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Abstract

In this paper we consider two mixed variational formulations that have been recently proposed
for the coupling of the Navier-Stokes and Darcy—Forchheimer equations, and derive reliable and
efficient residual-based a posteriori error estimators suitable for adaptive mesh-refinement me-
thods. For the reliability analysis of both schemes we make use of the inf-sup condition and the
strict monotonicity of the operators involved, suitable Helmholtz decomposition in nonstandard
Banach space in the porous medium, local approximation properties of the Clément interpolant and
Raviart—Thomas operator, and a smallness assumption on the data. In turn, inverse inequalities,
the localization technique based on triangle-buble and edge-buble functions in local LP spaces, are
the main tools for study the efficiency estimate. In addition, for one of the schemes, we derive
two estimators, one obtained as a direct consequence of the Cauchy—Schwarz inequality and the
other one employing a Helmholtz decomposition. Finally, several numerical results confirming the
properties of the estimators and illustrating the performance of the associated adaptive algorithm
are reported.
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1 Introduction

We have recently introduced two mixed finite element methods to numerically approximate the fluid
flow between porous media and free-flow zones described by the coupling of the Navier—Stokes and
Darcy—Forchheimer equations with the mass conservation, balance of normal forces, and the Beavers—
Joseph—Saffman condition on the interface [7, [I0]. In particular, a primal-mixed formulation was
derived and analyzed in [7], that is, the standard velocity-pressure mixed formulation in the Navier—
Stokes domain and the dual-mixed one in the Darcy—Forchheimer region, which yields the introduction
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of the trace of the porous medium presure as a suitable Lagrange multiplier. The well-posedness of
the problem is achieved by combining a fixed-point strategy, classical results on nonlinear monotone
operators and the well-known Schauder and Banach fixed-point theorems. A feasible choice of finite
element subspaces for the formulation introduced in [7] is given by Bernardi-Raugel and Raviart—
Thomas elements for the velocities, and piecewise constant elements for the pressures and the Lagrange
multiplier. On the other hand, a fully-mixed formulation, that is, dual-mixed formulations in both
domains, which yields the introduction of two additional Lagrange mulipliers: the trace of the porous
media pressure and the fluid velocity on the interface, was derived in [I0]. The resulting augmented
variational system of equations is then ordered so that it shows a twofold saddle point structure. The
well-posedness of the problem is obtained by combining a fixed-point argument, an abstract theory
for twofold saddle point problems, classical results on nonlinear monotone operators and the well-
known Schauder and Banach fixed-point theorems. The corresponding mixed finite element scheme
employs Raviart—Thomas element, continuous piecewise polynomials and piecewise polynomials for the
pseudostress tensor, velocity and vorticity in the free fluid, whereas Raviart—Thomas and piecewise
polynomials for the velocity and pressure in the porous medium. For both formulations, sub-optimal
a priori error estimates were also derived.

Now, it is well known that under the eventual presence of singularities, as well as when dealing with
nonlinear problems, as in the present case, most of the standard Galerkin procedures such as finite ele-
ment and mixed finite element methods inevitably lose accuracy, and hence one usually tries to recover
it by applying an adaptive algorithm based on a posteriori error estimates. For example, residual-based
a posteriori error analyses for the Stokes—Darcy and Navier—Stokes/Darcy coupled problems have been
developed in [3] and [8] for the associated primal-mixed and fully-mixed formulations, respectively.
In fact, standard arguments relying on duality techniques, suitable decompositions and classical ap-
proximation properties, are combined there with corresponding small data assumptions to derive the
reliability of the estimators. In turn, inverse inequalities and the usual localization technique based
on bubble functions are employed in both works to prove the corresponding efficiency estimates. On
the other hand, and concerning quasi-Newtonian fluid flows obeying to the power law, as in the case
of the Darcy—Forchheimer model, not much has been done and we just refer to [16, [13], [I7], where
different contributions addressing this interesting issue can be found. In particular, an a posteriori
error estimator defined via a non-linear projection of the residues of the variational equations for a
three-field model of a generalized Stokes problem was proposed and analyzed in [16]. We remark that
the non-linear projections do not need to be explicitly computed to construct the a posteriori error
estimates. In turn, a fully local residual-based a posteriori error estimator for the mixed formulation
of the p-Laplacian problem in a polygonal domain, was derived in [13]. In this case, the authors study
the reliability of the estimator defining two residues and then bounding the norm of the errors in terms
of the norms of these residues. Moreover, the discretized dual-mixed formulation is hybridized and
provide several tests for p = 1.8 and p = 3 to experimentally verify the reliability of the estimator.
We remark that up to the authors’ knowledge, there is not works dealing with the a posteriori error
analysis for the coupling of the Navier—Stokes (or Stokes) and the Darcy—Forchheimer models.

According to the above discussion and aiming to complement the results on the numerical analysis
of the coupled Navier—Stokes and Darcy—Forchheimer equations, in this paper we proceed similarly
to [16, 13}, 17, 19, B, 20, 21), [§] and [9], and develop reliable and efficient residual-based a posteriori
error estimators for the mixed finite element methods introduced and analyzed in [7] and [10]. More
precisely, starting from the inf-sup condition and the strict monotonicity of the operators involved, and
employing suitable Helmholtz decompositions in nonstandard Banach spaces, we prove the reliability
of residual-based estimators under a smallness condition on the data, . In turn, the efficiency estimate
is consequence of standard arguments such as inverse inequalities and the localization technique based



on triangle-buble and edge-buble functions in local LP spaces. Alternatively, and similarly to [9], a
second reliable and efficient residual-based a posteriori error estimator not making use of any Helmholtz
decomposition in the Navier—Stokes region is also proposed for the fully-mixed formulation.

The rest of this work is organized as follows. The remainder of this section introduces some standard
notations and definition of functional spaces. In Section [2]we recall from [7] and [10] the model problem.
Next, in Section [3] we describe the continuous formulations and the corresponding primal-mixed and
fully-mixed finite element methods, whereas some preliminary results necessary to the a posteriori
error analysis are established in Section [4] Then, in Sections [5] and [6] we introduce a posteriori error
indicators and, assuming small data, we derive the corresponding theoretical bounds yielding reliability
and efficiency of each estimator. Finally, some numerical results confirming the theoretical sub-optimal
order of convergence and at the same time suggesting an optimal rate of convergence as in [7, [10] are
presented in Section [/} Additionally, these numerical essays illustrate the efficiency and reliability of
the a posteriori error estimators, and show the good performance of the associated adaptive algorithm
for the finite element methods.

We end this section by introducing some definitions and fixing some notations. Let O C R",
n € {2,3}, denote a domain with Lipschitz boundary I'. For s > 0 and p € [1,+00] we denote by
LP(O) and W*P(O) the usual Lebesgue and Sobolev spaces endowed with the norms || - |[rp(0) and
| |ls.p:0, Tespectively. Note that WOP(O) = LP(O). If p = 2, we write H*(0) in place of W2(0), and
denote the corresponding Lebesgue and Sobolev norms by || - |lo.0 and || - ||s,0, respectively, and the
seminorm by |-|s 0. In addition, we denote by W1/4P(T') the trace space of W'P(0), and let W—1/44(T")
be the dual space of WY/ 4P(T") endowed with the norms || - ll1/q,p;0 @nd || - [| =1 /q,q;0» Tespectively, with
p,q € (1,400) satisfying 1/p+1/q = 1. By M and M we will denote the corresponding vectorial and
tensorial counterparts of the generic scalar functional space M, and || - ||, with no subscripts, will stand
for the natural norm of either an element or an operator in any product functional space. In turn, for
any vector fields v = (v;)i=1, and W = (w;)i=1,n, we set the gradient, divergence, and tensor product
operators, as

vy "L Ov;
Vv = ! , divv:= Z — and vew:= (viw;)i,j=1,n-
oz i/ =1 - 8a:j ’ ’
J=1Ln ]:1
Furthermore, for any tensor fields 7 = (7;;)i j=1,n and ¢ = ()i, j=1,n, We let divr be the divergence
operator div acting along the rows of 7, and define the transpose, the trace, the tensor inner product,
and the deviatoric tensor, respectively, as

n n
1
t d
T = (Tji)ij= = i (¢ = i Gij =T —
(Tji)ij=1,n, tr(T) ZTM, T:¢ Z 7;jG; and T T ntr ()L,
=1 3,j=1
where [ is the identity matrix in R”*". In what follows, when no confusion arises, | - | will denote the
Euclidean norm in R™ or R™*™, Additionally, we recall that
H(div; ) := {T cL2(0): divr € L2((9)},
equipped with the usual norm H‘r||(2ﬁv;o = HTH&O + HdiVTHaO, is a standard Hilbert space in the

realm of mixed problems. On the other hand, the following symbol for the L2(T") inner product

(€ Ny = /Fa VE N e LAT),



will also be employed for their respective extension as the duality parity between W~/ L4YT) and
W1/4P(T). Furthermore, given an integer k > 0 and a set S C R™ P,(S) denotes the space of
polynomial functions on S of degree < k. In addition, and coherently with previous notations, we
set Pr(S) := [Px(S)]™ and Px(S) := [Pr(S)]"*". Finally, we end this section by mentioning that,
throughout the rest of the paper, we employ 0 to denote a generic null vector (or tensor), and use C
and ¢, with or without subscripts, bars, tildes or hats, to denote generic constants independent of the
discretization parameters, which may take different values at different places.

2 The model problem

For simplicity of exposition we set the problem in R?. In order to describe the geometry under
consideration we let Qg and Qp be two bounded and simply connected polygonal domains in R? such
that 0QsNINp = X # 0 and Qs N Qp = B. Then, let I's := 905\ 3, I'p := IQp \ X, and denote by n
the unit normal vector on the boundaries, which is chosen pointing outward from €2 := Qg U X U Qp
and Qg (and hence inward to Qp when seen on ). On X we also consider a unit tangent vector t (see

Figure below).

Figure 2.1: Sketch of a 2D geometry of our Navier—Stokes/Darcy—Forchheimer models.

The problem we are interested in consists of the movement of an incompressible viscous fluid
occupying €2g which flows towards and from a porous medium p through 3, where Qp is saturated
with the same fluid. The mathematical model is defined by two separate groups of equations and by
a set of coupling terms. In the free fluid domain (g, the motion of the fluid can be described by the
incompressible Navier—Stokes equations:

—2udive(ug) + p(Vug)ug+ Vps = fs in Qg, divug=0 in Qg, us=0 on TIg, (2.1)
1
where e(ug) = 3 {Vus + (Vug)t} stands for the strain tensor of small deformations, y is the viscosity

of the fluid, p is the density, and fg € L2(Qg) is a given external force.

On the other hand, as was explained in [7, [10], given functions fp € L%/2(Qp) and gp € L?(Qp), in
the porous medium Qp we consider the Darcy—Forchheimer equations:

F
HK*IuD+f\uD|uD+VpD:fD in Qp, divup=g¢gp in Qp, up-n=0 on Ip, (2.2)
p p

where F represents the Forchheimer number of the porous medium, and K € L*°(Qp) is a symmetric
tensor in {2p representing the intrinsic permeability k of the porous medium divided by the viscosity



p of the fluid. We assume that there exists Cx > 0 such that w - K~(x)w > Ck|w|?, for almost
all x € Qp, and for all w € R2. Finally, the transmission conditions coupling (2.1)) and (2.2)) will be
described below.

3 The variational formulations

In this section we introduce two variational formulations for the coupling of the Navier—Stokes and

Darcy—Forchheimer equations proposed in [7, Section 2.2] and [I0], Section 3.1], and recall the respec-
tive solvability results.

3.1 Preliminaries

We first introduce further notations and definitions. In what follows, given x € {S,D}, we set

(u,v)*::/*uv, (u,v)*::/*u'v, and (0',7')*::/*0':7'.

Furthermore, given p € [2,+00), in the sequel we will employ the following Banach space,

HP (div; Qp) = {vD eLP(Qp): divvp € LZ(QD)},

endowed with the norm
) p : p\P
IVl aivian) = (IVDIEs,) + Idiv Vol g, )
and the following subspaces of I.?(Qg), HP(div;Qp) and H!(Qg), respectively
Liew(@s) = {ns € L¥(Qs):  m§=—mg},
HIED(diV;QD) = {VD € HP(div;Qp): vp-n=0 on FD},

HL (Qg) = {vs cH!(Qg): ws=0 on rs}, H} () == [Hp, (92)]2
o . 1/2 o Teql/2 2
In addition, we need to introduce the space of traces Hy, (X) := [Hoo (Z)] , where

1/2
HA(D) = {U|E: ve H%S(Qs)}.
Observe that, if Egg : HY/2(X) — L2(8Qs) is the extension operator defined by

Y on X

Bus() = { & on © Ve cHIE)

we have that
Hy (D) = {¥ e HYX(Z):  Bos(v) € HV2(99%) }.

which is endowed with the norm ||9[[/2,00;5 = [Eo,s(¢)[l1/2,005- The dual space of Hééz(E) is denoted
~1/2
by Hyy (%),



3.2 The primal-mixed approach

Let us consider the Cauchy stress tensor og := —psl+ 2 e(ug) in Qg. In this way, the Navier—Stokes
problem [2.1] can be rewritten as

—div&s+p(Vus)uS =1fs in g, divug =0 in Qg, ug=0 on I%g. (3.1)

In turn, in the porous media we consider the equations (2.2)), whereas the transmission conditions are

given by
Qb

Vvt kt
where «g4 is a dimensionless positive constant which depends only on the geometrical characteristics
of the porous medium and usually assumes values between 0.8 and 1.2.

us-n =up-n on X and ogn-+ (ug-t)t = —ppn on 3, (3.2)

3.2.1 The continuous formulation

In this section we introduce the weak formulation derived for the coupled problem given by (3.1),
(2.2), and (3.2)) (see [7, Section 2.2] for details). In fact, we first group the spaces and unknowns as

follows:
H:= H%S(QS) X H%D(div;QD)7 Q:= L%(Q) % W1/3»3/2(2)7

u .= (US,UD) € Ha (pu >‘) € Q)

where p := psxs + ppxD, with x, being the characteristic function for x € {S,D}, and X := ppl|y €
W1/33/2(%) is an additional unknown. Thus, we arrive at the mixed variational formulation: Find
(u,(p,\)) € H x Q, such that

[a(us)(u),v] + [b(v), (p,A)] = [f,V] Vv :=(vs,vp) € H,
[b(u), (¢,¢)] = [g,(¢:8] V(3,6 €Q,

where, given wg € H%S(Qs), the operator a(wg) : H — H' is defined by

(3.3)

[a(ws)(u), v] := [As(us), vs] + [Bs(ws)(us), vs] + [Ap(up), vp],

with

As(ug),vs] = 2u<e<us>,e<vs>>s+< uS't=VS't> ,

by

g
VvVt Kt
[Bs(ws)(us), vs] = p((Vus)ws,Vs)s,
F
[Ap(up),vp] = (K up, vp)p, + - (Juplup, vp)p
whereas the operator b : H — Q' is given by

[b(V), <Q7 é)] = —(dIV Vs, q)S - (le VD, Q)D + <VS ‘N —Vp -1, f)z .
In turn, the functionals f and g are defined by
[fv V] = (fS7 VS)S + (fDa VD)D and [gv (Q7 g)] = _(gDa q)D

In all the terms above, [, -] denotes the duality pairing induced by the corresponding operators.
Further details for the solvability of (3.3]) follows from the fixed-point strategy developed in [7, Theo-
rem 3.12].



3.2.2 The finite element method

Let ThS and 7;LD be respective triangulations of the domains 2 and p formed by shape-regular
triangles of diameter Ay and denote by hg and hp their corresponding mesh sizes. Assume that they
match on X so that 7, := 7;LSU7;LD is a triangulation of 2 := QgUXUQp. Hereafter h := max {hs, hD}.
For each T € ’7;1D we consider the local Raviart—Thomas space of the lowest order:

RT(T) = span{(1,0), (0,1), (a1,2) }.
In addition, for each T € 7718 we denote by BR(T) the local Bernardi-Raugel space:
BR(T) := Pi(T) @ Spaﬂ{nz%nh771773112,771772113}7

where {m, N2, ng} are the baricentric coordinates of T', and {nl, no, ng} are the unit outward normals
to the opposite sides of the corresponding vertices of 1. Hence, the finite element subspaces for the
velocities and pressure are, respectively,

Hyr,(Qs) = {v €HL (Qs): vlreBR(T), VTe 77?}
H,rp (@) = {v € B} (div;Qp):  vir € RTo(T), VT eTP},
Lpo(2) = {q eL§(Q): qlr ePo(T), VT e 771}-

Next, for introducing the finite element subspace of W1/3:3/ (%), we denote by ¥, the partition of ¥
inherited from 7;LD (or 7',?’), which is formed by edges e of length h., and set hy := max {he te€ Eh}.
Therefore, we can define (see [7, Section 4] for details):

Ap(D) = {gh DS R: &ule € Pole) Vedgeee zh}. (3.4)

In this way, grouping the discrete spaces and unknowns as follows:
Hj, == Hyrg(2s) x Hyrp (2p),  Qp := Lao(R2) x Ap(X),
uy, = (usp,upp) € Hy,  (pr, An) € Qp,

where py, := ps pxs+Pp,n XD, the Galerkin approximation of (3.3)) reads: Find (uy, (pp, An)) € HypxQp,
such that

[an(us n)(an), vl + [b(vh), (prs An)] = [f, Vi Vvy == (Vs,n, VD) € Hp,
[b(up), (qn, &) = [g,(an,&n)] Y (an,&n) € Qn-

Here, aj(wsp) : Hy, — Hj is the discrete version of a(wg) (with wg; € Hjpp(f2s) in place of
wg € H%S(QS)) defined by

(3.5)

lan (W) (Ur), vi] = [As(us), vs ) + [BE(Wsn)(us n), vs ] + [Ap(up), vl
where Bg(ws,h) is the well-known skew-symmetric convective form:
[B&(wWsn)(us p)s Vs p] = p((Vus p)Wsn, Vs a)s + g (div ws pus n, Vs 1)s»

for all ug s, vsn, Wsp € Hp g (2s). The solvability analysis and a priori error bounds for (3.5)) are
established in [7, Theorems 4.9 and 5.2], respectively.



3.3 The fully-mixed approach
Now, we consider the nonstandard pseudostress and vorticity tensors, respectively,
1 .
o5 = —psl + 2pie(us) — plus D us) and g = 5 {Vus— (Vug)'} i Os.

Thus, the Navier-Stokes problem [2.1] can be rewritten as

1

7o-g = Vus —vg — ﬁ(us ® us)dl in Qg, —divesg =fg in Qg,

21 2p (3.6)
Py = - tr(og +p(us®ug)) in Qg, ug =0 on I

Note that the third equation in (3.6)) allows us to eliminate the pressure pg from the system and
compute it as a simple post-process of the solution. In turn, in the porous media we consider the
equations whereas the transmission conditions are given by

ugs-n =up-n on % and a'sn+w1_1(us~t)t = —ppn on %, (3.7)

where w; is a positive frictional constant that can be determined experimentally.

3.3.1 The continuous formulation

In this section we introduce the weak formulation for the coupled problem given by (3.6} , ,
and (3.7). For this case, we need to add two auxiliary unknowns: ¢ = —ugly € H ) and

A := pply € WY/33/2(2). In turn, for uniqueness of solution we will require pp € LO(QD) (see [10,
Section 3.2] for details). Then, we group the spaces, unknowns, and test functions as follows:
Xy = H(div; Qs) x Hp (Qs) x L, (Qs), Xz :=H} (div;Qp),
X=X x Xa, Y = Hy) (%) x W/33/2(3),
H:=XxY and Q:=L%Qp),

T = (TS,VSaTIS) € X1,
t:=(o,up)eX, ¢:=(p A€ pp €Q,
ri=(r,vp)eX, ¥:=@,§)cY, @eQ,
where X, Y, H and H x QQ are respectively endowed with the norms

g = (o-Sau87’YS) S Xla

lxllx = l[7sllaivias + [IVsllios +[nslloas + [1Vollas @ivian),
1Pl = l[9ll1 /2005 + 1€ll/zs/28 (@ @)l = llellx + [¢]ly,
1((x; %), gp) <o = (£, ¥)llu + llgpllo.op-

Hence, the augmented fully-mixed variational formulation for the system (3.6)), (2.2)) and (3.7) reads:
Find ((t, ¢),pp) € H x Q such that

[A(uS)(L f)’ (£7 ﬁ)] + [B(Ev ﬂ)va] = [F7 (Ey y)] V(E, %) € H,
B(t, ), qp] = [G,qp] Vap € Q,

(3.8)



where, given wg € HILS(QS), the operator A(wg) : H — H’ is defined by
[A(ws)(t, ¢), (r, )] == [a(ws)(t), x] + [b(r), ] + [b(t), Y] — [c(p), ¥],

and a(wg) : X — X' is given by :
[a(ws)(t),x] := [As(a), 7] + [Bs(ws)(a), 7] + [Ap(up), vp],
with

1 . . . .
[As(e), ] = @( ‘Si, T%)S + k1(diveg, divrg)s + (ug, divrg)s — (diveg, vs)s

1
T (g, 75)s — (o5, mg)s + iz <e(US) - 2Maé,ews))
S

1
+ K3 (‘/s - Q(Vus - (Vus)t)ﬂ?s> ;

S
Bs(ws)(@), 7] 1= 5 ((ws @ us) 75— mae(vs) )
[Ap(up), vp] = %(K_luDaVD)D + z(IUD\UD,VD)D,

whereas the operators b: X —Y’, ¢: Y — Y’ and B : H — Q' are defined, respectively, by
[b@)aﬂ] = <TSn7 ¢>Z - <VD -, §>E 5

[C(f)’i] = wfl <90 : t7¢ ’ t>2 + <90 : l’l,§>2 - <¢ -1, )‘>E7

[B(r;%),qp] := —(gp,divvp)p.
In turn, the functionals F and G are set as
[F, (r,9)] = —ri(fs, divrs)s + (s, vs)s + (fo, vp)p  and  [G,¢p] == —(g9p,qp)D,

where k1, k2, and k3 are suitable positive parameters described in [I0, Section 3.2], which will be
chosen explicitly for the numerical experiments in Section

We remark here that (3.8]) is equivalent to the variational formulation defined in [10, Section 3.2],
in which og is decomposed as og = og + /I, with og € Hy(div;Qg) and ¢ € R, where

Hp(div; Qg) := {’TS € H(div;Qg) :  (tr7s,1)s = O}.
For details of the well-posedness of (3.8)) we refer the reader to [10, Section 4].

3.3.2 The finite element method

Now, considering the same notations stated in Section we recall from [10), Section 5] the finite
element subspaces:

Hy,(Qg) = {Ts,h € H(div;Qs): cirsy € RTo(T) Vee ]R"},

Hj 1 (Qs) = {VS,h €H (Qs): vsulr €Pi(T) VT e 7718},
Ln(Qg) = {ns,h € Liew(s) 1 mgulr €Po(T) VT € 7;18}7
Hrp(20) = {vo, € B} (diviOp): vpalr € RTo(T) VT eTP},
Lpo(Qp) = {QD,h eLi(): goulr €Po(T) VT € ED}-

9



In turn, we also consider the subspaces AP () := Ax(2) (cf. (3:4)) and A(E) = [AF(Z)]?, given by

M) = {eneC(D): vl €Pile) V edgeee T, wh<mo>=¢h<xN>=o},

where Yy, is the partition of ¥ arising by joining pairs of adjacent edges of ¥, (if the number of edges
of 3}, is odd, we simply reduce to the even case by joining any pair of two adjacent elements and then
construct Yoy, from this reduced partition) and zy and xy are the extreme points of 3.

Then, defining the global subspaces, unknowns, and test functions as follows

Xp1 = Hp(Qs) x H}%FS(QS) x Lp(Qg), Xpo:=Hy,r,(p),

Xy o= Xp1 X Xpa, Ypi=AR(D) x AP(2),
Hp, ==X, x Yy, and Qp :=Ljo(Op),
= (08, Ush, Vs h) € Xnts  Th = (TS VS Msh) € Xni,
6y = (ap upp) € Xn, @, = (@n,An) € Yn, ppn € Qn,
vy = (Th, vDu) € Xpy, by = (1, &) € Y, aqpp € Qa,
the Galerkin scheme associated with problem reads: Find (@h?fh)vp]lh) € Hy, x Qp, such that
[A(usp)(ty, @,), (r, ®))] + By, ¥,), o] = [F, ey, 9] Vi, ¢,) € Ha,

[B(th, #,,), ap,n] = [G.qp] Vgp,n € Qn.

The solvability analysis and a priori error bounds for (3.9)) are established in [10, Theorems 4.10 and
6.1], respectively.

(3.9)

4 Preliminaries for the a posteriori error analysis

Now we introduce a few useful notations for describing local information on elements and edges. First,
given T € 7'hs U TP, we let £(T) be the set of edges of T, and denote by &, the set of all edges of
7715 U 77LD, subdivided as follows:

En = En(l's) UEL(ID) U ER(Q2s) U ER(S2n) U ER(X),

where &, (T’ —{eeé'h e CT, } En(Q :{eegh'eCQ } for x € {8, D} andtheedgesofé’h(Z)
are exactly those forming the prev1ously defined partition Xj, that is &,(X) := {e €&y eC E}.
Moreover, h. stands for the length of a given edge e. Also for each edge e € Sh we fix a unit normal
vector n, := (n1,n2)", and let t. := (—ng,n1)" be the corresponding fixed unit tangential vector along
e. Now, let v € L?(€),) such that v|y € C(T) on each T € T;*. Then, given e € £(T) N Ex(Qy), we
denote by [v - t.] the tangential jump of v across e, that is, [v - tc] := {(v|7)]e — (V|17)|e} - te, where
T and T" are the triangles of 7,* having e as a common edge. In addition, for 7 € L2(€2,) such that
7|r € C(T), we let [T n.] be the normal jump of T across e, that is, [T n.] := {(7|7)|e — (7]r)le } ne
and we let [7 t.] be the tangential jump of T across e, that is, [T tc] := {(7|7)|e — (T]77)]e }te. From
now on, when no confusion arises, we simply write n and t instead of n, and t., respectively. Finally,
given scalar and vector valued fields ¢, v = (v1,v2)" and 7 := (7i;)2x2, respectively, we set

curl (¢) := <8¢ —(%>t, curl (v) = ( curl (v, )

dry’  Or curl (vs)

rot (v) := % — % and rot (1) := ( igt 2111,:123 > 7
215 T22



where the derivatives involved are taken in the distributional sense.

Let us now recall the main properties of the Raviart-Thomas interpolator (see [I8, 22]) and the
Clément operator onto the space of continuous piecewise linear functions [12] 27]. We begin with the
former, denoted IT} : H'(Q,) — Hj (), * € {S, D}, which is characterized by the identity

/Hfl(v)~n—/v~n V edge e of Tp. (4.1)
(& e

As consequence of (4.1)), there holds: div (II}(v)) = Pj(div v), where P} is the L?(£,)-orthogonal pro-
jector onto the piecewise constant functions on €. A tensor version of IT}, say IT} : H'(Q,) — Hj (),
which is defined row-wise by 117, and a vector version of Py, say P}, which is the L2(Q,)-orthogonal
projector onto piecewise constant vectors on {2, might also be required. The local approximation
properties of II} (and hence of IT}) are established in the following lemma. For the corresponding
proof we refer the reader to [18] (see also [4]).

Lemma 4.1 For each x € {S,D} there exist constants c1,ca > 0, independent of h, such that for all
v € HY(Q) there holds

or < crhr|viir VYT €Ty

lv =T

and

Iv-n—Tv nloe < h?|viin Vee &,
where T, is a triangle of T;* containing the edge e on its boundary.
In turn, given p € (1,+00), we make use of the Clément interpolation operator I} : WhP(€,) —
Xn(Qy), with x € {S,D}, where
X () = {v €C(Q,): vlrePi(T) VT e Th*}.

The local approximation properties of this operator are established in the following lemma (see [27],
Lemma 3.1] for details):

Lemma 4.2 For each x € {S,D} there ezists constants c3,cq > 0, independent of hy, such that for
all v € WHP(Q,) there hold

v = Ihvlleer) < cshrlvllipa,y YT €T,
and
v — Ivlliee) < ca hilp vl psa,e) Ve € En

where

AL(T) = u{T’ e T T’ﬂT;é(Z)} and A, (e) = u{T’ e T T’meﬂ)}.

In particular, for p = 2 a vector version of I3, say I,SZ : HY(Qs) — X;,(Qs), which is defined component-
wise by I E , will be needed as well.

For the forthcoming analysis we will also utilize a stable Helmholtz decomposition for H%D (div; Qp).
In this regard, and in order to analyze a more general result, given p € [2,+00) we will consider the
Banach space H?D (div; Qp) introduced in Section and analogously to [2] we remark in advance
that the decomposition for H?D (div; Qp) will require the boundary I'p to lie in a “convexr part’ of

11



Qp, which means that there exists a convex domain containing {)p, and whose boundary contains I'p.
We begin by introducing the following subspaces of WP (Qp),

Wll—\’llj(QD) = {T]D S Wl’p(QD) : nmp=0 on FD},
and establishing a suitable Helmholtz decomposition of our space H?D (div; Qp).

Lemma 4.3 Assume that Qp is a connected domain and that I'p is contained in the boundary of a
convex part of Qp, that is there exists a convex domain = such that Qp C E and I'p C 9=. Then, for
each vp € H?D (div; Qp) with p € [2,+00), there exist wp € HY(Qp) and Bp € W;ﬁ(QD) such that

vp = wp +curlfpp in Qp, (4.2)
and
[wollLep + 18pll1pesr < Chel VD llaP(divion): (4.3)
where Chel 1S a positive constant independent of all the foregoing variables.
Proof. Since divvp € L?(Qp) for each vp € H?D (div;Qp), the first part of the proof proceeds

similarly as the proof of [2, Lemma 3.9]. In fact, given vp € H?D (div; Qp), we let z € H?(Z) be the
unique weak solution of the boundary value problem:

diVVD in QD
Az = 1
E\ | Jay,

Thanks to the elliptic regularity result of (4.4) we have that z € H?(Z) and

. . _.—= 5, Vz:n=0 on 0Z /zzO. (4.4)
divvp in =\ Qp =

zllzz < clldivvplloap,

where ¢ > 0 is independent of z. In addition, it is clear that wp = (Vz)|q, € HY(Qp), divwp =
Az =divvp in Qp, wp - n =0 on 9= (which implies wp - n =0 on I'p), and

wolliop < llzllaop < llzll2z < ¢l|divvpllogp- (4.5)

On the other hand, let us set ¢ := vp — wp and notice that ¢p is a divergence-free vector field
in Qp. Then, using the continuous injection from H'(Qp) into LP(Qp) with p € [2,+00), and the
estimate (4.5)), we deduce that ¢ € LP(2p) and

épllLe@n) < E{”VDHLP(QD) + HWDHLQD} < ¢|lvpller @ivion)- (4.6)

In this way, as a consequence of [22] Theorem 1.3.1], given ¢p € LP(Qp) with p € [2,+00) satisfing
div¢p = 0 in Qp, and Qp connected, there exists Bp € WP (Qp) such that ¢ = curl fp in Qp, or
equivalently

vp—wp =curlf8p in Qp. (4.7)
In turn, noting that 0 = (vp — wp) -n = curlffp - n = % on I'p, we deduce that fp is constant

on I'p, and therefore Sp can be chosen so that fp € W%’S(QD), which, together with , complete
the Helmholtz decomposition . Finally, as a consequence of the generalized Poincaré inequality,
it is easy to see that the norms ||8p||1,p;0p and |Bpl1pp = llcurl Bpl|Leqy) are equivalent (see [22,
Lemma 1.3.1] for details), and employing (4.6]), we obtain

1B ll1pian < clleurl BpllLeap) = cll@pllLe@p) < Cllvpllar@iviop)- (4.8)
Then, it is clear that (4.5) and (4.8) imply (4.3 and conclude the proof. O

Now, we establish an integration by parts formula which is an extension of [14, Lemma 3.5].
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Lemma 4.4 Let p and q two fized real numbers such that 1/p+1/q = 1. Let Q be a bounded domain
with Lipschitz-continuous boundary 0. Then there holds

d
(curly -n,p)yq = — <df, X> Vx € WhP(Q), Vo € WHI(Q). (4.9)
[2/9]

Proof. We first recall from [15, Corollaries B.57 and B.58] (see also [22, eq. (2.17) and Theorem 2.11])
that the Green formulae in HP(div ,; Q) and HY(rot o; Q) establish, respectively, that

/ pdivv + / v-Vo=(v-nde)y, VYveHP(divyQ),VeecWH(Q), (4.10)
Q Q

/ protv — / v.curlg = (v-t,0)sq Vv EHIY(roty;Q), Vo€ WP(Q), (4.11)
Q Q
where

HP(div ,; Q) :== {v eLP: divve LP(Q)}, H(rot ; Q) := {V eL9: rotve Lq(Q)}.

Then, given now x € WHP(Q) and p € WH4(Q), we first apply ([.10) with v := curl x € HP(div ,; Q)
and ¢ := ¢ € Wh9(Q), and then employ (4.11)) with v := V¢ € H(rot ;Q) and ¢ := x € WLP(Q),
to obtain

d
(Curlx-n,s0>m=/curlx-VwZ/xrot(Vw)—<V90-t,x>m:—<df,x> ,
Q Q o0

which shows (4.9) and completes the proof. O

Finally, we end this section with a lemma providing estimates in terms of local quantities for the
W~1/99(%) norms of functions in particular subspaces of L4(X), with 1 < p < 2 and 1/p + 1/q = 1.
More precisely, having in mind the definition of Ap(X) (cf. (3.4)), which is subspace of W/aP(%), we
introduce the orthogonal-type space

AL(D) = {)\ e W Va9S) NLA(D):  (M&)s =0 V&, € Ah(E)}. (4.12)
Then, the announced lemma, is stated as follows.

Lemma 4.5 Let p and q two fized real numbers with 1 < p <2 and 1/p+1/q = 1. Then, there exists
C > 0, independent of the meshsizes, such that

1/a
M 1/gas < C 3 D helAlfa VA€ Ay (D). (4.13)
e€lp (%)

Proof. Given \ € Aj-(X), we first observe that A € W~1/44(%) and that

A,
IA-1/q.q5 = sup Ao (4.14)
ceWl/ap(x) Hf”l/q,p;E
£#0
Then, since Pg(£) € Ap(X) VE € WY9AP(E), with Py being the L?(X)-orthogonal projection onto

Ap (%), it follows from (4.12)), (4.14)), and Holder’s inequality, that
Y MlLallE = Pe(€)llLoe)

A E—Ps(€ cEER(E)
Plyaqs = swp 2 Pel@)s o cehn ()
gewl/q,p(z) ||£||1/q,p;2 gewl/qyp(g) ||f”1/q,p;z
§#0 £#£0
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where P.(§) := Px(§)|e on each e € &,(X). In turn, from the local approximation estimates of P., we
have

1€ = Pe()llLeey < chlélliney YEELP(e) and [ — Pe(&)llir(e) < chelléllipe YEE€ WHP(e),
and then, by interpolation arguments, we find that
1€ = Pe(©)llr(e) < che/IEN1jqpme VEE WYHP(e), (4.16)
with 1/p + 1/q = 1. Thus, the estimate (4.16|) combined with (4.15)), yields

> IMlLa@llé = Pe@llie@ey < ¢ > hUMalléllqupe

e€&n (%) e€&p(X)
1/q 1/p 1/q
< 3 helAl, S et <O S RlAa b I€lap
e€&p(X) e€&p(X) e€&p ()

Notice that in the last inequality we have used the fact that the space Heeg =) W1/%P(e) coincides

with W/9P(¥), without extra conditions when 1 < p < 2 [23, Theorem 1.5.2.3-(a)], to obtain the
norm [|€||1/q,p;x» Which combined with (4.15)) imply (4.13) and conclude the proof. O

5 A posteriori error analysis: The primal-mixed approach

In what follows we assume that the hypotheses of Theorems 3.12 and 4.9 in [7] hold. Let u :=
(u,(p,\)) € Hx Q and uj, := (up, (pn, \n)) € Hy X Qp, be the unique solutions of problems and
, respectively. In addition, let us denote psp = pplag and ppp = pula,- Then, we define for
each T € 7',;S the local error indicator

2
@%I = ||div U—S,hH(Q),T + h% Hfs +divog ), — p(Vugp)ug ), — gdiv uS,hU-S,hHO
, ot 2 (5.1)
+ > he|lesan]llg.+ Y. he||gsan+ N+ \/ﬁ(u&h )t
e€&(T)NER () e (T)NER(S) R O,
where
Gsp = —psul +2ue(ugy,) oneach T e TP (5.2)
Similarly, for each T € 771D we set
Obr = llgp — divupalZy + 53 0 — U2y + S heldu—poalie  (53)
e€E(T)NER(E)
and
3/2 3/2 3/2 3/2
@D/T = hy ! Hmt fo —Up,n) HL/3/2(T T Z he” [(fo —Up,p) - t] HL{‘/Z(C)
eE(T)NERL(Q2
» e€E(T)NEL (D) (5.4)
+ D hel|(fo = Upn) b5z
e€E(T)NEL (D)
where
o Py F D
UD,h = ;K upp + ;]uDﬁ\uD,h oneach T € 771 . (55)
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Finally, for each e € &,(X) we define
3
@%’e = h, HUS,h ‘n—upyp - nHLg(e), (5.6)

so that the global a posteriori error estimator is given by:
1/2 2/3 1/3

0= 0%+ Y &, + S eyt 3 S e . (5.7)

TeTS TeTP TeTP e€én(X)

Notice that the second term defining (:)]237T requires that fp € L%(T') for each T' € 7,;°. This is ensured
below by assuming that fp lives now in L?(Qp) in place of L3/2(Qp).

The main goal of the present section is to establish, under suitable assumptions, the existence
of positive constants C, and Ceg, independent of the meshsizes and the continuous and discrete
solutions, such that

Cot © + hoot. < [t —tpllHxq < Cra ©Y2 (5.8)

where h.o.t. stands, eventually, for one or several terms of higher order. The upper and lower bounds
in (5.8), which are known as the reliability of ©/2 and efficiency of ©, are derived below in Sections
and respectively.

5.1 Reliability
First, we recall from [7] the following notation
M(fs, fp, gp) = max {N(fs,fD7gD)1/2,/\/(fS,vagD),N(fsva,gD)Q},

where N (fs, fp, gp) = ||fs
result of this section.

lo,0s + [IfpllLsr2 gy + llgplloan + lgpll§.0,,- Then, we establish the main

Theorem 5.1 Assume that Qp is a connected domain and that I'p is contained in the boundary of
a convex part of Qp, that is there exists a conver domain = such that Qp C = and I'p C 0=. In
addition, assume that the data fs, fp and gp, satisfy:

M(f87fDagD) < %mln {TvF}a (59)

where T and T are the positive constants, independent of the data, provided by [7, Lemma 3.11 and
Theorem 4.9], respectively. Assume further that fp € L2(Qp). Then, there exists a constant Cye > 0,
independent of h, such that

6 — tnlHxq < Cra ©Y2 (5.10)

We begin the proof of (5.10]) with a preliminary estimate for the total error |4 — up||axq. In fact,
proceeding analogously to [I3], Section 1] (see also [16, [I7]), we first define two residues R¢ and Rg on
H and Q, respectively, by

Re(v) = [£.v] = { [an(us ) (wa) v + [BV), (pa, )]} ¥V i= (vs,vp) €H,  (5.10)

and
Reg(q:€) = [8,(¢,)] — [b(un), (¢:§)] V(¢:¢) € Q. (5.12)

Then we are able to establish the following preliminary a posteriori error estimate.
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Lemma 5.2 Assume that the data fs, fp and gp, satisfy (5.9). Then, there exists a constant C > 0,
depending only on parameters and other constants, all them independent of h, such that

1/2 2/3 3/2
[ - Ghllieq < C max {IRIHf,qp IRy IREHqp IRlaay: RIS gy} (5:13)

where R : HxQ — R is the residual functional given by R(V) := Re(v)+Rg(q,&) VV:=(v,(q,§)) €
H x Q (¢f. (5.11) and (5.12) ), which satisfies

R(Vy) =0 Vv :=(vp, (qn, &) € Hy X Qp. (5.14)

Proof. First, from the assumption (5.9) and the a priori estimates [7, Theorems 3.12 and 4.9], we
obtain

HuDHH?’(diV;QD)7 HuSHLQS < CTM(fsafD7gD)7
(5.15)

lup,nlles @iv:0p)s uskllies < e M(fs, b, gp)-

In addition, since the exact solution ug € H%S (Qg) satisfies divug = 0 in {dg, we have

[BE (ug) (us), vs ] = [Bs(us)(us), vsa]  Vvsy € Hyrg(Qs).

Consequently, from the continuous problem ({3.3]), and the definition of the residual functionals Re

and Rg (cf. and (5.12)), it is clear that
[an(us ) (w) — ap(us p)(an), v]+ [b(V), (p = pr, A = An)] = Re(v) — [B&(us — us p)(us), vs], (5.16)

and
[b(u—wy),(q,8)] = Rel(q, ), (5.17)

for all v.€ H and (¢,§) € Q. Thus, from the inf-sup condition of b (cf. [7, Lemma 3.5]), the identity
(5-16)), and the continuity of a; and Bf (cf. [7, Lemma 4.3 and eq. (4.4)]), we deduce that

Bl —pmr—An)llg < sup POV (P=Pu A=)
0¢ven vl

< IRellw + 1 (14 sl + fusalla ) o

+ O <1 + [[up |13 aiv ;00) + HuD,hHH3(div;QD)> [up — up ple3(diviop)

which together with (5.15)) and assumption (5.9)), implies that there exists C' > 0, depending only on
parameters and other constants, all of them independent of h, such that

10— pns A= Anllq < € {IRellsr + [ — wnlle }- (5.18)

In turn, taking v =u—u, and (¢,&) = (p — pr, A — \p) in (5.16)) and (5.17)), respectively, gives

[an(us k) (u) — ap(us p)(up), u — uy]
= Re(u—up) — Rg(p — pr, A — An) — [BE(us — usp)(us), us — us ).

Hence, employing the strict monotonicity of aj, (cf. [7, Lemma 4.4]), the continuity of BE (cf. [T
eq. (4.4)]), and the estimates (5.9)), (5.15) and (5.18), we deduce the existence of a constant C' > 0,
independent of meshsizes, such that

s — us 1l 0 ) < C{IRN gy llu - willu + [ RelwRglla b (5.19)
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Moreover, from the identity (5.17]) and the definition of b we find that the term ||div (up —up )
can be bounded by ||Rgl|/q’, which, combined with (5.19) and some algebraic manipulations, implies

1/2 2/3 3/2
Ju—willa < € max {IRIE, qp IRI R qy: IRty IRI@xqy: IR gy} (5:20)

Therefore, the estimate (5.13) follows from (5.18) and (5.20). Finally, from the discrete problem
(3.5) we deduce that R¢ and Rg vanish on Hy, and Qp, respectively, which clearly implies (5.14]) and
conclude the proof. O

We remark here that when [|R ||z« q) — 0, the dominant term in is HRH(HXQ In this way,

it only remains now to estimate ||R|(xq)- To this end, we first observe that the functional R can
be decomposed as:

R(V) = Ra(vs) + Ra(vp) + Rs(q) + Ra($), (5.21)
for all v := ((vs,vDp),(q,§)) € H x Q, where

Ri(vs) = (fs,vs)s —2u(e(usy), e(vs))s — p((Vusp)us p, vs)s — g(div ug pug b, VS)S

: Qqf
+ (divvs, pr)s — <mu&h -t,vg 't> — (Vs m,A\p)y
: >

Ra(vp) := (fb,vDp)D — %(K_luD,h,VD)D - i(uD,h\uD,h,VD)D
+ (divvp,pr)p + (VD - 1, Ap)s
Rs(q) == (divusp,q)s — (gp — divup n, q)p,
R4(§) == —(ugp-n—upp-n,§)y

In this way, it follows that

IR Exxq) {HRIHHl (Qs) +HR2HH3 (div:Qp)’ +HR3HL2 ’+HR4”W—1/373(E)}7 (5.22)

and hence our next purpose is to derive suitable upper bounds for each one of the terms on the
right-hand side of (5.22)). We start with the following lemma, which is a direct consequence of the
Cauchy—Schwarz inequality.

Lemma 5.3 There holds

1/2

[Rallz @y < Z [div us u[5 7 + Z lgp — divup 4§ 7
TeTS TeT?

We now adapt a result taken from [3] in order to obtain an upper bound for R;.

Lemma 5.4 There exists C' > 0, independent of the meshsizes, such that
1/2

HRlHHlLS(QS)’ <CQ > Oir ;
TeT?
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where

~ s 0. 2
@%T = h% Hfs +divog, — p(Vugp)ug p, — §d1V ug7husth0

+ Y k| Esanlllp DS ke

ec&(T)NERL(Ns) ec&E(T)NERL(D)

and ogy, is given by (5.2)).

)

2

E’S,hn + Apn + (us,h . t)t

aqp
Vit-Kt

0,e

Proof. We proceed similarly as in the proof of [3, Lemma 3.4], by replacing fi, o1 5, 1,21, and
I's by fs — p(Vug p)us s, — gdiv ug pUs h, 0S4, Us h, S5, and X, respectively, and employing the local
approximation properties of the Clément interpolation operator I% : HY(Qg) — X, (Qg) provided by
Lemma with p = 2. We omit further details. O

Next, we derive the upper bound for R4, the functional acting on the interface 3.

Lemma 5.5 There exists C' > 0, independent of the meshsizes, such that
1/3

IRallw-1/550m) < C QY. hellusn-n—upp-nllfs,,
eeé'h(E)

Proof. We recall from the definition of Ry (cf. (5.21)) that
Ra(€) = —(uss-n—upy-n,&)y  VEe W),

which certainly yields
IRl sy = s -1 — up -l (5.23)

In turn, taking &, € Ap(X) and then (0, (0,&,)) € Hy x Qp, in (5.14), we deduce that
(usp-m—upp -n,&)y =0 V& € Ay(2),

which says that ug; - n —up - n belongs to Aﬁ(E) (cf. (4.12))). In this way, the proof follows from
(5-23) and a direct application of (4.13)) with p=3/2 and q = 3 (cf. Lemma [4.5)). O

Finally, we focus on deriving the upper bound for R, for which, given vp € H?F’D (div;Qp), we
consider its Helmholtz decomposition provided by Lemma [£.3] with p = 3. More precisely, we let
wp € H'(Qp) and Ap € W2 (Qp) be such that vp = wp + curl 8p in Qp, and

[wplli,op + [18pll13:00 < Chel [[VD |53 (v :0p)- (5.24)
In turn, similarly to [2], we consider the finite element subspace of W%ﬁ(QD) given by

Xhrp = {UEC(QD): vlr €P(T) YT TP, v=0 on I‘D},

and introduce the Clément interpolator I : WI{’S’(QD) — Xpnrp- In addition, recalling the Raviart—
Thomas interpolator IIj, : H(Qp) — Hy(Qp) introduced in Section 4 we are able to define

VD, = Hh(WD) + curl (I}]?BD) (S Hh7FD (QD),
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which can be seen as a discrete Helmholtz decomposition of vp . Then, noting from (5.14)) that
Ra(vp,n) = 0, we can write

RQ(VD) = RQ(VD — VD,h) = RQ(WD — Hh(WD)) + RQ(CU.I']. (ﬁD — I,?ﬁ])))

Next, in order to simplify the subsequent writing, we define wp := wp —1II;,(wp) and BD = bp —I,? 6p.
In this way, according to the definition of Ro (cf. (5.21)), we find that

RQ(WD) = (fp — UD’h,VAVD)D + (div WD,ph)D + <VAVD -n, )\h>2 , (5.25)
and R R R
Ra(curl fp) = (fD — Up, curl BD)D + <curl Op - n, )\h>2 , (5.26)

with Upy, given by (5.5). The following lemma establishes the estimate for Rs.

Lemma 5.6 Assume that there exists a convexr domain = such that Qp C Z and I'p C 0Z. Assume
further that fp € L2(Qp). Then there exist C1,Cy > 0, independent of the meshsizes, such that

1/2 2/3

2{: a2 ~3/2
HRQHHS(diV;QD)’ < Cl ®D7T + C’2 E @D/,T R (527)
TeTP TeTP

where éQT is defined in (5.4), and

-2
Opr = b llfo —Upnllor+ D, heldn—poalie
eES(T)ﬂEh(E)

with Up j, given by (5.5)).

Proof. We begin by estimating Ro(Wp) (cf. (5.25)). To that end, and proceeding as in [3, Lemma 3.12],
we note first that wp - n € L2(X), which follows from the fact that wp € H*(Qp) and II,(wp) - n
is piecewise constant on ¥. In addition, noting that ppj := pplo, is also piecewise constant on X,
integrating by parts the second term in , recalling that wp -n =0 on I'p (cf. Lemma , and

using (4.1)), we find that

Ra(#) = (o~ UnsSn)p+ 30 [ (v = poa)in .
cegn(x) e

In this way, assuming fp € L%(Qp), and applying the Cauchy-Schwarz inequality and the approx-
imation properties of the Raviart—-Thomas interpolation operator IIj, (cf. Lemma |4.1]), we deduce
that

1/2

o e [wpll1,0p- (5.28)

[Ro(Wp)| < Cu § D hpllfo — Upalir+ Y. heldn—pon
TeTP e€&n(%)

On the other hand, in order to bound Ry (curl Bp) (cf. (5-26))), we now notice from the integration
by parts formula (4.9) with p = 3 and q = 3/2 (cf. Lemma @, and the fact that Ay is piecewise
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constant on %, that the second term in (5.26]) vanishes. Then, integrating by parts the first term in
(5-26) on each T € T, and using the fact that Bp|r, = IPBp|r, = 0, we obtain

Ra(curl Bp) Z / rot (fp — Upp) Bp

TeTP

+ Y /[[fD—UDh )-tlBo+ Y /{ (f0 — Upy) -t} f,

eGgh QD eegh

which, together with the Clément interpolator estimates (cf. Lemma with p = 3), implies

~

‘RQ(CUI‘].B\D)‘ < Oy Z h3/2H1"0t f.D_[IDh Hi{%%

TeTP
2/3 (5.29)
3/2 3/2
£ 3 Rl [ = Upa) [+ 3 fell (o = Un) -ty 0 180l
e€EL(Op) e€lp (%)
Therefore, as a direct consequence of estimates ([5.28]) and (5.29)), and the stability estimate (5.24)) for
the Helmholtz decomposition, we get ([5.27) and conclude the proof. O

We end this section by stressing that the estimate ([5.10)) is a straightforward consequence of Lemmas
and and the definition of the global estimator © (cf. (5.7))), when A — 0.

5.2 Efficiency
The following theorem is the main result of this section.

Theorem 5.7 Suppose that the data fs, fp and gp satisfy (5.9), and that fp € L?(Qp). Then, there
exists a constant Ceg > 0, independent of h, such that

1/2

=~ — N 2
Cog © < |JU— uhHHXQ + Z h% |HuD|uD — ‘uD:h|uD’hHO,T + h.o.t., (5.30)
TeTpP

where h.o.t. stands for one or several terms of higher order. Moreover, assuming that up € LS(Qp),
there exists a constant Cog > 0, depending only on parameters, HUDHLG(QD), and other constants, all
them independent of h, such that

Cog ® < |JU— ﬁhHHxQ + h.o.t. (5.31)

Throughout this section we assume, without loss of generality, that K‘luD’h7 fg, and fp, are all
piecewise polynomials. Otherwise, if K, fg, and fp are sufficiently smooth, and proceeding similarly
as in [II), Section 6.2], higher order terms given by the errors arising from suitable polynomial ap-
proximation of these expressions and functions would appear in ([5.30)) and ([5.31)), which explains the
eventual h.o.t. in these inequalities. In this regard, analogously to [2, Section 3.3], we remark that
constitutes what we call a quasi-efficiency estimate for the global residual error estimator ©
(cf. ), in the sense that the expression appearing on the right-hand side of is the error

2
plus the nonlinear term given by {ZTG%D h H |up|up — |uD’h|uD’hH§ T} . However, assuming ad-

ditionally that up € L5(Qp), we show at the end of this section that the latter can be bounded by
[up — up nllE3(divi0p), thus yielding the efficiency estimate given by (5.31).
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In order to prove (5.30) and (5.31)), we need first to introduce the Banach space
H(div 5 Qs) = {TS e LX(Qg): divrs € L4/3(QS)}.

Then, we state the following result, which basically follows by applying integration by parts backwardly
in the formulation (3.3]), and proceeding as in [0, Remark 2.1] for the Navier—Stokes terms.

Theorem 5.8 Let (u,(p,\)) € H x Q be the unique solution of (3.3). Then divug = 0 in Qg,
divup = gp in Qp, and up -n = ug - n on X. In addition, defining ps = plas, Pp = pPloy,
os := —psl+2pue(ug), and Up := %K‘1UD+%|UD\uD, there hold pp € WH3/2(Qp)NL2(Qp), A = pp
on %, dives = p(Vug)us — fs in Qg (which yields g € H(divy/s;Qs)), Up + Vpp = fp in Qp, and

osn+ An+ o (ug - t)t =0 on .

We begin the derivation of the efficiency estimates with the following result.

Lemma 5.9 There hold
|divuspllor < |us —usplir VT €T

and
lgp — divupllo,r < lup — uppllEs@iv.ry VT € Ty -

Proof. It suffices to use from Theorem that divug = 0 in g and divup = gp in Qp. Further
details are omitted. O

In order to derive the upper bounds for the remaining terms defining the global a posteriori error
estimator © (cf. (5.7)), we proceed similarly as in [19, [3, 1T} 2 B, and apply results ultimately
based on inverse inequalities and the localization technique based on triangle-bubble and edge-buble
functions. To this end, we now recall some notation and introduce further preliminary results. Given
T e Ty := 7',1S U 7;1D, and e € £(T), we let ¥ and 1. be the usual triangle-bubble and edge-bubble
functions, respectively (see [20, egs. (1.5) and (1.6)]), which satisfy:

(1) o1 € P3(T), supp(¢r) €T, r =0 0n 9T, and 0 < 97 < 1in T,

(ii) Yelr € P2(T), supp(te) C we, e =00n 9T\, and 0 < ¢ < linwe :=U{T" € Ty, : e € E(T")}.

In addition, we also recall from [26] that, given k& € N U {0}, there exists an extension operator
L : C(e) — C(we) that satisfies L(c) € Py(T) and L(o)|c = 0 Vo € Pi(e). A corresponding vectorial
version of L, that is, the componentwise application of L, is denoted by L. Additional properties of
YT, Y, and L are collected in the following lemma. Regarding the corresponding proof we refer to
[26, Lemma 3.3] for details.

Lemma 5.10 Let p and q two fized real numbers with p € [1,400] and 1/p+1/q=1. Given T € Ty,
and e € E(T), let Vi C L>®(T') and V., C L*™(e) two arbitrary finite dimensional spaces. Then, there
exist positive constants ¢; with i € {1,...,7}, depending only on p, q, the spaces Vp and V., and
the shape-regularity of the triangulations (minimum angle condition), such that for each uw € Vp and

o € V., there hold
/uq/)Tv
c1 ||lullpp(ry < sup L

< ||ul|lLp (T, 5.32
S oy = e (5.32)
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[our

c2[|ollpe) < sup < llollLee) (5.33)
rev. I7llLae)
3 h?HT/JTUHLq(T) < |IV(@ru)llLaer) < ca hElHiﬁTUHLq(T)y (5.34)
¢s by 1e (o) |Lary < IIV(WeL(o)lLary < c6 by |$eL(0)|Lacry, (5.35)
and
[eL(0)|Lacry < e7 h Yo || Lage)- (5.36)

As stated in |26, Remark 3.2], Vi and V. can be chosen as suitable spaces of polynomials. Thus, in
what follows we will choose Vr as Py (T) and V. as Py(e) for a given k € NU {0}. In addition, and
coherently with previous notations, we set Vp and V., respectively, as the corresponding vectorial
counterpart. The following inverse estimate will be also used. We refer the reader to [I5, Lemma 1.138]
for its proof.

Lemma 5.11 Let k € NU{0}, n € {2,3}, I,m > 0 such that m <1, and p,q € [1,+o0]. Then, there
exists ¢ > 0, depending only on k,l,m and the shape reqularity of the triangulations, such that, for
each triangle (tetrahedron) T € Ty, there holds

[ollipr < chipHrAPTYD g r Ve e PY(T). (5.37)

We point out that through this section each proof done in 2D can be easily extended to its three-
dimensional counterpart considering n = 3 when we apply . In that case, other positive power
of the meshsizes hp,, with x € {S, D}, will be appear on the right-hand side of the efficiency estimates
which anyway are bounded. Next, we continue providing the corresponding upper bounds for the
remaining three terms defining @%I (cf. (5.1)), which are adaptations of the proof of [3, Lemmas 4.4,
4.5, and 4.6], respectively, to our configuration.

Lemma 5.12 There exists ¢ > 0, independent of h, such that for each T € 7}15 there holds

2
h7 Hfs +dives, — p(Vusp)us, — gdiv us,hus,hH0 s SC { Ips — psullgr + lus — ugpliz

(5.38)
+ hr||(Vus)us — (Vus,h)us,h|!i4/3(T) + hpl|div (us — usvh)us7h\|i4/3(T)}_

Proof. Given T € 7;18 we define xp = fg + divegy — p(Vugp)ugp — gdiv ug pugsp in 7. Then,
applying (5.32) to || xzllo,r, we obtain

/XT‘"l/fTV
allxrllor < sup L.

(5.39)
vevey  Ivlor

Then, thanks to the identities fs = —diveag + p(Vug)us and divug = 0 in g (cf. Theorem , and
integrating by parts, we deduce that

/TXT v = /T(ﬁs —osn): V(rv)

1.
+ p/ {(Vus)us — (Vugp)ug p, + idlv (ug — us,h)usﬁ} v,
T
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from which, using Cauchy-Schwarz and Holder’s inequalities, applying (5.34) to ||V (¢rv)|or, em-
ploying the fact that 0 < ¢)r < 1, and bearing in mind the definitions of oy and gy (cf. Theorem

and (5.2))), we arrive at

/ X7 - Yrv < Cy {h}l\lps —psullor + hptlug — lls,h|1,T}||V||o,T
T (5.40)

+ Co {[|(Tus)us = (Vusp)us,all o + Idiv (us = us p)us allgaser) IV Ic):

Thus, the local inverse estimate ||v||p () < ch;l/2 Iv]lo,r (cf. (5.37)) in combination with ([5.40)) and
(5.39), imply ([5.38]) and complete the proof. O

Lemma 5.13 There ezists ¢ > 0, independent of h, such that for each e € E,(Qs) there holds

hell IBsaml |15, < ¢ 3 {llps = psalldr + us = us sl
TCwe (5.41)

2 .
+ hr||(Vug)ug — (Vus,h)us,h|’L4/3(T) + hrl|div (us — lls,h)lls,h||i4/3(T)}7
where we is the union of the two triangles in ’7',1S having e as an edge.

Proof. Since og € H(div,/3;Qs) (cf. Theorem , it follows that [osn] = 0 on each e € &,(£2g). In
this way, applying (5.33)) to H [osnn] HDe’ we get

[(6s.n —&s)n] - ¢eli(T)
C9 H H&&hn]] HO,e < Su\}/) € y (5.42)

ev. 7 llo.c
from which, integrating by parts on each T' C w,, we deduce that
[1Gsn-goml vitir) = | [ aivess o9 ulin) + [ (G50 -59): VwLir)}.

e TCuwe T T

Next, employing the identities dives = p(Vusg)ug — fs and divug = 0 in Qg (cf. Theorem ,
and the Cauchy—Schwarz and Holder inequalities, and applying (5.37) and (5.35) to ¥ L(7) and
IV (¥eL(T)) ||0,1, respectively, we obtain

/[[(&Sﬁ —og)n] - Y.L(r) < C Z { Hfs +divogy — p(Vugp)ug )y — gdiv uS,huS,hHO’T

€ T Cwe

+ hy'?||(Vus)us — (Vs p)usn sy + hy 2 div (us — v p)us pllgass ) (5.43)
+ hiplos - as,h||o,T}uweL<r>uo,T.

Then, applying (5.36) to ||¢eL(T)|/o,r in combination with (5.43) and (5.42)), using the fact that
he < hr, the estimate (5.38]) and the definitions of g and g, (cf. Theorem [5.8 and (5.2))), we derive
(5.41)) and conclude the proof. O

Before establishing the following lemma, we need to recall a local trace inequality [I, Theorem 3.10].

Indeed, there exists ¢ > 0, depending only on the shape regularity of the triangulations, such that for
each T € TS U TP and e € £(T), there holds

hellole < c{lold s+ p3ol s} voeHYT). (5.44)
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Lemma 5.14 There exists ¢ > 0, independent of h, such that for each e € E,(X) there holds

2
- g
he | Gspm+ Apn + —— f;t (ug,p - t)t o < C{Hps —psallsr + lus —usallf 7
2 .
+ hellA = Anl§ e + hr||(Vus)us — (Vus,h)us,h\\L4/3(T) + hrl|div (us — uS,h)uS,h”iz;/s(T)} :
(5.45)
where T is the triangle of 7718 having e as an edge.
Proof. Given e € &,(X) we let x, := ospn + A\pn + Qdl (ugp - t)t on e. Then, applying (5.33) to
’ vt-kt 7
IXello,e; yields
/Xe : ¢€T
e |Ixelloe < sup 0, (5.46)
reve  |ITloe

where, using the fact that ogn + An + caf (ug-t)t =0 on X (cf. Theorem , recalling that

vt kKt
e =0 on 9T \ e (T being the triangle of ’77? having e as an edge), and integrating by parts on T', we
obtain that

[xeer = [ @sn =59 ViwLin) + [ diviEs, -9 uLin

T
T / {Ow = 2m+ 22 (g~ us) -t v

Hence, using again the identities dives = p(Vug)ug — fs and divug = 0 in Qg (cf. Theorem ,
and the Cauchy-Schwarz and Hélder inequalities, applying (5.35)) to ||V (¢eL(7))[lo,r, noticing that

[9eL(T)[|La(r) < ch;l/QHweL(T)HOVT (cf. (5.37)), and recalling that 0 < ¢, < 1, we deduce
‘0 T

)

vy PIYeL(m) o

/Xe e <O {hElﬂt}s —osnllor + Hfs +divegsy — p(Vugp)usp — gdiv ug pUS
e

+ hy'?||(Vus)us — (Vusp)usalpas ) + hy 2 div (us — ug p)us

o T

Now, from the estimate ([5.36) we see that |[Y.L(7)|lor < ¢7 he/? |T]l0,e, which combined with the
above inequality and (5.46), yields

lo,e + [[lus —ug

+ C’{H)\—)\h 0.

1~ ~ .o~ P ..
Xello,e < Chi/Q{thHUS —osnllor + Hfs +dives, — p(Vusp)usp — 5 div us,hus,hHO

)

+ h'?||(Tus)us = (Vus p)us allgasspy + bz /2 liv (us = us p)us allgascr } (5.47)

O,e}-
Thus, using that h. < hp, applying the local trace inequality (5.44) to ||ug — us,h||g’e, and employing
(5-38), and the definitions of g and gy, (cf. Theorem and (5.2))), we conclude ([5.45)). O

The second and third residuals expression defining @123 o (cf. (5.3)), that is, the one containing the
nonlinear Darcy—Forchheimer term, as well as one term acting on ¥, are estimated now. To that end,
we adapt the proofs of [5, Lemma 6.3] and [3| Lemma 4.12], respectively, to our context.

+ C{IA = Mallo.c + llus = us,n
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Lemma 5.15 There exists ¢ > 0, independent of h, such that for each T € 7;LD there holds

W Ifo — Upall?

(5.48)
4/3 2
<c {HPD — ol + hllup — up plfse + hy!™ || lup [up — ’UD,h’uD,hHLs/z(T)}-
Proof. Given T € T,P, we apply (5.32) to ||fp — Up p|lo.r, that is
/ (fo — Upy) - Yrv
C1 HfD — UDvhHO,T S sup r 5 (549)

VeV [vllo,r

from which, using the identity fp = Up + Vpp in Qp (cf. Theorem , noting that Vppy =0on T,
and integrating by parts, we find that

/T(fD —Upp) - Yrv = /T {V(PD —ppn) +(Up —Upy) } YTV

= - /(pD — pp,n)div (Y7Vv) +/ (Up —Upy) - Yrv.
T

T
In this way, from the definitions of Up and Up, (cf. Theorem and (5.5))), using the Cauchy—

Schwarz and Hélder inequalities, applying (5.34) to ||V (¢7v)l|jo,r, and recalling that 0 < 7 < 1, we
get

/ (fo —Upp) - Yrv < C {hEIHPD — pp.ullo,r + |Jlup — UD,h||0,T}||V||0,T
T

(5.50)

+ H‘UD|UD = [up,pup,p ‘L3/2(T)HVHL3(T)-
Then, replacing (5.50) back into (5.49)), and then applying Hélder’s inequality and the local inverse

estimate ||v|ps(r) < ch}l/3 IVllor (cf. (5.37)), we arrive at (5.48]) and complete the proof. O

Lemma 5.16 Assume that pp|r € HY(T) for each T € 771D. Then there exists ¢ > 0, independent of
h, such that for each e € E,(X) there holds

he [|A = poally . < C{HPD — oo ullo 7 + Hllap = up pllEs ) + PellX = Anllg .
(5.51)

+ h;/g“|uD|uD — [up uD,hHiﬁ/Q(T) + hi||luplup — |uD’h|uD’hH§’T}’

where T' is the triangle of 7;1D having e as an edge.

Proof. Since ppp, 1= ppla,, is piecewise constant and Vpp = fp — Up in Qp (cf. Theorem [5.8)), we
deduce that for each T' C w, there holds

hlpp — poalic = W7 IVepllgr = P7lfo — Upli§r
(5.52)
<9 {hQTHfD —Upy,

%,T + h7||Up — UD,hH%,T}‘

Next, using that A = pp on X for each e € &,(X) (cf. Theorem , and employing the local trace
inequality (5.44]), we obtain

hellAw — poallg e < 2he {HPD —PD,h

RN PEP

< c{llpo = poalBr + lpp = poalz + helA = M3 } -
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In this way, combining the foregoing inequality with (5.52)), recalling the definitions of Up and Upy
(cf. Theorem 5.8 E and ( . and using ([5.48)), we are lead to , thus concluding the proof O

Now we turn to provide the corresponding estimates for the three terms defining @ (cf. .
To that end, we adapt the proofs of [5 Lemmas 6.1, 6.2] and [19, Lemma 20], mspec‘mvely7 to our
present spaces configuration.

Lemma 5.17 There exists ¢ > 0, independent of h, such that for each T € 77LD there holds

3/2

HI‘Ot fD — UDh HL3/2 (T) < C{ ) + H|uD]uD - |uD’h]uD7hHi/32/2(T)}. (5.53)

Proof. Given T € TP, we begin by applying (5.32)) to Hrot (fo —Upp) HL?,/Q(T), which gives

/ rot (fp — Up ) ¢¥rv
c1 Hl“ot (fo —Upp) HL3/2(T) < Seu‘? T HUHLS(T) (5.54)
vEVY

Then, using that fp = Vpp + Up in Qp (cf. Theorem , and integrating by parts, we readily find
that

/ rot (fD — UD,h) ’lﬁT’U = / rot (UD — UD,h) ¢TU = / (UD — UD,h) . curl (T/JTU) N
T T T
which, together with (5.34) applied to ||V (1rv)|13(r) and the fact that 0 < ¢r < 1, implies from

(59) that

lrot (fo — Up,p)lls/2iry < Chy' |Up = Uppllpszr).-

Then, according to the definitions of Up and Up, (cf. Theorem and (5.5))), and using the triangle
and Holder inequalities, we deduce (5.53)) and conclude the proof. O

Lemma 5.18 There ezists ¢ > 0, independent of h, such that for each e € E,(Qp) there holds

3/2
he || [(f = Up) - #] 14,y <€ S { 3/2 b (5.55)
TCwe
where we 1s the union of the two triangles in 77? having e as an edge.
Proof. Given e € &,(€dp), we first apply (5.33) to H [(fo — Upy) - t] HL3/2(6), which gives
[(fo — Up,p) - t] e L(7)
€2 H [[(fD - UD,h) : t]] HL3/2(6) < sup (5.56)

ev. 71|13 e)

Then, integrating by parts on each T' C w,, using the fact that fp = Vpp+Up in Qp (cf. Theorem7

similarly to Lemma and applying the estimates (5.35)) and (5.36)) to ||V (veL(7))||L3(7), we find
that

/e[[(fD —Upp) - t]eL(T) = Z {/T(UD — Up,) - curl (e L( / YeL(T) 10t (fp — Up h)}

TCwe

< Ché/:z Z {h;l ”UD - UD,hHL3/2(T) + Hrot (fD - UD,h) HL3/2(T)} ”THL'J(e)

TCwe
which, replaced back into , and after using (5 , Holder’s inequality and the fact that h. < hp
for each T C we, yields (5 and concludes the proof U
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Lemma 5.19 There exists ¢ > 0, independent of h, such that

> he[(fo—Upa) -],

ec&h (%)
2 3/2 3/2
<C Z <”uD R/ ) T [[up|up — ’uDvh’uDvhHL/f’/Q(Te)> + A= )‘hH1§3,3/2;2 )
e€&p(X)
(5.57)
where, given e € E(X), Te is the triangle of 7;1D having e as an edge.
Proof. Given e € &,(X), the application of ([5.33)) to H (fo — Upp) - tHL3/2(e) gives
{(fo — Uppy) - t} et
C9 H (fD — UD,h) . tHL3/2(e) < sup (5.58)

reve 73 (e

Next, proceeding similarly to Lemma [5.18] using the extension operator L, integrating by parts on
the right-hand side of , employing the identities fp = Vpp + Up in Qp and A = pp on ¥ (cf.
Theorem , noting that A\, is piecewise constant on ¥, and then summing up over all e € &,(X),
we deduce from that

3/2
> el (B =Unp) bl < €3 > (lhup —upalghiy,)
e€&R(X) e€ER(D) » (5.59)
2/3
3/2 d
+ H|uD’uD - |uD,h’uD,hHL/3/2( (Sél‘l/) |T||L3( <dt(>\ Ah) ¢€T> ) 3

where (-, -), stands for the duality pairing between (WO/ 5 3( ))/ nd W%g’g( ). Here, W2/ 3 3( ) denotes
the space of traces on e of those elements in W13(T},) whose traces vanish on 9T, \ e. NOW analogously

o [19, Lemma 20], and since ¥, € Wg/3 3( ) for each e € &,(X), we see that the third term on the
right—hand side of (| can be bounded by

h2/3 d 3/2 d 3/2
S s e go-wan) o< {(Go-w) b
eegh(E)TGVE TIL3(e) e )

where 7|, := hi/%ﬁe on each e € &,(X), with [|7e[|13() = 1. Then, applying the boundedness of the
tangential derivative % s WI/33/2(5) — W=2/33/2(2) (see [23, Section 1.1.5]), the inverse estimate
171233 < ch*2/3||?||L3(2) [15, Corollary 1.141], and the fact that he < h and 0 < ¢, < 1, we find
that

sup —<= A—A T < ClIN=\ L2317
eeg@) <re\l/)5 (7 llL3e) <dt( n) ¥ >e> = C| hH1/3 3/2;8 < | HL3(E))

1/2
3/2 ~ 3/2
< CH)‘_)‘hHl;g,g/g;g Z ”Te”i?’(e) < CH)‘_/\hHl;g,g/g;Ev
eESh(ZJ)
which, combined with - leads to ( and completes the proof. O

Finally, we provide the upper bound for the term defining ©3, e (cf. (5.6))).
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Lemma 5.20 There exists ¢ > 0, independent of h, such that for each e € E,(X) there holds

he [[us,n -n—upp - nHi?)(e) < C{HUS —Uusph ii"(Ts) + h%slus - uS,h‘zl)’,Ts

(5.60)
o Jlup = up uliEs ) + A v (up = un) [, }

where Tg and Tp are the triangles 0f’7'hS and ED, respectively, having e as an edge.

Proof. Given e € &,(X), we let Tg and Tp be the triangles of 7'hS and 7;1D, respectively, having e as an
edge, which means that w, := Ts UTp, and define x. := ug-n—upy-n on e. Then, applying (5.33))

to ”X8HL3(6)7 we have
/Xe¢e7'
cal[XellLse) < sup 55—

TV ”THL3/2(6)7

Next, setting e  := 1|7, , with x € {S, D}, using the identity up -n = ug-n on ¥ (cf. Theorem ,
recalling that 1., = 0 on 07, \ e, and integrating by parts on T}, we obtain

(5.61)

/ XetoT = /T (us — us) - VbosL() + | wesL(r)div (us — ug )

Ts

+/ (up —upp) - V(¢epL(T)) + e pL(7)div (up —up p).
Tp Tp

Thus, using the Cauchy-Schwarz and Holder inequalities, applying (5.35) to ||V (e L(T))lILs/2(r,),

and utilizing the local inverse estimate ||t L(7)[jo.1, < Ch;*1/3||¢e,*L(7—)HL3/2(T*) (cf. (5.37)), and the
fact that 0 < 9. < 1 in we, we find that

/ xetber < C {7l Jus = us alluscry) + hylldiv (us = s ) llozs fllesL(m) o ry

(5.62)
+C {hi;HUD —up plls () + h};/BHdiV (up — uD,h)Ilo,TD}||¢e,DL(T)||L3/2(TD) :

Finally, applying now (5.36)) to |[tbe«L(7)|;3/2(7,), combining the resulting estimate with (5.62)) and
(5.61), and using that he < hp,, we arrive at ([5.60) and conclude the proof. O

In order to complete the global efficiency given by (5.30) (cf. Theorem, we now need to estimate
the terms |\ = Ay |13 o, lus —uslfa ), [div (us —usp)usallf s g, [[(Vas)us — (Vs p)us

2
‘L4/3(T)’

and H|uD|uD — ’uD,h|11D,hHi/:>,2/2(T) appearing in the upper bounds provided by Lemmas [5.12H5.20L To
this end, we first recall that W/33/2(%) is continuously embedded into L2(X), whence

S A= Ml < A= MalBs < CIA =Ml s (5.63)
€& (D)

In turn, we make use of the continuity of the injection i : H*(Qg) — L3(Qg) to obtain

D lus —usplfamy = lus —usallfsqg < Cllus —ushl? g (5.64)
TeTy
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In addition, applying Holder’s inequality, the continuous injection i : H'(Qg) — L*(Qg), and the a
priori bounds of |jug /1,0¢ (cf. (5.15)) combined with (5.9)), we deduce that

> |div (ug — us p)us bl fas ) < D s pll L lldiv (us — us p)5 7
TETS TETS (5.65)
< Cllugpllf ggllus —usalf oy < Cllus —us i o -

Similarly, adding and subtracting suitable terms, applying Holder’s inequality, and using the contin-
uous injection i: H'(Qg) — L4(Qg), and the a priori bounds of ||us|1,0s and |[us |10 (cf. (5.15))
combined with (5.9)), we are able to show that

> [[(Vus)us — (Vug p)us
TeTS

2
‘L4/3(T) <C HuS - uS,hH%,QS' (5'66)

Finally, applying again the Cauchy—Schwarz inequality, and the a priori bounds of |[up || g3 4iv ;0,,) and
[up llH3 (giv;0p) (cf- (5.15)) combined with (5.9)), we find that

3/2 3/2 3/2 3/2
> [uplap = fupfun illsey < € 0 {IunlFr, + lunalfs, o - an sl
TeTP TeTP (5.67)
3/2 3/2 3/2 3/2
< C{llllfsia,, + lunaligiia,) Hlup = unalfsa,) < € lup = upalfg a0

Consequently, it is not difficult to see that 15.30i follows from the definition of © (cf. (5.7))), Lemmas
and the estimates (5.63)—(5.67). Furthermore, proceeding similarly to (5.67) and

employing that ||up |lLs(r) < ch}l/ 3HuD,hHL3(T)7 which follows from the inverse inequality (5.37)),
we obtain

S 13 [lunlup — fupslup |,

TeT,
—-2/3
< ¢ > w{Ilunler + b upallis flup = upalda
TeTP (5.68)
4/3
< ¢ > h* {lunle) + lpalfae) filo = upalse
TeTP

IN

O {lupllEs(qp) + a0 e @iy | 190 = D4l sy )

from which, using the a priori bound of |[up x|lgsgiv;0p) (cf- (5.15))) and the hypothesis on up stated
in Theorem it easily follows , thus concluding the proof of this theorem. We stress here
that requiring up € L5(Q)p) is coherent with Lemma in the sense that, under the assumption
that fp € L2(Qp), and due to the identity Vpp = fp — Up in Qp (cf. Theorem , there holds
pplr € HY(T) for each T € T,P.

6 A posteriori error analysis: The fully-mixed approach

In what follows we assume that the hypotheses from [I0, Theorems 4.10 and 5.3] hold. Let t :=
((t,¢),pp) € H x Q and tp, == ((t, %, ),pp,n) € Hy x Q4 be the unique solutions of problems (3.8)
and (3.9)), respectively. Then, we define for each T' € 7;18 the local error indicators

Vir = [[fs + divesulgr + (108, — 2ue(usy) + p(usp @ us )G + llosn — o§ull5r

1 2 _ 6.1
s 5 (Tusa - s )2+ X hellosan e e aml, Y
’ e€E(T)NER(D)
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and
Wir = Wr + s —PREs)5r + D hell[(elusn) +vs0)t] 5,

e€E(T)NER(Ns)

+ Z hell(e(usn) + s 1)t (6.2)

eGé’(T)ﬂEh(FS) ’

dy
2 Py

+ Y hellon +uspllo.e + he||(e(usp) +ys)t + =7 076}-

€& (T)NE(E)

In addition, for each e € &,(X) we define
‘I’?ﬁ,e i= hellup,p -0+ @y, - n||?ﬁ3(e), (6.3)

and for each T € 7;LD we consider é%,T and @ 3/2 p.r asin and ([5.4)), respectively, so that the global
a posteriori error estimates are given, respectlvely, by:

1/2 2/3 1/3
o 3/2
_ { SWis+ @]23,T+‘us,h+90h”%/2700;2} { S 8 } +{ 3 \pg}

TeT? TeTP TeTP e€&n (%)
(6.4)
and
1/2 2/3 1/3
- { > Wo+ > @%,T} +{ > @%{QT} +{ > qﬂg} . (6.5)
TeTS TeTP TeTP ecén (%)

Now, similarly to the Section |5, and under suitable assumptions, we will focus on establishing the
existence of positive constants Crel, ¢rel, Ceff and ceff, independent of the meshsizes and the continuous
and discrete solutions, such that

Cet U1 +hoot. < ||E — Ballxg < Cra U1° (6.6)

IN

and
et Vo + h.ot. < ”t — thHHXQ < Crel \I/;/2, (67)

where h.o.t. stands, eventually, for one or several terms of higher order. The upper and lower bounds

in and (6.7)), which are known as the reliability of \1’1/ % and \ll;/ 2, and efficiency of ¥y and Wo,
are derived below in Sections [6.1] and respectively.

6.1 Reliability
Similarly to we recall from [10] the following notation

M(f87fDagD) ‘= max {N(f87fDagD)1/87N(fSJfD?.gD)l/47N(fS7fD7gD)1/27
N(fs, fp, gp), N (fs, fp, gp)?, N (fs, fD,gD)4},

where N (fs, fp, gp) = [/fs|lo,0s + llgpll§ op- Next, we provide the main
result of this section, whose proof follows analogously to Theorem [5.1] -

Theorem 6.1 Assume that Qp is a connected domain and that I'p is contained in the boundary of
a convex part of Qp, that is there exists a conver domain = such that Qp C = and I'p C 0=. In
addition, assume that the data fs, fp and gp, satisfy:

crM(fs, fp,gp) < 7, and crM(fs,fp,gp) < (6.8)

N3
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with r € (0,rg), where rg, cT, and ¢t are the positive constants, independent of the data, provided
by [10, Lemmas 4.3, 4.5 and 5.2], respectively. Assume further that fp € L?(Qp). Then, there exist
constants Clel, Crel > 0, independent of h, such that

Crel \111/2 (69)

IN

1€~ thllex

and

IA

1€~ Eullsixg < cra ¥y, (6.10)

We begin the proof of (6.9)—(6.10) by noticing first that [B(r), ppn] = [B(r,%),pp,s) and that F
can be decomposed as F = F; + Fy, with [Fy,r] = [F,(r,%)] and [F2,%| = 0. Thus, we define the
residues Ry,, Rr, and Rg on X, Y and Q, respectively, by

Rp, (r) = [Fy,1] - {[a(us,h)(th),z] + [b(r), ¢, | + [B(E)»PD,h]} VreX, (6.11)
Reo () == — {b(t,).¥] ~ [e(¢,). 9]} Ve, (6.12)

and
Ra(ep) = [G,qp] — [B(ty),a] Vap € Q. (6.13)

Then, proceeding as in Lemma and [10, Theorem 5.3], and employing the strict monotonicity and
continuity of the operator A, the positive semidefinite of ¢, and the inf-sup conditions of the operators
b and B, we are able to establish the following preliminary a posteriori error estimate.

Lemma 6.2 Assume that the data fg, fp and gp satisfy . Then, there exists a constant C > 0,
depending only on parameters and other constants, all them independent of h, such that

g g 1/2 2/3
Ht - th”HXQ <C maX{”RH(H{HXQ /9 HRH I{HXQ)/’ HRH HXQ ’9 HRH (HxQ)’ HRH Hx@ /}? (6'14)

where, R : H x Q — R is the functional given by R(¥) := Ry, (r) + RF2(¢) + Ralgp) VT
((r,v),qp) € H x Q, which satisfies

R(fh) =0 Vr, € Hy x Qp.

According to the upper bound ((6.14)) provided in Lemma it only remains to estimate || R ||mxq-
To this end, we now notice that the functional R can be decomposed as:

R(F) = Ri(7s) + Ra(vs) + Rs(ng) + Ra(vp) + Rs(¥) + Re(§) + Rr(ap),
for all ¥:= ((7s,vs, Mg, vD, ¥, &), qp) € H x Q, where

1
@(Ug,h + plugp ®ug ), 78)s

—(Ys.0, Ts)s — (us p, divrs)s — (Tsn, p)s

Rl(Ts) = —Hl(fs —+ diVUS,ha diVTs)s —

Ra(vs) == (fs+divosy, vs)s + *( —2ue(us ) + plusp, @ ugp)d, e(vs))s,

Rs(ng) == (osh,Mg)s — K3 (’YSh — 5 (Vugn — (Vugp)'), ns>s,

R4(vp) = (fD - %K_luD,h - ;|UD,h|uD,h,VD)D + (pp,h, divvp)p + (VD - 1, Ap) sy
Rs(¥) = —(ospm,¥)y +wi (@t t)y — (¥ n,\)g
Re(§) == (upp-n+ep, 1)y,

R7(gp) == —(gp —divupp,qp)p.
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In this way, it readily follows that

IRl xq < {HRlanI(div;Qs)’ + Rellmy sy + IRsllez, sy 6.15)
6.15
I Rallmg @iviopy + IRsllg 125 + [IRellw-173m) + ||R7||Lg(QD)/}a

where the upper bounds of Rg, R3 and R7, obtained as a direct application of the Cauchy—Schwarz
inequality, provide the first four terms of ¥g 7 (cf. . ) and first term of @D 1 (cf. . In addition

R4 follows from Lemma [5.6[ and implies the remaining terms of @D 7 and @D 7 (cf. ., -
turn, for R5 we refer the reader to [20, Lemma 3.2], which generates the last term of Vg 7, whereas
Re can be bounded from a slight adaptation of Lemma thus obtaining ¥y, . (cf. (6.3)).

Now, we aim to bound the norm of the functional R;. Analogously to [9], this task is actually
performed in two different ways, which leads to the reliability of ¥y (cf. (6.9))) and Wy (cf. (6.10]).
We begin with the bound for R4, which yields the remaining terms of Wy (cf. (6.4])).

Lemma 6.3 There exists C' > 0, independent of meshsizes, such that

) 2

IR [[(diviasy < C { Ifs + dives ull5.oq + [|o§, — 2ue(us p) + plusp @ us )| o
1 » 2 o (6.16)

I H’Ys,h -3 (Vus, — (Vugp)") Hosz + |lug . + <Ph||1/2,oo;2} :

)8 6S

Proof. Similarly to [9, Theorem 3.7], it suffices to integrate by parts the fourth term of R, add and
subtract (e(ugp), Tg)s, and then employ the Cauchy—Schwarz and trace inequalities. Further details
are omitted. O

We now establish the reliability of the remaining terms of Wy (cf. (6.5])), which is accomplished by
applying the Helmholtz decompositions provided by [20, Lemma 3.3] to R;. In this way, we proceed
as in [21, Lemma 3.10] and [8, Lemma 3.9] to bound [|R1|m(div;0) -

Lemma 6.4 There exists C > 0, independent of meshsizes, such that

1/2
R [51(aiv:0s) <C'{ Z vl } ; (6.17)

TeTS
where

= 2
Uir = |[fs — PR(f)I[5 7 + [0S, — 2ue(us ) + plugy ® us,h)dHO,T

+ h%" H’y&h — % (VUth — (Vusyh)t) H2

0,7
+ Y he|[etusa) Fsatlll, + DS hell(e(usn) + st
e€&(T)NER(Ns) ec&(T)NERL(Ts)
de
2 h
> { e+ he|(e(usa) +vs )t + 2 0}
ecE(T)NER(E)

We end this section by concluding that the estimates and (6.10)) in Theoremfollow straight-
forwardly from Lemma the definition of the global estimators ¥y and Wq (cf. (6.4), (6.5))), and
Lemmas and respectively.
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6.2 Efficiency

In this section we provide the efficiency estimate associated to our estimators WUy and Wy (cf. (6.4)),
(6.5)). We begin with the main result of this section, which follows from a slight adaptation of Theorem

W]

Theorem 6.5 Suppose that the data fs, fp and gp satisfy and that fp € L2(Qp). Then, there
exist constants Ceg, Cog > 0, independent of h, such that

1/2
~ o7 2
Cot U1 < ||t — tallixg + 3 Y 77 [|[uplup — [up, up,pfo 7 +h.o.t., (6.18)
TeTP
and 12
~ - 2
Cett W < [|[€ = Talluxa + { Y hF[[[uplup — up plup ully 1 +h.o.t., (6.19)

TeTP

where h.o.t. stands for one or several terms of higher order. Moreover, assuming that up € LS(Qp),
there exists constants Cegt, cet > 0, depending only on parameters, |[up||ys(qy), and other constants,
all them independent of h, such that

Cog V1 < HE— EhHHXQ + h.o.t. (6.20)

and
Coft Vo < ||t — thHHXQ + h.o.t. (6.21)

We remark here that the estimates (6.18]) and (6.19) follows straightforwardly from the definition
of ¥; and Wy (cf. , ), using similar arguments to those from Section to bound the Darcy—
Forchheimer and interface terms, and appealing to results from previous works [21}, 19, 20] to bound
the Navier—Stokes terms. In addition, similarly to Theorem the extra assumption on up, and the

estimate ([5.68]) imply (6.20)) and (6.21)).

7 Numerical results

This section serves to illustrate the performance and accuracy of our mixed finite element schemes
(3.5) and (3.9) along with the reliability and efficiency properties of the a posteriori error estimators

O, Uy and Uy (cf. (5.7), (6.4), (6.5)) derived in Sections [5 and [6] In this regard, we remark that for
purposes of adaptivity, which requires to have locally computable indicators, we use that

Hus,thSOh”%/z,oo;z < CHuS,h_"‘PhHiE =C Z ||uS,h+90h’ie

eGEh(E)

and redefine ¥y as
1/2 2/3 1/3
~ ~3/2
v - { S utr Y 8, Y nus,hwhuae} +{ @D/,T} +{ > w} |
TeTS TeTpP e€&n (%) TeTpP e€&n (%)

Under this redefinition ¥ is certainly still reliable, but efficient only up to all terms, except the new
term associated to the interface Y. Nevertheless, the numerical results to be displayed below allow us
to conjecture that this modified ¥, actually verifies both properties.
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Our implementation is based on a FreeFem++ code [24]. Regarding the implementation of the
Newton iterative method associated to (3.5) and (see [T, Section 6] and [10, Section 7], respec-
tively, for details), the iterations are terminated once the relative error of the entire coefficient vectors
between two consecutive iterates is sufficiently small, i.e.,

|coeff™ 1 — coeff™||,2

[|coeff™ 1| 2

< tol,

where || - ||p2 is the standard ¢2-norm in RY, with N denoting the total number of degrees of freedom
defining the finite element subspaces Hy and Qp, in the primal-mixed scheme (respectively Hj and
Qp, for the fully-mixed scheme), and tol is a fixed tolerance chosen as tol = 1E — 06. As usual, the
individual errors are denoted by:

e(os) == [|os — osullaives, e(us) = [lus —usaullios, e(vs) = lvs — s nlloos
e(ps) := |lps — psulloog, e(up) := lup — up allus@iviop):  €@Pp) := lpp — Po.All0.p,
e(p) = lle —enllons, ) =[x =AnllLs2x)

Notice that for the fully-mixed formulation, the Navier—Stokes pressure is calculated through the
post-process formula
1 :
DPS,h = - tr (U'S,h + (US,h ® uS,h)) in Qg.

Also, since the natural norms to measure the error of the interface unknowns [|A — Apll1/3,3/2;5 and
¢ — #nll1/2,00.5 are not computable, we have decided to replace them respectively by || - ||s/2(x;) and

| - [l(0,1),5:» where the last one is defined based on the fact that H'/2(%) is the interpolation space with
index 1/2 between H'(X) and L?(X):

Ilons = Il el Ve e HY(S).

Then, the global errors are computed, respectively, as
e(t) := e(ug) + e(up) + e(ps) + e(pp) + e(A)

and
e(t) := e(as) + e(us) + e(vs) + e(up) + e(pp) + e(p) + e(N).

In turn, the efficiency and reliability indexes with respect to © are given by

e(u) e(u)
ef(©) = g~ and rel(©Y/2) = o2

Analogue definitions hold for ¥; and ¥y with t instead of G. Regarding these indexes, we observe
from (j5.8]) (after discarding the higher order terms there) that

Cots < eff(©) < Crer Y2, and  Cogr ©Y2 < rel(©Y?) < Cran, (7.1)

which says that, while eff(©) and rel(©'/2) are below and above bounded, respectively, eff(©) could
become above unbounded whereas rel(@l/ 2) could very well approaches 0 as © goes to 0. Nevertheless,
the numerical results to be displayed below show that eff(©) remains always above bounded as well,
whereas rel(©1/2) does in fact decreases as © goes to 0. The same remarks hold for the efficiency and

reliability indexes with respect to ¥; and Wq (cf. and (6.7)).
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In addition, we define the experimental rates of convergence

. log(e(0)/€'(2))

r<<>) = log(h/h’) for each o € {USa us, vs, UD, PS, PD; P, A ﬁag} )

where h and I/ denote two consecutive mesh sizes, taken accordingly from {hs, hD,ﬁz, hg}, with their
respective errors e and e’. However, when the adaptive algorithm is applied, the expression log(h/h’)
appearing in the computation of the above rates is replaced by —% log(N/N’), where N and N’ denote
the corresponding degrees of freedom of each triangulation.

The examples to be considered in this section are described next. In all of them, for the sake of
simplicity, we choose the parameters y =1, p =1, F =1, a0 =1, w; =1,k =1, and K = I, and
the stabilization parameters are taken as k1 = 1/(2u), ko = 2u and k3 = Cko i, where we choose
heuristically Ck, = 1/2. Furthermore, the conditions (pp,1)q =0, (tros,1)s =0 and (pps, 1)p =0
are imposed via a penalization strategy.

Example 1 is used to corroborate the reliability and efficiency of the a posteriori error estimators
O, U; and Wy, whereas Example 2 is utilized to illustrate the behavior of the associated adaptive
algorithm, which applies the following procedure from [26]:

(1) Start with a coarse mesh T, := 7,5 U T,P.

(2) Solve the Newton iterative method associated to (3.5]) (respectively (3.9)) for the current mesh
Th.

(3) Compute the local indicator O (respectively ¥ and Wy 1) for each T € Tj, = 77? U 7;LD and
e € Ep(X), where

~ /2 -
or i= {03, +63,} +6pr+ 65, (cf. 1), (5-3), (5-4). (5:6))
~ /2 ~
Wi = {‘Ifé,T + 0+ llusy + %Hie} +Op,1 + Use, (cf. (6.1), (5.3), (5.4), (6.3))
~ ~ 172 -
Uog = {3+ 0} +Opr+ Vs, (cf. ©2), (-3), B4, E3))

(4) Check the stopping criterion and decide whether to finish or go to next step.

(5) Generate an adapted mesh through a variable metric/Delaunay automatic meshing algorithm
(see [25, Section 9.1.9]).

6) Define resulting meshes as current meshes 7,° and 7,2, and go to step (2).
h h

Example 1: Accuracy assessment with a smooth solution in a rectangular domain.

In our first example we consider a rectangle domain divided in two coupled squares, i.e., Qg :=
(0,1) x (1,2), Qp := (0,1)? and ¥ := (0,1) x {1}. The data fs, fp, and gp are chosen so that the exact
solution in the rectangle domain 2 = 2 U X U Qp is given by the smooth functions

lm:;(—m@mMMM@>’uy_w(ﬁﬂwhm@ﬂ>’

cos(mxy) sin(mwy) ~ 2\ sin(mag) exp(zy)

Py i=wypcos(mry) in €, with x € {S,D}.
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Notice that this solution satisfies ug - n = up - n on X. However, the Beavers—Joseph—Saffman
conditions and are not satisfied, whereas the Dirichlet boundary condition for the Navier—
Stokes velocity on I's and the Neumann boundary condition for the Darcy—Forchheimer velocity on I'p
are both non-homogeneous. In this way, the right-hand side of the resulting system must be modified
accordingly as well as the global estimators ©, U and ¥y (cf. , , ) The results reported
in Tables and are in accordance with the theoretical sub-optimal rate of convergence O(h'/3)
provided by [7, Theorem 5.2] and [I0, Theorem 6.1]. Actually, they are better than expected since
they suggest that only technical difficulties stop us of proving an optimal rate of convergence O(h),
which is in fact observed there. In addition, we notice that the behaviors predicted by and the
remarks right after it, are also observed in the tables, in the sense that the efficiency indexes remain
above and below bounded and the reliability indexes, while bounded as well, decrease as the estimators
approach 0.

Example 2: Adaptivity in a 2D helmet-shaped domain.

In our second example, we consider a 2D helmet-shaped domain. More precisely, we consider the
domain 2 = Qg U X U Qp, where Qg := (—1,—-0.75) x (0,1.25) U (—0.75,0.75) x (0,0.25) U (0.75,1) x
(0,1.25), Qp := (—1,1) x (=0.5,0) and ¥ := (—1,1) x {0}. The data fg, fp, and gp are chosen so that
the exact solution in the 2D helmet-shaped domain €2 is given by the smooth functions

(1}2 — 0.27) (.1:2 — 0.27)

ri(x1, x2) ro(x1,x2) S ( sin(mzy) cos(mzy) exp(z2) >
(z1+0.73) (z1-073) | P ’

r1(z1, x2) ro(21, T2)

ug =

Py i=xosin(rzy) in €, with x € {S,D},

where

ri(x1, 20) = 4y/ (21 4+ 0.73)2 + (20 — 0.27)2  and  7ro(x1, z0) := 44/ (z1 — 0.73)2 + (29 — 0.27)2.

Figure summarizes the convergence history of the methods applied to a sequence of quasi-
uniformly and adaptively refined triangulation of the domain. Sub-optimal rates are observed in
the first case, whereas adaptive refinements according to any of the a posteriori error indicators:
0,02 ¥, \Ili/ 2, Wy, and \IJ;/ 2, yield optimal convergence. In particular, Tables and ﬁ summa-
rizes the errors, rates of convergence, efficiency and reliability indexes, and Newton iterations of the
methods applied to a sequence of quasi-uniform refinement triangulation of the domain. In turn, and
for the sake of simplicity, we only show Tables [7.4] and which summarizes the convergence history
of the primal-mixed and fully-mixed schemes after © and \I'}/ 2, respectively. Notice that in all the
examples, when © < 1 (respectively ¥; and W9) and h — 0, the rate of convergence of the total error
and the efficiency and reliability indexes have the behavior that we expected. Notice also how the
adaptive algorithms improves the efficiency of the method by delivering quality solutions at a lower
computational cost, to the point that it is possible to get a better one (in terms of e(u), respectively
e(t)) with approximately only the 25% of the degrees of freedom of the last quasi-uniform mesh for
the primal-mixed scheme (respectively fully-mixed scheme).

On the other hand, in Figure we show the domain configuration in the initial mesh, the second
component of velocity in the whole domain obtained through the primal-mixed scheme (via the indi-
cator ©), and the first row of the pseudostress tensor streamlines obtained through the fully-mixed
/ 2)

scheme (via the indicator \111 . In particular, we notice that the Navier—Stokes velocity exhibit high
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gradients near the vertices (—0.75,0.25) and (0.75,0.25), and the first row of the pseudostress tensor
streamlines show vortices in the same region. In turn, examples of some adapted meshes generated
using © and \I/}/ % are collected in F igure We can observe a clear clustering of elements near
the vertices in g of the 2D helmed-shaped domain as we expected. Notice also a clustering of el-
ements on the interface . This is justified by the fact that %’1 = 0 since Ay is piecewise constant

on X and then the local estimator (:)va (cf. (5.4)) computes heH (fo —Upp) - tHng(e) instead of
he|| (fo — Upp) - t — d)‘h Hi{“j? for each e € &,(X) (cf. Lemma .

N[ hs | hp | e(us) |r(us) | e(ps) | r(ps) | e(up) | r(up) | e(pp) | r(pp)

279 1 0.373 | 0.373 || 0.2853 - 0.1628 - 1.7893 - 0.1226 -
1061 | 0.196 | 0.190 || 0.1320 | 1.204 | 0.0601 | 1.556 | 0.8346 | 1.133 | 0.0503 | 1.324
3877 | 0.103 | 0.097 || 0.0653 | 1.081 | 0.0274 | 1.208 | 0.4119 | 1.043 | 0.0206 | 1.320
15057 | 0.051 | 0.057 || 0.0336 | 0.950 | 0.0134 | 1.024 | 0.2126 | 1.268 | 0.0101 | 1.363
59203 | 0.027 | 0.026 || 0.0164 | 1.143 | 0.0069 | 1.060 | 0.1057 | 0.877 | 0.0049 | 0.898
236687 | 0.014 | 0.013 || 0.0082 | 1.000 | 0.0034 | 1.039 | 0.0527 | 1.068 | 0.0025 | 1.072

hs H e(\) \ r(\) \ e(d) \ r(d) \ ) \ eff(©) \ rel(©1/2) H iter
1/4 0.0866 — 2.4466 — 20.2522 | 0.1208 0.5437 5
1/8 0.0358 | 1.274 | 1.1128 | 1.230 | 10.0338 | 0.1109 0.3513
1/16 0.0177 | 1.020 | 0.5429 | 1.104 | 5.1863 | 0.1047 0.2384
1/32 || 0.0083 | 1.083 | 0.2780 | 1.151 | 2.6229 | 0.1060 0.1716
1/64 || 0.0041 | 1.019 | 0.1380 | 0.936 | 1.3279 | 0.1040 0.1198
1/128 || 0.0020 | 1.004 | 0.0687 | 1.005 | 0.6683 | 0.1028 0.0840

DD O Oy O O

Table 7.1: ExaMPLE 1, BR — RTy — Py — Py primal-mixed scheme with quasi-uniform refinement.
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Figure 7.1: Example 2, Log-log plot of e(i) (respectively e(t)) vs. N for quasi-uniform /adaptive mixed
schemes.
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N[ hs | elos) |rlos) | elus) [r(us) | elvg) [ rlvs) | elps) | r(ps)

358 | 0.373 || 2.2325 | _ | 0.7314 | _ ] 04206 | _ | 02897 | _
1341 | 0.190 || 0.9447 | 1.277 | 0.2481 | 1.606 | 0.2282 | 0.908 | 0.1346 | 1.139
4877 | 0.102 || 0.4756 | 1.103 | 0.1194 | 1.176 | 0.1200 | 1.033 | 0.0636 | 1.204
18874 | 0.051 | 0.2335 | 1.016 | 0.0589 | 1.008 | 0.0638 | 0.901 | 0.0296 | 1.095
74123 | 0.027 || 0.1176 | 1.099 | 0.0296 | 1.103 | 0.0306 | 1.176 | 0.0155 | 1.032
295926 | 0.014 || 0.0586 | 1.001 | 0.0146 | 1.016 | 0.0155 | 0.982 | 0.0075 | 1.038

ho | hs | hs [ e(ap) [r(up) [ eln) [r(mn) [ e(w) [ rle) [ e [ ()
0.373 | 1/2 1/4 1.7888 - 0.1394 - 0.2324 — 0.0688 -
0.190 1/4 1/8 0.8346 | 1.132 | 0.0525 | 1.450 | 0.1221 | 0.929 | 0.0346 | 0.992
0.097 | 1/8 1/16 || 0.4119 | 1.043 | 0.0208 | 1.366 | 0.0557 | 1.132 | 0.0174 | 0.993
0.057 | 1/16 | 1/32 || 0.2126 | 1.237 | 0.0102 | 1.350 | 0.0261 | 1.092 | 0.0083 | 1.064
0.026 | 1/32 | 1/64 || 0.1057 | 0.882 | 0.0049 | 0.907 | 0.0123 | 1.082 | 0.0041 | 1.017
0.013 | 1/64 | 1/128 || 0.0527 | 1.082 | 0.0024 | 1.087 | 0.0062 | 0.984 | 0.0020 | 1.003

e®) | r@® | @i [eff(@) | rel(0?) | Wy | eff(Wy) | rel(wy?) || iter
5.6130 | — | 20.3330 | 0.2761 | 1.2450 | 21.3233 | 0.2633 | 1.2157 | 5
2.4348 | 1.223 | 10.0583 | 0.2450 0.7772 10.6751 | 0.2309 0.7544
1.2208 | 1.130 | 5.1317 | 0.2379 | 0.5389 | 5.5172 | 0.2213 | 0.5197
0.6134 | 1.167 | 2.5801 | 0.2378 0.3819 2.8311 | 0.2167 0.3646
0.3050 | 0.951 | 1.3070 | 0.2333 0.2668 1.4719 | 0.2072 0.2514
0.1521 | 1.001 | 0.6605 | 0.2303 0.1872 0.7780 | 0.1955 0.1725

S OO O D

Table 7.2: EXAMPLE 1, RTy — P; — Pg — RTy — Pg — P; — Py fully-mixed scheme with quasi-uniform
refinement.
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Figure 7.2: Example 2, domain configuration in the initial mesh, second velocity component on the
whole domain and first row of the Navier—Stokes pseudostress tensor streamlines.
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N| hs | hp [ e(us) | r(us) | elps) [ r(ps) | e(up) | r(up) | e(pp) | r(pp)

975 | 0.188 | 0.200 || 0.4994 — 0.2520 — 0.6380 — 0.0279 -
3803 | 0.100 | 0.095 || 0.3710 | 0.473 | 0.1476 | 0.852 | 0.3067 | 0.984 | 0.0135 | 0.971
13907 | 0.050 | 0.049 || 0.2486 | 0.578 | 0.0908 | 0.700 | 0.1558 | 1.037 | 0.0067 | 1.064
55232 | 0.026 | 0.026 || 0.1278 | 1.005 | 0.0500 | 0.903 | 0.0783 | 1.081 | 0.0034 | 1.089
214793 | 0.014 | 0.013 || 0.0668 | 1.111 | 0.0265 | 1.087 | 0.0392 | 0.968 | 0.0017 | 0.963
859813 | 0.007 | 0.007 || 0.0033 | 0.962 | 0.0134 | 0.917 | 0.0196 | 1.204 | 0.0009 | 1.202

he [ eV [ r) | e(@) | r@) | © [ eff(©) | rel(©2) | iter
1/8 00088 | — [1.4261] -~ [59111[0.2413 ] 0.5866 5
1/16 | 0.0021 | 2.088 | 0.8409 | 0.776 | 3.9451 | 0.2131 | 0.4234

1/32 || 0.0005 | 2.032 | 0.5025 | 0.794 | 2.2787 | 0.2205 | 0.3329
1/64 | 0.0001 | 1.974 | 0.2595 | 0.958 | 1.3192 | 0.1967 | 0.2260
1/128 || 3.9 e-5 | 2.052 | 0.1342 | 0.971 | 0.6619 | 0.2027 | 0.1649
1/256 | 8.1 e-6 | 1.934 | 0.0665 | 1.013 | 0.3315 | 0.2004 | 0.1154
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Table 7.3: ExAMPLE 2, BR — RTy — Py — Py primal-mixed scheme with quasi-uniform refinement.
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Figure 7.3: Example 2, three snapshots of adapted meshes according to the indicators © and \1!1/ 2
(top and bottom plots, respectively).
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N || e(us) [r(us) [ e(ps) | r(ps) | e(up) [ r(up) | e(pp) | r(pp)
975 || 0.4994 - 0.2520 - 0.6380 - 0.0279 -
1676 || 0.3082 | 1.782 | 0.8858 - 0.5468 | 0.570 | 0.8742 -
2934 | 0.1448 | 2.699 | 0.0953 | 7.963 | 0.4158 | 0.978 | 0.0356 | 11.434
4890 | 0.0981 | 1.522 | 0.0596 | 1.839 | 0.3107 | 1.141 | 0.0242 | 1.507
8193 || 0.0714 | 1.230 | 0.0356 | 1.997 | 0.2533 | 0.791 | 0.0146 | 1.961
13330 || 0.0579 | 0.861 | 0.0286 | 0.901 | 0.1831 | 1.333 | 0.0091 | 1.943
23684 || 0.0427 | 1.066 | 0.0191 | 1.402 | 0.1474 | 0.755 | 0.0078 | 0.544
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205068 || 0.0142 | 1.007 | 0.0062 | 1.058 | 0.0502 | 0.917 | 0.0026 | 1.022
617001 || 0.0082 | 1.015 | 0.0035 | 1.092 | 0.0294 | 0.895 | 0.0016 | 0.846

e(N) ‘ r(A) ‘ e(u) ‘ r(u) ‘ ) ‘eff(@) H iter

0.0088 - 1.4261 - 5.9111 | 0.2413 5
1.3937 - 4.0087 - 3.0611 | 1.3096 b}
0.0496 | 11.911 | 0.7411 | 6.029 | 1.9837 | 0.3736 5
0.0320 | 1.718 | 0.5247 | 1.352 | 1.4902 | 0.3521 5
0.0090 | 4.916 | 0.3840 | 1.210 | 1.1424 | 0.3361 5
0.0039 | 3.440 | 0.2826 | 1.259 | 0.8612 | 0.3282 5
0.0009 | 5.133 | 0.2178 | 0.906 | 0.6691 | 0.3256 5
0.0004 | 3.028 | 0.1646 | 1.105 | 0.5023 | 0.3276 )
0.0004 | 0.195 | 0.1280 | 0.902 | 0.3902 | 0.3280 5
0.0001 | 5.688 | 0.0951 | 1.091 | 0.2944 | 0.3230 5
4.7e-5 | 2.032 | 0.0732 | 0.951 | 0.2266 | 0.3233 5
1.5e-5 | 2.078 | 0.0427 | 0.934 | 0.1323 | 0.3228 5
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N[ hs | elos) [r(os) | elus) | r(us) | e(vs) | r(vs) | elps) | rlps)
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Table 7.5: EXAMPLE 2, RTy — P; — Pg — RTy — Pg — P; — Py fully-mixed scheme with quasi-uniform
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N || elos) [r(os) | e(us) [r(us) [ e(vs) [r(vs) | elps) | r(ps) | e(up) | r(up)
1264 || 14.1621 - 0.8298 - 0.3896 - 0.4866 - 0.6380 -

2114 || 167.0755 - 0.4080 | 2.761 | 0.3219 | 0.743 | 117.9178 - 0.5499 | 0.578
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0.0279 - 0.1328 - 0.0092 - 16.1894 - 3.9303 4.1191 5
0.0264 | 0.214 | 0.0828 | 1.834 | 0.0057 | 1.905 | 168.4701 - 11.4076 | 14.7683 4
0.0249 | 0.146 | 0.0427 | 1.633 | 0.0040 | 0.835 | 7.3211 | 7.719 | 2.6533 2.7593 5
0.0171 | 1.209 | 0.0347 | 0.669 | 0.0019 | 2.494 | 3.0247 | 2.862 | 1.7252 1.7532 )
0.0152 | 0.396 | 0.0342 | 0.048 | 0.0016 | 0.493 | 1.7665 | 1.781 | 1.3396 1.3187 4
0.0106 | 0.734 | 0.0291 | 0.692 | 0.0009 | 2.700 | 1.1850 | 0.979 | 1.0934 1.0837 4
0.0077 | 1.276 | 0.0214 | 1.250 | 0.0005 | 2.104 | 0.8691 | 1.033 | 0.9408 0.9238 4
0.0062 | 0.836 | 0.0167 | 0.582 | 0.0003 | 1.648 | 0.6721 | 1.023 | 0.8310 0.8088 4
0.0039 | 0.926 | 0.0102 | 1.157 | 0.0001 | 2.002 | 0.4116 | 1.014 | 0.6535 0.6299 4

Table 7.6: ExAMPLE 2, RTy — P; — Pg — RTy — Py — P; — Py fully-mixed scheme with adaptive
refinement via \I/}/ 2, we show the results for the meshes 1-2-3-4-5-8-11-14-17-20.
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