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Abstract

We analyze a hybridizable discontinuous Galerkin (HDG) method for the time harmonic Maxwell’s equa-
tions arising from modeling photovoltaic solar cells. The problem is set in an inhomogeneous domain with
a polyhedral connected boundary and the divergence-free condition is imposed using a Lagrange multiplier.
We prove the HDG scheme is well-posed up to some frequencies and derive an stability estimate. Moreover,
we prove that the method is optimal, that is, the L?-norm of the error of the approximation in both, the
electric and magnetic fields, are of order #**!, where  is the meshize and k the polynomial degree of the
local approximation spaces. Numerical examples are shown to validate the theory.

Keywords: hybridizable discontinuous Galerkin, time-harmonic Maxwell’s equations, heterogeneous
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1. Introduction

Thin film photovoltaic solar cells are devices of thickness between few nanometers and tens micrometers
that collect sunlight, converting it to electrical energy. In particular, it is of interest the study of devices
comprising a periodically corrugated metallic backreflector because they are able to excite surface plasmonic
polariton waves [1] and, as a consequence, enhance the intensity of the electromagnetic field in the cell. In
this context, structures with periodic surface-relief gratings have been intensively studied during the last
decade: amorphous silicon thin film tandem solar cell [2]], rugate filters [1]], periodic multilayered isotropic
dielectric material on top of the metallic backreflector [3 4]], just to name a few.

The optimal design of these type of structures requires the maximization of quantities of interest such
as light absorption, solar-spectrum-integrated power-flux density and spectrally averaged electron—hole pair
density [4, 5], where the following Maxwell’s equations [6] in the frequency domain must be solved for a
wide range of geometrical and optical parameters:

VxE=iouH in R?,
VxH=J—iwgeE inR3, (1)
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complemented with the effect of an incident field (sunlight). Here, E denotes the electric field, H the
magnetic field, J the current density, m the frequency, U the permeability of free space, & the permittivity
of free space and ¢ the relative permittivity, which is a complex-valued function. Also, an e’ dependence
on time ¢ > 0 is implicit. It is convenient to define the free-space wavenumber x := ®./€ o, the free-space
wavelength Ay := 27/ and the intrinsic impedance of the free space 1y := +/ Lo/ €o-

The most commonly used numerical methods to approximate the solution of (I are the exact modal
method [7], the method of moments [§], the rigorous coupled-wave approach (RCWA) [9], the finite el-
ement method (FEM) [6], and the finite-difference time-domain (FDTD) method [10]. In the context of
Galerkin methods, by taking the advantage of the periodicity of the surface relief, the equations are solved
in a bounded domain Q C R? occupied by one period of the periodic structure illuminated by the incident
sunlight. On the vertical walls of Q, quasi-periodic boundary conditions are imposed, whereas on top and
bottom boundaries, suitable outgoing radiation conditions are considered [11} [12]. These radiation condi-
tions can be handled by approximations of Dirichlet-to-Neumann operators that couple the solution in the
free space with the solution in the bounded domain. An alternative to the latter approach, is to consider a
perfectly matched layer technique in order to attenuate both outgoing and evanescent waves [13} [14]].

The aim of this work is to contribute to the development of hybridizable discontinuous Galerkin (HDG)
methods in simulations of photovoltaic devices. In particular, we restrict ourselves on analyzing an HDG
scheme for (1]) in a bounded domain with prescribed boundary conditions since, to the best of our knowledge,
the theory is not fully developed when the electric permittiviy is complex-valued. Even though this is
a simplification of the original problem, it involves several important issues that must be addressed first.
In other words, our contribution constitutes a stepping stone towards developing an HDG method for the
original problem arisen from photovoltaic cells modeling.

In recent years, most of the HDG methods for Maxwell’s equations have been proposed and
analysed assuming the electric permittivity € is a positive real number, which is in general not true in light
harvesting devices: Maxwell’s operator [[15} |16} [17], eddy current problems [[18], Maxwell’s equations in
frequency-domain [[19, [20]], time-domain [21]. On the other hand, to the best of our knowledge, few contri-
butions of HDG methods considering complex-valued permittivity can be found in the literature, for instance
[22] and [23]]. Motivated by the application to photovoltaic devices, the aim of our work is to introduce and
analyze an HDG method considering an heterogeneous medium occupying the bounded domain Q. In par-
ticular, Q is divided in two disjoint domains: €; and Q,,, where Q is occupied by an isotropic dielectric
material and Q,, is a metallic region. On the first region we assume a real and positive relative electric per-
mittivity, while on the metallic one, the relative electric permittivity is assumed to be complex-valued with
negative real part. This introduces additional difficulties that we address out using available techniques for
the Helmholtz equation [24] and the Maxwell’s equations with high wave number [[19].

After defining a convenient tetrahedrization for the non homogeneous domain, we propose an HDG
formulation for the Maxwell equation and we carry out a full error analysis. We highlight that in order to
impose a divergence free condition to € E, a Lagrange multiplier p needs to be introduced as in [17], [18]]
and [25]. Then, by using a duality argument we deduce error estimates for E and V x E.

The remaining of this paper is organized as follows. In Section 2] we define the truncated domain and
introduce the boundary value problem. In Section [3] we set the approximation spaces, define the HDG
formulation and prove it is well posed. Then, we employ a duality argument with the aim of getting a
stability estimate. In SectionEﬂ, the error estimates for the HDG scheme are derived, and finally, in Section
we show some numerical results.



2. Problem statement

Let us begin by setting a preliminary notation that will be used through the manuscript. We use standard
simplified terminology for Sobolev spaces and norms, where vector-valued functions are bold-faced. In
particular, if ¢ is a domain in R3, X is an open or closed Lipschitz curve, and s € R, we set H*(0) :=
[H*(0)]? and H¥(X) := [H*(X)]>. However, when s = 0 we write L>(¢) and L?(X) instead of H’(&) and
HO(X), respectively. The corresponding norms are denoted by | - ||; ¢ for H*(¢') and H*(&); and || - ||, x for
H*(X) and H*(X), when s = 0 we will ignore the first subindex. For s > 0, we write |- |, » for the H’- and
H’-seminorms. In addition, we introduce the following spaces

H(dive; 0) :={wc L*(0):V-(ew) e L?(0)}, H(div);0) :={wec L*(0):V-(ew) =0},
H(curl; 0) := {w e L}(0): Vxwe L*(0)},  Hy(curl;0) := {w € H(curl; ) : w x n| 5, = 0},

where n denotes the outward unit normal vector to d &. For a vector-valued function w defined on a face F,
we denote by w' := (n x w) x n and w" := (w-n)n its tangential and normal components, respectively.

Finally, to avoid proliferation of unimportant constants, when there is no confusion will write A < B,
whenever there exists C > 0, independent of the meshsize, such that A < CB.

As we mentioned in the introduction, we consider one period of a photovoltaic solar cell, denoted by
Q:=(0,L) x (0,L) x (0,M), whose boundary I" := dQ is polyhedral and connected; and L, M are positive
numbers. Q is assumed to be simply connected and is divided into two parts by a piecewise plane interface
as Fig. [l shows: a metallic region Q,, with relative electric permittivity €, € C satisfying Re(&,) < 0 and
Im(g,) > 0, and a dielectric region Q, : with relative permittivity £, € R™. Specific values of the relative
permittivities of these materials can be found in [3]] .
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Figure 1: Example of domain having a flat interface between the metallic region Q,, of thickness L,, and a dielectric region Q.

Given g € L?(T) (or more precisely in % (H(curl; Q) NH(div2; Q)), as will be explained in the appendix)
and J € H(div%; Q), we look for E and H such that

VXE=iouH in Q,
VxH=J—-ingeE in Q, 2)
Exn=¢ on I,

where n denotes the outward unit normal of I  We recall that € is the relative permittivity,
€ = 8.854 x 10712 Fm~! and py = 47 x 10~ Hm~!. Tt is convenient to write (?) in terms of relative

quantities. To that end we introduce the change of variable u := eé/ ’Eand v:= iK‘[Jé/ ’H. Moreover, the



condition V- (¢E) = 0 in Q, deduced from the second equation, will be imposed by a Lagrange multiplier
p- Then, from (2)), the system to solve is the following: Find u, v and p such that

v—Vxu=0 in Q,

Vxv—k’eu+eVp=f in Q,
V-eu=0 in Q, 3)

uxn=g on I

p=0 on T,

where f := iK,u(;/zJ, g= eé/zg and € is the complex conjugate of €. By Lemma |Appendix A.1| if x2g, is

not an eigenvalue of the operator V x V x, then (3) has a unique solution.

3. The HDG method

We consider a shape-regular simplicial tetrahedrization .7}, of Q, such that each IO( € 9}, is completely
contained in €, or Q4. Then, .7/ and ﬂhd will denote the sets of tetrahedra lying in Q,, and Q, resp.
Furthermore, we define 0.9, := {dK : K € 9},} and &}, := &; U &, where &7 and &t denote the interior and
boundary faces induced by .7}, respectively. Given a region & C R?, we denote by (-,-)s and (-,-)5¢ the
L?(0) and L*(d 0) inner products, respectively. We set also (-, Vg = Z (v )gand ()57 = Z (s oKk-

Ke g, Ke g,
In addition, P;(A) denotes the space of complex-valued polynomials of degree less or equal to k > 0 defined
over a region A and we set Pi(A) := [Pr(A)]°.

Considering the above tetrahedrization of Q, we define the following approximation spaces

Vy = {w ceL’(Q):wlxePy(K), VK€ %},
Qun:={g€L*(Q):q ke PL(K),VK € T},

M, = {p € LX(&) : | € P(F), YV F € &},

M = {B€L*(&): B lr€PL(F),(B-m) |[r=0,YF € &}.

The HDG scheme associated to (3) seeks the approximation (Vy,, s, py, W), pr) € Vi X Vi X Qp X M), %
M,, of the exact solution (v,u, p,u’|s,, p|s, ). satisfying

(Vh,w)yh—(u;”wa)gh—<ﬁ§1,w><n>ayh =0, (4a)

(Vi VX 2) 5 + (V2 xM) 5 5 — K (W, 2) 5 — (P, V - (82)) 5 + (Phs €2-M) 5.5, = F (2), (4b)
— (W, Vt) 5 + (W] -m,1) 55 =0, (4c)

(nxVj,M)az, .r =0, (4d)

(€wp-m, )55 1 =0, (de)

(@, m)r=(g,nxmr,  (@h

(Pn, )T =0, (4g)



for all (w,z,7,m, 1) € Vi x V), X Q x M) x My, where F : P(.7,) — C is such that F (z) = (f,z)yh and the
numerical fluxes defined on 0.7}, are given by

nxVv,:=nxv,+1(u,—u), (4h)
ew) -n:= e} -n+7,(py— Pn), (4i)

being 7 and 7, positive stabilization parameters.

Remark 3.1. Using similar arguments as in Section 3 of [l18] and Section 3 of [20]], it can be proved that
the HDG formulation (@) is locally conservative and consistent.

3.1. Well-posedness
Let us start by establishing a Garding-type identity.

Lemma 3.1. If (Vi w;, pp, W, pp) € Vi X Vi X Qp X M, X My, satisfies (EI), then

~ 1/2 ~
vl + 11772 (=0 13 + (12 (o — ) 13 5,
+ K2 (|Re ()| 4 ilm (€n) w5 = K€ llws %0 +F (wy) — (8.9 )

Proof. Letw:=v,,z:=ujandt:= p; in . After applying the Green identity in H(curl; 7},) to and
the Green identity in H(div; .7, to (dc), we have

(Vi Vi) 7, — (V X wy, Vi) g, + (u), — 0, v, X n);z =0,
(V-(€un),pn) 7, — (€up-n,pp)y 7 + (€W -1, pp)5 5 =0.
Then, adding the two above expressions with the conjugate of equation (4b)), we have
(Vi Vi) 7, — (Wl =W, m X V}) g 72 + (W), mx V) g 72 — K2 (wy, €0)
+(eu}l -, py)g g — (€W -0, pp—P)og, = F(uy).
Furthermore, if here we add and subtract (W), n x v} )55 and <8/@ ‘0, Pp)y 7, it follows that
1Vall%;, + (W), = Wy m x (¥, = ¥},)) o 7, + (W), n X V}) 5.7, — K2 (wy, W) 5
+((eu} —euy) -m, py, — Pp)oz, + (€W} -0, Pp) g 72 = F(uy),
from where, after using @e)), (4g), (#h) and (@), we have

Vil %, + (uf, — ), T (), —W))) g 5 + (W m X V)) g 7 — K (wp, €0) 5

+(tu(pn = Ph)s Ph— Ph)a.z, = F(un). (6)

Now, from ([@d) and @f), we have (W),,n xV})57 = (W), n x V,)r = (g,n x (Vj, xn))r = (g,V,)r. Thus,
substituting the previous expression in (G), we obtain

2 1/2 NP o 21 |2 2 2 1/2 SN2 %
Vil %, + 172wl = )13 7, + (8 Vi) — KBl 5 — % &l o+ %% (o — Pi)I3 5, = Flw)

and (3) follows. O



We will show that the HDG scheme (@) is well-posed assuming that k€, is not an eigenvalue of the
following problem:
Find A € R and (@4, Y, Oy, Y}, 01) € Vi, X V), X Qi X Mj, X My, such that

((ph7 ) (l[/h7VXS 7;, <W;wyf >z97h_0
(¢I1aVXQ)%+<¢£a%(Q)>a:%,_Kz(emWhaQ)Zlm—(Ghvv'(S‘I)) <G]1,Sq n>a%, (‘I’ha‘I)yhm

_(8 Whyv”)f%, + <8 II[;: -, r>3¢7h = 07

<n X @twm&%\r =0, N
ey, n,8)oq. =0,

<‘I7;,»TI>F =0,

(01, E)r =0,

for all (s,q,,1,{) € V; x Vj, x Q; X Mj, x My, where
n X @), =nx @+ T(Yj, — W),
eyl -n= ey} n+1,(0; — 6p).
Theorem 3.1. If k*&, is not an eigenvalue of (), then (EI) is well-posed.

Proof. Here we use similar ideas to the ones used in proposition 2 of [20]. First notice that if we consider
the homogeneous problem associate to (@), then the Garding-type identity given by (3) has the form

2 1/2 = 2 2 . 2 1/2 -~ 2 2 2
I¥all% + 11772 (ay =5 3.5, + 5° (Re ()] + i1 &) a3 + 107 (o= ) 3.5, = 2l o

(3)
Now, after applying to (7) similar arguments to the ones used to proof Lemma[3.1] we get
. . 1
lnll%, + 172 (wh = W) 5.5, + % (IRe(&n) |+ iTm(en)) | il m + 1%/ (04— 8u) 135, = Allwl? -
)

Then, we conclude from @i and @) that uy, = 0 in 9 4 gince A is not an eigenvalue of . Then, the real
part ofis thH%yh—l—H’L'l/z (w),—u )||ajh—|—l( IRe(&n)|[[un m—|—||‘Cn (ph—ﬁh)HS% = 0, from which,
vh =01n J,, u}, =), on 9., w, =0 in J" and p; = p; on d.7,. Therefore, u, =0 in .7,. Finally,

y (4b) and (4 D we have 0 = — (p;,, V- (Ez))gh +(Pn.€2-m)y g, = (Vpp,€z) 5 , V2 € Vj, which together
w1th 4g) an e fact that pj, = py, implies p;, = 0 on Q. O

3.2. Stability estimate
We first state the main result of this section and postpone its proof to the end.

Theorem 3.2. Suppose the regularity estimate (I1)) (stated below) holds and 7, T, are of order one. Then,
there exists ho > 0, such that for all h < hy, it holds

~ 1
IVall, + 11272 (= 8) 135, + 1572 (o = ) 3., + 2 Il G, S 1122 )+



Remark 3.2. Theorem implies {@)) is well-posed without using problem (7), relaxing this assumption in
Theorem In fact, for h small enough, it is enough to ask K>€; not to be an eigenvalue of the operator
V x VX. On the other hand, the price to pay is the additional regularity requirement (T1).

From (3), we observe that we need to bound x €d||uh|| 7 in terms of the data, in order to obtain a

stability estimate. To that end, we employ a duality argument and consider the following auxiliary problem:
Given © € L?(Q), we look for ¢, y, p such that

O—Vxy=0 inQ, (10a)
Vx¢—KEY+EVP =0 inQ, (10b)
V-(ey)=0 inQ, (10c)

yxn=0 onl, (10d)

p=0 onl. (10e)

We assume the following regularity estimate holds true for all s € (0, 1)

+1¢lls.0, + leaWlls+1.0, + En V1.0, < 1O]a- (1n

In[Appendix B|we will comment on situations where this assumption is satisfied.
We now introduce the HDG projection operator: Given (w,q) € H'(.7,) x H'(%,), (Ilyw,Toq) €
V;, X Qy, is the only solution of

(Myw,z) g = (W,Z)g , Vz € Py (K), (12a)
(HQ% )K ( ) vt e ]P)k—l(K)» (12b)
(ellyw-n+1,Ilqq, ) = (EW-n+17,4,M)p, VN € P(F), VF € JK, (12¢)
on each K € .7},. Moreover if ly, I, € [0,k], 7} = mint,, w € H¥"! (,) and g € Ha! (7},), then
o h[ +1
ITvw —wil.7 S5 ey, 5+ —— lali 1,5 (12d)
Mog—allz, <haly, 11,7 - (12¢)

We refer to [26] for further details. In addition, we denote by Py the standard L2- orthogonal projector from
L?(%,) into Vy,. It is well-known (c.f. [27])) that if Iy, € [0,k] and w € H™*+! (.,), then

1Pyw —wll 7, S A Wl Ly g (13)

Likewise, we define Py : L?(;) — M, and Py, : L? (6;) — My as standard L?— orthogonal projectors on
M), and M, respectively.

Let us also define X := Ho(curl; Q) NH(divY; Q), endowed with the norm || w|[x, := (||V x w[|3 + [|[w]3)
In the following lemma we prove an identity that allow us to bound ||eu, | 7 .

Lemma 3.2. Given ® € L?(Q), let (¢, v, p) € H(curl; Q) x Xo x H} (Q) and (Vi wy, py, W, p) € Vi x Vi, x
Qn x M), X My, be the solutions of @) and (E]) respectively. It holds

172

(s, @) 5 =F (Iyy) + (g, Ay (¢'))r+ (T V2 (uf, =) 22 (Tyy — ) o 5,
+{pn—pn, € Myy — ) -m)5 5 + (T (Pr— Pr) , Top — P)o 7
+ (22 (u), =), T2 (Prd — 9) xm)a g, + K (e, Ty — y) (14)



Proof. In order to prove this lemma we follow the guidelines given in the proof of Lemma 3.3 of [24]. To
begin, let us test (I0b) with uy,

(U1, 0) 7, = (W, V X 9) 7, — (Wi, K°EY) ;. + (0, EVP) 7. (1s)
Now, using the Green identities, (I2b) and the orthogonality property of Py, we have
(Uh,v X ¢)%z = (Uh,v X PV(P)%, =+ <u;1’ (PV(P - ¢) X n>(9:7h7
(0, EVP) 5 = (ew,, VIIgp) 5 + (€wj-m, p —Tlgp)y z,-
Then, substituting these expressions in and using @a) with w = Py¢ in .7},, we obtain
(llh,@):yh = (VhaPV¢)<7h - <ﬁh?PV¢ X n>9<7h + <ll;” (PV¢ - ¢) X n>9<7h - Kz (euhv W)%
+ (euy, VIgp) 5 + (ew,-m,p —Tgp)y 7,
By ([@d) with t =Tlgp, together with the fact that (v, Pv9) 5z = (Vi,9) 5 = (4, V X ¥) 5 by ([0a), we have
(0, ®) 5. = (v, V X W) 52 — (W, Py x )y 7 + (W), (v — @) X m)g 5 — K (€up, ¥)
+ (ew, -n,Igp)y g, + (ewy -n,p —Tlop) o 7,

Adding and subtracting (W),,¢ xn)y 5 = (nxu),0')55 and (eu)-n,p),y5 , we obtain after rearranging
terms that

(4, 0) 5 = (v, Vx y) 5 + (/2 (), = 1}) , 72 (Pyd — ) xm)y 5 — (m x W), 0") 5
— K% (ew, ¥) 7, + (v — 2u) 0. Tlop — p)a 7, + (0 -1, p) 5.5,
By the ortogonality of Py, , and (10¢), we obtain <£/lﬁ ‘n,P)57 = (8/@ ‘n,Py, (p))az, =0 and then
(3,0) 7, = (Vi V X Y1) g+ (22 (0, =), 7712 (A9 — 9) xm)o 7, — (m x W}, 0")o 5,
— & (ewn, W) 5 + (% (pn — ), Tlop — )2 75,

where we have also used li Moreover, since (n x W), ¢") 55 = (nx W), ¢")r = <ﬁ;l,PM; (¢") x n)r, by @)
with p = Ry (¢') xn,

~

(uh,@))@l = (Vh7v X W)% + <T]/2 (u;l _uh) 717]/2 (PV¢ - (P) X n>(99h + <g7PM;l <¢t)>l"
-’ (eun, W) g + (T (Pr— Pn) , Tlgp — P) o ;- (16)

Now, let us rewrite the term (vj,, V X y) ;. By the Green identities, (I2a) with z =V x v;, and (#b) with
z = [Iyy, we have

(i, VX W) 7 = (¥, (Tlyy = y) xm)y 7 — (Vi Tlvy xm)g 57 + K (eup, TIvy) 52 + (pn, V- (eTv )
— (P, €llyy-m)5 4 +F (Ilyy).
Hence, adding and subtracting (V}, y x n)agh and integrating by parts the fourth term, it holds

(Vi VX W) 2 = (¥, = Vi, (Tlvy = y) X 0)y 7 — (Vi W X M)y 7 + K7 (ewy, Ty ) 52 — (Vpy, eTIvy)
+(pn— P, €Tlvy -m)y 5 + F (TIvy).



By @), @, the orthogonality of Py, (T2a), integrating by parts again the fourth term, adding and
subtracting (pj,, €Y -n)y 7, we obtain
(Vi VX ) g = (7 (W), —0,) Tlvy = W)z — mx V), By (W'))a g0 + K7 (ewn, Ilvy) 5
+(pn, V- (ey)) g +F(Ilvy) — (pr, €Y 1)o7, + (Pr— P, € TIvy —y) -m)5 7
= (t'/? (u), —},) T2 (Tyy — V)og, + K (eup, Ivy) 5
+{ph— Ph.€ vy —y)-m)y 7 + F(Ilvy),

where for the last inequality we have used (4d), the facts that ey € H(div;Q) and V - (ey) = 0, together
with (@g). Finally, replacing the above expression in (I6), we obtain (T4). O

Lemma 3.3. Let (¢, y,p) € H(curl; Q) x Xo x H} (Q) be the solution of satisfying (1) and (vy,wy, pj, W, D) €
Vi x Vi X Qp x M) x My, the solution of. If T and 1, are of order one and k > 1, then there exists hy > 0
such that, for all h < hy, it holds

lewnll 7, S ¥l gaziz.c)+h Mgl
Proof. From Lemma[3.2] we have
|(,©) | < IF (T + (g, P, (6'))r|+ |(2/2 () 72 (v =)oz
+ (P — Phr€ Mvy =) -n)5 5, |+ |(T (pr— Pr) ,Tlgp — P)a 7,
|2 (=) T2 (g — 9) xm)g |+ 2 (e Ty — ) 5|

a7

Using the Cauchy-Schwarz inequality, inverse inequality, (TT) and (T2d), we have

(72 (uty — ) 2 (g = w))o | < (29) 2022172 () 157 @l

. . _ ~ —1
where 7 = max {7r}. Similarly, taking 7% = max {7 ! , T« — max Tl and 7, = max{ F }, we
FG(gﬁh{ } y g FE(g)h{ F } * Fegh{ n} * FG(g)h (i’l)
have the following bounds

[F(Ivy)| < IFll 2250 19lle;
(&P (0))r S lgllrll®llo,

Sh w5, 110]lq,

[ (ew, vy —y) 5,
(% (P4 — Bn) TP — Phaz | S K2 (1)2)1 5
[(ph— vt (Mvy —y) -m)o 7 | S ()20 215" (o — i) 12 2, 1© e
(12 (=) T 2 (Rg = 9) xm)a g | S () 2012 22 (), — ) 15 7, ©
Hence, taking ® = |8|2uh, becomes
(1= k) lewy]| 7 S((T) 2R 24 () 2012|122 (), - W) o 5,

s ~ 1/2 ~ —
Pl e 2@+ @) ) 0 (on— Pn) oz + 5l

(Pn—Pn) 157,110,

3 ~ 1/2 ~ -
SV 2 ) 5.7+ 125 (o= P 2.2+ IFll 2z 00+ 2l
(18)



On the other hand, from @) we have
2 2 =\ (12 1/2 ~ 2 2 2
vall %, + 117"/ (u, - W) Ha%‘f‘HTrz/ (P =) 15,7, + K" [Re (&n)| [[un]| Zm
< K2€d||“h||é;d + |F(Uh)‘ + |<gaV§1>F’~

Bounding the last two terms on the right hand side by using Young’s inequality and the definition in (@), it
can be deduced that

1 2 1 1/2 o~ 2 1/2 ~\ 112 2 2
Svall + 5122 (=) 13 5, + 1% (on = Pi) 1537, + K7 [Re ()| i |

1 1 _ X
< el S IFI a0+ 3wl + (004 ) el
Thus, by inserting last expression in (I8)), considering s > 1/2 in (TT)), we obtain for 4 small enough
lewnll 7 S (02 DIIF| 2270 +h gl

and the result follows. O

Proof of Theorem|[3.2] It follows directly from Lemmas [3.1]and 3.3}

4. Error analysis
In this section we deduce error estimates based on the stability results proved in the former section.

4.1. Error estimates

In order to develop the arguments in this section we start by defining the following projection of errors:

V. __ u.__ pP._
€, = PVV*Vh, €, = Hvllfllh, eh = Hprph,

u, e » ~ v L il — (19)
e, ':PMﬁ,“ —w,, €, :=Pyp—Dn €, .:PMZV —Vj,, ¢, :=Py,(u-n)—eu}-n.

Lemma 4.1. Let (V,u,p)rand (Vh,uh,ph,ﬁ;l,ﬁh) be the solutions of and (EI), respectively. The projection
= ~ k4 f=/
of the errors (e}, €}l e}, eZ”,eZ ,e;" , ezh) satisfy the following system of equations
ﬁ?
(EZ,W)% - (ezav X W)yh + <ehh X n,W>ayh =0,
v 2 D 2 —
(€, V x2) 5 + (e 2xn)5 75 — K (€€},2) 5 — (], V- (€2)) ;. + (€}, €2:1)y 7 = — Kk (Ilyu—u,z) 5 ,

- (ge}’ll7 VZ)% + <ezu’lvt>89h =0,

(nx €171 =0, (20)
<e;AuZ’I~L>ayh\r =0,
<62§’»n>r =0,
(el )r =0,
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forall (w,z,t,m, 1) € Vi x Vi, x Q; X M, X My,. Here,

) ot
nxe =nx(e}) +1((el) —e"),
eZu” =e(e})" -n+1,(el — ef).
Proof. Let us focus on the second and ninth equations since the rest is proven in a similar way. First notice
that using the definitions given in (I9) and the orthogonality of the projectors, from (@b we obtain
/‘;I
F(z) = (Avv—e,,Vxz), + <PMt vi—e/.zxn)ys — % (e (Tlyu —eY) 2) g,
- (HQP - V (EZ)) <PMhp eh,ez n>8 T
=(v,Vx1z)5 —(€,Vxz), + (V,zxm)yg — (eh”,z Xn)yg — K2 (ellvu,z) 5
+ K% (el z z)g (p,V-(Sz))%—i-(eh,V (ez ))%—l-(p,sz-n)ayh—(ei,sz-n)ayh. 2D

On the other hand, we know that the continuous solution (v,u) satisfies

(V,V X Z)?h + <Vt7z X n>¢9=7/, - K2 (EU,Z)%I - (pav ’ (SZ))% + <P731'n>a<%, = F(Z) : (22)
Thus, the second error equation follows from combining 1) and (22).
Now, let & € My,. By using (19) in (@), we have

(Pu, (eu™ 1) — e )55 = (e (Tlyu— )" -n + 5, (Tlgp — € — Ay, p+€0), o 7.
from where, (Py, (eu® n) —ellyu-n—1,(Tlop — Pu, p), Moz, = (€, " — € (el)" n+1,(e}) —ef), 1)y
Then, by choosing u = eh —£ (eh)n ‘n+ Tn(eZ — eZ ) and using the orthogonality of the projectors together
Wlth , wWe obtalneh w =e(e})" -n+’En(e57e§). O
Theorem 4.1. Let (v,u, p) € Hu*1 () x H¥ (7)) x H» 1 (F) and (Vi wy, pp, 0, Ph) € Vi x Vi X Qp X
M), X My, be the solutions of (3) and (EI) respectively, for ly,ly,1, € [0,k] . There exists hy > 0 such that, for
all h < hy, it holds
1/2 p

lehliZ, + 12"/ ((ef)' —e )Ilay,, + () — )13, + lleef|, < 72 ’““)|lllzu+1 5 POV L g

Proof. We observe that the formulation is the same as , where F : P.(Z,) — C,

such that F(z) := —«2 (Ilyu — u, £z) 7+ Plays the role of F, and 0 plays the role of g. Then, by Theorem
there exists /iy > 0, such that

1/2
e} 12 + 1122 ((e) — ep) 13 + Il (el

for all 4 < hy. It remains to bound the right hand side of this inequality.
Given z € P(.7},), by the Cauchy-Schwarz inequality and the properties in (I2d), we obtain

€ _eh)||a7,, +K ||3eh||9,, S ||F||g 12(9,),C)’

= I Iy+1
[F(z)| < 7 S (Wl g, + B pliir, 7,2l 7
Then, ||I~?||$(L2(9h),<c) S i a4 g, + bt |1, +1,7, and the proof is completed. O

Corollary 4.1. Under the same assumptions as in Theorem if 1 :=min{ly,l,}, we have

[V =villg, +le(@—w)l 7 < At ([als1.2, + 1Pl +1.5,)-
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5. Numerical results

The implementation of the HDG method is based on the code developed by [28] in the context of
diffusion and convection-diffusion problems. The numerical experiments are carried out on a unit cube
Q:=]0, 1]3 divided in two regions Q; and €, and triangulated by a sequence of shape regular tetrahedral
meshes. The interior of a tetrahedron belongs to either Q; or Q,,. We set the wavelength Ay = 4.5 (450 nm),
consider the isotropic dielectric region €, is made of silicon oxynitride whose relative electric permittivity
is & = 2.7124, and the metal region is taken to be evaporated silver with &, = —5.8828 + i0.6650. These
values of the relative electric permittivities depend on Ay and were taken from [3]]. In all the examples we
sett=1,=1.

tog (Jlw—wallz,/Iw—wil 7)

The experimental order of convergence is computed as r(w) := log(h /E)
0g

, Where

h and h, are the sizes of two consecutive meshes and w € {u,v,p}.

Example 5.1: The domain Q is divided in Q; = [0, 1] x [0,1] x [0,1/2] and Q,,, = [0, 1] x [0, 1] x [1/2,1].
We test our HDG formulation, with the case p(x,y,z) = 0 and consider the exact solution u(x,y,z) :=
(0,u2(x,y,z),0)T, with

( ) exp (—iky/€s(z—0.5)) +exp (ix /€4 (z—0.5)), ifz>0.5,
u(x,y,2) = .
2y exp (—iky/€n (z—0.5)) +exp (ik\/€x (z—0.5)), ifz<0.5,

where we recall that k := 27/Ag and hence k = 1.3963. The values of f and g are calculated according with
the exact solution.

Table [T] shows the experimental convergence rates and absolute errors. We observe that, as Theorem [4.1]
predicts, optimal rates of convergence are obtained, i.e., order k+ 1 for u and v.

Table 1: Rate of convergence and errors of Example 5.1

) ) (p) N Vvl [u-wlg p—mlg
- - - 48 1.4117e-01  2.5022e-01 1.9122e-01
196 241 1.24 384 3.6382e-02 4.7241e-02  8.0744e-02
1 1.82 203 251 3072 1.0280e-02 1.1567e-02 1.4166e-02
1.87 199 249 24576 2.8218e-03 2.9133e-03 2.5182e-03
- - - 48 2.1954e-02 2.7236e-02 2.4103e-01
268 231 231 384 3.4161e-03 5.4944e-03 4.8506e-02
2 285 290 289 3072 4.7249e¢-04 7.3397e-04  6.5483e-03
293 3.00 297 24576 6.1861e-05 9.1955¢-05 8.3516e-04
- - - 48 3.5477e-03  1.2115e-02 1.3306e-01
3.68 3.64 3.63 384 2.7665e-04 9.7457e-04 1.0771e-02
3 395 383 388 3072 1.7914e-05 6.8709¢-05 7.2993e-04
405 394 397 24576 1.0826e-06 4.4708e-06 4.6515e-05

Example 5.2: In this example we consider the same setting as in Example 5.1, but considering p(x,y,z) =
sin(27x) sin(27y) sin(27z) instead. Once again, the values of f and g are calculated according with the exact
solution. Table [2] shows that the predicted optimal rates of convergence are achieved.
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Table 2: Rate of convergence and errors of Example 5.2

v ) rp) Nets [Vvilly Tu-wils p— il
- - - 48 9.7455e-02 1.4749e-01 1.8858e-02
1.54 1.89 1.60 384 3.3616e-02 3.9763e-02 6.2176e-03

1 1.73 193 191 3072 1.0150e-02 1.0404e-02 1.6601e-03
1.85 196 194 24576 2.8184e-03 2.6685e-03 4.3362e-04
- - - 48 2.1492e-02 2.3376e-02 3.4517e-03
271 285 295 384 3.2891e-03  3.2332e-03  4.4790e-04

2 286 294 284 3072 4.5457¢-04 4.2035¢-04 6.2567e-05
294 3.00 291 24576 5.9395e-05 5.2433e-05 8.3503e-06
- - - 48 1.5614e-03  2.0326e-03  3.2012e-04
3.53 3.68 3.62 384 1.3546e-04 1.5808e-04 2.6109e-05

3 381 389 379 3072 9.6377¢-06 1.0693e-05 1.8916e-06
392 396 390 24576 6.3701e-07 6.8644e-07 1.2705e-07

Example 5.3: We now consider a metallic corrugation on the interface between £, and Q, that is,
Q,,:=1[0,1] x[0,1] x [0,0.5]U[0.25,0.75] x [0.25,0.75] % [0.5,0.75] and Q, := Q\ Q,,. Motivated by the ap-
plication to photovoltaic devices, we consider f = 0 and the top of the domain, the plane z = 1, is illuminated
by an incident field given by u(x,y, 1) := (0,u2(x,y,1),0)7, with us (x,y,z) = exp (—i [kex + Kyy — Kz (z— 1)]) ,
where K, = k'sin@cos 9, k, = ksin@sing, k; = (k> — k? — k)!/2, 8 = w/4 and ¢ = 0. The boundary data
g is computed according to u. We emphasize the realistic problem involves quasi-periodic boundary condi-
tions on the vertical walls and outgoing radiation conditions above and below the structure. This example

constitutes a stepping stone towards that goal. Figure shows the approximation of the intensity |uy].

6. Concluding Remarks

We have been able to develop an a priori error analysis of an HDG method for a Maxwell equation in
heterogeneous media arising from the application to photovoltaic solar cells that involve periodic surface-
relief gratings. We proved that under enough regularity of the exact solution, the error of the method achieves
optimal rate of convergence of the magnetic and electric fields. In despite of the simplification of the original
problem, we consider this work constitutes a step forward to the ultimate goal of developing an error analysis
of HDG methods for simulations of photovoltaic devices. The next step will consist on extending these
results to the more realistic case where quasi-periodic boundary conditions are imposed on the vertical
boundaries and radiation conditions are considered above and below the domain. This is the topic of our
current research.
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Figure 2: |uy| for k = 1 and 24576 elements.

Appendix A. Well-posedness of (3)

The aim of this part of the appendix is to prove that (3) has a unique solution. We begin by replacing
v =V x u into the second equation of (3), from which we get the following second order system

VxVxu—Kk’eu+eVp=f in Q

)

V.eu=0 in Q, (A.1)
uxn=g on I,
p=0 on T.

First let us suppose g = 0 and define X as in Section 3. We consider the following variational formula-
tion equivalent to (A1) (see Section 5 in [25]): Find (u, p) € Xo x H}(Q) such that

(Vxu,Vxw)g—r*(eu,w)g = (f,w)a, (A.22)
(EVp,Vg)a = (f,Vq)a, (A.2b)

for all (w,q) € Xo x H)(Q).

Lemma Appendix A.l. Suppose k*¢€, is not an eigenvalue of V x Vx. Then (A2a) has a unique solution.
Moreover, |Jul|x, < |Ifllo.

Proof. We will employ Fredholm alternative together with a compact perturbation theory of a bijective
operator. To that end, we rewrite (A-24) as: Find u € X; such that a(u,v) :=a(u,w) —k(u,w) = (f,w), Vw €
Xo, where a(u,w) := (V xu,V x W) — k*(€u,W)q,, + k>(€u,w)q, and k(u,w) := 2k*(eu,w)q,. Itis easy
to see that ¢ and k are bounded sesquilinear forms. Moreover, a is elliptic in (Xo, || - [|x, ). In fact, let w € X.
It follows that |a(w,w)| > Re(a(w,w)) > min{1,—Kk’Re(&y), k*€4} || W||%,, where we recall that Re(g,) <
0. In other words, a satisfies the Gérding inequality |a@(w,w)| > min{1, —k’Re(&,), Kzsd}||w||§(0 —k(w,w)
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for all w € Xy. Then, since the inclusion Xy in LZ(Q) is compact (c.f. Theorem 4.7 in [6]), by Fredholm
alternative the solution exists if and only if it is unique (c.f. [29]).

Finally, to show uniqueness, let us take uy, u, € Xy such that (A — K)u; = (A — K)u, and define ¢ :=
u; —uy. By the linearity of the problem and taking w = ¢, implies that

0=(Vx9,Vx9)—K>(£9,0) = |V x ¢l[g+ K> [Re (&) [#]15,,, — ik Im (&) [ 0]l5,, — K> €4 19]]5,, -

Therefore, taking imaginary part we obtain that —x*Im (g, ||¢||ém =0, from where, § =0 in Q,,. Thus,

0=|Vxé¢ Héd —K%gy ||¢||§2d , which implies that ¢ = 0 in Q, if and only if k*¢, is not an eigenvalue of
VXVx¢=»219¢. O

Lemma Appendix A.2. (A2b) has a unigue solution.

Proof. We consider the following sesquilinear forms: b(p,q) := (€Vp,Vq) —i(Vp,Vq) and ¢(p,q) :=
—i(Vp,Vq) in (A.2b). We notice that [b(q,q)| > [Im(b(g,¢))| = Im(&n) || Vall3,, + [ V4|l forall g € Hj (Q),
then b is elliptic in HJ (Q) by the Poincaré inequality. Let S : H} (Q) — H] (Q)’ the operator induced by
the bounded sesquilinear form c(-,-). We observe that S can be expressed as the composition of continu-
ous functions, i, 21, 7and a compact injection S, i.e. S := To% 080 i, where i : H} (Q) — H' (Q),
S:H'(Q) = L*(Q), Z: [L? (Q)]/ —L2(Q),i: [L? (Q)]/ — [H} (Q)]/ then S is compact (see Theorem
9.11 in [29]). The result follows by similar arguments to the ones used in the proof of previous lemma. [

Remark Appendix A.l. Using the arguments presented in [25]], we can prove that is equivalent
to and thus has also a unique solution. On the other hand, for the case g # 0 we just need
to consider g € v (H(curl; Q) NH(div;Q)) C H~'/%([') and take into account that there exists a unique
@ € H(curl; Q) NH(div?; Q) such that y; (¢) = g (see section 3.5 of [16]). So, if we set y :=u— @, x satisfies
the homogeneous problem and the unicity of u, solution of (3), follows.

Appendix B. On the regularity estimate (T1))

By the same arguments in previous section, (I0a) and (I0b) are well-posed. Now, assumption (TT)
holds, for instance, when Q is simply connected and the interface between Q,, and Q is a plane. In fact,
by Theorem 7.1 of [30], ylq, € H*"1(Q;), for all s € (0,1), where j € {m,d}. Then ¢ € H*(Q;), since

¢ := V x y. Moreover, by elliptic regularity p € H2 (Q).

loc
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