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Abstract

The aim of this paper is to propose and analyze a numerical method to solve transient eddy current
problems formulated in terms of the magnetic field intensity. Space discretization is based on
Nédélec edge elements, while a backward Euler scheme is used for time discretization; the curl-free
constraint in the dielectric domain is imposed by means of a penalty strategy. Convergence of
the penalized problem as the penalty parameter goes to zero is proved for the continuous and the
discrete problems, for the latter uniformly in the discretization parameters. Optimal order error
estimates for the convergence of the discrete penalized problem with respect to the penalty and the
discretization parameters are also proved. Finally, some numerical tests are reported to assess the
performance of this approach.

Keywords: Eddy current problems, transient electromagnetic problems, edge finite elements,
penalty formulation.
2010 MSC: 78M10, 656M60

1. Introduction

In this paper, we analyze a finite element method to solve a three-dimensional transient eddy
current problem in a bounded domain that contains conductors and dielectrics, when the source
current density is known in a part of the domain. This situation arises in many practical appli-
cations in which the current density is known for instance in a coil and the main interest is the
computation of the induced currents in some neighboring conducting pieces. This problem has
been extensively studied in the literature, specially in the harmonic regime; see, for instance, the
complete monograph [4], which deals with this situation in quite general topological frameworks
and provides the mathematical and numerical analysis for a wide variety of formulations combin-
ing vector fields and/or potentials. The present paper is devoted to analyze this problem in the
time-dependent case by using a variational formulation based only on the magnetic field H and
introducing a penalty approach to deal with the Ampére’s law in the non conducting regions.
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Let us remark that the eddy current approximation consists of neglecting the term corresponding
to the electric displacement in Ampére’s law and, consequently, a distinctive feature of this model
is that it is needed to deal with an algebraic constraint on the curl of the magnetic field in the
dielectric domain; namely, H must satisfy

curl H = J, (1.1)

J, being the known current density whose support is contained in the dielectric domain.

The two most popular options in the literature to deal with this constraint are either to impose
it in a weak form by using a Lagrange multiplier [3] (and consequently adding unknowns to the
system) or to introduce a scalar potential in the dielectric domain [2, [1I]. The last option is
clearly less expensive, but it requires two additional steps: first, to determine a particular vector
potential H such that curl H = J, and, secondly, to deal with the constraint curl(H — /ﬁ) =0
by introducing a multivalued scalar potential. From the numerical point of view, the first option
leads to a discrete mixed problem that can be quite expensive, because it involves several vector
fields as unknowns. In its turn, the scalar potential alternative requires an efficient way to deal
with the multivalued potential, which is not trivial at all in general topological configurations with
non-simply connected dielectric domains [T}, 2]. (See also [I1] for an alternative approach based on
graph techniques.)

To overcome these difficulties, the penalty approach is an alternative that has been also used
in fluid dynamics and solid mechanics to deal with incompressibility conditions (see, for instance,
[I7] and references therein). In the eddy current context, it is based on relaxing the constraint
, which can be interpreted as assuming that the dielectric is not a perfect insulator but a fake
conductor; namely, a material with a very low conductivity. This approach has been already used in
electrical engineering to approximate either magnetostatic [0, [7] or eddy current problems [12] [18].
We also refer the reader to [8], where a similar approach is used in an axisymmetric framework to
avoid introducing additional unknowns in the dielectric domain. More recently, it was shown in
[10] that this penalty approach is an interesting technique to deal with eddy current problems that
involve moving conductors, because, in spite of the fact that the conducting domain changes over
the time, it is possible to design an efficient numerical scheme without the need of re-meshing.

The main goal of this paper is the convergence analysis of the proposed penalty scheme in the
context of the fully-discrete approximation of transient eddy current problems. Similar analyses
have been performed in the case of Navier-Stokes equations in [I7] only for a time discretization
and in [14] for a fully-discrete scheme. Although our analysis has been inspired by these references,
the road taken to perform it is not the same. Our road consists of combining optimal order error
estimates of a fully-discrete scheme with respect to the discretization parameters and convergence
of the penalty fully-discrete scheme as the penalty parameter goes to zero, the latter uniformly in
the discretization parameters. Moreover, in order to obtain an optimal order error estimate in terms
of the penalty parameter under appropriate assumptions, we resort again to [I7] and adapt to our
discrete problem arguments proposed in that reference for the analysis of the penalized continuous
Navier-Stokes equations.

The outline of the paper is as follows. In Section[2] we introduce the time-dependent eddy current
problem in a bounded domain with essential homogeneous boundary conditions and derive a weak
formulation in terms of the magnetic field, which is proved to be well posed. Next, in Section [3] we
introduce a mixed formulation to impose the Ampére’s law in a weak form. This is the starting point
from which we derive the penalty approach that we propose for the continuous model. Proofs of its
well-posedness and convergence of the solution of the penalized problem to that of the original one
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as the penalty parameter £ goes to zero are postponed to an appendix. In Section [4] we introduce
full discretizations of the mixed and the penalized problems by means of backward Euler schemes
for time discretization, while the magnetic field and the Lagrange multiplier are approximated by
Nédélec edge elements and curls of Nédélec elements, respectively. Section [f]is devoted to analyze
the convergence of the solution of the discrete mixed problem as the discretization parameters
goes to zero. Let us remark that although this is just an intermediate result in our analysis, it is
interesting by itself and its convergence analysis had not been previously performed in the time-
dependent case. In Section [6] we prove a preliminary result of convergence, which states that
the solution of the penalized problem converges to that of the mixed problem with suboptimal
rate O(y/€) as ¢ tends to zero, uniformly in the discretization parameters. This is improved in
Theorem |§| from Section [7| (which is the main result of this paper), where we prove an optimal rate
of convergence O(g) in the case of vanishing initial data and a smooth source current. Finally, in
Section |8 we report some numerical results obtained with a MATLAB code that implements the
penalty technique, which allows us to illustrate the above mentioned convergence results.

Throughout this paper, we use classical Sobolev as well as other well known spaces like, for
instance, Hy(curl;w) := {G € H(curl;w) : G x n =0 on dw}, H,(div’;w) := {F € H(div;w) :
divF =0inw and F-n =0 on v}, etc., for any domain w and any connected component ~ of
Ow. Here and thereafter, we use boldface letters to denote vector fields and variables as well as
vector-valued operators. Finally, C' will denote strictly positive generic constants, not necessarily
the same at each occurrence.

2. A magnetic field formulation

Let us consider a coil, which occupies a three-dimensional domain €} and carries a given time-
dependent current density J,. This current creates a varying electromagnetic field in the whole
space, which in turn induces an eddy current in a neighboring conducting piece that occupies
another domain Q, (the conducting domain). Let Q be a simply connected bounded domain with
a Lipschitz continuous connected boundary I' that contains the coil and the conducting piece. We
are interested in computing the eddy currents in the conducting piece over time. We assume that
QUQ, C Qand QN Q. = 0. We denote Q, := Q\ Q. (the dielectric domain) and notice that
Q, C 0, so that Jylo, = 0 (see Figure .

Figure 1: Sketch of the domain.
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The time-dependent eddy current equations read as follows:

O(uH) 4+ curl E =0 in (0,7) x €, (2.1a)
curlH =cE+J;, in|0,T]xQ, (2.1b)
div(uH) =0 in [0, 7] x £, (2.1c)

where E(t,x) is the electric field, H (¢, ) the magnetic field, p(x) the magnetic permeability and
o(x) the electric conductivity. The source current Jg is a given data, that we assume satisfies
J, € H'(0,T; Ho(div’; Q,)). This implies that its extension by zero belongs to H'(0, T; Ho(div’; ©2))
too. On the other hand, we assume that the coefficients p and o are time-independent and that
there exist positive constants u, @z, @ and g such that

=
IN

O<p<plx)<m xe,
0< o(x) <7, x €, and oc=0in Q.

S}
IA

These equations must be completed with suitable boundary and initial conditions that guarantee
the well-posedness of the problem. A similar problem but defined in the whole space R3 has been
dealt with in [I5] by using the magnetic field as the main unknown. In our case, we restrict our
analysis to a bounded domain 2 and consider the following homogeneous boundary condition:

Hxn=0 in [0,7] x T (2.2)

Let us remark that the modeling error arisen from imposing this approximate boundary condition
is negligible, provided the domain €2 is chosen with its boundary sufficiently far from €2, and €.
Finally, we must add an appropriate initial condition

H(0,z) = Ho(z), x€c (2.3)

When the electromagnetic setting is turned on at the initial time ¢t = 0, the natural initial data is
H, = 0, whereas J,(0) = 0, too. Although this is the most usual case in the applications, almost
all the results of this paper remain true for a more general initial data H satisfying

H, € Hy(curL; Q) : curl Hy = J,(0) in Q and div(uHo) =0 in Q. (2.4)

The first constraint is a compatibility condition among the problem data H, and Jg; it means
that Equation holds true in €, at the initial time. The second constraint means that
Equation holds true at the initial time. Note that by virtue of , this constraint is
actually equivalent to ([2.1d).

For the sake of generality, for most of the paper we will consider as initial data an arbitrary H
satisfying . We will assume Hy = 0 only when it will be actually needed. In such a case, we
will also report what holds for a more general Hy.

To derive a first weak formulation of this problem, we introduce the following space:

Y ={G e Hy(cur;Q): curlG=01in Q_}.

By testing (2.1a) with G € Y, integrating by parts and using (2.1b]) to eliminate E in terms of
curl H in , we arrive at the following.



Problem 1. Find H € L?(0,T;Ho(curl; Q)) N H(0,T;L%(Q)3) such that

curl H = J| in [0,T] x Qp, (2.5a)
1
/ WO H - G+/ —curlH - curlG =0 VG €Y, ae. in0,T], (2.5b)
Q Q.9
H(0)=H, in Q. (2.5¢)

Theorem 1. Problem has a unique solution H. Furthermore, H € L*°(0,T;Hoy(curl;Q)) and
there exists C > 0 independent of Hy and Jg such that

2 2
VHI < o roeurtn) + 10CH 120,120 < C {IHol om0 0705009 - (26)

Proof. The proof follows similar lines to those in [9 Section 3.2]. The first step is to build H e
H'(0,T; Ho(curl; ©2)) such that curl H = J.. To define it, we use that J, € H'(0,T; Ho(div’; Q)).
Then, since 2 is simply connected, for almost all ¢ € [0,T] there exists a unique divergence-free
vector potential Q(t) € Hy(curl; Q) such that (see [13, Theorem 1.3.6])

curl Q(t) = 9, J4(t) in Q (2.7)
and there exists C' > 0 such that [|Q(¢)|lycurto) < C ||8tJS(t)HL2(QS)3 On the other hand, since

J,(0) € Hy(div’; Q) too, there also exists a unique divergence-free vector potential R € Hy(curl; Q)
such that
curl R = J (0) in (2.8)

and | Rllgieuriy < C IJ-(0)]|pagq - Then, we define

H(1) :R+/O Q(s) ds, (2.9)

so that atf{\(t) = Q(t) in the sense of distributions in (0,7 (see [19, Remark 131(b)], for in-
T (1A 5/ 112 T T

stance). Hence, [ ||0:H(t HH curtiy) A = Lo llQ(t )”?{(curlQ dt < C [y [|0:Jy( )Hiz(ﬂs)g dt. On

the other hand, straightforward computations allow us to bound fo ||H dt too, so that

we conclude that H € H'(0,T; Ho(curl; Q)) and

HH(curl Q)

—~02 9
1 [0 0 ramrenrnryy < € 16l o,min2(09) - (2.10)
Furthermore, from (2.9)), (2.8)), (2.7) and [I9, Theorems 111 & 127] we have that

curl H(t) = curl R + /t curl Q(s)ds = J (t) in [0,7] x . (2.11)
0

Next, we define Hy as the closure of Y in L?(Q)3. It is shown in [9) Lemma 3.2] that Hy =
{G €L2(Q)3 :curlG =01in Q } Then, by writing H = H+H it is easy to check that Probleml
is equivalent to finding H € L2 (0,T;Y) NHY(0,T; Hy) such that

N 1 N Y
/u@tH~G+/ —curlH - curlG = f/,uatH-G VG ey,
Q Q.0 Q

C

H(0) = Ho — H,.
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By applying similar techniques to those used in the proof of [9, Corollary A.2], we are able to prove

that this problem has a unique solution H, that this solution belongs to L>°(0,7; Y) and that there
exists C > 0 independent of H, and J, such that

HﬁHi‘”(O,T;y) + ||atﬁ”i2(0,T;Hy) <C {HHOHE(curl;Q) + ||JS||%{1(O,T;L2(QS)3)} :

It is clear that H = H + H is a solution to Problem [1l Moreover, H € L*® (0, T; Ho(curl; 2))
and, as a consequence of the previous inequality and (2.10]), we derive (2.6). Since the problem is
linear, the uniqueness of the solution is an immediate consequence of this estimate. O

3. Mixed and penalty approaches

To solve Problem |1} it is necessary to impose somehow the constraint . A possible way
of doing it is by means of a Lagrange multiplier in the dielectric domain, which leads to a mixed
problem (see [3] and [15] for further details in the harmonic and time-domain regimes, respectively).
To derive this mixed formulation, we test with G € Hy(curl; ), integrate by parts and use
again to substitute E in terms of curl H in .. The resulting equation combined with a
weak form of in Q, yield the following.

Problem 2. Find H € 12(0,T;Hy(curl; Q) N H'(0,T;123(Q)%) and E € L2(0,T; Hr(div’; Q,))
such that

1
/u@tH~G+/ fcur1H~cur1G—|—/ curlG-E =0 VG € Hy(curl; ), a.e. in [0,T],
Q Q.9 Q
/ curlH - F = J,- F VF € Hp(div’; Q,), a.e. in [0,T),

Qp Qq

H(0) = Hy.

The choice of the space Hp(div’;Q,) for the Lagrange multiplier is justified by the following
result, in which we prove that Problem [2]is actually equivalent to Problem

Theorem 2. Let H be the solution to Problem . Then, there exists E € L2(0,T;Hp(div’; Q,))
such that (H, E) is the unique solution of Problem . Moreover, there exists C > 0 independent of
Hg and Jg such that

2 2 2
HE||L2(O,T;L2(QD)3) < C{HHOHH(curl;Q) + ||JSHH1(O,T;L2(QS)3)} : (31)

Proof. Tt is easy to check that the following inf-sup condition holds true (see (4.8) in the proof of
Theorem 4.3 from [3]):

Jo curlG-F
ap T L s VF € Hidiv:9,) (32)
G€EeHyp(curl;Q) || ||H(curl;Q) P

Then, let H be the solution of Problem[I] By virtue of (2.5b) and the above inf-sup condition, we
are in a position to use [I3, Lemma I.4.1(ii)] to derive that for almost all ¢ € [0, 7] there exists a
unique E(t) € Hp(div"; Q) such that

/ curlG - E(t) = 7/ woH(t) -G 7/ ! curl H(t) - curl G VG € Hyp(curl; Q).  (3.3)
Q Q Q.9

D
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On the other hand, since curl H|q  and Jy|o_  both belong to Hr(div’; Q,), equation is
clearly equivalent to the second equation from Problem [2| Consequently, (H, E) is a solution to
Problem

Furthermore, from and , it is immediate to check that there exists C' > 0 such that

IE@lz0, 0 < C{||8tH(t)HL2(Q)3 n ||cur1H(t)HL2(QC)3}, which combined with (2.6) yield (3-T).

There only remains to prove that this problem has at most one solution. To do this, let (ﬁ , E)
be a solution of Problem [2| with data J, = 0 and Hy = 0. We only have to prove that (H, E
vanishes. With this aim, for each t € [0,T], we take G = H(t) and F = E(t) in Problem
Subtracting the resulting equations we obtain

/uatﬁ(t)-ﬁ(t)+/ L eunt 5P = 0.
Q Q.9

C

Then, using that [, wdH(t) - H(t) = %%Hulmﬁ(t)ﬂi%mm we have that

2

1 - ¢ 1 - 1 v
3 ||u1/2H(t){|i2(Q)3 +/0 /Q - |cur1H(s)|2] ds =5 || 2H(0) || 2q =0 VEE[0,T].
(e}

Then, it follows that H = 0. Finally, from (3.2) and (3.3) we derive that E =0, too. O

The finite element discretization of Problem [2|looks expensive, since it involves two vector fields:
H in the whole domain 2 and E in the dielectric domain. Moreover, it is not simple to find a
basis of the finite element subspace used to discretize the space HI“(diVO; Q,) where the Lagrange
multiplier of Problem [2] lies. To avoid these drawbacks, we will introduce an alternative penalty
technique to relax the constraint . It consists of assuming that the dielectric is not a perfect
insulator but a fake conductor; namely, a material with a very low conductivity € > 0. In such a
case, instead of , the solution (H., E.) of this penalty approach has to satisfy

curlH, =cE. + Jg in Q.

Therefore, for each € > 0, the same steps that lead to Problem [2| but using now the above equation
to substitute E. in terms of H. and J in Q, yield the following penalized form of problem

€03

Problem 3. Find H. € L*(0,T; Ho(curl; Q)) N HY(0, T; L%(Q2)3) such that

1 1 1
/u@tHE'G—&—/ fcurlHE~curlG+g/ curlHE-curlG:g/ J,-curlG
Q Q Q Q
® VG € Hy(curl; ),

C D

H.(0) = H,.

This problem has a unique solution H ., which is bounded independently of the penalty param-
eter e. We will prove this fact in an appendix, as well as the convergence of the solution of the
penalized Problem [3[ to that of the mixed Problem [2| with a suboptimal rate O(y/€). In principle,
one could try to adapt the techniques from [I7] to our problem in order to improve this and obtain
an optimal rate O(g). However, we will not try to do it, since we will not need this optimal rate
for the forthcoming analysis.

In fact, in the following sections, we will prove an optimal rate O(g) for the respective discretiza-
tions of problems [3] and 2] Therefore, we will only use Problem [3| to derive the discrete penalty
scheme. This is the reason why we postpone to an appendix the above mentioned proofs.
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4. Discretization

The aim of this section is to introduce a full discretization of Problem [3|in order to numerically
solve Problem [} To prove the convergence of the proposed method, we will use as an intermediate
step a discretization of Problem 2] which will be introduced in this section, too.

From now on, we assume that €2, Qg and Q. (and hence 1) are polyhedral. We consider a
regular family of tetrahedral meshes T, of €2, such that each element K € 7Tj is contained either
in Qg or in Q, or in O\ (Q,UQ.) (h stands, as usual, for the corresponding mesh-size). We
employ edge finite elements to approximate the magnetic field; more precisely, elements from the
lowest-order Nédélec space

Nu(Q) :={G}, € H(cur;Q) : Gy|x € N(K) VK € Tp},

where
N(K)={G,eP}: Gy(x)=axz+b, a,beR? zcK}.

We also introduce the subspace
NY(Q) :={G e NW(Q): Gy xn=0o0nT} C Hy(curl; Q).

For any r > 0, let H" (curl; Q) := {G € H"(Q)® : curl G € H"(2)*}. We recall that the Nédélec
interpolant ZY G € Nj,(Q) is well defined for all G € H"(curl; ) provided r > 3, and there exists
a constant C' > 0 independent of G and h, such that ||I,/L\/G||H(le;m < CllGllgr (curr) (see [5]).

Moreover, if G € Hy(curl; ), then ZVG € N3 (Q).

For the subsequent analysis we will need some additional regularity of the solution to Problem
In particular, from now on, we assume that the magnetic field satisfies H € H(0,T; H"(curl; Q2))
for some fixed 7 € (1,1]. Notice that this assumption implies that H(t) € H"(curl;Q) for all
t € [0,T), so that its Nédélec interpolant Z¥ H(t) is well defined. In particular, ZY H is well
defined and we use it as the initial data of the discrete problem.

For time discretization, we use a backward Euler scheme on a uniform partition of [0, T]: ¢, :=
mAt, m = 0,..., M, with time-step At := % Thus, a fully-discrete approximation of Problem
reads as follows:

Problem 4. Let H)) . := IV Hy. Form =1,..., M, find H}'. € N (Q) such that

m—1

;LYLE_HhE 1 m 1 m
/M;'Ghﬁ‘/ fcuI'thE~cur1Gh+f/ curl H;', - curl G},
Q At QCO' ’ g Jo ’

D

1
= g/ J(tm) -curlGy,  VYGj, € N ().
QS

Note that the existence and uniqueness of solution H}'. at each time step m = 1,..., M follows

immediately from the Lax-Milgram Lemma.

The main goal of this paper is to prove that the solution of Problem [4] converges to that of
Problem [T as €, h and At go to zero and to obtain error estimates with respect to these parameters.
For this analysis, we will use a full discretization of Problem [2|in which the Lagrange multiplier is
sought in the space curl(N7},(Q,)), where

NL(Q) = {Ghlo, 1 Gh e N} ={GrL e NL(Q,): Gnxn=0onT}.
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A full discretization of Problem [2] based on these finite element spaces and a backward Euler scheme
reads as follows:

Problem 5. Let HY := TN H,. Form=1,...,M, find H € N%(Q) and E}® € curl(N7},(92,))
such that

Hmem_l 1
/'uhAith.Gh_F/ fcurthm-curlGh—k/ curlGy, - E}' =0 VG}LGN?L(Q)7
Q 0,0 o

D

/ curl HY' - Fj, = / J(tm) - F, VF}, € curl(N7},(Q,)).
Q Q

D S

To prove that this problem has a unique solution, we resort to the classical theory of mixed
problems. In fact, first, by proceeding as in the proof of Theorem 5.2 from [3] (cf. (5.3) in this
reference), we derive the following discrete inf-sup condition:

fQD curl Gy, - Fy,

sup

> B |Fulliaqys  VFa € curl(N(Q)) (4.1)
cren® (@ IGrllcurto) D

with a constant 5* > 0 independent of h. Secondly, it is easy to check that the discrete kernel is in
this case

YV, = {Gh S N%(Q) : curlGy, =0 in QD} c.

Then, the ellipticity in the discrete kernel follows immediately. Hence, applying [I3, Theorem I1.1.1],
for instance, we derive the existence and uniqueness of solution for each m =1,..., M.

Our next goal is to establish appropriate a priori estimates for the solutions to Problems |4 and
We begin with the latter.

Lemma 1. Let H% and (H;‘L7 EZ), k=1,...,M, be the solution to Problem @ Then, there exists
a constant C' > 0 independent of h, At, J, and Hy such that

2
k k—
H} - H ™!
At

1?1%)3\4 HI{hHH(curl Q) + Atz

+Atz |1 EE ] 20, s
k=1 L2(0)

2
<C {||HOHH""(curl;Q) + ||Js||H1(O,T;L2(QS)3)} :

Proof. The first step is to build Hy, € H(0, T; N9 (€2)) such that

/ curlﬁh(t) - Fy = / J(t)- Fp VF), € curl(N7(Q,)), t €10,7]. (4.2)
Q

D QS

To do this, we proceed as in the proof of Theorem |1} but we use now the discrete inf-sup condition

n
(4.1) and Lemma I.4.1(iii) from [I3] to derive that there exists a unique Q(t) € ¥, M@ guch that

/ curl Q,(t) - Fp, = / O Jy(t) - Fp VF), € curl(N7,(Q,)), ae. te[0,T],
Q Qg

D



and [|Q, ()l (curo) < € ||ath(t)||L2(Qs)3' Proceeding analogously, we also derive that there exists

L0
a unique R, € Y, A such that

/ curl Ry, - Fj, = / J,(0) - Fp, VF), € curl(N7 (Q)) (4.3)
Q

D QS

and [|Rullewrto) < Cl1s(0)l120 s Then, we define Hh( ) = Rp + fo Q) (s)ds and, by re-

peating the same arguments used in the proof of Theorem l we are able to show that H n €
H'(0,T; Ho(curl; Q2)) satisfies and

HHhHHl(O,T;H(curl;Q)) < Ol sl 0,702 023 - (4.4)

—~k =k —~k —~
Now, if we write Hf = H, + H,, where H, := H(t;), Problem [5| is equivalent to find
—~0 —0 —k
H, :=T)NH,- H, and, for k=1,...,M, H, € N%(Q) and E} € curl(N7},(Q,)) such that

—~k—1
H H 1
/ Zh Th Gh+/ fcurth curlGh+/ curl Gy, - Ek
At QCO' Q

D

k-1
H H 1
/ —h _Th @, 7/ fcurth curlG, VG, € N(Q), (4.5a)
At QC g
/ curl ﬁh -Fp=0 VF}, € curl(N7},(Q,)), (4.5b)
Q

D

where we have used (4.2)) to derive (4.5b]).

By taking G, = ﬁh in (4.5a), using (4.5b)), the inequality 2 (p — ¢)p > p? — ¢* and Young’s
inequality, we obtain

—~k 9
Lol = [l S eunt B

<g M|Hh‘ + CAt chrth

= oT ||L2(Q )3 + At

L2(Q)3

Summing up from k =1 to m (m < M), using

2

M k-1
H, - H o
AL % < C | Hnllsps o romeurtny (4.6)
k=1 Ly

as well as the estimate (4.4]) and the discrete Gronwall’s inequality, yield

— m —k
HHZLH;(Q)S + Atz | curl Hh||i2(gc)s < C{|‘IijL\/HO||i2(Q)3 + ||Js||12{1(0,T;L2(QS)3)} . (4.7)
k=1

10



~k k-1
On the other hand, by taking G, = % in (4.5a) and using

—~k ~k—1

1 —~k H,-H 1 1 —~k 2 1 ~k—1,2
/Qcacurlﬂh~curl % ZZAt/QCJ|CUﬂHh| _E/ f|cur1Hh
and
1 k ﬁk ﬁk_l 1 1 k k
/ ZcurlH, -curl | == _—"h :—/ —curlH;, - curl H,,
QCO' At At QCO'
1 1 k—1 k—1 1 H ﬁk_l k—1
—K/ —curlH, -curlH, —/ —curl hAih -curlH,
t QCO' QCO' t

together with (4.5b)) and Young’s inequality, we obtain

2
—k k-1
H,-H 1 ~k ~— k-1
At/,u —h kL —|—/ f‘curth‘z—/ f‘curth |2
Q At QCO'

1 —k —~k 1 —k—1 ~k-1
<=2 / —curlH, - curl H,, —/ —curlH, -curlH,
Q. Q.
—~k —~k—1 2

— k-1
+ || curl H,, Hiz(gc)s

H(curl;Q2)
Summing up from k =1 to m (m < M) leads to

2
m || =k k-1

H, -H —m 2
Atz hTth + || curl H, ||L2(Qc)3
L2(Q)3

—~0 2 —0,,2 =32
<Cqll Curth||L2(Qc)3 +] curl[{h”rﬂ(nc)3 +||curl H), HL2(QC)3

2

m ~k k-1

+ ALY Hy—Hy +||curl H,

At HLZ(Qc)g’

H(curl;Q2)

Using the estimates (4.6), (4.4) and , and the fact that curl H: =0 in Q, (cf. (4.5b), we
obtain for all m=1,..., M,

Nk —k—1]|?

m H e )
Z —h + H curl Hh Hir"(ﬂ)d < C{HI}/L\/’HOHH(CUH;Q) + HJS||?{1(07T;L2(QS)3)} .
k=1 L2(Q)3

11



—~k =k
Finally, since HY = H, + H,, thanks to the above estimate, @7, (4.6) and ([@.4)), we conclude
that
2

k12 - H, - H;™" N 2 2
(X HHhHH(curl;Q) + Atz At <C {HIh HOHH(curl;Q) + ||JsHH1(0,T;L2(QS)3)} .
Sks k=1 L2(Q)3

There remains to estimate the terms involving the Lagrange multipliers EZ To do this, note
that as a consequence of the inf-sup condition (4.1) and the first equation of Problem [5| we have

9 1/2

+ H curlHﬁHiz(
L2(Q)3

ﬁ*

EZ < sup
HLZ(QD)3 GLENO(Q) ||Gh||H(cuT1;Q) o

k
fQDcurlGh~Eh o HHZ—Hfl
- At

Then, the last two inequalities yield

M
2
Atz HEZHIQ}’(QD)J < C{HI}/L\/’HOHH(CUH;Q) + HJS||?{1(07T§L2(QS)3)} ’
k=1

which allows us to conclude the proof. O

Regarding Problem [4] the following result establishes an a priori estimate of its solution.

Lemma 2. Let HZE, k=20,...,M, be the solution to Problem . Then, there exists a constant
C > 0 independent of €, h, At, J, and Hy such that

M
12@%’}3\4 ||H;€1,s||i2(g)3 + At}; H curl H§,6||i2(ﬂc)3 S C{”HOH?{T(CUI‘I;Q) + ||JS||I2-II(O,T;L2(QS)3)} ’

M
c |2 2 2
Atz H curl Hfl,i”L?(SzD)S < Ce {HHOHHT(curl;Q) + ||JSHH1(O,T;L2(QS)3)}

k=1
and
M k k—11|2
H; - H
k|12 h, h,
I Nl ewrl H e+ 80D || =5
- = k=1 L2(Q)3

< {10l cumer + I o rasoe + [ ownl(@ Ho = Ho)* |
f\mof. We just give a sketch of the proof since it is very close to that of the previous lemma. Let
H, € H'(0,T; N (Q)) be as in that proof, so that and hold true. We write HZ!E =
Hze—i—ﬁi, where ﬁ: = ﬁh(tk) again. Then, Problemis equivalent to find ﬁ(}le = I,C[HO—/F}(,)L
and, for k=1,..., M, ﬁﬁ € N9(Q) such that

—k —k—1
H, —-H,, 1 —k 1 ke
L VA Gy + —curlH, _-curlGj) + - curl H, . - curl G,
Q Q.9 € Ja,
fi\k f{\k_l 1 k
z—/u%~Gh—/ —curl H), - curl Gy, VG, EN(})L(Q)
Q Q. 7

[e]

12
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By testing with Gj, = H h.e» using the inequality 2 (p — q)p > p? — ¢? and Young’s inequality,
summing up from k =1 tom (m < M) and using estimates . . ) and the discrete Gronwall’s
inequality, we obtain

—m Ui ~k At & ~k
HHh,aHi2(9)3 + NZ | curl H’MEHiQ(QC)S T Z | curl Hh78Hi2(QD)3
k=1 k=1

< C{HI}./;/HOHiZ(Q)S + ”Js”?{l(O,T;Lz(QS)a’)} :

which together with (4.4)) lead to the first two estimates of the lemma.

—~k k-1
On the other hand, by taking G, = %, similar arguments to those used in the proof
of Lemma [ allow us to show that
m ==k k12
Hh e Hh € T 12
Atz At + H curl Hh,s”L?(Q)S
= L2()?

< C{HI;J}/HOHIQ{(wﬂ;Q) + HJs”iIl(o,T;m(QS)S) + é /Q | Curlﬁ2,5|2} .
Since H%)E = ﬁz’e + ﬁz, by using the definition of H), and (2.4), the last term reads
/Q | curl ﬁ2,5|2 = /Q [curl(I,’l\fHo) — curl /I-Th(())] - curl ’Hvz’s
= /Q [curl(IhNHO) — J(0)] - curl HZ,E = /chrl(IhNHo — Hy) - curl szg.

Thus, the last estimate of the lemma follows from the above equations, and ( . O

Let us remark that the last estimate from this lemma is not independent of the penalty parameter

e, because of the term 1 [ ’curl(Z,JIv Hy,— H)) ‘2. However, this term vanishes for a vanishing initial
data H(0) = 0.

5. Error estimates for the discretization of the mixed problem

The next step is to obtain error estimates for the solution of Problem [5| as an approximation
to that of Problem This result will be used in this paper as an intermediate step of the error
analysis for the numerical solution of the penalized problem, although it has an interest by itself.

Let H be the first component of the solution to Problem [2] We proceed as in the proof
of Lemma I but using curl (H INH) 1nstead of J.. Thus, instead of Hh, we have Z; €
H'(0,7; /N7 (Q)) which satisfies the analogues to and (£.4), namely,

/ curl Z,(t) - Fp, = / curl (H(t) — I,jlvH(t)) 2 VF), € curl(N7(Q)), te(0,T]
Q

D QD

and

||ZhHH1(0,T;H(cur1;Q)) <C chrl (H - IijL\/H) ||H1(0,T;L2(QD)3) ’

13



Then, we define H(t) := Zp,(t) + TN H(t), so that

/ curl Hy,(t) - Fj, = / curlH(t) - Fp, = / J(t)- Fp VF), € curl(N7 (Q,)) (5.1)
Q Q

D D QS

for almost all ¢ € [0,T], where we have used the second equation from Problem [2| for the last

equality. Moreover, by using classical error estimates for the Nédélec interpolant (see, for instance,
[16, Theorem 5.41]), we have that

HH - HhHHl(O’T;H(Curl;Q)) < Ch" ||H||H1(O,T;H’"(curl;ﬂ)) . (52>
Next, provided H € C1(0,T;L?(Q2)?), we write

At At At ’ '

atH(tk) —

where

5 5 H(ty) — H(t)—
ph = H(ty) — Hy(ty), 8= Hp(ty) — H;,  and 75 := (t) A7 (fi-1) — O, H (ty).

Notice that by virtue of (5.1)) and the second equation from Problem 52 EVn, k=1,..., M.

1o Moreover, we have the following auxiliary result.

Lemma 3. Let H be the first component of the solution to Pmblem and HZ, k=0,...,M, that
to Problem @ If H € HY(0, T; H" (curl; 2)) N C1(0, T; L3(Q)?) with r € (3,1], then there exists a
constant C' > 0 independent of h and At such that

k112 M 6? 762_1 2
1?}??3\/[ H(ShHH(curl;Q) + Atz LT
SRS k=1 L2(Q)3
2 2
S c ||52||H(Curl;9) + 1;1}6853” chrl PI}CLHLQ(QC)g_
- 2 M k-1 2
FAES [ o +AED %
= =t H(curl;Q)

Proof. By testing the first equations of Problem [2] and Problem [5| with G}, € Y}, a straightforward
computation allows us to show that

o —op! 1
/MhTth'Gh+/ fcurlé‘ﬂcurlGh
Q Q.0

C

P — ph1 1
= / p'rk -G, — / p—rh g, —/ — curlp’fl -curl Gy, VG € Y. (54)
Q Q At QC g

14



By taking G, = 62, using classical inequalities, summing up from k& =1 to m (m < M) and using
the discrete Gronwall’s inequality lead to

||5T||32(Q)3 + At E : | curl 5ﬁ||i2(nc)3
k=1
ok — ot

<
=C At

(5.5)

2 i 2 2
|6?1||L2(Q)3 + Atz ||TkHL2(Q)3 + ||Curlp]i€z“L2(Qc)3 +
k=1 L2(2)?

k_ sk—1
On the other hand, by taking Gy, = % in (b.4), similar arguments and the fact that

1 6k o ak—l 1 k _ k—1
/ — curl pf - curl hTth = —/ — curl % . curléZ_1
Q.9 Q.9

(¢} (¢}

1 1 ,
+ ; {/ curl p;, - curl §;,

1
— curl pfb_l - curl 6£_1}
o

C

lead to

At/,u
Q

2
1 2 1 _12
+ [ =|curldy _/7 167!
/Qca|cur 5 et

1
< -2 / = curl pf - curl 8} —/
Q.9 ¢

2c

8 — oy
At

1
— curl pﬁ_l -curl 6271 }
o

2
pr _pk—l o
T A + || eurt o} |I7,

H(curl;Q2)

+ AL 7%} ey +

(20)?

Summing up from k =1 to m (m < M) and using (5.5)) to estimate At> ", H curl 6271Hi2(9)3,

we obtain
2
m 62 o 61671 2
Atz Tth + [[eurl 63 (| 2 q s
k=1 L2(Q)3
2
m k k—1
k(|2 Pr — Pp k|2
=C Atz s HL2(Q)3 + At + chrlthL2(Qc)3

k=1 H(curL;Q)

+ HCUI‘I 5?1“?9(9(})3 + HCUI‘] P’f?”imzc)?’ + HCUI‘I p2||i2(ﬂc)3

Thus, the result follows by combining the above inequality with (5.5]) and the fact that 5Z ey, O

Now, we are in a position to prove the following error estimate.

15
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Theorem 3. Let H be the first component of the solution to Problem @ and HZ, k=20,...,M,
that to Problem@. If H € H'(0, T; H" (curl; Q)) NH%(0, T; L?(Q)3) with r € (3,1], then there exists
a constant C' > 0 independent of h and At such that

2
k k—1
H} - H}

O H (tr) — Az

M
2
lir]lcaéx HH tk Hi“H(curl;Q) + At;

1.2 (Q)J
2 2 r 2
<C {(At) 1 H |2 0,7:1.2(0y2) + ”H”Hl(O,T;HT(curl;Q))}'
Proof. A Taylor expansion allows us to show that

M

M t T
2 1 k
Z H"'kHL2(Q)3 — Z Kt/ (tg—1 —t) O H(t) dt < At/ ||8ttH(t)Hi2(Q)3 dt.
k=1 k=1 k-1 L2(Q)3 0
Moreover, from the definition of p§ and (5.2)), we write
ph — ph1 2 , ,
/ ||at( Hh )||H(curl ;Q) dt § Cn™ ||H||H1(07T§HT(CUI'1§Q))
H(curl;2)

and from the definitions of 52 and p?, (5.2) and the error estimate for the Nédélec interpolant,

2
||50 ||H curl;Q2) — {thHH(curl Q) + ||H0 o z-h-N.‘EIO||H(curl;Q)} < ChQr ”H”IQ—Il(O,T;HT(curl;Q)) .

Since H (i) — H! = 6h —&—ph7 the result follows from the previous lemma, (5.2)), (5.3) and the above
O

estimates.

Let us remark that although in our analysis this result is just an intermediate step, as claimed
above it is interesting by itself since it yields an optimal order error estimate for the magnetic field
computed by solving Problem [5| as an approximation of the solution to Problem

6. Error estimates for the penalized problem

Now, we return to the convergence analysis of the penalty fully-discrete scheme. Taking into
account Theorem [3] it is enough to show that the solution of Problem [ converges to that of
Problem [f]as € — 0, uniformly in the discretization parameters h and A¢. This is established in the
following lemma by means of an error estimate in terms of the penalty parameter €. This estimate
is not of optimal order. In fact, in the next section, we will improve it in the case of vanishing
initial data.

Lemma 4. Let (Hﬁ,Eﬁ), k=1,...,M, be the solution to Problem@ and th, k=1,..., M,

that to Problem . Let Efw = %(curl Hﬁ,s —curl Hﬁ) lo,- Then, there exists C > 0 independent
ofe, h, At, J, and Hy such that

M M
e HH HZHEZ(Q)S + Af; | curl (Hﬁ,e - Hj) Hiz(g)S + EAt; HEZE - Eﬁ”iz(%)s

2 2
< Ce {”HOHHT(curl;Q) + ||Js||H1(0,T;L2(QS)3)} -
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Proof. First, note that HY e N°(Q) and EF _ € curl NE(Q,)), k=1,..., M, satisfy
h,e h h,e h D

HE _ g1 1
/MM~G;L+/ fcurlHﬁg-curlGh—&—/ curlG, -Ef _=0
Q Q.7 ' Q '

At .
VG, € NO(Q), (6.1a)
/ curl HY - F) — 5/ Ef _-Fy, :/ J(tr)-Fn,  VF} € curl(N},(Q,)), (6.1b)
QD 7 QD 7 QS
HY =T\ H,. (6.1c)

We denote uf := Hﬁ)s — Hﬁ, k=0,...,M, and v} := E”fw — Eﬁ, k=1,...,M. By subtracting
(6.1a)—(6.1c|) from the corresponding equations of Problem [5| we obtain

k k—1
— 1
Y Y Gy + Zcurlul - curl Gy, + curl G, - vF =0 VG, € N(Q),
QM - h 0 h h

At
C D
(6.2a)
/ curluf - F), — s/ vy F) = e/ E} . F), VF), € curl(N7},(Q,)), (6.2b)
u) = 0. (6.2c)

By taking G;, = uf and Fj, = v¥ in (6.2a) and (6.2h), respectively, subtracting the resulting
expressions, using classical inequalities, summing from k& = 1 to m (m < M), using a discrete
Gronwall’s inequality and the fact that u) = 0, we obtain

HuZ’IIiz(ms + Atz |curl “ZHiZ(QC)S + EAtZ Hvﬁuiz(%)s S CEAtZ HEﬁHiz(QD)s-
k=1 k=1 k=1

There only remains to estimate At > ;" , chrl uﬁHiQ ( With this end, we note first that it

Qp)3°
is easy to check that curl u’,ﬁ = 5(1}2 + EZ) in Q. Then, chrl u’,ﬂ|i2(QD)3 < 252{ ||vﬂ|i2(QD)3 +
[F2h

HiQ 3}. Hence, from the previous estimate we obtain
(Qp)

m m
Atz chrl“ﬁuiz(%w S CEQAtZ ||E2Hi2(QD)3'
k=1 k=1
Then, from the last two inequalities, we have that

m m
[ ENENDY chrl'“’i”iz(g)s +eAty HUZHi?(QD)g'
k=1 k=1
< CEAtZ HEZHiQ(QD)g <Ce {HHOH%T(curI;Q) + ||JS||%{1(O,T;L2(QS)3)} ’
k=1

where we have used Lemma [l| for the last inequality. Thus, the theorem follows from the fact that
uf .= H}, . — Hy and v} := E},_ — EJ. O
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Now we are in a position to derive the convergence of the solution of the fully-discrete penalty
scheme (Problem to that of the continuous problem (Plroblem7 as the discretization and penalty
parameters h, At and € go to zero.

Theorem 4. Let H be the solution to Problem and Hﬁﬁ, k=1,...,M, that to Problem . If
H € H'Y(0,T;H"(curl; Q)) N H2(0, T; L*(Q)*) with r € (3,1], then there exists a constant C > 0
independent of h, At and & such that

M
2 2
285 L)~ g 803wt (100~ ) o

2 2 r 2
< C{(At) 1H (532 0,712 (00)2) + (h*" +¢) ”H”Hl(O,T;H’“(curl;Q))}'

Proof. Tt follows immediately by combining the estimates from the previous lemma with those from
Theorem [3] and using Theorem [I] and the fact that J; = curl H in Q. O

This theorem provides an error estimate that is of optimal order in the discretization parameters,
O(h™ 4+ At), but not in the penalty one, O(1/¢). In the following section, we will derive an improved
error estimate O(e) valid in the case of a vanishing initial data and a smoother source term J, €
H2(0,T;L%(Q.)%).

7. Improved error estimates

First, we prove an O(g) estimate for the penalty error of the discrete problem in ¢2(0, T'; L2 (£2)3).

Lemma 5. Let (H’Z,Eﬁ), k=1,...,M, be the solution to Problem@ and Hﬁ)s, k=1,....,M,
that to Problem[]. If Hy = 0, then there exists a positive constant C independent of €, h, At and
J such that
l 2
k k 2
Atz HHh,e - HhHL2(Q)3 < Ce® HJS||H1(O,T;L2(QS)3) ’
k=1

Proof. First, note that as a consequence of the inf-sup condition (4.1)) and (6.1a]) we have

k
fQD curlGy, - Ej

5 || Ej.. s sup
) HL2(QD)3 GreN? (9) ||Gh||H(cur1;Q)
) 1/2
Hy - H) ' Tk
=¢ Hm + [ eurl Hj [ g0
L2(Q)3

Thus, as a consequence of Lemma [2[ and the fact that for Hy = 0, IhNHO =0, too, we have

M
Atz HEE,EHiZ(QD)S <C ||Js||?{1(0,T;L2(QS)3) . (7-1)
k=1

18



Secondly, we use a duality argument. In what follows, we will use the notation introduced in the
proof of Lemma |4 In particular, let uﬁ = Hﬁ)s — H,li, k=0,...,M, and consider the following

problem: Find wZ e N0 (Q) and y§ € curl(N7}(Q,)), k = M, ..., 1, such that

/ wh -G, — / %curlw,ﬁ_l -curl Gy, —|—/ curl Gy, - Z 1= / uﬁ -Gy,
e e VG € NU(Q),  (7.20)
/QD curl w’;_l -F,=0 VE, € curl(Ng(QD)), (7.2b)
w = 0. (7.2¢)
It is easy to prove that there exists a unique solution ('wﬁ, zﬁ), k= M,..., 1, and that there exists

a constant C' > 0, independent of A and At, such that

k k—1
w; —w,

M
12
At —&—AtZHny 1HL2(QD)3

L2(Q)3 k=1

12
T [ 1”H(cur1;ﬂ) + At;

M
<OALY [[ull oy (7:3)

k=1

Now, by taking G, = u,]j in (7.2a)), we obtain

ke _ k-1
B2 wp —w 1 e o
HuhHLz(Q)3 :/QM’LAith-uﬁ—/Q —curlw; ™! curlufﬁ—/ curluf - yf~*

Q

and summing up from k =1 to M,

M 2
Z HuZHL2(9)3
k=1

M k—1

_ uj; —up~ k—1 1 k-1 k k—1

= — [ p——"—wy " — —curlw; " -curluj + curluf - yf .
1 O At 0.0 O

k ¢} D

On the other hand, by taking G, = h Vand F), = yfl in (6.2a) and (6.20)), respectively,
subtracting the resulting expressions and replacing in the above equation, we obtain

M M
S e = 3o o okve [ obout e [ B
k=1 @ k=1 (/€ Qp

= = D

Since vf = EZV‘E — Ef € curl(N7,(Q,)), from (7.2b) the first term on the right-hand side above
vanishes. Moreover, since v + Ef = E’fb,@ we have that

N

1
M 2 (M
2 12
§ :HuhHLZ(Q)3 = EE :/ Ehs (T C5{§ :HEllzﬁHLQ(QD)?’} {Z Hyﬁ 1HLZ(QD)‘”'}
k=1 k=1
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Hence, using (|7.1]) and (7.3)),

M M 2
A e < cs{mzuqu;W} EAT
k=1 k=1

Thus, the lemma follows from the fact that uf := Hﬁ)g - HY. O

Our next goal is to obtain O(e) estimates in ¢*°(0,T;L%(Q)%) and ¢*(0,T;H(curl;Q)) for
wo /T (H 2’5 — HY). With this aim, we will use the following auxiliary estimates.

Lemma 6. Let (Hf”EZ), k=1,...,M, be the solution to Pmblem@ with Hy = 0 and J, €
H2(0,T;L%(Q.)3). Then, there exists a constant C > 0 independent of h and At such that

M-1 Ek+1 s
tk-‘rl —_ tkEh 2
ALY hAt < ClJsllme 0,702 0% -
k=1 L2(QD)3

Proof. First, we take m = k + 1 and multiply by ¢;+1 in Problem Then, we take m = k and
multiply by ¢ in Problem[5] By subtracting the resulting expressions and dividing by At, we obtain

A s Y _ it 1 PR - a2
/ il (tk+1 h h tr h h -Gp + / —curl k177 h kT curl Gy,
Q Q

At At At o At

C

¢ Ek+1 —t Ek
+/ curl G, - | 2H=h M) =0 VG, € N%(Q),
o At

te Hy =t H, b1 (o) — teJy(te) r

curl At Fy = = -Fy  VFy € curl(N},(Qy)).
QD QS

to  HY T — t HY te BN — Y

Consequently, plf = 15 h _ZREh g g M — 1, and g = TR T RS g

At At
1,..., M —1, are the solution of the following problem: Find py* € N(Q) and ¢}* € curl(N7,(Q,)),
m=1,...,M — 1, such that

m—1 m m—1
K L H'"-H
/“%‘G”/ *Curlp’f?-curleL/ curlGh'qzn:/#hAith.Gh
Q QCU 0 o

VG € N (Q),

tm+1dy(tm — tin o (tm
/ curlp;’ - Fj, = / 117 Ji)t o(tm) F,,  VF} € curl(NV}, (),
0 Q

D D

p = Hj,.

D

Notice that, this problem is similar to Problem [5| Therefore, it has a unique solution (pZ, qZ), for
allk=1,...,M — 1. Now, to prove the a priori estimate, we proceed as was done in the proof of
Lemma 1| to derive (4.2)-(4.4) and obtain that there exists a unique p,, € H'(0, 7% N%(Q)) with
T* :=T — At such that

/ curlp,(t) - Fj, = / (t+ At)JS(tXtAt) — tJs(t) -F), VF}, € curl WV}, (), te€0,T"]
Q Q

D S
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and there exists a constant C' > 0, independent of h, such that

(t+ At)J(t + At) — tJ(1) ||

125l 0,7 1 (curti)) < € H AL

H1(0,7%;L2(Qg)*)
Moreover, by using classical computations we obtain

~ 2

”thH1 (0,7*;H(curl;Q2)) <C ||JSHH2(O,T;L2(QS)3) )

where C' is independent of At, too. Then, following the steps of the proof of Lemma [I| and using
the above estimate, we are able to prove that

2

, M—1 ph — pht M—1 ,
1<hehi-1 HpﬁHLz(QP + At Z % + At Z HqZHL2(QD)3
o k=1 L2(0)3 k=1
M—1 Hk _ Hk‘fl 2
< c ||H’11H12rl(curl;§2) + ||JS||?-I2(O,T;L2(QS)3) + At Z %
k=1 L2(Q)3

te BN — 1 B
Thus, using the a priori estimates of Lemma [l| and the fact that qf := h AL h

conclude the proof. O

we

Lemma 7. Let (H}, EY), k = 1,...,M, be the solution to Pmblem@ with Hy = 0 and Jg €
H2(0,T;L2(Q.)3) with J,0) = 0, too. Then, there exists a constant C > 0 independent of h and
At such that

max tkHEZHQ

2
(ax Lo, = O 1612 (0,712 23 -

Proof. First, note that by taking m = k and m = k — 1 in Problem [5 subtracting the resulting
expressions and dividing by At, we obtain

e LI e e * 1 HE _
/ ﬂ ( h h . h h Gh+/ — curl h Th -curl Gy,
Q Q

At At At L0 At

EF _ gkl
+/ curl G, - (”Ath> =0 VG, eNYQ),

QD
Hy —H;™' J(te) — Jy(tk—1) r
/ curl Th - Fyp = / 2 Ats - Fy, VF), € curl(N}, ().
Q Q
Hk _ Hk?fl Ek _ Ek71

Consequently, zF = %, k=1,...,M, and rf := hAih, k=2,...,M, are the

t
solution of the following problem: Find z¥ € N9 (Q) and rf € curl(N7,(Q,)), k =2, ..., M, such
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that

/ —Zh .Gh+/ %curlzﬁocurlGth/ curl Gy, -k =0 VG, € N(Q),
QC QD
/ curl ¥ - Fj, = / Jo(te) _A;IS(tk*l) -Fy, VF}, € curl(N7},(Q,)),
QD
H;
z}ll _ h

AL
Notice that this problem is similar to Problem [5| Therefore, it has a unique solution (z’fl, rﬁ),

k = 2,...,M. Then, by proceeding as in the proof of Lemma we derive the analogues to
[@2)-(&4). In particular, we obtain that there exists a unique 2, € H'(At, T; N5 (€)) such that

/ curlz,,(t) - Fj, = / Jo(t) = ist(t — AY) - Fy, VF), € curl(N7}(Q,)), te[At,T]
Q Q

D S

and that there exists a constant C' > 0, independent of h and At, such that

Js(t) — Js(t — At) ?
At

2
< ClJll 02 gs - (7-4)

=~ 112
||zh||H1(At,T;H(curl;Q)) < C‘
H'(At,T5L2(Qg)%)

Now, if we write 2§ = o+ EZ with ZF := Z,(t), the problem above is equivalent to finding

z) = Z’; z; and, for k=2,..., M, Zr € N(Q) and rF € curl(N7}, (Q,)) such that

~k ~k_1
_ 1 -
/MM.G,L+/ —curlzﬁ-curlGh-i-/ curl Gy, - rf
Q Q @

At o
C D
sk sk—1
= —/ MM -G — / 1 curlz} - curl Gy, VG, € NY(Q), (7.5a)
0 At QC (2
/ curlz} - F, = 0 VF), € curl(N7},(Q,)). (7.5b)
Q

D

By taking G, = tszl in (7.5a)), using (7.5b)), the inequality 2 (p —q)p > p? — ¢* and Young’s
inequality, we write

1 - t k112
E/ﬂlﬂfk (| AR )+ gk chrlzZHm(Qc)S
~k ak—1]2

,utk|zh} +T/utk %

tkO'

t 2
+ % || curlz ||L2(Q e T 558 || curlz ||L2(Qc)3'

1
- 4T
Thus, multiplying by 2At, summing up from k = 2 to m (m < M) and using the fact that

B2 |~k—12 1 k12 ~ k2
2At/“t’“(|k \z’;1|):2m</gutk|zﬁ\ _/M““l’) /’k’
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we obtain

mi2 1 k|12
/Qutm Z0 |+ gAtkE::ztk I Curlzﬁ“m(ﬂc)s

< QTAtZ/utk| +2T2*Atz

k=2

~k k-1
Zh — Rh

L2(Q)3
TG , N
“AtZH L2(Q ?At;chrlzﬁHiQ(QC)s.

B R HY _HgEU R
Now, taking into account that zlfL =2k - zlfL ==h _—h 2 (t) and th(tk)HE(mrl;Q) <

At
CHEhH%l(At,T;H(le;Q)), from Lemmaand (7.4]), we have

m
ALY Zh ey <
k=1

Then, replacing this estimate in the above inequality and using the discrete Gronwall’s inequality,

(7.4) and the fact that

Hk Hk 1 Ui —~
T +2At) ||Z]Z|\iz<ms <C ||Js||12{2(0,T;L2<Qs>3>'

L2(Q)3

2

M /z\k o /Z\k—l )
h— Zn ~
Atz —Ar < ClZnllir (ar,mim(curo)
=2 L2(@)
lead to u
~k|12 ~k |2 2
X tk thHL2(Q)3 + Atkz_?tk H curlzhHLZ(Qc)S < ClJllz 0,72 0)2) -

Therefore, usjng again that ||2h(tk)‘|12{(curl;§2) <C H/z\hHIQ{l(At,T;H(curl;Q)) and ' )

M

22%%\4 tk Hzll?zHiz(Q)S + Atkz_?tk H curl zi”iz(gc)z <C ”Jsll%{?(O,T;LQ(QS)?’) :

k k—1
k Hh_Hh

Hence, since z} := , we have proved that

At
Hi —HI™! ? 5
h
L v < ClJsllme 0,712 00 -
L2(Q)3

There remains to prove an analogous estimate for £ = 1. With this end, we proceed as follows.
First we use Lemmaand the fact that HY = Hy = 0 to write

1 012
H, — H),

t
! At

12(Q) At HH%LHL2(Q) < C ||J ||H1 (0.425L2(2)9) -
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Then, standard computations allow us to show that
||JS||ig(o7t1;L2(Qs)3) < 2A¢ (||JS(0)|\32(QS)3 + At ||atJS||iQ(0,t1;LQ(QSP)) < 2A#2 ||atJS||iQ(07t1;L2(QS)3) :
where we have used that J,(0) = 0, and, analogously,

2 2 2 2
||(9tJS||L2(07t1;L2(98)3) S 2At (HatJS(O)”LZ(QS)S + At ||attJS||L2(O,t1;LZ(QS)S)) § CAt |‘JS||H2(O,7§1;L2(QS)3) .

Combining the last four estimates we have that

HY - HI! ’ 2
h
1?/&%\/1“ AL <C ||JSHH2(0,T;L2(QS)3) :

L2(Q)3

Hence, as a consequence of the inf-sup condition (4.1) and the first equation of Problem
multiplied by ¢, for k =1..., M we have that

5 1/2
Hf —H'! 2
k h h k
Vi B[ 2o e < C Lt || =5 +txllewlHyll g 0 ¢ < Ol or02(00)5)
L2(Q)3
where we have also used the a priori estimate from Lemma O

Now, we are in a position to obtain O(g) estimates for v/t (HﬁE — Hﬁ)

Theorem 5. Let (H’fl,EfL), k=1,...,M, be the solution to Problem |5 and wa, k=1,...,M,
that to Problem , If Hy = 0 and J, € H?(0,T;L2(Q,)3) with J,0) = 0, then there exists a
constant C' > 0, independent of €, h and At, such that

M
2 ; 112
lg}faé)?\/ftkHHﬁ’E - HZHLQ(Q)3 * At;tk H curl (Hﬁ,a - Hﬁ) HLZ(Qc)s

M
+6Atztk ||EI;L,E - EZHiz(QD)s < Ce.
k=1

Proof. Let u} and v} be defined as in the proof of Lemma [I} Taking G}, = tyuf and Fj, = t,of

in (6.2a) and (6.2b]), respectively, we obtain

k k—1
uy —u t 2 2
/,utkhih-uf-i-/ - ’curlu],ﬂ +€/ tk|v§’ :—5/ t EY - ok (7.6)
% At 0, 7 Q Q

D D

1,0
Note that for all Efm k=1,..., M, there exists a unique y’fl ey, M such that

/ curlyy - F), = / E} . F), VF), € curl(N7, (Q,)) (7.7)
Q Q,

D
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and there exists a constant C' > 0, independent of h, such that

||yl;1:HH(curl;Q) <C ||E;€LHL2(QD)3

(see [13, Lemma 1.4.1(iii)]). In particular

tepyt Tt — tyk te BN — 4, EY
/ curl [ #+1Yn FYh CFy = / k1 h MR, VF, € curl(N)(Q
Q At Q At
D D
and )
M-1 k+1 k M-1 k+1 k
tr —1 t E -t E

At Z k+1yhAt kYp < CAt Z k41 hAt kL,

k=1 H(curl;Q) k=1 L2(Qp)3

Substituting (7.7) in (7.6) and using (6.2a]) we obtain
k k—1
up —u . t 2 2
/Mtk %uﬁ—i—/ i|cur1u2‘ +5/ ti |[vf|
Q t 0, 7 Q

D
k—1

k
up — Uy, k bk k ?
=c utki-yh—i—s/ —curluy, - curlyy
/Q At Q.0

C

1 172 512 52/ 172 512 / uk—ui !
< - — |curluy| + — — |curl + e tp ————
—2/Qca| | 2QCU| il oA

and, hence,

1 2 1 2 1 t 2 2
g el = g [yl g [ lewrta et ok,

k k—1
uy —u
<— curlyh —|—5/,utkh7h-y

n))

“yf

h*

Thus, multiplying by 2A¢ and summing up from k& = 1 to m (m < M) and using the fact that

k—1

—-u 1 t L ¢
Z/Ntkih ZZK/M up' Yy - Z/ kHyh Vi

we obtain

tm ”umHL2 @3 T Atztk ’curluhHLz(Q s+ EAtZt’f HUhHL2(Q
k=1

<C {8 tm ||yh ||L2(Q)3 + ngtZ chrlthL‘z(Q )3 + At Z HuhHLQ(Q
k=1

2
tepyy ™ — teyf
At

m—1
+e2 At Z

k=1
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200

205

210

215

Using , Lemma , Lemma@ Lemma and Lemma |5 we have

m m
b 1 2 e + A Yt eurluf [y o + A Yt [0 [fa(q 0 < CE
k=1 k=1

Thus, the estimate of the theorem follows from the fact that uf := Hﬁyg — HY and vk = EZ,E —
E. O

Finally, we are in a position to write the main result of this section.

Theorem 6. Let H and szs, k=1,...,M, be the solutions to Problem and Problem
respectively, with Ho = 0, J, € H2(0,T;L?(Q)3) and J,0) = 0. If H € H*(0, T; H" (curl; Q)) N
H2(0,T;L%(Q)3) with r € (%,1], then there exists a constant C > 0 independent of €, h and At
such that

M

x| H (1) - HY ||} (s +At’;tk |l eurl (H(t4) — HY ) |12 00 < € {(A07 + 0% 422}

Proof. The result follows from the equivalence between primal and mixed formulations of the prob-
lem (cf. Theorem , Theorem |3[ and Theorem O

8. Numerical tests

In this section, we report some numerical results obtained with a MATLAB code that imple-
ments the penalty technique described above. First, we have applied it to a realistic test whose
geometry fits in the above theoretical framework. The aim of this test is to illustrate the conver-
gence with respect to the penalty parameter €. Next, in order to illustrate the convergence with
respect to the discretization parameters, we have considered an academic example with a known
analytical solution. Similar tests but with a moving conducting domain Q. (which therefore lie
beyond the theoretical scope of this paper) can be found in [10].

8.1. Test 1: Convergence with respect to the penalty parameter

Let us consider the geometry sketched in Figure[2] which includes a toroidal coil Q, a conducting
piece €. and the air around.
The source current density, which is supported in €, is given by

I(t ViR
J(t,x) = SEIONE, B in Q
S meas(S) | zita] &
0

where the current intensity I(t) is shown in Figure 3] Concerning the physical parameters, we have
taken g = po = 4w x 107" Hm ™! (the magnetic permeability of vacuum) and ¢ = 108 (Qm)~! in
the conducting piece.

To solve this problem, we have implemented Problems [4] and [f]and compared the results at each
time step for different values of the parameter €. Notice that the implementation of Problem

would in principle require to have a basis of the discrete space curl(AN7,(€2,)), which is not easily
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Figure 2: Sketch of the domain for Test 1 (left). Meridian section (right).
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Figure 3: Source current intensity (A) vs. time (s) for Test 1.

available in practice. To circumvent this drawback, we have used the standard basis functions of
N7} (), to construct with their curls a (not linearly independent) spanning set. By so doing, at
each time-step, we have been led to solve a singular system of linear equations, well determined
in the sense that it has an (obviously non-unique) solution. The rank-degenerate linear system is
solved in the least-square sense, which can be easily done in MATLAB environment.

In this case, we have focused on the penalty error. With this end, we have considered the
solutions H'. and H}" of Problem {df and |5 respectively, with fixed mesh-size h, fixed time-step

At and e varying from 10° to 107%. Notice that the difference between the solutions H Z,E and

H Z of these two problems is due only to the penalty approach. We have computed the following
percentage errors:

1/2
1gllca<XMHHZ,e - HZ||L2(Q)3 {At ZkM:l HHE“S B Hl’z”lzi(curlsﬂ)}
100 15k< . and 100 1/2
1£111€3£§\/[HH}1HL2(Q)3 {AtZ;cVI:I ||HZ||iI(curl;Q)}
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which are time-discrete forms of the errors in L*°(0,7;L?(Q)3) and L2(0,T;H(curl;Q)) norms,
respectively.

Table 1: Test 1. Percentage penalty errors.

€ efo L=(0,T;L%(Q)3) L%0,T;H(curL; Q))
109 1076 0.2690402 0.1184663
10-t 1077 0.0270514 0.0118915
10°2 1078 0.0027066 0.0011896
10-2 107° 0.0002707 0.0001192
10=* 10710 0.0000272 0.0000166

10°

—e— Percentage error in L™(0,T;L?(0))
—v— Percentage error in L?(0, T; H(curl; 2))
100 | | - = -O(e) convergence

Percentage error

107 107

Value of

-3 0

107 10

10

Figure 4: Percentage penalty error curves in L°°(0, T; L2(Q)3) (left) and L2(0, T; H(curl; 2)) (right) discrete norms,
for the numerical solution of Test 1 computed on a mesh with 8448 elements and a time-step At = 10~ %s.

We report in Table [I] and Figure [ these errors for a fixed mesh with 8448 elements, a fixed
time step At = 10~% and different values of the penalty parameter ¢ € (0,1]. We also include in
the table the relative values of ¢ with respect to the conductivity o = 106 used in this test. The
numerical results show a clear linear convergence with respect to the parameter € until it becomes
too small. Indeed, for values of ¢ /o < 10710, the convergence deteriorates due to ill-conditioning of
the resulting linear system, but, in such a case, the percentage errors are already extremely small.

Let us remark that we only report results for one fixed mesh and one time-step, because we
have checked that the penalty errors do not change significantly when the experiments are repeated
with different discretization parameters.

8.2. Test 2: Convergence with respect to the discretization parameters

Let us consider a conducting domain £, occupied by the cube (0,1) x (0,1) x (1,2), being the
whole domain Q := (0,1) x (0,1) x (0,3) (see Figure [5)). We have applied our code to solve the
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following source problem:

curlH =oFE in (0,7) x Q,
O(uH) 4+ curl E = f in (0,7) x Q,

where f is a given data and T = %

Figure 5: Test 2. Sketch of the domain.

We have used for this test the same physical parameters p and o as in the previous one. The
data f has been chosen so that the analytical solution be

o(2) 2 2
H(t,x) =t | p(2) with  ¢(z) == { é’? —UE-2 z; E:%

and ) (t.2) q
_ ) scurlH(t,z) in{),
Et2) = { 0 inQ,

Notice that curl H(t) = 0in Q for all ¢ € [0, T]. This is the constraint that has to be penalized,
since there is no source current Jg in this test. Given € > 0, the corresponding penalized problem
reads as follows: find H. € L2(0, T; H(curl; Q)) N H'(0, T; L2(Q)3) such that
d 1 1
— | uH. G+ —curlH, - curlG + - curlH, -curlG= | f-G+ | g-G

Q Q Q r

dt QO - g S
VG € H(curl; ),
H.(0)=H, inQ,
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where the exact values of f in Q and g := E X n on I' have been used as problem data.

These equations have been discretized by using Nédélec finite elements in space and the backward
Euler method in time, leading to a scheme similar to that in Problem [d] To assess the dependence
of the errors on the discretization parameters h and At, we have chosen a sufficiently small fixed
value of the penalty parameter: ¢ = 10~%. We have checked that the errors almost do not change
when using other values of the penalty parameter in the range between 102 and 10~°, which is an
evidence of the fact that the penalty errors are absolutely negligible for such small values of ¢ (as
it happened in the previous test, too).

For this test, we have computed the actual errors, namely the differences between the obtained
numerical solution and the analytical one. To report in the same figure the dependence of the
errors with respect to both discretization parameters, we have used different meshes (the coarsest
one with 144 elements) and, for each mesh, we have used time steps At proportional to the mesh-
size h (the coarsest time step being At = 55). We report in Figure |§| the corresponding error
curves, namely log-log plots of the respective errors versus the number of degrees of freedom (d.o.f.)
(i.e., the number of unknowns of the linear system to be solved at each time step). A clear linear
dependence O(h + At) can be easily appreciated from these curves.

L(0, T3 L2()?) 12(0, T; H(curl; ©2))

2 2

10 : 10 ;
—— Percentage error in H —— Percentage error in H
- - -O(h + At) convergence - - -O(h + At) convergence
3 B
S S
=1 =
5} 15}
S At Sl
=10+ £10t
= =
|5} 15}
Q Q
o} o}
Ay =%
0 0
10 : . 10 . .
10° 10° 10° 10° 10° 10° 10° 10°
Number of d.o.f. Number of d.o.f.

Figure 6: Percentage discretization error curves in L°(0,T;1.2(Q)3) (left) and 1.2(0, T; H(curl; Q)) (right) discrete
norms for the numerical solution of Test 2 (¢ = 10~%).
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Appendix A. Analysis of the penalty technique for the continuous problem
In Section 3} we introduced Problem [3 I, which is a penalized form of problem (2.1} and we
D

claimed that Problem 3] I is well posed and that its solution converges to that of (| as the
penalty parameter goes to zero. These two assertions were not proved in that sectlon because they
were not needed for the subsequent analysis. However, they are interesting by themselves. This is
the reason why we prove them in this appendix.

First, we show that Problem [3| has a unique solution and that this solution is bounded indepen-
dently of the penalty parameter €.

Theorem 7. Problem[d has a unique solution that satisfies H. € L°°(0,T;Ho(curl; ) and there
exists a constant C > 0, independent of e, J, and Hy, such that

2 2 2 2
[ H 1o (0,751(curti)) + 1O H el 20, 712(008) < € {”HOHH(curl;Q) + HJS||H1(0,T;L2(QS)3)} :

Proof. The existence of a unique solution H. follows by applying Corollary A.2 from [9], where, in
particular, it is shown that the assumption J, € H(0, T; Ho(div’; Q) yields H. € H'(0, T;L2(22)?).
The proof of the a priori estlmate is very similar to that of Theorem[I} Thus, we only glve a sketch
of this proof. We consider H as 1n the proof of Theorem (1} so that in particular (2.10) and -
hold true. We define H e =H, ~-H. Then, the same arguments as in Theorem |1 allow us to show
that H. € L2(0,T; Ho(curl; Q)) N H!(0, T} LQ(Q)‘ ) and satisfies

— 1 — 1 — —
/u@tH€~G+/ fcur1H8~curlG+f/ curlHE-curlG:—/uatH-G
Q Q.7 €Ja, Q
VG € Hy(curl; ),

—

H_(0) = Hy,— H(0).
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Therefore, applying similar techniques to those used in the proof of Theorem A.1 and Corollary A.2
from [9], we obtain that H. € L>°(0,T;Hy(curl;Q2)) and that there exists a positive constant C
independent of €, J, and Hy such that

- 12 = |12
HHEHLw(o,T;H(curl;Q)) + ”atHEHLz(O,T;L2(Q)3)

2 2 1 — 2
<C {HHOHH(curl;Q) + 1 Jll 0, 75122 3) + E/Q | curl H_(0)| } :
D

(0) = curl H(0)
(cf. (2.4) and (2.11))), the result follows from (2.10) and the above estimate. O
Finally, we prove that H. — H as ¢ — 0.

Theorem 8. Let (H, E) be the solution to Problem @ Let H. be the solution to Problem @ and
E. = % (curl H. — Jg) o . Then, there exists C > 0 independent of €, Ho and Jg, such that

Since the last term on the right-hand side above vanishes, because curl Hy = J.

1H — He [ (o200 + lleurl H — curl He |2 rp2 )0y + VEIE = Eell 200200, )

< C\@{HHOHH(CUH;Q) + ||JSI|H1(0,T;L2(QS)3)} :

Proof. According to its definition, E. € L2(0,T; Hr(div%; Q,)) and (H., E.) satisfies

/u@tHE-G—F/ lcut‘lHE-cuI'le"~t—/ curlG-E. =0 VG € Hyp(curL;2), (A.la)
Q

Q. Qp
/ curlHE-F—e/ Ea-Fz/ J,-F VF € Hp(div%; Q,), (A.1b)
Q Qp Q
HE(O) = Ho. (AlC)

For H. we have already proved an a priori estimate in Theorem For E., we use the inf-sup
condition (3.2)), the estimate from Theorem [7|and (A.1a) to write

1Bl 0209 < € {IHolkeursay + 196l 0,150 } (A.2)

Next, we denote u := H. — H and v := E. — E. Subtracting (A.la)—(A.lc|) from the corre-
sponding equations of Problem [2] yields

1
/p@tu-G—i—/ fcur1u~curlG+/ curlG-v=0 VG € Hy(curl; ), (A.3a)
Q Q. Qp
/ curlu-F—s/ v-F:e/ E-F VF € Hr(div%; Q,), (A.3b)
Q o o
u(0) = 0. (A.3¢)

By taking G = wu(t) and F = v(t) in (A.3a) and (A.3b)), respectively, subtracting the resulting

expressions, integrating in time, using (A.3c) and Young’s inequality, we obtain

1 2 1 ¢ 2 3 ¢ 2 3 ¢ 2
gl + 3 [ lewrtuto)ll as+ 5 [ o)l ds < 5 [ 1EG)IG, s

< Ce {I1Holieurney + 10 r2y ] V€ 0T],
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where we have used for the last inequality.

Thus, there only remains to estimate || Cur1u||L2(0’T;L2(QD)3). With this end, we take F =
curlu — ev — eE = curlu — ¢E, in to obtain that curlu(t) = eE.(t) in Q,. Hence, by
using , we conclude that

||Cur1UHL2(o,T;L2(QD)3) =€ ||EsHL2(o,T;L2(QD)3) <Ce {”HO”H(curl;Q) + HJs||L2(o,T;L2(QS)3)} :

Therefore, the theorem follows from the last two inequalities. O
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