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Abstract

In this paper we propose and analyze a fully-mixed finite element method for the steady-state
model of fluidized beds. This numerical technique, which arises from the use of a dual-mixed
approach in each phase, is motivated by a methodology previously applied to the stationary
Navier-Stokes equations and related models. More precisely, we modify the stress tensors
of the fluid and solid phases by incorporating the diffusive and convective terms into them,
thus yielding pseudostress tensors. Next, we eliminate the pressures from the equations and
derive constitutive relations depending only on the aforementioned pseudostresses and the
velocities of the fluid and the particles. In this way, these variables, together with the skew-
symmetric parts of the velocity gradients, also named vorticities, become the only unknowns
of our variational formulation. As usual, the latter is obtained by testing against suitable
functions, and then integrating and integrating by parts, respectively, the equilibrium and
the constitutive equations. The particle pressure, a known function of the concentration, is
given as a datum, and the fluid pressure is computed afterwards via a postprocessing formula.
The continuous setting, lying in a Banach spaces framework rather than in a Hilbertian one,
is rewritten as an equivalent fixed-point equation, and hence the well-posedness analysis is
carried out by combining the Babuska-Brezzi theory, the Banach-Necas-Babuska Theorem,
and the classical Banach fixed-point Theorem. Thus, existence of a unique solution in a
closed ball is guaranteed for sufficiently small data. In turn, the associated Galerkin scheme
is introduced and analyzed analogously, so that, under suitable assumptions on generic finite
element subspaces, and for sufficiently small data as well, the Brouwer and Banach fixed-
point Theorems allow to conclude existence and uniqueness of solution, respectively. Specific
finite element subspaces satisfying the required hypotheses are described, and optimal a priori
error estimates are derived. Finally, several numerical examples illustrating the performance
of the method and confirming the theoretical rates of convergence, are reported.
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1 Introduction

We begin this section by explaining the physical origin of the fluidized bed concept, for which we
consider a set of solid particles in a reservoir through which there is an upward flow of a fluid.
When the flow rate is small, the fluid flows through the set of particles as if it was a porous
medium. When the flow rate increases and reaches a level at which the fluid drag experienced by
the particles is such that it balances their net weight, a few particles become mobile and a small
expansion of the region occupied by the particles is observed. Any further increase on the flow
rate causes the particles to become fully mobile and to occupy a larger region of the reservoir.
At this stage, the particles are said to be fluidized, and the system is usually referred to as a
fluidized bed. The name fluidized bed is due to the fact that the particles in this condition can
be stirred and poured as a fluid [32].

Fluidized beds are extensively used as chemical reactors in industrial scale due to the high
levels of interaction between the fluid and the particles that can be achieved in these flows [34].
Higher efficiencies in heat and mass transfer are obtained in fluidized systems, when compared
to fixed bed systems. In addition, the fact that particles behave as a fluid allows for a continuous
operation of the reactor, with old (used) particles being removed and new particles being fed
in as necessary, without the need to interrupt the operation of the system. Therefore, there
is a strong industrial drive to understand the dynamics of these flows, and mathematical and
numerical modelling play a crucial role in this task.

The pioneering work in the mathematical modelling of fluidized beds was developed by
Anderson & Jackson in [4]. In this model, a volume averaging procedure is used to treat
the fluidized particles as a continuum phase interpenetrating the fluid, for which the balance
equations of continuum mechanics for mass, momentum, and eventually energy, could be written
in terms of field quantities such as velocity and particle concentration, rather than in terms of
the properties of the individual particles. This model is often referred to as the two-fluid model
of fluidized beds [32]. Despite the advantage of not having to track individual particles, the
drawback of this continuum approach is that unknown terms appear in the averaged equations
of conservation. Constitutive laws must be proposed to account for these terms, namely the
fluid-particle interaction force and the particle phase stress tensor. There are several constitutive
models discussed in the literature and there seems to be a general agreement that the particle
stress tensor can be modelled very similarly to that of a Newtonian fluid stress tensor, but with
a particle pressure and a particle viscosity that depend on the local particle concentration of
particles [4,5,26], and potentially also on the particle velocity fluctuations, for which another
conservation equation has to be written [30, 35].

There are several examples on the literature that have presented results of numerical simula-
tions of flows in fluidized beds, based on different constitutive models and solved with different
numerical schemes. For example, the evolution of small amplitude disturbances in both liquid-
and gas-solid fluidized beds to finite amplitude structures was investigated with a two-fluid stan-
dard model in [5,39]. An industrial circulating fluidized bed was investigated in detail with a
two-fluid that used kinetic theory equations to account for particle stresses in [41]. In [29], a
steady-state model based on a two-fluid model was used to study the effect of turbulence on
axisymmetrical fluidised beds. More recently, the problem involving the determination of the
particle stress tensor was avoided by coupling the fluid phase equations derived in [4] with the
Discrete Element Method to solve the motion of individual particles [31, 33,40, 42], which is
responsible to feed the concentration and the velocities of the particles to the continuum fluid
phase equation. Although several types of discretizations were used in these works, in neither
of them a rigorous study of the numerical scheme, nor an a priori error analysis, were carried



out and, to the best knowledge of the authors, contributions in this direction do not seem to
be available in the literature. In particular, the use of the finite element methodology, and even
more interestingly, the derivation of mixed finite element methods taking advantages of the main
features of the corresponding constitutive and momentum equations, has not been considered
at all so far.

Due to the aforementioned lack of utilization of finite element techniques, and motivated
by the increasing development during the last decade of new mixed finite element methods for
solving diverse nonlinear models in continuum mechanics, we aim here to extend the applicability
of this approach to fluidized beds. More precisely, since the nonlinearities involved in this model
are similar to those from the Navier-Stokes and related equations, and rather than using a
classical Hilbertian framework, we plan to adapt to our present model of interest the Banach
spaces-based approach that has been employed in several recent works (see, e.g. [8,9,13, 14,20,
22,25]), and which has shown to be very suitable to solve fluid-flow problems via dual-mixed
formulations and the resulting mixed finite element schemes. Indeed, one of its main advantages
is the fact that it does not need to make use of any augmentation procedure (as done, e.g.,
in [1,15,17,18,24]), thus leaving the variational formulations as simple as possible and employing
the natural spaces arising from the equations for their respective settings. Furthermore, it
allows, on one hand, to derive momentum conservative numerical schemes, and on the other
hand, to obtain direct approximations of further variables of interest, some of them through
their incorporation as unknowns of the formulation, and others through postprocessing formulae
defined in terms of the discrete solution.

In order to provide further details on the above discussion, we begin by referring to the
numerical method introduced in [13] for the stationary Navier-Stokes problem. There, the system
is rewritten in terms of the velocity and a suitable pseudostress tensor relating the gradient of the
velocity, the pressure and the convective term, leading to a dual-mixed momentum conservative
scheme where both unknowns, velocity and psuedostress, are set in Banach spaces. The latter
allows to prove existence and uniqueness of solution by means of a fixed-point argument and the
well-known Banach-Necas-Babuska Theorem. In addition, the pressure, as well as the velocity
gradient and the vorticity, can be obtained through a simple postprocessing of the solution
without applying any numerical differentiation, thus avoiding further sources of error. This
technique has also been successfully applied to the Boussinesq system (see [20,22,25]), magneto-
hydrodynamics (see [14]) and flow-transport problems (see [8,9]), among others. For instance,
the approach employed in [25] to deal with the fluid part of the model is extended in [22]
to the associated heat equation. In this way, a modified mixed formulation is utilized in the
latter, which is based on the introduction of the gradient of temperature and a vector version of
the Bernouilli tensor as auxiliary unknowns. As a consequence, the same Banach saddle-point
structure arises for both the fluid and energy equations. The analysis from [22] was later on
adapted to the Oberbeck-Boussinesq system in [23], where analogue results were obtained.

Consequently, in this work we introduce and analyze a fully-mixed finite element method for
numerically solving the steady-state model of fluidized beds. The rest of the paper is organized
as follows. In Section 2 we introduce the problem of interest. More precisely, after collecting
some preliminary notations and defining the evolutive fluidized bed model, its steady-state ver-
sion is described there in terms of a dual-mixed approach in each phase. As a consequence, the
pseudostress and vorticity tensors in the fluid and solid parts, together with the correspond-
ing velocity vector fields, become the respective unknowns. Then, coherently with the above,
the associated fully-mixed variational formulation is derived and analyzed in Section 3 within
a Banach framework. Indeed, besides providing the boundedness properties of all the forms
involved, the equivalence of the continuous formulation with a fixed-point equation is estab-



lished, and the well-definedness of the corresponding operator is proved. Finally, the Banach
fixed-point Theorem is applied to conclude the existence of a unique solution. In Section 4 we
apply the same procedure from Section 3 to introduce and analyze a generic Galerkin scheme.
In this way, under suitable assumptions on the finite element subspaces, and employing again
fixed-point arguments, we are able to prove existence and then uniqueness of the discrete solu-
tion by applying the Brouwer and Banach Theorems, respectively. In addition, it is shown that
basically any stable triplet for the Hilbertian framework of mixed linear elasticity is also stable
for our present Banach framework of the fluidized bed model. Next, in Section 5 we develop the
a priori error analysis of the Galerkin scheme and provide the associated rates of convergence.
Finally, several illustrative numerical results are presented in Section 6.

2 The model problem

2.1 Preliminaries

Let us denote by @ C R"™, n € {2,3} a given bounded domain with polyhedral boundary T,
and denote by n the outward unit normal vector on I'. Standard notations will be adopted
for Lebesgue spaces LP(Q2), with p € [1,00] and Sobolev spaces WP(Q) with r > 0, endowed
with the norms || - [lop.0 and || - ||»p.0, respectively, whose vectorial and tensorial versions are
denoted in the same way. Note that W %?(Q) = LP(Q) and if p = 2, we write H"(Q) in place of
W"2(Q), with the corresponding Lebesgue and Sobolev norms denoted by | - lo.q and | - ||.q,
respectively. We also write |-|,.q for the H™-seminorm. In addition, H'/2(T") is the spaces of traces
of functions of H'(2) and H~/2(I") denotes its dual. With (-,-) we denote the corresponding
product of duality between H'/2(I") and H-'/2(I"). By S and S we will denote the corresponding
vectorial and tensorial counterparts, respectively, of the generic scalar functional space S. In
turn, for any vector fields v = (v;)ij=1, and w = (w;);=1,, we set the gradient, symmetric part
of the gradient, divergence, and tensor product operators, as

0v; 1
Vv = < Z) , e(v) := = (Vv)+(Vv)* ¢,
0; /) ; j=1m 2{ }
. " (%j
divv := 673-’ and vV ®W = (v;w;)ij=1n-
i=1

In addition, for any tensor fields 7 = (7i;)ij=1,n and ¢ = ((ij)ij=1,n, We let div(7T) be the
divergence operator div acting along the rows of 7, and define the transpose, the trace, the
tensor inner product, and the deviatoric tensor, respectively, as

n n
1
= (Ti)ig=in, (7)== T, TiCi= Y TGy, and 7 i=1 — n L
i=1 i,j=1

where I is the identity tensor in R™*". For simplicity, in what follows we denote

(v, w)a ::/va (v, W)o :=/Qv-w, (v, w)r ‘:/p‘” and  (7,C)0 ::/Qr:c.

Furthermore, we recall that the Hilbert space

H(div; Q) = {r eLX(Q): div(r) € LX) } , (2.1)



equipped with the usual norm ||'7'Hfﬁv;Q = HT||39 + ||diV(T)||g,Q is standard in the realm of

2
mixed problems. In turn, given p > %, in what follows we will also employ the Banach
n
space H(div,; ) defined by

H(div,; Q) == {r cL2(Q): div(r) € LP(Q) } , (2.2)
. 2 : 2 /
endowed with the norm ||7||giv,:0 := <||7'H07Q + |]d1v(7')\|07p;9> .

2.2 The fluidized bed model

We assume that the domain €2 is the region in which a large number of solid particles is suspended
by an upwards fluid flow of either a liquid or a gas. In the following, we shall focus our attention
on the models used in [5] and, more recently, in [39]. Therefore, letting g be the (constant)
acceleration of gravity and denoting the fluid viscosity by puy, the fluid density by py, the
density of the particles by ps, and a final time by T, we are interested in the model problem
described by the following set of equations:

p,»e(aal;f + (Vuy) uf) =divTy — F(uy,us) +eprg in Qx(0,T], 23

Ty = —p;I+2upe(up)® in Qx(0,7T], gi + div(euy) = 0 in Qx (0,T], |
Ps cb(% + (Vuy) us) =div (Ts — Ty) + F(uy,us) + ¢psg in Qx(0,T], o
T = (@) 1+ 2(@)e(m) i 0x(0.7), % diviou) =0 i Qx(0,7), -

where the unknowns uy, us, py, ¢ and ¢ represent, respectively, the velocity of the fluid, the
velocity of the particles, the pressure on the fluid phase, the concentration of particles and the
void fraction. Note that the concentration of particles ¢ and the void fraction € satisfy the
identity

¢o+e=1 in Q. (2.5)

The stress tensor of the fluid phase is denoted by Ty and that of the solid phase by T;. The
particle pressure ps : R — R is a function of the particle concentration ¢ given by [5,39]:

ro

o) i= oo (72, 26)
¢p - d)

where P, r are constants that allow for changes in the intensity and the slope of the particle

pressure, and ¢, is the maximum close random packing of the spheres, usually taken as ¢, = 0.64.

The particle viscosity ps : R — R is given by [5]:

pa() = — M0 (2.7)

s\ 13
I
()

where the constant M is also used to set the range of values of the particle viscosity. Finally, the
fluid-particle interaction force F' : R" x R" — R" is a function of ¢, uy and ug, which usually
takes the form of a viscous drag given by [5]:

F(uf,uy) = 6(¢) (up —uy), (2.8)



with § : R — R denoting the drag coefficient based on the Richardson & Zaki correlation [38]:

5(0) = P —vtpf)g = i)m_l_

The experimental coefficient m is normally taken on the range 3 < m <5 [38].

(2.9)

2.3 The steady-state model

In what follows we consider the uncoupling between (¢,¢) and (uy,us,py) resulting from the
steady-state counterpart of (2.3) - (2.5), that is, given ¢ and e such that ¢ + ¢ = 1 in Q, we
seek uy, ug, and py in suitable spaces such that

pre(Vup)uy = divTy — F(uf,us) + eppg in Q,
Ty = —psl + 2pre(up)? in Q, divieuy) =0 in Q,
ps & (Vus) ug = div (Ts — Ty) + F(uy,us) + ¢psg in Q, 210
Ts = —ps() I + 2us(d)e(us)® in Q, and div(pus) =0 in Q.

We first observe, thanks to the free divergence property for euy and ¢u, (cf. second and fourth
rows of (2.10)), that there hold

div((euy) @ uy) = £ (Vuy)uy and div((¢u,) ® us) = ¢ (Vus)u, in Q.

Then, bearing in mind the expressions of T and T}, we now introduce the pseudostress tensors

or = 2ure(uy)? — prleuy)@uy — pyI in Q, and
s = 2us(¢)e(us)? — ps(pus) @ us — prleuy) @ uy — ps(P)l in Q, 21
whence the first and third rows of (2.10) can be rewritten, respectively, as follows
div(os) — F(uf,us) = —epsg in Q, and
(2.12)

div(o,) + F(uy,us) = div(oy) — ¢psg in Q.

Equivalently, replacing div (o f) from the first equation of (2.12) into the second one, and keeping
the former as it is, we arrive at

div(os) — F(uf,us) = —epyg in Q, and
(2.13)
div(es) = —(eps+ops)g in Q.
In addition, it also follows from (2.11) that
tr(oy) = —pstr((eup) @uy) —npy in Q, and
tr(os) = —tr(ps(dus) ® us + prleuy) @ uy) —nps(¢) in Q,
from which we deduce that
1
pr = ——tr(of+prleuy)®@uy) in O, and
’f (2.14)
ps(p) = —Etr(as + ps(Pus) @ us + prleuy) ®uy) in Q.



In this way, replacing the foregoing expressions for p; and p,(¢) back into (2.11), and recalling
1 1

that e(uy)? = e(us) — —tr(e(uy))I = e(uy) — = div(uy)L, and similarly for e(u,)?, we find
n n

that

2
o"} =2ure(uy) — ps((euy) ® Uf)d - % div(ug)T in €, and

ol = 2p5(9)e(us) — ps((dus) @ uy)® = ps((euy) @ up)* -

2usiw)div(us)]l in Q. 9

At this point we notice that, similarly to [19], and employing again the incompressibility condi-
tions from (2.10), one easily finds that the divergence terms of the foregoing equations can be
replaced as follows
\Y \Y
div(uy) = —~—< -u; and div(u,) = —f ‘u, in Q. (2.16)
€

Furthermore, for sake of uniqueness of the pressure solution py, we impose the condition

/pf—(),
0

which, according to the first equation in (2.14), is equivalent to establishing

/tr(af) = —/tr(pf(euf)@)uf). (2.17)
Q Q

In turn, since ps(¢) is explicitly known in terms of ¢ (cf. (2.6)), we derive from the second
equation in (2.14) that

/Qtr(as) S /Q{nps(qb) + tr(ps(gf)us)®us+pf(€uf)®uf)}. (2.18)

We remark that the identities (2.17) and (2.18) are crucial to solve later on for o ¢ and o,. The
description of our model continues with the introduction of the skew-symmetric tensors

1 1
Vo= i{Vuf — (Vuf)t} and vy, = i{Vus — (Vus)t} :
so that the strain tensors e(uy) and e(us) can be decomposed as
e(us) = Vuy — v, and e(us) = Vus — 7,. (2.19)

Finally, given up ¢, ups € H'/ 2(T), we consider the Dirichlet boundary conditions for u ¢ and
u, given by
uy =upy and us =up, on I'. (2.20)

We stress here that (2.20) makes sense under the assumption that us and uy are sought originally
in H'(2), which, in turn, implies that v, and ~; belong to L2, (), where

skew

L) = {nel2@): n° = —n}.

Summarizing, the steady-state model (2.10) is now reformulated in terms of the equations (2.13),
(2.15), (2.17), (2.18), (2.19), and (2.20). The unknowns of the global system are the tensors o s
and o, the vorticity tensors v, and v, and the velocity vector fields uy and us, whereas the
pressure scalar field p; is easily computed by using the postprocessing formula given by the first
equation of (2.14).



3 The variational formulation

In this section we derive the variational setting of the aforementioned reformulation of the
steady-state model (2.10), and then we analyze its solvability.

3.1 A fully-mixed approach

We begin by observing, thanks to the Cauchy-Schwarz inequality and the uniform boundedness
of ¢ and ¢ by 1, that the tensors o"}, ol ((5Uf) ® Uf)d, and ((qbus) ® us)d appearing in (2.15),
are integrable against 7 € L?(12), if the pairs (o, 05) and (uy,u,) are assumed to live in
L2(Q) x L2(22) and L4(Q) x L*(Q), respectively. Similarly, we deduce, using now the Hélder
inequality, that the terms in (2.13) involving the divergence operator div are integrable against
corresponding test functions in L4(Q) if both div(o;) and div(o,) belong to L43(2). The
above suggests to look for the unknowns oy and o5 in H(divy/3; ), where, according to (2.2),
we set

H(divys; Q) = {T cL2(Q): div(r) € LY3(Q) }
Then, we notice that there holds
H(diV4/3;Q) = Ho(diV4/3;Q) @ RT, (3.1)

where

tr(T) = 0 } : (3.2)

which means that for each tensor 7 € H(divy/3;(2) there exist unique 7o € Ho(divy,3;2) and

Ho(divy5; Q) = {T € H(div,3;9) : /Q

1
do := ‘Q|/ tr(7) € R, such that 7 = 79 + dpl. In particular, we have the decompositions
n Q

o =00+ dspl and os = 050 + dsol,

where o0, 050 € Ho(divy/s;2), and the constants df o and ds o are computed according to the
foregoing definition of the generic constant dy, and employing (2.17) and (2.18), respectively,
which gives

1
dfg == —/trp guy) @u
10 n|Q Jq (f( f) f)

and
1
dso = _n|Q|/Q {”ps(¢) + tr(ps(ous) @ u, + py(euy) ®uf)}‘

As a consequence, and regarding the unknowns o; and o, it only remains to find their
Ho(divy /33 2)-components o o and o0, which, because of the constant tensorial components
given by d¢ ol and ds o I, are easily shown to satisfy exactly the same equations (2.13) and (2.15)
satisfied by o and 0. In this way, from now on we denote oo and o, by simply o and o,
and look for them in Ho(div,/3;2), and satisfying the aforementioned equations. In this regard,
we now notice that there is no need to explicitly impose the testing of (2.15) with multiples of I,
since, in doing so, both sides of the equations are nullified, which means that (2.15) is implicitly
satisfied.

According to the above discussion, and bearing in mind (3.1), we now proceed to test the
equations of (2.15) with functions in Ho(div,/3;Q). Indeed, multiplying the first equation
of (2.15) by 7y € Ho(divy/s; ), dividing by 24y, replacing e(uy) by its decomposition from



(2.19), integrating by parts, and utilizing the first identity of (2.16) and the Dirichlet boundary
condition for uy, we obtain

aj(op,Tp) + b(Ty, (up,vy) + cplup,75) + dy(upsup,7p) = Fr(ry), (3.3)

for all 7y € Ho(divy/s;2), where the bilinear forms ay, b, and cy, the trilinear form dy, and
the linear functional F; are defined by

1
ar(Cr,Ty) = %/QC?“T‘},
b(rs, (vmy) = /Vf'diV(Tf)"‘/Tlf:Tfa
i y (3.4)
Ve
cstvprn) = = [ (T ) wtr),
P d
dy(wpsvy,Tp) = ﬁ Q((éWf)@Vf) TS,
and
Ff(Tf) = <Tfn, uD7f> R (35)

for all Cf, 75 € Ho(divy/s;Q), for all vy, wy € L4(9), and for all Ny € L2..,(Q). Similarly,
multiplying now the second equation of (2.15) by 75 € Ho(divy,s;2), dividing by 2us(¢),
replacing e(us) by its decomposition from (2.19), integrating by parts, utilizing the second
identity of (2.16) and the Dirichlet boundary condition for us, and denoting from now on
u := (uy,u,), we obtain

as(0s,Ts) + b(Tsa (USa'Vs)) + cs(us, 75) + ds(us;us, 75) = F(7s), (3.6)

for all 74 € Ho(div4/3; Q), where the bilinear forms a; and cg, the trilinear form dg, and the
linear functional FY are defined by

1
as(Cs, 7s) = /QWCS:T(;’

cs(vs, Ts) = _711/9 (z:b-vs> tr(7s), (3.7)
IV, Ts) = Ps W vl T
ds(Wg, ED s) /§22M5(¢) ((QZ) s)® 5) ER)
and
FY(ts) == (Tsn,ups) — /92J:&S)((5uf)®uf)d i (3.8)

for all ¢, 75 € Ho(divy/s;Q2), and for all v, w € L*(Q). Note that F! is denoted in this way
irrespective of the fact that it only depends on the first component uy of u. Next, testing the
equations of (2.13) against vy € L4(Q) and v, € L4(Q), respectively, we obtain

/Qv]c-div(af) - /QF(u)-Vf = —/Qapfg~Vf Vv, e LYQ), (3.9)

and
/ vy -div(es) = — / (eps + dps)g-vs  Vvs € LY(Q). (3.10)
Q Q



Finally, the symmetries of oy and o, are imposed weakly as

[orm =0 vnetiu® (3.11)
Q
and
/ os:m; =0 Vn, € L2..(Q), (3.12)
Q
so that after adding (3.11) and (3.12) to (3.9) and (3.10), respectively, we end up with
b(O’f, (vf7nf)) = G?(Vfanf) V(Vfﬂ’lf) € L4(Q) X szew(Q) (313)
and
b(057 <V87 T’s)) = GS<V87 T’s) V(VS, Tls) € L4(Q) X szew(Q> ’ (314>
where
GY (Vf,'nf / F “Vf— / EPFE -Vt (3.15)
and
Gu(van,) = - /Q (eps + p)E V. (3.16)

In this way, the fully-mixed variational formulation of (2.10) reduces basically to the equations
(3.3), (3.6), (3.13), and (3.14). More precisely, introducing the spaces

H := Ho(divy/;; Q) and Q = LY(Q) x LZ..(Q), (3.17)

: 1/2
with norms |7 := [|[7|ldiv, 50 for all 7 € H, and [[(v,n)[lq = {Ivl§.40 + Inlloq} /2 for all
(v,m) € Q, we seek (O'f, (uf,'yf)) € H x Q and (0'5, (us,’ys)) € H x Q such that

aj(op,mp) +b(7s, (up,vy)) +cp(up, 7p) +ds(upsup,7p) = Fyp(ry),
b( Vf?"f ) = Gu("fﬂ?f),
d (3.18)
as(os, Ts) + b("'Sa (USa'Ys)) +cs(us, 75) + ds(us;us, 75) = Fi(7s),
(0-87 vsans)) = GS(V57n5)7

for all (7, (Vf,nf)) € H x Q and for all (75, (vs,n,)) € Hx Q.

We end this section by establishing the boundedness properties of all the forms involved in
(3.18). Firstly, regarding ay, b, ¢y, dy, Fy, and G}, we notice from (3.4), (3.5), and (3.15),
that direct applications of the Cauchy-Schwarz and Hoélder inequalities, combined with the
boundedness of the normal trace operator in H(div,/3;(2), and the expression for F'(u) given
by (2.8), yield

lar (7o)l < llagll ISl lITsllog (3.19)

Ib(7r, (vi,np))l < IbllTelul(venplla, (3.20)
ler(ve, o)l < (3.21)
[ds(wpsve, 7o)l < dgll wylloge [[vVilloae 7 rllog (3.22)
Fr(rp)l < IFslI7slle, and (3.23)
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GF(vemp)l < IGFIHVelloae, (3.24)

where . LY
13
lagl = 5—, bl =1, lefll = —=||— ;
= 2y =Vl e lloa
P
deH = ﬁHEHO,oo;Qv ||FfH = ||11D,f||1/27r, and (3-25>
IGH = 16(&)llog uy — usllowa + 12 pr g llello.cesn -

In turn, in order to derive the respective bounds for ay, cg, ds, FY, and GY, we assume from
now on that us(¢) is bounded above and below, which means that there exist positive constants

w1 and pa, independent of the given ¢, such that

0 <1 < ps(¢) < pa. (3.26)

Equivalently, and according to (2.7), the above means that ¢ is assumed to remain bounded
away from its lower and upper bounds given by 0 and ¢y, respectively. Needless to say, this is
precisely the case of fluidized beds. Then, proceeding as for (3.19) - (3.24), we find that

2.6 7| < a6l l7loe. (3.27)
es(ver )| < lledl Valoas [T log. (3.28)
dufwive, ) < Il Wl [Valloae 720 (3.20)
F2(rol < [ Imsli. and (3.30)
Guvern)| < Gl [¥illose. (3:31)
where
ol = e el = 72 [ 14 = g Wl
[ = llupslor + 52 lelosco lurl sa.  and (3:52)

2
1G]l = 121** glleps + dpsllocia -

3.2 A fixed-point approach

In what follows we proceed as in related works (see, e.g. [1], [3], [8], [15], [L7], [18], [22], and [24])
and introduce fixed-point strategies to analyze the solvability of (3.18). To this end, we first
define the operator O : L*(Q) x L1(Q2) — L4(Q2) as

Op(w) :== Uy  VYw:=(wp,ws) € LYQ) x LY(Q), (3.33)

where (o, (ﬁf,ﬁf)) € H x Q is the unique solution (to be confirmed below) of the first two
equations of (3.18) when the first component uy of d; and the superscript u of G}‘ are replaced
by wy and w, respectively, that is

ap(as,7f) +b(rs, (U, 7y) +ep(@y, 7p) +dp(wysty, 7)) = Fp(ry), -
b(as. (vy,myp) = GY(vemy),

for all (7, (vy,my)) € Hx Q. In turn, we let O, : L*(€2) x L*(2) — L*(Q) be the operator
given by
Os(w) == us Vw = (wp,ws) € L*(Q) x LY(Q), (3.35)
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where (&, (Us,7,)) € H x Q is the unique solution (to be confirmed below) of the last two
equations of (3.18) when the first component us of ds and the superscript u of F¥ are replaced
by ws and w, respectively, that is

as(os,Ts) + b('rs, (ﬁs,'Ays)) +cs(Us, 75) +ds(wss s, 75) = FV(1y),
b(a-sa (vsans)) = GS(V57"75)’

for all (5, (vs,m,)) € Hx Q. Then, we set the operator S : L*(€2) x L*(Q) — L*(Q) x L*(Q) as

(3.36)

S(w) = (O(w), O4(w)) VYw = (ws,ws) € LY(Q) x LY(Q), (3.37)

and readily see that solving (3.18) is equivalent to seeking a fixed-point of S, that is: find
w € L4(Q) x L*(Q) such that
S(w) = w. (3.38)

Alternatively, one could define an operator T : L*(Q2) x L*(Q) — L*(Q) x L*(Q), either as
T(w):= (0f(w),0,(0f(w), w,)) Vw = (wp,ws) € L*(Q) x LY(Q),

or

T(w) = (0f(wy,Os(w)), O5(w)) VYw = (ws,ws) € LY(Q) x LY(Q),

so that, in both cases, solving (3.18) is equivalent to seeking a fixed-point of T" as well, that is:
find w € L4(Q) x L*(Q) such that
T(w) =w.

Nevertheless, for sake of clarity of the exposition, in what follows we concentrate only on the
operator S. Indeed, while the algebraic manipulations of 1" are a bit more cumbersome, all the
analyses and results that we provide below for S can be extended to T' by performing minor
modifications.

3.3 Well-definedness of the operators ©; and O,

In this section we apply the Banach-Necas-Babuska Theorem (also know as the generalized Lax-
Milgram Lemma), and the classical Babuska-Brezzi theory, both in Banach spaces, to show that
the problems (3.34) and (3.36) are well-posed, which means, equivalently, that the operators ©
and Oy are well-defined. We begin by recalling the aforementioned results (cf. [27, Theorems
2.6 and 2.34]).

Theorem 3.1 Let H and Q be Banach spaces such that Q is reflexive, and let a : Hx Q — R
be a bounded bilinear form. Assume that

i) there exists o > 0 such that

a(w,v)

sup > al|lw|lu VweH, (3.39)
veq |[vllq
v#£0

ii) there holds
sup a(w,v) > 0 YoeQ, v#0. (3.40)
weH

12



Then, for each F € Q' there exists a unique v € H such that
a(u,v) = F(v) VoeQ, (3.41)
and the following a priori estimate holds
Julls < > I Fllqr (3.42)
Moreover, 1) and ii) are also necessary conditions for the well-posedness of (3.41).

Theorem 3.2 Let H and Q be reflexive Banach spaces, and leta : HxH — R and b: HxQ —
R be bounded bilinear forms with induced operators A € L(H,H') and B € L(H,Q’), respectively.
In addition, let V be the null space of B, and assume that

i) there exists o > 0 such that

a(¢, )

sup > all(|lu V¢eV, (3.43)
ey [l

ii) there holds
supa(r,¢) >0 v(eV, (#0, (3.44)
TEV

iii) there exists 8 such that

b(r,v)

sup > Bllvllo VoeQ. (3.45)
"ok Il

Then, for each pair (F,G) € H' x Q' there exists a unique (o,u) € H x Q such that

a(o,7) + b(r,u) = F(71) VreH,
(3.46)
bo,v) = G(v) VveQ,
and the following a priori estimates hold:
1A
< —
ol < % 1Pl + 5 (1+ 251Gl
(3.47)

A A A
< 5 (+ L0 g+ L2 (1 B2

Moreover, 1), ii), and iii) are also necessary conditions for the well-posedness of (3.46).

We find it important to stress here that (3.47) is equivalent to a global inf-sup condition for
(3.46), which means that there exists a constant & > 0, depending only on «, 3, and ||A|| (as it
follows from the right hand side of (3.47)), such that

sup a(¢, 1)+ b(1,w) + b(¢,v)

(0 eH XQ 1, )l %@
(T,0)7#0

> a(Gw)llaxq V(G w) e HxQ. (3.48)
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In order to apply Theorem 3.2 to suitable perturbations of (3.34) and (3.36), which is ex-
plained later on, we now let V be the kernel of the operator induced by b, that is

V= {TEH: b(7,(v,n)) =0 V(V,n)GQ},
which, according to the definitions of b (cf. (3.4)) and the spaces H and Q (cf. (3.17)), yields
V= {T € Ho(divy/s; Q) : div(r) =0 and 7=7" in Q} .

On the other hand, we recall that a simple modification of the proof of [28, Lemma 2.3] (or [12,
Proposition 3.1, Chapter IV]) allows to show (see also [13, Lemma 3.2]) that there exists ¢; > 0,
depending only on €2, such that

alrllfe < 1760 + 1div(T) 5450 V7T € Ho(divays; Q). (3.49)

Then, we have the following result establishing the V-ellipticity of ay.
Lemma 3.3 There exists a positive constant oy, depending on ¢y (cf. (3.49)) and py, such that
ar(T,7) > ay H7'||(2ﬁv4/3;9 VreV. (3.50)

Proof. According to the definition of ay (cf. (3.4)), and employing the inequality (3.49), we find
that for each 7 € V there holds

1 a2 ‘1 2 1 2
ap(t,T) 20, ™50 > 2, 17115,0 21, ||T”d1v4/3,ﬂa
which shows (3.50) with oy = 26711« O

In turn, the V-ellipticity of the bilinear form ay is established as follows.

Lemma 3.4 There ezists a positive constant as, depending on ¢y (cf. (3.49)) and pe (cf. (3.26)),
such that
as(1T,7) > as ||TH?HV4/3;Q VreV. (3.51)

Proof. Using now the definition of as (cf. (3.7)), the upper bound of the assumption (3.26), and
the inequality (3.49), we find that for each 7 € V there holds

1 412 1 dan2 C1 2 c1 9
ay(r,7) = IS T 1 S B R B T
s(1T,7) /92us(d>) =<l i 17160 3ia 17115,0 5ia 17l Giv, 50
which confirms (3.51) with as = 20—1 0
w2

As a consequence of Lemmas 3.3 and 3.4, we stress here that both ay and a, satisfy the
assumptions i) and ii) of Theorem 3.2. Indeed, it is easily seen that

p AET) Q)

<y 7 laivy 50— [1€llaivy s:0

> agIClldiv, e VCEV,

and

supay(.¢) > ar(C.¢) = ar K, 0 >0 VCEV.CA0,

and analogously for a;.
Furthermore, the following lemma states that b satisfies the hypothesis iii) of Theorem 3.2.
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Lemma 3.5 There exists 5 > 0, depending only on Q, such that

b(7,(v,n)
aup 20 S gy mle Vv e (3.52)
ren |17l
T#0
Proof. Given (v,n) € Q := L*(Q) x L2,.,(9), we first let vy/3 := |v|*v and observe that
Ivassllg s = IVI4 4o which proves that v, 3 € L¥3(Q) and yields
| ¥ vas = Wlian = Mosa Ivislogaa: (3.53)

Then, we consider the boundary value problem
div(e(w)) = v43 in D'(Q), and w=0 on T, (3.54)

whose weak formulation is: find w € H}(€) such that

/Qe(w) re(z) = — /QV4/3-Z Vz € H)(Q). (3.55)

Note that the right hand side of (3.55) makes sense thanks to the Holder inequality and the
continuous injection ig : H'(2) — L*(©2) (which is valid in both 2D and 3D). Then, bearing
in mind the Poincaré and the first Korn (cf. [37, Theorem 10.1] or [10, Corollaries 9.2.22 and
9.2.25]) inequalities, which establish that

Vo < cplviig and |vlig < 2le(v)llfo Vv eH(Q),

respectively, with a positive constant cp depending only on €2, and then applying the well-known
Lax-Milgram Lemma, we easily deduce that (3.55) has a unique solution w € H}(Q), for which
there holds

[wllie < 2eplliall Vlloa/s: -

At this point we notice from (3.54) and the previous remarks on v, 5 that div(e(w)) € LY3(Q),
which, together with the fact that e(w) € L*(Q2), imply that e(w) belongs to H(divy/s; ).
Hence, we let T be the Ho(divy/3; 2)-component of e(w) (cf. (3.1)), and observe that there hold
div(7T) = v4/3 and

1T lZiv, 0 = 17150 + 1AvVE)G 450 < leW)l5a + Vassliasa
/ / /

(3.56)
< Wit g + Ivagsllbama < {1+4cBliall?} vayslld a/za-

In this way, noting that 7 is symmetric (because e(w) and the identity matrix I are), and using
(3.53) and (3.56), we find that

~ -div(T) /v-v

b(T, (v, b(T, (v, /v 4/3

sup 2001) , PE) S R AL
r;}(l) 7 ln 17 [ HTHdiV4/3;Q ||7'HdiV4/3;Q

I

0,4;82 » (357>

with 8y = {1+ 46%”i4”2}_1/2. On the other hand, for the same (v,n) € Q given at the
beginning of the proof, we now consider the boundary value problem

div(e(w)) = —div(n) in D'(Q), and w=0 on I, (3.58)
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whose weak formulation is: find w € H} () such that

/e(w) co(z) = — / nielz) vz e H)Q). (3.59)
Q Q

Similarly as for (3.55), and employing again the Poincaré and first Korn inequalities, a straight-
forward application of the Lax-Milgram Lemma guarantees the existence of a unique solution
w to (3.59), which satisfies

le(w)lloe < [nllog- (3.60)
In addition, it is clear from (3.58) that div(e(w)+n) = 0, so that e(w)+n lies in H(div/3; ).
Thus, defining 7 as the Ho(div,/3; 2)-component of e(w)+mn, we realize that 7 is divergence-free
as well, and that T : § = n : n, whence, noting that there holds || T|lo.o < |le(w)]lo.q + [7]o.q,
and using (3.60), we deduce that

b(r,(v.n)) _ b(F,(v,n) /" -1 )2,
sup ( ) > ( = ) = = = =22 > 8 nloq, (3.61)
= 7 m 17 lIm [Tllaivy 0 [1Tlog
T

with S = 1/2. Finally, the required inequality (3.52) follows directly from (3.57) and (3.61)
with 8 depending only on 1 and (3 O

We now consider the perturbed formulation arising from (3.34) after eliminating there the
terms involving ¢y and dy. Then, adding the left hand sides of the resulting equations, we
obtain the bounded and symmetric bilinear form Ay : (H x Q) x (H x Q) — R given by

Af((Cfv(Zfagf))? (Tf,(Vf,T)f))> = af(Cf7Tf) + b(va(Zf>€f)) + b(Cfa(vanf)) (362)

for all (Cf, (zf,ﬁf)), (Tf, (Vs nf)) € H x Q. Note that the boundedness of A follows directly
from (3.19), (3.20), and (3.25). Hence, denoting by Ay € L((H x Q),(H x Q)’) the operator
induced by Ay, and bearing in mind the V-ellipticity of ay (cf. Lemma 3.3) and the inf-sup
condition for b (cf. Lemma 3.5), we conclude from a straightforward application of Theorem
3.2 that Ay is bijective. In addition, it is clear from (3.48) that Ay satisfies a global inf-sup
condition, which means that there exists a constant ay > 0, depending only on oy, 3, and ||ay||
(cf. (3.25)) , such that

sup Af((Cfa(zﬂgf))’(Tf’(vf7nf))>

(t5:(vymyp))EHXQ ||(Tf7(vfa77f))”H><Q
(T(vymg))#0

for all (Cf, (zy, £f)) € H x Q. Next, in order to apply Theorem 3.1 to (3.34), we introduce the
bounded bilinear form Ay, : (Hx Q) x (Hx Q) — R that results after adding the full equations
defining that formulation, that is

Ay ((¢1 @1.€9) . (m1 (vpmp) ) = Ar((Cpr (21, €0). (71 (vomp))
+ cp(zp7y) + dp(wyizg, 7y)

(3.64)

for all (Cf, (z¢, Ef)), (Tf, (vy, nf)) € H x Q. Knowing that A is bounded, the boundedness of
Afw, is completed thanks to (3.21), (3.22), and (3.25). In this way, it is clear that (3.34) can
be restated as: find (Gf, (ﬁf,ﬁf)) € H x Q such that
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for all ('r H(vem f)) € H x Q. Then, it follows straightforwardly from (3.63) and the bounded-
ness estimates for ¢y and dy (cf. (3.21), (3.22), (3.25)) that

- Apw; <(Cf’ (z1,€9)) (71> (v, m«)))

(rf.(vymp)EHXQ H(Tf’(vﬁnf))HHXQ
(Ty(vymy))#0

> ar (¢ (25,€5)) lnxq

1

NG

Ve

e

P
lzflloae — =2 llellosoe 1wrlloas l1Z7lloan

0,4;Q2 2

_ 1
E{Oéf—\/ﬁ

where the last inequality uses that ||€]|g00;0 < 1. In this way, assuming for instance that

Ve

3

_Pr
0,4;Q 24y

”Wf||0,4;9} 1y (2, €4)) lxQ »

1
NG

Ve

3

_ﬂ and [|[wg
0,4;92 4

Qpfif
205

log:0 < 1y o= (3.66)

we arrive at

- Afwg ((Cf’ (2,€)), (71, (Vf’nf))>

(T, (vFmyp))EHXQ ”(Tfa (Vfanf))HHxQ
(Ty(vymy))#0

> L(¢p &) lxg (367

for all (Cf, (Zf,ﬁf)) € H x Q. Similarly, using the fact that A; is symmetric, employing the
same boundedness estimates for c; and dy, and assuming again (3.66), we are able to prove the
companion inf-sup condition to (3.67), in which the supremum is taken with respect to the first
component of Ay, that is

A,w (Cu(Z7£ )),(T,(V,’l’] )) @
pos (65 o1.&9). (1, (v mp) > s vrnp)lia  (368)

sup
(Cfi(zp.65))EHXQ H(Cfa(zﬂgf))HHXQ

for all (7, (Vf,nf)) e Hx Q.
As a consequence of the previous analysis, we are in position to establish the following result,
which confirms that the operator O (cf. (3.33)) is well-defined.

Ve
&

1 _

Theorem 3.6 Assume that — < 'y Then, for each w := (wg, w;) € L) x
\/ﬁ 0,4;22 4

L*(Q) such that |wylloa0 < ry, there exists a unique (o', (Uy,7;)) € Hx Q solution to (3.65)

(equivalently (3.34)). Moreover, there holds

10 (W)lloa2 = Aylloae < (G, (Tr, 7)) lHxq

o (3.69)

9
< af{HuD,le/z,r + [[6(@) o llwr = wslloga + (27" prgllelo,con }

Proof. It suffices to notice, thanks to (3.67) and (3.68), that Ay, satisfies the hypotheses i) and
ii) of Theorem 3.1. Therefore, observing that the right hand side of (3.65) defines a functional
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in (Hx Q)’, a direct application of the aforementioned abstract result implies the existence of a
unique solution (Gf, (ay, ﬁ/f)) € H x Q to (3.65), for which there holds

~~ g~ o~ 2
1@ @r.Fp)lxa < - {IFA + 16T}

Finally, the foregoing inequality and the upper bounds for |[F|| and [|GY|| provided in (3.25)
yield (3.69) and complete the proof. O

On the other hand, it is not difficult to realize that proving that ©, (cf. (3.35)) is well-
defined, equivalently that (3.36) is well-posed, proceeds analogously as we already did for ©.
Therefore, in what follows we simplify the corresponding presentation and collect only the main
aspects of the respective analysis. In fact, we begin by letting As : (H x Q) x (H x Q) — R be
the symmetric bilinear form given by

AS((CS7 (ZSaEs))v (TSv <V87 775))) = aS(Cs? TS) + b(T87 (Z57ES)) + b(CS7 (V87775)) (370>

for all (¢, (2s,&y)), (75, (Vs,m,)) € H x Q, which, thanks now to (3.27), (3.20), and (3.32),
is clearly bounded. Then, in virtue of the V-ellipticity of as (cf. Lemma 3.4) and the inf-sup
condition for b (cf. Lemma 3.5), direct applications of Theorem 3.1 and the consequent estimate
(3.48) imply that there exists a constant a; > 0, depending only on as, £, and ||as|| (cf. (3.32)),
such that

. A€o (2,€)), (7 (vim,))

(75,(vs,ms))EHXQ ||(7'87 (VSa"’Is))”HXQ
(Ts (Vs 7"15))#0

> a || (Cs, (25, €5)) lxa (3.71)

for all (¢, (2s,€,)) € H x Q. Then, defining the bilinear form

Asw, ((Cs’ (2s, 55))7 (7-8’ (Vs ns))) = A ((Csv (ZS7£s))7 (TS’ (vs, "75)))

+ CS(ZsaTS) + dS(ws;ZsaTS)

(3.72)

for all (¢, (2s,€,))s (75, (vs,m,)) € H x Q, whose boundedness follows now from that of A
and the estimates (3.28), (3.29), and (3.32), we realize that (3.36) can be restated as: find
(7, (4s,7,)) € H x Q such that

As,wS ((&8) (ﬁ57 :7\/5))7 (7-57 (V87 775))) = FZV(TS) + Gs(vsv "75) (373)
for all (75, (vs,m,)) € Hx Q. Then, assuming that

1

vn

we are able to prove the analogues of the inf-sup conditions (3.67) and (3.68), with A, w, and
a5 instead of Afw, and oy, respectively. In this way, the following theorem confirms that the
operator Oy (cf. (3.35)) is well-posed

Vo

¢

< % and l|ws
0,4;Q2 4

Qs iy
a0 < = , 3.74
04;0 > Ts 25 ( )
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1 _
Theorem 3.7 Assume that — Ve < %s
\/ﬁ (;5 0,4;92 4

L*(Q) such that |[wllo,u.0 < 1, there exists a unique (G, (Us,7,)) € H x Q solution to (3.73)
(equivalently (3.36)). Moreover, there holds

Then, for each w := (wg, w;) € L) x

1©s(W)lloa: = ll8slloae < (T, (G ,)) lxq

(3.75)

2 P
S o {HUD,sllm,r + 72;1 lello,cos0 W15, + IQI3/4g\I8pf+¢psllo,oo;9}~
S

Proof. As for the proof of Theorem 3.6, it follows from a straightforward application of Theorem
3.1. We omit further details and just mention that the a priori estimate (3.75) makes use of the
upper bounds for [|[FY| and ||Gs|| provided in (3.32). O

3.4 Solvability analysis of the fixed-point equation

Knowing from the previous section that the operators ©; and ©, (cf. (3.33), (3.35)), and
consequently S (cf. (3.37)), are well defined, we now focus on the solvability of the corresponding
fixed-point equation (3.38). For this purpose, and aiming to apply later on the Banach fixed-
point Theorem, we begin by establishing sufficient conditions on the data under which S maps
a closed ball into itself. Throughout the rest of the section we assume that € and ¢ satisfy the
hypotheses specified in (3.66) and (3.74), respectively. Hence, denoting from now on

r = min{ry,r.}, (3.76)
where 77 and 7, are defined in the aforementioned equations, we have the following result.

Lemma 3.8 Let W := {w = (wr,ws) € LY(Q) x LY Q) 1 |wlosn < T}, and assume that
the data satisfy

Q
[up,fllijor + 7 16@)lloe + 12 prglellosmn < Zfﬁ (3.77)

and p a
[upalljer + 25 lellosn + 190 glens + dnsloon < S (378)

Then S(W) C W.

Proof. Given w = (wy,ws) € W, we first recall from (3.37) that S(w) = (Of(w),Os(w)).

Then, using that [|[w; —ws|0.4.0 and ||[W¢| o4;0 are both bounded by ||w||o4;0, and hence by r,

we easily see that the upper bounds of ||©¢(w)||o40 and ||©s(W)l/o,4,0 provided by (3.69) and
i 2 2

(3.75) become the left hand sides of (3.77) and (3.78) multiplied by — and —, respectively.
a a

S
In this way, the above assumptions allow to conclude that [|©(w)|o4;0 and ||©4(W)[|o.4;0 are

bounded each by /2, which implies that [S(w)|lo4,0 < r, and hence S(w) € W. O

We continue the analysis with the Lipschitz-continuity properties of ©; and ©;.

Lemma 3.9 There exists a positive constant Ly, depending on ay, py, and py, such that
107(w) = O7(t)]l0.a
< L {ll6(o)

for all w := (wy,wy), t = (ts,ts5) € LYQ) x L4(Q) such that |[wiloaa, |tsl

(3.79)

00 + lelocen ©7(®)ll0.s0} Iw = tloso

0,40 STy

19



Proof. Given w := (wy, wy) and t := (tf, t;) as indicated, we set O ¢(w) := Uy and Of(t) := zy,
where &' := (E'f, (ﬁf,‘)\lf)) € Hx Q and Ef = (Cf, (Ef,sf)) € H x Q are the unique solutions,
guaranteed by Theorem 3.6, of the formulations (cf. (3.34) or (3.65))

Ajw, (&1, 7)) = Fi(ry) + G (vy,my) (3.80)

and

Ag; (CpoTp) = Fp(ry) + Gi(vymy), (3.81)
respectively, both for all 7y := (Tf, (Vf,’l’]f)) € H x Q. Then, applying the inf-sup condition
(3.67) to a5 — Ef, adding and subtracting Ay, (Ef, Ff), and using (3.80) and (3.81), we obtain

Afw, (67— C %)

ar 5
S 16 = Cpllxq < sup

7 pEHXQ HFfHHXQ
770 . (3.82)
S (GY = GY)(ving) + (Are; — Arw,) (Cps Tr)
7 pERXQ H‘FfHHXQ
71 #0

Now, according to the definitions of GY, G}, F(w), and F(t) (cf. (3.15), (2.8)), we readily get
(see also the estimate for [|G}| in (3.25))

(@5~ vpmp] = | [ (P = F(©) -]

(3.83)
< [[6(d)lo,0 W = tllog [[vrlloae -
In turn, employing (3.64) and the boundedness of df (cf. (3.22), (3.25)), we find that
[(Arey = Apw ) (Cpo7p) | = |dp(ty — wriZp, 7))

p ~

< oL lefloson Wy = trlloaa [Zslloao |7 sllog (3.84)
2py
p

< 5 Ielocea [w = thosa [87®llosa I los

In this way, replacing (3.83) and (3.84) back into (3.82), we deduce that
ag .. =z p
G163~ e < {16l + 22 Ielosca 5@l p 1w = toss.

which, together with the fact that ||©(w) — ©¢(t)|lo0 < ||6fF — EfHHXQp yields (3.79) with
2

Ly := — max {1, p—f}, thus completing the proof. O
af 2uf

Lemma 3.10 There exists a positive constant L, depending on s, pf, ps, and py, such that

[0s(W) — O4(t)[l0,4:0
(3.85)
< Ly {||€Ho,oo;ﬂ Ity + wrllogo + #0000 ||@s(t)||o,4;a} [w — tllo,40

for all w:= (wy,wy), t = (ts,ts) € LY Q) x L4(Q) such that |w,

lo,s,05 I[tsllog0 < 7.
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Proof. We proceed similarly to the proof of Lemma 3.9. In this way, given w := (wy, wy) and
t := (ty,t,) as indicated, we set O4(w) := Uy and O4(t) := Z,, where &, := (75, (Us,7,)) €
H x Q and E o 1= (ZS, (ES,ES)) € H x Q are the unique solutions, guaranteed now by Theorem
3.7, of the formulations (cf. (3.36) or (3.73))

143,wS (&87?3) = F;V(TS) + GS(VS7T’S)

and .
A87t5 (Csa 7_-,8) = Fg (TS) + GS(VS) 775) ’

respectively, both for all ¥4 := (TS, (vs, ns)) € H x Q. Then, starting from the inf-sup condition
for Agw, with constant a;/2 (analogue of (3.67)), and employing basically the same kind of
arguments that yielded (3.82), we are able to show that

a R -
S 116, — &g

< sup (sz - Fg)(TS) + ds(ts — WS;/Z\S,TS) (386)
- Ts€HXQ H‘FSHHXQ ’
Ts7#0

where the last term uses, according to (3.72), that (As,ts — AS’WS) (ES, 7"'3) =ds(ts — wWs;Zs, Ts).
Next, it follows from the definitions of F¥ and Ft (cf. (3.8)), and the lower bound of us (cf.
(3.26)), that

‘(F;N - Fg) (Ts)} =

/Q QMIZJ(Cqb) {((gtf) ®tf) - ((5Wf) ®Wf) }d T T,

p
= szl lello.cose [ (65 ® t7) = (wr @ wr)llog lI7sllo.c (3.87)

Pr
2

lellocos Ity + Werlloaa ity — welloao I Tslloq -

In turn, using the boundedness properties of ds (cf. (3.29), (3.32)), we find that

‘dS(ts _Ws§25a7's)| < P ||¢||O,OO;Q ‘|68(t)|074;9||ts — Wsl|0,4,Q ||TS||0,Q’ (3.88)

T 2m

Therefore, replacing the estimates (3.87) and (3.88) back into (3.86), using that |[t; — wy|lo.4;0

and ||ty — wllo,4,0 are bounded by ||w — t|o.4.0, and recalling that ||©4(w) — O4(t)[jos.0 <
- e . 2 Pf  Ps

- : lead to (3.85) with Ly := — {7 } 0
|6 — ¢llxq, we are lead to (3.85) wi e max eI

As a straightforward consequence of Lemmas 3.9 and 3.10, we are able to establish now the

Lipschitz-continuity of the fixed-point operator S (cf. (3.37)).

Lemma 3.11 Let W be as in Lemma 3.8 with r given by (3.76), and let Ly and Ls be the
constants provided by Lemmas 3.9 and 3.10. Then, there holds
0,4;Q>

+ L (llzlloco 1t +wrllo.s0 + 18locon 1€:(0)loan) FIw — tloo

1S(w) = 5(¢)

o0 < {Ls (1800 + Ielloscin 104(8)

(3.89)

for all w = (wg,wy), t:=(ty,ts) € W.
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Proof. Given w, t € W, it suffices to observe that
[S(w) = S(t)lloaa = 05(W) = Of(t)osa+[0s(w) — Os(t)llo.a0

and then apply the estimates (3.79) and (3.85). O

Now, incorporating the upper bounds of [|©¢(t)||o4;0 and [|©4(t)|l0,4:0 provided by (3.69)
and (3.75), respectively, into the right hand side of (3.89), and bounding |[t; — ts|l0.4;0 and
||t:fH(2)’4;Q by r and 72, respectively, we arrive at

1S(w) = 5(t)

loa:0 < E(data) lw — t]lo,4:00 5 (3.90)
for all w := (wy, wy), t:= (ty,t5) € W, where
L(data) := C1[[6(¢)]lo.0 + C2llello,ccn + Cs llellooci [up,slli /2
+Cy 9

0.00:02 1D sl /2,0 + Cs [lello,cs 19(6)llo.0 + Cs 1€l o0 (3.91)

+C7 ”d)HO,oo;Q ||‘€ 0,00;€2 + 08 ||¢ 0,00;€2 ngf + ¢ps 0,00;€2 5

and Cj, j € {1,...,8} are positive constants depending on Ly, L, &y, as, r, pf, p1, ||, and g,
as indicated as follows

2L 2L 2L
Clsz, 02:2TLS7 03:_7}(7 04: _Sa 05:¥,
Qay Qg Qy (3.92)
2L Q34 27, 2L,|0Q3/4 :
Oy = 2N Prg g TRy g g = 2l
Qy Qg1 Qs

We can establish now the main result concerning the solvability of (3.18).

Theorem 3.12 Let W be as in Lemma 3.8 with r given by (3.76), and assume that the data
are sufficiently small so that they satisfy (3.77), (3.78), and

L(data) < 1. (3.93)

Then, problem (3.18) has a unique solution (O'f, (uf,’yf)) € H x Q and (a’s, (us,’ys)) ceHxQ
with u := (uy,us) € W. Moreover, there hold

2
lor tapr)liea < £ {lp e + r15@)oa + 108 prglelloa }, (39

and

ooci + 12 g lleps +dpslloun - (395)

2 Py
(o () lixa < = {llupaar + PLL e

Proof. According to the equivalence between (3.18) and (3.38), and thanks to Lemma 3.8,
the Lipschitz-continuity of S (cf. (3.90), and the assumption (3.93), the existence of a unique
solution of (3.18) with u := (uy,uy) € W follows from a straightforward application of the
classical Banach fixed-point Theorem. Then, the a priori estimates (3.69) and (3.75), together
with the fact that |[usljo.4;0 and |[us — us||o4;0 are bounded by r, yield (3.94) and (3.95), which
completes the proof. O
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4 The Galerkin scheme

In this section we introduce and analyze a Galerkin scheme for approximating the solution of
(3.18). In particular, for the respective solvability analysis we employ basically the same tools
and techniques utilized for the continuous case in Section 3, except that now we apply Brouwer
and Banach fixed-point Theorems to prove existence and uniqueness of solution, respectively.

4.1 The discrete fixed-point approach

We begin by considering a regular family {771} 0 of triangulations of ) , which are made of
triangles K (when n = 2) or tetrahedra K (when n = 3) of diameters hg, and define the meshsize
h := max {h k: Ke E}, which also serves as the index of 7. Then, for each h > 0 we let
HY, Qp, and Q] be arbitrary finite element subspaces of H(divy/s;€2), L*(Q), and L2, (€),
respectively, and set

H, = Hz ﬂHo(diV4/3;Q) and Qn = QE X QZ (41)

Thus, the Galerkin scheme associated with (3.18) reads: find (O’fh, (ufh,’yfh)) € Hy, x Qp and
(O'Sh, (ush,’ysh)) € Hy, x @y, such that, denoting uy, := (usp, us,) € Q) x QJ,

ar(o s, Tn) +b(Trn, (Wen, vp1)) + cp(upn, Ton) + dp(upnsupn, 7pn) = Fp(rsn),
- G}lh(vfhanfh) ’

= F}slh (TSh) )

b(o sn, (Vin,ngn)

as(ash> Tsh) + b(Tsha (ush> '7sh)) + CS(ush, Tsh) +ds (usha Ushs T sh

)
)
) = Gs(vshansh) )
(4.2)
for all (Tfh, (Vn, nfh)) € Hy, x Qp, and for all (Tsh, (Vsh, nsh)) € Hj, x Qp,. Next, we consider the

discrete analogue of the fixed-point approach employed in Section 3.2. Indeed, we first introduce
the operator O, : Q) x Q) — Q! as

b (Usha Vsh, nsh

Opn(wy) =1y,  Vwy = (wp, we) € Qp x Qp, (4.3)

where (&, (Usn, Y1) € Hy x Qp is the unique solution (to be confirmed below) of the first
two equations of (4.2) when the first component uyj, of dy and the superscript uy, of G?h are
replaced by wy; and wy,, respectively, that is

ag(G sh, Tyn) + (T pns (Qpn, T pn)) + €p(Wpn, Tpn) + dp(WeniUpn, Tpn) = Fp(Tpn),
b(G sh, (Vinng) = GY" (VinsMpn) s
(4.4)
for all (Tfh, (vfh,nfh)) € Hy, x Qp. In addition, we let O4, : Qf x Qi — Q}} be the operator
given by
Osn(Wp) 1= Usp,  Vwp = (Wpp, Wep) € Qp X Qp (4.5)
where (Gsh, (ﬁsh,'Aysh)) € Hy x Qp is the unique solution (to be confirmed below) of the last

two equations of (4.2) when the first component ug, of ds and the superscript u;, of F are
replaced by wg, and wy, respectively, that is

as(a'sha Tsh) + b(Tsha (ﬁshv ’/ysh)) + cs(ﬁsha Tsh) + ds(“’sh% ﬁsha Tsh) = szh (Tsh) s

b(a'sha (Vsha nsh)) = GS(VSh7 nsh) ’( )
4.6
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for all (Tsn, (Voh,Map,)) € Hp X Q. Finally, we define the operator Sp, : Qff x Q) — QJ} x Q} as
Sp(wh) := (Opn(wh), Osn(Wr))  Vwy = (Wpn, war) € Qi x QJ (4.7)

and notice that solving (4.2) is equivalent to seeking a fixed-point of Sj, that is: find wy, €
Qp x Qj such that
Sp(Wh) = wp,. (4.8)

4.2 Well-definedness of the operators ©;, and Oy,

In this section we apply the discrete versions of Theorems 3.1 and 3.2 to prove that problems (4.4)
and (4.6) are well-posed, thus confirming that the operators ©, and Oy, are well-defined. Re-
garding the aforementioned versions of those theorems, which certainly involve finite dimensional
subspaces, we stress that in this case each assumption i) (cf. (3.39) and (3.43)) is equivalent to
its corresponding assumption ii) (cf. (3.40) and (3.44)), so that in what follows we choose to
stay with the i) ones. Moreover, for the stability of the associated discrete schemes, we require
the respective constants « to be independent of the meshsize h.

In order to proceed as announced, we need to incorporate some hypotheses on the arbitrary
discrete spaces H7, QJ, and QZ. Specific finite element subspaces verifying these conditions
will be introduced later on. More precisely, from now on we assume the following:

(H.1) HY contains the multiples of the identity tensor I.
(H.2) div(Hg) c Qp.
(H.3) There exists a positive constant (4, independent of h, such that

b (Thv (Vh7 Ir]h))
sup

), [ 1F%
Tr#0

> Pallvam)lle Y (vhmn) € Qn- (4.9)

Hence, thanks to (H.1) and the decomposition (3.1), the subspace Hy, (cf. (4.1)) can be
redefined, at least from a theoretical point of view, as:

Hy, = {Th— <n|1m/9tr('rh)>ﬂz TheHg} .

However, for the computational implementation of the Galerkin scheme (4.2), which is addressed
below in Section 6, the null mean value condition for the traces of the unknown tensors living
in Hy will be imposed via real Lagrange multipliers.

On the other hand, the kernel of the operator induced by the bilinear form b restricted to
H; x Qp, is given by

Vh = {Th S Hh . b(Tha (Vh7nh)) =0 V(Vh’nh) € Qh} ’

from which, bearing in mind the definitions of b (cf. (3.4)) and Qp,, and the assumption (H.2),
we find that

Vy, = {Th €Hp: div(rp)=0 in Q and /th TR =0 Vm, € QZ} (4.10)

In this way, noticing from Lemmas 3.3 and 3.4 that the V-ellipticity of the bilinear forms ay and
as only makes use of the divergence-free property of the tensors of V, we conclude from (4.10)
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that ay and as are Vj-elliptic as well, with the same positive constants oy and «; provided by
those lemmas, that is there hold

af(Th,Th) > Qay ||Th||?iiv4/3;Q V1, €V, (4.11)

and
as(Tn, Th) > s ||Th”3iv4/3;g V1, €V, (4.12)

Therefore, in virtue of (H.3), (4.11), and (4.12), straightforward applications of the discrete
version of Theorem 3.2, and particularly of the corresponding estimate (3.48), imply that Ay
(cf. (3.62)) and As (cf. (3.70)) satisfy global discrete inf-sup conditions on Hy, x Qp,, that is the
discrete analogues of (3.63) and (3.71), with constants a4 > 0, depending only on oy, B4, and
llag|l (cf. (3.25)), and @sq > 0, depending only on ay, fa, and |jas|| (cf. (3.32)), respectively.
Moreover, given wy, := (W, W) € Q) x QJ}, and proceeding analogously as we did in Section
3.3, we are able to show that, under the following pairs of conditions

1 ||Ve

— ||— < and  [[Wyplloan < rra = (4.13)
vl e llose 4 ! ! 2py
and L Ive ~ -
Qs d Qs q U1
— = < —= and |wgulose < rsa = —2, (4.14)
\/ﬁ o 0,4;Q ° ° 2ps

the bilinear forms Ay, (cf. (3.64)) and Asw,, (cf. (3.72)) satisfy global discrete inf-sup
conditions on Hy, x Qj with constants afq/2 and a;.q/2, respectively. Consequently, rewriting
(4.4) and (4.6) as the discrete analogues of (3.65) and (3.73), respectively, and applying now
the discrete version of Theorem 3.1, we obtain the following results confirming that the discrete
operators O, (cf. (4.3)) and Oy, (cf. (4.5)) are well-defined. The respective proofs, being
almost verbatim to those of Theorems 3.6 and 3.7, are omitted.

Ve

3

1
Theorem 4.1 Assume that —

\/ﬁ 0,4;2 B 4
Q) such that ||wplloa0 < rya, there exists a unique (E'fh, (ﬁfh,'Ayfh)) € Hy, x Qp, solution to

(4.4). Moreover, there holds

Qfa

. Then, for each wy, :== (Wgp,, Wep) € Q) X

10 (Wi)lloae = gnlloae < 1(G s, Tpn Y n)) lxq

(4.15)
< o Alunslhar + 18@loa Iwm = waloso + 19 pr g llelosn |
1 |V )
Theorem 4.2 Assume that — —¢ < as’d. Then, for each Wy, := (W, Wep) € QJf X
\/ﬁ (;5 0,4;Q 4

Q) such that ||wsplloa0 < 7Tsa, there exists a unique (E'Sh, (ﬁsh,fysh)) € H;, x Qp solution to

(4.6). Moreover, there holds

1©sn(Wh)llo,0 = [[Wsnlloge < 11(Gshs (Ush, Fn)) 13

o (4.16)

glleps + ¢ps

O,oo;Q} .

2 p
< a o {lnslhar + g leloscn Wl an + 190

s,d

25



4.3 Solvability of the discrete fixed-point equation

We now address the solvability of the fixed-point equation (4.8), which is equivalent to analyzing
the existence and uniqueness of solution of the Galerkin scheme (4.2). To this end, we proceed
very similarly to the continuous case and establish first the discrete versions of the preliminary
lemmas from Section 3.4. Bearing this in mind, we assume in what follows that ¢ and ¢ satisfy
the conditions indicated in (4.13) and (4.14), respectively, and we set

rq = min{rfvd,rs,d}. (4.17)

Then, we begin with the result that provides sufficient conditions on the data for S, mapping a
closed ball into itself.

Lemma 4.3 Let W), := {wh = (Wsn, Wep) € QP x Q1 [|[Willoa0 < rd}, and assume that
the data satisfy

o d
lupfllijor + ralld(@)lloe + 1% prglellosee < f; Tda, (4.18)
and p a
d
Rpallar + 5 L rd lelossn + 197/ g llsps + omslosn < Fira.  (419)

Then Sh(Wh) g Wh.

Proof. It proceeds analogously to the proof of Lemma 3.8, but now using the well-posedness
and associated a priori estimates of Oy, and ©, provided by Lemmas 4.1 and 4.2. We omit
further details. O

Next, we establish the Lipschitz-continuity properties of ©; and Ogp,.

Lemma 4.4 There exists a positive constant Lygq, depending on &g, py, and py, such that

1©¢n(Wr) — On(ts)

0,4;Q2

< Lya{160)loe + o 1051 (tn) o0 } Iwh — tullo o

for all wy, := (th,Wsh), ty = (tfhytsh) € Q}; X QE such that Hth 0,4:Q s ”tfh”()A;Q <74

Proof. Given wy, := (Wyp, Wgp,) and tp, := (tp, ts,) as indicated, we set © ¢ (wy,) := Uy, and

On(tn) == Zpp, where Gy, = (G sn, (Upn,¥pn)) € Hy x Qp and Cpy = (Cpny @pn Epn)) €
Hjp x Qp are the unique solutions, guaranteed by Theorem 4.1, of the formulations

Af,th (&fh77_-‘fh) - Ff(Tfh) + G}Vh(th,nfh)

and
Ag i (ConiTin) = Fp(rpn) + G (Vinmpn)

respectively, both for all Ty, := (Tfh,(th,’I’]fh)) € Hyp x Qpn. We refer to (3.64) for the
definitions of Afw,, and Aft,, . The rest of the proof follows similarly to the one of Lemma 3.9,
using now the discrete inf-sup condition satisfied by Afw,, with constant & £.4/2, adding and
subtracting suitable expressions, and employing the boundedness properties of the linear forms
involved. Further details are omitted. 0
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Lemma 4.5 There exists a positive constant Lsq, depending on Qsgq, pf, ps, and p1, such that

1©sn(Wn) — Oun(tn)

0,4;Q2

< Loa{llelloscio 6n + wpnlloso + l8losco 1Ot los0 b Iwh = talloso

f07‘ all Wy, = (th,wsh), ty = (tfhatsh) € Q;Ll X Qx such that ||W5hH()74;Q, ”tsh |074;Q < Ts,d-

Proof. Tt begins analogously to the proof of Lemma 4.4, and then it continues similarly to the
one of Lemma 3.10, employing now the discrete inf-sup condition satisfied by A w,, (cf. (3.72))
with constant &g q4/2. O

We are now in position to state the Lipschitz-continuity of the discrete fixed-point operator
Sh. More precisely, as a direct consequence of Lemmas 4.4 and 4.5, we have the following result,
which constitutes the discrete analogue of Lemma 3.11.

Lemma 4.6 Let W}, be as in Lemma 4.3 with rq given by (4.17), and let Lyq and L4 be the

constants provided by Lemmas 4.4 and 4.5. Then, there holds

ISn(wa) = Sn(ta)lo.ue < {Lra(16@) 0.0 + lelloocic 107n(tn) o0 o
4.20

+ Loa(llellosesa 61+ Wrnllo.s0 + 18ocon 1O (tn)llo.s0) Hiwn = talo.so

for all wy, == (W, Wep), th = (tn, ten) € Wh.

Next, we proceed as in the last part of Section 3.4 to continue bounding the right hand side
of (4.20). Indeed, employing the upper bounds of ||©(ts)]l04:0 and ||Ogn(ts)]l0,4:0 provided
by (4.15) and (4.16), respectively, and bounding ||ty — tspllo4:0 and [[t 4|2 4. by ra and 72,
respectively, we arrive at -

”Sh(Wh) — Sh(th)H()A;Q < L'd(data) HWh — thH0,4;Qa (4.21)

for all wy, := (Wyrp, Wgn), ty := (trn,ten) € Wi, where Lg (data) is defined exactly as in (3.91),
except that the constants from (3.92) are computed now employing L¢g, Lsa, 0fq, ®sa, and
rq, instead of Ly, Lg, ay, &, and r, respectively.

Consequently, the main result concerning the solvability of (4.8) (equivalently (4.2)) is stated
as follows thanks to the Brouwer and Banach fixed-point Theorems.

Theorem 4.7 Let W}, be as in Lemma 4.3 with rq given by (4.17), and assume that the data
are sufficiently small so that they satisfy (4.18) and (4.19). Then, problem (4.2) has at least one
solution (O’fh, (ufh,’yfh)) € Hy, x Q, and (ash, (ush,'ysh)) € Hy x Qp with uy, := (uypp, ug) €
Wh. Moreover, under the further assumption

Lq(data) < 1, (4.22)

this solution is unique. In addition, in both cases there hold

2
(o ¢hs (Wpn, v 1)) lxq < i

{Iup sl + rald@)loe + 121 pr g lellocon b, (4.23)

and

| (Ush, (ush, ’Ysh)) HHXQ

2
< —{llup,
as,d

o (4.24)

2

yar + 132 el + [ g leps + 6psllocon |-
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Proof. The fact that W, is certainly a compact and convex subset of Qp} x Qj!, together with
Lemma 4.3 and the continuity of Sy, (cf. (4.20) or (4.21)), allow to apply the Brouwer Theorem
(cf. [21, Theorem 9.9-2]) to conclude the existence of at least a solution to (4.8), and hence to
(4.2). Next, the assumption (4.22) and the Banach Theorem imply the uniqueness. Finally,
(4.23) and (4.24) follow from the a priori estimates (4.15) and (4.16), taking also into account
that [[ussllo4.0 and [[usy, — ugpljo,4:0 are bounded by rq. O

4.4 Specific finite element subspaces

In this section we describe a way of choosing finite element subspaces Hf, Qj', and QZ of
H(divy3; ), LY(Q), and L2, (), respectively, that satisfy the hypotheses (H.1), (H.2), and

skew
(H.3) stated in Section 4.2, and then we provide two specific examples of them. More precisely,
given a stable triplet of finite element subspaces for the usual Hilbertian framework of mixed
linear elasticity, such that it verifies (H.1) and (H.2) (which is actually a common feature to
most of such triplets), we add a couple of additional feasible assumptions that allow to conclude
that (H.3) is also satisfied. Before dealing with the respective analysis in Section 4.4.2, we

collect in what follows some definitions and results that are needed later on.

4.4.1 Preliminaries

Hereafter, we make use of the notations from Section 4.1. In particular, given an integer ¢ > 0
and K € Ty, we let Py(K) be the space of polynomials of degree < ¢ defined on K with vector
and tensorial versions denoted by Py(K) := [Py(K)]" and Py(K) := [Py(K)]"*", respectively.
In addition, we let RT (K) := Py(K) & Py(K)x be the local Raviart-Thomas space of order
¢ defined on K, where x stands for a generic vector in R". Furthermore, denoting by bx the
bubble function on K, which is given by the product of its n + 1 barycentric coordinates, we set
the local bubble space of order ¢ as

By(K) := curl(bg Py(K)) if n=2, and By(K) := curl(bx P¢(K)) if n=3,

where curl(v) := (88—;2,—%) if n=2and v: K - R, and curl(v) := V x v if n = 3 and

v : K — R3. Then, having defined the above local spaces, we now introduce corresponding
global subspaces of L2(£2), L%(9), and H(div; ) (cf. (2.1)), as follows

Pi(Q) = {vh eL2(Q): ik € PuK) VK e Th},

PAQ) = {m, € LXQ): mylx €P(K) VK €Th},
RT(Q) := {rh e H(div;Q): Thslx € RTy(K) Yie{l,...,n}, VKe Th},
and
B(Q) = {Th cH(div;Q): Thlx € Bo(K) Vie{l,... n}, VKen},

where 7, ; denotes the ith-row of 75,. We remark here that Py(€2) and Py(Q2) are also subspaces
of L*(Q) and IL*(Q2), respectively. In addition, the fact that L2(€2) is clearly contained in L*/3(Q)
with bounded injection, implies that H(div;(2) is in turn continuously embedded in H(divy/3; )
and there holds

||THdiV4/3;Q < ¢(Q) ||T”diV;Q V1 e H(div; Q) (4.25)
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where ¢(2) is a positive constant depending only on |Q|. It follows then that RT(£2) and By (2)
are subspaces of H(divy/3;2) as well. Moreover, denoting RT(€2) := RT,(2) NHo(divy/s; )
(cf. (3.2)), we recall from [22, Lemma 5.5] that, for each integer ¢ > 0, there exists a positive
constant [y, independent of A, such that

/ vy, - div(Ty)
sup 0

ThERTy ((2) HTh ||diV4/3§Q
Tr#0

> Bollvalloasa Vi € Py(Q). (4.26)

4.4.2 Stable triplets for mixed linear elasticity and (H.3)

We now let HY, Q}, and Q] be finite element subspaces of H(div; ), L2(2), and L2, (Q),
respectively, which satisfy (H.1) and (H.2), and conform a stable triplet for mixed linear elas-
ticity. In particular, denoting Hj := Hf N Ho(div,/s;2), the above means that there exists a
positive constant 31, independent of h, such that

bTh)(Vfun)
sup 24 Do s {alosn+ milon}  Yonm) eQix Qi @2
e, || Thlldivio
Tr#0

Then, employing (4.25) and (4.27), we deduce that

b(Th;(Vh777h)) 1 b(Tha(Viunh)) 61
sup > sup > { Villo,Q + M 0,9},
S i @) o T Tralawe . a@) UMaloatlm
Th7#0 Th#0
and hence ( ( ))
b Thy\Vh, My, Bl

sup 2 ooy o ¥ (Ve mp) € Qi Q- (4.28)

ey 7l div, 50 c(Q)

Th

In turn, assuming that there exists an integer ¢ > 0 such that RT,(Q2) C HY, which certainly
yields RTy () C Hy, we find that

b(7y, (v b(7h, (v
sup ( h)( h?”h)) > sup ( hv( h)nh))
e, [ Talldivy 50 rnertgo@ 1 Thlldivy) 50
Th#0 Th#0
/ v, - div(Ty)
> sup = lmnllog,

™, ERTy (%) ||'7'h||diV4/3§Q
Th7#0

from which, assuming additionally that Q) C P,(2), and using (4.26), we conclude that

b (74, (Va, 1))
sup

ThEH, ”TthiV4/3,Q
Th7£0

> Bollvalloao — lmulloe  V(va.my) € Qp x QY. (4.29)

In this way, a suitable linear combination of (4.28) and (4.29) imply that Hj, and Qp, := Q}! x Q}
satisfy (H.3) (cf. (4.9)) with a positive constant 4 depending only on [y, [1, and ¢(f).

We have thus proved the following result.
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Lemma 4.8 Let HY, QF, and Q] be finite element subspaces of H(div;Q), L*(Q), and
L2, .. (), respectively, such that they conform a stable triplet for linear elasticity. In addi-
tion, assume that there exists an integer £ > 0 such that RT,(2) C HfY and Q) C Py(Q).
Then, Hy, := Hf NHo(divy/s; Q) and Qp := Q} ¥ QZ verify (H.3) with a positive constant [3q
independent of h.

4.4.3 Two specific examples

In order to define specific finite element subspaces yielding the well-posedness of the Galerkin
scheme introduced and analyzed in Section 4, we now identify stable triplets for linear elasticity
that satisfy (H.1), (H.2), and the hypotheses of Lemma 4.8.

Our first example is PEERS,, the plane elasticity element with reduced symmetry of order
¢ > 0, whose stability was originally proved in [6] for £ = 0 and n = 2, and later on established for
¢>0and n € {2,3} (see. e.g. [36]). Letting C(Q) := [C(Q)]™*", the corresponding subspaces
are given as follows:

HY = RT,(Q) @ B,(Q), QF :=Py(Q), and Q) := C(Q)NL2

skew

() NP (), (4.30)

which are easily seen to satisfy the aforementioned requirements. In particular, (H.2) follows
from the divergence-free property of B,(f2) and the inclusion div(RT,(€2)) C P,(f2), whereas
the hypotheses of Lemma 4.8 are trivially met.

Our second example is AFW,, the Arnold-Falk-Winther element of order ¢ > 0, which,
introduced and proved to be stable in [7], is defined as:

HY = Ppy1(Q) NH(div;Q), QF := Py(Q), and Q) =12

skew

Q) NEB(Q).  (4.31)

Again, (H.1) and (H.2) are straightforward, whereas the fact that RT,(K) C Py, (K) for each
K € Ty, completes the hypotheses of Lemma 4.8.

The approximation properties of the finite element subspaces defining PEERS, (cf. (4.30))
and AFW, (cf. (4.31), which basically follow from the analogue properties of the Raviart-Thomas
and AFW interpolation operators, and of the orthogonal projectors Py : LP(Q2) — P,(f2) and
Py LP(Q) — Py(Q) (cf. [27, Proposition 1.135]), and which make use of the commuting diagram
properties and of the interpolation estimates of Sobolev spaces as well, are given as follows (see
also [11], [12], [16], [22, egs. (5.37) and (5.40)], [28])

(APY): there exists C' > 0, independent of h, such that for each r € [0,¢ + 1], and for each
T € H'(Q) N Ho(divy3; Q) with div(r) € W/3(Q), there holds

dist(r W) = _inf |7~ Tallaiv, 0 < OB {I7lha + ldiviD)lapa}. (@432

(AP}): there exists C' > 0, independent of h, such that for each r € [0,¢ + 1], and for each
v € W"4(Q) there holds

dist(v,Qf) == _inf v = valoan < CH [Vla. (433
v h

(APY): there exists C' > 0, independent of h, such that for each r € [0, + 1], and for each
n € H"(Q) N1L2,,,(Q) there holds

skew

dist(n, Qy) == inf_|n—mpulloe < CR"[nla- (4.34)
n,EQ

h
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The associated rates of convergence of our Galerkin scheme (4.2), implemented in each case
with Hy := Hf N H(divy3; Q) and Qp = Q) X QZ, are provided below in Section 5 after
performing the respective a priori error analysis.

5 A priori error analysis

In this section we derive the a priori error analysis for the Galerkin scheme (4.2) considering
arbitrary finite element subspaces satisfying hypotheses (H.1), (H.2) and (H.3) (cf. Section
4.2). We begin by introducing the following Strang-type estimate for saddle point problems. Its
proof follows after slight modifications of that of [28, Theorem 2.6].

Lemma 5.1 Let H and Q be reflexive Banach spaces, and let a : HxH — R andb: Hx Q — R
be bounded bilinear forms with bounding constants ||a|| and ||b||, respectively. Furthermore, let
{Hp}r>0 and {Qp}r>o be sequences of finite dimensional subspaces of H and Q, respectively,
and assume that a and b satisfy the hypotheses of Theorem 3.2 on H X Q and Hy, X Qp. In turn,
gwen F e H', G € Q', and the sequences of functionals {Fy,}p~0 with Fy, € H} for each h > 0
and {Gp}n>o0 with Gy, € Q}, for each h > 0, we let (o,u) € Hx Q and (op,up) € Hy x Qp be the
unique solutions, respectively, to the problems

a(o,7) + b(r,u) = F(7) VreH,
(5.1)
bo,v) = G(v) VveQ,
and
a(on, ) + b(th,up) = Fu(mh) V7, € Hy, 5.9
b(Uh,Uh) = Gh(vh) Vo € Qp .
Then, there holds
HU — UhHH + Hu—uhHQ < 0,5'71 diSt(U, Hh) + 0572 dist(u,Qh) ( )
5.3
+ Css||F = Fhllm, + Cs4 |G — Gallg, »
with )
Couim (110 (1 ) (Y.
o p p
b b b
Cogim 14 ML J0L  Jallbl
o B ap
- (5.4)
a  p a
e L (110 (1 10,
p a B

where & and 3 are the positive constants satisfying (3.43) and (3.45), respectively, on Hy x Qy,.

Now, for the subsequent analysis we let (O'f, (uf,’yf)) € H xQ, (0'5, (us,’ys)) €H x Q and
(O'fh, (ufh,’yfh)) € Hy x Qp, (o-sh, (ush,'ysh)) € Hy, x @y, be the solutions of (3.18) and (4.2),
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respectively, and for the sake of convenience, we rewrite both problems as follows

af(os,Ty¢) +b(Tf uy,ys ) = f‘?(‘rf), VrreH
b(oys, (vi,mp) = GHvemg), Y(vemy)€Q, (55)
ay(o5 7)) +b(r, (u,7,) = Fi(r,),  Vr,eH |
b(os, (vs,n) = Gs(vems), Y(vems) €Q,
and
ar(o s, Tn) +b(Tn, (Wpn,vpn) = f‘}lh(rfh), V1, € Hy
b(ain, (Vinngm) = G (Venmgm)s Y (Venngm) € Qn 56
as(Tshs Tsn) + b(Tons (Wsnyven)) = F(rg), V1 € Hy .
b(osh, (VshMsn)) = Gs(Venmgn)s YV (Vsnsngn) € Qus
with
f‘?(rf) =Ff(1y) — cp(uy, 7)) — dy(up;uy, 7y), VryeH,
f‘;‘(TS) =F¥(715) — cs(us, 75) — ds(us; us, 75), VrseH, 5.7

f?h(Tfh) =Fy(Tsn) — cp(upn, 7pn) —de(uppsupn, 7o), Y7pn € Hy,

F;lh (Tsh) = F;lh (Tsh) - Cs(usha Tsh) - ds(ush; Ush,, Tsh)a V7sn € Hy.

Then, since (5.5) and (5.6) have the same structure of the abstract problems (5.1) and (5.2),
respectively, in what follows we proceed similarly to [22] and apply Lemma 5.1 to derive the a
priori error estimate for the Galerkin scheme (4.2). Let us first establish the following upper
bounds for the differences between the functionals introduced above.

Lemma 5.2 There holds,

=~ =~ 1 || Ve
Fy—Fll < —=|— + LL ellocon (g lose + Iugnllon) | Ilay — asmlloso,
&3 -F,, (w 7L lello e (sl + gl o) | g = sl
(5.8)
= = 1 ||V
[Fe-Fll, < (G2 |52+ 2 lollomn(lnlosn + [nalose) ) . - waloss
Hy, 040 2H

pf
+ﬂll€|lo so:2(luglloge + llugnlloae)llay —usmllosn-
(5.9)

Proof. Recalling that c; and dy (cf. (3.4)) are bilinear and trilinear forms, respectively, and
summing and subtracting uy, in the second component of d¢, we deduce from (5.7) that for
each 7, € Hy there holds

(ﬁ}l - f}lh) (T7n) = —cp(up —ugn, 7pn) — (dy(upsug — gy, 7pn) — dp(ay — wpn;ugn, 7m)),
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which together with (3.21) and (3.22), yields

(B =F9) (rm)| < (lesl + Idl(raglios + agmloaa) s = upmloslmlog:

Then, using the definitions of ||cs|| and ||d|| (cf (3. 20)) the foregoing inequality implies (5.8).
Analogously, according to the definitions of Fu and F“h (cf. (5.7)), it is easy to see that for
each T4, € Hy, there holds

(ﬁ? - f‘gh) (Tsh) = F?(Tsh) - F;lh (Tsh) - Cs(us — Ush, Tsh)

- (ds(us§ Us — Ugp, Tsp) — ds(Us — Weps U, Tsh))y

and then, from (3.28), (3.29), (3.87), and the definitions of ||c|| and ||ds|| (cf. (3.32)), we
conclude (5.9), which ends the proof. O

Now we proceed to establish preliminary estimates for (oy — o sp, (uy — s, vf —vyp)) and
(o's — Osh, (us — Ush, Vs — 75h))‘

Lemma 5.3 There exist positive constants Cy;, i € {1,2,3,4}, depending on py and other
constants independent of the discretization and physical parameters, such that

oy — ol + lay —usnlloao + v —vsnlloo < Cpidist(oy, Hy)

(5.10)

+ Cypo dist((uf,’)’f), Qn) + Js(data) |jus — uthoA;Q + K¢(data) ||us — ugplo,4:0,

with J¢(data) and K¢(data) given by
1 || Ve Pf . o
data) = Cr3——|— Crstl wal2

Tpdata) = Cram|| ||+ Cpaymindaig, dgablelo (2l sz

+ (r+ r)ll(@)lo.0 + 292 prgllello. ) + Crald(@) o, (5:11)
/Cf(data) = Cf,4 5(@5)”079.

Proof. By applying Lemma 5.1 to the first and second equations of (5.5) and (5.6), we find that

o —omlln+ vy —ugnlloae + vy —vnlloo < Cradist(oy, Hy)

| T (5.12)
+ Cyradist((uy,vy), Qn) + Cra HF}I —Fy

o T CrallGY = Gl
h

where the constants Cy;, i € {1,...,4}, are given by (5.4) with [ja|| = |lay| = 2Hf |Ib]] = ||bl| =

L,a=ay= 2#/’ and 3= 34 > 0 (cf (3.25), (3.50), (4.9)). In turn, from (3.83) we observe that

(@3- @) )| < 15 oa Iy — ulose + I~ walose)
for all (vyn,mg,) € Qn, which implies

GY - G¥
e - e,

< 166 loe {Iuy = wpnllose + fus — oo} (5.13)
In this way, from estimates (5.8) (5.12) and (5.13), and the fact that (see (3.94) and (4.23))
laylloae + [lugnlloae
< 2min{ay, azab{ (r+r)l6(6) o + 21 psglello.ccia }.

we readily obtain (5.10). O
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Lemma 5.4 There exist positive constants Cs;, i € {1,2,3}, depending on p1, p2, and other
constants independent of the discretization and physical parameters, such that

|os — osulln + [Jus — ush||0,4;ﬂ + s — '7sh”0ﬂ < Csn dist(os, Hy)

(5.14)
+ Csadist((us,7,), Qn) + Js(data) [[uy — upnlloge + Ks(data) [[us — usllg 40 »
with Js(data) and Ks(data) given by
Js(data) = 0573% min{ay, &y a}llello,c00 (2||UD,fH1/2,r + (r+7a)l|0(#) 0.0
+ 20 p gl
(5.15)

Ks(data) :=

V¢
Csz—||— Cs, s, Qs wal2llup .
3\/ﬁH & 074;94' SM = min{as, dsa}|¢llo, Q( lup,slli/,r

p
0 47Dy lelloon + 2020 glleps + 9psllnson) -

Proof. Analogously to the proof of Lemma 5.3, we apply Lemma 5.1 to the third and forth
equations of (5.5) and (5.6), to obtain

los — osnllu + |us — wanllogo + l1vs —
(5.16)

)

< Cs,l diSt(U&Hh) + Cs,2 diSt((uszs)th) + Cs,?) Hf‘? - f‘?h H
h

where the constants C;, ¢ € {1,...,3}, are given by (5.4) with ||a| = [las]| = 2u1’ |b]| = [|b|| =
L, & =as =5} and B =Ba>0(cf. (3.32), (3.51), (4.9)). Then, the result follows from (5.9),
(5.16), (3.94), (3.95), (4.23) and (4.24). O

The a priori error estimate for the Galerkin scheme (4.2) is provided next.

Theorem 5.5 Assume that the hypotheses of Theorems 3.12 and 4.7 hold, and let (a'f, (uf,’yf))

eHxQ, (05, (us,7,)) € Hx Q and (o sn, (Wpn, 1)) € Hy X Qn, (osn, (W, Ysn)) € Ha x Qp
be the unique solutions of (3.18) and (4.2), respectively. Assume further that

Jr(data) 4+ Js(data) < % and Ky(data) + Ks(data) < % (5.17)
with Jg, Ky and Js, Ks given by (5.11) and (5.15), respectively. Then, there holds
> {llos = oinlln+ Iy = wnlloae + I7; = vllos
€4 f,s
] if }z: {ledwt oj,Hp) + Cjadist((w,7;), Qh)} (5.18)
je{f.s}

with Cy; and Cs;, 1 = 1,2, specified in Lemmas 5.3 and 5.4, respectively.

Proof. Employing assumption (5.17), the result is a direct consequence of Lemmas 5.3 and 5.4.
We omit further details. [l

We end this section with the theoretical rate of convergence for the Galerkin scheme (4.2)
discretized by the finite element spaces introduced in Section 4.4.3.
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Theorem 5.6 Assume that (3.93) holds and let (af, (uf,'yf)) cHxQ, (a’s, (us,'ys)) ceHxQ
be the unique solution of (3.18). In addition, given £ > 0, we let Hp xQy, be the pair defined by the
PEERS; or AFW, elements introduced in (4.30) and (4.31), respectively, and under assumption
(4.22), we let (O’fh, (ufh,'yfh)) € Hy, x Qp, (O’Sh, (ush,'ysh)) € Hy, x Qp, be the unique solution of
(4.2). Assume further that (5.17) holds and that, given r € [0,£+1], oj € H"(Q2) N Ho(divy,3; ()
with div(a;) € W™/3(Q), u; € W4(Q) and v; € H' () NL2..(Q) for j € {f,s}. Then there
exists C' > 0, independent of h, such that

> {Hffj —ojnlla 4 llu; —wnllose + llv; — ’thHo,Q}

jelf.s}
<cw Y {loilha + 14ive))lnme + Tulhao + lrlko}-
Je{fs}
Proof. The result follows straightforwardly from Theorem 5.5 and the approximation properties
(4.32), (4.33) and(4.34). O

6 Numerical results

The realization of the numerical methods described in Section 5 has been carried out using the
open-source finite element library FEniCS [2]. A Newton-Raphson algorithm with null initial
guesses and exact Jacobian is used to solve the nonlinear set of equations. The condition of
zero-averaged fluid pressure (translated in terms of tensor traces) is imposed through a real
Lagrange multiplier, which amounts to augmenting the algebraic systems by one row and one
column; and the solution of all linear systems appearing at each Newton-Raphson iteration is
conducted with the multifrontal massively parallel sparse direct solver MUMPS.

6.1 Test 1: accuracy verification using smooth manufactured solutions

We assess the convergence of the mixed finite element discretizations by manufacturing an exact
solution of the coupled system (2.10) defined over the domain 2 := (0,1)?2

o(x) = % - isin(:nl) cos(z2) ,
4 cos(zy) sin(z2)

uy(x) = | F(sin?(z1) — cos?(z1)) cos(2z2) — 2sin(z1) cos(za) |
o) P(x)

e(x) =1-9¢(x), us(x)= T;()us(x), p(x) = xf — 3.

The exact velocities and the smooth particle distribution are such they satisfy the mass con-
servation equations. Using these closed-form solutions we require additional right-hand side
load terms in (2.13), and the boundary Dirichlet velocities are also adjusted in terms of these
manufactured solutions. The model constants for the convergence test assume the values

pr=1, ps=22 pr=01 dy=0.1, ¢,=065 g=(0,—-1)F,
P=1266, r=03, M=0571, m=2365¢o=0.61, v, =14.3.

Errors between exact and approximate solutions are denoted as

e(oy) == llof —ormllaiv, ;0. e(uyp) = luy —uploge, e(vp) = vy —vpmlogo,

e(os) = llos — Tsnllaivy 0. e(us) = [[us —usmlloge, elvs) = [7s = Yalloo,
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DoF | e(oy) |r(ay)] e(uy) [r(uy)] e(vy) [r(vg)| elos) [r(os)
AFW/-based formulation with £ =0

54 12.19e+0| - |6.42e-1| — |1.08e+0| - 1.07e+1 | — |1.07e+0| — |[1.04e+0| -

178 |1.23e+0|0.832|3.27e-1]0.973 | 5.80e-1 | 0.900 |5.32e+00|1.009 | 5.53e-1 | 0.955 | 4.86e-1 |1.104

642 | 6.20e-1 | 0.987 [1.66e-1|0.983 | 3.93e-1 | 0.559 |2.59e+00|1.040| 2.79e-1 {0.990| 2.51e-1 | 0.951
2434 | 3.11e-1 | 0.998 |8.29¢e-2|0.997 | 2.07e-1 |0.930|1.28e+00|1.018 | 1.40e-1 |0.998| 1.27e-1 [0.980
9474 | 1.55e-1 | 1.000 |4.15¢-2|1.000 | 1.04e-1 |0.984| 6.36e-1 |1.007 | 6.98¢-2 |0.999| 6.39e-2 |0.995
37378 7.76e-2 | 1.000 |2.07e-2|1.000 | 5.24e-2 [ 0.996 | 3.17e-1 |1.002| 3.49¢e-2 |1.000| 3.20e-2 |0.999
AFW/-based formulation with £ =1
122 | 7.45e-1 — 1.30e-1| - 2.19e-1 — 2.96e+0 — 2.20e-1 — 2.46e-1 —

434 | 1.89e-1{1.975|3.84e-2|1.765| 1.67e-1 | 0.389 | 6.39e-1 |2.214| 5.60e-2 |1.973| 8.61e-2 |1.513
1634 | 4.70e-2 | 2.012 |9.37e-3|2.034 | 4.70e-2 | 1.832| 1.60e-1 [1.994| 1.41e-2 |1.994| 2.47e-2 |1.799
6338 | 1.17e-2 | 2.005 [2.32¢-3|2.015 | 1.22e-2 | 1.949 | 4.03e-2 |1.991| 3.52¢-3 [1.999| 6.45¢-3 | 1.939
24962 | 2.92¢-3 | 2.002 |5.78e-4[2.004 | 3.10e-3 | 1.974 | 1.01e-2 |2.000 | 8.79¢-4 |2.000| 1.64e-3 |1.979
99074 | 7.29¢e-4 | 2.001 [1.44e-4|2.001 | 7.83e-4 [ 1.986 | 2.52e-3 |2.002| 2.20e-4 |2.000| 4.12e-4 |{1.992
PEERS/-based formulation with £ =0
46 [2.49e+0| - |8.65e-1| — |4.47e+0| - 1.07e+1 | — |1.08e+0| — |[1.57e+0| -

148 |1.59e+0| 0.647 |6.45e-1]0.423 |3.75e+0|0.252 | 5.73e+0 | 0.898 | 5.58e-1 | 0.955| 5.56e-1 | 1.500

532 | 7.26e-1 | 1.131 [1.91e-1|1.756| 9.99e-1 | 1.909 | 2.92e+0 [0.972| 2.79e-1 [0.999 | 1.97e-1 | 1.500
2020 | 3.60e-1 | 1.011 [8.78¢e-2|1.120 | 4.26e-1 | 1.230 | 1.47e+0 |[0.993 | 1.40e-1 [0.999| 8.81e-2 |1.159
7876 | 1.76e-1 | 1.034 |4.22¢-2|1.057 | 1.71e-1 |1.312| 7.30e-1 |1.009 | 6.98¢-2 |1.000| 3.88e-2 [1.184
31108 8.70e-2 | 1.016 |2.08e-2]1.020 | 6.38¢-2 | 1.428 | 3.64e-1 |1.005| 3.49¢-2 |1.000| 1.55e-2 |1.327
PEERS/-based formulation with ¢ = 1
124 | 7.63e-1 | — |1.36e-1| — |[4.34e-1| - |2.71e+0| - |2.24e-1| - |5.33e1| -

436 | 2.10e-1 | 1.863 |4.02e-2|1.761 | 1.77e-1 {1.490| 7.0le-1 [1.950| 5.63e-2 |1.992| 1.50e-1 |1.830
1636 | 5.39¢-2 | 1.962 |1.00e-2|2.006 | 7.22¢-2 | 1.596 | 1.90e-1 |1.882| 1.41e-2 |1.996| 4.46e-2 |1.848
6340 | 1.36e-2 | 1.983 [2.39¢-3|2.063 | 2.44e-2 | 1.668 | 4.95e-2 |1.943| 3.52¢-3 [2.001| 1.31e-2 | 1.868
24964 | 3.43¢-3 | 1.988 | 5.85e-4[2.034 | 7.07e-3 | 1.785| 1.26e-2 |1.977| 8.80e-4 |2.001| 3.58¢-3 |1.873
99076 | 8.62¢-4 | 1.994 | 1.45e-4[2.012| 1.90e-3 | 1.895| 3.17e-3 |1.990 | 2.20e-4 |2.001| 9.30e-4 |1.945

e(u,) ‘T(US)

e(vs) [r(v)

Table 6.1: Example 1. Convergence history for the mixed finite element approximations of
the coupled nonlinear problem in 2D, for different variants of the scheme. DoF stands for the
number of degrees of freedom associated with each method on each mesh refinement.

and by r(x) we denote their corresponding rates of convergence, that is

log(e(*) /€' (x
’I”(*) = W Ve {Ufaufaﬁyfaasausavs}a

where h and h' denote two consecutive mesh sizes with errors e(x) and €’(*), respectively. Errors
and corresponding convergence rates are summarized in Table 6.1, focusing on approximations
using AFW;, and PEERS, elements for the two lowest-order polynomial degrees £ = 0,1. In
all cases we see the optimal convergence rates predicted by Theorem 5.6 for all individual
unknowns. Also, we mention that in every run the number of Newton-Raphson iterations needed
to reach a residual-based convergence criterion with tolerance of 1le-6 was less than 4. Samples
of approximate solutions are shown in Figure 6.1.

6.2 Test 2: velocity fields generated by synthetic particle distributions

For our second test we consider a two-dimensional fluidized bed of size 15 x 30 ¢cm?, where the
problem configuration follows a simplification of the applicative cases discussed in [5,40]. The
inlet boundary I is defined as a nozzle of 1lcm width which is located at the center of the lower
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Figure 6.1: Example 1. Approximate solutions computed with PEERS; method with ¢ = 1.
Magnitude of fluid pseudostress, fluid velocity magnitude, component (1,2) of the vorticity fluid
tensor, magnitude of particle pseudostress, solid velocity magnitude, and component (1,2) of the
vorticity solid tensor.

horizontal boundary, and through which fluid is injected with a uniform profile. In addition, we
generate a synthetic particle distribution

p(x) = % - % sin(%m) cos(ém), (6.1)

where ¢ is the mean concentration of the particles in the fluidized bed occupying 2. Note
that, because of (2.16) the formulation requires ¢ to be smooth and non-zero. The boundary
conditions are now slightly different than in Example 1. The fluid velocity is still prescribed on
the whole boundary, but it is split as follows

(0,U)* on I'™,

6U ¢
usp(x) = <0, 1—53$1(15 - 3:'1)> on Iout,
0

on Pwall =T \ {Pin U Fout}’
whereas the particle velocities are allowed to slip on all boundaries
u;-n=>0 on I, (6.2)

which implies that, at the discrete level, the first pairing appearing in the definition of F¥ (74)
(see the specification for the continuous variational form in (3.8)) is replaced by

<E ST, Ugp - ), (6.3)

in 2D, where t is the tangent vector on the boundary. Such a boundary setup expresses, respec-
tively, that we apply exactly the fluidization uniform velocity at the entrance of the fluidized
bed and that this is the same profile with which the fluid leaves the bed, that there is no-slip
boundary conditions for the fluid at rigid walls, and that there is slip of solid particles at rigid
walls but no particles should leave the fluidized bed. The remaining parameters characterizing
(2.6), (2.7) and (2.9), (6.1), are

pr=1205 ps=27 pu;=18-10"2 ds=4-10"", ¢, =0.65,
P=1078, r=03, M=0571, m=425 Uec{1,22}, ¢o=0.61,

taken as in [5,40] using CGS units, and representing the interaction between a liquid and solids
in a fluidized bed. We employ a uniform mesh and run the simulation of the interaction between
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Figure 6.2: Example 2. Approximate solutions obtained with a lowest-order AFW, method.
Velocity components and postprocessed pressure (top), magnitude of fluid and particle pseu-
dostress (bottom left), synthetic particle distribution with particle velocity line integral contours
and sample of distribution of € and fluid velocity (bottom center panels), and entry (1,2) of the
fluid and particle vorticity fields.

the mass and momentum conservations in the steady case. The outcome is shown in Figure 6.2,
where we see how the particle distribution generates velocity patterns going from the nozzle to
the outlet boundary, and how the particles slip on the boundaries. We also compare two cases
for different inlet velocities. The plots in Figure 6.3 show distinct velocity patterns generated
using the same particle distribution, but where the intensity of the nozzle varies from U =1 to
U =22

6.3 Test 3: 3D version of Test 2

As a proof of concept of the need of multidimensional models for fluidized beds we present a
simple extension of the previous test to the 3D case. We consider a cylinder of height 30cm and
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Figure 6.3: Example 2. From left to right: Magnitudes of the particle and fluid velocities for
two different magnitudes of the inlet fluid velocity.

radius 10cm. Again we start from a given smooth particle distribution that we choose as

o(x) = % - 9%) sin(éxl) cos(%mg) (z3 — 15)%

The boundary conditions are set similarly as above, on the bottom disc of the cylinder we define
as I'™ a smaller region of radius lcm on which we impose a uniform fluid velocity (0,0,1)%, on
x3 = 30 we define another disk region I'°"* centred at (0,0, 30) and with radius 3cm, where we
set the parabolic outlet fluid velocity profile (0,0, 521(15 — 21)x2(15 — 22))*; and the remainder
of the boundary conforms I'V?!. Again, we impose slip-velocity conditions for the solid par-
ticles according to (6.2), and instead of (6.3) we now set (Tg,n X n,ug, X n). The remaining
parameters assume the same values as in the 2D case. The computations were performed with a
coarse unstructured tetrahedral mesh for which the lowest-order PEERS, elements use around
110K DoF's. The outcomes are collected in Figure 6.4. The larger plots on the center and right
panels show the streamlines of fluid and particle velocities, where we also show also contours of
¢ that go over the threshold 0.35. The fluid velocity streamlines indicate the direction of the
flow and the generation of non-axisymmetric recirculation patterns. The remaining panels show
the magnitude of pseudostress and vorticity.

References

[1] J. ALMONACID AND G.N. GATICA, A fully-mized finite element method for the n-
dimensional Boussinesq problem with temperature-dependent parameters. Comput. Methods
Appl. Math. 20 (2020), no. 2, 187-213.

[2] M.S. AuNags, J. BLECHTA, J. HAKE, A. JoHANssoN, B. KeHLET, A. Loca, C.
RICcHARDSON, J. RiNG, M.E. ROGNES AND G.N. WELLS, The FEniCS project version
1.5. Arch. Numer. Softw. 3 (2015), 9-23.

(3] M. ALvAREZ, G.N. GATICA AND R. RUIZ-BAIER, A mized-primal finite element ap-
proximation of a sedimentation-consolidation system. Math. Models Methods Appl. Sci.
26 (2016), no. 5, 867-900.

39



e- 41 1.3e-0120e+1 4.5e+01
o °_2- 2 o ——— 2.1e-03 5.0e-2 2.1e+00

o (x)] o, (x)]

15001 30e-1 4601

Figure 6.4: Example 3. Magnitude of fluid and particle pseudostress (left top), particle dis-
tribution and magnitude fluid vorticity (left bottom), and fluid (center) and particle (right)
velocity streamlines showing also contour plots of the particle distribution. The simulations
were performed with the lowest-order PEERS, method.

[4]

[5]

[6]

[7]

8]

[9]

[10]

[11]

[12]

T.B. ANDERSON AND R. JACKSON, A fluid mechanical description of fluidized beds: Equa-
tions of motion. I&EC Fundamentals 6 (1967), no. 4, 527-539.

K. ANDERSON, S. SUNDARESAN AND R. JACKSON, Instabilities and the formation of
bubbles in fluidized beds. J. Fluid Mech. 303 (1995), 327-366.

D.N. ArRNOLD, F. BREzZI AND J. DOUGLAS, PEERS: A new mixed finite element method
for plane elasticity. Japan J. Appl. Math. 1 (1984), 347-367.

D.N. ArNoLD, R.S. FALK AND R. WINTHER, Mized finite element methods for linear
elasticity with weakly imposed symmetry. Math. Comp. 76 (2007), no. 260, 1699-1723.

G.A. BENAVIDES, S. CAUCAO, G.N. GATICA AND A.A. HOPPER, A Banach spaces-based

analysis of a new mized-primal finite element method for a coupled flow-transport problem.
Comput. Methods Appl. Mech. Engrg. 371 (2020), 113285, 29 pp.

G.A. BENAVIDES, S. CAucAO, G.N. GATICA AND A.A. HOPPER, A new non-augmented
and momentum-conserving fully-mixed finite element method for a coupled flow-transport
problem. Preprint 2020-21, Centro de Investigacién en Ingenierfa Matemdtica (CI2MA),
Universidad de Concepcién, Concepcién, Chile, (2020).

S.C. BRENNER AND L.R. ScoTT, The Mathematical Theory of Finite Element Methods,
Third Edition. Texts in Applied Mathematics, vol. 15, Springer-Verlag, New York, 2008.

D. Borri, F. BREZZ1 AND M. FORTIN, Mixed Finite Element Methods and Applications.
Springer Series in Computational Mathematics, 44. Springer, Heidelberg, 2013

F. BrREzzl AND M. FORTIN, Mixed and Hybrid Finite Element Methods. Springer Series
in Computational Mathematics, 15. Springer-Verlag, New York, (1991).

40



[13]

[21]

[22]

23]

[24]

[25]

[26]

J. CamANO, C. GARCIA AND R. OYARZUA, Analysis of a conservative mized-FEM for the
stationary Navier-Stokes problem. Preprint 2018-25, Centro de Investigacién en Ingenieria
Matematica (CI2MA), Universidad de Concepcién, Concepcién, Chile, (2018).

J. CamaNo, C. GARCIA AND R. OYARZUA, Analysis of a new mized-FEM for station-
ary incompressible magneto-hydrodynamics. Preprint 2020-13, Centro de Investigacién en
Ingenieria Matemética (CI?MA), Universidad de Concepcién, Concepcién, Chile, (2020).

J. CamaNO, G.N. GaTicA, R. OYARZUA AND R. RU1z-BAIER, An augmented stress-based

mized finite element method for the steady state Navier-Stokes equations with nonlinear
viscosity. Numer. Methods Partial Differential Equations 33 (2017), no. 5, 1692-1725.

J. CamANO, C. MuNoz AND R. OYARZUA, Numerical analysis of a dual-mized problem
in non-standard Banach spaces. Electron. Trans. Numer. Anal. 48 (2018), 114-130.

J. CamaNO, R. OvArRzUA, R. Ruiz-BAIER AND G. TIERRA, Error analysis of an aug-
mented mized method for the Navier-Stokes problem with mixed boundary conditions. IMA
J. Numer. Anal. 38 (2018), no. 3, 1452-1484.

S. Caucao, G.N. GATICA AND R. OYARZUA, Analysis of an augmented fully-mixed for-
mulation for the coupling of the Stokes and heat equations. ESAIM Math. Model. Numer.
Anal. 52 (2018), no. 5, 1947-1980.

S. Caucao, D. MoRA AND R. OYARZUA, A priori and a posteriori error analysis of a
pseudostress-based mized formulation of the Stokes problem with varying density. IMA J.
Numer. Anal. 36 (2016), no. 2, 947-983.

S. Caucao, R. OYARZUA AND S. VILLA-FUENTES, A new mized-FEM for steady-state
natural convection models allowing conservation of momentum and thermal energy. Preprint
2019-41, Centro de Investigacién en Ingenieria Matemética (CI2MA), Universidad de Con-
cepcién, Concepcidén, Chile, (2019).

P. CIARLET, Linear and Nonlinear Functional Analysis with Applications. Society for In-
dustrial and Applied Mathematics, Philadelphia, PA, 2013.

E. CoLMENARES, G.N. GATICA AND S. MORAGA, A Banach spaces-based analysis of a
new fully-mized finite element method for the Boussinesq problem. ESAIM Math. Model.
Numer. Anal. 54 (2020), no. 5, 1525-1568.

E. CoLMENARES, G.N. GATICA, S. MORAGA AND R. RUIZ-BAIER, A fully-mized finite
element method for the steady state Oberbeck-Boussinesq system. SMAI J. Comput. Math.
6 (2020), 125-157.

E. COLMENARES, G.N. GATICA AND R. OYARZUA, Analysis of an augmented mized-primal
formulation for the stationary Boussinesq problem. Numer. Methods Partial Differential

Equations 32 (2016), no. 2, 445-478.

E. COLMENARES AND M. NEILAN, Dual-mized finite element methods for the stationary
Boussinesq problem. Comp. Math. Appl. 72 (2016), no. 7, 1828-1850.

P. Duru, M. Nicoras, E.J. HINCcH AND E. GuazzerLri, Constitutive laws in liquid-
fluidized beds. J. Fluid Mech. 452 (2002), 371-404.

41



[27]

[28]

[29]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

A. ERN AND J.-L. GUERMOND, Theory and Practice of Finite Elements. Applied Mathe-
matical Sciences, 159. Springer-Verlag, New York, 2004.

G.N. GaTica, A Simple Introduction to the Mixed Finite Element Method. Theory and
Applications. SpringerBriefs in Mathematics. Springer, Cham, 2014.

X. Gao, L.J.WangG, C. Wu, Y.W. CHENG AND X. LI, Steady-state simulation of core-
annulus flow in a circulating fluidized bed (CFB) riser, Chemical Engineering Science 78
(2012), 98-110.

D. Gmaspow, Multiphase Flow and Fluidization: Continuum and Kinetic Theory De-
scriptions. San Diego, Academic Press, 1994.

M.A. vAN DER HOEF, M. VAN SINT ANNALAND, N.G. DEEN AND J.A.M. KUIPERS,

Numerical simulation of dense gas-solid fluidized deds: A multiscale modeling strategy.
Annu. Rev. Fluid Mech. 40 (2008), 47-70.

R. JACKSON, The Dynamics of Fluidized Particles. Cambridge University Press (2000),
Cambridge, England.

L. Jing, C.Y. Kwok, Y.F. LEUNG AND Y.D. SOBRAL, Fxtended CFD-DEM for free-
surface flow with multi-size granules. Int. J. Numer. Anal. Meth. Geomech. 40 (2016),
62-79.

D. Kunit AND O. LEVENSPIEL, Fluidization Engineering. Butterworth-Heinemann (1991),
Stoneham, MA, United States of America.

G. Liu, Application of the two-fluid model with kinetic theory of granular flow in liquid-
solid fluidized beds. In: Granularity in Materials Science, 2018. DOLI:
http://dx.doi.org/10.5772/intechopen.79696.

M. LONSING AND R. VERFURTH, On the stability of BDMS and PEERS elements. Numer.
Math. 99 (2004), no. 1, 131-140.

W. McLEAN, Strongly Elliptic Systems and Boundary Integral Equations. Cambridge Uni-
versity Press, 2000.

J.F. RICHARDSON AND W.N. ZAKI, Sedimentation and fluidization. Transactions of the
Institution of Chemical Engineers 32 (1954), 35-52.

Y.D. SOBRAL AND E.J. HINCH, Finite amplitude steady-state one-dimensional waves in
fluidized beds. SIAM J. Appl. Math. 77 (2017), no. 1, 247-266.

Y. Tsuii, T. KAWAGUCHI AND T. TANAKA, Discrete particle simulation of two-
dimensional fluidized bed. Powder Technology 77 (1993), no. 1, 79-87.

M. UprADHYAY AND J.H. PARK, CFD simulation via conventional two-fluid model of a

circulating fluidized bed riser: Influence of models and model parameters on hydrodynamic
behavior. Powder Technology 272 (2015), 260—268.

H.P. Zuu, Z.Y. Zuou, R.Y. YANG AND A.B. YU, Discrete particle simulation of partic-

ulate systems: A review of major applications and findings. Chemical Engineering Science
63 (2008), 5728 — 5770.

42



Centro de Investigacidn en Ingenieria Matematica (CI'MA)

2020-12

2020-13

2020-14

2020-15

2020-16

2020-17

2020-18

2020-19

2020-20

2020-21

2020-22

2020-23

PRE-PUBLICACIONES 2020

RAIMUND BURGER, GERARDO CHOWELL, LEIDY Y. LARA-DIAZ: Measuring the
distance between epidemic growth models

JESSIKA CAMANO, CARLOS GARCIA, RICARDO OYARZUA: Analysis of a new mized-
FEM for stationary incompressible magneto-hydrodynamics

RAIMUND BURGER, PAOLA GOATIN, DANIEL INZUNZA, Luis M. VILLADA: A non-
local pedestrian flow model accounting for anisotropic interactions and walking domain
boundaries

FELIPE LEPE, DAVID MORA, GONZALO RIVERA, IVAN VELASQUEZ: A virtual ele-
ment method for the Steklov eigenvalue problem allowing small edges

JOSE QUERALES, RODOLFO RODRIGUEZ, PABLO VENEGAS: Numerical approzima-
tion of the displacement formulation of the axisymmetric acoustic vibration problem
PATrRICK E. FARRELL, LUis F. GATICA, BISHNU LAMICHHANE, RICARDO OYAR-
zZUA, RICARDO RUIZ-BAIER: Mized Kirchhoff stress - displacement - pressure formu-
lations for incompressible hyperelasticity

DAVID MORA, IVAN VELASQUEZ: Virtual elements for the transmission eigenvalue
problem on polytopal meshes

GABRIEL N. GATICA, GEORGE C. HS1AO, SALIM MEDDAHI: Further developments
on boundary-field equation methods for nonlinear transmission problems

NicoLAS BARNAFI, GABRIEL N. GATICA, DANIEL E. HURTADO, WILLIAN MI-
RANDA, RICARDO RUI1z-BAIER: New primal and dual-mized finite element methods
for stable image registration with singular reqularization

GONZALO A. BENAVIDES, SERGIO CAUCAO, GABRIEL N. GATICA, ALEJANDRO A.
HoPPER: A new non-augmented and momentum-conserving fully-mized finite element
method for a coupled flow-transport problem

RAIMUND BURGER, ELvIS GAVILAN, DANIEL INZUNZA, PEP MULET, Luis M.
VILLADA: Exploring a convection-diffusion-reaction model of the propagation of forest
fires: computation of risk maps for heterogeneous environments

GABRIEL N. GATICA, RICARDO OYARZUA, RICARDO RUIZ-BAIER, YURI D. So-
BRAL: Banach spaces-based analysis of a fully-mized finite element method for the
steady-state model of fluidized beds

Para obtener copias de las Pre-Publicaciones, escribir o llamar a: DIRECTOR, CENTRO DE
INVESTIGACION EN INGENIERfA MATEMATICA, UNIVERSIDAD DE CONCEPCION, CASILLA
160-C, CONCEPCION, CHILE, TEL.: 41-2661324, o bien, visitar la pagina web del centro:
http://www.ciZ2ma.udec.cl



CENTRO DE INVESTIGACION EN
INGENIERfA MATEMATICA (CI2MA)
Universidad de Concepcién

Casilla 160-C, Concepcién, Chile
Tel.: 56-41-2661324 /2661554 /2661316
http://www.ci2ma.udec.cl




	Introduction
	The model problem
	Preliminaries
	The fluidized bed model
	The steady-state model

	The variational formulation
	A fully-mixed approach
	A fixed-point approach
	Well-definedness of the operators Lg and Lg
	Solvability analysis of the fixed-point equation

	The Galerkin scheme
	The discrete fixed-point approach
	Well-definedness of the operators Lg and Lg
	Solvability of the discrete fixed-point equation
	Specific finite element subspaces
	Preliminaries
	Stable triplets for mixed linear elasticity and (H.3)
	Two specific examples


	A priori error analysis
	Numerical results
	Test 1: accuracy verification using smooth manufactured solutions
	Test 2: velocity fields generated by synthetic particle distributions
	Test 3: 3D version of Test 2


