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Abstract

We present a hybridizable discontinuous Galerkin (HDG) method for non-matching meshes. The
method is devised by formulating HDG discretizations on the non-matching meshes and gluing these
HDG discretizations through appropriate transmission conditions that weakly enforce the continuity of
the numerical trace and the numerical flux across the non-matching meshes. The transmission conditions
are based upon transferring the numerical flux from the first mesh to the second mesh and the numerical
trace from the second mesh to the first mesh. The transfer of the numerical trace/flux from one mesh to
the other mesh relies on the extrapolation of the approximate flux and is made to be consistent with the
HDG methodology for conforming meshes. Stability of the HDG method is shown and the error analysis
of the HDG method is established. Numerical results are presented to validate the theoretical results.

1 Introduction

In different applications, interfaces divide the domain of interest Q C R? (d = 2,3) into several subdomains.
For instance, elliptic interface problems [11] where the partial differential equation (PDE) is characterized
by jumps of its solution across the interfaces, or situations where different PDEs are coupled at the interfaces
through different transmission conditions. In these situations, the discretization of a subdomain may not
match the discretization of its neighboring subdomains. For example, in the case of solid-fluid interactions,
it is desirable to have a finer mesh in the region occupied by the fluid, compared to the meshsize of the
discretization of the solid. In addition to the mismatch due to the non-conformity, if the interfaces separating
the domain 2 are not polyhedral, there would be gap (part of the domain which is not meshed) between the
triangulations of each subdomain, as we see in the example display in Figure 1. Another application arises
from the domain decomposition method where the mesh in the different subdomains of the domain do not
necessarily match at their common interface.

A wide variety of methods for piecewise flat interfaces problems can be found in the literature, in
contrast to those dealing with non-matching meshes. Certainly, numerical methods based on finite element
approximations that deal with curved interfaces and non-matching grids are not new. In fact, one of the first
approaches in the literature were based on curvilinear maps such as isoparametric finite elements [1, 12]. The
mesh in these type of methods is composed by polyhedral partition where some of the elements have a curved
side that interpolates the interface. In general, methods involving curvilinear mappings are computationally
expensive because they require to compute non-linear mappings to construct the basis functions of the
discrete spaces associated to the elements near the interface. Moreover, their precision depends on the
accuracy of the interpolation spline. In the same direction, isogeometric analysis using NURBS as basis
functions can be also used for interface conditions imposing higher—order continuity across the interface [9].

An alternative to curvilinear methods is to consider polytopal meshes that not necessarily are adjusted
to the interface. However, the effect of the variational crime of this approach is more significant than that
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of isoparametric elements. Several methods overcome this lack of accuracy due to the poor approximation
of the interface. For example, Mortar methods [10] where a Lagrange multiplier is considered to weakly
impose the transmission condition across the curved interface. However, their main drawback is the low
order approximation of the solution. Recently, a novel approach provides a high order method for problems
involving curved interfaces approximated by polytopal meshes [2]. It is based on the Polynomial Extension
Finite Element Method (PE-FEM) originally developed in the context of boundary value problems [3].
Roughly speaking, instead of adjusting the mesh to the interface, PE-FEM forces a polynomial extension
of the approximate solution to match the prescribed Neumann or Dirichlet boundary condition. Actually,
polynomial extensions have been also used during the last decade, mostly in the context of hybridizable
discontinuous Galerkin (HDG) methods [6, 7, 8, 13]. There, the polynomial approximation of the gradient of
the solution is extended outside the computational domain, whereas the solution is extended by integrating
the polynomial approximation of the gradient along transferring segments connecting the computational
boundary/interface and the boundary /interface of the domain. We consider the latter approach because of
its flexibility to deal also with situations where the mesh do not interpolate the interface as in the case of
immerse-type methods. For example, in Figure 2 both meshes are far from the interface.

Figure 1: Example of non-matching meshes in two-dimension made of triangles (left) and quadrilaterals
(right). The red mesh in finer than the blue one and the shaded regions (gap) are not meshed. The
black-solid line is the interface.

Figure 2: Same as Figure 1, but considering unfitted meshes.

Based on the transferring technique of [6], this work proposes and analyses a new method to handle
situations where the discretizations of different regions of the domain do not match as in the examples
depicted in Figures 1 and 2. For the sake of simplicity of the analysis and the exposition, we consider the
following diffusion problem:

g+Vu=0 in (1a)
—-V-q=f in Q (1b)
u=0 on I':=09Q, (1c)

where Q@ C R? (d = 2,3) is a polyhedral domain, f € L?(Q) is a given source term, u and g are the un-
knowns. Since we are interested in the regions where the meshes do not match, here we have only considered
homogeneous Dirichlet boundary conditions, but other type of boundary conditions can be also considered
without difficulties. Even though this is a simple model, it poses several technicalities for theoretical analysis
that need to be understood before considering more complex problems.

The remainder of the manuscript is organized as follows. In Section 2, we introduce the HDG method
for solving the problem 1 on non-matching meshes. Next, we show the stability of the method in Section
3 and present a prior error analysis in Section 4. Finally, Numerical results are presented in Section 5 to
validate the theoretical results.



2 The method

2.1 Notation

The Computational Domain. The physical domain € consists of two disjoint open subdomains Q! and
02 such that 7 := QI N Q2 represents the interface between the two subdomains. For i € {1,2} and h; > 0,
let Q;u = {K} denote a (I' N 9Q)-conforming triangulation of !, with boundary F}'”, made of polyhedral
elements K of size proportional to h;. Without loss of generality we suppose hy > h;. We assume each
element K is a simplex, a quadrilateral (d = 2) or a hexahedron (d = 3). Also, to simplify notation, we
will just write h instead of h; when there is no confusion, i.e., when the label h indicates the size of the
triangulation Q,ll or Q}QL In this case, Q) N Q3 is not necessarily 7 as in the examples displayed in Figures 1
and 2. Then, for i = 1,2 we define Z} :=I'} \ T (see Figure 3 for an illustration).

Figure 3: Examples of computational domain and notation.

The family of triangulations {Q%}Iwo is assumed to be shape-regular, i.e., there exists §; > 0 such that
for all elements K € Q}L and all h > 0, hx/px < Bi, where hi is the diameter of K and pk is the diameter
of the largest ball contained in K. For every element K, we will denote by ng the outward unit normal
vector to K, writing n instead of nx when there is no confusion. The set of all the faces of 2} is denoted
by &;.

Spaces and norms. Given an element K and a non-negative integer r, P,.(K) denotes the space of
polynomials of total degree at most r, and we define P,.(K) := [P,.(K)]¢. Given a region D C RY, we denote
by (-,-)p and (-,-)sp the L*(D) and L?(0D) inner products, respectively. The L?-norms over D and 9D
will be denoted by || - ||p and || - ||ap. We use the standard notation for Sobolev spaces and their associated
norms and seminorms, where vector-valued functions and their corresponding spaces are denoted in bold
face.

The inner products for the triangulation Q2 (i = 1,2) are given by

(’)Q}L = Z ("')Ka <7>8Q2 = Z <'a'>8K and <5>I;L = Z<'7'>ea
KeQl KeQl e€I}
and their corresponding norms will be denoted, respectively, by

1/2 1/2 1/2

llog == { SS 01| o Mlomg o= [ 1+ 1Bk and |-z o= [ 0012

Ke KeQ, e€T}

To avoid proliferation of unimportant constants, we will use the terminology a < b whenever a < Cb and C
is a positive constant independent of h.



Connecting segments. For each point a2 € I}QL, we associate a point ! € I,ll. We denote by o(x?) the
segment starting at 2 and ending at !, with unit tangent vector m and length |o(x?)|. The segment o (x?)
is referred as the connecting segment associated to & and is assumed to satisfy two conditions: it does not
intersect the interior of another segment and its length |o(x2)| is of order at most max{hy, ha} = hg, where
we recall that h; is the mesh size of the triangulation Q}L that satisfies ho > hq.

Now, let v? a vertex of Z,%. We assume that the point v! associated to v? is a vertex of I}L. In Figures
1-3 this is always the case. Then, Z} induces a partition of Z that we denoted by F7 = {e}.

Figure 4: ]-',% is the partition of I,?L induced by I,ll. In this illustration, e? € I,% is partitioned in two faces.

Extrapolation operator. The region enclosed by Q,ll and Qi (shaded area in Figures 1-3) will be denoted
by Q¢**. We notice that Qf*" is not meshed. As a consequence, we don’t have an HDG approximation in
there. That is why the HDG approximation of the flux g will be locally extrapolated from the computational
domain Q} UQZ to Q5. More precisely, let p|x : Pr(K) — R be a vector-valued polynomial function which

is defined on an element K in Q) U Q2 such that K N Qert £ (. We will define its extension to Q5*" as

E, . (y) :=plg(y) Vye™ (2)

Note that the extended function Ey,. (y) is a vector-value polynomial function whose support includes QZ‘“.
Each element K will have its own extended function.

The HDG-projection. In the analysis we will employ the HDG projection devised in [4]. More precisely,
let 7 be the stabilization parameter of the HDG method that we assume non-negative and uniformly bounded.
For i € {1,2} and a pair of functions (q,u') € HY(Q8) x HY(Q4), we recall its HDG projection II*(g*, u?) :=
(ILyiq", Iy, u*) € V7, x W} defined as the unique element-wise solution of

(Hviqi7U)K: (qi,v)K VveP(K), (3a)
(Myriu, w) g = (u, w) K Vwe P 1(K), (3b)
Myiq-n' + Ty, p)p = (g n' + 7', w)p Y o€ Py(F), (3¢c)

for every element K € Q¢, and F € 892. Here V}‘1 and Wfl are the HDG spaces consisting of polynomials
of degree at most k on each element K. In addition, the L? projection into M}Z will be denoted as P
and, given constants Iy and I, € [0,k], if (¢',u’) € H'(Q}) x H'(Q}) € Hlat1(Q}) x H«T1(Q}) and the

stabilization function is chosen so that 72%* := max 7|sx > 0, then by [4] and [5],
ITyiq" — g'llx S b 1q o ey + P31 s i), (4a)
My’ — 'l S R !l ey + B IV - @ gta s (4b)

for all K & Q}L



Further notation and auxiliary estimates. Given a face e € I,QL belonging to the element K, € Q2, we
define the extrapolation patch as

K& = {x+n%*:0<t<|o(x),zce}. (5)

We denote by hl (resp. H) the largest distance of a point inside K. (resp. K¢') to the the plane
determined by the face e. In other words,

1
h@

= max |dist(x, e)|, H} = max|o(x)], (6)

reK, xce
where dist(x, ) denotes the distance from  to the face e. We set the ratio r. := H}/h} and its maximum

Ry := maxr,. (7)
eEI}QL

We also define
Vi = {p e (k) p# 0},

and we denote by m. the interior normal vector to K¢ along the edge e, i.e. the exterior normal vector to
K. pointing in the direction of K¢**. We can then introduce the constants

]_ ‘n exr . 8
su HX eHKe t Cénv — hé' sup H neXHKS (8)

Cezt .
= , .
¢ VTe XEVF Ix - 7el k. XEVF Ix - 7el k.

As proved in Lemma A.2 of [6], these constants are independent of the mesh size, but depend on the
polynomial degree k.

On the other hand, following the ideas in [6], it is useful to introduce the following auxiliary functions.
Let e € I}QL that belongs to K, and K. For a polynomial function v on K, we define

4 lo ()] ,
vl (2%) = |0(i32)|/0 <Ev\z<e (x? +n?s) — EU|K€(SL‘Z)> -n?ds, (9)

for i = 1,2, where we recall that * € e and &' € Z} are connected by the segment o(x?). They satisfy (c.f.
Lemma 5.2 in [6]):

. 1 .
lo/2A% . lle < —zrd?Ce i |v| k. VveV(Ke), (10a)
Ke \/§
; 1
ol AL lle < —=rel|hE0nv - n gere Yo e H (K. (10D)

V3

These estimates will be useful for our error analysis of the HDG method. Another important tool is based
on Taylor series expansion of a function defined on I,% around a point I,ll. More precisely, the following result
holds.

Lemma 1. Let ¢ : I} — I? be a bijection. If ¢ € H*(Q) and ¢ := —V, then

o2 = o g™ + o P (pod™) -0l S Roha ¥l a2(e). (11a)
o712 = w0 ¢z S (Roha)'/? ]l 20, (11b)
o2 —po¢™") 1Pl S llell g o) (11c)

Moreover, let e € I}% with K. the element where e belongs. If p € P(K,), then

_ —1/2
lp—po¢ e S rehg>CE|pl| . (11d)

The proof is be postponed to the Appendix.



2.2 The HDG method

For a given polynomial degree k we consider the finite dimensional spaces
Vi ={ve L) v|g € V(K), VK cQ},
Wi = {we L) :w|x € W(K), VK € Q},
M}, = {p € L*(&}) : ple € M(e), V e € &},

where the local finite dimensional spaces are V/(K) := Py (K), W(K) := Pg(K) and M (e) := Pg(e).
Then, on each subdomain Qﬁb, we seek (q}'17 ul, Wh) eV x W;L x M ;L that satisfies

12a
12b

(q;m'v)Q;L - (u;u V- v)Q’h + <aﬁzvv ’ nz>8§2;L =0, ( )
(@, - oy = O, (12¢)
(@ ring =0, (12d)
for all (v, w, u) € Vi x Wi x M}, where
g, -n'=q, -n+1(ul, —al) on o, (12e)
and 7 is a positive stabilization function defined in BQ}IUBQ% assumed to be uniformly bouded. By simplicity

of the exposition we assume 7 is constant everywhere. The above equations must be complemented with
suitable transmissions conditions across the interfaces I,% and I,% that we proceed to derive now.

In the case where the two meshes match at the interface, namely @ﬂﬁ% = 7, the transmission conditions
can be weakly imposed in the HDG scheme as follows [11]:

(@, =y, )z =0,  Vp € My(T), (13a)

(@ -n*+@,-n', =0,  Vue M), (13b)

where My, (Z) := {u € L*(Z) : p|e € M(e), Vface e on Z}. In the case where the two meshes do not match

at the interface, somehow we can think that the interface Z has been “split” in two, I,% and I,%. Then, we
propose to consider the following interface conditions:

(@h — U =0, Vu e My(Tp), (14a)
(@, -7° + @ =0, Yue Mu(Zp), (14b)

where EZ,% and cY}L are approximations of u|I}1L and q - nl\Iz, resp., that will be constructed as follows.

For 7 we employ the transferring technique in [6, 7]: Let #* € Z? and its corresponding point z! € Z}.
Integrating (1a) along the connecting segment o(x?), we obtain

1
U$12U$2*0$2 (S)) -m(x\s S
() ()I()I/OQ(()) (x(s)),d
1

where x(s) = 22 + (x! — 2?)s, s € [0, 1] is the parametrization of o(x?). Thus, motivated by this expression,
we define

h

1
u (xh) = us (x?) - a(az2)|/ E 2 (z(s)) - m(z(s))ds. (15a)
0

Here Eqi (z) denotes the extension of g2 (z) outside the computational domain 7. On the other hand,
based on the form of the HDG numerical fluxes (12¢), we define

n(@*) = Eq (2®) - n' + 7(up(2') — (). (15b)

We notice that the information from Z7 is being transferred to Z} through the mapping in (15a), and the
information from I}L is being transferred to I,% through the mapping in (15b). Moreover, we observe that if
T =1} =12, then (14) reduces to (13).

In summary, the HDG scheme (12) is now completely defined with the transmission conditions (14) and
the extrapolation of the numerical trace/flux (15).



3 Stability analysis

In this section we will show, under certain assumptions, an stability estimate associated to (12). In order
to use this estimate to obtain both, wellposedeness and error bounds, we consider the same problem (12),
but (12a) is replaced by

(@hs 0)qi = (U}, V- 0)gi + (U, v - n)o0s = (9, 0)g; (16a)

where g’ € LQ(Qz) is a given function. In particular, to show wellposedeness g* will be 0, whereas g' will
be the projection error q* — Ily,iq" when proving the error estiamtes.
For simplicity of exposition in the analysis, we assume that

(A1) QN2 =9,
(A.2) there is a bijection ¢ : Z} — Z7, such that ¢(z') = =2,

(A.3) for each e! € T}, m = n? (as a consequence, m = —n!).
Assumptions (A.1) and (A.2) hold true, for instance, in the illustrations of Figures 1-3. On the other

hand, (A.3) is only satisfied in situations as those depicted in Figures 2 and 3 (left). However, the

estimates of this work are also true if, instead of (A.3) , we assume 1 —m -n! and 1 — m - n? are

positive and small enough. But, this assumption helps us to facilitate the presentation of the ideas
behind the proofs.

Moreover, for the analysis we require the following smallness assumptions related to the ratio Rs. In
particular, we assume

A4 maxXrTe < Bh s with @ and non-negative constants independent of the meshsize.
5 = e g
e€T;

(A.5) BrhS maxhl <1/9,
6612

(A.6) C15%h3 maé{(Csmt)Q(ﬁhg‘(Cé””)Q) + Bh§ + 3) < 1/4, where C} is a positive constant, independent of
e€Ty
ho, that will appear in Lemma 3.

(A.7) CoBhy < 1/2, where Cy is a positive constant, independent of hg, that will appear in Lemma 4.
4
(A.8) 6C7,, <h§TR§ +2h3 + h3 + 3R2h2> <1/8.

We observe that Assumption (A.4) holds true, for instance, when I,% and I,% are piecewise linear interpolations
of the interface Z, i.e. @ = 1, as in the example illustrated in Figure 1. It is also satisfied when there is a
gap of order h, i.e. @ =0, as in Figures 2 and 3. On the other hand (A.5)-(A.8) are satisfied for i small
enough when « > 0.

The main result of this section is the following stability estimate.

Theorem 2. Suppose Assumptions (A) and elliptic reqularity (cf. 27) hold true. If a > 1/2 and h < 1,
then there exists hg € (0,1), such that

2 2
> HqZH?z;l + |72 (uj, — ﬁ%)”?m + o]~V (@ ot —a7) H%ﬁ S(B+1) <Hf!H?z +) Hg’H?z;) (17a)
i=1 i=1
and

2 2
Sl S (8 (357 + b5 + 13+ 13) (Hfl\l?frZHgl\é;l) +BIEOlgR. (1)
i=1 =1



Corollary 2.1. The HDG scheme (12) has a unique solution.

Proof. Let i € {1,2}. We observe that g' = 0 in HDG scheme (12). Hence, if f = 0, by Theorem 2, ¢}, = 0,
uﬁl:O,ﬂﬁL:Oandﬂ;L:O. O

The proof of Theorem 2 is postponed to Section 3.3. To that end, we first provide two technical Lemmas.

3.1 An energy argument

We now employ an energy argument to obtain a bound for the L?-norm of the approximation of the flux
g}, the L?>-norm of the consistency error in the stabilization term T/ 2(ui — 1) and also the L?-norm of the
term |o| /2 (ﬂ% ot — @%) which indicates the error associated to the transferred transmission condition
of the scalar variable. As we will see, the right hand side of this bound depends, in addition to the sources,
on terms involving the extrapolated polynomials and also on the L?-norm of the approximation of w.

Lemma 3. If Assumptions (A) hold, then there exists C1 > 0, independent of the meshsize, such that
2
> H%lléﬁlle(U% — ) 50: + llo| /2 (@ 0 6" — @7) [E
=1

2 2
<1202 I, + AR + 2D il +4@+3R) Y gl (1)
=1 =1

Proof. First of all, by testing equations (16a), (12b)-(12d) with

@ i 90L\T)

g, in QF up in QF u; in 03 \I%
v = 2 02 w = 2 02 and p = ~1 1 ori\ 71
qp m i Up, M Loy qn, T 1 n \Zp

g,-n® in OT3\T?
and adding them up, we obtain

2 2 2
ST llgil3, + 172w~ T2, + T = S0 uh)ey + (0" gi)a; (19)
i=1 =1 =1

where T := (62 . ni,ﬂ}'lhi, fori =1,2.
We now proceed to deduce how the transmission conditions (14) connect T' and T2. More precisely, by
(14a) and (15b),

’]rl = (6}11 : nlaﬁ%)z}t = <qflL : nl - (Eq,ll 0 d)) : nl - (a}L o ¢)7a%1,>2}1l

We now work with the right hand side of the last expression. Let e!' € I}L and e its corresponding face
F?. Since ¢ is a bijection and |e!| =

le], we have
Tile = ((@ho¢ ") - n' = Eg -n' + G, U 00" )e = Tg + (G, P (U 0 071))es
where T¢ := ((gj, o o) -nt - Ep -nb,u2 0o ¢~ 1)e and Py is the L:-projection on M (e). Thus, by (14b),
Tile = Tg = (@), - n* Py (g 0 ¢71))e = Tg — (@, - n*.uj 0 ¢~ e
and then

Tilo + Tole = T — (@i, - n2, U 0 ¢~ — Uj)e



On the other hand, since by assumption ((A.2)), m(x(s)) = n? for all s € [0,1], then z(s) = % + (z! —
x?)s = & + n?|o(z?)|s and (15a) can be rewritten as

lo(?)]
ur(x') = up (x?) — / E (x® +n’s) -n’ds
0

— i) - [ " (B + %) - ) ) ds - lo@idh(@)
= Uj(2) — |o(2?)|A7, (2°) — |o(2)|qj (z?) - n?,
where we used the definition in (9). This implies that
q;(x?) - n? = —|o(@®)| 7 (W (=) — U5 (x?)) — A (7). (20)

Combining this identity with the above expression for Ti|.1 + Ts|e and the definition of the numerical flux
(12e), we obtain

Tilor + Tale = TS + (r(u} — @), i 0 ¢ — 8. — (g} - %, W} 0 ™! — )
= T+ (r(up = @3), T 0 ¢~ = Uj)e + [[lo] /2 (@h o™ —a3) 12 + (Ao Tj 0 @1 —Tf ).
Now, adding and subtracting uy, we rewrite Ty as follows:
Ty = ((gho ¢ n! — By -l i o¢™ — @)+ (gh 0 7) - n! — By -nl ).,

which, together with (19), implies

2
> il +HIm 2l = @) 130, + o712 (@h 0 @74 — @) |17

=((gp00™") n! —Egp n' o™ — U — (AL, U0 ¢ —1f)z

_<(q}110¢_) n' _El -n! uh>Z2_<(Uh ) o¢_ _uh>IfL
2 2

+ Z(f’ UZ)Q;'L + Z(Qi, qﬁ;)g;’z

i=1

=1

Before continuing, we would like to point out that Ty 4+ Ty has been decomposed in such a way that the
mismatch between I,ll and I,Ql is explicitly written in terms of 17% ol — ﬂ% In the particular case when
I,% = I,?L, ﬂ% and ﬂ% coincide and therefore Ty + T9 vanishes.

No, by Young’s inequality, with . > 0 at our disposal, we obtain

o 1T I
lethlgz 1—* max (r'/2(o(@?)|'/2) | |72 (uf, — @) |3q: + 5ol (@ 0 67" = 47) [172
2z 2e1? oo 2 h
_ 1 _
<ellol2((aho 6™ -m' — By nh) s + 116 (gho @) -n — By -n')[2
1 1/202_ |12 1 5-1/252 )12 o 1 - P2 49 - 02 91
ol 205 g+ o 2RI IR+ 5 3 g +2 3 I (21)
1= =
Now, for e € Z? by (11d), we have

_ —1/2
l(@ho @) n' = Egr -n'lle S rehie*Ce™ | qj | k.

and also

llo*(a 0 ~") - n' = Egy - nllle S r2CE" gk



where K. is the element where e belongs. Then, from these inequalities and (10), we conclude there exists
a constant C7 > 0, independent of the meshsize, such that

. o 1 _ ™ _ .
2 Z I hHW (1 — fwmax( 1/2‘0(;,;2),1/2)) 1722 (i, — u;)y\g% + §HIU\ V2 (@30 p~! —03) H%i

21?2

<Ci <maxr (Certoimvy? + maxr; 3(certy? + max drg *hiy (C:mt)2> AR
e€I? e€l? e€l? h

L1222 2 1 i 112 0|2
IR + IR + Z k1, + 221 gl (22
1= 1=
Thus, by choosing 6. = Cy 'r; 2hg, (CS**) =241 we have

. o 1 _ ™ _ R
5 Z i1 + (1 — 5 ax (7 1/2\f7(962)|1/2)> 72 (uly = ) 150 + 5ol ™2 (R 0 67" =) |22
> ,

<4 (maxr (CextCm”) + maxrg (Cext) ) HQ%H?F
e€T? EI h

—1 2 ~
+ O [Irehy*Ceay wllze + 111+ 5 ZHuhHQZ +22H9 I5: - (23)

On the other hand, modifying the proof of Theorem 4.1 in [4], it is not difficult to show that for each
ecTI?,

—1 2 —
rehie @il S rell @il +rehi ludlli, +7ellg? . (24)

Then, (22) implies

. . 1 _ - _ =N
ZH @l + (1 - *zmgg( 1/2\0(w2)!1/2)> 17Vl = ) 1305 + 5l ™72 (3R 0 67" =) |22

h

<4 (maxr (CextC’””) + maxr; (Ce”) +3max7' (Cext) ) Hq%”éi

e€T? eEI eeIh
2 .
+3C m%XTZh “uilZe + 111G + 5 Z luh 16 + (2 +3R2) Y llg' 15 - (25)
i=1
The results follows by Assumptions (A.4), (A.5) and (A.6). O

We observe that we need to provide an estimate for the L?-norm of u,ll and u,zl To that end, we will
employ a duality argument.

3.2 A duality argument
Given © € L?(Q), we will assume that the solution (¢, ) of

p+ V=0 in Q, (26a)
V.p=06 in Q, (26Db)
=0 on 0f) (26¢)
has regularity
el @) + 1Yl a20) < Cregll®lla; (27)

where Crey > 0 depends on the domain €. This result holds, for instance, for convex, polyhedral domains
and for domains with C2-boundaries.
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Lemma 4. If Assumptions (A) and (27) hold true, then there exists Co > 0, independent of the meshsize,
such that

2
) Roh
Z ||u§l||?2% ,5022 ((Rghg) + R2h2 4 B2h20‘ lmax(cext) 2h2

ho)2T + h? + h2
eI 201 +(R2 2)7"" 1+ 2>

<\|!U|_1/2(U%O¢‘ — )72 + 1712 (u, — @) Al +Z||(Ih||91> + C3Rah3lg? G- (28)
=1

Proof. By the result of Lemma 3.3 in [6] applied to our context, it can be shown that given © € L?(Q) and
any ¢ € Wy, the solution of (26) satisfies

2 2

2
Z(u;w @)QZ = Z(q;wHV“P - ‘P)Q}l + ZTiﬂ (29)

=1 =1 =1

where, for i = 1,2, T% = (Ui, - ni>I;-L - @2 . ni,whi and Il is the HDG projection into Vi defined
in (3). Similarly to tjhe ideas behind the proof of Lemma 3, we will explicitly write T + T2 in terms of
quantities related to the mismatch between Z! and Z2. To that end, by using (14a), (15b) and mapping the
integrals from I,ll to I,%, we have

T, =(U, ¢ -n' )y — (@ -n',)p
=(iy, 0 n')p — (@, n' — (Bgp 0 @) n' + (3,0 8).¢)g
=(U, o nl)p —((@uod™) n' —Egp -n' +q,,v0¢ )p
=—(@hod " (pod ™) n)p +((gho¢ ") n*—Eyu -n’+g;-n’ oo )p

Then,

T, + T, =(Uh, o -n°)p — (@ od™" (pod™) - n’)p + (@ - bod™ — )
+((ghod ") n®—Ey -n*yodp )p
=(h, -0’ —(pod™) -0’2 — (G 0™ ~ Uy, (pod™) - n?)p2
+{(groo ) n?— Eg - n? 4o ¢71>I§ +(g;,-n* Yo" - V)2
In addition, by (20),

(@ n’ o —d)p =(gh -n Yo ¢ =P + (r(uh —Uj), Yo ¢ — P
— (ol @h o™ — U)o d T — ) — (AZ Yo7 — )
+(r(uf — 7)o d™ — )z,

which implies that

T, + T =(U, ¢ n° — (po¢™ ') - n’)p — (Uho¢™ ' — U, (o) n)p
+{(gro¢™) - n’ —Eg n® podp )p
— (oM@} 07" ~ a%) Yool — ) — (A Yo s —¢P)p

5

+(7(uf —Up) o — ¢>h=ZSi,

=1

11



where
S1i=—(lo| (@ 0 ¢~ = @), 0] (w0 @) - n+ o A (o Tt +4))p2,
Sp = (@, n® — (pod™) - n?)p,
S3:=((ghoe™") - n’ ~Eq -n’ oo ip,
S1=—(A% Yo~ — )z,
S = (T(uj —uz),po ! — ¢>I,2L

We now bound each of these terms by the Cauchy-Schwarz inequality, the estimates in Lemma 1 and
the regularity assumption (27):

S1 S Rohalllo] 2@ 0 67" =) |2 ¥l sr2(0) S Ba halllo| 2@} 0 7" — )22 1O

So S o720l z2 [l pll i1 0 < o232 2110,

Ss < max(rehi*CE) |lghllzz v o o7 e < max(rehi2CE™) [lahllz2 | O]le,
e€l? e€l?

S1 S (Reha)' 2|02 22 14 1 e < (Roho)' 2|01 A% |Iz2 1O,

S5 S Roha 72 |r(uf — ) |22 [l 111 ) S Ry ho '/ |7(uf — 3) 22110 o

In addition, by (24) and noticing that |o(x?)| < rehg, for all % € e and e € Z7, S, can be bounded as
1/2 1/2 1/2
82 5 (BY*halladllog + By * I llos + B3 *hallg®loz ) o

Also, by the estimate in (10a), we have Sy < R%hé/2 maé((Csthé””)Hq%HQ% 19(q-
el
In summary, combining (29) with the bound for S; (i = 1, ...,5) and noticing that
My — pllo; < Creghil|Ollo,

by (4a), we obtain

2

> (@) 0)o; <llOe (Rghg + Ry hy + max(rehy 2CE™) + R3hy/? max CE'CI™ + Rohot"/? + hy + ho
im1 e€Z; ¢ e€Z;

2
(H o] 2@ 0 ¢~ =) Iz + 2 (uh —GR)llzz + ) H%Hng)
i=1

1/2 1/2
+ Ry *||ud oz [l + Ry *hallg? oz 1Ol

1 : f)l
Then, we take © = { Z% 12 QQL and we conclude that there exists Cy > 0, independent of the meshsize,
h h

such that

2 1/2 .
(Z (A ) <y <R2h2 + RY?hy + ng(reh;é/ 20ty 4+ R2pY? max CE7 G + Rohat'/% + hy + h2>
=1 ecely ecly
2 .
(IIIG!‘W(ﬂi 0™ = @)z + |7 (up — @)l + Y IIqZ!\%)
=1

1/2 1/2
+ CaRy?|[u} gz + C2 Ry hollg? oz

The result follows by considering Assumptions (A.4), (A.6) and (A.7). O
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3.3 Proof of Theorem 2

Proof. Combining the estimates in Lemmas 3 and 4 we obtain (17b). In addition, by Lemma 3 and the
estimate in Lemma 4 we have

2
> llahligy + 2, = @l + llol™72 (@ 0 7' = a7) 122
=1
2 .
SO+ 82372) (8 (3ot hg ™ 4+ 1307 4 nd 4 03) (Hfl\l?z +3 ngy\g»
=1

2
IS + 2+ Bh2) Y g IS + (B°h3* + Bh5™) 9% B
i=1

which, after recalling that hy, ho < 1 and o > 1/2, implies (17a).

4 Error estimates

Let us proceed now to derive the error estimates of the proposed method (12). To that end, we employ the
stability estimate deduced in previous sections. ,
Let us consider the solution (g,u) (1). For i € {1,2} we introduce the projection of the errors €4 :=
ILy,iq — qﬁl, e = Tlyiu - u}l and €% := Pyriu - @}'L, where we Py is the L? projection into M}; and the
error of the projections I := q — II,iq and I v := u — Hyu. Using these quantities we can decompose
the HDG error q — g}, = €9 + 1 7 and u — uh = e + I""; and then the projection of the errors satisfies

i

(qua v)Qz - (5u Vo v)Q;l + <’L/Z7;;“’U 'n >8§21 - (I 7’0){227 (30&)
(e, V)i + (€T - ni whyo =0 (30b)
(e -n', w)oqivri =0, (30c)
(€ mrivg =0, (30d)
for all (v,w,u) € Vi x Wi x M}, where el . pi = ed . p +7(e% — &™) on QL and
(" =" W =0,  Vpe M, (30¢)
(e m?+eT ) =0,  Vue M (30f)

where e%” := Pypu—ug and e = q* n’—q. _ '
By the stability estimate (17a) applied to (30), where I and 0 play the role of g* and f respectively,
we obtain

2

2

i i i _ 2 _ 52 i
D e lgy + 172 = e™)I5g + ol 2 (™ 0 g™ —e™) |2 S (BA+m) + 1) DTV, (31)
=1 =1

Moreover, by (17b),
2 ( ) 2
ul o— a 2(a+1 g
IR (8 (h3" + g™ + n3 ) 4 i + 13) (Z |2 H?);l) (32)

Finally, by (31) and (32) and the properties of the HDG projectors (c.f. (4)), we obtain the following
result.
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Theorem 5. Suppose Assumptions (A) hold true, o > 1/2 and elliptic regqularity holds. If T is of order one
and (q,u) € H'a+1(Q) x H=+1(Q), then

) 1/2 5 1/2 5 1/2 5 1/2
i2 i2 2(lq+1) 2 2(lu+1) 2
(2”‘1—%”9;‘1) + (2 HU—UhHQ;') S (Z;hz 4 ||Q||Q;L> + <Z;h‘z ’UH%> .

for all h € (0,1).
Corollary 5.1. Suppose the same assumptions of Theorem 5 hold. If (q,u) € H*1(Q) x H*(Q), then

9 1/2 9 1/2
q-— q;z i U= Uh i ~ N 2 -
H % ”?Zh + H 7 ”éh < hk+1 + hk+1
=1 i=1

We finish this section by showing the error estimates of a postprocessing of u}l (1 = 1,2). In particular,
as introduced by Stenberg [14], it is possible to define a locally post-processed function (u})’ to be the
piecewise polynomial function satisfying, for all K € Qi |

(uf,)" € Py (K)
(V(up)', Vwn) g = (g), Vwp)kg  Ywp € Py (K), (33a)
((uh)’, 1)k = (uf,, k. (33b)

In addition, under the assumptions of Corollary (5.1), the post-processed solution satisfies (cf. [4])
= ()l S 1 gy + hulla’ — ghllag + FE+21gl e .

Then, by (32), (4a) and Corollary (5.1),
Z Ju = (i) 3 S (5 (hgo“l +RgT 4 hg(““)) +h2 4 h%) (P2 p20HLy 202y p2(42),

Remark 6. The above estimates indicates that, if = 0 (i.e. no gap), the post-processed solution super-

com}erges with order hk+2, since h1 < ho. On the other hand, if B # 0 and then the order of convergence is
hk+1+ min{2a—1 a+1}

5 Numerical Results

We consider four numerical examples to illustrate the convergence rates of the method. For all the examples
we consider the physical domain € to be a square [0, 1] x [0, 1], which is approached by the computational
domains Q}L U Q% The four examples differ in the way the subdomains Q}l are geometrically interfaced. We
use the same manufactured solution w(z,y) = sin(rz) sin [7(—0.2y* 4+ 1.2y)], for all the numerical tests.
The forcing term f, and the homogeneous Dirichlet boundary conditions applied on x = 4+1 and y = +1 are
derived from this exact solution. The stabilization parameter 7 is always set equal to one. Following [6, 7],
we compute the errors

1/2 1/2
o= 7 (Zuq—quml) =g (an—uhugz)
1/2

|Q|1/2(Z”“ ||Ql> ,

where |Q] = |QF| + |Q3] is the total volume of the computational domain. In addition, for each variable,
we compute the experimental order of convergence defined as e.o.c. = log (e, /€n,)/(h1/h2), where €5, and
en, are the errors associated to the corresponding variable considering two consecutive meshes with A1 and
ho elements, respectively.
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5.1 Test cases with ratios r. = O(h)

For the first test, Q,ll and Q% are two symmetric uniform quadrilateral meshes separated by a flat interface
centered at y = 0.5 and with a gap of thickness h2/2. The computational domains are similar to the ones
illustrated in Figure 5, although the gap used in the current example is smaller than the one depicted in
Figure 5. Note that the area of the computational domain increases as the mesh is refined, which motivates
the use of error norms rescaled with €|/

The ratio 7. = h/2 is uniform on the interface. According to the notation in Assumptions A, & = 1 and
B = 2, and all those assumptions are satisfied for ho small enough. Table 1 shows the errors and convergence
rates for the approximate solution uj, the approximate gradient g, and the post-processed solution uy. We
observe that the HDG approximation of w and q converges with order k£ 4+ 1 as predicted by Corollary 5.1.
We also observe an experimental order of convergence of k + 2 for the post-processed solution, which is half
a power better than the one stated in Remark 5.1.

k | mesh size h €u €.0.C eq €.0.C Cy €.0.C
5.000e-01 | 1.20e-01 — 3.57e-01 - 5.89e-02 -

2.500e-01 | 4.55e-02 | 1.40 | 1.43e-01 | 1.33 | 9.93e-03 | 2.57
1.250e-01 | 1.40e-02 | 1.70 | 4.44e-02 | 1.68 | 1.49e-03 | 2.73
1] 6.250e-02 | 3.91e-03 | 1.84 | 1.24e-02 | 1.84 | 2.07e-04 | 2.85
3.125e-02 | 1.03e-03 | 1.92 | 3.28e-03 | 1.92 | 2.72e-05 | 2.92
1.562e-02 | 2.66e-04 | 1.96 | 8.43e-04 | 1.96 | 3.50e-06 | 2.96
7.812e-03 | 6.74e-05 | 1.98 | 2.14e-04 | 1.98 | 4.43e-07 | 2.98
5.000e-01 | 3.32e-02 — 1.61e-01 - 2.48e-02 —

2.500e-01 | 4.01e-03 | 3.05 | 1.44e-02 | 3.49 | 1.43e-03 | 4.11
1.250e-01 | 5.58e-04 | 2.85 | 1.80e-03 | 3.00 | 7.46e-05 | 4.26
2 | 6.250e-02 | 7.48e-05 | 2.90 | 2.37e-04 | 2.92 | 4.13e-06 | 4.18
3.125e-02 | 9.69e-06 | 2.95 | 3.07e-05 | 2.95 | 2.41e-07 | 4.10
1.562e-02 | 1.23e-06 | 2.97 | 3.90e-06 | 2.98 | 1.46e-08 | 4.05
7.812e-03 | 1.55e-07 | 2.99 | 4.92e-07 | 2.99 | 8.94e-10 | 4.03
5.000e-01 | 2.32e-03 - 1.12e-02 - 1.77e-03 —

2.500e-01 | 2.12e-04 | 3.46 | 8.73e-04 | 3.69 | 1.29¢-04 | 3.78
1.250e-01 | 1.35e-05 | 3.97 | 4.63e-05 | 4.24 | 4.11e-06 | 4.98
3| 6.250e-02 | 8.76e-07 | 3.95 | 2.82e-06 | 4.03 | 1.21e-07 | 5.08
3.125e-02 | 5.61e-08 | 3.97 | 1.78e-07 | 3.98 | 3.63e-09 | 5.06
1.562e-02 | 3.55e-09 | 3.98 | 1.13e-08 | 3.99 | 1.11e-10 | 5.04
7.812e-03 | 2.23e-10 | 3.99 | 7.08e-10 | 3.99 | 3.13e-12 | 5.14

Table 1: History of convergence of the HDG method for a square domain with a flat interface, and r, = h/2
(e =1and g =2).

For the second test, we now consider that Q}l and Q% are connected via non-matching curved interfaces.
The computational domains make use of isoparametric curved elements to represent two different curved
interfaces. More specifically,

7} interpolates the curve y(z) = 0.5 4 0.025sin(4mz),
I, interpolates the curve y(z) = 0.5+ (0.025 + h?/2) sin(47z).

The computational domains are similar to the ones illustrated in Figure 6, although the gap used in the
current example is smaller than the one depicted in Figure 6. From the definitions of the computational
interfaces, it is obvious that the two subdomains partially overlap and partially separate, with the width of
both gaps and overlaps being bound by h?/2. Therefore, . < h/2, and Assumption (A.4) holds with oo = 1
and § = 2. Assumption (A.3) is no longer exactly satisfied since the direction of the connecting segments
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m deviates from the element normals. However, here 1 — m - n! and 1 — m - n? remain small all along the

computational interfaces. Finally, all the other Assumptions A are satisfied for ho small enough. Note that
no special treatment is applied in the overlapped regions, as the extrapolation operator (2) becomes a mere
interpolation.

In Table 2 we show the results for this case and observe that the approximations of all the variables
converge with order k+1, verifying Corollary 5.1, and the post-processed solution converges with order £+ 2.
Interestingly, it seems that the use of curved elements, non-normal connecting segments, and overlapping
regions does not downgrade the convergence rates observed for the previous case.

k | mesh size h €u €.0.C eq €.0.C Cu* €.0.C
5.000e-01 | 1.37e-01 - 3.68e-01 - 5.99e-02 -

2.500e-01 | 4.68e-02 | 1.54 | 1.45e-01 | 1.35 | 1.11e-02 | 2.43
1.250e-01 | 1.43e-02 | 1.71 | 4.57e-02 | 1.66 | 1.71e-03 | 2.70
1] 6.250e-02 | 3.96e-03 | 1.85 | 1.29e-02 | 1.83 | 2.39e-04 | 2.84
3.125e-02 | 1.05e-03 | 1.92 | 3.49e-03 | 1.88 | 3.17e-05 | 2.91
1.562e-02 | 2.70e-04 | 1.96 | 9.30e-04 | 1.91 | 4.13e-06 | 2.94
7.812e-03 | 6.86e-05 | 1.98 | 2.46e-04 | 1.92 | 5.30e-07 | 2.96
5.000e-01 | 2.63e-02 - 8.43e-02 - 3.51e-03 -

2.500e-01 | 5.22e-03 | 2.33 | 2.15e-02 | 1.97 | 6.01e-04 | 2.55
1.250e-01 | 6.38e-04 | 3.03 | 2.50e-03 | 3.11 | 2.38e-05 | 4.66
2 | 6.250e-02 | 8.48e-05 | 2.91 | 3.45e-04 | 2.86 | 1.42e-06 | 4.07
3.125e-02 | 1.11e-05 | 2.93 | 4.69e-05 | 2.88 | 8.99¢-08 | 3.98
1.562e-02 | 1.42e-06 | 2.96 | 6.22e-06 | 2.91 | 5.75e-09 | 3.97
7.812e-03 | 1.81e-07 | 2.98 | 8.08e-07 | 2.95 | 3.67e-10 | 3.97
5.000e-01 | 1.33e-02 — 1.51e-01 - 1.18e-02 —

2.500e-01 | 4.50e-04 | 4.89 | 2.45e-03 | 5.95 | 6.51e-05 | 7.50
1.250e-01 | 4.56e-05 | 3.30 | 2.62e-04 | 3.22 | 2.23e-06 | 4.87
3| 6.250e-02 | 3.17e-06 | 3.85 | 1.83e-05 | 3.84 | 6.16e-08 | 5.18
3.125e-02 | 2.09e-07 | 3.92 | 1.23e-06 | 3.89 | 1.94e-09 | 4.99
1.562e-02 | 1.35e-08 | 3.95 | 8.07e-08 | 3.93 | 6.13e-11 | 4.98
7.812e-03 | 8.62e-10 | 3.97 | 5.19e-09 | 3.96 | 1.94e-12 | 4.98

Table 2: History of convergence of the HDG method for a square domain with partially overlapping curved
meshes and with 7. < h/2 (o« =1 and 8 = 2).

5.2 Test cases with r. = O(1)

We now consider two new numerical examples replicating the two first examples with wider mesh gaps.
The third example is similar to the first one, but with a gap width now equal to h/4 as shown in Figure 5.
We present the numerical results in Table 3. Even though this scenario is not covered by our theory since
now r. = 1/4 and o = 0, we observe that all the approximate variables still converge with the optimal order
k + 1. However, the superconvergence of the post-processed variable is lost.
Finally, we set a fourth example similar to the second one, by changing the definition of the computational
interface

T} interpolating the curve y(z) = 0.5 + (0.025 + h/4) sin(47z),

such that now r. < 1/4. Since a = 0, this case is still not covered by the analysis. The computational
domains are illustrated in Figure 6. In Table 4, we show the results for this case and observe that the
approximations of all the variables converge with order k + 1.

Although there is not yet an analysis for the case r. = O(1), i.e @ = 0, it seems that our method provides
optimal orders of convergence for both the approximated solution and the approximated gradient.
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h/41|||||||||||| I I

Figure 5: Two of the meshes used for the third numerical example, with r. = 1/4 and flat interfaces. h = 1/4
for the left mesh, and h = 1/8 for the right one. Note the connecting segments o at the interface Gauss
points drawn in green (here, k = 2).

k | mesh size h €u €.0.C eq €.0.C Cu €.0.C
5.000e-01 | 1.20e-01 - 3.57e-01 - 5.89¢-02 -

2.500e-01 | 4.43e-02 | 1.44 | 1.41e-01 | 1.34 | 8.95e-03 | 2.72
1.250e-01 1.38e-02 | 1.69 | 4.42e-02 | 1.68 | 1.15e-03 | 2.96
1| 6.250e-02 | 3.88e-03 | 1.83 | 1.24e-02 | 1.83 | 2.63e-04 | 2.13
3.125e-02 | 1.03e-03 | 1.91 | 3.30e-03 | 1.91 | 8.31e-05 | 1.66
1.562e-02 | 2.66e-04 | 1.95 | 8.52¢-04 | 1.96 | 2.40e-05 | 1.79
7.812e-03 6.76e-05 | 1.98 | 2.16e-04 | 1.98 | 6.44e-06 | 1.90
5.000e-01 | 3.32e-02 - 1.61e-01 - 2.48e-02 -

2.500e-01 | 4.96e-03 | 2.74 | 2.20e-02 | 2.87 | 3.46e-03 | 2.84
1.250e-01 6.74e-04 | 2.88 | 2.79¢-03 | 2.98 | 4.19¢-04 | 3.05
2 | 6.250e-02 | 8.83e-05 | 2.93 | 3.50e-04 | 2.99 | 5.02¢-05 | 3.06
3.125e-02 | 1.13e-05 | 2.96 | 4.39e-05 | 3.00 | 6.09e-06 | 3.04
1.562e-02 | 1.43e-06 | 2.98 | 5.50e-06 | 3.00 | 7.49¢-07 | 3.02
7.812e-03 | 1.80e-07 | 2.99 | 6.88e-07 | 3.00 | 9.27e-08 | 3.01
5.000e-01 2.32e-03 - 1.12e-02 - 1.77e-03 -

2.500e-01 | 4.03e-04 | 2.53 | 2.06e-03 | 2.45 | 3.72e-04 | 2.25
1.250e-01 | 3.37e-05 | 3.58 | 1.71e-04 | 3.59 | 3.15e-05 | 3.56
3| 6.250e-02 | 2.35e-06 | 3.84 | 1.18¢-05 | 3.85 | 2.20e-06 | 3.84
3.125e-02 | 1.54e-07 | 3.93 | 7.72e-07 | 3.94 | 1.44e-07 | 3.93
1.562e-02 | 9.84e-09 | 3.97 | 4.92¢-08 | 3.97 | 9.19¢-09 | 3.97
7.812e-03 | 6.21e-10 | 3.99 | 3.10e-09 | 3.99 | 5.80e-10 | 3.99

Table 3: History of convergence of the HDG method for a square domain with a flat interface and r. = 1/4
(e =0and g =1/4).
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Figure 6: Two of the meshes used for the fourth numerical example, with curved elements, k& = 2 being
displayed here. h = 1/4 for the left mesh, and h = 1/8 for the right one. Note the length of the connecting
segments is bounded by h/4, in both the overlap and the gap areas.

k | mesh size h ey e.0.C eq e.0.c ey €.0.C
5.000e-01 | 1.37e-01 - 3.68e-01 - 5.99¢-02 -

2.500e-01 | 4.68e-02 | 1.54 | 1.45e-01 | 1.35 | 1.11e-02 | 2.43
1.250e-01 1.45e-02 | 1.69 | 4.70e-02 | 1.62 | 1.67e-03 | 2.74
1| 6.250e-02 | 4.00e-03 | 1.86 | 1.32e-02 | 1.84 | 2.21e-04 | 2.92
3.125e-02 | 1.05e-03 | 1.92 | 3.55e-03 | 1.89 | 2.83e-05 | 2.96
1.562e-02 | 2.71e-04 | 1.96 | 9.42¢-04 | 1.91 | 4.83¢-06 | 2.55
7.812e-03 6.87e-05 | 1.98 | 2.48e-04 | 1.93 | 1.25e-06 | 1.95
5.000e-01 | 2.63e-02 - 8.43e-02 - 3.51e-03 -

2.500e-01 | 6.69e-03 | 1.97 | 2.92e-02 | 1.53 | 1.07e-03 | 1.72
1.250e-01 | 7.62e-04 | 3.13 | 3.29¢-03 | 3.15 | 6.78e-05 | 3.98
2 | 6.250e-02 | 9.34e-05 | 3.03 | 4.08¢-04 | 3.01 | 7.93e-06 | 3.10
3.125e-02 | 1.17e-05 | 3.00 | 5.17e-05 | 2.98 | 1.02e-06 | 2.96
1.562e-02 | 1.47¢-06 | 2.99 | 6.59¢-06 | 2.97 | 1.31e-07 | 2.96
7.812e-03 | 1.84e-07 | 3.00 | 8.37e-07 | 2.98 | 1.67e-08 | 2.97
5.000e-01 1.33e-02 - 1.51e-01 — 1.18e-02 —

2.500e-01 | 8.88e-04 | 3.90 | 5.02e-03 | 4.92 | 1.74e-04 | 6.08
1.250e-01 | 7.26e-05 | 3.61 | 4.00e-04 | 3.65 | 8.64e-06 | 4.33
3| 6.250e-02 | 4.39¢-06 | 4.05 | 2.49¢-05 | 4.01 | 5.28¢-07 | 4.03
3.125e-02 | 2.51e-07 | 4.13 | 1.46e-06 | 4.09 | 3.57e-08 | 3.89
1.562e-02 | 1.50e-08 | 4.07 | 8.90e-08 | 4.04 | 2.36e-09 | 3.92
7.812e-03 | 9.14e-10 | 4.03 | 5.51e-09 | 4.02 | 1.52¢-10 | 3.95

Table 4: History of convergence of the HDG method for a square domain with partially overlapping curved
meshes, and 7. < 1/4 (o« =0 and = 1/4).

Appendix
Proof of Lemma 1.

Proof. By a density argument, it is enough to show the first three estimates assuming ¢ € C™ N H?(Q).
First, let e € I,% and x?. By Taylor’s theorem, we write

v(@?) = (7 (@%)) + |o(2®)|On2t (67" (%)) + Ry(2?), (34)
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|o(2?)]
where the residual is given by Ry(z?) := / (o(z?) — 8)02:¢(z" + sn?)ds. By the Cauchy-Schwarz

0
\0( ?)

inequality, is it possible to obtain that |Ry(x*)|? < ° 0 ng%Q(O o(22)))- Lhen, since ¢ = —V1), from

(34), we deduce

o (x?)]?
5 10n2 1120 jo (w2

(Io@)|2((@?) — w6 @) + o @) e(¢ @) -n?) <

Integrating this expression along e and bounding the norm of the second derivatives by the H2-norm, we
obtain

1
o2 =0 ™) +lo(@?)[ (oo™ n?)|2 < 3 max o (@*)* 1911320
Thus, since |o(2?)| < Rgha, for all 2 € e, (11a) follows. Similarly, from (34), we can bound
lo(@®)| 72 ((@?) = o(¢7 (@*))* < 2lo(?)] |0,29(¢ 7" (&?))]” + 210( IRy ()
< 2lo(2%)] |Op2v (™" (@) + \ (@) P32 1 220,10 (22)))

where, for the last step, we have used the fact that ¢ = —V. Thus, integrating previous expression over
e, considering that |o(x?)|? < |o(2?)| and bounding the norm of the second derivatives by the H?-norm, we
conclude

llo(@®)| =72 ((@?) — (o~ (@?)]2 <maX!0(w2)| 11772 )

which implies (11a), since max < Rohy.
z2ce

Now, to show (11c), again by Taylor’s theorem, we write

p(®)-n? = (¢! (2%)) - n® + Ry (z?),

|o(2)]
where Ry (z?) := / On2(p(x' + sn?) - n?)ds. The estimate in (11c) follows by the same arguments
0

employed before and noticing that |Ry(2?)|? < |o(2?)]|0p2(¢ - n2)\|%2(0 o(z2)))"
Finally, let e € I,% with K, the element where e belongs. If p € P(K,), repeating the same arguments as
above, for z? € e is possible to deduce that

p(a?) = p(d(@)* < lo(@®)| 1Vpll72(0,jo@2)-
Integrating along e and recalling the definition of K¢ in (5), we have
Ip—po ¢ 2 < [o(@?)] [Vplken < lo(@)] (CE? re hi2 ol
where we used the definition of C¢** (cf. (8)) and the inverse inequality on K.. Thus, (11d) follows after
noticing that |o(z2)| < rehce. O
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