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Abstract

In this work, we study a Hybrid High-Oder (HHO) method for an elliptic diffusion prob-
lem with Neumann boundary condition. The proposed method has several features, such as:
i) the support of arbitrary approximation order polynomial at mesh elements and faces on
general polyhedral meshes, ii) the design of a local (element-wise) discrete gradient recon-
struction operator and a local stabilization term, that weakly enforces the matching between
local element- and face- based on degrees of Freedom (DOF), and iii) cheap computational
cost, thanks to static condensation and compact stencil. We prove the well-posedness of our
HHO formulation, and obtain the optimal error estimates, according to [9]]. Implementation
aspects are throughly discussed. Finally, some numerical examples are provided, which are
in agreement with our theoretical results.

Keywords: Neumann problem, Diffusion, General Meshes, High-Order, Gradient Recon-
struction.

1 Introduction

The approximation of diffusive problems on general polyhedral meshes have received an in-
creasing attention over the last few years, motivated in particular by applications in the geo-
sciences, where the mesh is often adapted to geological layers, cracks and faults leading to cells
with polyhedral shape and to non-matching interfaces. These considerations are included in
the context of Hybrid High-Order methods (HHO). The HHO method is derived in terms of a
primal formulation, and is designed from two key ingredients:

1) a potential reconstruction in each mesh cell, and

ii) a face-based stabilization consistent, with the high-order provided by the reconstruction.
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This design relies on intermediate cell-based discrete unknowns, in addition to the face-based
ones (hence, the term hybrid). We remark that the cell-based unknowns can be eliminated by
static condensation, as it has already been pointed out in [8]], [11].

As low-order methods on polyhedral meshes have been studied for quite some time, we mention
that HHO can be seen as a Finite Volume method (FVM) (cf. [[13], [15]) for polynomial of order
k = 0 (see Section 2.5 in [8]). We can also express the HHO method into an equivalent mixed
formulation (cf. [12], [10]). This equivalent formulation allows us to identify a conservative
numerical trace for the flux, and thus HHO methods can be seen as a generalization of HDG
methods (cf. [4]). Moreover, in Section 2.4 in [4], we find a link between a non-conforming
Virtual Element Method considered in [1]], and HHO methods, by defining an isomorphism
between the HHO degrees of freedom and a local virtual finite-dimensional space (contain-
ing those polynomial functions leading to optimal approximation properties), we identify the
projection operator related to the elliptic operator of HHO.

In what follows, we describe the model problem. Let 2 C RY, d € {2,3}, be an open,
bounded, polytopic domain with Lipschitz-continuous boundary I := 0f) and unit outward
normal nn. Let K € [L>°(©)]%*? be a bounded, measurable, and symmetric tensor describing
the material properties, f € L?(QQ) is the forcing term and g € L*(T) is the flux through
the boundary. We focus on the following variable-diffusion problem with Neumann boundary
condition:

-V (KVu)=fin Q, (1a)
KVu-n=gonl. (1b)

It is well known that the data f and g must satisfy the compatibility condition

/Qf+/rg:0. (2)

From here on, we assume that K is strongly elliptic, that is there exist two positive constants
c1 and ¢y such that

alél? <& K(x)€ < ol¢]* VEeR?, Ve,

where | - | represents the usual Euclidean norm. The strong ellipticity implies that matrix K (z)
is uniformly positive definite and thus non-singular for every x € ().

For any connected subset X C {2 with nonzero Lebesgue measure, the inner product and
norm of the Lebesgue space L?(X) are denoted by (-, -)x and || - || x, respectively. Similar nota-
tions will be used for L?(X)?and L?(I"). Itis not difficult to deduce that the weak formulation of
reads as: Given f € L*() and g € L*(T'), we seeku € U := {v € H'(Q) : (v,1)q = 0}
such that

(KVu,Vv)g = (f,v)a+ (g,v)r Vv e U. 3)

In addition, thanks to the Poincaré-Wintinger inequality and the Lax-Milgram lemma, we can
ensure that the problem (3)) is well-posed.

We can mention that HHO for Dirichlet conditions have been treated in [9]], and for mixed
conditions in [12]. Then, the focus of the present work is to describe the Hybrid High-Order
method for variable-diffusion problems with Neumann boundary conditions. It is important to
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emphasize that the involved analysis is not contained in the context of [12].

In Section[2] we introduce the model problem, our main analysis tools, the Degrees of Freedom
(DOFs) in the context of HHO method, and the potential reconstruction operator, with its key
properties. In Section |3} we introduce the discrete problem and study its stability. In Section
we perform the error analysis, first in the energy-norm and then in the L?-norm under addi-
tional elliptic regularity assumption. In Section[5| we discuss the computational implementation
and, finally in Section 6, we present some numerical results, which are in agreement with our
theoretical results.

2 Discrete settings

Let X C R™ denote a countable set of meshsizes having 0 as its unique accumulation point
and (T,)nen a h-refined admissible mesh sequence of  (see Section 1.4 in [7]). Each mesh
T of this sequence is a finite collection 7" of nonempty, disjoint, open, polytopic elements
such that Q = UTeTh T and h = maxreT, hy (with hp the diameter of 7'), and there is a
matching simplicial submesh of 7;, with locally equivalent mesh size and which is shape-regular
in the usual sense (7 is the mesh regularity parameter). We call a face any hyperplanar closed
connected subset F' of Q with positive (d — 1)-dimensional measure and such that (i) either
there exist 77, T, € T, such that F' C 9T} N 0T, (I is called an interior face) or (ii) there exists
T € Ty, such that F C 0T N 0N) (F is called a boundary face). Interior faces are collected in
the set F;, boundary faces in 7, and we set 73, := F; U F?. The diameter of a face F' € F},
is denoted by hp. For each T' € T, Fr := {F € F,| FF C 0T} defines the set of faces lying
on the boundary of 7" and, for each F' € Fp, nyp is the unit normal to F' pointing out of 7'. In
an admissible mesh sequence, for any 7" € 7},, and any F' € Fr, hp is uniformly comparable to
ht in the sense that

v?*hr < hp < hr, 4)

and the card(F7) is uniformly bounded. The usual discrete and multiplicative trace inequalities
hold on element faces. The following assumptions and notations will be taken into account in
this work:

1. There is a partition Py of €2 so that K is piecewise Lipschitz, and the mesh 7}, fits the
(polytopal) partition P, associated with the diffusion tensor K in the sense that, there
is a unique €2; in P, containing 7. For simplicity of exposition, we assume that K is a
piecewise polynomial.

2. We denote by i, and K, the lowest and largest eigenvalues of /& in 7. We introduce the
local heterogeneity/anisotropy ratio pr := Ko /K, > 1.

3. Furthermore, A < B denotes the inequality A < C'B with positive constant C' indepen-
dent of the polynomial degree k, the meshsize h and the diffusion tensor K.

4. To avoid the proliferation of symbols, we assume that for all 7' € 7T, the Lipschitz
constant of K in T, say L%, satisfies L% < Kr.

In the following lemma, we show that the L?-orthogonal projector onto polynomial spaces have
optimal approximation properties on each mesh element.
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Lemma 2.1 (Approximation property of Orthogonal projector). Given an integer [ > 0,
and T € Ty, we denote by T\ the L?-orthogonal projector onto PL(T). Then, for any s,t € R
with0 < s <t <1+ 1 there exists Cypp = Copp(7,1) > 0, such that

|U — 7Té~’U|Hs(T) S Capph%_5|v|Ht(T), Yov e Ht(T) (5)
Besides, there exists C’t’lpp > 0 such that, for allt, 1/2 <t <1+ 1, there holds

lv = whvllor < Clpphi P olm), Vv e HI(T), (6)

app
where | - |t (1) and | - | =1y denotes the corresponding seminorms on Sobolev spaces H'(T)
and H*(T), respectively.

Proof. We refer to Theorems 3.2 and 3.3 in [17]]. O

2.1 Degrees of freedom (DOFs)

Let a polynomial degree £ > 0 be fixed. For all T' € T;,, we define the local space of DOFs as
U = PE(T) x { Xper, Pi_1(F)}, where P(T) (resp., P5_, (F)) is spanned by the restric-
tions to 7" (resp., F) of d-variate (resp., (d — 1)-variate) polynomials of total degree < k. And
the global space of DOFs on the domain (2.

U} = {>< P';(T)} x {>< P§_1<F>} :

TeTh FeF;,

For all T' € T,, we define the local reduction operator I%. : H'(T) — U% such that, for all
ve HY(T),

v = (7fv, (Tpv) rery ), (7
where 7% and 7% are the L2-orthogonal projectors onto P%(7) and P%_| (F), respectively. The
corresponding global interpolation operator I} : H'(Q) — UJ is such that, for all v € H'(Q),

v = (7ho)rer,, (Thv) per,)- (8)

2.2 Local Gradient reconstruction

Forall T € Ty,and [ > 1, PSH’O (T") denotes the space of d-variate polynomial functions of total
degree < [, that have zero mean value on 7'. Then, we define the local gradient reconstruction
operator G% : Uk — VP ™9(T) such that, for each v, := (vr, (vp)per,) € Uk and each
w e PEYO(T),

(KGhwp, Vw)r = (KVvr, Vw)r + Y (vp — vp, KVw - nyp)p, 9)

FeFr

where we recall npp is the unit normal to F' pointing out of 7. Next, we define the potential
reconstruction operator p% : U% — P5+1(T)) such that, for all v, € U%,

Vprvr = Gy, / Prvp = / vr. (10)
T T
The following result shows that pﬁf} is the K -weighted elliptic projector onto IP’Z“ (T).
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Lemma 2.2 (Characterization of p%1%. and polynomial consistency) . For every v € H'(T)
and w € PET(T), there holds

(KV(v—pIiv), Vw)r = (K= Kr), Vw)r - Z (rpv—m70, (K= Kr)Vw-nre)p, (11)

FeFr

where K denotes the mean-value of K on T. In addition, if K is piecewise constant, we obtain
the following orthogonality property:

(KV(v = prliv), Vw)r =0, (12)
and the polynomial consistency:

phlbv=v VoePHY(T). (13)
Proof. We refer to Lemma 2.1 in [9]] for (T1)) and Lemma 3.1 in [12] for and (13). O

Lemma 2.3 (Approximation properties for p&1%) . There exists a real number C > 0, de-
pending of v and d, but independent of the polynomial degree, the meshsize, and the diffusion
tensor. So that for any v € H*(T) there holds:

v = phLioll, +hil” [|o = pi Lol

+hy |V — phLio) ||+ 1 ||V (0 — phLho)||,,. < Cp3hs o]

warys  (14)
forall s € {2,---  k+2}. Here, « = 1/2 if K is piecewise constant, and oo = 1 otherwise.

Proof. We refer to Lemma 2.1 in [9]]. [

3 Formulation
Now, we define the discrete global space for our HHO formulation, as
Uy* = {v, €U} : (v, 1)g =0},

with v, := {vr}reT,, and the following discrete semi norm on U*,

HQhH%(,h = Z P;HQT”%% Vv, € Qlfu (15)
TETh

k )
where ||lvg|% = [[KYV2Vorl3 + |vrlkor and [vplfor == > h—FHUF — vr||%, with
FeFr
kp = |[nfpKnrp| L), forall v, € Uk

Proposition 3.1 (Norm || - ||x.4) . The map || - || .5 defines a norm on U™,



Proof. It is enough to prove that Vo, € UM’: ||v,||xn = 0= v, = 0,. Let v, € U be such
that ||v, ||k, = 0. By definition of || - || 5, we obtain (cf. (15)))

Vor=0 and wvp|, =vrp VF € Fpr VT €T, (16)

Then, from (I6) we infer that vy, is piecewise constant on 75, and for each interior face F' € F},,
there exist 7, Ty € T, with ' C 0T N 07T, such that vy, |, = vp = vp,|,. This means that vy,
is continuous on €, and thus an element in Py(2). Finally, due to the condition (v, 1)q = 0,
we deduce that v, = 0, and we conclude the proof. U

Hereafter, the local potential reconstruction Pk : Uk — PET(T) is defined such that, for
all v, € UL,

Prop := vr + (pror — mrpror). (17)
Now, to discretize the left-hand of , we introduce the following bilinear forms on U} x U?:
ah(g}wyh) = Z aT(ﬁTaQT): uha'vh Z St uT7IUT (18)

TeTn TeTh

where, for each T' € T}, the local bilinear forms ar and st defined on Q§ x U l}, are given by

ar(ur, vy) = (KGjur, Gior)r + sp(up, vy), (19)
k
sr(ur, vr) = Z ﬁ(ﬁ?(uF — Prug), wp(ve — Prog))r. (19b)
FeFr

The linear functional on the right hand side in (3) is discretized by means of the linear
functional on U} such that

bn(vy,) = Z(ﬁ vp)7 +Z(97UF>F- (20)

TeTh FeFy
Then, the discrete problem reads: Find u;, € Qﬁ’o such that,
an(wy, vy) = ba(vy) Vv, € Up'. @1

Introducing the global discrete gradient operator G¥ : Ul — XreT, VIP’S“(T ) such that, for
each v, € U7,
(GFv,)|r = Gho, VT €Ty, (22)

we can reformulate the bilinear form a;, defined in (I8)) as
an(wy, v;) = (KGhw,, Ghoy,) + sp(wy, ). (23)

To analyse the stability of the discrete problem, we introduce the local and global energy semi-
norms as follows:

||Qh||a,h = Z ||QT”z21,T where, ||QT||¢21,T = ar(vy.v7), (24)
TeT,
Next result establishes an important relation between || - ||, 7 and || - || k7
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Lemma 3.1 For any v, € U. 1} there holds:

1||2T||KT ~> ||QTHaT ~ PTHQT”KT (25)

Consequently, for all v, € U}, |lv,llxn S |0yllan, and then, problem (.) is well-posed.

Proof. We refer to the proof of Lemma 3.1 in [9]. [

4 Error analysis

In this section we prove error estimates in the energy-norm and L?-norm, under additional
regularity assumption on exact solution.

Theorem 4.1 (Energy-error estimate) Let u € U be the exact solution of (3) and let w, €
U be the solution of (21)). We define the consistency error as E(v,,) := an(Iiu, v,) — by (vy).
Then, recalling the definition of a (given in Lemma , and assuming thatu € H**2(T},), there
holds:

1/2
T = tyllag < sup {Z Brp B 2 T)} - (20)
0, €U, [|vy la,p=1 TET
Moreover, applying Lemma 2.3} there holds
1/2
K2 (Vu = Ghay,)lo S {Z K P2a+1h kH)H ||Hk+2(T)} : @7
TeTh

Proof. We observe from that & (v,,) = an(lfu — wuy, v,,) for all v, € U°. Then, the first
inequality in results from and the fact that lﬁu —uy, € Qﬁ’o

Now, we derive a bound for the consistency error for a generic v;, € Qﬁ’o. Taking w := phltu
in the definition of GfkpgT for all T € 7Ty, and using and , we infer that

ah(l’fLU,Qh) = Z {(VUTu KVPH]%U)T + Z (vF — v, KVPH?U : nTF)F} +8h(l’2u72h)-
TET, FeFr

(28)
Since f = —V - (KVu) in 2 (in distributional sense), an element-wise integration by parts in
the first term of b, yields

Z (f, UT)T = Z {(KVu, VUT)T — Z (UT, KVu - nTF)F} . (29)

TET, T€ETh FeFr

In addition, from the fact that ¢ = K'Vu - n on I' (in distributional sense), we infer that the
second term of b;, can write as

Y (gvr)r =Y (vr, KVu-nre)r. (30)

FeFp Fer?
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Then, from (29), (30) and noticing that v is single-valued on F},, and the fluxes K'Vu - 1 are
continuous at interior faces, we infer that

bh(yh) = Z {(KVU,VUT)T + Z (’UF — UT,KVU . nTF)F} . (31)

TeT, FeFr

Combining with (31), we arrive at

En(vy) = ) {(WT, KV (piliu— ), + Y (vr = vr, KV (phlfu —u) - nTF)F}

TeT, FeFr
+ sh(Ihu ’Uh) = (51 + (32 (32)
Aplying Cauchy-Schwarz inequality on each term of ¥, we obtain

T < Z{ 2PN KA ur | prl 2 K (ph Lo — ) |1
TET

1/2 B 2
ey 1/2({ s qu—qu) p;ﬂ({k—ff} HKW;I%_UMTFHF>},
FeFr "

(33)

Then, applying Cauchy-Schwarz inequality again, the fact that || K Vw -nrp||p <
the mesh regularity property (), and (I5), we deduce

1/2
== (Z pr{ 1K pTI’“u—u)IIT+hT\|K1/2V<pTI*‘u—u>IIaT}> loallen (34)
TETh

Next, by the approximation property of p?lﬁ, and the spectral norm of K, we infer that

HKl/QV(PTITU —u)||7 + hTHKl/QV(pTITU —u)|3r S KTPQTah (D) H ||Hk+2(T) (35)
Then, replacing (35) in (34)), we derive
1/2
%] < (Z K p2a+lh2(k+1 I HHH? )) vyl 5 (36)
TETh

Next, we bound ¥5. Applying triangle inequality and Cauchy-Schwarz inequality, we have
[sn (L, wa)| < s (T, )2 sn (wy, 2,) 2. (37)

Taking into account , the definition of liu, triangle inequality, discrete trace inequality and
the L?-stability of the projectors, we deduce

he' Pk (u — PRI e S b Pl — Lol p + Bt — phTbullr. (38)



Now, since kr < K for all F' € Fp, together with the fact that card(F7) is uniformly bounded,
and the mesh regularity property (), we infer from (38) that

kp _ _
> Pk~ P S e (- Bl + b — bl 69
FeFr

Then, using , and the approximation property of p%l?, we derive
sr(lpu, 1pu) S Repfhy ™ ulfgy Vs € {20 k4 2}, (40)
Replacing in with s = k + 2, we obtain

1/2

— on 2(k+1

Tal (Z R pi >||u||i,k+2(T)> A 41)
TETh

Then, the second inequality in results from (32)), (36), (1)), and the Lemma[3.1
On the other hand, by triangle inequality, we obtain

1KY (Vu— Grg) o < | KY*(Vu — Giliu)llo + |1KV?Gh(Lu —w,)) o (42)

Finally, follows from {@2), (24)), (26), and (35). O
Next, we provide an estimate of the L?-error between u;, and [ }’fu such that

uplr == ur and Ifulp:=nku YT €T (43)

To this end, we need an additional elliptic regularity assumption in the following form: Given
w € L3(Q) :={q € L*(Q) : (¢,1)q = 0}, we let z € U be the unique function such that

(KVz,Vv)q = (w,v)q YveU, (44)
which satisfies the a priori estimate:
12l 52) S k7 Hwlle, K = minger, Ky (45)

Now, to establish the following result, we assume that K is a piecewise constant diffusivity
tensor.

Theorem 4.2 (L?-error estimate) Under the assumptions of Theorem elliptic regularity
and that f € H*(Ty,), g € H*Y2(F?), there holds:

1/2
— — — 2(k+1
I~ o S 1(<K>1/2ph{zTe7—h Kol |

where, K := maxper, Kr, p = K/K, and h := maxyer, hr.
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Proof. First, we set e, := IFu — u, € L3(Q) and e;, == Ifu — u, € UF°. Next, let z € U
be the solution of (44)) when considering w := ej,. Then, proceeding as in Theorem @.1] for the
auxiliary problem (44)-(@5)), we deduce

lenll, = (en,w)a =Y {(VGT,KVZ)T ) (er.KVz- nTF)F} : (47)

T€7—h FeFr

Then, since KVz € H(div,Q), and KVz-n = 0a.e. [, we can write (47) as

||€hH522 = Z {(V@T,KVZ)T —+ Z (€F — GT,KVZ . 'nTF)F} . (48)

TeT, FeFr

By taking, v, := lﬁz € Qz,o in , we infer that

an(ey 1h2) — an(liu, IE2) + Y (f752)r+ Y (9,752)r = 0. (49)

T€Tn FeF?

Besides, from the definition (23)) and since G&I%2 = VphIt.z, we derive

an(e, 1iz) = Z{(VeT, KVpiliz)r+Y  (ep—er, Kmez-nTF)F}m(gh, I;2). (50)
TeT, FeFr

Combining and with (50), we arrive at
Jenl = (an(Tiu b = 3 (ool = 3 (oumbde )+

TeTh FeF?
(Z {(Ver, KV(z = phI52)) 4 3 (er — er, KV (2 = phIi2) - nre) o} — silen, lizz>)
TeTh FeFr
=% + % (1))

Now, testing the equation (3) with v = z, and reordering conveniently, we obtain

T = > { (KVpE T, VihIE2) , — (KVu, Va)r | = Y (fomhz = 2)r

TET, TET,
- Z (9,752 — 2)p + su(lu, 1j2) == Tug + Tio+ Tis + Tia (52)
FeF?

To bound % ;, we write

(KVu,V2)r — (KVpiLiu, Vpilhz), = (KV(u — phliu), V(z — pli2)) . +

(KV(u— piliu), Vpilhz)), + (KVpiliu, KV (2 — piliz)) (53)

T
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The two last terms vanish by orthogonality property (I2). Then, by approximation properties
of pk I~ (T4), Cauchy-Schwarz inequality, and (45) we deduce

1/2 1/2
k —
ESRIBS (Z KTpTh 1) HUHsz T)) <Z KTpTh%HzH%IQ(T)>

TeTh TeTh

1/2
< 1RV 1/2h{2 Reprhy ™l 2s } lenllo S
T€Th

Turning to ¥ 2, by the definition of ¥z, we can write (f, 752 — 2)7 = (f — 7k f,7hz — 2)r.
Then, applying approximation property of 7%, Cauchy-Schwarz inequality and , we
obtain

[Tral S B2 f a2l mae) S 57 W2l v lenll 2 (55)
Proceeding similarly to bound ¥, 3, first we notice that
T =~ ) (9—Uhg mhz —2)p.
Ferp

For each F' € F?, we let T € Ty, be such that F' is a face of 9Ty. Then, applying Cauchy-
Schwarz inequality, the fact that |7}z — z||2(p) < 2|7}, 2 — 2||12(k), and the approximation
properties, we obtain

[S1al S X W2 Mgl sarage |2l e -
FeF?

After applying Minkowski inequality, we derive

1/2
[Toal SE2 D PN | lellmz@
FeFp
and then by
[Tisl S &R 2 gl sz g llenl o) - (56)

To estimate T, 4, we apply triangle inequality, Cauchy-Schwarz inequality, the bound (#0), and
(@3)), obtaining

\(51,4| < Sh(ﬂiu’llﬁu)lm sh(liz,liz)m

1/2
5571( )1/2 1/2h{ Z KTpTh (k+1) ||u||Hk+2(T } ||€h||L2(Q). (57)

TeT,

Then, we infer from (54)-(57) that

1/2
T S k7 (( RK)'2p 1/2h{ZKTpTh S 1 }

TeTy
+REE? {HfHHk(m + HQHH’““/Q(JT;?)}) Iewllze-

11



Now we denote by %5 1, T 5 the two terms of %5. Proceeding as in the proof of Theorem
| we bound ¥, ; by considering (36), the Lemma 3.1}, (26)) and the elliptic regularity property

=
1/2
— 2(k+1
Toa] < thum{ T RapbhZct Mvuzm}

TET,
1/2
k 1

< (& 1/2ph{ZKpT D )2 } .

TeT

" 1/2
_ 1
SPCLTAD DT TRl M S (58)
TETh

Turning to T, 5, we take into account (1)), (26)) and {@3), to obtain

’(52,2| < Sh(ghagh)l/Q sh(liz,liz)lﬂ

1/2
2(k+1)
< (®)V2)p 1/2h{ZKTp%h +1) [ fjres T)} 2]l 2

TeTh
1/2
ngl( )1/2 1/2h{z KTp%ﬂhQ(kJrl || ||Hk+2 } ”eh||Q (59)
TET
Finally, we conclude the proof from (58)-(59). O

5 Implementation

For computational implementation purposes, finding a basis for Qﬁ’o could be a hard task, due
to the zero mean value condition that must satisfy all its elements. One way to circumvent this
difficulty, is to impose this restriction with the help of a Lagrange multiplier. This lets us to
introduce the following discrete scheme, which reads as: Find (u;,, \) € U} x R such that

an(wy,, v;) + Avn, Do + pun, Do = bu(v,) ¥V (v, 1) € UF x R. (60)

Theorem 5.1 The problems (21) and (60) are equivalent, in the sense:
1. If (wy,, \) is a solution of@), then A\ = 0 and w,, € U}° solution of .
2. Ifuy, € Q’Z’O is a solution of, then (u,,,0) € U% x R is a solution of@).

Proof. 1t is immediate from the compatibility condition (2)). U
To deduce associated linear system to (60), we rewrite the term by, as

)i= > br(vy) o br(r) = (for)r + ) (9,00 (61)

TeThn FeFrnF?
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l+n

For integers [ > 0 and n > 0, we denote by Nfl = ( I

) the dimension of the space

composed of n-variate polynomials of degree at most /.

For any v, in the global discrete space U}, we collect its components with respect to the
polynomial bases attached to the mesh cells and faces in a global component vector denoted by
Vir € RVT with

NE = dim(U}) = card(T,) x N% + card(F,) x N& |, (62)

where N¥ and N} | denote the dimension of the local cell and face bases, respectively, while d
represents the space dimension. We can decompose the global vector of coefficients as

Vir = {Vf } , (63)

where the vectors V- and V= collect the coefficients associated to element-based and face-based
DOFS, respectively.

Also, we can collect, for every v, € U ?, its components associated to 7" and 07, in a local
component vector denoted by V7, € R™Y7, and in the similar way, we split the local vector of
coefficients associated to the element 7" as

Vir, = [ ffffffff } , (64)

with V7 and Vz, collecting the coefficients associated to the bases of the element and faces
linked to 7', respectively.

Expressing the functions in the discrete formulation (60) as a linear combination of its re-
spective basis functions, we obtain the following problem: Find (Urz, \) € RM7 x R such
that

Y Vi AT Urr, + A ViMp+p Y M{Up =Y Vi B(T),  (65)

TETs TETh TeTh TET

for all (Vyr, 1) € RN x R. Here, the local matrix A(T') represents the local bilinear form ar,
the local vector B(T') represents the linear functional b7, and the vector My € RY. 1 collects the
average of the local base functions on 7"

. B(I)= {BT} , (66)

Arranging the equation (63)) in a matrix form, in order to eliminate the element-based DOFS (by
static condensation), we obtain the following linear global system corresponding to the discrete

problem (60):

A i A i Mr | | Ur || Br
AL Agr 07 | | Us | = | BF |, (67)
ME 0L |0 A 0
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where the vector My € RY 7 denote the vector collecting the average of the functions of the
. . k
element-based DOFs, and 0 = is the zero vector in R d(Fn)xNi_1 and the number of unknowns

1S
card(T,) x Nk + card(F,) x Ny | + 1. (68)

Instead of assembling the full system (67)), we can effectively compute the Schur complement
of Arr, following the system

ArrUr + AUz = Br, (69)
AL Ur + AgrUr = By, (70)
where .
~ Arr i 0F ~ . ~ CqT ~ . T
A]:]_—: "’(’);”3’"(’)" , AT]:: [ AT]: l MT }, U]:: [ U]: l A ] ,andB;: [ B]: l 0 } .
F o
From , we obtain
Ur = Az} |Br = ArzlUs] . (71)
Then, replacing in (70), we derive
[21;; — fT%A;}TETf} Ur — [Ef — fT%A;JTBT} . (72)

After simplifying the system (72]), we obtain the following reduced system, where the element-
based DOFs collected in the vector U7 no longer appears:

Agr — AT AT Ary | AR AT My

(73)

The advantage of implementing the reduced system (73)) over the global system is that the
number of unknowns in is reduced to

card(F,) x N¥ | + 1. (74)

Denoting by ﬁ the usual assembling procedure based on a global DOF map, we can assem-
€n

ble all matrix products appearing in directly from their local counterparts, as
Br — AL A7 Br Ny Br, — ALy A7pBr , AT A7 My o ALy Azp My,
Apr — AL AT ATy Ser Az — Ap, Arr sy,
MF A7 My =Y M{ApMp,and MJA7 By = M{ A Br.

TET TETh
Besides, the global vector U can be recovered from , letting A = 0 in U, so that

Ur = A7L (BT _ AT;U;>, (75)

Finally, for all T" € T, the local vector Ur of element-based DOFs can be recovered from ((75))
following element-by-element post-processing:

Up = A7k (BT — Arr, UfT). (76)
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6 Numerical results

In this section we present a comprehensive set of numerical tests to assess the properties of our
method. We use different meshes for the numerical tests, which were originally prosed for the
FVCAS5 benchmark [19].

We based our code on the one developed by Di Pietro ([8]],[11]), where, the implementation
of local gradient reconstruction (9), L?-orthogonal projectors 7% and 7%, are based on the linear
algebra facilities (robust Cholesky factorization) provided by the Eigen3 library [[18]]. The re-
duced system on the skeleton is solved using SuperLU [5]] through the PETSc 3.4 interface
[2].

For each of the examples presented here, we consider four meshes family, which are de-
picted in Figure (1| In addition, we compute the experimental order of convergence (r) as

r = log(er; /er;)/ log(hr /hr,)

where e7; and ep; are the errors associated to the corresponding variable considering two con-
secutive meshsizes h7; and hy,, respectively.

6.1 Example 1: Constant diffusivity

First, we consider a Neumann problem defined in Q := (0, 1)?, whose data are such that its
exact solution is given by the smooth function

4
u(z,y) = sin(rz) sin(ry) — — , (77)
7
with diffusivity tensor K := I. Tables|l|and [2|show the behavior of potential an flux errors, for
each one of the described triangulations. In all cases, it is noticed that the scheme converges,
and it does at the expected optimal rates of convergence: k£ + 2 for the potential, and £ + 1 for
the flux, when the solution is approximated by piecewise polynomials of degree at most k. This

is in agreement with Theorems 4.T|and 4.2} and it can be observed in Figure 2|

6.2 Example 2: Polynomial diffusivity

The aim here is to check the robustness of the method, when we solve on the unit square domain
Q = (0, 1)* the non-homogeneous Neumann problem with

4

u(z,y) = sin(mx) sin(my) — 5 (78)

and diffusion tensor (from [20]):

_( w2 —(1-9@-D)y-7)
e =( GT0S0T LAY ) o

where (Z,7) = —(0.1,0.1). This defines an anisotropic problem, where the principal axes of
the diffusion tensor vary at each point of the domain. For the case ¢ = 107!, we obtain an
anisotropic ratio p = 10. Figure 3| exhibits the well behavior of the Potential (first column) and
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Flux (second column) L2-errors with respect to the mesh size h, and for each one of the four
meshes family. Their corresponding histories of convergence are given in Tables [3|and ] and
they are in agreement with Theorems[.T|and[d.2] despite the fact that it is not covered (at all) by
the theory since K is not piecewise constant (as required for proving Theorem {.2)). This gives
some numerical evidence that our results could be improved for a general kind of diffusivity
tensor.

6.3 Example 3: Neumann problem with numerical singularity

Here, we consider the Neumann problem on the unit square domain €2 = (0, 1)2, where its data
are such that the exact solution is given by the potential function:

Ty _

_ — 80
u(z,y) (€ +005)2+¢2 (80)
with homogeneous anisotropic diffusion tensor:
1.5 0.5
K(wy) = ( 0.5 15 ) ‘ 1)

We remark that w represents the mean value of « in €2, and notice that » has a singularity at
(—0.05,0), which is close to 0. The history of errors for potential and flux are shown in
Tables |5| and |§], for k € {0,1,2,3}, and for each of the four considered triangulations. For the
first three triangulations, they exhibit that the HHO method converges with the corresponding
optimal rate of convergence k + 2 and k + 1 for the potential and flux error, respectively. This is
also observed in Figure @] For the latter triangulation, we observe that the order of convergence
behaves as k£ + 1 and k, respectively. This phenomena could be explained since the sequence
of uniformed hexagonal meshes does not refine enough in the neighborhood of (—0.05,0), and
then it is not capable of capturing the induced numerical singularity. This should be improve by
performing certain a posteriori error adaptivity procedure, which would be the subject of future
work.
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(a) Triangular (b) Cartesian

(c) Refined (d) Hexagonal

Figure 1: Triangular, Cartesian, Refined and Hexagonal initial meshes that define the triangula-
tions considered for the numerical examples.

Conclusions

In this work we have developed an a priori error analysis for a pure Neumann problem, when
applying HHO method. We have proved the convergence of the method, with the optimal
rates of convergence when the exact solution is smooth enough: order £ + 1 for the flux error,
and k£ + 2 for potential error. This technique can deal with hanging nodes, as in the Refined
mesh (Figure 1c), and also with general element (Figure 1a, 1b and 1d). Although we do not
show 3D examples, it is possible to work with meshes in 3D. For that purpose, we refer to the
library, named DiSk++, which is available as open-source, under MPL License, at the address
https://github.com/datafl4sh/diskpp. Numerical results presented here, are in
agreement with our theoretical results, although is possible to extent the Theorem[4.2]to general
tensor as in the Example 2. These allow us to extend this technique to solve a linear transmission
problem with Neumann condition, in a bounded region of the plane. This will be report in a
separate work, which at the present, is under development.
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Figure 2: Rates of convergence of Potential and Flux errors, considering each one of the four
triangulations (Example 1).
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Figure 3: Rates of convergence of potential and flux errors, considering each one of the four
triangulations (Example 2).
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Figure 4: Rates of convergence of potential and flux errors, considering each one of the four
triangulations (Example 3).
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Table 1: History of convergence of L2-norm of the Potential error, for each one of the four
triangulations and k € {0, 1,2, 3} (Example 1).

Triangles
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
3.07e-02 1.23e-01 1.93e-02 1.69e-03 1.05e-04
1.54e-02 2.95e-02 2.065 2.43e-03 2999 1.05e-04 4.034 3.24e-06 5.036
7.68e-03 7.32e-03  2.005 3.06e-04 2982 6.49e-06 3.995 1.01e-07 4.991
3.84e-03 1.82e-03 2.004 3.83e-05 2997 4.04e-07 4.005 3.13e-09 5.006
1.92e-03 4.56e-04 2.001 4.79e-06 2.999 2.52e-08 4.003 9.77e-11 5.003
Cartesian
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
6.25e-02 2.07e-01 5.13e-02 8.47e-03 8.41e-04
3.12e-02 5.15¢-02 2.004 6.44e-03 2987 5.41e-04 3959 2.79¢-05 4.903
1.56e-02 1.29e-02 2.002 7.97e-04 3.015 3.40e-05 3.992 891e-07 4.969
7.81e-03 3.21e-03 2.004 9.92e-05 3.013 2.13e-06 4.005 2.81e-08 4.996
3.91e-03 8.03e-04 2.004 1.24e-05 3.008 1.33e-07 4.007 8.82e-10 5.003
1.95e-03 2.01e-04 1993 1.55¢-06 2990 8.32¢-09 3.985 2.77e-11 4.975
Refined
k=20 k=1 k=2 k=3
h error rate error rate error rate error rate
2.50e-01 1.65e-01 4.39¢-02 7.15e-03 6.79¢-04
1.25e-01 4.82e-02 1.773 5.62e-03 2.964 4.66e-04 3.940 2.34e-05 4.861
6.25e-02 1.30e-02 1.890 6.96e-04 3.014 294e-05 3986 7.59e-07 4944
3.12e-02 3.37e-03 1943 8.63e-05 3.004 1.84e-06 3987 2.41e-08 4.963
1.56e-02 8.57e-04 1.975 1.08e-05 3.005 1.15e-07 3.999 7.60e-10 4.988
Hexagonal
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
5.18e-02 1.70e-01 4.43e-02 4.63e-03 3.81e-04
2.59¢-02 4.21e-02 2.013 6.22e-03 2.832 3.17e-04 3.872 1.31e-05 4.866
1.29e-02 1.07e-02 1965 8.16e-04 2915 2.05e-05 3927 4.24e-07 4917
6.47e-03 2.70e-03 1996 1.04e-04 2984 1.30e-06 3.995 1.35e-08 4.997
3.24e-03 6.77e-04 1.999 1.31e-05 2.993 8.20e-08 3.998 4.25e-10 4.999
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Table 2: History of convergence of L2-norm of the Flux error, for each one of the four triangu-
lations, and k£ € {0, 1,2, 3} (Example 1).

Triangles
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
3.07e-02 2.38e-01 2.42e-02 1.67e-03 1.01e-04
1.54e-02 1.19e-01 1.003 6.02e-03 2.013 2.18¢-04 2.954 6.98e-06 3.874
7.68e-03 5.96e-02 0998 1.50e-03 1995 2.75e-05 2973 4.56e-07 3.921
3.84e-03 2.98e-02 1.001 3.76e-04 2.001 3.45e-06 2995 291e-08 3.970
1.92e-03 1.49e-02 1.001 9.39e-05 2.000 4.31e-07 2998 1.84e-09 3.986
Cartesian
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
6.25e-02 3.17e-01 6.18e-02 7.60e-03 7.44e-04
3.12e-02 1.60e-01 0986 1.54e-02 1996 9.58e-04 2980 4.71e-05 3.972
1.56e-02 8.01e-02 0.997 3.83e-03 2.013 1.20e-04 2.998 2.95e-06 3.996
7.81e-03 4.01e-02 1.001 9.52e-04 2.010 1.50e-05 3.005 1.85e-07 4.006
3.91e-03 2.00e-02 1.002 2.38e-04 2.006 1.88e-06 3.005 1.16e-08 4.007
1.95e-03 1.00e-02 0.996 5.94e-05 1.993 2.34e-07 2.989 7.22e-10 3.985
Refined
k=20 k=1 k=2 k=3
h error rate error rate error rate error rate
2.50e-01 2.84e-01 5.37e-02 6.61e-03 6.57e-04
1.25e-01 1.43e-01 0990 1.35¢-02 1.991 8.32¢-04 2990 4.11e-05 3.998
6.25e-02 7.15e-02 0.999 3.36e-03 2.009 1.04e-04 2.999 2.57e-06 4.002
3.12e-02 3.58e-02 0.997 8.34e-04 2.004 1.30e-05 2.993 1.60e-07 3.992
1.56e-02 1.79e-02 1.000 2.08e-04 2.004 1.63e-06 3.000 1.00e-08 4.001
Hexagonal
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
5.18e-02 3.36e-01 4.75e-02 4.90e-03 3.41e-04
2.59¢-02 1.67e-01 1.007 1.21e-02 1967 6.45¢-04 2.926 2.22¢-05 3.937
1.29e-02 8.24e-02 1.014 3.06e-03 1.977 8.23e-05 2954 1.41e-06 3.953
6.47e-03 4.08¢-02 1.021 7.68e-04 2.003 1.04e-05 3.000 8.91e-08 4.006
3.24e-03 2.02e-02 1.013 1.92e-04 2.002 1.30e-06 3.001 5.59e-09 4.003
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Table 3: History of convergence of L2-norm of the potential error, for each one of the four
triangulations, and k£ € {0, 1,2, 3} (Example 2).

Triangles
E=0 k=1 k=2 k=3
h error rate error rate error rate error rate
3.07e-02 7.69e-01 2.25e-02 1.66e-03 1.00e-04
1.54e-02 2.46e-01 1.652 3.24e-03 2.809 1.20e-04 3.812 3.67e-06 4.790
7.68e-03 6.89¢-02 1.829 4.29e-04 2.905 8.06e-06 3.877 1.23e-07 4.877
3.84e-03 1.80e-02 1.938 5.51e-05 2.959 5.23e-07 3.946 4.00e-09 4.948
1.92e-03 4.57e-03 1.977 6.99e-06 2.980 3.33e-08 3.973 1.27e-10 4.974
Cartesian
k=20 k=1 k=2 k=3
h error rate error rate error rate error rate
3.12e-02 3.22e-01 8.58e-03 5.97e-04 2.92e-05
1.56e-02 9.95e-02 1.696 1.10e-03 2.960 4.12e-05 3.857 1.01e-06 4.862
7.81e-03 2.72e-02 1.872 1.4le-04 2.974 2.72e-06 3.930 3.30e-08 4.939
3.91e-03 7.06e-03 1.952 1.79e-05 2.982 1.74e-07 3.969 1.06e-09 4.974
1.95e-03 1.79e-03 1.972 2.26e-06 2.975 1.10e-08 3.966 3.36e-11 4.958
Refined
k=20 k=1 k=2 k=3
h error rate error rate error rate error rate
2.50e-01 5.96e-01 5.84e-02 6.74e-03 7.11e-04
1.25e-01 2.03e-01 1.552 7.66e-03 2.930 5.04e-04 3.740 2.68e-05 4.732
6.25e-02 5.70e-02 1.836 9.65e-04 2.988 3.44e-05 3.873 9.18e-07 4.864
3.12e-02 1.49e-02 1.934 1.23e-04 2.964 2.24e-06 3.930 3.0le-08 4.921
1.56e-02 3.78e-03 1.974 1.57e-05 2.975 1.43e-07 3.971 9.62e-10 4.966
Hexagonal
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
5.18e-02 7.34e-01 4.08e-02 3.92e-03 2.90e-04
2.59e-02 241e-01 1.610 5.91e-03 2.790 2.83e-04 3.791 1.08e-05 4.743
1.29e-02 7.33e-02 1.704 7.75e-04 2914 1.91e-05 3.873 3.71e-07 4.842
6.47e-03 1.99e-02 1.887 9.93e-05 2.978 1.24e-06 3.961 1.21e-08 4.956
3.24e-03 5.13e-03  1.963 1.26e-05 2.989 7.90e-08 3.979 3.88e-10 4.978
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Table 4: History of convergence of L2-norm of the flux error, for each one of the four triangu-
lations, and k& € {0, 1,2, 3} (Example 2).

Triangles
E=0 k=1 k=2 k=3
h error rate error rate error rate error rate
3.07e-02 3.97e-01 2.80e-02 2.04e-03 1.16e-04

1.54e-02 2.13e-01 0.902 7.05e-03 2.002 2.63e-04 2.970 7.30e-06 4.013
7.68e-03 1.09e-01 0.968 1.77e-03 1.989 3.34e-05 2.966 4.61e-07 3.970
3.84e-03 5.46e-02 0.993 4.42e-04 1.997 4.21e-06 2.989 2.90e-08 3.992
1.92e-03 2.73e-02 0.999 1.11e-04 1.998 5.28e-07 2.995 1.82e-09 3.995

Cartesian
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
3.12e-02 1.76e-01 1.68e-02 1.08e-03 4.91e-05

1.56e-02 8.84e-02 0.996 4.14e-03 2.025 1.34e-04 3.022 3.09e-06 3.991
7.81e-03 4.42e-02 1.001 1.03e-03 2.016 1.66e-05 3.014 1.93e-07 4.005
3.91e-03 2.21e-02 1.002 2.56e-04 2.008 2.07e-06 3.008 1.21e-08 4.006
1.95e-03 1.11e-02 0.996 6.39¢-05 1.994 2.59e-07 2.990 7.56e-10 3.984

Refined
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
2.50e-01 3.34e-01 6.69¢-02 8.25e-03 7.53e-04
1.25e-01 1.69e-01 0.982 1.65e-02 2.019 1.03e-03 3.009 4.77e-05 3.982

6.25e-02 8.50e-02 0.995 4.05e-03 2.026 1.27e-04 3.017 2.99e-06 3.996
3.12e-02 4.25e-02 0997 1.00e-03 2.008 1.58e-05 3.000 1.87e-07 3.990
1.56e-02 2.12e-02  1.000 2.50e-04 2.004 1.97e-06 3.002 1.17e-08 3.999

Hexagonal
E=0 E=1 k=2 k=3
h error rate error rate error rate error rate
5.18e-02 3.76e-01 5.06e-02 5.20e-03 3.63e-04

2.59e-02 1.88e-01 0.999 1.29e-02 1970 6.88e-04 2.919 2.34e-05 3.953
1.29e-02 9.18¢-02 1.030 3.25e-03 1.978 8.76e-05 2.956 1.49¢-06 3.951
6.47e-03 4.51e-02 1.030 8.15¢-04 2.006 1.10e-05 3.001 9.42e-08 4.004
3.24e-03 2.23e-02 1.016 2.04e-04 2.003 1.39e-06 3.001 5.92e-09 4.002
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Table 5: History of convergence of L2-norm of the potential error, for each one of the four
triangulations, and k£ € {0, 1,2, 3} (Example 3).

Triangles
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
3.07e-02 3.35e-01 1.69e-01 6.49e-02 4.83e-02
1.54e-02 1.17e-01 1.522 2.42e-02 2.813 1.57¢-02 2.056 8.80e-03 2.468
7.68e-03 3.52e-02 1.727 6.55e-03 1.881 2.65¢-03 2.558 7.10e-04 3.617
3.84e-03 9.32e-03 1918 1.23e-03 2411 2.17e-04 3.607 3.12e-05 4.508
1.92e-03 2.41e-03 1953 1.53e-04 3.007 1.44e-05 3915 1.10e-06 4.828
Cartesian
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
6.25e-02 8.11e-01 4.34e-01 1.97e-01 1.25e-01
3.12e-02 2.79¢-01 1.538 1.05e-01 2.043 3.79e-02 2.369 1.97e-02 2.655
1.56e-02 8.57e-02 1.699 2.33e-02 2.173 8.09e-03 2.229 2.50e-03 2.982
7.81e-03 2.49e-02 1.790 4.10e-03 2.509 1.04e-03 2971 2.46e-04 3.350
3.91e-03 6.65¢-03 1906 594e-04 27792 7.70e-05 3.756 1.04e-05 4.574
1.95e-03 1.70e-03 1.962 7.85e-05 2910 4.96e-06 3.941 3.17e-07 5.018
Refined
k=20 k=1 k=2 k=3
h error rate error rate error rate error rate
2.50e-01 1.93e-01 3.13e-02 9.06e-03 2.62e-03
1.25e-01 4.93e-02 1.969 5.25e-03 2.575 1.08e-03 3.074 2.48e-04 3.404
6.25e-02 1.26e-02 1964 7.46e-04 2.813 7.95e-05 3.758 1.04e-05 4.569
3.12e-02 3.19e-03 1.983 9.85e-05 2914 5.13e-06 3.945 3.18¢-07 5.024
1.56e-02 7.99¢-04 1.996 1.26e-05 2.969 3.25e-07 3.981 9.65e-09 5.042
Hexagonal
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
5.18e-02 2.46e-01 1.54e-01 5.33e-02 4.60e-02
2.59¢-02 8.40e-02 1.553 2.72e-02 2.503 1.64e-02 1.697 9.21e-03 2.321
1.29e-02 3.22e-02 1.376 8.97e-03 1.592 3.08e-03 2.402 9.56e-04 3.251
6.47e-03 1.08e-02 1.580 1.93e-03 2.224 3.62e¢-04 3.104 7.79¢-05 3.633
3.24e-03 3.24e-03 1.742 2.96e-04 2712 3.33e-05 3.447 4.26e-06 4.203
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Table 6: History of convergence of L2-norm of the flux error, for each one of the four triangu-
lations, and k£ € {0, 1,2, 3} (Example 3).

Triangles
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
3.07e-02 4.70e-01 1.87e-01 1.18e-01 8.50e-02
1.54e-02 2.73e-01 0.788 9.94e-02 0918 5.24e-02 1.181 2.31e-02 1.889
7.68e-03 1.71e-01 0.672 5.12e-02 0952 1.21e-02 2.107 3.24e-03 2.823
3.84e-03 9.79¢-02 0.804 1.70e-02 1.592 2.28e-03 2.407 3.95e¢-04 3.036
1.92e-03 5.02e-02 0965 4.36e-03 1961 3.93e-04 2537 3.92e-05 3.331
Cartesian
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
6.25e-02 7.96e-01 3.33e-01 2.08e-01 1.56e-01
3.12e-02 4.49e-01 0.823 1.63e-01 1.029 1.01e-01 1.040 6.89e-02 1.181
1.56e-02 2.47e-01 0.864 8.85e-02 0.881 3.62e-02 1479 1.77e-02 1.961
7.81e-03 1.31e-01 0911 3.13e-02 1.502 9.19e-03 1981 2.46e-03 2.854
3.91e-03 6.68e-02 0977 8.56e-03 1.874 1.53e-03 2.587 2.32e-04 3413
1.95e-03 3.34e-02 0.997 2.19e-03 1.959 2.00e-04 2.928 1.66e-05 3.784
Refined
k=20 k=1 k=2 k=3
h error rate error rate error rate error rate
2.50e-01 2.97e-01 9.71e-02 3.73e-02 1.78e-02
1.25e-01 1.55e-01 0.936 3.30e-02 1.559 9.28e-03 2.007 2.46e-03 2.857
6.25e-02 7.83e-02 0.986 8.93e-03 1.884 1.54e-03 2.588 2.32e-04 3.408
3.12e-02 3.91e-02 1.000 2.28e-03 1.967 2.0le-04 2933 1.67¢-05 3.790
1.56e-02 1.95e-02 1.003 5.71e-04 1.996 2.42e-05 3.056 1.07e-06 3.963
Hexagonal
k=0 k=1 k=2 k=3
h error rate error rate error rate error rate
5.18e-02 4.95e-01 2.11e-01 1.14e-01 6.34e-02
2.59¢-02 3.16e-01 0.647 1.22e-01 0.790 5.85e-02 0.964 2.50e-02 1.344
1.29e-02 2.07e-01 0.604 6.36e-02 0934 2.10e-02 1.468 7.20e-03 1.785
6.47e-03 1.24e-01 0.745 2.43e-02 1.395 5.67¢-03 1.899 1.29¢-03 2.488
3.24e-03 6.74e-02 0.883 7.69e-03 1.664 1.12e-03 2.351 1.59e-04 3.029
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