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Abstract

We propose a residual-type a posteriori error estimator for a hybridizable discontinuous Galerkin method
applied to the Oseen problem in gradient-velocity-pressure formulation. We state reliability and local ef-
ficiency results for our estimator with respect to an error measured in the natural norms, with constants
depending explicitly on the physical parameters. A weighted function technique, to control the L?-error of
the velocity, and the approximation properties of the Oswald interpolation operator are the main ingredients
in the analysis. Numerical experiments in three dimensions validate our theoretical results.
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1. Introduction

The aim of this work is to introduce an a posteriori error estimator for a hybridizable discontinuous
Galerkin (HDG) method applied to the Oseen equations. We consider the Oseen equations of a viscous
and incompressible fluid at small Reynolds numbers under the action of an external body force and with
prescribed velocity on the boundary of the volume containing it. The problem that we solve can be expressed
as follows

L-Vu=0 in €, (1.1a)
-V-wL)+Vp+(B-Vu=f inQ, (1.1b)
V.ou=0 inQ, (1.1c)
u=up onl, (1.1d)
/p=07 (1.1e)

Q

where 0 € R? (d = 2,3) is a polygonal /polyhedral domain with Lipschitz boundary T', w is the velocity
field, p the pressure, v > 0 the effective viscosity of the fluid, 3 € W>°(Q)? the convective velocity of the
fluid, £ € L?(2)? an external body force and up € H'/?(I")¢ a Dirichlet boundary data, assumed to satisfy
fr up -n = 0 for compatibility. We assume V - 3 = 0 motivated by the application to the incompressible
Navier—Stokes equations. In fact, one of the most common approaches to approximate the solution of the
incompressible Navier—Stokes equations is to consider Picard’s iteration, which consists in solving Oseen
equations at every step, where the convective velocity, which is divergence free, is nothing but the velocity
of the previous iteration. Now, since 3 is divergence free, it is not possible to use the standard energy
argument to bound the L2-norm of the error of w and that is why a duality argument is employed [5].
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Another alternative to control this error is based on the idea of [3] (see also [22]) and assume that there is

a function ¢ € W1>°(Q) such that 8- Vi > ﬂg‘r!n"("ﬂf)’ This is satisfied, according to [3], if B has no closed
curves and |B(x)| # 0 for all € 2. In this work we consider the later approach which will help us to obtain
an a posteriori estimates for an error that includes the L2-error of the velocity.

Oseen equations constitute an improved description of viscous and incompressible fluids at small Reynolds
numbers, as compared to Stokes equations, with the partial inclusion of convective acceleration [37]. As an
application of Oseen equations we can consider slow motion of small particles in a fluid, that is common in
bio-mechanics [24].

Hybridization of Discontinuous Galerkin (DG) methods arises as an alternative to reduce the number of
globally coupled degrees of freedom of DG methods. In the context of diffusion problems, [14] introduced a
unifying framework for hybridization of DG methods, where the only globally coupled degrees of freedom are
those of the numerical traces on the inter-element boundaries and the remaining unknowns are then obtained
by solving local problems on each element. HDG methods have also been developed for a wide variety of
problems arising from fluid mechanics, such as convection-diffusion equation [4] @, [0} 12} 22} BT, [33], 34 40],
Stokes flow [13, 15 16, B5], quasi-Newtonian Stokes flow [25], [26], Stokes-Darcy coupling [27], Brinkman
problem [2] 211 28], Oseen problem [5] and Navier—Stokes equations [6l, [29] 36, B8], B9, 4T], 42]. In the case of
Oseen problem, an HDG method was proposed and analyzed in [5], for a velocity gradient-velocity-pressure
formulation, obtaining optimal convergence for all the variables. Our aim is to propose an a posteriori error
estimator for this HDG formulation.

A posteriori error analyses of DG methods have been extensively studied and a complete review is
discussed in [I'7, 18] and the references therein. In the context of HDG methods, few contributions can be
found in the literature. The first a posteriori error analysis of HDG methods was carried out in [I7] for an
LDG-H method applied to a diffusion problem. In that work, the authors proposed an efficient and reliable
residual-based a posteriori error estimator that controls the L?-errors of the flux q and the gradient of u. It
only depends on the data oscillation and on the difference between the trace of the scalar variable u and its
corresponding numerical trace. In [I§], the authors provided a unified a posteriori error analysis for diffusion
problems for a wide class of methods, including HDG, with a locally efficient and reliable error estimator
that controls the L?-norm of q — q,, where @, is any approximation of g that satisfies certain conditions
(see Section 2.3.1 in [18]). Later, [7] proposed a reliable and locally efficient estimator for the convection-
dominated diffusion equation, controlling the energy norm of the error. In particular, this estimator is robust
with respect to the diffusion parameter. The authors also used a weighted function technique to control the
L2-error of the scalar variable. More recently, for the velocity gradient-velocity-pressure formulation of the
Stokes/Brinkman problem, [2] introduced a residual-type a posteriori error estimator to control the L2-error
of the velocity gradient and pressure and the H!-error of the velocity. Finally, [8] proposed an estimator for
the coercive Maxwell equations.

A key ingredient in all the contributions aforementioned, is the use of the Oswald interpolation operator
[20, B2], that provides a continuous approximation of a discontinuous piecewise polynomial function. An-
other approach consists of bounding the error in terms of the residuals by using the global inf-sup condition
associated to the continuous variational formulation. In this direction, [26] proposed an error estimator for
an augmented HDG method applied to a class of quasi-Newtonian Stokes equations in velocity gradient-
pseudostress-velocity formulation and [28] employed similar techniques to derive an error estimator for an
HDG method applied to the Brinkman problem in pseudostress-velocity formulation. As another contribu-
tion on adaptivity for HDG methods, the first fully computable a posteriori error bounds for HDG methods
have been recently presented in [IJ.

The main contribution of our work is to propose and analyse an a posteriori estimator of an HDG
method for Oseen equations, where the unknowns are de velocity, pressure and the gradient of the velocity.
We propose a reliable and locally efficient residual-based a posteriori error estimator for the Oseen problem,
constructed in terms of an element-by-element postprocessing of the velocity having superconvergence prop-
erties, using the Oswald interpolation operator and a weighted function technique to control the L?-norm
of the velocity. In addition, all the constants in the estimates are written explicitly in terms of the physical
parameters B and v.




The paper is organized as follows. In Section we present the HDG method, notation and basic
definitions. In Section [3] we introduce our a posteriori error estimator and state the main results about it.
Finally, in Section [4] we show numerical evidence, in dimension three, that validates our theoretical results
and an application to steady-state incompressible Navier—Stokes equations.

2. The method

2.1. Notation

Let {75 }n>0 be a shape-regular family of conforming simplicial triangulations of the domain Q. Let hg
be the diameter of an element or face S, as appropriate. We denote by &} and S}? the set of interior and
boundary faces, respectively, and sets &, := &} U 537 OTp ={0K: K €T}, we : ={K €Tp:eCOK}. We
will use bold and roman letters to denote vector- and tensor-valued variables, respectively. For a tensor-
valued function G and a vector-valued function v, we define

vi—v, ee&\ &

v —up, 665}?

G n +Gtnt, ecé&, &9
[C] = L\
0, ecé&f

and [v] = {

where n denotes the outward unit normal vector to K. We use the notation (-, ) and (-, -). for the L2-inner
product on K € Tj, and e € &y, respectively, and define (-,-)p := > jcp(, )k and (-, -)p == > cp(- e,
where D C Ty, or D C &, as appropriate. Let us also define

18lloc.c2 12 >\
ol = ( gamea 1215 + V190l )

and |- lp .= (X gepn - Ix) 1/2, where || - ||o,x is induced by (-,-)x. At last, P (S) will denote the space of
polynomials of total degree no greater than k € N, with S being a simplex or a face as appropriate.

In what follows, we will use a < b to denote a < Cb, where C' is a generic positive constant independent
of h and the physical parameters of the equation.

2.2. An HDG method for the Oseen problem

Let us consider the finite element spaces

Cp:={G € LY(Tn)™?: Gl € PL(K)¥Y VK € T},
Vii={v e L*(Th)" : v|x € Pu(K)? VK € Tp},

P, = {w € L*(T},) s w|r € P(K) YK €T}, (2.1c
My, = {p e L*(&) : ple € Pe(e)? Ve e &) (2.1d

and the HDG formulation, introduced in [5], for the Oseen problem (1.1)): Find (Lp,up,pp, un) € Gp X
Vi x P, x My, such that

(Lh, G)Th + (uh, V- G)Th — (ﬁh, G’I’l>a7’h =0, (2.2&)

(VL}H vv)Th - (uh ® ﬁ? vv)Th - (ph7 V- U)Th - <V£hn - (’LLT@)\ﬂ)’I’L - ﬁhn; v>3Th = (fﬂ U)Thw (22b)
—(un, Va)1, + {un - n,q)or;, =0, (2.2¢)

<aha /‘I’>F = <uD7 "">F? (22d)

(uihn — (u7®\ﬂ)n — Pum, ) o = 0, (2.2¢)

(pn, 1) =0, (2.2f)



for all (G,v,q,p) € G x Vi, X P, x My, To complete the definition of the scheme, we specify the numerical
trace I/fhn — (up @ B)n — ppn := vLpn — (up, ® B)n — ppn — v7(uy, — uy) on Iy, where T is a positive
stabilization function on 97}, that satisfies

. 1
Inin <I/T — 5,6’ . n> >0 VK €T (2.3)

As it is shown in [5], this scheme is well-posed and, if L, u and p have enough regularity, the approximate
solution satisfies

IL = TLallo7 + lw—unllon + lp —pallor, <cvp > hiF'Oxk, (2.4a)
KeTh

where ¢, g > 0 is a constant depending on v and 3 and Ok := |L|g+1 + |11+ |V - (WL —0D) |k, x + |Plk+1,K-

2.83. Local postprocessing of the velocity

Our a posteriori error estimator will be defined in terms of a local postprocessing uj, of u; that approx-
imates u with enhanced accuracy. In our case, we construct u as follows. We seek uj € V; = {w €
L2 Q) : w|gx € Pry1(K)? VK € Tp} such that, for all K € Ty, it satisfies

(V’U/;,V’w)]{ = (Lh,Vw)K Yw € P]H_l(K)d (25&)
(ur, w)g = (up, w)x Y € Po(K)4. (2.5b)
It’s straightforward to see that uj is well defined. Moreover, this new approximation has superconvergence
properties (see [2]).
3. A posteriori error analysis

3.1. Preliminaries

To start, we provide auxiliary results needed to prove the reliability and efficiency of the error estimator.
They were also considered in the a posteriori error estimates for the Brinkman problem [2] and we state
them here in order to make the manuscript self-contained.

Let us consider the Clément interpolation operator Cj, : L*(2) — V,»° N H} () introduced in [I1]:

1
Crw := Z (|Qz|/ﬂ wdm) sy
zeN, ?

where ¢, is the P; nodal basis functions associated to the interior vertex z, {2, := supp ¢., N the set of all
interior vertices and Vhl’C ={weC(Q):w|g € P1(K), K €Tp}.

Lemma 3.1. For any K € Tp, e € £, 0<m <1 and w € H}(Q), there hold:
Chwllm0 = wlma, [lw—=Chwllox = Oxllwlh,ay and [w—Chwloe = v 4012 w],a,,

where Og 1= min{hsy_l/g,diam(Q)1/2||,3||;1,62}, with S an element K € Ty, or a face e € &, A :={K' €
Tn:K'NK #0} and A, :={K' € T, : K' Ne # 0}.
Proof. See Lemma 3.2 in [44]. O

The next result gives an approximation property of the Oswald interpolation operator, that approximates
w € V', by a continuous function w € V.



Lemma 3.2. Let D7 be the row-wise gradient or identity operator (for |y| =1 or |y| = 0, respectively). For
any wp, € Vi and any multi-index v with |y| = 0,1 the following approximation result holds: Let g be the
restriction to T of a function in V7, N H*(Q)?. Then, there ezists a function wy, € V7, N HY(Q)? satisfying
wy|r = g and

> AP (wn — w5k < D> b [wallG e + D ki g — whallp.-
KeTh ecE} ec&f

Proof. Apply Theorem 2.2 in [32] to each component. O

To avoid nonessential technical difficulties, we make the following assumption:

Assumption H: The Dirichlet boundary data uwp is the trace of a continuous function in V' and f a
piecewise polynomial function.

If this assumption is not satisfied, high order terms associated to the approximation of up and f would
appear. Finally, to prove the local efficiency of our error estimator, we consider the following bubble
functions. Let By := H?ill)\i be the element-bubble function associated to K € Ty, where {)\Z}fill are the
barycentric coordinates of K, and B, := Hfill A; be the face-bubble function associated to e C 9K, where

i)
je{l,...,d+ 1} is the index such that A; =0 on e.

Lemma 3.3. The following estimates hold for all v € Pr.(K), K € Ty, pu € Pr(e)?, and e € &,:

15 2 05 lv]lo.x,

[v]|§. = (v, Bkv)k, [Brvllo.x = [[vllox, | Bxv|

lell3.e = (e, Beps)e, 1Bepllow. = v 40 lpallo.e, IBepsllnw. = v 012l

Proof. The proof is an extension of Lemma 3.3 in [44]. O

3.2. A posteriori error estimator

For each K € Ty, we propose the following local error estimator

i 1= 0K F + V- (VL) = V- (5, © B) = Vnl e +vILn = Vi3 e + VIV - i (3.1)
1 — * — * — *
+5 2 (V0L — (ui © 8) — palllR .+ vh i) + D v lgn — uild
e€E} NOK ecEfNOK

Sélﬁfl its global version given by 7, := (Z KeT 773()1/2. Here we recall that 85 and 6. were defined in Lemma

The first three terms are the residuals associated to the equilibrium equation, the constitutive equation
and the incompressibility condition, respectively, while the jumps across the faces refer to the continuity of
the trace of w and the normal trace of vL — (u ® B) — pl, if the solution of the continuous problem had
enough regularity.

To prove our main result, we combine two techniques. One of them consists of adapting, to our setting,
the procedure followed in [2] for the Brinkman problem. However, in contrast to Brinkman equations, in
our case the L2-error of the scalar variable cannot be obtained directly from the formulation. That is why
we employ the weighted function technique used by [7] in the context of the convection-diffusion equations.
We emphasize that we keep track the dependence on v and 3.

We start by introducing three lemmas that will allow us to prove the reliability of the error estimator.



Lemma 3.4. Let (L,u,p) and (Lp,un,prtin) the solutions of (1.1) and (2.2), respectively, and uj, the
postprocessed velocity defined by (2.5). Then

1o 18112% .
V2L = Lalo.7 + —m—oe | — o7

—1/2|y _

+ <9K|f + V- (vLy) = V- (uj, ® B) — Vpnllo,x + S S v v, - (u), @ B) —Phl]]”o,e)

2 ,
KeTh e€&iNOK

[18]lw.0 .
4 WPIWE = (@) Z hicllun — ulllo.xc

1/2 ’
v / KeTy,
1/2 4.
oo 1B odiam @)/
where Cy g = i .

Proof. For q € L%(Q) we know that ([30], Chapter 1, Corollary 2.4)

(CL V- w)Th

1/_1/2 .
0,75,

lo,77 = sup

lq
weri (@) o} V2| Vw

Since p — pp, € L3(Q) (cf. (1.1€) and (2.2f)) we can use the above inf-sup condition, with ¢ = p — py,
to get an estimate for v='/2||p — pu o7, In fact, let w € H{(Q)?. Then, integrating by parts, considering
(1.1b)), reordering terms and integrating by parts again , we obtain

(> =pn,V-w)p, = —v(V - (L—-Lp),w)7y + (V- ((u—up) @ 8),w)r,
—(f+ V- (vLp) = V- (up, @ B) = Vpp,w)7, + ((p — pr)n, w)or,
=v(L—-Ly, Vw)7, — (u—uj) @ 8, Vw) 7,
—(f+ V- (L) = V- (up ® B) = Vpp,w),
+ ([vLn — uj ® B — pul], w)g; . (32)

On the other hand, integrating by parts in (2.2b]) and considering (2.2¢]), we have

(f+V-(vLp) =V - (up ®B) — Vprv)7, = (vLpn — (un, @ B)n — ppn, v)or,\r Vv € V,ll’c, (3.3)
where V' := {v € H}(Q)?: v| € Py(K)? VK € Tp,}. Moreover, for v € V' and K € Ty, we have that

—(V - (un ® B),v)k = (un, @ B, Vo) — ((un @ B)n, v)or\r
= (up @ PoB, V)i + (up @ (I = Po)B, Vo) k — ((un @ B)n, v)am\r
= (u), ® PoS, V’U)K + (uh ® (- Po)ﬂ7 V’U)K — ((uh ® B)n, ’U>3K\p
= (up, ® B, Vo)k + ((up — up,) ® (1 = Po)B, Vo) k — ((un ® B)n, v)om\r
=—(V:(up, ®B),v)k + (un —up) @ (I = Po)B, Vv) i
— ((un ® B)n, v)or\r + ((uy, @ B)n, v)ar\r,
that combined with result in
(f+V - (VL) = V- (u, ® B) = Vprv)7, (3.4)
= ([vLn —uj, ® B —pul], v)e: — ((un —up) ® (1 = Po)B, Vo)1, Vv € v,©
Then, combining and with v = Cpw, we obtain
(00 V), = (L L, Vo), — (i) © 8, Van),
—(f+ V- (vLp) = V- (up ® B) = Vpp, (T — Cp)w)7,
+ (VL = uj ® B = pul], (T = Ch)w)g; + ((un — uj) ® (I = Po)B, VCrw) T, -

6



The properties of the Clément interpolant in Lemma [3.1] and the regularity of the mesh imply
(p—pn, V- w)7,

<y

[(w —up) @ Bllo.x||Vwllo,x

KeTn KeTn
+ ) lf+ V(L) = V- () @ B) = Vpnllo.x | (Z — Ch)wllo.x
KeTn
+ > IvLs — (uj ® B) — MZ = Cr)wloe+ Y llun = whllox (1 = Po)Bllo.rc | VChw]0.x¢
e€E} KeTh
AL ol 4 Cog B Y ey
< l nllo,7 + vﬁm” upllo,7, |V (IVwllo,7,

* 1 — *
P> <9K||f+V L) =V (@, ©8) = Vinlox -5 30 v Ly~ (uj ) phlnno,e)
KeT, eEEiﬁ[‘)K
ro A ]||w|||1,9
KeTh

18120 .
gmax{l,Cy,a}<”2||L Lillo.7 + 5 ()1/2” —uillos |v2Vwlo.m

p3 <9K||f EV L) - V(0 8) ~ Vol + 5 S v 0L — (w0 ) —phlﬂno,e)

KeTy, ecEiNOK

1Bllw .= )
+ o 7 hicllun = uiflo.xc | max {1, CpCup} ' Vewllo,
KeTy,

where Cp is the Poincaré constant associated to € and Cj joints the constants associated to Pg, the L2-
projection onto Py (K ). O

Now, to derive an estimate for the L?-error of the velocity, we proceed as in [7] defining the auxiliary
weighted function

pi=e¥+x, (3.5)
where y is a positive constant to be determined below. Then, we have the following result.

Lemma 3.5. Let (L,u,p) and (Ly, wn, pp, Up)be the solutions of (1.1) and (2.2), respectively, and uj the
postprocessed velocity defined by (2.5)). We set

2v diam(Q) ||V |12, olle?||2 64V 5
_ (DIVYIIS alle™ 5.0 V|2, 202 (max {1,C,.g}} + S mine ~b@) 41, (3.6)
Hﬂ”oo,ﬂmige_w(m) mige w(w) i
xre xc

where C'p > 0 is the Poincaré inequality constant associated to ). Then

18lls0.2 ]
v|L = Lall§ 7, + diam(Q2 )H —uj 157, = max{L, ||oll,0} (max {1,C, 8} | 73
||ﬁ||wloo(g v 1Bl 18113
h * (|12 00, 00,02 =~
K; ||'l,bh uh”O,K_'_ma‘X diam(Q)27 dlam(Q)7 v Hu'h Up )
h

where @y, is the Oswald interpolant of uw} provided by Lemma .
7



To prove this estimate, we need the following auxiliary result, adapted from Lemma 4.1 in [7].
Lemma 3.6. Let er, := L — Ly, and e, :=u — uj,. Then

v2diam(Q)[|VY|% alle™[I% 0
YV — lew

”/6”00,9 mingeq e—¥(x)

) [1Blloc.0
diam(2)

1
2 . P (e 2
O’Jthia:eHﬂle ( Heu 0,7n

2

1
< V(eLa SpeL)Th + V(eLVQO7 eu)Th - 5((/6 : V@)@u, eu)Th'

Proof. From the definition of ¢ and the fact that 8- V¢ > ELO(OQS;’ we obtain

1
view, per) T, — vie YeL VY, ey) T, + 5((6 Ve Veu, en)T,

1Bl 0

—
2diam(92) (™ eu, eu)7i-

> xvllenll§ s, — vie YeL Vi, eu) 7, +

To bound the second term on the right hand side, we use Cauchy-Schwarz and Young’s inequalities to obtain,
for any § > 0, that

|(e™YeL VY, eu)

1, . _ _
< 5(5 HIVelZ alle™ llos,allenlls 7 + dlle™ lloo.allewlld 7,)-
1Bl 00,0 mingeq e~ ¥®)
2vdiam(Q)]le Y| 0o,
that Vi = —Vape ¥. O

Then, the results follows from taking § = , combining both inequalities and noticing

Now, we proceed to prove Lemma, |3.5

Proof of Lemmal[3.9, Let u; € H'(Q)¢ the Oswald interpolation of u}, e, = L — Ly, and e, = u — uj.
Adding and subtracting pVay,, and integrating by parts we obtain
v(ew, per) 7, = v(L = Lp, oV (u — ay,))7, + v(L — Ly, o(Va, — Ln))7,
= —v((L=Ln)(Ve),u—u,)7, —v(e V- (L—Ly),u—1,)7,
+ (L = Lan)n, o(u — 1)o7, + v(L = Ln, o(Vat, — Ln))7, -
Using equations (|1.1)), adding and subtracting terms and integrating by parts, we arrive at

v(eL, pen)r, = —v(eLVe, eu), — V(L = Ln)(Vep), up — uy)7,
+(f+ V- (vLn) = V- (uf, @ B) = Vpr, o(u — uy))T,
+{(WL = (u® B) — pn, p(u — @) o7\ 0 — (vLn — (uj, ® B) — prl)n, o(uw — @) o7\
+ (= up) @ B, V(p(u —ay)))7, + (0 — pu)L, Vp(u — uj)))7,
+ V(L = Ly, (Vg — L)) 7, -
Since u — u;, € H} ()¢ (Lemmawith g=up) and vL — (u ® B) — pl € H(div,Q)%, we have that

v(ew, per), = —v(eL Ve, ew) 7, — v((L — Ln) (Vo) uj, — ap) 7, + v(L — Lp, o(Vay, — L)),
+(F+ V- (vLy) = V- (uj, @ B) — Vpn, p(u — @) 7
—((VLp, = (uj, ® B) — prl)n, p(u — Uy,))a7\r
+ (u—up) ® B, V(p(u —uy)))7, + (0 —pr, V- (p(u —wy))) 7.
Then, from Lemma and , we obtain that

( [ Vdiam(@)[VYIS olle % 0

diam(2)

Lo 1Bl
Bl g o7 )”eL'ﬁ,nwﬂgge o) e eulfy, ST+ T+ Ta, (37)
oo, xC z

8



where
—v((L— Lh)(VSO)aUZ — )7, +v(L = Ln, o(Vay, — Ly))7,
+(f+ V- (WLp) = V- (uj, @ B) = Vpn, (T — Cn)(e(u —uy)))7,
((VLh — (up, @ B) — prl)n, (T — Cp)(p(u — wy)))o7;\r

—(

(un — uj) ® (1= Po)B, VCh(p(u — )7,

T, = ((u— i) © B, Vg~ 57, — 3 (8- Velew cu)r

Ts = ((p — p)L, V(p(u — u},))) 7, -

First, we set p = (1/32) mingeq e~¥@®)  Thanks to Cauchy-Schwarz and Young’s inequalities, the stabil-
ity and approximation properties of the Clément interpolant, the approximation property of Py and the

regularity of the family of meshes, we get that
(3.8)

- 1
2, o+ \|V90||c2>oﬂ”||u2 — a3 7.+ ZVHGLH(Q),Th + 2||90||c2>o,QV||Lh - VUZ”%,T,,

T <
A+ 6pllug, — a7,

+ 2]l % vV (uh — )l 7,

]‘ *
lelZon > 0%If+ V- (vLn) = V- (uj, @ B) — Vpp
KeTh

1 1
+@H<PH20,Q Z 3 Z

KeTn  ee€indK

v=120, | [vLy, — (uj, ® B) — pal]|l3 .

1 ||ﬁ”%v1,oo(9)
+ -Co—" 0 N Blfun — i -
" KeTh

On the other hand, for w € H}(Q)¢, we have

1 1
—3 (B, @VIwl)y, - 5(8, [wl*Ve)r,

5B,V (plw)r, =
(B Vw, ),

(8. 0(Vw)'w)y, — (B~ Vi, wf), =

SV B.glwl)r, =
—5((8-Voyw,w)r,

and since V - 8 = 0, we obtain that ((8 - V)w, pw)7, = —3((8 Vo)w, w)7,.
Then, using again the fact that u — ), € H}(Q)?, we can write
(V- ((u—1,) ®B), p(u — 1)) 7, + ((w), —

uj,) ® B, V(p(u —uy)))7,
V(=) p(u — )7, + (W, — up) © B, V(p(u — )7,

((u —uj) @B, V(p(u —uy)))T,
Vo) (u—ay),u— )7, + (@, —up) © B, (u—up) © Vo),

(B
1
- LB
+ ((uy, —up) @ B, oV (u —uy))7,,
and then
* ~ % * ~ % * ~ % 1 * ~ % * ~ %
Ty = —(Vew, p(uj, — uy) @ B) 71, — (V(uj, — uy), p(uj, — uy) @ B) 7, — 5(@ Vo) (up, — ), up —u)7,
1 ||ﬂ|| . 1 . 111812, _
< §V||V€u|\3,frh + 2R p)12) 157, + SV IV(u, —u wy)5.7 + 3 wy — U l[5 7
(3.9)

+ IIBHoo,QIIVwHoo,QIIuh - uh”o,’/’hy

by using Cauchy-Schwarz and Young’s inequalities



Then, after integrating by part, we write

T3 = ((p—pn)Ve,u — )7 + (p—pnyp V- (u —uy))7,
= ((p = pr)Ve,en) T, + (0 — P0)VO, u), — )75 — (0= Phop V- up) 7, + (0 — Dhy o V- (u), — )7,
< 2p (max {1,Cy8}) > vt |p — palld 7,

1 2 1 2 * ~ %
+ ﬂ”vwllgoﬂcl% (max{1,C, g}) VHveuH(Q),Th + EHV@HZO,Q (max {1,C, g})" v||uj, — uh”%,’l’h
1 2 C 2 * (12 1 d 2 C 2 * ~%\ (12
+ﬂ||@||oo,ﬂ (max {1,Cyg}) VIV - up |5 7 +ﬂ [oll5,0 (max {1, Cy g })" vV (u}, — uy)l5 7, -
(3.10)

Finally, after inserting (3.8), (3.9) and (3.10) in (3.7), Lemma [3.4] the definition of || - || 7;,, the facts that

IVeullo, . = llewllo, + |1Ln — Vg |lo,7;, and Vi = —Ve™ %, we obtain

v2diam(Q) [ V(12 olle™ 12 o 32
B 00, 0,82 \V4 2 02 ].,Cy ?
( 18|00, mingeq e~ () minweﬂe—“/’(‘”)H Ylloo.aCp (max { sy v
3 . w1 I o @) 1Blls,o
- gvmine Wl )21/) ||6L||3,Th+1rmn€1ge v )7diam(9)||eu||t2),n

e

2 Wil (Q %

< Cpomax(l, ¢l o} (max{1,Cyp}) <ni+coy” > Wil — uill3 i
KeTh

RN SRR - (S 183 U
diam(Q)?’ diam(Q?)" v h — Unllo,T, |

where Cy o > 0 is a constant depending only on 1 and €.
Thus, by the choice of x in (3.6]), last expression becomes

XV 2 Lo @) 1Bl o
?HQLHO,T;L + j e 4 )mneu”o,n
5 1Bllw.= .
< Cpamax{L, ¢l o} (max {1,C,p}) <77}i G > hcllun — u o
KeTh
18llse.0 181l . e
+ max {u, diam(©)’ > [l — uhHO,Th .

Thus, the result follows noticing that x > 1. O

The next lemmas provide us tools to prove local efficiency of the error estimator.
Lemma 3.7. Let e € &}, then

v 20, Ly — (i @ B) — pulll3.. = (max {1.Cyp})? (VIL L3, + 008 0y gz

; we T diam(Q) We
v =l ) + 3 Okl + VL) = V- (w7 @ B) = Vil

Kew,

10



Proof. For any v € Hg(w.)? we have

([VLn— (w;, ® B) = pall, v)e = Y (W(Ln — L), v)ox + (v — up) @ B)n, v)ox + (P — pr)n, v)ox)
Kecw,

= > (((Ln = L), Vo) +(¥V - (L, = L), 0) ke +(((w — u) @ B), Vo)ax + (V - ((u - u},) @ B), v)ox
- + (V(p—pn),v)x + (p—pn, V- v)K)

= Z (v@p—L),Vo)g + (v —up) @ B, V) + (p — pn, V- V)
- +(f+ V- (vLn) =V - (uj, ® B) = Vpn, v)k)

<Y (u”QIL — Llo.x + diam(€2) 181 18125 , —1/2

H uh”OK v
1/2 1/2 1/2 ,
= v1/2diam(Q)1/2 diam(Q)1/

llp — prllo,x

+ 0kl f+ V- (WLly) =V (u, @ B) - Vph|0,K> Ty,

where T, := 2v'/2||Vo||o x + V2|V - v|jo.x + 05

Then, taking v := B.[vL;, — (u}; ® B) — ppI] and applying Lemma we get
Ty = flvflx + 0 VAP v — (uj, @ B) -
The result follows from Lemma and the shape-regularity assumption. O

Lemma 3.8. For any element K € T, we have
Okllf +V - (vLn) — (up, @ B) — Vpallo,x

18112%
Fam(@7 1~

= maX{LCu,ﬁ}< V2L~ Lallo,x + “2Ip —phllo,x> -

Proof. Let v=f+ V- (VL) — (u}, ® B) — Vpy, then
(v, Bgv)g = —v(V - (L —Ly), Bkv)g + (V- ((u —u}) ® 8), Bkv)k + (V(p — 1), Bkv)k
= I/(L — Lh,VBK’U)K — ((u — ’U,Z) ®,3,VBK’U)K — (p —pn, V- BK’U)K

. 181135 , _
j (1/1/2||L - Lh”()’K + dlam(Q)Cyvﬁm” uh”O,K +v 1/2

Ip — pullo, k) IBxvll1, k-
The result follows from Lemma B3] O

Now, to derive upper bounds for the jump of the velocity we will decompose vh'|[u;]ll§ . into
vh! ||P|\/|0 [ur]l§ . and vh ' |(Id — Py, ) [uj ][5 o, where, Py, is the L2-orthogonal projection into

Mo := { € L2(En) : ple € Py(e)? Ve € &}

Then, Lemmas 3.4 and 3.5 in [19], adapted to vector-valued functions and considering the approximate
velocity instead of its postprocessing, imply

he HIPmo [ ]ll5 e < 1L = Vg5, for k> 1, (3.11)
and
he H1(d = P [ur ] 115 e = 11V (w — i[5 . (3.12)
for each face e € &},.

11



3.3. The main results
We define, on each K € Tj, the local error
18lls0.2

ek = vIIL — Lal§ x + mHu —upllf x +VIV(u— up)|

(2),K +Vﬁl”P*%”%,Kv (3.13)

. . . 1/2
and its global version given by e}, := (Z KeT, ef() .

Now, we state and prove reliability and local efficiency results of our a posteriori error estimator (3.1)).

Theorem 3.1 (Reliability). Let ¢ as in (3.5)). Then

1Bllw :
en = max{L, [|lloc.0} max {1, cu,ﬁ}<nh S hcllun — uiflo.x
K€7-h

1/2
v 18] 0,02 ||6Hgo,Q 1/2(( M0 *
e { diam(Q)2” diam(Q2)" v Z he ki dllo. )

e€y

Proof. Thanks to Lemmas the definition of C,, g and the fact that, for each K € T, v'/?||V(u —
uj)llox = v'/2|L = Lallo,x + nxc, we get

v||L — Lh||(2),"rh + flu — uh”in + v p = pal (2J,Th

18113415

2 Wlee(Q) .

< max{1, [¢]% o} (max{1,C, g}) (ni+y > Billun — uilld 5
KeT,

e v 1Bl 18I0 it — 2
diam(Q)2’ diam(Q?)" v he 10, Th [

The result follows from taking wj = uj in Lemma to bound the last term on the right-hand side. [

Remark 3.1. In Theorem[3.1] we have tracked the dependence on @, because depends on x, on v and 3. In
fact, recalling (3.5), we get that

2

[elloc.0 < Coomax {1, [0} < Cona (max{1,C b, Cug}) -

Theorem 3.2 (Efficiency). Let K € Th, ewye := (X xrew, eiK)l/2 and wg :={K' € Tp : K' € w. and e €
EnLNOK}, then for k > 1,

Nk <max{1,C, g} ey

Proof. By definition of ng, lemmas 3.8, equations (3.11)-(3.12) and inequalities ||Lp, — Vuj|o,x <
IL = Lallo.xc + V(= uj)llo.xc and |V - ujllox = [V (u—uj)llox = [|V(w—uj)lo,x, we have that

1Bllc.2
diam(Q)

2 * — *
i = (max {1,C,g}) (VllL — Lall§ s+ lu = wj |l x +v 1||10—ph||(2),1r<> +v|Ly = Vi |I§ «

2
0,wk

1Bllc.2
diam(Q)

* 2 * —
+ V|V up§  + (max{1,Cyp}) (VIIL—LhIIS,wK + [ = s[5 e + v 1P — Pl

N Bl Y (L) (uh © B)~Vpnl o+ vITn — Vil vV ()

K'ewg
2 *
= (max {1,Cy8})" (VIIL = Lall§ oy + lu —uj

2
0,wk

|%,wK +V—1||p_ph||g,w1()’
and the result follows. O
12



4. Numerical experiments

In this section, we carry out numerical simulations, for d = 3, to verify our main results in Theorems [3.1
and To satisfy condition we consider,as in [B], the stabilization parameter 7 given by

The values of the polynomial degree and physical parameters 3 and v will be specified on each example.
Let us define the errors er, := v'/2||L—Ly| 0.7, €w := lu—u} 1.7, & := v~ 2|p—pnllo.7,, the estimator
terms n; (i =1,...,5)

M= Y Okl f+ V- (Ln) = V- (uj, ®B) = Vpillg ko 15 = v|Ln — VUi |3 7,
KeT

i = vIIVupls g, nii= v Y 0 vln — (uf © B) = palllls.  and nZi=v Y bt |[uilllE .
eely eclp

and the effectivity index eff := 7y, /e;. The experimental orders of convergence will be computed in terms
of the number of elements N and we will use the fact that h ~ N—/3. We also include, on each table, a
column with the size of the linear system that we solve, Ng;4, to quantify the computational effort in each
case. The implementation of the HDG method was based on [23], an efficient vectorized implementation of
the HDG method for linear variable coefficient reaction-diffusion problems in polyhedral domains.

For the tests that include adaptivity, we use the strategy:
(i) Start with a coarse mesh Tp,.

(ii) Solve the discrete problem on the current mesh 7y,.

)
)

(iii) Compute ng for each K € Tj,.

(iv) Mark each K’€ T}, such that ng >0 A 1k with 6 € [0,1] and refine it using Tetgen (see [43]).
)

(v) Consider this new mesh as 7, and, unless a prescribed stopping criteria is satisfied, go to (ii).

4.1. A smooth solution

For this test case, we choose v = 1, B8 = (z,y, —2z) and Q =|0, 1[x]0, 1[x]0, 1[. The source term f and
the boundary data wp are chosen such that the exact solution of the problem is given by w := (u7,uz,us),

where uj (11, 22, v3) := 2032973, Uz (w1, T2, 73) = —112373, u3(T1, T2, 73) = —112223, and p(z1, T2.73) =
1 — 1/2.
k‘ N‘ Nsist‘ er, order‘ €wn order‘ ep order
6 163[5.790-01 — [2.266-01 — [1.270-01 —

48 1,128|1.71e-01 1.76 [6.28e-02 1.84 [2.76e-02 2.20
384 8,160(4.52e-02 1.92 [1.62e-02 1.95 |6.24e-03 2.15
3,072]  61,824]1.15e-02 1.97 |4.11e-03 1.98 |1.45e-03 2.11
24,576| 480,786|2.91e-03 1.99 |1.03e-03 1.99 |3.42e-04 2.09
6 330(1.28e-01 — |5.36e-02 — |3.87e-02 —

48 2,208|1.78e-02 2.85 [6.99e-03 2.94 |3.69e-03 3.39
384 15,936(2.32e-03 2.94 (8.91e-04 2.97 |3.96e-04 3.22
3,072 120,576(2.96e-04 2.97 |1.12e-04 2.99 [4.59e-05 3.11
24,576 936,960|3.74e-05 2.98 |1.41e-05 2.99 |5.43e-06 3.08
6 546|9.77e-03 — |3.20e-03 — [5.94e-03 —

48 3,648 |7.80e-04 3.65 |2.47e-04 3.69 |2.52e-04 4.56

3 384| 26,304|5.35e-05 3.87 [1.69e-05 3.87 |1.29e-05 4.29
3,072 198,912]3.49e-06 3.94 |1.10e-06 3.94 |7.23e-07 4.15
24,576(1,545,216|2.23e-07 3.97 |7.05e-08 3.97 |4.27e-08 4.08

—_

(]

Table 1: History of convergence of the error terms for the Example (v=1).
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kN

m

order

72

order

73

order

74

order

75

order

eff

6
48
384
3,072
24,576

=

3.76e-01
1.09e-01
2.84e-02
7.24e-03
1.82e-03

1.79
1.93
1.97
1.99

1.09e-01
3.82e-02
1.06e-02
2.75e-03
6.97e-04

1.52
1.85
1.95
1.98

3.94e-02
1.45e-02
3.96e-03
1.02e-03
2.60e-04

1.44
1.87
1.97
1.96

7.42e-01
2.39e-01
6.66e-02
1.75e-02
4.49e-03

1.64
1.84
1.93
1.97

1.38e-01
4.17e-02
1.11e-02
2.86e-03
7.22e-04

1.72
1.90
1.96
1.99

1.342
1.455
1.530
1.572
1.591

6
48
384
3,072
24,576

1.82e-01
2.41e-02
3.11e-03
3.94e-04
4.97e-05

2.91
2.96
2.98
2.99

3.55e-02
5.03e-03
6.61e-04
8.45e-05
1.07e-05

2.82
2.93
2.97
2.99

1.59e-02
2.26e-03
2.95e-04
3.75e-05
4.76e-06

2.81
2.94
2.98
2.98

1.74e-01
2.84e-02
3.92e-03
5.12e-04
6.56e-05

2.61
2.86
2.94
2.97

2.67e-02
3.61e-03
4.65e-04
5.90e-05
7.42e-06

2.89
2.96
2.98
2.99

1.775
1.948
2.019
2.052
2.068

6
48
384
3,072
24,576

Table 2: History of convergence of the terms composing the error estimator for the Example (v

Table [1I] shows the history of convergence of the error of each variable when the number of elements N
increases by a factor of 8. We see that all the error terms converge with optimal order of k + 1, exactly as
the error estimates in [5] predicted. In addition, we see in Table [2] that each term of the error estimator
converge with order k£ 4+ 1. Moreover, the effectivity index remains bounded.

3.56e-02
2.27e-03
1.45e-04
9.19e-06
5.79e-07

3.97
3.97
3.98
3.99

1.39e-03
1.09e-04
7.35e-06
4.75e-07
3.02e-08

3.68
3.89
3.95
3.98

4.60e-04
3.86e-05
2.60e-06
1.67e-07
1.07e-08

3.58
3.89
3.96
3.96

1.56e-02
1.41e-03
9.97e-05
6.59e-06
4.23e-07

3.47
3.82
3.92
3.96

We repeat the experiment considering now v = 107! and v = 1072,

6.32e-04
5.40e-05
3.68e-06
2.38e-07
1.51e-08

As Tables show, similar
conclusions can be drawn regarding the optimal order of convergence of the error and the estimator. The
last column of Tables [d] and [6] displays the effectivity index. It remains bounded for each polynomial degree

k.
k:[ N[ Ndof‘ e, order[ e order[ ep order
6 168(2.12e-01 — [8.99e¢-02 — |1.13e-01 —
48 1,128|7.63e-02 1.47 |2.86e-02 1.65 |2.74e-02 2.05
1 384 8,160(2.24e-02 1.77 |7.96e-03 1.84 |6.00e-03 2.19
3,072 61,824(6.07e-03 1.88 [2.14e-03 1.89 |1.31e-03 2.20
24.576| 480,786|1.59¢-03 1.94 [5.60e-04 1.93 [2.96e-04 2.14
6 33016.40e-02 — [2.82e-02 — [4.62e-02 —
48 2,208(1.09e-02 2.55 |4.01e-03 2.82 (4.24e-03 3.45
2 384 15,936|1.58e-03 2.79 |5.46e-04 2.88 |4.40e-04 3.27
3,072 120,576|2.15e-04 2.88 |7.27e-05 2.91 [4.98¢-05 3.14
24.576| 936,960(2.84e-05 2.92 |9.48e-06 2.94 [5.85e-06 3.09
6 546(1.07e-02 — |4.02e-03 — [7.93e-03 —
48 3,648(8.67e-04 3.63 |2.90e-04 3.80 [3.16e-04 4.65
3 384 26,304 (6.26e-05 3.79 |2.01e-05 3.85 [1.60e-05 4.30
3,072| 198,912(4.24e-06 3.89 |1.35e-06 3.90 [9.03e-07 4.15
24,576(1,545,216(2.70e-07 3.97 |8.52e-08 3.98 [5.58e-08 4.02

3.55
3.88
3.95
3.98

Table 3: History of convergence of the error terms for the Example (v=10"1).
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N|

m

order

72

order

73

order

T4

order

75

order

eff

6

48
384
3072
24576

1.06e-02
2.63e-03
6.63e-04
1.73e-04
4.47e-05

2.00
1.99
1.94
1.95

1.09e-01
4.22e-02
1.19e-02
3.10e-03
7.85e-04

1.37
1.83
1.94
1.98

4.27e-02
1.71e-02
4.59e-03
1.14e-03
2.81e-04

1.32
1.89
2.01
2.02

7.47e-02
2.23e-02
6.08e-03
1.64e-03
4.30e-04

1.75
1.87
1.89
1.93

4.26e-02
1.44e-02
3.91e-03
1.00e-03
2.55e-04

1.56
1.89
1.96
1.98

0.569
0.614
0.600
0.582
0.569

48
384
3072
24576

6.18e-03
7.68e-04
1.01e-04
1.33e-05
1.71e-06

3.01
2.92
2.93
2.96

3.78e-02
6.43e-03
9.29e-04
1.26e-04
1.62e-05

2.55
2.79
2.88
2.96

1.69e-02
2.86e-03
4.05e-04
5.43e-05
8.40e-06

2.56
2.82
2.90
2.69

2.28e-02
3.46e-03
4.84e-04
6.54e-05
8.74e-06

2.72
2.84
2.89
2.90

9.25e-03
1.42e-03
1.96e-04
2.60e-05
3.31e-06

2.70
2.86
2.92
2.97

0.579
0.648
0.662
0.665
0.675

6

48
384
3072
24576

Table 4: History of convergence of the terms composing the error estimator for the Example (v=10"1).

1.31e-03
8.11e-05
5.36e-06
3.51e-07
2.26e-08

4.01
3.92
3.93
3.96

4.50e-03
3.67e-04
2.65e-05
1.80e-06
1.16e-07

3.62
3.79
3.88
3.96

1.71e-03
1.40e-04
9.74e-06
6.43e-07
4.17e-08

3.61
3.85
3.92
3.95

3.59e-03
2.97e-04
2.13e-05
1.44e-06
9.52e-08

3.59
3.80
3.89
3.92

6.72e-04
5.80e-05
4.22e-06
2.86e-07
1.85e-08

3.54
3.78
3.88
3.95

0.444
0.520
0.533
0.536
0.549

k‘ N ‘ Naof er, order ewu order ep order
6 168]1.24e-01 — [8.17e-02 — |2.97e-01 —

48 1,128/6.00e-02 1.04 |3.22e-02 1.35 |8.46e-02 1.81

1 384 8,160|2.42e-02 1.31 |1.02e-02 1.66 |1.86e-02 2.18
3,072 61,824|8.41e-03 1.52 |3.19e-03 1.67 |3.87e-03 2.27
24,576| 480,786|2.68e-03 1.65 [9.85e-04 1.69 |8.94e-04 2.11
6 330(4.52e-02  — |3.29e-02 — |1.29e-01 —

48 2,208]1.09e-02 2.05 |5.27e-03 2.64 |1.25e-02 3.36

2 384 15,936(2.04e-03 2.42 |7.62e-04 2.79 |1.18e-03 3.41
3,072 120,576|3.49e-04 2.55 |1.19e-04 2.68 |1.26e-04 3.23
24,576 936,960|5.49e-05 2.67 |1.81e-05 2.71 |1.49e-05 3.08
6 546(1.11e-02 — |6.69e-03 — [2.81e-02 —

48 3,648|1.10e-03 3.33 |4.82e-04 3.79 |9.26e-04 4.92

3 384 26,304]9.73e-05 3.50 |3.44e-05 3.81 [4.09e-05 4.50
3,072 198,912(7.99e-06 3.61 |2.63e-06 3.71 [2.25e-06 4.19
24,576(1,545,216|6.04e-07 3.73 [1.94e-07 3.76 |1.36e-07 4.04

Table 5: History of convergence of the error terms for the Example (v =1072).

k‘ N‘ m order N2 order| m3 order N4 order‘ 5 order‘ eff
6]1.32e-03 — |[1.24e-01 — |5.60e-02 — |3.60e-02 — |1.58e-02 — [0.425
483.68e-04 1.85 (6.77e-02 0.87 |3.12e-02 0.84 [1.40e-02 1.36 |8.09e-03 0.96 |0.703

1 384|7.56e-05 2.28 |2.32e-02 1.54 |1.04e-02 1.59 [3.09e-03 2.18 |2.84e-03 1.51 |0.800

3,072|1.51e-05 2.32 |7.08e-03 1.71 |2.74e-03 1.92 |6.67e-04 2.21 |8.53e-04 1.73 |0.783
24,576|3.36e-06 2.17 |2.14e-03 1.72 [9.55e-04 1.52 |1.61e-04 2.05 [2.43e-04 1.81 |0.790
6(7.35e-04 — |6.69e-02 — [2.64e-02 — [1.48e-02 — [4.94e-03 — ]0.524
4817.38e-05 3.32 |1.63e-02 2.04 |7.26e-03 1.86 |2.07e-03 2.84 [1.09e-03 2.17 |1.031
2 384|7.70e-06 3.26 |3.12e-03 2.38 |1.37e-03 2.41 [2.30e-04 3.17 |1.98e-04 2.47 |1.382
3,072|9.22e-07 3.06 |5.38e-04 2.54 |2.30e-04 2.57 |2.66e-05 3.11 |3.34e-05 2.57 |1.506
24,576|1.21e-07 2.92 |8.47e-05 2.67 [3.58e-05 2.68 |3.37e-06 2.98 [5.19e-06 2.68 |1.545
6]1.66e-04 — |1.53e-02 — [6.62e-03 — [2.61e-03 — |[8.04e-04 — ]0.547
4816.78e-06 4.61 |1.38e-03 3.47 [6.21e-04 3.41 |1.51e-04 4.11 |7.00e-05 3.52 |1.004
3 3843.68e-07 4.20 |1.21e-04 3.52 |5.22e-05 3.57 [9.21e-06 4.04 |6.20e-06 3.50 |1.189
3,072]2.36e-08 3.96 [1.01e-05 3.58 |4.06e-06 3.69 |5.92e-07 3.96 |5.17e-07 3.58 |1.251
24,576|1.61e-09 3.87 |7.76e-07 3.70 |2.93e-07 3.79 |3.96e-08 3.90 |3.95e-08 3.71 |1.282

Table 6: History of convergence of the terms composing the error estimator for the Example (v= 10’2).
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4.2. A low reqularity solution
Based on a numerical experiment presented in [8], we set Q =]—1, 1[x]—1,1[x]0,1[ \ ]0, 1[x]—1,0[x]0, 1],
v =1and B8 = (1,-1,0). The source term f and the boundary data up are chosen such that the exact

solution of the problem is given by p(z1, 22, 23) := 0 and u := (%7 88—527 0)7 where S is given, in cylindrical

coordinates, by S(r,¢) = 7% sin (%@ We note that u € H%_E(Q)?’, e > 0, due to a singularity located at
zs-axis. In Figure [T} we present the orders of convergence for ej, using uniform and adaptive refinements,
0 =0.25, for k= 1.

10’ T
[ —N1
-=-Uniform
-+ Adaptive
o 100j ]
10
10’ 10 10° 10* 10° 108

Figure 1: History of convergence for e, with uniform and adaptive (f = 0.25) refinement, for k = 1, in the low regularity
example.

We observe that the uniform refinement strategy provides an approximate solution that converges with
the predicted order of convergence, O(hl/ 3), because the singularity of the velocity while the adaptive scheme
let us achieve a better order of convergence and lower error magnitudes than the uniform case.

In Figure [2] we show the final adaptively refined mesh and how the mesh is locally refined near the corner
line z1 = x2 = 0, where the gradient of the velocity has a singularity. We also show the isovalues of the
velocity magnitude.

1.500e+00
£1.125
0.75
40.375
E0.000e+oo

Figure 2: Final adaptive mesh (12,114 elements, § = 0.25) refinement (kK = 1) and corresponding isovalues of the velocity
magnitude, for the low regularity solution.
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4.8. The lid-driven cavity problem

For this test, we consider = ]0,1[3 and set v = 1, 8 = (1,0,0), f = 0 and up = (1,0,0), on 2o = 1,
and 0 on the rest of the boundary of 2. Note that boundary layers arise at the edges of the top face of
the domain, due to the discontinuities on the boundary condition. This fact is captured by our estimator
by refining mainly in those edges as can be seen in Figure [3] where the initial and an adapted (6 = 0.25)
meshes are displayed. Figure [4] shows a cross-section at z = 0.5 of the same adapted mesh and the isovalues

of the first component of the velocity.

Figure 3: Initial mesh (2,255 elements) and final adapted mesh (270,941 elements) for the cavity problem (k =1, 6 = 0.25).

\_/ 1.000e+00

0.75
0.5

Eo.25
0.000e+00

SN TN
] & &/l
"E""“L" e

Figure 4: A vertical cut at z = 0.5 of the adapted mesh (270,941 elements, left) and the isovalues of the first component of the
velocity in this mesh (right) at this cut (k =1, 6 = 0.01).

4.4. An application to steady-state incompressible Navier—Stokes equations

As we said in the introduction, one of our motivations is to apply the proposed a posteriori error esti-
mator to the Navier—Stokes equations, whose solution was constructed using a sequence on Oseen equations
associated to a Picard’s iteration. We consider € = ]0, 1[*> and choose the data f and up so that the exact

solution is given by

u(x1, x9,x3) := (exp(xq)sin(zs), — exp(x) sin(xzs), exp(x1) cos(xz) — exp(x1) cos(z2))
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and
p(x1, 22, 23) = (1/2) exp(221) + (1/4)(exp(2) — 1).
We set v = 1 and consider the following algorithm to solve the incompressible Navier—Stokes equations:

(i) Solve HDGogeen(0) and set B, := u ", where u}” is the postprocessed velocity (2.5) constructed by
using the solution of HDGoseen (0).

(il) For i = 1,..., Imax, if [[u}’ — w7 < tol, solve HDGoseen(3;) and set B, 1 := u)"’, where u}* is
the postprocessed velocity (2.5) constructed by using the solution of HDGoseen (3;)-

Here, HDGpseen(8) is the HDG formulation with data f, wp and convective velocity 3; tol is the tolerance
associated to the stopping criteria, || - | the Euclidean norm and I,y the maximum number of iterations.

Let be uZ’NS the postprocessed velocity and LY, pNS the solution of the Navier—Stokes equations obtained

NS *, NS
Lh

in (ii). Then, we will use yu 7, th S and 8 = uZ’NS to compute our a posteriori error estimator for

the error with respect to the solution (L1V9, uZ’NS,thS).
k‘ N‘ Ngist ‘ er, order‘ €w order‘ ep order‘ iter
6 168|6.02F — 01 — |[2.10FKF—-01 - |1.80EF—-01 — 3

48 1,128(1.96E — 01 1.62 |6.35E — 02 1.73 |5.24E — 02 1.78

384 8,160(5.60F — 02 1.81 |1.77E —02 1.84 |1.29FE — 02 2.02

3,072  61,824|1.49F — 02 1.91 |4.68F — 03 1.92 |3.18E — 03 2.03

24,576 480,786|3.84F — 03 1.96 |1.21E — 03 1.96 [7.89F — 04 2.01
6 330|7.83E —-02 — |(2.64E—-02 — [2.7TTE—-02 —

48 2,208|1.33E — 02 2.56 |4.03E — 03 2.71 |3.79E — 03 2.87

2 384 15,936(1.89F — 03 2.81 [5.51F — 04 2.87 |[4.80E — 04 2.98

3,072 120,576|2.51F — 04 2.92 |7.18E — 05 2.94 |5.97F — 05 3.01

24,576 936,960|3.22F — 05 2.96 |9.17FE — 06 2.97 [7.40E — 06 3.01
6 546|8.09E — 03 — [259FE —-03 — [3.156E—-03 —

48 3,648|7.11E — 04 3.51 |2.05E — 04 3.66 (2.22F — 04 3.83

3 384| 26,304|5.09E — 05 3.80 [1.43E —05 3.84 |1.43E — 05 3.96

3,072 198,912|3.31F — 06 3.94 |9.37FE — 07 3.94 |8.97F — 07 3.99

24,576|1,545,216|2.15E — 07 3.97 |6.12FE — 08 3.95 [5.62FE — 08 3.99

Table 7: History of convergence of the error terms for the Example

—_

R W W W R W W W R WwWw

k ‘ N ‘ m order 12 order 3 order N4 order ‘ 5 order| eff

6(7.21E-01 — [9.90F—-02 — [420E—-02 — |1.O3E4+00 — |1.33E—-01 — |1.915
48|2.02E — 01 1.83 [3.73E — 02 1.41 |1.74E — 02 1.27 |3.69E — 01 1.48 |[4.27TE —02 1.64 |1.998
384|5.24E — 02 1.95 (1.10E — 02 1.77 [5.01EF — 03 1.79 |1.06E — 01 1.80 [1.21F — 02 1.82 |1.991
3,072]1.32F — 02 1.99 |2.92FE — 03 1.91 |1.31E —03 1.93 |2.83E —02 1.91 |3.20E — 03 1.92 |1.979
24,576|3.32E — 03 2.00 |7.51E —04 1.96 |3.34E — 04 1.98 |7.28E —03 1.96 |8.21FE — 04 1.96 |1.972
6(1.72F-01 — [187TEF—-02 — [814E—-03 — |1L.7T1E-01 — |133E—-02 — |2.794
48|2.45F — 02 2.81 |3.24E — 03 2.52 |1.66E — 03 2.30 (3.11E — 02 2.46 |1.99FE — 03 2.75 |2.763
384|3.17TE — 03 2.95 |4.67TE — 04 2.79 |248FE — 04 2.74 |4.60F — 03 2.76 |2.68E — 04 2.89 |2.767
3,07214.00F — 04 2.99 |6.23E — 05 2.91 |3.36E — 05 2.89 |6.24F — 04 2.88 |3.48E — 05 2.95|2.784
24,576|5.02E — 05 3.00 |8.01E — 06 2.96 |4.37TE —06 2.94 |8.13FE — 05 2.94 |4.42F — 06 2.97 |2.798
6(2.82E8-02 — [2.14E-03 — |9.76E—-04 — |2.06E—-02 — |1.01E—-03 — |[3.860
48|2.03E — 03 3.80 |1.84E — 04 3.55 |9.63E — 05 3.34 |1.84F — 03 3.48 |7.66F — 05 3.72 |3.554
3 384|1.32E — 04 3.94 |1.30E — 05 3.82 |7.08Z — 06 3.76 [1.29F — 04 3.83 [5.19E — 06 3.88 |3.379
3,072|8.31E — 06 3.99 |8.33FE — 07 3.97 |4.55E — 07 3.96 |8.31E — 06 3.96 |3.33E — 07 3.96 |3.320
24,576|5.21FE — 07 4.00 |5.30E — 08 4.01 |2.93E — 08 4.00 |5.31E — 07 3.99 |2.12E — 08 3.98 |3.240

[y

[\]

Table 8: History of convergence of the terms composing the error estimator for the Example
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Table [7] shows the history of convergence of the error of each variable with all the error terms converging
with optimal order of k + 1, exactly as predicted in [6] . In addition, we display the number of iterations,
iter, needed to get the solution of Navier-Stokes equations. In Table [§ we see that each term of the error
estimator converge with order k 4+ 1 and, as for Oseen equations, the effectivity index remains bounded.
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