — 05
2.73e — 03 1.68e — 06
6.98¢ — 04 1.02e — 07
1.79e — 04 7.27e — 09
4.44e — 05 4.72e — 10

1.93
1.99
1.98
2.00

1.99
1.99
1.99
1.99

1.39e — 02
3.36e — 03
9.36e — 04
2.44e — 04
6.31e — 05

3.81
4.07
3.89
3.91

2.03
1.86
1.97
1.94

150
608
2| 2396
9358
37798

0.660
0.355
0.187
0.095
0.050

2535 |5.86e — 04
10152 |6.99¢ — 05
39774 |8.92e — 06
154890 |1.14e — 06
624630 |1.42e — 07

5.65e — 04 1.44e — 06
7.02e — 05 5.43e — 08
9.17e — 06 1.70e — 09
1.18e — 06 5.64e — 11
1.47e — 07 1.90e — 12

3.03
3.00
3.01
2.98

2.98
2.96
2.99
2.99

6.96e — 04
1.01e — 04
1.40e — 05
1.73e — 06
2.40e — 07

4.68
5.04
5.00
4.85

2.74
2.88
3.06
2.83

150
608
2396
9358
37798

0.660
0.355
0.187
0.095
0.050

4280 |1.81e—05
17184 |1.29e — 06
67408 |8.32e — 08
262660 |5.54e — 09
1059600 | 3.38e — 10

2.36e — 05 6.37e — 08
1.49e — 06 8.55e — 10
9.66e — 08 1.58e — 11
6.37e — 09 2.55e — 13
3.90e — 10 4.13e — 15

3.77
4.00
3.97
4.00

3.94
3.99
3.99
3.99

4.11e — 05
2.80e — 06
1.78e — 07
1.21e — 08
8.40e — 10

6.16
5.81
6.05
5.90

3.84
4.01
3.93
3.83

Table 3: History of convergence of the approximation in Example 4.

>

Figure 8: Example 4: (Left) Mesh with N = 150 elements, where I'j, is constructed by piecewise
linear interpolation of the boundary I' (blue line). (Right) Part of the domain 2 that lies in the first

quadrant of the Cartesian plane.

mazimum. Suppose that assumption (A.1) holds. Assume further that L is contained in interior of
denoted by B¢. Then, for any p € Pi(B€) we have

the closure of the set K¢ U K¢

ext’

V%
J
sy

YN,

S
ey,
%

Dy

A\

/>
N
Y

Il e, < CE20+ 120 plloce,

- 1/2
where 7, 1= He/heL and ne 1= 1+27Ke77e—|—2(71<e?€(1 —|—7Ke?e)) . Here the constant C solely depends

on the shape-regularity constant yie.
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Proof. We begin by noting that £ can be subdivided as

I@

int * =

{xEE:xﬁKeyé@} and Iext—{xeﬁ XﬁKel,t;é@}
from which

_ N
191} g, < Kl max 1p00] < IREllpl e, < R IplE

ext

owing to the relation |K¢,,| < Ch%!. Next, we proceed as in [17, Lemma A.1] and prove that

Plles(re ) < ntlpllLee e - In fact, in virtue of [13, Lemma 4.3], this is fulfilled by observing that
czt € ( 1nt)
‘ ext| | e:rt| S 6 S')/Ke He S VKEFe;
’ znt‘ Ke pKe hKe

where pge is the radius of the biggest ball contained in K¢, since hel < hge and hge < Ygepre. In
addition, by standard scaling arguments there holds

d
2

lplleoe e,y < Ipllioe(rey < C (hice) ™2 (U4 1)[|pllo,xce-

znt
—1 —
Finally, the proof is completed by noting that h;(ﬁ < (hel) < 7e/H.. |
The previous result, together with the estimates in Lemma 3.4, implies that

ea:t (Cl) 1026(l + 1)277é

6 Concluding remarks

We have proposed and analyzed a mixed finite element method for diffusive problems with Dirichlet
boundary condition on a curved domain 2 with boundary I'. In particular, we have considered a novel
technique in which the approximation to the solution is first computed over a polygonal subdomain
Dy, of Q and then extended to the complement D = 2\ Dy, of Dj,. We showed that our H(div; Dy)-
conforming method, is well-posed and optimal provided the approximation of the boundary data given
n (2.8). We presented numerical experiments validating our theory.

On the other hand, as Remark 3.1 mentioned, we observe that our analysis is independent of how
the computational subdomain Dy, and the transferring paths are constructed, as long as Assumptions
A, D and assumptions of Lemma 3.4 are satisfied. Moreover, as it is mentioned in Remark 3.2,
our technique also covers the case of a fitted method resulting of interpolating the boundary I'" by a
piecewise linear function. Finally, we believe the theory developed in this work can be adapted to
three dimensions. In fact, the result in Theorem 2.2 and the estimates in Section 3.1 are independent
of the dimension of the problem.
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