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Abstract Many formulations of quadratic allocation problems, portfolio op-
timization problems, the maximum weight clique problem, among others, take
the form as the well-known standard quadratic optimization (StQO) problem,
which consists in minimizing a homogeneous quadratic function on the usual
simplex in the non negative orthant. We propose to analyze the same problem
when the simplex is substituted by a convex and compact base of any pointed,
closed, convex cone (so, the cone of positive semidefinite matrices or the cone
of copositive matrices are particular instances). Three main duals (for which
a semi-infinite formulation of the primal problem is required) are associated,
and we establish some characterizations of strong duality with respect to each
of the three duals in terms of copositivity of the Hessian of the quadratic ob-
jective function on suitable cones. Such a problem reveals a hidden convexity
and the validity of S-lemma. In case of bidimensional quadratic optimization
problems, copositivity of the Hessian of the objective function is characterized,
and the case when every local solution is global.
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1 Introduction

Let A be any real symmetric matrix of order n, C C R" be a pointed, closed,
convex cone having non-empty (topological) interior. In this paper we will deal
with the following optimization problem :

1
uqimin{ngAx: elx =1, 3:60}, (1)

where e € int C*. Here, C* is the non-negative polar cone of C, defined
by C* = {y € R" : y'z > 0,V € C}. The feasible set to (1), denoted by
K ={z € C: ez =1},is aconvex and compact base of C, i.e., C = |J,5 tK.
Notice that, due to the structure of K, any quadratic objective function may
be reduced to an homogeneous one, since

1 1

ixTAa: +a'z= ixT(A +ea' +ae’ )z, ¥VaecR"

The standard quadratic optimization (StQO) problem introduced in Bomze

[7] and further developed in [8-12] and references therein, corresponds to the
case C=R7%, e=1=(1... 1)T €int R™

min leA:r, (2)
z€A 2
with A being the simplex {z € R": 1Tz =1, 2 > 0}. Such a formulation has
been proved to be very important in applications since it models quadratic al-
location problems [30], portfolio optimization problems [34,35], the maximum
weight clique problem [37,27], among others. In addition, this problem retains,
as asserted in [12], most of the complexity of the general quadratic case having
a polyhedron as a feasible set.
We will show in Section 3 that, as occurs for the special problem (2) (see
[16]), problem (1) can be re-written as

fg = sup{ —X: A+2)ee' is copositive on C}, (3)
AER

where we say that a symmetric matrix M is copositive on C, if 2" Mz > 0

for all x € C. From (3), one obtains a linear programming representation of

(2) by using [26] (see [16]). The previous formulation (3) may be seen as the

(Lagrangian) dual problem when (1) is written equivalently as

1
g = inf{§xTAx caxlee'z—1=0, z¢€ C}.
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Its (Lagrangian) dual problem, following Section 3, is:

1
sup inf {—xTAx + Mz eez — 1)},
AeR TEC

from which, (3) is derived (see Section 3 for details).

Problem (3) belongs to a class of problems termed “copositive optimiza-
tion”. This approach arises for analyzing the optimization problem where the
objective function is quadratic but nonconvex, and the constraint set is a
polyhedron, see [14] for a nice introduction to this topic. Instead, we will be
interested in the qualitative study of the image space associated to the original
problem (1).

Non negativity of a quadratic function (and so copositivity of a symmetric
matrix) on a lower (upper) level set determined by a single quadratic function
have been investigated in [42]. This allowed the authors to establish, under
a Slater condition, S-lemma in both situations: as being either an inequality
constraint ([42, Corollary 5]); or equality ([42, Corollary 6]). Only recently,
without using any result on convexity of joint-range for a pair of quadratic
functions, necessary and sufficient conditions for the validity of S-lemma, in
the equality case, have been given in [43]; whereas the convexity of the same
joint-range was completely characterized in [25]. However, an S-lemma related
to problem (1) that reads as: (a) and (b) are equivalent, where

1
(a) 2€C, glx)=e'x—1=0= f(z) = §ZCTA$ > 0;
(b) there exists A € R such that f(z) + Ag(z) > 0 for all z € C,

cannot be obtained from those results in [42] nor from [39,31].

Precisely, one of the goals of the present paper is to establish an S-lemma,
and contrary to the approach developed in [42], we will first state an equiva-
lence to the fulfillment to the strong duality for (1) (with respect to a suitable
dual problem) in terms of the convexity of (g, f)(C)+R4(0, 1), without passing
by a copositive representation scheme.

A second issue we will deal with is the study of the validity of strong
duality for the primal problem (1) with respect to each of its three possible
Lagrangian dual problems: we characterize that property via the copositivity
of A on suitable subsets of R™. One of the dual will require the formulation of
(1) as a semi-infinite optimization problem, and will apply some of the main
results from [19]. Our approach is similar to that carried out in [8], where
various Lagrangians or semi-Lagrangians are considered. However, the main
results of the present paper cannot be obtained from those in [8].

We must point out that a class of pairs of linear primal/dual copositive
programs was analyzed, via semi-infinite optimization, in [1] with different
purposes.

It is worth-while mentioning that C' in problem (1) may be equal (after
an isomorphism) either to the cone of (real) symmetric matrices of order n
that are positive semidefinite, or the cone of copositive matrices on R”}. In the
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first situation C' = C* and int C* coincides with the set of symmetric positive
definite matrices; whereas, in the second case, one obtains

C*

k

{QERan: Q:QT,Q:ZZZ'ZZ-T, ZiERQL_, kEN}
i=1

=co{zz": z € R},

which is the so called completely positive cone. The first equality is taken
from [1], whereas the second may be found in [11]. See also [10]. For some
characterizations of int C*, we refer to [20,17]. Copositivity of quadratic forms
on general sets has been studied in [21] with different perspective than that in
[42] and here.

We analyze the cases j1y = 0 and gy > 0. Obviously:

tg =0 <= A is copositive but not strictly copositive on C;
fq >0 <= A is strictly copositive on C.

This paper is organized as follows. Section 2 is devoted to state some ba-
sic definitions and preliminaries. In light of [24,23], the Lagrangian duality
scheme is revisited in Section 3for the general problem with one single equal-
ity constraint. Section 4 presents our main results related to problem (1). They
are concerned with some characterizations of strong duality with respect to
each of the three dual problems in terms of copositivity of A on R™ (positive
semidefiniteness), on e, and on C, respectively. This will reveal the hidden
convexity, and the fulfillment of S-lemma; the case n = 2 is also analyzed in de-
tail. Some sufficient and/or necessary conditions for local or global optimality
for problem (1) are presented in Section 5.

2 Some basic definitions, notations and preliminaries

In what follows, given any nonempty set M in R™, its closure, topological in-
terior, convex hull, closed convex hull, are denoted, respectively, by M, int M,
co M, co M. In addition, by ri M and bd M we denote the relative interior
of M and the boundary of M, respectively. Moreover, cone M is the smallest
cone containing M, i. e., cone M = J,~,tM. The nonnegative polar cone of
M is defined by

M ={zeR": (z,y) >0 Vye M}

Here, (z,y) = 2y stands for the scalar product between two vectors z and
y in R™, where 2z means the transpose of the vector z, which is considered
a column vector. More generally, if A is a real matrix in R™*", AT is the
transpose of A belonging to R™*",

Let h : R™ — R U {#+o00}, h and @ h stand for the greatest lower semi-
continuous function not larger than h and for the greatest convex and lower
semicontinuous function not larger than h, respectively. Just for convenience,
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we need the following definition of epigraph of a function: epi h = {(y,t) €
R™ xR : h(y) < t}. It is known that

epi h = epi h; co(epi h) = epi @ h.
Moreover,
@ h(y) > —0c0 VyeR™ = 7o h(y) = h**(y) VyeR™, (4)

where h** = (h*)* is the bipolar or biconjugate of h, that is, the conjugate (or
polar) of h* defined by

h'(z) = sup {(z,9) = h(y)}.
yeR™

In addition, d); stands for the indicator function of the set M, defined by 0
on M, and +oo on the complementary of M.
There are examples showing the assumption €0 h(y) > —oo for all y € R™ is
necessary to get the equality h** = ©o h. In general we have h** < T h < h.
For details see [41].

In the subsequent sections, we set Ry = [0, +oo[; Ry = ]0,4o00[. Given
a vector a € R™ \ {0}, Ria stands for the set {ta : ¢ > 0}, which is the ray
starting from the origin and direction a; and a* is the orthogonal subspace to
a, which is a hyperplane.

3 The Lagrange duality theory revisited: the general case with one
single equality and geometric constraints

We now deal with the general minimization problem under one single equality
constraint and a geometric constraint. Its presentation follows the abstract
framework employed in [22]. Let f,¢ : X — R be any finite-valued functions,
with X to be a normed vector space, and C' C X be any nonempty set. Let
us consider the problem

p=inf{f(z): g(z)=0, z € C}, (5)

whose (Lagrangian) dual problem is defined by

v = sup inf [£(x) + Ag(x)]. (6)
AER TE

We say that there is no duality gap, or the duality gap is zero, between (5) and
(6) if v = p. It is said that (5) has the strong duality property with respect
to (6), or simply that strong duality holds for (5) with respect to (6), if u = v
and problem (6) admits some solution.

One can infer that, if 4 = —oo then there is no duality gap since v = —oo
as well, and we conclude that any element in R is a solution for the problem
(6), and so, we always have strong duality for (5) whenever p = —oo.
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Set F(x) = (g(x), f(x)). Notice that F' = (f,g) was used in [23] instead.
Assuming that p € R, we obtain

(F(C) = u(0,1)) N =({0} x Ry4) = 0,

which amounts to writing

(F(C) + ({0} x Ry) — u(0,1)) N =({0} x Ryy) = 0, (7)
or, equivalently,
cone(F(C) +R4(0,1) — u(0,1)) N —({0} x R4 ) = 0. (8)

We will show, next, that the zero duality gap and strong duality can be
characterized by reinforcing (7) or (8).

The optimal value function ¢ : R — R U {£o00} to problem (5) is defined
by

b(a) = {mf{f(x): e K@)} if K(a)#0

+ oo otherwise,
where
K(a)={zeC: g(z) =a}. (9)
Notice that K = K(0), and K(a) # 0 if and only if a € g(C), that is,
dom ¢y = {a € R: Y(a) < +oo} = g(C).
The sets
F = F(C)+R(0,1), &= F—p(0,1) (pER). (10)

will play an important role in our analysis.

Some topological and geometrical properties of ¢ are shown in the following
proposition, which is nothing else than Theorem 3.1 in [22], whose origin goes
back to [23], where such a result was obtained for a class of integral functionals.

Proposition 3.1 Let f, g, F be as above. The following assertions hold.

1
(a) (a,r) € epi ¢ <= (a,r + E) € F(C)+R4(0,1), VkeN.
As a consequence, if F(C)+ R4 (0,1) is convex then 1 is conver.
(b) F(C)+R4(0,1) C epi & C F(C) + R+.(0, 1).
Consequently,
&y = epi P — pu(0,1); @ &, =co(epi ¢) — p(0,1) = epi(co ) — (0, 1).
Recall that (see for instance [24]) if p = 1(0) € R then

v=v""(0) (11)

Proposition 3.1 leads to the following characterization of lower semiconti-
nuity of ¢ at 0, which is a particular case of Theorem 3.1 in [36], under the
additional assumption of existence of solution for problem (5). Notice that
(12) reinforces (8). Part (b) may be also found in [36].
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Proposition 3.2 Assume that p = 1(0) is finite. Then,
(a) ¥(0) =(0) if and only if
£ 01 ({0} X Rys) = 0. (12)
(8) v =2 $(0).
Proof It is Theorem 4.1 in [22]. O

Part (a) of the next theorem characterizes the zero duality gap for problem
(5). It reduces to the lower semicontinuity of ¢ at 0 under convexity of &,
or equivalently under convexity of F, as a consequence of the previous propo-
sition. A similar result was obtained in [32] for a semi-infinite optimization
problem. Part (b) was established in [24].

Theorem 3.1 ([22,Theorems4.1and4.2]) Assume that u = ¥(0) is finite.
Then,

(a) zero duality holds for (5), i.e., p = v if, and only if
0 &N (—{0} x Ryy) =0 (13)
(b) strong duality holds for (5) if, and only if
come(co £,) N (—{0} x Ry y) = 0 (14)
(¢) strong duality holds for (5) if, and only if
cone(E,) N (—{0} xRy4) =0 and cone(&,) is convex. (15)

Convexity of cone(&,,) or equivalently of cone((g, f)(C)—p(0,1)+R4(0,1))
may be obtained in several important instances. For example, if C = R" and
f, g are quadratic functions, such a convexity property is completely analyzed
in [25]; whereas the convexity of (g, f)(R™), with f being duadratic and g
linear was discussed in [4], see also [33,43].

Remark 3.1 (The convex case) In case (g, f)(C) + R4 (0,1) is already convex
and closed (this will occur for our problem (1), as we will show in Subsection
4.3), (b) of the preceding theorem, along with (7), ensures that strong duality
holds for (5).

A (copositive) reformulation - dual representation of problem (1)

As we said in Section 1, problem (1) can be written, in a equivalent way,
as

1
Wg = inf{§xTAx cxleer—1=0, € C}. (16)

According to (6), its Lagrangian dual problem is

1
vy = sup inf {—:CTAx + Mz Tee'z — 1)} (17)
AcR z€C 2
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It is not difficult to show that

1
vy = sup{ - A+ 3 érelfch(A + 2)\eeT):v}.

AER
Then,
Oo(A) = inf, T (A+2Xee )z € {0, —0}, VA €R,
and
Op(\) =  inf 1+a)*y " Ay +2(1 +a)®\
oA) = inf  (d+a)y Ay+2(1+a)
3 : 2, T 2
_alznfl{;glf((l—l—a) y Ay+2(1+a) /\}
= i;lf12[(1+a)2uq+(1+a)2A]: i>nf12(uq+A)(1+a)2-
Thus,

A+ 2Xee is copositive on C' <= 0p(\) =0 <= X\ +p, > 0. (18)

Hence, the dual problem (17) reduces to

Vg = sup{ —X: A+2Xee’ is copositive on C} < g
AER

On the other hand, by the definition of uq, we get
2T Ar —2u, =" (A —2uqee )z >0, VzeK,

which implies

' (A —2pgee x>0, Yz eC,

that is, A — 2ugee’ is copositive on C. It yields v, > pu,. Hence pu, = vy,
ensuring zero duality gap, and so strong duality between problem (1) and its
dual (17) holds. Moreover, we also infer that the dual problem has —p, as the
unique solution.

Thus, we found a dual problem to (1) for which strong duality holds.
By (¢) of Theorem 3.1,

cone((g, f)(C) +R4(0,1) — 114(0,1)) is convex,

where g(x) = xTee'z — 1. Certainly, if C = R" then (g, f)(R") is convex by
Dines theorem (see [18]).
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4 The generalized standard quadratic optimization problem: strong
duality, hidden convexity and S-lemma

Let us go back to our problem
1
uqimin{§xTA:v: ele =1, xEC}, (19)

where we recall that C' C R™ is a pointed, closed, convex cone having non-

empty interior. Obviously the feasible set to (19) is K = {z € C: e'x = 1},

which becomes a convex and compact base of C' provided e € int C* (it is non

empty since C' is pointed); A is a real symmetric matrix. We say that A is

copositive on a cone P if T Az > 0 for all x € P; it is strictly copositive on

Pif 2T Ax > 0 for all z € P, 2 # 0. We discuss the cases i, = 0 and p, > 0.
It is easy to check that:

o 11y = 0 <= A is copositive but not strictly copositive on C}
® [i; > 0 <= A is strictly copositive on C.

The specialization C = R; e = (11 ... )T € R™, discussed at the
introduction, is termed the standard quadratic optimization problem and was
studied in many papers as was mentioned in Section 1, and models quadratic
allocation problems, portfolio optimization problems, the maximum weight
clique problem, among others.

We will describe the three main dual problems associated to (19). To that
end, we formulate problem (19) as a semi-infinite optimization problem:

o = min{f(z): 7€ X, g;(x) <0, ¥ j € J}, (20)

where X = {r € R": e’z =1},

1
J==C f(@) = 5ol Av, gi(2) =] w, j €, (21)
and go(z) = e'z — 1. Thus, we consider the following three dual problems:
vy = sup inf {f(w) + /\go(w)}; (22)
AR z€C
vy = sup inf {f(x) + Z /\jgj(a:)}; (23)
Aer(” reX jeJ
w= sk {7+ dego(e) + Y Ngi@) (29)
(Ao, N)eRxR) TER jed

Here, R(Y) is the topological dual of R (it stands for the set of real-valued
functions defined on J, endowed with the usual product topology), which is
the space of generalized sequences A = ()\;);es such that \; € R, for each
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j € J, and with only finitely many \; different from zero. The supporting set
of Missupp A = {j € J: A\; # 0}. Thus

A2y =M2) =) Nz = Y. Nz, YzeR/, VieRY.

jeJ jEsupp A

If A = 0 then supp A = (), and so we put ), = 0. In addition, RSFJ) denotes
the non-negative cone in R(/).

Before establishing the validity of strong duality for (19) with respect to
(22), strong duality with respect to the duals (23) and (24) will be discussed
first. Actually, such a property will be equivalent to copositivity of A on suit-
able cones. In what follows, some preliminaries are stated.

Set

M = cone co U epi g; Uepi 0%
Jj€J

Here, g7 (resp. 6% ), denotes the conjugate function of g; (resp. dx ). For general
f, gj, X, the problem formulated as in (20) with optimal value denoted by u
instead of pg, the following two constraint qualification conditions arise

M s closed; (25)

epi f*+ M is closed. (26)
Notice that
M = cone co U epi g; | +epi dk.
jed
Next theorem is taken from [19]

Theorem 4.1 ( [19, Theorem 2]) Given any proper lsc and convez functions
fand g; (j €J), X a non-empty convex closed set, under (25) and (26) and
assuming  finite, one gets

INeRY: fl@)+Y Ngi(a)>p VreX, (27)
jeJ

or, equivalently, there exists \* € RSFJ) such that

p=sup{f(x) + > Argi(a)}. (28)

jeJ

Remark 4.1 Theorem 1 in [19] asserts that if f is either linear or continuous at
some point of the feasible set of (20), K, then, the fulfillment of (25) implies
that (26) is also satisfied.



Extensions of the standard quadratic optimization problem 11

4.1 Characterizing strong duality with respect to (24)

We are ready to apply Theorem 4.1 to our model (19). The following result
establishes that standard strong duality for problem (20) or equivalently, (19),
with respect to (24) holds if, and only if A is positive semidefinite, i.e., copos-
itivity on R™. So, this dual is not suitable when considering, for instance, the

portfolio optimization problem since A is only copositive on a proper cone of
R™.

Theorem 4.2 Let us consider problem (19) or equivalently (20) with C being
any pointed closed convex cone with nonempty interior, and e € int C*. The
following assertions are equivalent:

(a) A= 0;
(b) A =0 and there exists \* € Rg) such that
f(ac)—l—z}\;gj(:v)zuq, Ve X; (29)
iel

(c) there exists (A\§, \*) € R x RSFJ) such that

F@) + Xogo(@) + > Nigj(x) > pg, ¥V €R™, (30)
jeJ

or, equivalently,
fig = inf {f(x) + Xogo(@) + ) A}%(éﬂ)}-
jeJ

Proof (c) = (a): Assume to the contrary that there exists Z € R™ such that
7T AZ < 0. Then, by setting x = tZ with ¢ going to +oo in (30), it yields a
contradiction.

(a) = (b): In view of Theorem 4.1 and Remark 4.1, we need to check only that
condition (25) holds. Since

g5 (u) = Seuﬂgm{uTI —jla} =0 (u),

one obtains epi g7 = {j} x Ry, and so

co U epi g7 | =co[(—C*) x Ry] = (—C*) x R,.
jeJ
Hence
cone co <U epi gj) = (—=C") xRy
icJ
On the other hand, by writing X = e+ + Z with z € X, we get
T-

S (u) = sup{u'z —dx(z)} =supu'z = sup u'v+u'T = Oge(u) +u'z.
zER™ zeX vEet
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Thus,
epi 0% =R(e, 1) + R (0,1).

Consequently,

M = cone co U epi g7 Uepi 0% | = cone co U epi g; | +epidy
jeJ jeJ
= (_O*) X RJr + R(ea 1) + RJF(Ov 1) = (_O*) X RJF + R(ea 1)7

which is closed, i.e., (25) is satisfied. Here we use the result: given two closed
convex sets M and N, the set M — N is closed provided M N N> = {0},
see for instance [40]. Then, (27) holds, and so (28) holds as well, proving (b).
(b) = (c¢): By setting ¢(z) = f(x) + Z)\;gj(ac), it is not difficult to check
jeJ

that: (go, ©)(R™) + R4 (0,1) is convex (since ¢ is convex and go is affine), and
there exist zg,x1 € R™ satisfying go(xo) < 0 < go(x1). Thus, strong duality
holds for problem (28) (a usual application of a convex separation theorem
yields the conclusion), that is, there exists Aj € R such that

p(x) + Agg0(x) > pg, ¥ a €R,
which is nothing else than (30). 0O

Remark 4.2 One can check easily that if (29) holds for some \* € RSFJ), then
A is copositive on the hyperplane e*. Such a notion arises naturally in the
next subsection.

4.2 Characterizing strong duality with respect to (23)

In this subsection we deal with the second dual problem (23). To be more

precise, next thorem shows that standard strong duality for problem (20) or

equivalently, (19), with respect to (23) holds if, and only if A is copositive on
1

e—.

Theorem 4.3 Let us consider problem (19) with C' being any pointed closed
convex cone with nonempty interior, and e € int C*. The following assertions

are equivalent:
(a) A is copositive on e*;
(b) there exists \* € Rf) such that

F@)+Y Nigi(x) = pg, V€ X, (31)
JjeJ

or, equivalently,
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(¢) f is conver on X.
(d) f is conver on K.

Hence, under any of the conditions (a), (b), (¢) or (d), every local solution to
problem (19) is global.

Proof (b) = (a): It is straightforward.
(a) = (b): Take any T € argminf. By writing X = Z + e, one obtains for all
K

re X,

2" Ar = (x —2)"A(x — 7) + 22" Az — 3" Az (32)
> 271" Az — 7 Az, (33)

where the inequality was obtained by copositivity of A on et. Thus,
L T =T Lo+,
2% Az > Ax—izzr Az, Vz € X. (34)
Let us consider the convex problem:
u’imin{i—'—Aw: z e X, gj(z) <0, jEJ}. (35)

It is easy to check that ' = 24,. Indeed, obviously ¢/ < " AT = 2p,. On the
other hand, by the first order optimality condition,

(Az)"(x—2)>0,Vz €K,

that is, @' > 244, proving the claim.
We now check that strong duality holds for (35) with respect to the dual

sup inf {fTAx—i-Z/\jgj(a:)}.

J) x€X 2
Aer(” j€J

It will be a consequence, as before, of Theorem 4.1 with objective function
given by z' Az. In fact, such a theorem is applicable since the assumptions

are verified, see also Remark 4.1. Hence, there exists \* = (A]) € RSFJ) such
that

Tl Az + Zx\;gj(x) > 2uq, Ve X.
JjEJ
This along with inequality (34) yields that
F@) + Ngi(x) > (Az) o+ > Nig;(@) — pig > 241q — g = i, ¥ w € X.
jeJ jeJ
(a) & (c): First observe that A is copositive on e if, and only if

(x—y)TA(x—y) >0 Va,yeX.
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In other words, A is copositive on e if, and only if A is copositive on X — X.
On the other hand, given ¢t € ]0,1[, and z,y € X, on combining the two
identities:

F() = ) + V7)) + 5 (0 — ) Al — y):

2

T+t =) = f() + V1) (@ —y) + 5@ — )T A - y),

one obtains

fly+tx—y) = fly) +t(f(x) - f(y)

from which the desired inequality follows.

(¢) & (d): One implication is obvious since K C X, and the other is obtained
because of X is the affine hull of K (aff K), which is the smallest affine set
containing K, and the fact that the convexity of f on K implies the convexity
of f on aff K, see for instance [3, Exercise 3.20]. O

— 5 =0 —y) A )

Remark 4.8 In case C' =R’ and e = 1, (d) is equivalent to ([12, Lemma 6])
PJAP; =0 for any 7 € X, with P, =T —z1", (36)

where I is the identity matrix of order n.

4.3 Characterizing strong duality with respect to (22)

We now analize the strong duality property in connection with (22), and it will
be suitable for the portfolio optimization problem, since copositivity of A on C

T

1
arises naturally in such a problem. Recall that f(x) = ExTAx, go(x) =€ ' z—1,

and F = (go, f). By following Section 3, denote, given a € R,
K(a)={zeC: go(z) =a}.

Clearly K(—1) = {0}. The following proposition, whose proof is straightfor-
ward, collects some basic facts on the optimal value function ¢ : R — RU{+o0}
defined by

@) = {min{f(:c) cx € K(a)} fK(a)#0 (37)

+o00 otherwise.

Proposition 4.1 Let A be a real symmetric matriz; C' be a pointed closed
convex cone with nonempty interior, and e € int C*. The following assertions
hold.

(a) K(a)# 0 if, and only if a > —1.
(b) Let a > —1. Then, z € K(a) if, and only if

xz € K. Hence
1+a

min f(z) = p,(1+a)?, Ya>-1.
r€K(a)
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(c) Let pg > 0. Then, f(x) > pq for all x € K(a) and all a > 0.

Now, denote the objective function of the dual problem (22) by
O(N) = ingL()\,:zr),

e

where L(A,x) = f(z) + Ago(z), and by Sp the solution set of the dual prob-
lem (22). We now describe the main properties shared by this problem, which
appear here for the first time when C' is non-polyhedral. In particular, They
reveal a hidden convexity of the general standard quadratic optimization prob-
lem.

Notice that for the StQO problem (2), (¢) below was obtained in [12,
Theorem 4] by using the Frank-Wolfe theorem, which is not applicable here
(see also [7]).

Theorem 4.4 Let A, C and e be as in the preceding proposition. Then,

(a) the optimal value function v is given by

(1 +a)? if a>-1;
MQ_{ +oo if a<-L

Thus, v is convex if, and only if p1qg > 0.
(b) F(C) and F(C)+R4(0,1) are closed, so

{(a,r) € R?: a> =1, (1 +a)2 <r}=epith = F(C)+R;(0,1).

(c) Let pg > 0. Then, the objective function 0 is given by

/\2
2 N A<oO;

0\ = dpg
- A ift A>0.

Hence Sp = {—2uq} and pig = vy, i.e., strong duality holds with respect to
(22).
(d) Let pg = 0. Then, the objective function 0 is given by

o0\ = —00 .1f A< 0;
- if A>0.

Hence Sp = {0} and strong duality holds with respect to (22).

Proof (a) is a consequence of the previous proposition.

(b):By virtue of (b) of Proposition 3.1, we need only to check the closedness
of F(C) + R;(0,1). The same argument also shows that F(C) is closed. Let
(a,7) € F(C) 4+ R4(0,1). Then, there exist sequences z € C, g > 0 satisfying
flxg) + g — r and go(xr) — a. From the second relation, we deduce that
||k || is bounded. Thus, up to a subsequence, zx — & € C, implying that
ar = f(xr) + g — f(xr) = 7 — f(Z). Setting ¢ =r — f(T), we get ¢ > 0, and
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so (a,7) = (90(7), f(Z) + q) € F(C) + R (0, 1).
(¢): From the inequality (z " Az + Ae'x)? > 0 and taking into account that by
assumption 2| Az > 0 for all z € C, z # 0, one obtains

N(eTx)?
Since K is a base for C', we conclude
(eTx)? 1
< —
2T Az S Ty VeeC, x#0
Hence
)\2
Lhz)>— -\, Vzel (38)
4piq

In case A > 0, it is easy to see that

o) = mircl L(\,z) = L(\0)=-\

x€

A
If A <0 and z € argming f, then by taking z¢ = —2—5 e C, we get
Hq

/\2
L\ z) = ——— —
(o) = =4
Thus, from (38),
o)) = R
Afiq

(d): We consider only the case A < 0 (if A > 0 is exactly as in (¢)), and check
that
inf {L()\,:C) L x el x Ax = 0} = —00.

Indeed, since there exists xo € C, g # 0, such that 2] Azg = 0 by assumption,
we obtain

inf {L(/\,x) cxeC, x Ax = O} = inf {)\(eTx —1): z€C, a2 Ax = O}
<j Tog—1) = —
< t11>1£ Ate xg — 1) 0.
Thus, 0(\) = —oo in case A < 0. O

From the previous theorem, one characterizes the copositivity of A on C' by
means of the convexity of F(C')+R4(0,1). This result is new and corresponds
to the nice challenge of proving convexity of joint-range for a pair of quadratic
functions. When C' = R™ a similar convexity result was analyzed in [43].

Theorem 4.5 Let us consider problem (19) with C' being any pointed closed
convex cone with nonempty interior, and e € int C*. The following assertions
are equivalent:
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(a) A is copositive on C (or, equivalently piq > 0);
(b) Strong duality holds for (19) with respect to (22), i.e., there exists A\§ € R
such that
f(@) + Aogo(@) = pg, ¥V 2 € C, (39)
or, equivalently,
o = inf {f(z) + Nogo() }-
(¢) F(C)+R4(0,1) is convez.

Proof Since, A is copositive on C'if and only if 1, > 0, the equivalence between
(a) and (c) is a consequence of (a) and (b) of Theorem 4.4. That (a) implies
(b) follows from (¢) and (d) of the same Theorem 4.4. For the implication
(b) = (a), assume to the contrary that there exists z € C, Z # 0, such that
#T Az < 0. Then, by substituting = by ¢tz with ¢ > 0 in (39), and letting
t — 400, one reachess a contradiction. This proves (a). O

In connection with the previous theorem some remarks are in order.

Remark 4.4 One can split Theorem 4.5 into two cases according to p, = 0 or
tq > 0. Clearly, if py = 0, then (39) holds trivially by putting A\§j = 0. In case
tq > 0, by (c) of Theorem 4.4, (39) holds if, and only if A\ = —2u,. Hence
one may write the equivalences:

— A is copositive but not strictly copositive on C <= F(C) + R4 (0,1) is
(convex) polyhedral (see (b) of Theorem 4.4);
— A is strictly copositive on C <= F(C) + R4(0,1) is convex and non-
polyhedral (see (b) of Theorem 4.4)
— IANA0: f(x)+ Ago(z) >0, Vel

Remark 4.5 The fact that convexity must appear in a natural way under
strong duality was the object of many investigations by one of the authors.
For the general problem (5), it was proved in [15] under a Slater-type con-
dition, that the validity of strong duality is equivalent to the convexity of
cone(F(C) + R4 (0,1) — u(0,1)). When C' = R™ and f, g are quadratic func-
tions, the authors in [25] established (under Slater condition): strong duality
holds if, and only if F(R™) + R4 (0,1) is convex; such a convexity is also cha-
racterized in [25].

Remark 4.6 One could expect that under any of the conditions (a), (b) or (c)
of Theorem 4.5, local solutions are global. Unfortunately, this is not true. The
matrix Ay of Section 4.5 shows this fact when g > 0.

4.4 The S-lemma

Let P C R be either {0} or R, f,¢g : R® — R be quadratic functions not
necessarily homogeneous, and C be any nonempty subset of R"”. The S-lemma
asks when (40) and (41) are equivalent:

zxeC, g(x)e =P = f(z) > 0; (40)
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INeP", f(x)+Ag(x) >0V el (41)
This actually requires only the implication (40) = (41). Originally, the S-
lemma (with P = Ry and C' = R"™) is due to Yakubovich [44,45], and the
equivalence holds under the Slater condition: there exists xy € R™ such that
g(xo) < 0. When P = {0} and C' = R", a characterization of the validity of
the S-lemma is given in the recent paper [43]; although an earlier result may
be found in [42, Corollary 6] (see Corollary 5 in [42] in case P = Ry). In the
same paper [43], Theorem 9, respectively Corollary 2, provides a necessary and
sufficient condition for the convexity of (g, f)(R™), respectively (g, f)(R™)+R3,
when ¢ is affine. In the case when both functions f and g are quadratic, the
convexity of (g, f)(R") or that of (g, f)(R") + Ryd (0 # d € R?) are fully
analyzed in [25]. The extension to C' equals an affine space with P = R, was
considered in [31]. A nice survey about S-lemma is presented in [39], and results
on joint-range convexity of a finite number of quadratic forms are presented
in [29].

Our (strict-version) S-lemma cannot be obtained from any result mentioned
above. Indeed, all forms of S-lemma appearing in [39,43,42] require either
C =R" or C to be a linear subspace; and, on the other side, the proof of our
version does not follow any argument employeed elsewhere.

We will see that a non strict version of S-lemma (with P = {0}) for our
problem (19) always holds, and it is immediate. Thus, the strict case is the
interesting part.

Lemma 4.1 Let C C R” be any pointed closed convex cone with nonempty
1
interior, e € int C*. Set P = {0}, g(x) = ez — 1, f(z) = ngAzzr with
A=AT. Then,
(40) < (41).

Proof It needs only to check (40) = (41). From (40) it follows that p, =
min{f(z) : g(z) =0, z € C} > 0. This means A is copositive on C. Thus,
(41) holds for A = 0, and the proof is completed. O

However, a strict version of the S-lemma requires Theorem 4.5 or more
precisely Remark 4.4. Such a version is established in what follows, and it is
new.

Theorem 4.6 Let C C R" be any pointed closed convex cone with nonempty

interior, e € int C*. Set P = {0}, g(z) = e'w — 1, f(x) = %ZCTA,T with
A= AT. Then, (42) <= (43), where

z e, glx)=0= f(z) > 0; (42)

AXN#0, f(z)+ Ag(z) >0V el (43)

Proof As usual, we will only check (42) = (43). From (42) it follows that
tg =min{f(x): g(x) =0, z € C} > 0. This means A is strictly copositive on
C'. By the last part of Remark 4.4, there exists A # 0 such that f(z)+Ag(x) > 0
for all x € C, which is the desired result. a
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4.5 Example: the bidimensional case

Just for illustration, let us consider n =2, 1= (1,1) and A = AT € R?*? with

ab
A= ( ‘ ) |
The following proposition is easily obtained, see also [28,38], and from it, one
infers that there is no relationship between copositivity on 1+ and on Ri.

Proposition 4.2 Let A be as above. Then

(a) A is positive semidefinite if, and only if a > 0, ac > b>.

(b) A is copositive on 1+ if, and only if a — 2b+ ¢ > 0.

(c) A is copositive on R2 if, and only if a >0, ¢ > 0, b > —\/ac.
(d) Every local solution to

1
min{ f(z1,22) = §xTAx D x1tae=1, 21 >0, 22 >0},  (44)

is global if, and only if any of the following assertions holds:
(d1) a+c > 2b;
(d2) a+c¢<2b,a>b;
(d3) a+c<2b,b<c;
(d4) a+c<2b,a=c.

Proof We have z" Ax = az? + 2bxyx9 + cx3.

(a): This is a consequence of the fact that A is positive semidefinite if, and
only if all the principal minors are nonnegative.

(b): Let z € 1+, Then, " Az = (a — 2b + ¢)x?, and so the result follows.

(¢): The condition xT Az > 0 for all x € Ri, implies a > 0 and ¢ > 0. Thus

z' Az = (Vax, — Vexs)? + 2(Vac + by zo, (45)

which is nonnegative if b > 0. In case b < 0 and a > 0, ¢ > 0, we require
c

b > —+/ac, since otherwise, by choosing x1 = il‘g, xz9 > 0, in (45), one gets
a

e
rT Az < 0.
(d): It follows from the equivalent formulation to (44)

1
min{f(:vl, 1—m) = 5:6%((1 —2b+c¢)+a1(b—c)+ g 0<1 < 1}, (46)
and by noticing that the function p(z1) = f(z1,1 — x1) satisfies

Y0)=b—c, ¢(1)=a—b, p(0)= g o(1) = g
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Consider the matrices

e (e ()

One can check that A; is non-copositive on Ri, and it is such that every
local solution (to the associated minimization problem) is global; whereas Ay
is strictly copositive on Ri for which there is a local solution without being
global.

5 Local optimality vs global

Very recently, second-order necessary and sufficient conditions for local (resp.
global) optimality for a quadratic optimization problem on a polyhedron were
established in Theorem 1.2 (resp. Theorem 2.3) of [9]; thus those results can-
not be applied to our model. In this section, due to the special structure of
the standard quadratic programming problem (19), we derive second-order
sufficient and/or necessary conditions for local or global optimality. We refer
to [5] for a method locating some particular local minima. Copositivity-based
escape procedures for the StQO problem on the simplex are analyzed in [6].

1
Set, as before, f(z) = §$TALL' and go(z) =e'z — 1.

Due to the assumptions on C' and C*, we can write
C*\ {0} = co(extrd C*),

where extrd C* stands for the extremal directions of C*. Recall that d €
extrd C* if and only if d € C*\{0} and for all d1,dy € C* such that d = dy+da,
we have dy,dy € Rid. Thus, for every A € C* \ {0}, one has, for some k € N,

k
A= "Ndi, \i>0, d; €extrd C*, i=1,2,... k. (47)
=1

In what follows, we need the notion of contingent cone. Given a set M C R"
and x € M, the contingent cone of M at x, denoted by T'(M;z), is the set
of vectors v € R™ such that there exist tx > 0, xx € M, z — x, satisfying
ti(zr — ) — v. For a great account of its properties, we refer the book [2]. In
particular, we recall that when M is closed and convex, then

T(M;z) = | Jt(M - 2), z € M. (48)
>0
We now establish first and second-order necessary conditions for local opti-

mality to problem (19).

Theorem 5.1 Let A be any real symmetric matriz, and C, e be as before. Let
Z be any local solution to problem (19) with i = f(Z). Set A = Az — 2fie. The
following hold.
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(@) ATz =0 and X € bd C*; if additionally T is not a global solution, we have
AZ — 2pqe € int C*.

(b) Ifz €ri K, then A =0.

(¢) If A\ =0, then A is copositive on T(K;Z), and so T is a global solution to
(19).

Proof (a): Let & be a local solution to problem (19), i. e., Z € argmin f for
KnNUy

some open neighborhood, Uy, of Z. Clearly # # 0 and i > pq. By the first

order optimality condition, Vf(z)Tv > 0 for all v € T(K NUy; z) = T(K; 7).

In other words,

Vi@ e [M(XnCz)" =[T(X;2)NT(C; 2)]
= [I(X;2)]" +[T(C;2)
=Re+ (C+Rz)" =R

[T(X;2)]* + [T(C; )"

*

@

+ (zt nC),

where the first equality follows from Table 4.3 in [2] (since 0 € int(X — C))
and the second one is a consequence of Corollary 16.4.2 in [40] (since ri(e®) N
1i(C + RZ) # 0). Thus there exists ¢t € R satisfying A7 —te € 2+ N C*. Tt
follows that ¢t = 2f1 and so A = AZ — 2fie € C*, which gives AT — 2jie € bd C*.
This implies, in case Z is not a global solution (& > p,), that

AZ —2uq.e = AT — 2fie + 2(fi — pg)e € C* +int C* = int C*.
(b): We already know that Vf(zZ)" (x —z) >0 for all x € K. If € ri K, then
Vf(z) e (aff K)* (the affine hull of K); and so AZ = 2jie, i.e., A = 0.

(c): Let v € T(K;Z). Then, there exist ¢, > 0, zx € K, 2y — Z such that
ti(zr, — Z) — v. Thus for all k sufficiently large,

0 < f(xx) — 2fie . — f(Z) + 2 Z

= (Vf(z) - 2fie) " (xp — T) + %(wk —2) A(ry — 7) = %(xk —2) T Az — 7).

Hence v Av > 0, proving the copositivity on T'(K;z). Therefore, given any
z € K, the equality

f(x) = [(@) = f(z) = 2hgo(x) — [(Z) + 2/190(Z)
= (Az —2fie) " (z — ) + %(x —z) Az — @),
yields the desired result, since K —Z C T'(K; Z) by (48).

We now provide a characterization for a feasible point to be optimal under
copositivity of A. Recall that L(\, z) = f(z) + Ago(x).

Theorem 5.2 Let A be any real symmetric matriz, and C, e be as before. The
following assertions hold:
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(a) Assume that T € K. Then,
fy >0 I X €R
T € argmin f ( < | T € argmin L()\o, ).
K C

We already now that Ao = —2p44.

(b) Assume that g > 0 (and so —2p4 is a solution to the dual problem (22)).
Then,

xo € argmin L(—2pu,, ) = xo € K.
c

Proof (a): We know that u, > 0 is equivalent to the validity of strong duality
with respect to (22), which means

g = L(Xo,7) = f(2) = égfc L(Xo, ) (49)
For the other implication, we have
pq < f(@) = L(Xo, 7) = inf L(Xo, @) < Inf L(o,z) = inf f(2) = pq,

and so strong duality holds, i.e., py > 0. This completes the proof of (a).
(b): Set xo = tyo for some 1 # ¢ > 0 and yo € K. By (49), we can write

pq = f(z0) = 2uq(e 2o — 1) = t2f(yo) — 2p14(t — 1)
2 t2ﬂq = 2p1q(t — 1)
This implies 0 > p4(t — 1)?, which is impossible if g, > 0.

Next, we derive a sufficient condition for global optimality. In the particular
case C' = R}, this condition is a consequence of Theorem 2.1 in [9]. For a
general convex cone C, the result is new.

Proposition 5.1 Let C be as above. If T is feasible for (19), A is copositive

on K —T or equivalently on T(K;Z), and AT —2fie € C* holds with i = f(T),
then T € argmin f.
K

Proof For all z € K, one obtains
f(z) = f(@) = f(z) — 2190(x) — f(Z) + 2igo(Z)
= (AZ — 2ie) " (z — &) + %(w —z)T Az — &),
from which the result follows. O

We now deal with the standard quadratic optimization problem, that is,
when C' = R" and e = 1. Denote, given 7 € K,

I=IF) ={i: =0}, I, ={iel: )\ >0}

Z(:E)i{veR": vi=0iel;v>0iel\I; Y UH—Zvi:O}.
i€\, il
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It is not difficult to check that
T(K;7) = {veR": w0 iel; Y v :o}.
i=1

Hence, if 11 = (), then Z(Z) = T(K; Z). The following result is a consequence
of Theorem 4.4.3 in [3] and the above remark.

Theorem 5.3 Let A, C, e be as just mentioned. Let T be any local solution to
problem (2) with i = f(z). Then

(a) T is a KKT point:
A7 — 21— A =0, A>0, \Z; =0, i =1,...,n,

and A is copositive on Z(T).
(b) If additionally Iy = 0, then T is a global solution.

Ezxample 5.1 Take the matrix

110
A=1101
010

By computing, one obtains (z = (z1, x2, z3)),

1 1
xT Az = x%+2x1x2+2:172:173, flz1, e, 1—x1—22) = EITAZE = §(x§—2x§+2x2).

Then: 1, = 0, that is, A is copositive on Ri but it is not strictly copositive on

1
R3 ; A is not copositive on 1+ since f(—1,1,0) = —5 Moreover, the associated

StQO problem has two solutions, namely argmin, f = {#! = (0,0,1),2? =
(0,1,0)}. One can also check that no local-nonglobal solution exists. Moreover,
A= Az' = (0,1,0), \2 = Az? = (1,0,1), so (b) of Theorem 5.3 is not satisfied
at ! or z2. Notice that

Z(z') = {t(1,0,=1): t >0}, T(K;z") = {t(1,0,—1)+s(0,1,—1) : t > 0,5 > 0},
and
Z(z*) ={(0,0,0)}, T(K;z?) = {t(1,-1,0) +s(0,—1,1): ¢ >0, s > 0}.
Aknowledgement The authors want to express their gratitud to both

referees for the valuable suggestion and comments which led to the present
version.
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