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Abstract

We propose and analyze a high order unfitted hybridizable discontinuous Galerkin method
to numerically solve Oseen equations in a domain €2 having a curved boundary. The domain is
approximated by a polyhedral computational domain not necessarily fitting 2. The boundary
condition is transferred to the computational domain through line integrals over the approximation
of the gradient of the velocity and a suitable decomposition of the pressure in the computational
domain is employed to obtain an approximation of the pressure having zero-mean in the domain 2.
Under assumptions related to the distance between the computational boundary and the boundary
of €, we provide stability estimates of the solution that will lead us to the well-posedness of the
scheme and also to the error estimates. In particular, we prove that the approximations of the
pressure, velocity and its gradient are of order h**!, where h is the meshsize and k the polynomial
degree of the local discrete spaces. We provide numerical experiments validating the theory and also
showing the performance of the method when applied to the steady—state incompressible Navier-
Stokes equations.

Key words: Oseen equations, curved domains, hybridizable discontinuous Galerkin method, unfitted
methods, Navier-Stokes equations
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1 Introduction

Let Q C R? be a region not necessarily polygonal (d = 2) or polyhedral (d = 3) with boundary I' := 99
compact, Lipschitz and piecewise C2. Denoting by w the velocity of the fluid, p the pressure, v > 0 a
constant viscosity, 3 the convective velocity, f € [L?(Q)]¢ and g € [L*(T')]¢ satisfying [rg-n =0 (n
is the outward unit normal to ), the incompressible Oseen equations are:

L-Vu=0 inQ, (1.1a)
—vV-L+(B-V)u+Vp=jFf inQ, (1.1b)
V-u=0 1inQ, (1.1c)
u=g onl, (1.1d)
/sz, (1.1e)

Q
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The convective velocity is assumed to satisfy 8 € [W1>°(€2)] and to be divergence free. The motivation
to solve arises from the steady—state incompressible Navier—Stokes equations, where the term
(u - V)u appears instead of (3 - V)u. In fact, the solution of the Navier-Stokes equations can be
obtained by using Picard’s iteration that consists of solving with 3 as the velocity obtained in
the previous iteration.

We consider a hybridizable discontinuous Galerkin method (HDG) to approximate the solution of
. Since in this case the domain 2 is not necessarily polyhedral, we approximate 2 by a polyhe-
dral computational domain where the boundary data g is properly transferred to the computational
boundary. We follow the approach proposed by [14] and analysed in [I3] that consists of integrating
the extrapolated discrete gradient along transferring paths connecting the computational boundary
and I'. This technique, combined with a high order method in the computational domain, allows us
to obtain a high order approximation of the boundary data in the computational domain which leads
to a high order accuracy of the discrete solution. In the context of HDG methods, one of the first
ideas based on this transferring technique was introduced by [12] for the one-dimensional case and
then extended to higher dimensions for pure diffusion ([I3] 14]), convection-diffusion [I5] equations
and interface problems [29]. Recently, [30] analysed this approach applied to Stokes problem. Mixed
methods for diffusion problems have also been successfully combined with this transferring technique
[25].

Methods for non—polyhedral domains can be classified as fitted or unfitted. In fitted methods
[T, 4, 51 9], 21], the discretization of the domain resolves the boundary. In general, one of the main
advantages of fitted methods is that the prescribed data at the boundary can be easily imposed.
However, the construction of the meshes might be difficult, especially in complicated geometries. On
the other hand, the attractive feature of unfitted methods [3, 17, 18| 20, 23], 24, 26 27, 28, 3] is
that the mesh is not adjusted to the domain and even Cartesian grids can be considered. However, it
is not straightforward to develop a high order unfitted method, mainly because of imposition of the
boundary data away from the true boundary. For a more detailed discussion related to fitted and
unfitted methods we refer to [14] [30]. It is relevant to mention that the field of developing methods
to handle curved boundaries has been quite active recently. In fact, extrapolation and boundary
correction techniques can be found in the shifted boundary method [22] and in the cut finite element
method []], among others. In addition, hybrid high-order (HHO) methods have been developed in
curved meshes [2] and in polygonal unfitted meshes [7].

Our aim is to develop methods that combine the flexibility of the mesh construction of unfitted
methods with the high order accuracy of fitted methods. To that end, we combine the analysis in [9]
for HDG methods applied to the Ossen problem in polyhedral domains with the transferring technique
analysed in [30].

The rest of the paper is organized as follows. In Section [2] we first recall preliminaries and notation
originally presented in [30]. We introduce the method in Section |3 and provide stability estimates
leading to the well-posedness of the scheme. In Section [4|the error estimates are stated and their profs
are presented in Section [5] Section [6] shows numerical experiments validating the theory and it also
includes an application to the steady—state incompressible Navier—Stokes equations through Picard’s
iteration.



2 Preliminaries

2.1 Computational domain

The computational domain and transferring paths are constructed exactly as in [30]. In order to make
this manuscript self-contained, we now present the notation originally introduced there.

Given h > 0, we denote by Dy an open polyhedral computational domain, with boundary I'y,. Dy
is partitioned by a triangulation Ty, of meshsize h, with no hanging nodes and made of simplices K
uniformly shape-regular, that is,

(D.1) there exists v > 0, independent of h, such that hx < vpg,
where pg is the radius of the largest ball contained in K and hg is the diameter of K. We assume

(D.2) max hxg <h and
KeTy,

(D.3) Dy, C Q.

This last assumption is for the sake of simplicity of the analysis, however the method can be still
considered if Dy, U Q¢ # ().

Given a simplex K, ng corresponds to its outward unit normal, writing n instead of nyx when
there is no confusion. Similarly, for a face e, we write n instead of n. to refer to its normal vector.
The set of faces and boundary faces of Tj, are denoted by &, and 8‘2, respectively, and we define the
non-meshed region D§ := Q\ Dj,.

2.2 Transferring paths and extrapolation regions

We consider the idea in [I4] to transfer the boundary data g from I to I'j, through transferring paths
as follows. Let e € 82 with normal unit vector n. For each x € e, we set & € I' as the closest
intersection between I' and the ray of tangent vector n starting at . We name transferring path to
the segment o, (x) that joins « and &. Its length, I(x) := |z — x|, is assumed to satisfy

(D4) I(x) S h and we suppose that

(D.5) the intersection of the ray {x +nn :n > 0} and I is unique.

Now, let e € 82 and K¢ the elements where it belongs. We define the extrapolation region as follows

K, ={x+sn:0<s<l(z), xce}

ext *

Thus, given a polynomial G defined on the element K¢, we can extrapolate it to K¢ ;. We will refer
this as local extrapolation.

e

We denote by H} the largest distance of a point in K¢, to the plane determined by e and set h}
as the distance between e and the vertex of K¢ opposite to e, as Fig. [I|shows. The ratio 7. := HJ}/ht
indicates how far is I'y, from I relative to the meshsize. In fact, if the domain is polyhedral and the
mesh fits its boundary, this ratio would be zero. We define

R = maxr,. (2.1)
ect?



Figure 1: A two-dimensional example, obtained from [30], of K¢, and the distances H} and h_.
Figure obtained from [30].

2.3 Norms and inner products

Given an element K and a non-negative integer r, P,.(K) denotes the space of polynomials of total
degree at most 7, and set P.(K) := [P.(K)]¢ and P.(K) := [P.(K)]*9. Given a region D C RY,
we denote by (-,-)p and (-,-)gp the L?(D) and L?(0D) inner products, respectively. The L2-norms
over D and 9D will be denoted by || - |[p and || - [lop. Vector-valued functions are boldfaced, Tensor-
valued functions are written in Roman letters and we define (-, )1, = > e, (1) x and (n, Qot), =
> KeT), (n,¢)ox-. We use the standard notation for Sobolev spaces and their associated norms and
seminorms. In addition, we consdier the following norms

1/2 1/2
<l e == § D hellCllie,, s lClloTha =1 Y (aord Oox ;
cce? KeT),
1/2 1/2
Kllepa =4 ST aclcl2b o and ¢l =< S hxlC.Cox §
6682 KeTy

where e € &, ae := al. and ayi := alsk, being a a piecewise positive function on €, or 0Ty, resp.

2.4 Auxiliary estimates

Let e € €2, a point @ lying on e and a tensor-valued function G. We define

I(x)
Sal(@) = 1)/0 (G + sm) — G(z))n ds. (2.2)

1e)

From Lemma 5.2 of [13], it can be inferred that

||ll/25GHe < 3_1/2r§/2C:xtCz¢nv|’G‘|K6 VG € PT(K)’ (23)
where
1 |Gl ke
eem = sup 2 T lext 2.4
" Ve cepgrenoy lIGllxe .
and
CSp = ho sup 10l (25)

Gepp(kenfo} IIGllxe



The constants C¢,; and Cf,  depend on the polynomial degree and shape-regularity constant, but they

X mu

are independent of h (Lemma A.2 in [13]).

If ¢ is a scalar, vector or tensor-valued polynomial in K¢, then there exists (Lemma 1.46 in [16])
Ct. > 0, independent of h, such that

lelle < Chhe 2l e, (2.6)

On the other hand, for K € Ty, let By € Po(K) be the function such that
(B—By) n,1)F =0, for all faces F of K

Observe that 3, exists since V - 8 = 0. Indeed, it corresponds to the lowest order Raviart—Thomas
projection of 3. In addition, 683 := B — 3, satisfies [0]

168llx < Chr|VBlx, VK €Th. (2.7)

We end this section mentioning that, from now on, we suppose Assumptions (D) hold, even if we
do not refer to them explicitly. In addition, to avoid proliferation of constants, we will write a < b
instead of a < Cb, where C' is a positive constant independent of h.

2.5 Dual problem

In order to estimate the L?-norm of the error of the velocity, we assume regularity of the solution of
the problem: For any given 8 € L?(Q), let (®, ¢, ¢) be the solution of

®—-Vep=0 inQ, (2.8a)
V- d-V. . (¢p®P)—-Vop=6 inQ, (2.8b)
—V-¢p=0 1inQ, (2.8¢)
¢ =0 on 0. (2.8d)
Assumption B
V@l o) + Y@l m2) + 10l @) < Cl0]lo- (2.9)

3 The HDG method

First of all, we explain how to construct an approximation of the boundary data at I'j,, based on
integrating the gradient of the velocity. Let e € 82 with outward normal unit vector n. Given x € e
and its corresponding transferring segment o,,, we integrate component-wise L = Vu along o, (x) to
obtain

I(x)
gx)=g(x) — /0 L(xz + ns)nds, (3.1)

where g is the trace of u at e and u(Z) = g(&). This expression suggests the following approximation
gh of g:
I(z)
gn(x) =g(x) — / Ly(x 4+ ns)nds, (3.2)
0

where Ly, is the local extrapolation of the HDG approximation of L introduced in Section



We follow the same treatment of the pressure introduced in [30], which consists of decomposing

p= pDh +p, where p p

\D | / pand p € L3(Dy) := {q € L*(Dy) : / q= O} In Dy, we consider
h Dy,

the HDG method proposed in [9 ] but with the approximation of the boundary data (3.2). That is, we
seek an approximation (L, s, pr, up) of the solution (L, w,p, ule, ) in the space G, x Vi, x P, x M,

given by
G, = {Gel®T): G|k €Pr(K) VK € Ty}, (3.3a)
Vi = {veL’Ty): v|lgePi(K) VK € Ty}, (3.3b)
Py {g€ L*(Th): dqlx € Pu(K) VK €Ty}, (3-3¢)
M, = {;L S LQ(Eh) : p,|e € :Pk(e) Ve € gh}, (3.3d)
such that
(Lp, G)Th + (up, V- G)Th — <’l7,h, Gn)a-rh = 0, (3.4a)
(l/Lh, V’U)Th - (uh ® 3, V’U)Th — (ﬁh, V- ’U)Th .4b)
—(WLyn = pun — (u, @ B)n, VY1, = (f,v)T,,
—(Uh, Vq)Th + <'l/],h -n, Q>8Th = Oa (340)
<aha H>Fh = <~h7u>rh7 (34d)
(VLpn — ppn — (up, ® B)n, ot,\r, = O, (3.4e)
(Pn,1)p, = O, (3.4f)
for all (G,v,q, ) € G x Vi, x Py, x M, where
vl — DR — (u7®\,8)n =vLyn — ppn — (up, @ B)n — S(uy, — uy,) on 0Ty, (3.4g)
S = vrl and 7 is a non-negative piecewise constant stabilization parameter defined on 0T}, satisfying
1
TV — 5(5 ‘n) > cr on 0K, (3.5)

for all K € Tj for some positive constant c,. Note that this assumption is equivalent to Sg :=
(S — %(,8 . n)I) ‘ g Peing positive definite. For the sake of simplicity, we assume 7 to be constant on
OTy,.

3.1 Stability estimate

In this section we establish a stability estimate for the HDG method (3.4 that will lead us to show
well-posedness of this scheme and also to the corresponding error estimates.

Given F, € L2(Dy,), we consider the following problem: Find (Ls, us, ps, %s) in the space Gj, x V7, x
P, x My, such that

(Ls, G)1, + (s, V- G)1, — (ths, GnYor, = —(Fs,G)1,, 3.6a)

(vLs, Vo)1, — (Uus @ B,VV)T, — (D5, V - V)7, 3.6b)
—(WLan — phn — (us ® B)n, V)T, = O,

—(us, VQ)Th + (us - n, Q>8Th = 0, (3.6¢)

(us, p)r,, = (g5 W)1},5 (3.6d)

(VLsm — pyn — (uy © B)n, wor,m, = 0, (3.6¢)

(ps;,)p, = O, (3.6f)



for all (G,v,q,u) € Gp X Vj, X Py, x M, where

o —

vLsn — psn — (us ® B)n = vLyn — pon — (ts ® B)n — S(us — 6s)  on 0Ty, (3.69)
and

I(x)
g.(x) = —/0 (Ls + Fs)(x + nt )ndt. (3.6h)

We now state the main theorem of this section. The proof follows from a lengthy series of estimates
and, in order to prioritize clarity of exposition, we postpone it to Section [5| To that end, we introduce
further assumptions.

Assumption A For each e € €7,

(A1) 72(CE)*(Ch)? < 1/8,

muv

(A.2) v lr.ht <1/7' - %(B : n)) <1/8,
(A3) (CF)’rey < 1/6.

Let O (Fsn) be the directional derivative of each component of Fsn. We define the quantity:

2 2 2 2 1/2
Or, i= { S8R0 (E) B 02 + HRIFnIZ, o +4IFB, (3.7)

where we recall that R has been defined in ([2.1).

Theorem 3.1. Let ¢, € Vi, an arbitrary function and H(R,h) := h'/2 4+ R2h3/%2 + RAY?2 + RY? 4
R3/2h 4+ R. If Assumptions A hold, then,

_ ~ ~ \1/2
ILsl[p, +v 1/2<S[3(u5 — Us), us — u8>a{rh +19sllr,0-1 < O, + [[usllpy (3.8)

[psllo, < llusllo, + Or,. (3.9)

Moreover, if R holds, then there exists hg > 0 such that

lusllo, < (IFsllo, + Ok, A1) 4+ hV2H (R, h)or, (3.10)
ocrznfor 6l verzonoy 1Pl

for all h < hyg.

Here,

3.2 Well-posedness

Theorem 3.2. Let Assumptions B and A hold. The scheme (3.4) is well-posed.

Proof. We observe that (Lp, un, pn, un) of (3.4) with f = 0 and g = 0 satisfies (3.6) with Fy = 0.
Then, by Theorem we conclude that Ly =0, up = 0, up = 0 and pj, = 0. O



4 Error estimates

Theorem 4.1. Suppose that Assumptions A hold, T is of order one and k > 1. If (L,u, p) € H*T1(Q) x
HM1(Q) x H*Y(Q), then there exists hg > 0 such that, for all h < hy,

IL ~ Lallo, + 19 = Gallr, i1 + v~ 15 = Brllo, S Crgph®™.

Moreover, if Assumption B holds, then ||u — up|p, S Cu hEL and

~

N . C’a,u*hk+3/2, if R is of order 1,
P = @nflom,n + llv = willo, S { éa’u*hkﬁ, if R is of order h.

Here, P/ is the L?— projection onto the space of piecewise polynomials of degree k on &j,, denoted
by M. In addition, CL g, Cu, Cg e+ and C~’au are positive constants depending on the regularity
of the exact solutions L, u and p, the parameters 7 and v, the convective veclocity 3, and on positive
powers of h, and wu; is an element-by-element postprocessing of u; computed as follows. For each
element K € Ty, we seek uj € P), 1 (K) := {w € Pj41(K) : [, w = 0} such that

(Vuh,V'wh K = Lh,th)K Ywy, € f,pk+1( ) (4.1&)

[ = [ w. (4.1b)

The first two estimates in Theorem imply that the L?—norm of the errors in L, w and p are of
order A**1 if the solution is smooth enough and if 7 is chosen of order one, for instance. The same
conclusion was obtained for the case of a polyhedral domain [9]. In addition, the third estimate shows
that the error in the numerical trace 4y, and the postprocessed velocity uj is of order Rk+3/2 which
is half a power less than the error obtained in the case of a polyhedral domain [9]. However, our
numerical experiments show an experimental order of h**2 for these two variables, which suggests
that our analysis might not be sharp. The same behavior has been observed for the Poisson’s equation
[13] and Stokes problem in curved domains [30].

5 Proofs

In this section we prove the error estimates stated in previous sections. We begin by the stability
analysis where we employ energy and duality arguments.

5.1 Proof of Theorem [3.1]
Step 1: A first energy estimate

Lemma 5.1. Let T, := <1/Lsn — psTt — 2(

1 oy~
—(us ® B)n — S(us — us), us> . It holds,
'y

VHLSH%)h + <Sﬂ(us - ﬁs)yus - as)@Th = —(FS, VLS)Th + P]FL,h-

Proof. Taking G = vLg, v = us and ¢ = ps in (5.15a)), (5.15b) and (5.15d)), respectively, adding up
the resulting equations, canceling and rearranging terms,
VHLSHZDh — (us, vLgn — psn)or, + (V- (us ® B), us)T, (5.1)
_ <((u5 —Us) ® B)n — S(us — uy), us>aTh = —(Fs,vLy)T,



Thanks to (5.15¢) with p = us, we deduce that

~

<VLsn — DPsT, as)@Th = <VLsn — PsTt — (as & ﬂ)n - S(us - as)a us>l"h
+ <('l/]/3 & B)n + S('U's - as)a 7/z3>8Th- (52)

On the other hand, since V-3 = 0, we have (V- (us ® 3), us)7, = ((Vus)ﬁ, uS)Th = (Vus,us, @ 8)7,
and integrating by parts the last term we conclude that

1
(V- (us ® B), us)T, = 5((”8 ® B)n, us)o, - (5.3)
Using (5.2) and (5.3)), we rewrite (5.1)) as
—(Fs,vLs)T, = VHLSHZDh — (vLsn — psn — (us ® B)n — S(us — Us), Us)1,

_<(as & IB)n + S(us - as)a as>8Th + %<(us & IB)nu us)@Th

- <(('U's - as) & B)n - S(us - as)a u5>8Th 5
or equivalently, rearranging terms,

1 ~ ~ ~
h :V||L5”2Dh - 5((“5 ® B)n, us)o1, + ((Us @ B)n — S(us — Us), us — Us)aT,
- <VLs'n — PsTt — (ﬁs & B)n - S(us - "/28)’ "7'8>Fh‘

_(F57 VLS)T

Finally, since (3 - n) is continuous on 82 and u; is single valued on 82, we have

Sl @ Bm uor, + (@@ B)n — S(us — B),u, — @slor,

1 ~ —~ ~
= _§<(u’8 @ ﬁ)nv u8>8Th + <Sﬂ(us - us)>us - us)@Th

1, ~ ~ ~
= _§<(u’8 @ ﬁ)’l’l, u8>Fh + <Sﬁ(us - us)aus - us>8Th-

which concludes the proof. O
Lemma 5.2. Suppose Assumptions A hold. Then,
ILslIB, + v~ (Sp(us — @), us — @s)or, + 1gslF, -1

< Op, + 24V_2HpsH%h,z + V_Q\WH%OO(Q)HUs|’%h-

Proof. Proceeding exactly as in Lemma 5.1 of [I3], it is not difficult to see that we can decompose
gs(x) = —l(x){dp, + Fsn + 61, + Lyn} (), which yields Lyn = —g,(x)/l — 6p, — Fsn — 4y, Hence,
we rewrite Ty, j, as

1, . ~ o~
T, = <—1/ {gs(®)/l + p, + Fsn + 01, } — psn — = (us ® B)n — S(us — us),us>

2 r, )
Observe now that
1, PN 1 oy~
— 5(u8®,8)n+8(us—us),us = — §(us®5)n+sﬁ(us—us),us .
Iy I



Then, since us = Pprg, on I'y, we can decompose Ts = Zzzl T, where

T; = _V<gs/l7gs>Fh7 Tg = _l/<gs’5FS>Fh’

T? - _V<gsann>Fhv T;L = _V<9575L5>Fh7

Tg - 7<1'gsapsn>rhv TS = 7<gsvs,3(u3 - as)>Fh7
TZ - *§<gsv (’U,S ®/6)n>rh

Applying the Cauchy-Schwarz inequality to each term we obtain
Ts < — vlgslf, o + VHgerh,m{WFerh,l + [[Fsn|lr, 0+ llov, [0,

_ _ - 1 _
Ul + S (e — )y + S 1|<us®ﬁ>nurh,z}-

2
We conclude the proof recalling the estimate in Lemma 5.2 of [13]
1
126k, )l < 3*5Te\|hi3n(an)llKgma (5-4)
gathering the result stated in Lemma inequality ., with G = Lg, Young’s inequality,
definition (3.7)), inequality (|2 Assumptlons A and noticing that |Ls nHFh ; < RJ||Ls nHF i O
Step 2: Estimate for the pressure

At this point, it is convenient to consider auxiliary constants defined in [9]. We denote by P
H'(T),) — V}, any projection such that

(Pw — w,v)g =0, VoveDPr(K), (5.5)

for all K € T,,. We define

Pw
Hl - Cmax{u, Bolieoy  sup Rt
weH}(Dp)\{0} IWIH! (D))

Pw
hlBlwriee)  sup W}
weHSO\{0} 1WIH! (D))

Hg = C[Blwr.oq maxq h sup %, sup N Pwllr, :
weH}(Dy)\{0} ||"U||H1(Dh) weH}(Dy)\{0} HwHHl(Dh)

[Pw — Pywlor, -

H;’ = sup
weH}(Dy)\{0} HwHHl(Dh)

_ 1/2 —1/2 2
and Cyyp = w2772 L2202 18112 o) (14 e 218112 ) }-

To estimate the term involving the pressure, we assume that, for each e € 82,

)

(A.4) 2\/6RV_1(3H; + CT,M,@»HS)C;r;/zfyl/Q < 1/2, where k > 0 is defined below.
Lemma 5.3. If Assumptions A and (A.4) hold, then
Ipsllo, < w5 {18l (o) (3H, + CrupHy) + 2H; } |lusllo,
+5(5H, + Cr, gH})OF,.

10



Proof. We adapt the proof of Proposition 3.4 in [I0]to our setting. Since ps € L3(Dy), there exists
k > 0 such that

V-

(5.6)
werbo\{0} 1Wlm©,)

We can write the numerator as

(psa \E w)Dh = (Vv LS)? V'(U)Th - (us b2y 6167 VPw)Th
+(Fs + Ls, Pw ® By) T, + (Us, (Pw ® 08)n)aT,
+(S(us — us), Pw — PM'lU)aTh‘

The result follows by applying the Cauchy-Schwarz inequality, the trace inequality (2.6)), Lemma
and Assumption (A.4). O

Step 3: A duality argument

We proceed to obtain estimates for the velocity by carrying out a duality argument. First we need to
define some terms that will appear in the estimates below. For any arbitrary ¢, € V7, define

e — o —
P R (O | ) R .
ocrznfor |0l 9cL2()\{0} 161l
V¢
Hp =08l sup I OrlTs (58)
ocrz@)\for  l0lle
where IT* is a suitable projection defined in [A]
Propositions 3.6 and 3.7 in [9] state that if tr(L) = 0, then
Hy, < CvCy, k™™ %1 and  Hg < ChB|wi= (), (5.9)

where Cp, is of order O(1) if h is small enough.

Step 1: Estimate of the velocity
Lemma 5.4. Let ¢y, be an arbitrary element of V',. Then (us,0)7, =T + Ty + T, where
T:= (Fs + Lo, VIT'® — v®) 1 — (vF,, V(dy, — ¢)) 1,
Ty = Z/(FS,quh)Th, and
Ty := (vLsn — psn — S(us — us), o), — (us, v®n + dn)r, — ((us © B)n, P)r,,-
Proof. Proceeding as in the proof of Lemma 3.4 of [9], we can write (us,0)1, =T + Ty + A, where

WV L, ¢ — IT* @)1, + (vLsn, ¢ — IT* P)ot, — (s, VIT* o,

(vLgn — psn — (us @ B)n — S(us — us), I*P)at, — (Vps, IT* — P)7,
(psm, IT*p — @)oT,, — (us, VII"P)T,

(us, V(@ = IT"®)n + (¢ — [I"P)n + ((¢ — IT*u) ® B)n)a,.

Using (5.15€) with g = Pps¢, we have that

(vLsn —psn — (us @ B)n — S(us — Us), Pydp)or, = (vLsn — psn — (us @ B)n — S(us — us), Pyd)r, .

11



Then, adding and subtracting this term, we obtain

— WV - Ls, ¢ — II* @)1, + (VLsn, ¢ — IT* @) 57, — (Us, VII"PN) 9T,
+ (vLsn — psn — (Us ® B)n — S(us — uy), II* ¢ — Pryrd)aT,

= (Vps, II*p — @)1, + (psm, IT" @ — @)1, — (us, VII" )T,

— (us, ¥(® =" ®)n + (¢ — I"P)n + ((¢ — T™u) ® B)n)sr,
+ (vLsn — psn — (us ® B)n — S(us — Us),Pud)r, -

Using the definition of the projections II; (cf. (A.1))) and Py, the equations (3.6) and rearranging
terms, we rewrite A as

A=—(us—us,v(®-1I"®P)n + ((qb —Ir¢)® ,B)n —S(¢p — II"p))ar,
- <a’87 H*¢n>3Th - <u57 (¢ - H¢)n>3Th - <a57 von + (16 : n)(¢ - PM¢>>6T}L
+ (vLsn — psn — (us @ B)n — S(us — us), Pyed)r, .

Since U is single valued on &) and v®n + (8- n)(¢ — Par¢p) is continuous on &Y, then

(us,von + (8- n)(¢ — Pyuo))or, = (Us,v®n + (8-n)(¢ — Puo))r,

Analogously, (us, pn)at, = (us, o)1, . Adding and subtracting this term, we rewrite A as

A=—(us—Us,v(®-TI")n + (¢ — IPp)n + (¢ — " p) ® B)n — S(¢p — IT*P))ar,
+ (vLsn — psn — (us @ B)n — S(us — us), Py d)r, — (us, ven)r,
—(us, (B-n)(¢ — Puo))r,.

The first term of the right hand side vanishes thanks to (A.1d)) with g = us — us. Then, rearranging
terms, we have

A= (VLsn — DPsTt — S(Us - as)a ¢>Fh - <’a57 V(I)n>Fh — <a37 ¢n>Fh - <(:6 : ’I’L)’as, ¢>Fh>

which completes the proof. O

Step 2: A new expression for T,

13
Lemma 5.5. We have that T, = Z']T , where
=1
T, = —v(g/l,¢+ IVon)r,, Tp =v(g,,Vén —Py(Vén))r,,
T, = —v(0p,, d)r,, T = —v(Fin, ¢ — Pyo)r,, Ty, = —v(Fn, Py o)r,,
Ti — V<5st ¢>Fha T?j, = *<psnv ¢>Fh7
T'}LO = _<Sﬂ(u8 - ’a’s)7 ¢>Fh7 qul,l = _<gs7 PM(¢n)>Fh7

T’LQ _ _é <(ﬂs ® 5)n7 ¢>Fh , T}E’ - _% <(Us ®ﬂ)n, ¢>Fh .

Proof. Let us begin by noting that we can rewrite T,, as follows:

Tu :<VLsn — Ppsnt — Sﬁ(us - as)a ¢>1"h - <asa U@’I’L)ph - <asa ¢n>1"h
1

~ (B mus, B, — (B m)T D),

12



We use now that us = Pjs(g,) on 0T) and the fact that Lyn = —(g,)/l — ép, — Fsn — 6L, (as we
already saw in the proof of Lemma , to obtain

Tu - - V<gs/l7 ¢>Fh - V<6F57 ¢>Fh - V<an7 ¢>Fh - V<5L57 ¢>Fh

- <psna d))Fh - <S,3(us - aS)a ¢>Fh - <957 VPM(q)n»Fh (510)
(g0 Pr(6m))r, — (B m)us, B)r, — (8 )ik, B,

We can group the first and seventh terms. In addition, adding and subtracting IV¢mn, and using
(2.8a)), we have
—v(gs/l,¢ + Py (Pn))r, =—v(gy/l,¢+IVén —IVen + [Py (Pn))r,
= —vlg,/l,¢+IVén)r, +v(g,,Veén — Py (Ven)),
On the other hand, we can write v(Fsn,¢)r, = v(Fsn,¢ — Pyd)r, + v(Fsn,Pyd)r,. Finally,
replacing these two expressions in ([5.10)), we obtain
Ty =-— V<gs/l7 ¢+ lv¢n>Fh +v <gs7 Von — PM(V¢n)>Fh - V<5Fs7 ¢>Fh
- V<an7 ¢ - PM¢>Fh - <F8n PM¢>Fh
— v(0L,, @)1, — (Psm, D)1, — (Sp(us — Us), P)r,,
(8

1 1
- <gsa PM(¢“’)>F}L - §<(B ’ n)usa >Fh - §< )u57 ¢>Fh7
which completes the proof. O
Lemma 5.6. If Assumptions B, A and (A.4}) hold, then
T < (IFllo, + O, + |lusllo, ) Hr 6]l and
[(Fsn, Pr(e))]

Tu| < RY2H(R,R)(OF, + |uslp,) 10lla +  sup
verz\or 1Pl a2

Proof. By the Cauchy-Schwarz inequality, the definition of Hy, in (5.7)) and (3.8), we have

18]l

Tl 5 (IFslo, + Lslo, ) Hel0llo S (IFslb, + ©r, + lusllo, ) HLl0]o.

=1
each term ’JI‘Z . The first estimate follows from estimate in ({ ., Lemmaﬂ Assumptlon A, estimates

and-

13
By Lemma we know that T, j = ZTL,h' We first apply the Cauchy-Schwarz inequality to

O

Step 4: Proof of Theorem

Proof. Observe that ||ps|lr,; < IIpsllp,- Then, from the estimate of Lemma we obtain (3.9).
Combining these expressions, from Lemma we deduce (3.8). In addition, by taking @ = us in Dy,

13



and zero otherwise in Lemmas and and recalling (5.9)), we have

lusllo, S(IFsllo, + Ok, + s, ) He + b2 H(R 1) (O, + |[us]o,)

b AE YO0 [ Pu(@))

ocrznfoy  l0lle verz\0} Pl a2
S(IFllo, + Or, + llusllo, )51 + W/2H (R, h) (OF, + [udlo,)
v(Fs, Véi)o, [(Fsn, Par ()]

+ sup + sup
ecrznfor 6l verzonoy  Pla2@

)

which implies the result for h small enough.

5.2 Proof of Theorem [4.1]

We first introduce the projection defined in [9] which will be used in our analysis. If (L,u,p) €
HY(Tp) x HY(Ty,) x HY(T},), we take its projection ITj,(L,w,p) := (IIL, ITw, ITp) as the element of
Gp X Vi x Py, defined as follows. On an arbitrary element K of the triangulation Tp, the values of
the projected function on the simplex K are determined by requiring that

(VIIL,G)g — (Tu® 3,G)k = (VL,G)x — (u® B,G)k, (5.11a)

(Tu,v)g = (u,v)g, (5.11b)

(IIp, )k = (P, )k (5.11c)

(vIILm — IIpn — (Ppru @ B)n — Hu, p)e = (vLn — pn — (u @ B)n — Su, p)e, (5.11d)

for all (G,v,q, ) € Pr_1(K) X Pr_1(K)xPr_1(K) x P(e) and for all faces e of the simplex K. Thus,
we define the projection of the errors EV := IIL — Ly, €% := ITu—up, e := IIp—pp, €% := Pyru—up;
and the interpolation errors I := L —TIL, I'* := w— ITu, I, := u—Pyu, I := p— IIp. If T satisfies
, (L,u,p)|x € HFTY(K) x H¥Y(K) x H*(K) on each element K € T, and tr(L) = 0, it is
known (Theorem 2.3 in [9]) that the above defined projection satisfies the following properties:

1771 Shid Pl s i) (5.12a)
1|5 S(rv + hae) Rl gis ey + BV - (VL = BD) [ ), (5.12b)
vIT e Sehid Lles ey + (rv + hao) RS ul g gy + 117 1 (5.12¢)

+ (TV +(1+ y)hK) |T%|| & -
Moreover, by a standard scaling argument and the fact that h: < hy, we obtain

L L
IEnflens S Ik T eps S M)k, and  [[P)le e S IP]K - (5.13)

If (Lyu,p) € H*H(Q) x HML(Q) x H*1(Q), according to (3.7), Lemma 3.8 in [I3] and the
approximation properties ([5.12)) of IIj,, we have

O < Oj8Rr !, (5.14)

where C1*® = [Llwprs1 () + v Bl (o) + (7 + (771 + DA) VL = Pl g
+ (v + (1 +v)h+ 1) (7 + V_lh)|u\Hk+1(Q).
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Step 1: The projection of the errors

Lemma 5.7. The projection of the errors satisfy

(BY, G)r, + (% V-G, — (€% Gnor, =— (1%, G), (5.15a)

~WV-El v)t, + (V- (e“® B),v)T, + (VeP,v)T, (5.15b)
- <((e“ —eM® B)n — S(e* — ea),'v>8_l_h =0,

— (", Vq)T, + (€%, qn)oT, =0, (5.15¢)

(™, w)r, =(@ — gn 1T, (5.15d)

(VE'n — ePn — (e% @ B)n — S(e* — %), m)at,\r, =0, (5.15¢e)

(e”,1)p, =0, (5.15f)

for all (G,v,q,pn) € G x V', x P, x M,.

Proof. Observe that if we insert (3.4g) in (3.4b) and (3.4¢), we obtain

(Lha G)Th + ('u'hv V- G)Th - <ahv Gn>3Th = 0,
(vLp, Vo)1, — (U, ® B, Vo)1, — (P, V - v)7,

—(vLpn — ppn — (U, ® B)n — S(up, — up),v)o1, = (f,v)71,,
—(un, V)1, + (Un - n,q)ot, = 0,
(Wn, v, = (G )1y,
(vLpn —ppn — (up, ® B)n — S(up — un), wot,\r, = 0,
(Pn, o, = 0,

for all (G,v,q,p) € G X Vi X P, x M. On the other hand, using the projection (5.11a)-(5.11d),
the exact solution satisfies

(L7 G)T;L + (HU, V- G)Th - <PMU7 Gn)aTh = 07
(VHLa VIU)Th - (HU ® 167 V’U)Th - (Hﬁv V- U)Th

—(VIlLn — IIpn — (Pyu ® B)n — S(ITu — Pyu),v)ot, = (f,v)1,,
—(Tu,Vg)r, + (Pyu-n,q)ot 0,

(Pyu, p)r, = (g, m)r,,
(vIlLn — IIpn — (Pyu ® B)n — S(ITu — Pyu), [.L>8Th\1"h = 0,
(p. Vo, = 0,

for all (G,v,q, ) € Gp X Vi, x By, x M},. Subtracting both groups of equations we have

(L - Ly, G)1, + (€, V- G)1, — (€%, Gn)or, = 0,
(VELa vv)Th — (" ® B, vv)Th — (" V- v)Th

—(WE'n — Pn — (e" ® B)n — S(e* — %), v)o1, = (f,v)7,.
— (", Vo)1, + (¥ n,q)or = 0,
(€ wr, = (§—3n 1,
(VE'n — ePn — (6% ® B)n — S(e* — "), wor,\r, = O,
(e?,1)p, = O,
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for all (G,v,q,u) € G, x Vi, X P, x M}, Integrating by parts the first three terms of the second
equation, cancelling and rearranging terms, we rewrite that equation as

~(WV-EY o)y, + (V- (" @ B),v)7, + (Ve v)T,
(= ep)n-sE M) = (for,
which ends the proof. O

We observe that EX, €%, eP and €% satisfy (3.6) with Fy = I*. Then, by Theorem we conclude
that

_ a i\ 1/2
IElo, + v 2(Sp(e¥ — %), — eI + lgslr,a-r < O + [€*o,-
Moreover, if the regularity assumption B hold, there exists hg > 0 such that
Il < (I, + O, ) A" 4 B2 H (R, h)Oy

b e VIRVOUn, 0 Pu(@)

ecrzonjor 110l semzonfor 1Pl

for all h < hg.

By (b.11a]), recalling that 63 := B — B, with 8, € Po(K), using the properties of the projector
(5.11b]) and noticing that V¢, € Pr_1(K), on each element K, we obtain

V(ILav¢h)Dh - (Iu ®167vd)h)Dh - (Iu ® 48, v¢h>Dh < HﬁHIuHDM

where for the last inequality we used the definition of Hg given in (5.8). Moreover, by (5.11d)), we
have

‘(IL’n, PM(d))H = <Ipn> PM¢>Fh + V<TIu7 PM¢>Fh + <(Iu ® 6)"” PM¢>Fh :
Then, we by the Cauchy-Schwarz inequality, estimate in (5.4]), Lemma Assumption A, the fact
that ||[IPn||p, ;2 < Rh1/2\|Ipn||ph7hL, the interpolation properties ([5.13]) and estimates 1D and lj

we obtain
(n, Par(8))] £ [ RRY2 P, + v BAB| (e 1T |20 } 16l pr2cy
Then,
€10, <(ITlp, + € )Am D 4 B2 H (R, By + Ha| T,
+ {v7 BRI o, + VR8T 22qr, } -
Thus, we have obtained the following result:
Lemma 5.8. If Assumptions A hold, then there exists hg > 0 such that for all h < hg,

— u a\1/2
I [lb, + v~ /%(Sa(e™ — e®),e* — ™)) + gl it S O + %],
1o, < lle®(lp, + O
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Moreover, if the regularity assumption B hold, then there exists hg > 0 such that
€10, < (I1"llo, + € )h™= 50 4 W2 H(R. 1)y + Ha|lI|o,
+ {v T BRI o, + vRAIBll e @) 1T 120, }
for all h < hyg.

This lemma implies that [|€%||p, < A*T3/2 if the solution is smooth enough and if 7 and R are of

order one, since the interpolation errors are of order h**1. In the case of a polyhedral domain where
Iy, fits T', we would have R = 0, g = g;,.- As a consequence, H(R,h) = h'/2 and the estimate in
Lemma 5.6 would read |e%|p, < k(O + [[I*|p,). Hence, ||e*|p, would be of order h*™2, which

~

agrees with the estimate stated in Theorem 2.6 in [9] for the polyhedral case.

Step 2: Conclusion of the proof of Theorem |4.1

First of all, adding and subtracting IIL and IIp, using the triangle inequality, estimates (3.9 and
(3.8), and recalling the definition of O in (3.7), we get

IL—Lallo, + 19 — gnlir, -1 + v P = Brllp, < O + [I€¥b, + v | 17|lp, -

Moreover, if Assumption B holds, by adding and subtracting ITu, using triangle inequality and Lemma
.8 we obtain

HU — uhHDh 5 hl/Zng (R, h)@IL + l/ithl/QHIPHDh
+ (TRRM? + b+ 1) T%|p, + vRR||BI| oo o 118 |l 2 () -

Lemma 3.7 in [10] states that |[€%||;, < A||IT"[lo, +h|E|p, +€%|lp,- This, together with the definition
of O, estimate (3.8)) and Lemma implies

1Py — @l S A2 { (B2 4 (14 ) Heu (R, )} O+ BY2(1 4+ )y R P,
4214 1) { (R4 K2 T, + v RRY218] e oy T e, -

The error estimate ||u — u}||p, < |[e“|p, + Ch|/L — La|lp, + Chk+2\L\Hk+1(Q) can be found in [II]
and, from Lemma, it follows that

o~ wllo, < BV2H(R, WO + Y2 [ R, + (7R + hY2) 1%, }

+h'/? {h1/2 (”RIIBIIme) 157l 220y + 1L = Lallo, + h|L|Hk+1(Q)) } ‘

Hence, since 7 is of order one, we observe that if R is of order one, then Heu (R, h) is also of order
one, whereas if R is of order h, Heu(R, h) is of order h'/2. The estimates of Theorem follow from
the fact that ©p. and the interpolation errors are of order h¥*1!.

6 Numerical results

In this section we present two-dimensional numerical experiments to validate the theoretical orders of
convergence of the approximations provided by the HDG method. In order to satisfy (3.5)), in all our ex-

periments we choose 7 = 5, lax B(x)-n+1. We compute the errors e, := ||[p—ppl|q,; €u = [[u—uplq,
UV xely
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€1, ‘— HL — LhHQ, Ca ‘— Z hKHPMU—ahHQK

KeDy,

and, in addition, for each variable, we calculate the experimental order of convergence e.o.c.
log (er;l/e%)

log(N‘Jﬁ /N‘TQ)
two consecutive meshes with Ny, and Ng, elements, respectively.

, where eg, and eg, are the errors associated to the corresponding variable considering

6.1 Example 1: dist(I';,T") of order h?

In this example, we consider the circular domain Q = {(x,y) € R? : 22 + ¢? < 0.752}. The compu-
tational boundary I'y, is constructed by interpolating 02 by a piecewise linear function and Dy, is the
domain enclosed by I',. In this case Assumptions D and A are satisfied for h small enough since 7. is
of order h. The source term f and boundary data g are such that the exact solution is

cos(0.75%) — 1

p(z,y) = sin(z? + %) + S  u(n,y) = [Sin(az) sin(y)

cos(x) cos<y>] |

the convective velocity is chosen to be B(z,y) = (1,1) and v = 1. In this case, since we are interpolating
the curved boundary with a piecewise linear computational boundary, Theorem predicts that the
error are of order h*t! for the pressure, the velocity and its gradient, whereas the numerical trace
and postprocessed velocity are predicted to converge with order h*¥*2. In Table |I| we present the
experimental rates of convergence, showing an agreement with the theory.

M N
I[ 60

order| ey order

3.66e-03

order| order| order| eyx

1.95¢-03

€L
2.97e-02

Cq

6.95¢-03

€p
2.94e-02

129
234
485
918
1764
3546
7089
14291

9.48e-03 2.96
4.43e-03 2.55
2.27e-03 1.83
1.15e-03 2.12
5.69e-04 2.17
2.82e-04 2.01
1.44e-04 1.93
7.20e-05 1.98

1.35e-03 2.60
7.09e-04 2.17
3.54e-04 1.91
1.75e-04 2.21
8.85e-05 2.08
4.46e-05 1.96
2.24e-05 1.99
1.11e-05 1.99

1.32e-02
7.46e-03
3.85e-03
1.95e-03
1.01e-03
5.21e-04
2.63e-04
1.33e-04

=== N N = N

1.78e-03 3.55
7.21e-04 3.04
2.64e-04 2.75
9.52e-05 3.20
3.53e-05 3.04
1.33e-05 2.80
4.79e-06 2.94
1.72e-06 2.93

4.83e-04 3.65
1.91e-04 3.12
7.10e-05 2.71
2.53e-05 3.24
9.47e-06 3.01
3.60e-06 2.77
1.32e-06 2.90
4.72e-07 2.93

60
129
234
485
918

1764
3546
7089
14291

6.99¢-04
1.51e-04 4.00
4.79e-05 3.87
1.47e-05 3.23
5.31e-06 3.20
2.00e-06 2.98
7.40e-07 2.85
2.55e-07 3.08
9.16e-08 2.92

1.23e-04
2.61e-05 4.05
9.32e-06 3.46
2.94e-06 3.16
1.09e-06 3.11
4.15e-07 2.96
1.51e-07 2.90
5.25e-08 3.05
1.88e-08 2.93

l|/owowom~xwr |
O IR ARSI P s g SR JE RN

8.35e-04
1.90e-04
7.05e-05
2.27e-05
8.36e-06
3.16e-06 2.98
1.17e-06 2.84
4.08e-07 3.05
1.47e-07 2.91

w0 Lo
= = QO 00

1.20e-04
1.41e-05 5.59
3.71e-06 4.49
8.56e-07 4.02
2.34e-07 4.06
6.46e-08 3.94
1.80e-08 3.66
4.46e-09 4.03
1.19e-09 3.76

4.77e-05
6.62e-06 5.16
1.87e-06 4.25
4.30e-07 4.03
1.20e-07 4.01
3.34e-08 3.91
9.15e-09 3.71
2.25e-09 4.05
5.8%¢-10 3.82

60
129
234
485
918
1764

3546
7089
14291

6.42e-05
8.83e-06 5.18
1.87e-06 5.21
3.97e-07 4.26
1.06e-07 4.15
2.79e-08 4.07
7.65e-09 3.71
1.88e-09 4.05
4.87e-10 3.85

6.71e-06
1.01e-06 4.95
2.77e-07 4.34
7.19e-08 3.70
1.76e-08 4.42
4.37e-09 4.26
1.15e-09 3.83
2.91e-10 3.96
7.29e-11 3.95

5.12e-05
7.58e-06 4.99
1.94e-06 4.57
4.84e-07 3.81
1.20e-07 4.38
3.04e-08 4.20
8.17e-09 3.76
2.07e-09 3.96
5.28e-10 3.90

5.65e-06
5.17e-07 6.25
9.09e-08 5.84
1.64e-08 4.69
2.96e-09 5.38
5.35e-10 5.23
1.10e-10 4.53
1.96e-11 4.98
3.65e-12 4.80

Table 1: History of convergence of Example 1.
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2.06e-06
2.03e-07 6.06
3.94e-08 5.50
7.74e-09 4.47
1.33e-09 5.51
2.35e-10 5.32
4.62e-11 4.66
8.42e-12 4.92
1.53e-12 4.87



6.2 Example 2: dist(I';, ') of order h
In this example we consider  := {(x, y) eR2 114 <22 +y? < 2} and the exact solution

p(l‘,y) — 6932+y? _ (622 - 61.42)/(22 . 1.42)’ u(x’y) _ |: Sin(3x)ey :|

—3cos(3x)eY |’

The convective velocity B and the viscosity v are chosen as in Example 1. The computational domain

Figure 2: Domain 2 and computational domain of Example 2. Figure obtained from [30].

Dy, as we see in Fig. |2 is constructed in such a way that r. = 1 for alle € Ty, \ {(z,y) : 2 =0V y = 0}.
In this case Assumptions D are satisfied and also (A.2) for h small enough. However, it is not possible
to ensure that (A.1), (A.3) and (A.4) hold true. If they are, according to Theorem the predicted
orders of convergence for this example are hF! for the pressure, the velocity and its gradient, and
hE+3/2 for the numerical trace and the postprocessed velocity. Actually, in Table |2[ we observe this
optimal behavior experimentally.

KN |

€p

order|

Cu

order|

€L

order|

Cu

order|

ey order

17 180
868
3780

15748

64260

2.30e+00
4.32e-01
9.72e-02
2.25e-02
5.28e-03

2.12
2.03
2.05
2.06

8.38e-02
1.21e-02 2.46
2.44e-03 2.18
5.46e-04 2.09
1.31e-04 2.03

2.09e+00
2.93e-01
7.27e-02
1.81e-02
4.47e-03

2.50
1.89
1.95
1.99

1.71e-01
2.44e-02 2.47
3.73e-03 2.56
5.28e-04 2.74
7.16e-05 2.84

4.73e-02
7.18e-03 2.40
1.11e-03 2.54
1.58e-04 2.72
2.17e-05 2.83

180
868
3780
15748
64260

2.04e-01
2.19e-02
2.33e-03
2.54e-04
2.82e-05

2.84
3.05
3.11
3.13

5.96e-03
4.63e-04 3.25
3.90e-05 3.36
3.83e-06 3.25
4.31e-07 3.11

1.04e-01
1.30e-02
1.55e-03
1.84e-04
2.18e-05

2.65
2.89
2.99
3.03

1.27e-02
1.06e-03 3.16
7.81e-05 3.54
5.40e-06 3.74
3.60e-07 3.85

3.80e-03
3.18e-04 3.15
2.35e-05 3.54
1.64e-06 3.73
1.10e-07 3.84

= d

868
3780
15748

1.28e-03 4.59
6.86e-05 3.97
3.75e-06 4.08

1.97e-05 5.72
7.13e-07 4.51
2.72e-08 4.58

6.15e-04 5.53
3.78e-05 3.79
2.33e-06 3.91

4.78e-02 —

5.45e-05 5.17
2.02e-06 4.48
7.04e-08 4.70

Table 2: History of convergence of Example 2.

6.3 Example 3: Other choice of transferring paths

In this last set of examples, we explore the capabilities of the method in a more general setting where
some of the assumption are not necessarily satisfied. We consider a kidney-shaped domain whose

boundary satisfies the equation

1.63e-05 5.16
6.06e-07 4.48
2.13e-08 4.69

(2[(z +0.5)2 + %] —2 — 0.5)> = [(x + 0.5)> +4°] + 0.1 =0
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and a triangulation of a background domain B such that €2 C B. We set D, as the union of all the
elements inside (2, as it is shown in Fig. [3| (most-left). In this case, the family of transferring paths
is constructed by the procedure in Section 2.4.1 of [I4]. We point out that now the tangent vector
associated to a transferring path is not, in general, normal to a boundary edge. An example is depicted
in Fig. In this case, instead of , for & in a boundary vertex e, we set

I(x)
Gu(@)i=0(@) ~ [ Lula +t@)s)i@) ds (6.1)

where t(x) is the unit vector joining « and .

Figure 3: Left: Example of a domain 2 (kidney-shaped), background domain (square) and polygonal
subdomain (gray). Middle: transferring paths (segments with starting and ending points marked
with o) associated to boundary vertices. Right: transferring paths associated to two points on each
boundary edge. Figure obtained from [30].

In all the simulations the source term f and boundary data g are such that the exact solution is

]

1

where cq = @ / sin(:c2 + y2) dx dy was computed numerically considering a extremely fine triangu-
Q

lation that fits the domain.

The results of this experiment, with v = 1, are displayed in Table [3| We observe that when k = 2,
the results seem to oscillate. This behavior was also observed in the case of Stokes problem [30]. On
the other hand, the orders of convergence of the pressure, velocity and its gradient are k + 1, and
around k + 3/2 for the numerical trace and postprocessed velocity.

6.4 Example 4: Application to the the steady—state incompressible Navier—Stokes
equations.

In this example, which is not covered by the error estimates of our work, we explore the performance
of the method in solving the steady—state incompressible Navier—-Stokes equations written as the first
order system , where the second equation is replaced by —vV -L+ V- (u®u) + Vp = f in Q.
To that end, we carry out an iterative process. For a fixed mesh, we solve first a Stokes problem and

compute the postprocessed velocity, that we denote by u;‘L’O. Then, for n = 0,1,2,..., we solve the
Oseen equations, using 3 = uanl, and compute the postprocessed velocity, denoted by uZ’nH, until
[y, — wy"|

the relative error satisfies < tol, where tol is a prescribed value. Once that precision

ey, |
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M N

ep  order|

€y order|

e,  order|

ey order|

ez  order

1

28
154
712

3054
12579
50877

5.79e-02
9.50e-03 2.12
1.48e-03 2.43
2.72e-04 2.33
4.49e-05 2.54
1.04e-05 2.09

1.06e-03
2.00e-04 1.96
6.93e-05 1.38
1.53e-05 2.07
3.61e-06 2.04
8.86e-07 2.01

1.83e-02
4.30e-03 1.70
1.22e-03 1.65
2.91e-04 1.97
6.36e-05 2.15
1.54e-05 2.03

3.03e-03
0.68e-04 1.97
6.95e-05 2.74
8.30e-06 2.92
9.19e-07 3.11
1.23e-07 2.88

7.88e-04
1.52e-04 1.93
2.28e-05 2.47
2.79e-06 2.89
3.08e-07 3.11
4.09e-08 2.89

28
154
712

3054
12579
50877

3.72e-03
3.79¢e-04 2.68
3.73e-05 3.03
2.98e-05 0.31
1.19e-07 7.80
1.19e-08 3.30

1.20e-04
1.22e-05 2.69
7.57e-07 3.63
2.72e-07 1.41
2.93e-09 6.40
3.38e-10 3.09

1.47e-03
1.82e-04 2.45
2.28e-05 2.71
1.86e-05 0.28
1.12e-07 7.23
1.13e-08 3.28

1.62e-04
2.67e-05 2.11
1.66e-06 3.63
5.98e-07 1.40
2.54e-09 7.71
1.47e-10 4.08

5.09e-05
8.59¢-06 2.09
9.35e-07 3.63
1.91e-07 1.41
8.09e-10 7.72
4.68e-11 4.08

28
154
712

3054
12579
50877

6.34e-02
4.01e-05 8.64
1.32e-06 4.46
4.00e-08 4.81
1.93e-09 4.28
1.49e-10 3.67

2.30e-03
1.04e-06 9.04
2.12e-08 5.09
3.72e-10 5.55
1.35e-11 4.69
8.47e-13 3.96

2.63e-02
2.18e-05 8.32
7.91e-07 4.33
2.48e-08 4.75
1.33e-09 4.14
7.67e-11 4.08

3.63e-03
1.98e-06 8.82
4.45e-08 4.96
7.48e-10 5.61
2.85e-11 4.62
1.99e-12 3.81

Table 3: History of convergence of Example 3.

is achieved, we move to the next mesh.

We consider the circular domain 2 = {(x,y) € R? : 22 +y? < 0.75%}, and the computational domain
is constructed by interpolating 02 by a piecewise linear function, as we did in Example 1. Note that,
according to the error estimates stated in Theorem the orders of convergence of the velocity
and postprocessed velocity when solving Oseen equations are h*T! and h*+2, resp. This implies that
||V - uj|lp, converges to zero more quickly than ||V - u||p,, even though neither V - uj nor V - uj
are exactly zero. This is why we use 3 = uzn in the n—th iteration. The orders of convergence are
displayed in Table We observe that the results are the optimal for the pressure, velocity and its
gradient. Additionally, the expected order h**2 for the numerical trace and postprocessed velocity is

also attained.
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A

1.2Te-03
6.46e-07 8.84
1.44e-08 4.97
2.39¢e-10 5.63
8.90e-12 4.65
6.37e-13 3.77

Lemma A1l. Suppose that the elliptic regularity inequality holds. Then

vl =Pudllr, 1)1 < hl0le,
vl + IVon|lr, -5 < [16]lo;

Proof. Lemma 11 in [30].
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k| N |it] e, order]| e, order] e, order| ez order| e; order
17760 [5]9.96e-03 — [3.55e-03 — [1.02e-02 — [2.30e-03 — [[6.53e-04 —
129 (4|13.42e-03 2.79 ||1.46e-03 2.32 |4.13e-03 2.37 ||5.70e-04 3.65 ||1.49e-04 3.87
234 [4|]1.65e-03 2.44 {|7.99¢-04 2.03 [2.20e-03 2.11 ||2.23e-04 3.16 ||5.61e-05 3.27
485 |4(|8.27e-04 1.90(|3.98¢-04 1.91 |1.11e-03 1.88 ||8.05¢-05 2.79 ||2.05e-05 2.77
918 |3([4.08e-04 2.21 ||2.02e-04 2.13 |5.51e-04 2.20 ||2.83¢e-05 3.27 ||7.19¢-06 3.28
1764(3(]2.06e-04 2.09 ||1.03e-04 2.05 [2.83¢e-04 2.05 ||1.04e-05 3.08 ||2.65¢-06 3.06
3546|3|]1.02e-04 2.02 (|5.20e-05 1.96 |1.43e-04 1.95 ||3.80e-06 2.87 ||9.73e-07 2.86
7089(2|15.13e-05 1.98 [|2.61e-05 1.99 [7.19e-05 1.98 ||1.36e-06 2.96 ||3.54e-07 2.92
2] 60 [4[[4.27e-04 — [1.23e-04 — [4.21e-04 — [5.81e-05 — [1.92e-056 —
129 3|1.01e-04 3.77 ||3.13e-05 3.57 [9.66e-05 3.85 [|8.04e-06 5.17 ||2.71e-06 5.11
234 313.36e-05 3.68 ||1.13e-05 3.41 |3.57e-05 3.34 |12.02¢-06 4.65 ||7.36e-07 4.38
485 131((9.89¢-06 3.36(|3.73e-06 3.05 |1.16e-05 3.09 ||4.30e-07 4.24 ||1.69¢-07 4.03
918 [2|13.67e-06 3.11 {|1.40e-06 3.08 [4.14e-06 3.22 ||1.16e-07 4.11 ||4.50e-08 4.15
1764|2((1.37e-06 3.03 {|5.32e-07 2.96 |1.50e-06 3.10 ||3.10e-08 4.04 ||1.20e-08 4.05
3546|2|5.22e-07 2.75 ||1.97e-07 2.85 [5.59¢e-07 2.83 ||8.85e¢-09 3.59 ||3.31e-09 3.68
7089|2|/1.78e-07 3.10 (|6.88e-08 3.03 |1.94e-07 3.05 ||2.15e-09 4.09 ||8.11e-10 4.06
3760 [3]5.75e-05 — [9.39e-06 — [4.00e-05 — [5.15e-06 — [[1.34e-06 —
129 (2(7.94e-06 5.17 ||1.52e-06 4.76 [5.25¢-06 5.31 ||4.69e-07 6.26 ||1.19e-07 6.34
234 |2]/1.70e-06 5.18 ||3.98e-07 4.50 |1.08¢-06 5.30 ||6.82¢-08 6.48 ||1.65¢-08 6.63
485 |21(|3.39¢e-07 4.42{|9.40e-08 3.96 |2.15e-07 4.44 |9.89¢-09 5.30 |12.49¢-09 5.18
918 [119.24e-08 4.08 ||2.47¢-08 4.19 [5.66e-08 4.19 (|1.98e-09 5.05 ||4.69¢-10 5.24
1764/1(|2.52e-08 3.98 ||6.54e-09 4.07 |1.50e-08 4.06 ||3.88e-10 4.99 ||8.96e-11 5.07
3546(1|/6.96e-09 3.68 ||1.75e-09 3.78 [4.19e¢-09 3.66 ||8.12e-11 4.48 ||1.83e-11 4.55
7089|1|[1.69¢-09 4.09 (|4.33e-10 4.02 [1.02e-09 4.08 ||1.39e-11 5.10 {|3.20e-12 5.04

Table 4: History of convergence of Example 4. Circular domain.

Additionally, for any element K € Ty, we introduce the projection II} (®, ¢, ¢) = (II*®, IT* ¢, II*¢) €
Pi(K) x Py(K) x Pp(K) such that

v(II'®,G)x + (II"p @ B,G)k = (2, G)k + (¢ ® B, Gk, (A.la)
(II"¢,v)k = (¢,v) K, (A.1b)
WIl*dn + [I¢n + (II*¢p @ B)n — SIT* P, p)e = (vPn + pn+ (¢ @ B)n — S, w)e, (A.1d)

for all (G,v,q,p) € Pr_1(K) X Pr_1(K) x Pr_1(K) x Pi(e) and for all the faces e of K. If 7 satisfies

(3.5), then
1I*¢ — ¢l S CHF Ykt ks (A.2a)
IT*¢p - pllx < (rv+ 14 hi) b lrsr i (A.2b)
+REFHV - (v® + 61|k ke
V|0 — @ < vhEH Ok + (Tv + b)WY Bl i

v+ (1 +v)+hg)| ¢ - ¢k
+[ T ¢ — ¢ k.

(A.2¢)

For a proof we refer to Theorem 2.5 in [9].
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