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Abstract The aim of this chapter is to present in a unified way some recent results on
the combined use of the virtual element method (VEM) and the boundary element
method (BEM) to numerically solve linear transmission problems in 2D and 3D. As
models we consider an elliptic equation in divergence form holding in an annular
domain coupled with the Laplace equation in the corresponding unbounded exterior
region, and an acoustic scattering problem determined by a bounded obstacle and
a time harmonic incident wave, so that the scattered field, and hence the total wave
as well, satisfies the homogeneous Helmholtz equation. Both sets of corresponding
equations are complemented with proper transmission conditions at the respective
interfaces, and suitable radiation conditions at infinity. We employ the usual primal
formulation and the associated VEM approach in the respective bounded regions, and
combine it, by means of either the Costabel & Han approach or a recent modification
of it, with the boundary integral equation method in the exterior domain, thus yielding
two possible VEM/BEM schemes. The first method is valid only in 2D and considers
the main variable and its normal derivative as unknowns, whereas the second one,
which includes additionally the trace of the former as a third unknown, is applicable
in both dimensions. The well-posedness of the continuous and discrete formulations
is established and a priori error estimates together with corresponding rates of
convergence are derived. Finally, several numerical examples in 2D illustrating the
performance of the proposed discrete schemes are reported.
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1 Introduction

The concept “marriage a lamode" was originally employed in [10], one of the seminal
papers on the subject back in the 70’, to refer to the combined use (also named
coupling) of the finite element (FEM) and boundary element (BEM) methods and
the advantages of performing this “marriage"”. The mathematical fundamentals of
this novel idea was provided either around the same time or short after in [9], [13] and
[28], and the first resulting method, which uses a single boundary integral equation
arising from the Green representation formula of the solution, is known nowadays as
the Johnson & Nédélec approach. Until a couple of decades after, the applicability
of this technique, being based on the compactness of a boundary integral operator
involved and the Fredholm theory, was restricted mainly to transmission problems
involving the Laplace operator. For other problems of interest, such as the Lamé
system, the compactness property does not hold and hence the method could not be
employed to this model.

The aforementioned limitation motivated the coupling procedures by Costabel
and Han in [19] and [26], respectively, which were both based on the incorporation
of a second boundary integral equation, namely the one that is obtained after applying
the normal derivative (or traction in the case of elasticity) to the Green formula. In
this way, the former technique yielded a symmetric and non-positive definite scheme,
whereas the latter, on the contrary, gave rise to a non-symmetric but elliptic system.
However, one simply refers to either one of them as the Costabel & Han method
since they only differ in the sign of a common integral identity. In turn, the historical
drawback of the Johnson & Nédélec coupling method, was surprinsingly solved in
[33] (see also [34] and [35]), where it was shown that actually all Galerkin schemes
for this approach are stable, thus extending its use to other elliptic equations and to
arbitrary polygonal/polyhedral domains.

On the other hand, the virtual element method (VEM) has become during the last
decade a very promising technique to numerically solve diverse linear and nonlinear
boundary value problems in continuum mechanics. Among its many applications, we
can mention linear elasticity, plate bending problems, the Steklov eigenvalue prob-
lem, acoustic vibration, and diverse models in fluid mechanics. In particular, the latter
includes stream function-based, divergence free, and non-conforming virtual element
methods for the classical velocity-pressure formulation of the Stokes equation, pri-
mal virtual element approaches for the Darcy, Brinkman, and Navier-Stokes models,
and dual-mixed variational formulations yielding mixed virtual element schemes
for the Stokes equation, the linear and nonlinear Brinkman problems, the nonlinear
Stokes equation arising from quasi-Newtonian Stokes flows, and the Navier-Stokes
equations, as well. A representative, though not exhaustive, list of works concerning
theoretical and applied aspects of VEM, besides certainly the other chapters of the
present proceedings, includes [2], [3], [4], [5], [7], [8], [11], [12], [14], [15], [16],
[25], [31], [36] and the references therein.

In the same direction as above, and aiming to continue extending the applica-
bility of VEM, we have recently introduced and analyzed in [23] and [24], up to
our knowledge for the first time, the combined use of VEM and BEM for solving
transmission problems in 2D and 3D. The own advantages of each method, properly
discussed in those references, are certainly transferred to the combined use of them.
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The main purpose of this chapter is precisely to present a unified treatment of the
main tools and results from [23] and [24]. While specific models are considered
there, the main motivation of these works and hence of the present one, is to settle
the main basis allowing to analyze later on any other particular model of interest that
is solved via the coupling of VEM and BEM. In particular, this might be the case for
unbounded domains with a bounded complex heterogeneous region for which the
corresponding partitions are constructed in a much easier way by using nonconvex
elements. Other recent contributions on the coupling of VEM and BEM, mainly
referring to computational and applied aspects of it, are presented in [1] and [20].

Our models from [23] and [24] are described in what follows. To this end, we
let Qg and O be two simply connected and bounded polygonal/polyhedral domains
in R, d = 2,3, with boundaries Iy := Qg and I' := JO, respectively, such that
Qy C O. In addition, we introduce the annular region Q := O \ ﬁo and the exterior
domain O, := R4 \5 (see Figure 1 below), and denote by n the unit outward normal
to I pointing towards O,.

Fig. 1 2D geometry of the model problems.

The first model consists of an elliptic equation in divergence form holding in Q
coupled with the Laplace equation in the unbounded exterior region O,, together
with transmission conditions on the interface I" and a suitable radiation condition at
infinity, that is we look for u : Q — R and u, : O, — R such that

—div(kVu) = f in Q, u=0 on I,

ou Ou,
u=1u, on I, K%:f?n on T, (1)
Au, =0 in O,, ue(x)zO(ﬂ) as  |x| — oo,
X

where f € L*(Q) and x € L®(Q) are given functions. Additionally, we assume that
there exists a constant x > 0 such that
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IN

Kk < k(x) <k := [kl VxeQ.
Throughout the rest of the paper we call (1) the Poisson model.

In turn, in order to define the second model we let 6 : R — C be a complex-
valued piecewise constant function satisfying Re(@(x)) > 0 and Im(9(x)) > 0 for
all x € R¥, and such that 1 — 6(x) has a compact support contained in O. Also,
we let k > 0 be a given constant, and let w be a function satisfying the Helmholtz
equation Aw + k*w = 0 in R, Then, we consider an obstacle occupying O with
refractive index given by 6, and assume that w acts as a time harmonic incident wave,
so that the scattered field ©®, and hence the total wave u := w + u® as well, satisfy
the homogeneous Helmholtz equation in O,. In this way, the resulting coupled
problem, which is complemented with suitable transmission conditions on I' and
the Sommerfeld radiation condition at infinity, reduces to find u : O — C and
u® . O, — C such that

Au+k*0(x)u =0 in O,
ou  ou® Ow

=u’+ r, — = + — r,
u=u"+w on on on T on " .
A +&*u* =0 in O,,
0 N ) _
au —lKLtb:O(V%) when r:=|x| - 0.
r

The above is named from now on the Helmholtz model.

The rest of the chapter is organized as follows. In section 2 we first describe the
basic aspects of the boundary integral equation method (BIEM), and then introduce
and analyze the Costabel & Han and modified Costabel & Han coupling methods.
The discrete VEM/BEM schemes for the Costabel & Han approach as applied to both
models from Section 1 are studied in Section 3 for the 2D case. Next, in Section 4 we
explain the necessity of introducing the modified Costabel & Han coupling procedure
in the 3D case and introduce and analyze its applicability to the VEM/BEM scheme
for the Poisson model. Finally, in Section 5 we illustrate the performance of our
discrete methods with several numerical results in 2D.

We end this section with some notations to be employed throughout the rest of the
paper. In particular, given a real number r > 0 and a polyhedron G C R, d € {2,3},
we denote by || - ||;,g and | - |, g, respectively, the norm and seminorm of the usual
Sobolev space H'(G) (cf. [29]). Also, we use the convention L*(G) := HY(G), and
for all t € (0,1] we let H*(6G) be the dual of H'(dG) with respect to the pivot
space L?(d@). In addition, we set #_; = {0}, and for a nonnegative integer m, P,,
is the space of polynomials of degree < m. Then, given a set D C R9, d € {2,3},
P,n(D) stands for the restriction of P, to D.

2 The coupling procedures

Here we introduce and analyze the continuous formulations of the two coupling
procedures that we utilize for the combination of VEM and BEM. Both approaches
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require the basic aspects of the boundary integral equation method (BIEM) as applied
to the Laplace and Helmholtz equations, which is addressed in the following section.

2.1 BIEM for Laplace and Helmholtz

We begin by letting y and vy, be the trace and normal trace operators, respectively,
on I', acting either from O (equivalently from Q) or from O,. Then, the harmonic
solution u, in the exterior domain O, (cf. third row of (1)) can be represented by the
Green formula

wiw = [ ey - [Ble-yhimdy  veco. @)

where
1 1

4r|x —y|

ifd =3,
E(x - y|) =
——Iloglx —y| ifd=2,

2n

is the fundamental solution of the Laplace operator, and, according to the transmis-
sion conditions at the second row of (1), yu = yu, and A := y,(kVu) = y,(Vu,) are
the Cauchy data on the interface I'. Then, applying y and y, from O, to (3) and its
gradient, respectively, and employing the jump conditions on I of the two potentials
in the right hand side of (3), we arrive at (cf. [27], [32])

id
Yie = (15 +K)yu —Va on T, 4)

and id
Ya(Vite) = — Wyu + (13 ~K%4 on T, (5)

where V, K, K* are the boundary integral operators representing the single, double
and adjoint of the double layer, respectively, id is a generic identity operator, and W
is the hypersingular operator. In this way, replacing yu, and vy, (Vu.) by yu and A,
respectively, (4) and (5) become

id
0= (13 —K)yu + VA on T, (6)
and id
/1=—Wyu+(%—Kt)/l on T. )

In turn, denoting by H(()l) the Hankel function of order O and first type, it can be
proved that the solution u* of the homogeneous Helmholtz equation in O, (cf. third
row of (2)) admits the integral representation

, OE,(Jx — ,
W (x) = /Myub(y)dsy —/Ek(lx —yDAy)ds,  VxeO.. (8)
r ny r
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where .
1 .
ZHg Nklx —y|) ifd=2,
EK(|x - y|) = e”(|x—y|
T E— ifd=3,
4rlx -yl
is the fundamental solution of the Helmholtz equation with wave number «, and
S
A=y, (Vu®) = 4 . Next, proceeding similarly to the derivation of (6) and (7),
n
which means now applying y and y, to (8), and taking into account the corresponding
jump properties of the potentials involved (see again [27], [32]), we arrive at

id )
0= (5 - Ky + Vi, ©)
and
s ld t
A=-Weyu® + (E -K)A, (10)

where V., K, K£, and W, are the boundary integral operators representing the single,
double, adjoint of the double, and hypersingular layer potentials, respectively.

We end this section with some useful properties of the boundary integral operators
involved in (6) - (7) and (9) - (10). Indeed, V, K, K*, and W are formally defined at
almost every point x € I by

VA(x) = /r E(x — y)A(y) dsy
Ko(x) = /r OBx 23D iy as,

On, (11
K*A(x) ::/—6E((I9x—y|) A(y)dsy,
r ny
o [ OE(x -
Wt = [ EEZID oy as,.
x y

for suitable functions A and ¢, whereas V,., K., K ,}, and W, are defined analogously to
(11) by replacing E by E,. Moreover, the main mapping properties of these operators
are collected in the following lemma (cf. [32]).

Lemma 1 The operators

V, VK : H—1/2+0'(F) — H1/2+0-(F), K, KK . H1/2+0'(1—*) - H1/2+0'(l—*)
Kt, K,(t : H—1/2+G(F) N H_1/2+0-(F), W, WK : H1/2+0'(1—*) N H—1/2+0'(l—*)’
are continuous for all o € [-1/2, 1/2].

Furthermore, we now let <-, > be both the inner product in L?(I") and the duality
pairing between H™'/2(I') and H'/2(I") with respect to the pivot space L*(I'), and
introduce the subspaces

H)2(D) == {p e HA(D) : (1,¢) = 0}
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and s
H,'/(0) = {(ue H'2(D) : (1) = 0}.

Then, we have the following lemma providing ellipticity-type properties of the
operators V and W (cf. [29, 32]).

Lemma 2 There exist positive constants ay, Cy, and aw such that

-1/2 .
B VIL[ S H (r)’ l.fd = 2’
y - 2 0 12
(p u) v lullZy o r {V,u e HVX(T), ifd =3, (12)

(B Ve + (B 1) = Cv lul?, . Yue BT fd=2,  (13)
and

(We. @) > aw llel} o Ve eH/D). (14)

We end this section by stressing that the operators associated to the Helmholtz
equation, that is Vi, K, K,f, and W,, may be regarded as compact perturbations of
those corresponding to the Laplacian, that is V, K, K*, and W. In fact, we have the
following lemma (cf. [32]).

Lemma 3 The operators
Ve—V: HVAT)— H'*I), K¢-K: H'*(T)— H'A(T)
Kf-K': H'2(0) — HVAT),  We-W: H'*T) — H D),

are compact.

2.2 The Costabel & Han coupling

Our first coupling method, which makes use of the pairs of boundary integral equa-
tions (6) - (7) and (9) - (10) to reformulate problems (1) and (2) in the bounded
domains Q and O, respectively, is due to Costabel and Han (cf. [19] and [26]). More
precisely, the reformulation of (1) reads: Find u : Q — Rand A : I' — R such that

—div(kVu) = f in Q, u=0 on I,

Kg—u =1 on T,
id”" (15)
0= (E—K)yu +Va on T,

A= -—Wyu + (%1—Kt)/l on T,

whereas the one of (2) becomes: Findu : O — Cand A : I' — C such that
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Au+k*0(x)u=0 in O,

Ou

on
id

0= (E -K)yu* +V,A on T,

0
yu=vyu*+yw on T, :/l+a—w on T,
n

(16)

o id
A=-Wyu'® + (15 -K5HA on T.
Then, introducing the spaces
X = {v cHY(Q) : v, = o} and X := X x HyA(D),

multiplying the first equation of the first row of (15) by v € X, integrating the
0
resulting expression by parts, replacing A = ot by the right hand side of the

on
fourth row of (15), and finally testing the third row of (15) against u € H(;]/ 2(1"), we
arrive at the variational formulation: Find (&, 1) € X such that
id
/ kVu-Vv + <W7u,yv> - (/l,(— —K)yv)> = /fv VveX,
2 2 2 (17)
i -
(V) + (. (5 = Kyyw) = 0 Ve Hy'(D).
Equivalently, (17) can be rewritten as: Find (u, 1) € X such that
A ), (v, ) = Fov, ) V(v,p) €X, (18)
where
A((z.6). (v, ) = a(z,v) + (Wyz, yv) + (1, VE)
. . 19)
id id (
+(u, (5 - K)yz)) - <§’(E -Kyv)),
with
a(z,v) = / kVz-Vv, (20)
Q
and
F(v.p) = /Q fv. 1)

for all (z, &), (v, u) € X.
Proceeding similarly to the derivation of (17), we readily find that the variational
formulation of (16) reads: Find (1, 1) € X := H'(O) x H™'/3(T") such that

Ac(w, D), (v, ) =Fv,p) V(v p) €X, (22)

where
AK ((Z7 5)7 (V7 /’l)) = ak(zv V) + <Wk72, 7V> + <ﬂ, VK§>
id

2

(23)

+ {5~ Ke) = (& Cy = Kow).
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with
ac(z,v) = / Vz-Vv - KZ/ Ozv, 24)
(0] o
and )
B ) = (0 + Waw, ) + (. (5~ Keyw),

for all (z, &), (v, ) € X.

2.3 The modified Costabel & Han coupling

We now consider the modified Costabel & Han coupling method that was introduced

0
for the first time in [23, Section 4.2]. More precisely, in additionto A = Ka—u (cf. (15))
n

or 1 = v, (Vu®) (cf. (16)), this approach introduces the trace ¥ := yu or ¢ := yu®
as a boundary unknown as well of the formulation. As a consequence, instead of (3)
and (8), the harmonic function u, and the scattered field #* are computed as

w@)=£9§5519mwmy—ﬁEm=ym@m@ VxeO.,

and
. OE.(|x —
' (x) = /Mw(y)dsy - /EK(|x —yDAy)dsy  Vx €O,
r ny r

respectively, whence the corresponding pairs of identities (6) - (7) and (9) - (10)
become
id
0= (E—K)w +Va on T,
id
A=-Wy + (%—Kt)/l on T,
and
id
Oz(E—Kk)lﬁ+VK/l on I,

id
A= —Wkl//+(13 ~KH2 on T.

Then, proceeding as for the derivation of (18), but additionally adding and sub-
tracting the expression (4, ¢) with arbitrary ¢ € H(l)/ Q(F), and imposing weakly the
relation ¥ = yu in H'/2(T'), the modified Costabel & Han formulation of (1) reduces

to: Find (u, ¢, 4) € X := X x HY/>(T) x H™"/3(T") such that

Ay, ), (v, o) = Fv, 1) Y(npp X, (25)

where

Az 8,6, (m o) = a((z ,€), (v, 0, 1) + (W, @)

(wVE) ~ (& (5 ~K)e) + (1 (5 - K)o,

(26)
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with

a((z.4,6), v e p) = alzv) = (Eyv—¢) + (Lyz—9¢), @7
a being defined by (20), and

MMM:Lﬁ, (28)

for all (z, ¢, &), (v, @, ) € X.
Analogously, proceeding similarly to the derivation of (25), but now imposing
weakly the relation ¢ = yu® in H'/2(I"), the modified Costabel & Han formulation

of (2) reads: Find (u, ¢, 1) € X := H'(0) x H/*(T') x H™'/2(T") such that

Ay, 1), (v o) = o) Ynpp eX, (29)
where _
Az 0.8, (v o ) = ac((z 8, 6), (v o, ) + (Wi, @)
id id (30)
+ (1 Vi) + (1 (5 - K)¢) - (& (5 - Ki)o)
with

Ay ((Z’ ¢’ f)’ (V, @, /1)) = aK(Z’ V) - <§’ YV — 90> + <ﬂ’ Yz - ¢> B
a, given by (24), and

~ ow
F(V, ®, ”) = <a_n’ ')’V) + <,L(, 'yW> >

for all (z, ¢, &), (v, @, ) € X.

2.4 Solvability analysis

In this section we address the solvability of the Costabel & Han and modified
Costabel & Han coupling procedures as applied to the Poisson (cf. (18), (25)) and
Helmbholtz (cf. (22), (29)) models.

We begin the analysis with the formulations (18) and (25). Indeed, bearing in
mind the definitions of the bilinear forms A (cf. (19)) and A (cf. (26)), we easily
deduce from Lemmas 1 and 2 that there exist positive constants ||A||, ||A[|, @, and
@, such that

Az &), (v, ) < AN O Il Y (2.8), (vop) € X,

A(z,0,8). v, 1) < Al Iz 6. ON N @)l V(2 8, €), (v, . ) € X,
AW ), (v ) = a v, > V(v € X,

and
AW, o u), (v, 1) = a |l > Vv, o) €X,
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where
I, I = IT g + Nl or
and
0@ )2 = I3 g + Dl o+ Nl o

In this way, since the boundedness of the linear functionals F (cf. (21)) and F (cf. (28))
follow from a simple application of the Cauchy-Schwarz inequality, we conclude the
well-posedness of problems (18) and (25) as a straightforward consequence of the
foregoing estimates and the Lax-Milgram lemma.

Next, we deal with the solvability analysis of (22) and (29). To this end, we now
introduce the compact perturbations (fact to be confirmed later on) of the bilinear
forms A and A that are obtained from (23) and (30), respectively, by taking « = 0,
by replacing V;, Ky, Kt, and W, by V, K, K*, and W, respectively, and by adding
suitable one-dimensional terms, that is

Ao((z &), (v, ) == alz,v) + (/rz) (/r v) + (Wyz,yv) + (u, VE)

id id 1)
+ (&1 1) + (. (5 - K)yz) = (&5~ K)yv)
for all (z, &), (v, ) € X, and
Bo((6$8), (0 ) = a(( 6,6, 050, ) + ( / z) ( i ) + (Wo.g)
U o
+(mVe) + (&1 (1) + (1 (5 - K)9) = (&(5 ~K)e)

forall(z, ¢, &), (v, ¢, ) € X. Then, bearing in mind now (31), (32), and the definitions
of A, (cf. (23)) and A, (cf. (30)), we easily deduce thanks to Lemma 1 that all these
bilinear forms are bounded. Equivalently, there exist positive constants denoted
AL 11Aoll, [|Acll, and ||Ag|| > O, such that for each = € {«, 0} there hold

A (2 6), v )| < A TGN T, i (33)
for all (z, &), (v, 1) € X, and

2. (0.6, 0.6 )| < 121 1z .01 100, ) (34)

for all (z, ¢, &), (v, o, 1) € X.1In addition, if follows from Lemma 2 that A and Ao
are both elliptic, which means that there exist positive constants ag, @y, such that

\

Re(Ao((v. 0. (7. 0)) = a0 I I Vo) € X, (35)

and

Vv

Re(Zo((r. 6.0 (7. 8.10)) = @ vl YOngeX.  (36)
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Regarding the ellipticity of Ao given by the foregoing equation, we stress here that,
due to the inequalities (12) and (13), the expression <§, 1></,l, 1> is needed in the
definition of Ko (cf. (32)) only for the 2D analysis, and hence it is omitted for the 3D
one.

Next, we let X’ and X’ be the duals of X and X pivotal to L2(0) x L*(T") and
LZ(O) x L2(I') x LX(I), respectively, which yields X c L*(0) x L*(') ¢ X’ and
X c L*0) x L2(I') x LX) ¢ X’ with dense inclusions. Thus, we denote by
[-] the correspondlng duahty palrmgs andlet A, : X > X', Ao : X - X/,
f(K XX , and ﬂo X — X' be the linear operators induced by A,, Ay, A X
and Ao, respectlvely, that is, for each = € {x, 0}

[A(2,6), (v, )] = A((26), (v, )
for all (z, &), (v, u) € X, and

[Auz,0,6), (v, 0, )] 1= Au((z, 6.), (v, o, 1)

for all (z,¢,&), (v, u) € X. It is clear from (33) and (34) that A,, Ay, A,
and flo are all bounded. In addition, (35) and (36) guarantee that Ay and ﬁo are
isomorphisms. Furthermore, we easily deduce from Lemma 3 and the compactness
of the canonical injection from H!(0) into L*(0), that A, — Ay : X — X’ and
A — Ay + X > X are compact, whence A, and A, are Fredholm operators of
index zero.

Furthermore, we recall from [24, Theorem 2.1] the following result.

Theorem 1 A function u € HI]OC(Rd) satisfying (2) with w = 0 vanishes identically
everywhere.

We are now in position to establish the conditions under which problems (18) and
(29) are uniquely solvable.

Theorem 2 Assume that « is not an eigenvalue of the Laplacian in O with a Dirichlet
boundary condition on I'. Then, problems (18) and (29) are well posed.

Proof The proof is adapted from [30, Theorem 3.2]. According to our previous
analysis, the Fredholm alternative is applicable and therefore the proof reduces to
show uniqueness of solution for (18) and (29). In what follows we restrict ourselves
to (18), the proof for (29) being analogous. To this end, given a solution (g, Ay) €
H'(O) x H"V/2(T') of (18) with w = 0, we introduce the function

uo(x) Vx €O,
)= /r%y_yl)w(y) dory - /FEK(|x “yDAodo,  VxeO,.
It is easy to verify that ug solves the equation
Aug + K*0(x)up =0 in O, (37)
and that ¢ := ulp, is a radiating solution of the Helmholtz equation with wave

number k, that is
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Ag+*q =0 in O,,
(38)

5 _
—q—th :0(r%) r=|x| - .

or

Furthermore, using the jump relations of the acoustic potential layers we obtain the
identities

id
Yq = (E + Ko )yuo—Vido on T, (39)
id
Ao = ~Wieyuo + (13 ~ K9 on T, (40)
from which, comparing in particular (4) and (39), we deduce that

Yq = yup. (41)

In turn, subtracting equations (5) and (40) yields
id 4]
(£ _ kY (Lno - /10) =0, (42)

and using that, under our hypothesis on k, operator %1 — K} is injective (cf. [18]), we
deduce from (42) the identity

94 _ Ouo

= I. 4
on on “3)

Finally, equations (37), (38), (41) and (43) show that i € HllOC (Rd ) is a solution of (2)
with w = 0, and therefore Theorem 1 ensures that such a function u should vanish
identically in R, which ends the proof. O

Finally, as a consequence of Theorem 2 and the Fredholm alternative we conclude
that the operators A, : X — X" and A, : X — X’ are bijective.

3 The Costabel & Han VEM/BEM schemes in 2D

In this section we introduce and analyze the discrete VEM/BEM schemes for the
Costabel & Han coupling procedure as applied to the Poisson and Helmholtz models
in the 2D case. Similar analyses hold for the modified Costabel & Han approach,
and hence they are omitted. We begin with some fundamental notations and results
on VEM in 2D.

3.1 Preliminaries

From now on we assume that there exist polygonal partitions U{zlﬁi = Q and
UL_,0; = O, and an integer k > 1, such that flo, € HK(Q;), k|, € WKH1=(Q,),
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and f|p, € Cforalli € {1, .. .,I}. Then we let {F7,}, be a family of partitions of

Q (resp. of 0), constituted of connected polygons F' € ¥, of diameter hr < h, and
assume that the meshes {7, },, are aligned with each Q; (resp. O;), i € {1, .. .,I}.
For each F' € 7, the boundary OF is subdivided into straight segments e, which are
referred to in what follows as edges. In particular, we introduce the set

Ep = {edgesofﬁ: egl"}.
In addition, we assume that the family {?'h} ,, of meshes satisfy the following condi-
tions: There exists p € (0, 1) such that

(A1) each F of {F}, is star-shaped with respect to a disk D of radius php,
(A2) for each F of {F,};, and for all edges e C OF it holds |e| > php.

Then, for each F of {F, };, , we introduce the projection operator Hkv FH! (F) —
Py (F), which, given v € H!(F), is uniquely characterized by (see [6])

frosto oo () [ Lo L))

for all p € Pr(F). Moreover, we let Hf be the L2(F)—orthogonal projection onto
Pr(F) with vectorial counterpart Hf : L2(F)? — P (F)?, and following [2] we
introduce, for k > 1, the local virtual element space

Xk(F) = {v cH'(F): | € Ple), VeC dF,
(45)
v e Pi(F), Ty =17y € Pra(F)}.

It can be shown (cf. [2]) that the degrees of freedom of X;f (F) consist of:

i) the values at the vertices of F, and additionally for k > 2
ii) the moments of order < k — 2 on the edges of F, and
iii)the moments of order < k —2 on F.

We are then allowed to introduce the global virtual element space as
xk = {v € X(resp. H'(Q)) :  v|p € XX(F) VF e ﬁ} . (46)

On the other hand, for any integer £ > 0, we denote by P« (77,) the space of piecewise
polynomials of degree < k with respect to ¥, and let H,zt be the global L?(Q)-
orthogonal (resp. L?(O)-orthogonal) projection onto Py (%), which is assembled
cellwise, i.e.

M V)F = T{(lr) VFeFu, VvelX(Q) (resp.vel*0). (47

Similarly, for any ¢ € L*(Q)? (resp. ¢ € L*(0)?), Hlfq is defined by (HkTq)|p =
Hf (qlF) for all F € F,. It is important to notice that P (F) C X}’f (F) and that the
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projectors HkV’F v and H,f v are computable for all v € X}’f(F ). Furthermore, it is also
easy to check that Hf_l Vv is explicitly known for all v € X}’l< (F) (cf. [6]).

Hereafter, given any positive functions Ay, and By, of the mesh parameter 4, the
notation A, < Bj means that A, < CBj with C > 0 independent of h, whereas
Aj =~ By, means that A, < By, and B, < Ajp. Then, under the conditions on ¥, the
technique of averaged Taylor polynomials introduced in [22] permits to prove the
following error estimates,

v =T vllor + helv =Tf vl p < he vle e Y€ {01, ..k}, (48)

v =T Vllop + hellv =T vl p < B Wles e Ve {L2 0k} (49)

for all v € H*!(F). In turn, the local interpolation operator / kF : HX(F) — X}': (F)

is defined for each v € H?(F) by imposing that v — I,f v has vanishing degrees of
freedom, which satisfies (cf. [11, Lemma 2.23])

v = vllor +he [v = IEv] o < T Wles e Ve {12,k (50)

for all v € H*!(F). In addition, we denote by I, the global virtual element interpo-
lation operator, i.e., for each v € C(Q) (resp. v € C°(0)), we set locally
IWF = I{0lF)  VFeF. (51)

1/2

On the other hand, in order to approximate the unknown A € Ha (I), we

introduce the non-virtual (but explicit) subspace
M= el P, Yeedn [u=of )
and let 12 | : LAT) — A}~! be the L%(I")-orthogonal projection. In addition, we

let {Fl, Fj} be the set of segments constituting I', and for any r > 0 we consider
the broken Sobolev space Hj (T') := JJ.:] H'(T';) endowed with the graph norm

J
lell; o= > ligllir, Ve eHD),
j=1

Next, we recall from [32] the approximation property of the operator Hl‘?_l.

Lemma 4 Assume that 1 € H'/2(I') N H} () for some r > 0. Then,

e =10l s AR Gl Vi€ {0,1/2),

3.2 The Costabel & Han VEM/BEM scheme for Poisson

In this section we introduce and analyze the VEM/BEM scheme for the continuous
formulation (18) in the 2D case.
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3.2.1 The discrete setting
Forall F € ¥, we let S 5 be the symmetric bilinear form defined on H'(F) x H'(F)
by

S}f(v, w) = h;l Z /ﬂzvnzw Vv, w e H(F), (53)
eCOF V¢

where 77 is the L?(e)-projection onto P (e). It is shown in [11, Lemma 3.2] that

S,f(v, v) =~ af(v,v) Vv e X,]f(F) such that HkV’Fv =0, 54)

where af is the local version of «, that is
aF(v,w) = /KVV-VW VV,WEHI(F). (55)
F

¢y = v e

It is important to notice that ShF is computable on X}’f (F) x X}'f(F ) since 7}

P (e) for all v € X[ (F), and that, by symmetry, there holds
Sy vow) < Sy w28y w,w)'? < a" (v, )2 a (w,w)' 2

for all v, w € X,’;(F) satisfying HkV’Fv = HkV’Fw = 0. Next, for each F € ¥, we
introduce

af?(v, w) = / Kl'[,f_lvv . H{_IVW + S;j(v - HkV’Fv, w— Hkv’Fw), (56)
F
and let a;, be the global extension of it, that is

ap(v,w) = Z a,f(v,w) Vv, w € X;f (57)
Fefy

We now stress, as shown in [6], that the first term defining a}f is also computable
on XK(F) x XF(F) even if  is not a polynomial function. Indeed, using the fact that
HkF_ | is self-adjoint and integrating by parts, we find that there holds

/KH£_1VV . l'[,f_le = /Hf_l(Kl'If_le) -Vw
F F
= —/div(n,f_l(Kn,f_lvv))w +/ oy, («If V) -ngrw
F OoF

forallv, w € X;l‘ (F). Then, we notice that the first term on the right hand side of the
foregoing identity is computable thanks to the moments of w on F of order < k —2,
whereas the second one is computable as well since each factor of it is a known
polynomial.

We now let X, := X;l‘ X Afl_l and introduce the discrete version of problem (18):
Find (up, ;) € X}, such that

Ay (s ), Oy 1)) = Frp, ) Y Vi, tn) € Xn, (58)
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where

An((zno n). On ) == an(zn, vi) + (Wyzn, yvn) + {n, Vén)

. . 59)
d d
+ (e (5 = K)yan) = (& (5 = Kyywn)).
for all zp,, &), (Vh, ) € Xp, and
Fp(vh, pn) = /Q(H,f_lf) v V(v ) € X - (60)

We stress that, due to the degrees of freedom of the virtual element subspace
X,]l‘ (cf. (46)), and thanks to the non-virtual character of the finite element subspace

A’;l‘l (cf. (52)), all the terms in (59) involving the boundary integral operators are
computable

3.2.2 Solvability and a priori error analyses

We begin with the boundedness property of Ay,.
Lemma 5 There hold

lay @) < lzlhelvile  YFeFu, VzveH(F), (61)

and
AR (), (v )| < NIzl 1w, Y(zn), (v,u) € Xp . (62)

Proof The local estimate (61) is basically a consequence of the Cauchy-Schwarz
inequality and the fact that (see [6])

F V.F V.F V.F V.F
S, (z=IL""zv =1L""v) S |z =1  zlr v =1L viLr < 1z2lLF VILe, (63)

whereas (62) follows from (61) and the mapping properties provided by Lemma 1.0

The following lemma recalls from [6] some useful estimates between a” and ],
which involve the local operators Hf and / ]f .

Lemma 6 For each F € ¥y, there hold

la" (I 2, vp) — af (M z o) S B Nzllgsrr Vel e (64)
forall (z,vy) € H(F) x X}]f(F),
|a" (v, I 2) = af, n. I D) S ke vl e Izl e (65)
for all (z,v,) € HA(F) xX]’;(F), and
" (0] 2, I v) = ay (O 2, )| < BE 2l e VI r (66)

forall (z,v) € H**(F) x HX(F).
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Proof For the proof of (64) we refer to [6, Lemma 5.5], whereas (65) can be proved
as explained in [6, Remark 5.1]. In turn, (66) follows by combining the proofs of
(64) and (65). O

The Xj,-ellipticity of the bilinear form Ay, is established next.
Lemma 7 There holds
An( ) ) 2 L IP V() € X, (67)

Proof We begin by observing, thanks to (13) and (14), that for all (v, u) € Xj, we
obtain

An(r, ), (v, ) = an(,v) + (Wyv,yv) + (i V) > ap(v,v) + ay ||/,t||%1/2’r )
(68)
On the other hand, according to the definition of a}f (cf. (56)), noting that certainly

there holds HkV F (v- HkV‘F v) = 0, and then employing (54) and the fact that

V.F V,F
v =T, vl = Vv = VIL  vlor 2 Vv =T Vvllor,
we deduce that

F F 2 F V,F V,F
a,(v,v) 2 ||Hk71Vv||0’F +a" (v-I v,y I v)

k
2 I ol + -1 (69)
2 (I vl + o =1 ol o= i

In this way, the proof follows from the definition of aj, (cf. (57)), (68), and (69). O

As a consequence of Lemmas 5 and 7, a straightforward application again of
the Lax-Milgram lemma shows that (58) admits a unique solution (uy, 4) € Xj.
Moreover, we have the following a priori error estimate.

Theorem 3 Under the assumption that u € X N Hle H2(Q;), there holds

[1(t, A) = (upy ARl <

(, ) = (I u, Hf_lﬂ)H

|a(u, wy,) — ah(lkfu, wi)| (70)

+ sup +“f—HZT_1fH .
e Twillia 00

Proof From the definitions of F and F}, (cf. (18) and (60)) we have that

[F(vhs ) = Fn (Vs )| F
sup < ”f - Hk_lf” .
Viup)eXy ”(Vh, ,Llh)” 0.Q
(Viopn ) £0

In turn, according to the definitions of A and A, (cf. (19) and (59)) it readily follows
that

A((is ), Whs én)) = An((Vis i), Wiy én)) = a(vi, wi) = an(vi, wi)
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for all (v, un), (Wn,&n) € Xjp. In addition, adding and subtracting u to the first
component of a, and using the boundedness of this bilinear form, we obtain

Javins ) = @) < {lle=vill Il + JaGe wa) = an(om, w)|
for all vy, w, € X ;’l‘ Hence, bearing in mind the foregoing estimates, a straightfor-

ward application of the first Strang Lemma (cf. [17, Theorem 4.1.1]) to the context
given by (18) and (58) gives

(e, A) = (s A < ( infx {Il(u,ﬂ)—(wuﬂh)ll

VhoMh )€EAR
(71
sup |a(u, wi) = an(vn, wp))| . Hf_H¢ f”
whexﬁ ||Wh||1,Q k-1 O,Q )
wp#0

Next, since X N []/_, H}Q;) ¢ C%Q) and Hllj/ 2(I) < L%(T), we deduce by

hypotheses that u € C%(Q) and 1 = «Vu - n € L%(I), which implies that ka u and
Hf_l/l are meaningful. In this way, taking in particular (vj,, u) = (Ilfu, Hl‘?_l/l) €
X}, in (71) we arrive at (70) and conclude the proof. O

It remains to bound the supremum in (70), for which we begin by noticing that
for each wy, € X]’; there holds

a(u, wp) —ah(IZu, wp) = Z {aF(u, wp) — a;:(l,fu, wh)}, (72)
Fefy

where each term of the sum in (72) can be decomposed as
a® (u, wp) — af(],fu, win) = af'(u- H,fu, Wp)
+ aF(H,fu, wp) — aﬁ(HkFu, wp) + af(l’[,fu - I,fu, wh). 7
Then, employing the boundedness of a¥f” (cf. (55)) and af; (cf. (61)), we obtain
jaF (=T wwi) < o= 11Fu] ol
and

|a,f(1'[,fu - Ilf"" wi)| S { “” - Ilf””],F + ”"‘ - Hlf”“l,F } walli,F »

respectively, which, replaced back in (73) and then in (72), yields
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|a(u, wn) = an(I] u, wp)| 2 \'?
sup k < ||u - IZuH + ( Z ||u - H,fu“l F
wi eXk wrlly.q LQ Fer, ’
F F F F
Z |a (I, u, wy) = a, (T u, wh)|
FeF,
+  sup
wh €XF ”Wh”l,Q
(74)
2
7 - Fol? ;
Note that we used here that Hu =1 M”LQ = Z ||u -1 u||LF. Hence, employing

FeF,
(74) in (70), we find that

12
16, 2) = (e )| < {||(u,ﬂ)—(1,2’u,n,§_11>\| . ( > ||u—HkFu||iF)
Fefy
Z |aF(H,fu, wp) — aﬁ(ﬂ,fu, wh)|

Fery
+ sup

e Iwillia

-}

(75)

The foregoing a priori error estimate together with the regularity assumptions

on u and f, and the approximation properties of the projection and interpolation

operators involved, allow us to establish the rates of convergence of our VEM/BEM
scheme (58). More precisely, we have the following result.

Theorem 4 Assuming that u € X N [1I_, H**Y(Q;) and f € [11_, HX(Q;), there
holds
[1Gt, A) = (s A = Nlu = unlly g + 1A= Anll_1 20

! (76)
< 1Y {lulleara, + 16l |-
i=1
Proof We first notice from (64) (cf. Lemma 6) that
|a" (00w, wi) = ay (0 w,wy)| < kg Nl Iwnll e YF € T,

which implies

Z |aF(H]fu, wp) — aﬁ(l‘[,fu, wh)| ,
FeF;
sup - < B Ml (T7)
WhEX;: ”Wh”l,Q i=1

Then, by applying (48) and (50), we readily deduce that

1/2
”u—lk u“lQ + ( Z HM_Hk ”||1,F) + ”f_nk_lfHOQ
’ FeF, ’
EI h (78)
< 1) {Illena, + 1flce, |-

i=1
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In turn, by hypothesis 4 = «Vu - n satisfies A|r; € Hk‘l/z(l“j) on each straight
segment I';, j € {1,...,J}, constituting I', and therefore Lemma 4 and the trace
theorem yield

J 1
A =T2 All e < 85 D MAllror, $ B Ml - (79)
j=1 i=1

Finally, replacing (77), (78), and (79) in (75) we obtain (76) and conclude the proof.00

We end this section by stressing that rates of convergence for u in the L>(Q)-norm,
and for a computable approximation # of u in a broken H'(Q)-norm, can also be
derived. In fact, under a suitable regularity hypothesis on the solution of the dual
problem to (18), and assuming that u € X N ]_[{=1 H1(Q;) and f € H{:I H*(Q)),
there holds (cf. [23, Theorem 3.7])

1

k+1
= wnllog < 0D Mllina, + 1l | -

i=1

In turn, introducing the fully computable approximation of u givenby u := HkT up,
defining the broken H!(Q)-seminorm

12
~ ~
lu—ulipa = {Z |M—Mh|1,F} ,
Fef,

and assuming that u € X N Hle H**1(Q;) and f € Hf:l H¥(Q;), there holds (cf.
[23, Theorem 3.8])

1

- - k+1
la=Tullog + hhe=Thna s Y lullarg, + 17l |-
i=1

3.3 The Costabel & Han VEM/BEM scheme for Helmholtz

In what follows we introduce and analyze the VEM/BEM scheme for the continuous
formulation (22) in the 2D case.
3.3.1 The discrete setting

We also make use of the symmetric bilinear form S}f (cf. (53)) for each F € ¥, and
notice now from [11, Lemma 3.2] that

S,f(v, V) ag(v, V) Vve X}':(F) such that Hkv’Fv =0,

where ag is the local version of ag, that is



22 Gabriel N. Gatica, Antonio Mdrquez and Salim Meddahi
al(z,v) = /FVZ~VV Vz, veH\(F). (80)

In addition, by symmetry there holds
SFzv) < SE( ) 2 SE )" < af (229" af (v, )V (81)
forall z, v € X}’l‘(F ). Next, for each F' € ¥}, we introduce
agh(z, V) = ag(HkV’Fz, HkV’Fv)+S,f(z—HkV’Fz,v—HkV’Fv) Vz, ve X}’:(F), (82)

and
af:h(z, V)= agh(z, V) — K20k /(H{_lz)(l'[,f_lv) Yz, ve X,’;(F), (83)
F

where O = 0|r € C. Wealso let g, and a, ;, be the corresponding global extensions
of al’, and a¥, , respectively, that is

aon(zv) = Y af,(zv)

Fefy

and
axn(z,v) = Z azh(z, v) Vz ve X,’;. (84)
Fef,

Then, denoting X ];l = X;l‘ X A’;l‘l, the discrete version of problem (22) reduces to:
Find (up, A) € X’;l such that

A ((Uns ), Vny 1)) = FOonoptn) - Y(omo ) € X5, (85)
where

An((zne €n) On 1)) = @z vi) + {WiYzn yvn) + (pns Ve )
id

) - Kk)yvh >

— K)yzn) — (&n (

id
+ (s ( 13

for all (z, &), (Vi i) € X¥.

3.3.2 Solvability and a priori error analyses

For the solvability of (85), we now introduce the perturbation of the bilinear form
A, p given by

Ao ((zns &n), (Vas pn)) == aon(zn, vi) + {/Zh} {/ Vh} + (Wyzn, yvn)
" r r (86)
+ (ptn, Vén) + (€n 1) (1, 1) + (=

id
> - Kyvan) - (6 (15 — K)ywa)
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for all (zp, &n), (vp, un) € X ﬁ Next, the boundedness of A, and Agj, and the
ellipticity of Ay, are provided by the following two lemmas.
Lemma 8 There exist positive constants M, and My, independent of h, such that for
each * € {k, 0} there hold

1A i ((zns €n)s Vi )] < M|l (zhs EN TRy i)

Jor all (zp,&n). (v, i) € X.

Proof Starting from the corresponding definitions (cf. (59) and (86)), it suffices to
employ the mapping properties of the boundary integral operators (cf. Lemma 1),
and then notice from (80), (81) and [6], that for each F' € ¥, there holds

F V.F V,.F
S]’l (Zh - Hk ZhsVh — Hk Vh)

V.F V.F
< lzn =" znlur v =1L el S lznlyr vl e

for all z,, va € X} (F). o

Lemma 9 There exist a positive constant o, independent of h, such that

Re{AO,h((Vh»#h)s (Vh,/fth))} > Bollvm p)ll* ¥ (vh,pn) € X5

Proof Bearing in mind the definition (86), and proceeding as in the deduction of
(35), we first apply the positivity properties of the boundary integral operators (cf.
Lemma 2). In this way, noticing from (82), (80) and (54) that for each F' € ¥, there
holds

F () = V.F_ 2 F V,F_ - V,F -
ao’h(v,v)=|l'lk Viip+S, v =I"v, v =TI v)

k
V,F_ 2 V,F 12 2 k
2 I vlie + v =T v e 2 I E Vv e X, (F),
we arrive at the required inequality and conclude the proof. O

Furthermore, thanks to Lemmas 8 and 9, and the boundedness estimate (33),
we can apply the Lax-Milgram lemma to introduce the Galerkin projection-type
operator R, : X —» X ﬁ, which, given (z, ¢) € X, is uniquely characterized by

Aon (Ru(z,€), (vhs un)) = Ao((z &), (Vi 1)) Y (v ) € X (87)

Moreover, it readily follows from the aforementioned classical lemma that Rj, is
uniformly bounded in & with ||Ry|| < ||Ag]|/Bo- The approximation property of this
operator is established next. As usual, given a finite dimensional subspace Xj, of a
normed space X, we set for each x € X, dist(x, X) := xilg( [|x — xn]|.

h h

Theorem 5 There exists a positive constant C, independent of h, such that

1/2
IR 8) = @)l < C{dist(@aXE) + () 12-TF R x) ] 68

Fef,

forall (z,¢) € X.
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Proof Given (z,&) € X and (z3,&,) € X%, we first observe by triangle inequality
that

1Rn(z.€) = (@I < N va )l + 11z, €) = (s E0II (89)

with (v, i) = Ru(z &) = (zn&n) € X%, so that in what follows we focus on
estimating ||(vi, up)||. In fact, applying the ellipticity property (67), the identity (87),
the boundedness of A (cf. (33)), and the fact that the difference between Ay and
Agp (cf. (31), (86)) reduces to ap — ag,,, we obtain

Bollva, p)lI* < Re{AO,h((Vh» Hp), (Vh,ﬂh))}

RG{AO((Z, &), O, fin)) — Ao ((zns &), (W, ﬂh))}
|40 ((z. &) = (2, &) (Pns fin))|
+Ao ((zhs €n), Ty in)) = Aon ((zhs En), Ty fin))]

< Aol 1z ) = (zas EN I (Vs )

IA

(90)

F - F -
£ b ) -l )|
FeFp

Then, subtracting and adding HZ’F z in the first component of the expression

_ . V.F V.F_ V.F V,F
aéh(zh,vh), using that agh(Hk wvp) = af (I 21 v) = al (" 2, vn)

(which follows from (82) and after taking (v, p) = (vi, 1) and (v, p) = (vp, HkV ’Fz)
in (44)), and employing the triangle inequality and the boundedness of ag and ag o
the latter being consequence of (81), we find that
|ag (zns vn) = af, (zns )| < |af (2 = "z 5| + lag ) (zn — "z, %)
< lon =T 2le bl 5 {lon = 2l + |2 =17 2l vl

In this way, summing up over F' € ¥y, it follows that

Z |ad (2, 1) — af j,(zns V)|

FeTn 1/2
< {|Zh_Z|1,0 + ( Z |Z—HZ’FZ|iF) }|Vh|1,0
Fefy
12
v,
s {lco- @ el + (2 1z=1F 2R o)} Iom )l
FeF,

which, combined with (90), yields
V.F _|2 12
10m )l < 18 = Gl + (Y 1z =17 2R )
FeT,

Finally, replacing the foregoing inequality back into (89) and taking infimum with
respect to (zp, &p) € X ﬁ, we arrive at (88) and finish the proof. ]
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Having proved Theorem 5, we now employ classical density arguments, the
aproximation properties provided by (49), (50), and Lemma 4, and the uniform
boundedness of R}, to deduce that

lim [1Ry(z.6) = @O =0 V(&) e X, 1)

or, equivalently, that R;, converges pointwise to the identity operator in X.

The unique solvability and associated stability estimate of the VEM/BEM scheme
(85) follows from the discrete inf-sup condition for A, j, which is established next.
For later use, we now let (-, -)x be the inner product of X.

Theorem 6 Assume that « is not an eigenvalue of the Laplacian in O with a Dirichlet
boundary condition on T'. Then, there exist positive constants hy and ., independent
of h, such that for each h < hg there holds

A &), (v,
sup A ((zhs €n)s (Vhs )| > a lvm )l Y popn) € X5 (92)
(:],,fh)exh’ ||(Zhs fh)”

(zn,€n)#0

Proof We first employ the bijectivity of A, : X — X’ to deduce the existence of a
bounded operator ® : X — X such that, given (z,¢) € X, O(z, &) € X is uniquely
characterized by the identity

Ac(O(z€).(n ) = 2. mw)x  Y(hp eX,

which implies, in particular, that

A(O(z,8),(2,8) = IO  VY(zéeX. (93)

Then, given (vj,, un) € X%, we set (z,, &) = Ru®(vp, pn) € Xfl, and observe that
certainly

|A s (Gre &) On )| VA (20 60 ns )|
> . 94
P Tc7av ) R (555 oY

(zn,&n)#0

In turn, adding and subtracting the bilinear forms A,, Ao, and Ay, so that
Agn = Ao+ (Ax —Ag) + (Ao — Agp) + (A — Ax),

and noticing from the definitions of A, Ao, A, ;, and Agp (cf. (19), (31), (59), and
(86)), that

(Ao = Aop) (2, D Vs ) = LVZZ'VVh — aon(z},vn)

and
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(An — A (7 &) s ) = awn(zy,va) — aw(z), va)

= a()’h(Z;l—, Vh) —/(;VZZ . VVh (95)
e 3 0r [ {0 (0 )}
Fed, F

we readily arrive at
Acn(z ED Ono i) = Ao (RROWn, tn), (Vs ftn))

+[CRLOWn, pn). (Vi )]

(96)
+ 3 or [ aw - O 3) ().
FeF, E
where C := A, — Ap : X — X’ is a compact operator. Hence, starting from

(96), denoting by I the identity operator from X into itself, letting 6, be the max-
imum value of |0p|, F € ¥, and employing the characterization of R;, (cf. (87)),
the orthogonality condition satisfied by Hka], the identity (93), the approximation
properties of H,f_l (cf. (48)), and the fact that Ry, is uniformly bounded, we find that

A (@&, Vny ) = Ao(OWns ), Vi ) + [CREOWn, ptn), (Vhs )]

p F;l QF/F {ZZVh - (0f ,z) (Hf_lvh)}
A (O, ), Vns ) + [C(Ru = 1), ), (vhs )]

@ 3 or [ g -0} - L)

Fefp
{1=ne®y =101} 10m, 012

Cone Y e =Tzl e e =1 vl
Fef,

{1 —lIC(Ru - I)I||I®||} s k)P = CH2 11z DN Vs )

\Y | \Y% + Il +
&)
=

\%

{1=lc® - 1101 = CH} IEh £, 0,

where C is a positive constant depending on « and 6,7, but independent of A,
and the last inequality uses that [|(vs, un)ll 2 [I(z;), &)l Finally, the compactness
of C and the pointwise convergence of R;, — I to zero (cf. (91)) guarantee that
}llin}) IC(Rr, — D] = 0, which, together with the foregoing estimate and (94), yield

(92) for a sufficiently small Ay. ]
Under the same assumptions of Theorem 6, and as a straightforward consequence

of (92), we conclude that, given F € X’ and h < hgy, the VEM/BEM scheme (85)
has a unique solution (uy, Ay,) € Xfl
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We now turn to provide a priori error bounds and associated rates of convergence
for the solution of the VEM/BEM scheme (85). For this purpose, we first define the
discrete analogue of ® (though with respect to the second component of the bilinear
form involved), namely the operator ®, : X ,;; — X I;; that, given (vi, up) € X ];;’ is
uniquely characterized by the equation

A (2 &n), On(vns tn)) = (2o én)s Vs i) x Y (zn, &) € X5,

so that, in particular,

A (ns ) Oy i) = 11y )1 YV (Vs pn) € X 7

Note that the above identity and the discrete inf-sup condition (92) yield

1
O] < —. (98)
a,

K

Hence, we have the following Cea-type estimate, which makes use of H,ZE_ , (cf.
(47)), the global L?(0)-orthogonal projection onto P_1 (7).

Theorem 7 Assume that k> is not an eigenvalue of the Laplacian in O with a
Dirichlet boundary condition on T, and let hg > 0 be the constant whose existence
is guaranteed by Theorem 6. Then, there exists a constant C > 0, independent of h,
such that for each h < hg there holds

[[(u, A) = (up, An)|
1/2 99)
cc {cnst«u, 0ty (3 oS ) e n,fluno,o} |
Fe¥y,

Proof We begin by observing, thanks to the triangle inequality, that

11t ) = s W< Nty ) = Wy i)l + W)LY (s ) € X7y, (100)

where (z4,&r) = (un, An) = (v, ). Then, setting (2, &) := Op(zn, &) € X,
employing the identity (97) and the fact that A, ((u, A), -) and A, j, (up, A1), -) coincide
on X fl (which follows from (18) and (58)), adding and subtracting (v, y,) in the first
component of A,, using the uniform boundedness of ®;, (cf. (98)) and the identity
provided by the first row of (95), and then adding and subtracting u in the first
component of a,, we obtain

I(zh EDII* = Awn ((Uns ), On(zns €n)) = Awin((Vhs i), On(zn, n))
A ((, ) = Vny pn), On(zns én)) + (A = D) (Vo ), (255, E7))

Al @ 16t 2) = s )1 €I+ Jacvs 7)) = acn(vas )| (101)

IA

IN

(12l + el 1, ) = o )l s )1

+|ac(u, 7)) = axn (Vi z7)) -
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In this way, we now focus on estimating the last term on the right hand side of the
foregoing equation. Indeed, according to the definitions of a, and a, j (cf. (24) and
(83) - (84)), we first obtain

i, 7)) = an O 7l < D lad (5 = @l (vn 77)
FeF,

< O lad w2 - af, o 2|

(102)
Fey
JRERaalaiE
F

+ K Z |0F|

FeF,

Next, adding and subtracting HkV’F u in the first component of ag (u, 7)), recalling
that there holds a( (HkV Fu, ) = a) h(HkV Fu, z7) (cf. proof of Theorem 5), and

thanks to the uniform boundedness of af’, , we find that

0,h°

V,F V,F
|af (u. 2)) = af,vns 2| = lag (w =T w, 2) + af (" w, ) = af ), (vn 237)|

V. A%
= |af (-1 w20 + ab, (7w = v 7))

A

R N Y s N e A AT

A

1 O R A N A A I
(103)
In turn, the orthogonality condition satisfied by H,ff] and the triangle inequality

yield
/F{uz,i—(H,flvh)(H,le;)}' _ /F{“‘(Hﬁlw)}zg

< (el + o= 1E sl gl

(104)

Hence, plugging (103) and (104) in (102), and applying the Cauchy-Schwarz in-
equality, we deduce the existence of a positive constant Cy, depending on « and 6,
but independent of 4, such that

12
|ae(u, z}) = axn(vn. 757)| < Cy {( Z ||u—HkV’Fu||iF)
Fep, (105)

#la=vill o + lbe =117y o} 127 o

Thus, replacing (105) back into (101), and bounding ||z} |10 by ! |[(zns &n)|l, we
conclude that

Izl < Ca {lle ) = (v )|

1/2
(20 =P Ful ) =117l o}
Fefy,

(106)
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where C, is a positive constant depending on [|A.||, |lax|l, ax, and Cj, but inde-
pendent of 4. Finally, combining (100) and (106), and then taking infimum over
(i, n) € X*, we arrive at (99). O

The rates of convergence of our discrete scheme are provided next. To this end, we
recall from (51) that ka stands for the global virtual element interpolation operator.
Then, we have the following result.

Theorem 8 Assume that k> is not an eigenvalue of the Laplacian in O with a
Dirichlet boundary condition on T', and that both u and the datum w belong to
H'(0)n ﬂ{zl H*1(0;). In addition, let hy > 0 be the constant whose existence is
guaranteed by Theorem 6. Then, there exists a constant Cy > 0, independent of h,
such that for each h < hg there holds

1
12, 4) = e, A < Coltk D Mlullesn o, - (107)
i=1

Proof We begin by observing that H'(O)n ]—[f=1 H1(0;) ¢ C°(0), which implies
that 1/ u is meaningful. Furthermore, we have that A = v, (V(u—w)) € H"'/X(T) n
HZ_I/ 2(T') ¢ LX(T), whence I1¢ A is meaningful as well, and hence

dist((u, 2), X}) < llu— I ullo + 14 -T2 Al or

In this way, replacing the foregoing estimate back into (99), applying the approxi-
mation properties of I];’r (cf. (50)), H]il (cf. Lemma 4), HkV’F (cf. (49)), and HZ:]
(cf. (48)), and employing the trace inequality

1
lAllk=1/26r < Z leelles1,0; »
i=1

we are led to (107), thus concluding the proof. O

4 The modified Costabel & Han VEM/BEM schemes in 3D

In spite of the plural sense of its title, in this section we introduce and analyze the
discrete VEM/BEM scheme for the modified Costabel & Han coupling procedure
as applied to the Poisson model only, in the 3D case. The corresponding analysis for
the Helmholtz model arises from a suitable combination of the tools to be employed
in what follows with those utilized in Section 3.3. We refer to [24, Section 6] for
details.

We begin by stressing that the Costabel & Han coupling procedure, that is the
variational formulation (18), is not applicable to a VEM/BEM coupling in three
dimensions. In fact, as it will become clear below from definitions (108) and (109),
the restriction of a VEM function v;, to the boundary of a given element in 3D is
not a polynomial function but a virtual function as well. As a consequence, the term
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id
( Un, (IE -K )yvh)> of the bilinear form Ay, (cf. (59)) defining (58), is not computable.

Moreover, it is easy to show that, replacing this term by (up, (%1 - K yvp)),
implies a dramatic loss of accuracy because, as I" is a polyhedral Lipschitz boundary,
the boundary integral operator K does not yield any further regularity. Summarizing,
the fact that the original Costabel & Han coupling method is only applicable to a
VEM/BEM scheme in 2D has motivated the introduction of the modified version
that we employ in this section.

Similarly as in Section 3.1, we previously need to collect some fundamental
notations and results on VEM in 3D.

4.1 Preliminaries

We let {7}, be a family of decompositions of Q into polyhedral elements E of
diameter hg < h, and assume again that the meshes {7}, };, are aligned with each of
the subdomaines €;,i = 1, ..., I mentioned at the beginning of Section 3.1. In turn,
the boundary 0F of each E € 7, is subdivided into planar faces denoted by F, and
we let 7, be the set of faces of 7}, that are contained in I". In addition, we assume that
the family {75}, of meshes satisfy the following conditions: There exists p € (0, 1)
such that

(B1) each E of {7}, is star-shaped with respect to a ball Bg of radius phg,

(B2) foreach E of {7}, }n, the diameters hp of all its faces F C JE satify hp > phg,

(B3) the faces of each E € {7y}, viewed as 2-dimensional elements, satisfy the
properties (A1) and (A2) (cf. Section 3.1) with the same p.

Next, given an integer k > 1 and E € 7, and bearing in mind the definition (45),
we set
XK(9E) = {v e CYOE): vl e XK(F) VFc aE}, (108)

and introduce the local virtual element space

WE(E) = {v e H(E): vor € XK(IE), Av € P(E),
(109)
nEy - %5y e Pk_z(E)},

where, analogously to the 2D case (cf. Section 3.1), Hf is now the L?(E)-orthogonal
projection onto P (E), and the projection operator HkV E HYE) - PuE) is
defined as in (44) after replacing F with E. In addition, the degrees of freedom of
WF(E) consist of:

i) the values at the vertices of E,

ii) the moments of order < k — 2 on the edges of E,
iii)the moments of order < k — 2 on the faces of E, and
iv)the moments of order < k —2 on E.

We can then define the global virtual element space as
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Wk .= {veX: Ve € WE(E) VEev,;}. (110)

In addition, and coherently with the notations of Section 3.1, given any integer
k > 0, we let H]f and HZ be the L>—orthogonal projections onto Py (E) and Py (75),

respectively, and denote by Hf and HZ— their corresponding vectorial counterparts.
Here again, we stress that P (E) C X;: (E) and that HkV’Ev, va and HE_IVV are all

computable for each v € X{(E) (cf. [2]). In turn, we let IF : H*(E) — WX (E) be the
local interpolation operator, which is uniquely determined by the degrees of freedom
of W,’f (E), and whose corresponding global operator is denoted 1 Z :HX(Q) — W}’f.

The error estimates satisfied by the operators 1%, l'[kV Eand1 ,f are given by analogue

versions of (48), (49) and (50), respectively, in which F is replaced with E.

Furthermore, we also introduce the simplicial submesh &, of " obtained by
subdividing each face F € 7, into the set of triangles that arise after joining each
vertex of F' with the midpoint of the disc with respect to which F is star-shaped.
Since we are assuming that the meshes satisfy conditions (A1) and (A2) (cf. Section
3.1), the triangles T € $&, have a shape ratio that is uniformly bounded with respect
to h. According to the above, and in order to approximate the non-virtual boundary
unknowns of our scheme (cf. Section 4.2 below), we now introduce the piecewise
polynomial spaces

N = € L) il € P (D) VT € (111)
and

- {goh eCUD): ol € PU(T) VT € ;‘y,,} n HYAT). (112)

Thus, we let Hz] be the L*(I')-orthogonal projection onto A/;l‘l, and let Lg :
coT) — ‘P;l‘ be the corresponding global Lagrange interpolation operator of order k.
Then, denoting by {I'y, ..., I'; } the open polygons, contained in different hyperplanes
of R?, such that T" = Ujj.zlfj, we now recall from [32] the following approximation

properties of Hg_l and Lg.

Lemma 10 Assume that u € H()_I/Z(F) N H,(T) for some r > 0. Then
||ﬂ - HE'_]#H_t LS Al Ve {0,172}

Proof See [32, Theorem 4.3.20]. |

Lemma 11 Assume that ¢ € H;H/z(l") N HY(T) for some r > 1/2. Then
o~ 3] < amnent2en i, e Vi€ 0121,

Proof See [32, Proposition 4.1.50]. O
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4.2 The discrete setting

According to the finite dimensional subspaces defined in (110), (111), and (1 lg), we
now propose the following discrete formulation for (25): Find (up, Y, A) € Xy, =
W}’f X ‘P}’i X Afl_l such that

An (W Wns ) Vhs 05 11)) = Fpns @i i) ¥ hs oo i) € Xy (113)

where

An ((zhs Ss €n)s s 01 1)) = 31 ((zhs Biis €n)s (Vs 91y 111)) + (W, on)

id id (114)
+ (n, Vén) = (én (5 - K)en) + {un, (5 - K)¢n),
ay, ((zn, Sns én), Vi ns ) = an(zn, vi) — Z /fh I (yv — ¢n)

Fe¥y, F
(115)

+ Z /#hnf,l(ﬂh—fﬁh),

FeF, F
and

F1,(vh, @ns fth) = /an_lfvh (116)

for all (zn, dn,En), (W, Ons tn) € X),. We notice here that the bilinear form ay,
forming part of the definition of a; (cf. (115)) is defined as in Section 3. Namely,
denoting by E(E) and F(E) the sets of edges and faces, respectively, of a given
E € 75, we introduce

SEv2) = /H,fvl'[,fz +hg Y /H,f_zvn,f_zz

ecE(E) Y€ FerE)’F

forall v, z € W}';(E), set

af(v,z) = anf_,Vv.nf_,Vz + SE(v - Fv, z - IV F2) (117)

for all v, z € H'(E), and define

ap(v,z) = Z a,f(v, 2)

EeT;,

for all v, z € W;If‘ Furthermore, we stress that the boundary terms in (115) are
certainly induced by the corresponding boundary terms in (26). More precisely, the
fact that the discrete version of the second term on the right hand side of (26), that is
(fh, Yy — goh>, is not computable since the virtual trace yvy, is not known, suggests

to replace yvy, — ¢y, by a suitable projection such as Hg’f | (yvi —¢n), thus yielding the
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new term Z / én H,f_l(yvh — ¢p). An analogue reason explains the replacement

of (un. yzn — ¢n) by Z / ur TIf (2 — ¢p). In turn, the use here of the global
FeF, F

orthogonal projector HE_ | : LX) — A}~!, equivalently the local projections IT{ |
on each face F of 7, is strongly motivated by the fact that A, and yuj live in
the subspace Aﬁ_l, which allows to apply later on the corresponding orthogonality
condition, a key property for the derivation of the a priori error estimate and the
associated rates of convergence (see below Theorem 9, estimate (124), and Theorem
10, all in Section 4.3).

Finally, we highlight that the discrete problem (113) is meaningful since Sf () is
computable on Wy (E) x W (E). Moreover, it can be shown that S (v, z) scales like
at(v,z) = /E Vv - Vz on the kernel of HkV’E in W]’:(E). In other words, the three-
dimensional counterpart of (54) holds true (cf. [11, Section 5.5]), which implies, in
particular, that we have the corresponding 3D versions of (63) and (69) as well.

4.3 Solvability and a priori error analyses

We begin by introducing further notations to be employed later on. In fact, for any
s > 0 we define the broken Sobolev spaces

H() = [ | K,  H@) =[] HE),

EcTh Fery,

which are endowed with the Hilbertian norms and corresponding seminorms, given
respectively, by

2 2 2 2
Wy = Y e lells = > llells

EcT), Fefy,
and
2 - 2 2 . 2
e N I R 7 L I A
EcT, FeFy,

for all v € H*(7;) and for all ¢ € H*(¥3). In addition, we set as usual H(7,) =
L*(75) and HY(F3,) = L*(%3).

_ Now, concerning the solvability of (113), we first notice that the boundedness of
Ay, follows exactly as proved for the 2D case (cf. Section 3.3). Thus, we continue the
analysis with the X, -ellipticity of Ay, with respect to the usual product norm of X.

Lemma 12 There holds
< 2
An (Vi ons )y (Vi @1s 1) 2 11 (Vs s i)l

for all (v, gn. un) € X
Proof Given (vy, on, un) € X, it follows from (114) and (115) that
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Ap (Vs 0ns 1) (Vs ns 1) = anpsvi) + (Weon, on) + (ptn, Vin ),
and hence the 3D version of (69) and Lemma 1 finish the proof. m]

As a consequence of the previous analysis and the Lax-Milgram lemma, we
conclude that (113) has a unique solution (up, ¥y, Ap) € Xjp. Next, in order to
establish the corresponding a priori error estimate, we follow the same notations
from Section 3.1 and for each planar face F' € F;, we let H,f be the L?(F)-orthogonal
projection onto P (F) with vectorial counterpart H]f . In addition, H;’r and ka stand
for their global extensions to L?(I") and L?(T")?, respectively, which are assembled
cellwise. The approximation properties of H,f (and hence of IIF, HkT and Hf) are
exactly those given by (or derived from) (48).

The 3D analogue of Theorem 3 is given by the following result.

Theorem 9 Under the assumption that u € X N Hle H>(Q;), there holds
G, oo, A) = (un, o, An)
< -1l flloo + N0y, )= (], L3, T 2]

|a((u, v, ), (Wh, s €n)) — an (I w, ligl!’, H}?,lﬂ), (Whs &ns €n))|

(Whv‘?’hnfh)dzh, ”(Whv ¢h7 gh)“
(Wh,$n.&n)#0

+

(118)

Proof We follow basically the same sequence of arguments provided in the proof of
Theorem 3. Indeed, according to the definitions of F (cf. (28)), F;, (cf. (116)), A
(cf. (26) - (27)) and Ay, (cf. (114) - (115)), which yields, in particular

(A = A2) (Vs @1y 111)s (Whs B &) = (a—an) (Vi @ns ), (Why i, En))
for all (vi, on, un), (Wh, dn, &) € X, and using the boundedness of a, we find that a
direct application of the first Strang Lemma (cf. [17, Theorem 4.1.1]) to the context

given now by (25) and (113), gives
| ¢, ) = (un, s )|

s IF - flloo *t inf) - {||<u,w,d)—(vh,goh,uh)||
Vhs@Ph-Mh ) €A

v sup |a((, @, 2, (Wi S €n)) = (Vs s 1t)s (Wi s €n))|
(er‘/’h"fh)gih ”(Wh’ ¢ha gh)”
(Wh > 0n,€n)#0

(119)
Thanks to the hypothesis we have that both « and y = yu are continuous, and hence
I7u and Ly are meaningful. In addition, the fact that u € []/_, H*(;) implies
that A = kVu-n € HZI,/Z(F) C L2(T"), and hence HE_I/I is meaningful as well. In this
way, taking in particular (vy,, op, ) = (I];ru, L;‘fdf, H}f,lﬂ) e X, in (119) we arrive
at (118) and conclude the proof. m]
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Analogously to the analysis for the 2D case, we now aim to estimate the supremum
in (118), for which we first notice from the definitions of a (cf. (27)) and aj; (cf.
(115)), and using that ¢ = yu, that

a((u, 0, ), (Who dns €n)) = an (71, LI TIY | ), (wh, bis E8))

= a(u, wp) — ah(I]:r“, wi) = (L ywn — ¢n) (120)
+ ‘/F‘HE,]/IHZ—:l(’yWh - ¢h) - ‘/I_‘éfh HZ:I(’)/IZ—M - L(]le//)

for all (wp, ¢, ép) € Xpp. Then, in what follows we proceed to estimate the right
hand side of (120) by splitting it into the three expressions determined by the first
and second terms, the third and fourth terms, and the fifth term, respectively.

Firstly, recalling that « has been assumed to be piecewise constant, and noting
that certainly Vl'[,‘(E u € Pr_i(E )3, we deduce, according to the definition of af (cf.
(117)), that

af(HIIfu,wh) = aE(Hfu,wh) VEe€T,, VYwp, EW}IE(E),

and therefore, adding and subtracting I1f u in the first components of a* and af, we
readily find that

a(u, wy) — ah(IZu, wp) = Z {aE(u - Hfu, wp) + af(Hlfu - Ifu, wh)}
EcT,

for all wy, € W,’Z‘ . In this way, thanks to the foregoing identity and the boundedness
of a and af, the latter being proved similarly to the proof of Lemma 5, and then
adding and subtracting u in the expression resulting from bounding af , We arrive at

Jatu wn) = an (0 wwn)| < {lu=17ubo + lu =T ul g b wiha . (121)

Secondly, noting that HZ_l(ywh —¢n) € A’;l’] (cf. (111)), and employing the
]

T
«_1» as well as the symmetry of II,_,, we

orthogonality condition satisfied by II
obtain

/FH‘Z_IA 7 (ywn = ¢n) = /Fﬂn,il(ywh - ¢n) = /FHkT—M (ywn = én),
which yields
(L ywp — ¢p) + ‘/HE,MH,ZI()’W —¢n) = (I A= L yw, — dn),
r

and hence, according to the duality pairing between H™'/2(T") and H'/?(T"), and using
the trace theorem, we obtain
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|/HE—1’1HZ1(YW —én) = (Lywn = ¢n)|
g (122)

< =17 Allazar {Iwnli + I¢nlhar)

Finally, adding and subtracting yu = ¢, we readily get
- [z orfu-£fw = [ a7, 6= 10- - L),

from which, applying the Cauchy-Schwarz inequality in L?(T") and the inverse in-
equality satisfied by Afl_l (cf. (111)), we find that

| [&n7 o1fu- o)

(123)
< 02 {lly = 17 wlor + 19 - Ll 1611 r

Consequently, using (121), (122), and (123) to bound (120), and then replacing
the resulting estimate into (118), we arrive at the a priori error estimate

1G5, ) = s s A S 1f =T Flloq + = I ulia + Iy = LW lhyar

+ 1A =105 Allijor + lu=11 ulg + lA=T7 All-iar

07 iyt = 17wl + 11 = Liwlor}
(124)
The foregoing inequality constitutes the key estimate to derive the rates of con-
vergence of the present 3D VEM/BEM scheme. In this regard, and in order to bound
one of the terms involved, we also need the scaled trace inequality (cf. [21, Lemma
1.49]), which says that for each E € 7}, there holds

V2 g {h;; VIR 5 + he |v|iE} Vv e H(E). (125)

Indeed, we end this section with the following main result.

Theorem 10 Assuming that u € X N ]_[{:1 H(Q,) and f € ]_[{:1 H*(Q,), there
holds

1
It ) = ot A< B lleny + 1Ny }- (126)
i=1

Proof We first observe, thanks to the regularity assumption on u, that = yu €
H];H/ 2(I“) andA = «kVu-n € H];;]/ 2(1"). Throughout the rest of the proof we identify
the terms on the right hand side of (124) according to the order they have been
written there, from left to right and from up to down. Thus, applying the 3D versions
of (48) (to the first and fifth terms), (50) (to the second term), and Lemma 4 (to the
sixth term), and using by the trace inequality that ||A|lx—1/251 < ¢ Zle leellk+1,0; 5
we obtain



Recent results on the coupling of VEM and BEM 37
T T T
If =107 fllog + lu—I]ulo + lu =T ulg + 14 =117 A1 o0
. 1 (127)
< B {1 Ik + ullrna,} -
i=1

In turn, invoking Lemmas 11 and 10 to bound the third and fourth terms, respectively,
and employing also by trace theorem that [|y/|lx+1/251 < ¢ Zle l2t]lk+1,0,, we find
that

Il = LEwlhjr + 1A =TI All-1jr
I (128)
< KWl por + 1) < B koo
i=1

Furthermore, a straightforward application of Lemma 11 to the eighth term, gives

k+1/2
1 = L3¢ llor s K2 W llksrj2mrs
and hence

1
W2y = Liwlor < 75 e, - (129)
i=1

Next, employing the scaled trace inequality (125) and the 3D version of (50), we
obtain that for each face F of an element E € 7}, there holds

e |y (w = 1Ew)lo < hgly (- 120G oe
s hgu=1Eully o + |u—1Eu], < BNl

from which we arrive at
I
W (=l u)lor s B Ml - (130)
i=1

Finally, utilizing (127), (128), (129), and (130) in (124), we get (126) and conclude
the proof. O

5 Numerical results

In this section we show that the numerical rates of convergence delivered by the
VEM/BEM schemes (58), (85), and the 2D version of (113) are in accordance with
the theoretical ones. For simplicity, we restrict our tests to two-dimensional model
problems and to the lowest polynomial degree k = 1.

In what follows 4 and N stand for the meshsize and the total number of degrees of
freedom, respectively, of each partition of Q. In addition, the individual and global
errors are defined by
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e(u) :=|lu-u

0.0 + lu—ulip0o, ed) = |4 = =121, eW) = ¥ = ¥nllij2r,

with corresponding rates of convergence

_ log(e(x)/e’(x))

r(x) = og(h/7) Vxe{udyl,

where h and i’ denote two consecutive meshsizes with errors e and e’. Note here
that the exact error for u, that is ||u—uy||1,q, is not computable since uy,, being virtual,
is not known explicitly in Q. This is the reason why e(u) is defined above with & (cf.
the end of Subsection 3.2) instead of uy,.

5.1 Convergence tests for the Poisson model

We first investigate the performance of the discrete schemes (58) and (113) when
applied to problem (1). We point out that the VEM/BEM discretization method (113)
has been introduced and analyzed in the 3D case only. However, it is not difficult to
see that it is also applicable to two-dimensional problems.

h N e(u) r(u) e() (1)
1/64 | 3521 |2914E-01 - |1.066E-01 -
1/128| 13185 [1.458E-01 0.999(5.327E-02 1.001
1/256| 50945 [7.292E-02 1.000{2.663E-02 1.000
1/512|200193(3.646E—02 1.000{1.332E—-02 1.000
h N ew) rw)| e r@)| e r@)
1/64 | 3777 |2.914E-01 - |7.522E-03 - |3.104E-01 -
1/128 13697 |1.458E-01 0.999(2.659E—03 1.500{5.338E—02 1.001
1/256| 51969 |7.292E-02 1.000|9.454E—04 1.492(2.669E—02 1.000
1/512]202241|3.646E-02 1.000|3.387E—04 1.481|1.335E—02 1.000

Table 1 Convergence history of the VEM/BEM schemes (58) and (113) for Poisson, Example 1

XI:QXZ, x = (x1,x2),
is a solution of problem (1) with a nonhomogeneous Dirichlet boundary condition
on I'y. We consider two different geometry settings. In the first example, we take
Qy = (-0.25,0.25)? and O = (=0.5,0.5)?, and use a sequence of meshes constructed
out of square elements. In turn, in the second example, we select Qg = {x e R?:
x? +x3 < 0.25%} and O = (-0.5,0.5)*, and employ a sequence of Voronoi meshes
initially generated from random seeds and subsequently smoothed using Lloyd’s
relaxation algorithm.

The convergence history of both schemes are reported in Tables 1 and 2 for
Examples 1 and 2, respectively. There we can see that the rates of convergence
predicted by Theorems 4 and 10, that is O(h) for k = 1, are confirmed for each
one of the unknowns in both examples. The higher rate provided by the unknown
Y for the scheme (113) must be simply understood as a proper super convergence

We choose k = 1 so that the harmonic function u(x) =
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h

N e(u) r(u)

e() ()

1/64

1/128
1/256
1/384

7197
27529
107683
240512

3.488E-01
1.749E-01 0.997
8.743E-02 1.001
5.825E-02 1.002

1.053E-01
5.294E-02 0.993
2.656E-02 0.996
1.774E-02 0.996

h N

e(u) r(u)

e(y) r@)

e(d) r(Q)

1/64
1/128

7459
28047
1/256(108713

3.488E-01
1.749E-01 0.997
8.743E-02 1.001

1/384|242054

5.825E-02 1.002

1.744E-02
6.559E-03 1.539
2.472E-03 1.402

1.349E-03 1.493

1.053E-01
5.295E-02 0.994
2.655E-02 0.997
1.772E-02 0.997

Table 2 Convergence history of the VEM/BEM schemes (58) and (113) for Poisson, Example 2

behavior of this particular exact solution u. In addition, we observe that, except
for the additional direct approximation i, of the trace of u provided by (113),
both VEM/BEM schemes behave very similarly since, at each partition, they yield
basically the same errors for each common unknown. Certainly, the advantage of
(113) with respect to (58) is that the former is applicable in 2D and 3D, whereas the
latter is restricted to 2D. In turn, the advantage of (58) with respect to (113), which
is obviously valid only in 2D, is that the former, having one less boundary unknown,
is a bit cheaper than (113) in terms of the total number of degrees of freedom. This
is illustrated in the present examples by the second columns of Tables 1 and 2.

5.2 Convergence tests for the Helmholtz model

We finally report numerical results carried out with the method based on the scheme
(85) (cf. Subsection 3.3) and with an adaptation of scheme (113) for problem (2).

h
1/64

N
3951

e(u)
2.920E-01

r(u)

e(d)
7.550E-01

r(d)

1/128
1/192
1/256

15336
34133
60430

1.464E-01 0.966
9.715E-02 1.050
7.259E-02 0.962

3.584E-01 1.021
2.394E-01 1.035
1.757E-01 1.020

Table 3 Convergence history of the VEM/BEM scheme (85) for Helmholtz with x = 2.

We consider problem (2) with 8 = 1, Qp = {x e R? :

X
_2+

Oz{xeRZ:L

2
X2

2

2
aal

3
. W+0.72 < 1},

< 1}, and use a sequence of of successively refined

Voronoi meshes of the domain Q = O \ Q. We select the incident wave w in such a
way that the exact solution is given in the following closed form

1+0222 ng
u(x) = x|
H"(x|x]) in O,



40

Gabriel N. Gatica, Antonio Mdrquez and Salim Meddahi

h N

e(u)  r(u)

ed) r()

e(y) r@)

1/64 | 4113
1/128]15666
1/192(34620
1/256|61089

2.882E-01 -

1.447E-01 0.965
9.602E-02 1.051
7.178E-02 0.960

1.280E-01 -

6.467E-02 0.962
4.345E-02 1.019
3.240E-02 0.969

5.682E-03 -

2.735E-03 0.997
1.800E-03 1.072
1.352E-03 0.945

Table 4 Convergence history of the VEM/BEM scheme (113) adapted for Helmholtz with x = 1.

We observe from Tables 3 and 4 that the expected linear convergence rate of the

error is attained in each variable for both schemes.
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