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Abstract

In this paper we consider the system of partial differential equations describing the stress-assisted
diffusion of a solute into an elastic material, and introduce and analyze a Banach spaces-based
variational approach yielding a new mixed-primal finite element method for its numerical solution.
The elasticity model involved, which is initially defined according to the constitutive relation given
by Hooke’s law, and whose momentum equation holds with a concentration-depending source term,
is reformulated by using the non-symmetric pseudostress tensor and the displacement as the only
unknowns of the associated mixed scheme, in addition to assuming a Dirichlet boundary condition
for the latter. In turn, the diffusion equation, whose diffusivity function and source term depend
on the pseudostress and the displacement of the solid, respectively, is set in primal form in terms
of the concentration unknown and a Dirichlet boundary condition for it as well. The resulting
coupled formulation is rewritten as an equivalent fixed point operator equation, so that its unique
solvability is established by employing the classical Banach theorem along with the corresponding
Babuska-Brezzi theory and the Lax-Milgram theorem. The aforementioned dependence of the
diffusion coefficient and the subsequent treatment of this term in the continuous analysis, suggest
to better look for the solid unknowns in suitable Lebesgue spaces. The discrete analysis is performed
similarly, and the Brouwer theorem yields existence of a Galerkin solution. A priori error estimates
are derived, and rates of convergence for specific finite element subspaces satisfying the required
discrete inf-sup conditions, are established in 2D. Finally, several numerical examples illustrating
the performance of the method and confirming the theoretical convergence, are reported.
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1 Introduction

The so-called stress-assisted diffusion models, which refer to diffusion processes in deformable solids,
are present in diverse applications, which include, among others, diffusion of boron and arsenic in
silicon [22], voiding of aluminum conductor lines in integrated circuits [26], sorption in polymers [23],
damage of electrodes in lithium ion batteries [3], and anisotropy of cardiac dynamics [7]. The usual
assumptions in most of these models are, on one hand, that the solid follows an elastic regime, and on
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the other hand, that the diffusion obeys a Fickean law enriched with further contributions arising from
local effects by exerted stresses. Mathematically, this second hypothesis means that the respective
diffusion coefficient is a continuous function depending precisely on the stress, which acts then as a
coupling variable.

While many contributions on the modelling of stress-assisted (and even strain-assisted) diffusion
problems are available in the literature, the same can not be said of the corresponding mathematical
and numerical analyses of them, which are rather scarce. Indeed, for the first of the latter issues we
can mention the recent works [21], [25], and [12], which deal with a general local-global well-posedness
theory for static and transient problems via a primal formulation, homogenization of concentration -
electric potential systems, and multiscale analysis of the deterioration of binder in electrodes, respec-
tively. In turn, concerning the second of those issues, and up to our knowledge, we can only refer
to [16] and [17], where mixed-primal and fully-mixed finite element methods have been introduced
and analyzed to numerically solve the stationary problem describing the diffusion of a solute into an
elastic material. This diffusion-deformation model is represented by the linear elasticity equations
along with a diffusion equation whose function of diffusivity depends on the Cauchy stress of the solid.
Further interactions between them are given by the corresponding source terms, which depend on
the concentration and the displacement, respectively. In other words, the diffusing species affects the
behavior of the solid, whereas the displacement of the latter influences the solute concentration, both
through the corresponding external forces, thus yielding a two-way coupled system.

Regarding further details on [16] and [17], we first notice that the approach in [16] follows the usual
methodology for the dual-mixed formulation of the linear elasticity problem (cf. [6], [14]), so that the
symmetry of the Cauchy stress is imposed weakly through the incorporation of the tensor of solid
rotations as the corresponding Lagrange multiplier. In contrast, a primal formulation is employed for
the diffusion equation. The well-posedness of the resulting coupled variational formulation is addressed
by means of a fixed-point strategy and by applying the Lax-Milgram lemma, the Babuska-Brezzi
theory, Sobolev embedding theorems, and suitable regularity estimates. In this way, the Schauder
and Banach fixed-point theorems allow to establish existence and uniqueness of continuous solution,
respectively. An analogue reasoning is applied to analyze the associated Galerkin scheme and an
augmented version of it (for the elasticity equations only), thus deriving existence of discrete solutions,
as well as corresponding a priori error estimates and rates of convergence, by employing the Brouwer
theorem and a Strang-type lemma.

In turn, while keeping the same dual-mixed scheme for the elasticity equations, an augmented
mixed formulation instead of the primal one from [16] is utilized in [17] for the diffusion equation. In
addition, similarly to previous works (see, e.g. [19]), the concentration gradient and the diffusive flux
are introduced as further unknowns for a more suitable treatment of the nonlinearity arising from the
stress-dependent diffusivity. The rest of the continuous and discrete analyses in [17] follows by applying
basically the same theoretical tools utilized in [16]. In particular, we highlight that two families of
finite element subspaces yielding stable Galerkin schemes are proposed, namely either PEERS or
Arnold-Falk-Winther elements for elasticity, and Raviart-Thomas and piecewise polynomials for the
mixed formulation of the diffusion equation. We end our discussion on [16] and [17] by pointing
out that a significant drawback of their approaches is given by the use of a regularity result for the
uncoupled elasticity problem (cf. [16, Theorem 2.4]), which is valid only for convex domains in 2D.
In this regard, we remark that the need of this result arises from the handling of the stress-dependent
diffusion term when trying to prove a Lipschitz-continuity property of one of the components of the
continuous fixed-point operator.

According to the above discussion, and in order to overcome the aforementioned drawback, we
have recently realized that the required Lipschitz-continuity property can be established, without any
regularity nor convexity assumptions for the linear elasticity problem, by previously restating the



whole coupled variational formulation in terms of suitable Lebesgue and Sobolev-type Banach spaces.
Moreover, the continuous and discrete analyses can be carried out in this case without employing
any augmentation procedure, thus simplifying the computational complexity of the resulting discrete
scheme. The purpose of the present work is precisely to introduce and analyze, at the continuous
and discrete levels, this new Banach spaces-based formulation for the stress-assisted diffusion problem
studied in [16] and [17]. In doing so, we will resort to some of the results provided in our recent
related works [18] and [20]. Moreover, because of greater interest in applications, we consider the
nearly incompressible case in linear elasticity, and for sake of further simplicity of its analysis, we
adopt a pseudostress-based approach instead of the usual stress-based one.

The rest of the paper is organized as follows. Required notations and basic definitions are collected
at the end of this introductory section. In Section 2 we introduce the stress-assisted diffusion model and
reformulate the elasticity problem in terms of the non-symmetric pseudostress tensor. The continuous
formulation is derived in Section 3, and its solvability is studied by means of a fixed-point strategy
that arises after decoupling the model into the elasticity and diffusion problems. In turn, the well-
posedness of each one of the latter is deduced by applying the Babuska-Brezzi theory in Banach
spaces and the classical Lax-Milgram theorem, respectively, whereas the unique solvability of the
whole coupled model is concluded thanks to the Banach fixed-point theorem. In Section 4 we consider
arbitrary finite element subspaces, assume that they satisfy suitable stability conditions, and employ
the discrete version of the fixed-point strategy introduced in Section 3 to analyze the solvability of the
associated Galerkin scheme. In this way, and along with the corresponding versions of the theoretical
tools employed in Section 3, a straightforward application of Brouwer’s theorem allows us to conclude
the existence of discrete solution. An a priori error estimate in the form of Cea’s estimate is also
derived here. Next, in Section 5 we restrict ourselves to the 2D case and introduce specific finite
element subspaces satisfying the theoretical hypotheses that were assumed in Section 4. Actually, the
latter refer only to a couple of discrete inf-sup conditions for the elasticity equation since any finite
element subspace will work for the diffusion model. The lack of a required boundedness property for a
particular projector involved stops us of extending the analysis from Section 5 to the 3D case. Finally,
several numerical results illustrating the performance of the method and confirming the theoretical
rates of convergence provided in Section 5, are reported in Section 6.

Preliminary notations

Throughout the paper, 2 is a bounded Lipschitz-continuous domain of R", n € {2, 3}, which is star
shaped with respect to a ball, and whose outward normal at I' := 0 is denoted by v. Standard
notation will be adopted for Lebesgue spaces L!(€) and Sobolev spaces Wht(Q) and Wé’t(Q), with
[ >0andt € [1,+00), whose corresponding norms, either for the scalar and vectorial case, are denoted
by || llo,z0 and | - [|..0, respectively. Note that W(Q) = L}(Q), and if ¢ = 2 we write H(Q) instead
of Wh2(Q), with the corresponding norm and seminorm denoted by || - ||.q and | - | o, respectively. In
addition, letting ¢, ¢’ € (1, +00) conjugate to each other, that is such that 1/¢+1/t' = 1, we denote by
W4T the trace space of Wht(Q), and let W—1/**(I') be the dual of W'/**(I") endowed with the
norms || - ||_yp p.;0 and || - [|1 ¢ 4.1, respectively. On the other hand, given any generic scalar functional
space M, we let M and M be the corresponding vectorial and tensorial counterparts, whereas || - || will
be employed for the norm of any element or operator whenever there is no confusion about the spaces
to which they belong. Furthermore, as usual, I stands for the identity tensor in R := R"*™, and | - |
denotes the Euclidean norm in R := R"™. Also, for any vector field v = (v;)i=1,, we set the gradient
and divergence operators, respectively, as

O, (w) e S 2%
Vo = (833j)i,j:1,n and div(v) := Z a2,




Additionally, for any tensor fields T = (745) j=1,» and ¢ = ((ij)i,j=1,n, We let div(7) be the divergence
operator div acting along the rows of 7, and define the transpose, the trace, the tensor inner product
operators, and the deviatoric tensor, respectively, as

n

n
1
Tt = (Tji)ij=1n, tr(T)= E Ti, T:(:= g 7i5Gij, and 7¢.=7— ﬁtr(T)H'
i=1 ij=1

2 The model problem

The stress-assisted diffusion problem studied in [16] and [17], which models the diffusion of a solute into
an elastic material occupying the domain §2, is described by the following system of partial differential
equations:

p:C(e(u)) in Q, —div(p) = f(¢) in Q, w=up on T,

o =1d(e(w)Vé in Q, —div(g)=g(u) in Q, and ¢$=0 on T, (21)

where p is the Cauchy solid stress, w is the displacement field, e(u) := 5(Vu+Vu®) is the infinitesimal
strain tensor (symmetrised gradient of displacements), and C stands for the linear operator defining
the Hooke law (cf. [14, eq. (2.36)]), that is

Ce(u)) := Atr(e(u))I + 2ue(u), (2.2)

with the Lamé constants A, u > 0 (dilation and shear moduli) characterizing the properties of the
material. In turn, ¢ represents the local concentration of species, o is the diffusive flux, and ¥ : R — R
is a tensorial diffusivity function. Finally, f : R — R is a vector field of body loads (which depends
on the species concentration), g : R — R denotes an additional source term depending on the solid
displacement w, and wp is the Dirichlet datum for w, which belongs to a suitable trace space to
be identified later on. Specific requirements on f and g will be given below. We note that system
(2.1) describes the constitutive relations inherent to linear elastic materials, conservation of linear
momentum, the constitutive description of diffusive fluxes, and the mass transport of the diffusive
substance, respectively. It also assumes that diffusive time scales are much lower than those of the
elastic wave propagation, justifying the static character of the system (cf. [21]).

On the other hand, in this work we are particularly interested in the nearly incompressible case,
which reduces to assume from now on that A is sufficiently large. In addition, in order to avoid
the weak imposition of the symmetry of p, we now reformulate (2.1) in terms of the non-symmetric
pseudostress tensor o introduced in [15]. More precisely, according to the analysis provided in [15,
Section 2.1], we know that the first row of (2.1) is equivalent to

cr:CA(Vu) in Q, —div(e)=f(¢) in Q, u=up on I, (2.3)
where

C(Vu) == (A +p)tr(Vu)l + pVu. (2.4)

Hence, bearing in mind (2.4) and applying matrix trace to the first equation of (2.3), we can express
tr(Vu) in terms of tr(o) (cf. [15, eq. (2.3)]), so that the former is eliminated and (2.3) is rewritten,
equivalently, as

Vu =C o) in Q, —div(e)=f(¢) in Q, w=wup on T, (2.5)
where ] .
A1 1 4
C (o) = ,ua n(n+ (n+ D) tr(o) 1. (2.6)



We point out here that the original Cauchy stress tensor p can be expressed in terms of the pseudostress

o through the formula
A+ 2u

nA+ (n+1)p

In turn, using (2.7) and the first equation of (2.1), from which we get e(u) = C~!(p), where (cf. [14,
Section 2.4.3])

p=o0+o" — tr(o) 1. (2.7)

cYp) i= o A )tr(p)ﬂ,

21 P 2u(n\ +2u
we can recast the strain-dependent diffusivity J(e(u)) as a pseudostress-dependent diffusivity 9(o).
In this way, we finally obtain that the model (2.1) can be restated as

Vu=C (o) in Q, —div(e)=f(¢) in Q, w=up on T,

~ - (2.8)
o)V¢ in Q, —div(g) =g(u) in Q, and ¢=0 on T.

g =

=

Throughout this work, we suppose that ¥ is of class C'' and uniformly positive definite, meaning
the latter that there exists ¥ > 0 such that

Hr)w-w > Jdg|lw? YweR, V71 eR. (2.9)

We also require uniform boundedness and Lipschitz continuity of ¢, that is that there exist positive
constants 91, ¥ and Ly, such that

91 < [9(1)] < ¥o and |9(r) — ()| < Ly|r —¢| V7, €R. (2.10)

Similar hypotheses are assumed on the source functions f and g, which means that there exist positive
constants f1, f2, Ly, g1, g2 and Ly, such that

fi <If) < fay [f(s) = F@O)] < Lyls —t] Vst €R, (2.11)
g1 < Jg(w)] < g2, and |g(v) —g(w)| < Lylv —w| Vv,weR. (2.12)

3 The continuous formulation

In this section we introduce a suitable Banach spaces-based variational formulation for (2.8), and then
analyze its solvability by means of a fixed-point strategy.

3.1 The mixed-primal formulation

We begin by noticing, as suggested by the Dirichlet boundary condition satisfied by the concentration
¢, that the appropriate trial and test space reduces in this case to

H3(9)={¢6H1(Q): v =0 on r}.

Thus, performing the usual integration by parts procedure in H(Q), the primal formulation for the
diffusion equation becomes: find ¢ € H}(Q) such that

Ag(d,9)) = Gu(¥) Vo € Hy(Q), (3.1)

where, given ¢ and w lying, respectively, in the same spaces where o and u will be sought,

Ac(d,0) = /Q HOVH-Vo Yo, e HYQ), (3.2)
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and

Gu(®) == /Q g(w)y Ve HY(Q). (3.3)

Next, before proceeding with the elasticity equations, we remark that in order to study the continuity
property of the diffusivity function ¥ within the definition of the bilinear form A (cf. (3.2)), which will
be required for the solvability analysis of the fixed-point operator equation to be proposed afterwards,
we need to be able to control the expression

/Q (0(7) — 9(C)) Vo - Vo, (3.4)

where 7 and ¢ are generic tensors belonging to the same space in which we will seek the unknown
o. In this regard, and employing the Lipschitz-continuity property of ¥ (cf. (2.10)), straightforward
applications of the Cauchy-Schwarz and Hélder inequalities yield

0.2¢:2 V¥l (3.5)

/Q (9(r) —19<<>>v¢-w\ < Lo - Clospal Ve

where p, ¢ € (1,400) are conjugate to each other, which makes sense for 7, ¢ € L?’(Q) and V¢ €
L?(Q). In this way, the above leads us to initially look for o in the space L"(Q), with r := 2p.
The specific choice of r will be discussed later on, so that meanwhile we consider a generic r and let
s € (1,400) be its respective conjugate. In turn, a suitable bounding of the expression ||Vl 240 in
(3.5) for a particular ¢ will also be explained subsequently by means of a regularity argument.

Having set the above preliminary choice for the space to which o belongs, it follows now from
(2.6) and the first equation of (2.8) that u should be initially sought in W17 (). Thus, in order to
derive the variational formulation of the elasticity equations, we need to invoke a suitable integration
by parts formula. Indeed, we first introduce for each ¢ € (1,+00) the Banach space

HY (divy; Q) = {7’ cLYQ): div(r) € Lt(Q)}, (3.6)
which is endowed with the natural norm defined as
ITlleaivie == ITlloso + Idiv(T)lose V7 e H(div;Q). (3.7)

Then, given t, t' € (1,400) conjugate to each other, there holds (cf. [11, Corollary B. 57])
(Tv,v)r = / {7’ Vo +v- diV(T)} VY (r,v) € H (divy; Q) x WH(Q), (3.8)
Q

where (-,-)p stands for the duality pairing between W~1/4*(I") and W'/ (I"). Moreover, thanks to
the surjectivity of the trace operator g : WL (Q) — WL (), a straightforward application of
the open mapping theorem and (3.8) yield the existence of a constant Cy > 0 such that

Irvll-1jeer < CvliTlleaivie V7 € H' (div; Q) . (3.9)

Now, applying (3.8) with ¢t = s and ¢ =7 to u € WI"(Q) and 7 € H*(div,; (2), and using the
Dirichlet boundary condition satisfied by u, for which we assume from now on that up € W1/57(I),
we find that

/7‘ :Vu = — / u-div(T) + (tv,up)r, (3.10)
Q Q
so that, according to (2.6), the testing of the first equation of (2.8) against 7 € H*(div,; Q) gives

1

2 g 1 o) tr(r - divis) — (1
M/Q ' +n(n)\+(n+1)u)/gt( ) tr( )+/Q div(7) = (Tv,up)p (3.11)




It follows from the third term on the left hand side of (3.11) that actually it suffices to look for w in
L"(Q). Furthermore, testing the second equation of (2.8), also named equilibrium equation, against

v € L*(Q)), we obtain
/ v-div(eo / f(o (3.12)
Q

which makes sense for div(o) € L"(Q2), and hence o is sought from now in H"(div,;2). To be more
precise about the latter, we notice that for each t € (1, +00) there holds the decomposition

H (divy; Q) = H(divy; Q) @ RI,
where

I (div; Q) = {r € H (divy; Q) : /ﬂtr(r) :o}.

Equivalently, each 7 € H!(div,; Q) can be decomposed, uniquely, as
1
T =1 +dl, with 7€ H(divy;Q) and d:= ‘Q|/ tr(t) e R. (3.13)
n Q

In this way, taking 7 =1 in (3.11) we get

M/Qtf(a) = /FUD'V,

from which, along with an application of (3.13) to ¢t =r and 7 = o € H"(div,; ), we deduce that

oc=o00+cl, with o€ Hy(div,;Q) and c:= W / up-v €R. (3.14)
r

The above shows that, in order to attain the full explicit knowledge of the unknown o, it only remains
to find its Hf(div,; )-component . Therefore, replacing o = o + ¢l back into (3.11), redenoting
o simply by o, replacing ¥(o) by ¥(o + cl) in the diffusion equation, noting that the testing of the
resulting (3.11) against 7 € H*(div,; 2) is equivalent to doing it against 7 € H(div,; ), and placing
this new equation jointly with (3.12), we arrive at the following mixed variational formulation of the
first row of (2.8): Find (o, u) € X2 x M; such that

alo, )+ bi(T,u) = G(7) V1 e X, (3.15)
bQ(O','U) = F¢(’0) Vv e MQ, '
where
Xy :=Hi(div,;Q), M;:=L"(Q), X;:=Hj(divs;Q) and My :=L%Q), (3.16)

and the bilinear forms a : Xo x X7 - Rand b; : X; x M; - R, i € {1, 2}, and the functionals Fy € M,
and G € X1, are defined, respectively, as

: / Cd n}\ " (1n " 1)M) /Qtr(C) tr(7) V(¢,T) e Xox X1, (3.17)
bi(T,v) = / v -div(T) V(r,v) € X; x M;, (3.18)
Q
G(t) :== (tv,up)r, VT e Xy, (3.19)
/ f(p)-v Vv e M. (3.20)
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In this way, the mixed-primal formulation of (2.8) reduces to (3.15) and (3.1), that is: Find (o, u, ¢) €
Xy x My x H} () such that

alo, )+ bi(T,u) = G(1) Vre X1,
bz(o',v) = F¢(’U) Yve My, (321)

Ag(d,9)) = Gu(p) Vo € HY(Q).

3.2 Fixed-point approach

In this section we follow a similar approach to those employed in previous works, e.g. in [2], [9],
[16], and [20], and make use of the decoupled variational formulations (3.15) and (3.1) to introduce a
fixed-point strategy for the solvability analysis of (3.21). Indeed, we first let S : H}(2) — X2 x M)
be the operator defined for each ¢ € H}(Q2) as S(¢) := (&,a), where (&,u) € X2 x M; is the unique
solution (to be confirmed below) of (3.15) with ¢ instead of ¢, that is

a(o, ) + bi(t,u) = G(7) V1T e X,
(3.22)
ba(o,v) = Fy(v) Vve M.

In turn, we let S : Xo x M; — H(©) be the operator defined for each (¢, w) € X x M as S(¢,w) = ¢,
where ¢ € H}(Q2) is the unique solution (to be confirmed below as well) of (3.1) with (¢, w) instead
(o, u), that is

Ag(0.9) = Gu(¥) Ve Hi(9). (3.23)

Thus, we define the operator T : H}(2) — H{(Q) as
T(p) :==5(S(¢)) Ve Hy(Q), (3.24)
and notice that solving (3.21) is equivalent to seeking a fixed point of T', that is ¢ € H}(€2) such that
T() = o. (3.25)

3.3 Well-posedness of the uncoupled problems
3.3.1 Some preliminary results

We begin with the Babuska-Brezzi theorem in Banach spaces.

Theorem 3.1. Let Hi, Ho, Q1 and Q2 be real reflexive Banach spaces, and let a : Hy x Hi — R
and b; : H; x Q; — R, i € {1,2}, be bounded bilinear forms with boundedness constants given by ||all
and ||bi||, i € {1,2}, respectively. In addition, for each i € {1,2}, let K; be the kernel of the operator
induced by b;, that is

K; = {TEHZ‘: bi(t,v) =0 VUGQ,}.

Assume that

i) there exists o > 0 such that

p 26

TEK, ||T||H1

T#0

> afdllm, Ve K,



ii) there holds
sup a(¢,7) > 0 Vre Ky, 7#0,

(eEK?
iii) for each i € {1,2} there exists 3; > 0 such that

sup 20V

rem, |7l a;

7'7&0

> fillvllg;  YveQi.

Then, for each (F,G) € Hy x QY there exists a unique (o,u) € Hy x Q1 such that

alo,7)+bi(t,u) = F(r VTeH,
) +hr) = F(7) 1 526,
ba(o,v) = G(v) Vo e Qa,
and the following a priori estimates hold:
1 1 Hall
lollm, < —[1Flu + 1+ [Gllg,
a B2
L, lal Jall (,  lal 320
a
U < — |1+ F G
fulloy < 5 (14140 g + 40 (14 120 e
Moreover, 1), ii), and iii) are also necessary conditions for the well-posedness of (3.26).
Proof. See [4, Theorem 2.1, Corollary 2.1, Section 2.1] for details. O

The results provided by the following two lemmas, which are originally stated and proved in [18,
Lemmas 3.1 and 3.3], will serve to establish the well-posedness of (3.15) for a given ¢ (equivalently
the well-definedness of the operator S).

The first lemma introduces a suitable linear operator mapping L!(€2) into itself for a range of .

Lemma 3.2. Let Q be a bounded Lipschitz-continuous domain of R™, n € {2,3}, and let t,t' €
(1,400) conjugate to each other with t satisfying the range specified by [18, Theorem 3.1]. Then, there
exists a linear and bounded operator Dy : LY(Q2) — LY(Q) such that

div(Dy(t)) =0 in Q, (3.28)

/Q tr(Di(r)) = /Q tr(r), (3.29)

for all T € LYQ). In addition, for each ¢ € LY (Q) such that div(¢) = 0 in Q, there holds

and

/gd (Di(T /cd V1 eLY(Q). (3.30)

For later use, we remark in advance here that a particular case in which both ¢ and t’ satisfy the
range specified by [18, Theorem 3.1] is when they lie in [f—fl, %] More precisely, it is easy to see
that ¢ belongs to this closed interval if and only if ¢ does as well.

The second lemma announced previously generalizes from ¢t = 2 to any ¢ € (1, 400) the inequality
stated in [6, Chapter IV, Proposition 3.1] (see also [14, Lemma 2.3]), which is employed for the
solvability analysis of the Hilbertian dual-mixed formulation of linear elasticity.



Lemma 3.3. Let 2 be a bounded Lipschitz-continuous domain of R", n € {2,3}, which 1s star-shaped
with respect to a ball, and let t € (1,400). Then, there exist positive constants Cy and Cy such that

() lose < Co{lIm¥loso + ldiv(r) oo} (3:31)

and R
I7lose < Co {0 + ldiv(r)loso } (3.32)

for all 7 € Hj(div; Q).

3.3.2 Well-definedness of the operator S

In what follows we employ some of the preliminary results provided in Section 3.3.1, along with
Theorem 3.1, to prove that the operator S (cf. (3.22)) is well-defined. We begin by checking that the
bilinear forms and linear functionals involved are all bounded. Indeed, we first observe from (3.17)
that a can be rewritten as

1 / A+ /
al,7)=— [ {:T7— tr(¢) tr(7),
G = L ST wm T o Jy MO
from which, noting that 71)\4:\(%1);; < %, and employing, thanks to the triangle and Holder inequalities,

that for each t € (1,400) there holds
lex(m)lloso < ¥ Tlose VT eLYQ), (3.33)

we find, using again Hoélder’s inequality, that

1 1
la(¢, T)| < =[Clloma ITllo.s0 + —ltr(C)lloma [[tr(T)]o,s:0
9 a 9 i (3.34)
< ;llCHO,r;ﬂ [7llo,s:0 < ;HClle ITllx, V(7)€ Xox Xy,

In turn, invoking once more the aforementioned inequality, it follows from (3.18) that

[b1(7, )| < [|div(7)llo,s:0 ([0

0.2 < [ITllaive,s0 lvllome V(T,v) € X1 x Ma, (3.35)

and similarly
ba(r,0)] < II7lla, i [ollosa V¥ (7,) € Xo x M. (3.36)

In addition, bearing in mind the upper bound for f (cf. (2.11)) and the estimate (3.9), we deduce
from (3.19) and (3.20), respectively, that

G(T)| < CrlluplliysprllTlx, V7€ Xy, (3.37)

and, for each ¢ € H}(Q),
Fs(v)| < 19" f2|vllose Vv e M. (3.38)

In this way, and as a straightforward consequence of (3.34) - (3.38), we conclude that a, b1, be, G and
Fy4 are all bounded with respective constants satisfying

2 ,
lall <5 el ball <1, 161 < Crlfuplyssr s and [1F] < j217 £ (3.39)

Next, we let K;, i € {1,2}, be the kernel of the bilinear form b;, i € {1,2} (cf. (3.18)), that is

i = {TEXZ'Z bi(t,v) =0 Vo GMZ},
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which, according to the definitions of X, Xy and b; (cf. (3.18)), yields
Ky = {r € Hi(divy; Q) :  div(r) = 0} (3.40)

and
Ky = {c € Hi(div,; Q) :  div(¢) = o}. (3.41)

The continuous inf-sup conditions required for the bilinear forms a (cf. (3.17)) and b; (cf. (3.18)),
1€ {1, 2}, are established next. While these results were already stated and proved in [18, Lemmas
4.1 and 4.3] by following similar approaches to those employed in [20, Lemmas 2.6 and 2.7], we provide
them again here for sake of completeness of our presentation.

Lemma 3.4. Assume that r and s satisfy the particular range specified by [18, Theorem 3.1], that is
r, S € [2—” 2—"] Then, there exist positive constants M and « such that for each X > M there hold

n+1’n—1
a(C, T
©7) > alely,  Veeks, (3.42)
rery 1Tl
T#0
and
sup a(¢,7) > 0 Vreky, 7#0. (3.43)
CER:

Proof. We begin by noticing, thanks to Hélder’s inequality and (3.33), that for each pair ({,7) €
Xy x X1 = Hj(div,; Q) x Hy(divs; Q) there holds

JREGESS

Now, we consider ¢ € Kg, that is { € Xy := Hj(div,; ) and div(¢) = 0, such that ¢ # 0. Then,
according to the definition of a (cf. (3.17)) and the estimates (3.44) and (3.31) (cf. Lemma 3.2), we

< 0 [t o 1 llo,s0 - (3.44)

obtain
a¢.T / e ¢
sup T - ! ¢Yora - 3.45
o G 2 e o - ey 1< (3:49)
T#0 T#0
Next, in order to derive a lower bound for the supremum on the right hand side of (3.45), we let
¢or—=¢e if ¢ 75 0
and observe that ¢, € L°(Q2) and
/QCd ¢ = 1o = I€:l5.00 = 1€ om0 1€ (3.47)

In addition, it is clear that tr(¢,) = 0, and thus, thanks to Lemma 3.2, it follows that Ds({,) belongs
to KC1. Moreover, using (3.30) and (3.47), we find that

d. d _ d. .d _ d. . d
/Qc (Da(¢y) = /ﬂc ¢l = /Qc ¢y = [1¢ora G

and hence, noting that ||Ds(¢,)|lx, = [|Ds(€s) 0,50, and invoking the boundedness of D, (cf. Lemma
3.2), we deduce that

a..d a. a
fert [ o) 1o I,

‘075;9 ;

0,s;92 1 4
sup > = — 2> 1< 0,562 - (3.48)
rex 71l x, 1Ds(€s)ll X, 1Ds(Cs) 0,552 | Ds|l '
T

11



Consequently, replacing (3.48) back into (3.45), we get

G(C,‘T) { 1 ér } .
ex, - - Cllora s 3.49
rery 17X, DS~ a5 (nh + (n+ 1)p) 1€ lo (3.49)

T#0

from which, choosing A sufficiently large such that

C, 1
< )
nt/s(nA+ (n+1)p) — 2u) Ds|l

which reduces to u _
A > Mg = s max{2|\DSHC’,, — !5 (n+ 1),0} ,

1

and applying (3.32) to ¢, we arrive at (3.42) with o := On the other hand, given now

2D Cr”
T € K1, T # 0, we exchange the roles of 7 and ¢ in the above analysis, so that we obtain
1
sup a(¢,T) > sup alC, 7) > — ||7||x, > 0 (3.50)
¢eks CeRy 1<l 2p||Dr|| Cs
¢#0

for M ~

A > My = max{2HDTHCS — " (n + 1),0} ,
which shows (3.43). In this way, the proof is completed by choosing M := max {M s MT}. O

From now on we assume that the Lamé parameter A is such that
A> M,

with M defined at the end of the foregoing proof.

Lemma 3.5. Assume that r and s satisfy the particular range specified by [18, Theorem 3.1], that is,

r,s€ [nz—f:l, %] Then, there exist positive constants 31, Ba such that for each i € {1,2} there hold
b;(¢,v
sup i(6,v) > Bi vl Vv e M. (3.51)
cex; I€]x;
¢#0

Proof. Since by and bs have the same algebraic structure (cf. (3.18)), and the pairs (X3, M;) and
(X2, M) are obtained from each other by exchanging r and s, it suffices to show (3.51) for either
i =1 or i =2. We proceed here with i = 2, for which, given v € M, := L*(Q), we first set

e if v#£0,
v _{ 0 if v=0. (3:52)
It follows that v, € L"(£2), and similarly to (3.47), there holds
/QU'W = [vll5,5.0 = llvrlome = lvllose llvrllora- (3.53)

Next, we let z € Wé’T(Q) be the unique solution, guaranteed by [18, Theorem 3.2], of the vector
Poisson equation [18, eq. (3.19)] with f = 0 and g = v, that is

Az = v, in Q, z=0 on T,
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whose weak formulation reduces to: Find z € Wé’T(Q) such that

/Vz-Vw——/UT-w VwEWé’S(Q).
Q Q

Note that the corresponding continuous dependence result establishes the existence of a positive con-
stant ¢, such that

1Zl1me < & llvrllorme - (3.54)
Furthermore, we observe that div (Vz) = v, in Q, which proves that Vz € H"(div,;{2), and hence

we let ¢ be the H (div,; Q)-component of Vz. Thus, employing (3.54) and noting that div(¢) = vy,
we obtain

I€llx, = [IKllome + Idiv(Olore < [2lime + lvrlone < (1+6) [lor

Finally, bearing in mind the definition of by (cf. (3.18), i = 2), and making use of (3.53) and the
foregoing inequality, we conclude that

0,7;8 -

m@m>>@@my24””r> 1

b > 2l > vl (3.55)
e e = 10k, W, T TEET

which proves (3.51) for i = 2 with (5 := (1+ E,«)fl. O

For the rest of the paper we assume meanwhile that r and s lie in the range stipulated in Lemmas
3.4 and 3.5, that is

2n 2n }

M €|: )
8 n+1 n-—1

(3.56)

The following result establishes that the operator S (cf. (3.9)) is well defined.

Lemma 3.6. For each ¢ € Hj(Q) there exists a unique S(p) = (S1(y),S2()) = (o,u) € Xy x M
solution to (3.22). Moreover, there hold

- C, QY 2
IS0 = 1815 < Tuplljerr + 5 (142 ) for and

IS, = il < 5 (142 ) Junllyern + 251 (14 2 ) 1o
P ap w51 B2 ap

Proof. Thanks to the fact that Xy, X5, M; and My are all reflexive Banach spaces, along with
the boundedness of all the forms and functionals involved, and the inf-sup conditions provided by

Lemmas 3.4 and 3.5, the proof reduces to a direct application of Theorem 3.1. In particular, the a
priori estimates (3.57) follow from (3.27) and (3.39). O

3.3.3 Well-definedness of operator S

In this section we use the classical Lax-Milgram lemma to prove that S (cf. (3.23)) is well defined. In
fact, we first notice from (3.2) and (2.10) that, given ¢ € Xa, there holds

Ac(d,0) < V2|0

which says that A¢ is bounded independently of ¢ with

1.0 Vo, € HY(Q), (3.58)

1.0 el

[Acll < D2 (3.59)
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In turn, using now that ¢ is uniformly positive definite (cf. (2.9)), and denoting by ¢, the constant of
the Poincaré inequality in H}(£2), which says that ||¢[l1.0 < ¢, |¢l1.a Vé € Hi(R), we deduce that

Ac(d,) = /Q HC)VS Vo > allolZa Vo e HYQ), (3.60)
where 9
&:Eé’ (3.61)

thus establishing the H{(9)-ellipticity of A independently of ¢ as well. Furthermore, given w € Mj,
and bearing in mind (3.3), we employ the upper bound of g (cf. (2.12)) and the Cauchy-Schwarz
inequality to arrive at

Gu@) < Q"2 g2 llvllon Vo € Hi(€), (3.62)
which yields G, € H(Q) with [|Gap|| < [V go.
Consequently, we are in a position to state that the operator S is well-defined.

Lemma 3.7. For each ({,w) € Xy x M, there exists a unique S(C,w) = ¢ € H{(Q) solution to
(3.23). Moreover, there holds

~ ~ _ 1
IS¢ w)lhe = ll¢lhe < T = EIQII/ng- (3.63)

Proof. Thanks to the previous analysis, it is a straightforward application of Lax-Milgram’s lemma
(cf. [14, Theorem 1.1]). O

3.4 Solvability of the fixed-point equation

In this section we address the solvability analysis of the fixed-point equation (3.25). For this purpose,
the hypotheses of the Banach fixed-point theorem are verified in what follows. We begin by defining
the ball

W= {peH)Q): [olia < E}, (3.64)
where T > 0 is the constant specified in (3.63). The following result states that 7" maps W into itself.
Lemma 3.8. There holds T(W) C W.

Proof. It follows directly from the definition of T' (cf. (3.24)) and the a priori estimate for the operator
S provided by (3.63). O

The next goal is to establish the continuity of 7', for which we previously prove the corresponding
properties of S and S. We begin with the one of S.

Lemma 3.9. There exists a positive constant Cg, depending only on u, o, B1, B2, and the norm of
the continuous injection i, : H'(Q) — L7(Q), such that

18(6) = S(@)llxoxar, < CsLyllo—lin Vo, ¢ € Hy(Q). (3.65)

Proof. Given ¢, 1 € H}(Q), we let S(p) := (o,4) € Xo x My and S(¢) := (6,u) € Xa x M,
which satisfy (3.22) with ¢ itself and with ¢ = 1, respectively. Then, subtracting the corresponding
equations of these systems, we obtain

alc —o,7) + bi(t,u—u) = 0 VT e Xy,

o (3.66)
bo(5 — &, v) = (F,—Fy)(v) YveM,,



which says, thanks to the analysis and results from Section 3.3.2, particularly the inf-sup conditions
satisfied by a, by and by, along with Theorem 3.1, that (¢ — &,u — u) € Xy x M; is the unique
solution of (3.22) with G given by the null functional and F, replaced by F, — F. Next, having in
mind the definitions of Fi, and Fy (cf. (3.20)), employing the Lipschitz-continuity of f (cf. (2.11)),
applying Holder’s inequality, and invoking the continuous injection 4, : H*(Q) — L"(£2), which is valid

in particular for r € [nz—fl, n2f1], we readily find that

((Fp = Ey)()] < Lyl = dllosa[vllose < Ly lliclllle = ¢llielvlose  Voe M, (3.67)

which implies ||[Fy, — Fyllay, < Ly [lir] [|¢ — 9[[1,0. In this way, this latter inequality and the abstract
estimate (3.27) applied to problem (3.66), yield (3.65) and end the proof. O

On the other hand, in order to establish a continuity property for g, we follow the approach of
diverse previous works (see, e.g. [1], [9], [16], [17], and [20]), and introduce a regularity assumption
on the solutions of the problem defining this operator. More precisely, from now on we suppose that
there exists € > = and a constant C. > 0, such that

(RA) for each (¢, w) € X5 x M there holds S(¢, w) = ¢ € HY(Q) N H#(Q) and

|ll14e0 < Cega. (3.68)

The reason of the aforementioned lower bound of ¢ is clarified within the proof of the next lemma,
which provides the Lipschitz-continuity of the operator S. In connection to this, and to be employed in
the aforementioned proof as well, we recall now, thanks to the embedding between fractional Sobolev
spaces, that for each ¢ < % there holds H*(€2) C L (), with continuous injection

* 2
ie  HS(Q) — L7(Q), where &=~ _”28. (3.69)

In this regard, we notice that the indicated lower and upper bounds for the additional regularity e,
which turn out to require that € € [, §), are compatible if and only if » > 2, which is coherent with
the fact that initially (cf. (3.5)) r = 2p, with p € (1, +00). Then, intersecting this constraint with the

one stated previously in (3.56), we deduce that the feasible range for r becomes

9 2,4] ifn=2,
re (2, n ] _ ) @ ' (3.70)
n—1 (2,3] ifn=3,

which we assume from now on. As a consequence, the range for the conjugate s of r is

c [ 2n 2) :{ [%,2) ifn=2, (3.71)

n+1’ 3,2) if n=3.

»

Lemma 3.10. There exists a positive constant Cg, depending only on «, the norm of the continuous
injection is : HY(Q) — L5(Q), ||, 7, &, |lic| (cf. (3.69)), and C: (cf. (3.68)), such that

IS¢, w) = S(7,v)

l1.0

< C§ {Lg + Ly 92} H(Caw) - (Tav)HXQXMl V(C7w)a (T,’U) € Xo x M.

(3.72)

Proof. Given (¢, w), (T,v) € X2 x M1, we let ¢ = g((, w) and @ := g(r,'v), which means, according

to the definition of S (cf. (3.23)), that ¢ and @ are the unique elements in H}({2) such that
Ag(6,9) = Gu(w) Vo € HH(Q), (3.73)
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and
A (@,9) = Go() V¢ € Hy(). (3.74)

Thus, applying the H}(€2)-ellipticity of A¢, adding and subtracting A (@, qg — @), and then employing
(3.73) and (3.74), we first obtain

allg—3l3g < Ac(d—3.0—3) = (Ar — AL)(@.0— B) + (Guw — Gu) (0 — 7). (3.75)

Next, using the Lipschitz-continuity of g (cf. (2.12)), applying Holder’s inequality, and invoking the
continuous injection iz : H!(Q) — L#(Q), which is also valid for the present range of s, we find that

(G — G) (& — <P|</|g @13 -3 < L, /|w—v||<z> 7l

< Ly llw = vlora 6 = Blose < Ly lisll [w = vllorg |6 — Glia-

(3.76)

In turn, employing now the Lipschitz-continuity of ¢ (cf. (2.10)), and making use again of Holder’s
inequality, we get

(A7 — Ag)(@, 6 — @I—‘/ ) Ve V(-7

< Ly |7 — Cllo2en IV@lo2p0 |16 — @lle

(3.77)

where p, ¢ € (1,+00) are conjugate to each other. Now, choosing p such that 2p = £* (cf. (3.69)),
we get 2¢ = 2, which, according to the range stipulated for ¢, yields 2¢ < r, so that the norm

of the embedding of the respective Lebesgue spaces is given by C,.. = |Q]ri;n. In this way, using
additionally the continuity of i. (cf. (3.69)) along with the regularity assumption (3.68), the estimate
(3.77) becomes

|(Ar — Ac)(%a— Q) < Ly Cre |7 —

< LyChe lic|l Ce g2 || T — CHOJ‘;Q Hg_ ‘5”179 .

(3.78)

Finally, replacing the resulting estimates from (3.76) and (3.78) back into (3.75), simplifying ||g;—95||19
on both sides, and dividing by &, we arrive at (3.72) and finish the proof. O

We are now in a position to establish the Lipschitz-continuity of the fixed point operator 1. More
precisely, we have the following result.

Lemma 3.11. There exists a positive constant Cp, depending only on Cs and Cz, such that

IT(6) = T(p)

g+ Loga}llo— ¢l Vo, o € Hy(Q). (3.79)

Proof. Given ¢, ¢ € H}(), and bearing in mind the definition of T' (cf. (3.24)), straightforward
applications of Lemmas 3.10 and 3.9 yield

IT(¢) = T(@)l10 < C5{Lg+ Lo g2} 1IS(¢) — S()|| xox 1
< C3Cs Ly {Ly+ Ly g2} o — ¢llia,

which yields (3.79) with Cr := Cs Cy. O

Consequently, the main result of this section is stated as follows.
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Theorem 3.12. Assume the regularity assumption (RA) (cf. (3.68)) and that the data Ly, Ly, Ly
and go are sufficiently small so that

CrLf{Ly+Lyga} < 1. (3.80)

Then, the coupled problem (3.21) has a unique solution (o,u,¢) € Xo x My x H{(Q), with ¢ € W
(cf. (3.64)). Moreover, there hold

C QY 2
o, < S fuplyyere + 257 (14 2) o and

(3.81)
C:

| <(“*2>W| +mwﬁ@+2)f
Mi=g QL Plltfsml P12 ap) '

Proof. Thanks to Lemmas 3.8 and 3.11, and the assumption (3.80), the existence of a unique ¢ € W
solution to (3.25), and hence, equivalently, the existence of a unique (o,u,¢) € Xo x My x H}()
solution to (3.21), is merely an application of the Banach fixed point Theorem. In addition, the fact
that (o, u) = S(¢) along with the a priori estimates provided by (3.57), yield (3.81) and conclude the
proof. ]

4 The Galerkin scheme

In this section we introduce the Galerkin scheme of the mixed-primal formulation (3.21), and analyze
its solvability by employing a discrete version of the fixed point strategy developed in Section 3.2.
For this purpose, we begin by considering arbitrary finite element subspaces X5, C Xa, My, C M,
X1p C X1, My, C Xo, and Hy, € H{(2), whose specific choices satisfying all the required stability
conditions will be introduced later on in Section 5. In this way, the Galerkin scheme associated with
(3.21) reads: Find (op,up) € Xop x My, and ¢p, € Hy, such that

a(on, h) +bi(Th,up) = G(Th) V1 e Xin,
ba(on,vn) = Fy,(vn) Vo, € My, (4.1)
Ao, (On,0n) = Gu,(¥n)  Vp € Hy.

4.1 The discrete fixed point strategy

Here we adopt the discrete analogue of the fixed point strategy introduced in Section 3.2 to analyse
the solvability of (4.1). According to it, we now let Sy, : Hy, — X}, 9 X M}, 1 be the operator defined
for each ¢p, € Hy, as Sp(¢p) = (oh,up), where (op, up) € Xop X M, is the unique solution (to be
confirmed below) of the first two equations of (4.1) with ¢}, instead of ¢y, that is

a(@n, Th) +bi(Th,un) = G(Th) V1€ Xip,

_ (4.2)
bg(O’h,’Uh) = F%(vh) Yoy € M27h.

In addition, we also let S, : Xo p x My, = Hj, be the operator defined for each ({,, wy) € Xop X My p,
as Sp (¢, wp) := ¢p, where ¢ € Hy, is the unique solution of the last equation of (4.1) with (¢}, wp)
instead of (o, up), that is

A¢, (Bnston) = G, (1) Viby € Hy. (4.3)
Then, we define the operator T}, : H, — Hj, as
Ti(en) == Su(Su(en)) Ven € Hy, (4.4)
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and realise that solving (4.1) is equivalent to seeking a fixed point of T}, that is ¢ € Hj such that

Th(dn) = on- (4.5)

4.2 Well-posedness of the operators S, and gh

We now apply the discrete versions of Theorem 3.1 and Lax-Milgram’s lemma to show that the discrete
operators Sj, and Sj, are well defined, equivalently that problems (4.2) and (4.3) are well-posed. For
this purpose, we now let Ky j, and Ky j, be the discrete kernels of the operators induced by the bilinear
forms by and bo, respectively, that is

Kin = {Th € Xip: bi(Th,vp) =0 VYo, € Ml,h}7 (4.6)

/C27h = {Ch S X?,h : bQ(Cha'Uh) =0 VYov, € Mg’h}. (4.7)

Next, we introduce some hypotheses involving the arbitrary spaces Xy, My p,, X1 p, and Ma p,, as well
as Ky 5 and Ko p. More precisely, from now on we assume the following:

(H.1) there exists a constant agq > 0, independent of h, such that

o, T
sup w > aq|lonllx, Vope Kyp, and
mexy, ITnllx
Th#0
sup a(Cp,Th) > 0 Ve Kip, Th #0.
CheEKan

(H.2) there exist constants (1 4, f2.4 > 0, independent of h, such that for each i € {1,2} there holds

b.
sup bi(Tn, vn) > Bia |vnllwm; Von € Mip.
"'heXi,h HThHXL

Th7£0

Specific finite element subspaces satisfying (H.1) and (H.2) will be defined later on in Section 5.2.
Thus, as a straightforward consequence of these assumptions, we obtain the following result.

Lemma 4.1. For each ¢y, € Hy, there exists a unique Sp(¢n) = (Sl,h(ﬁph),sz,h(s%)) = (op,up) €
Xop x My p, solution to (4.2). Moreover, there hold

N C, QY 2
IS1n(en)llxe = 18allxs < = lupllijsrr + 1+ f2, and
aq /32,d Qq
. B Cr X 9 2’Q|1/7‘ . 9 (4.8)
p— < E—— . .
1S2,n(on)llan, = llwnllan < Bra < * adu> lunlysrr + uﬁLded( * adu> f2

Proof. Invoking (H.1) and (H.2), the proof reduces to a direct application of the discrete version of
Theorem 3.1 (see, e.g. [4, Corollary 2.2]). In particular, the a priori estimates given by (4.8) follow
from the discrete analogue of (3.57). O

Having proved that S;, is well-defined, we now establish the same property for §h with an arbitrary
finite element subspace Hy of H!(Q).
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Lemma 4.2. For each (), wn) € Xop x My, there exists a unique S(¢p,, wp) := ¢p, € Hy, solution to
(4.3). Moreover, with the same constant T introduced in Lemma 3.7, there holds

IS, wi)llie = [énllie < % (4.9)

Proof. Tt suffices to note that the bilinear form A¢, is Hy-elliptic with the same constant « given by
(3.61), and that G, restricted to Hy, belongs to Hj, with |Gy, || < |22 g2 (cf. (3.62)). In this way,
the proof is a direct application of Lax-Milgram’s lemma. O

4.3 Discrete solvability analysis

Having proved that the discrete operators Sy, gh, and hence T}, are all well defined, we now address
the solvability of the corresponding fixed point equation (4.5). To this end, and similarly to (3.64),
we first introduce the discrete ball

W), = {¢h cHy: |énlia < 'f}, (4.10)

and establish the discrete analogue of Lemma 3.8.

Lemma 4.3. There holds Ty(Wp,) C W,

Proof. Similarly to the proof of Lemma 3.8, it follows from the definition of 7}, (cf. (4.4)) and the a
priori estimate for the operator S, provided by (4.9). O

Next, we aim to state the continuity of the operators Sy, §h, and Tj. We begin with S;, by proceeding
analogously to the proof of Lemma 3.9. Indeed, considering the Galerkin scheme associated with (3.66),
the inf-sup conditions provided by (H.1) and (H.2), the continuous injection 4, : H!(£2) — L"(£2), and
the discrete version of the abstract estimate (3.27) (cf. [4, Corollary 2.2]), we readily deduce that there
exists a positive constant Cs 4, depending only on u, ag, B1.d, S2.4, and |4, ||, and hence independent
of h, such that

ISh(@én) — Sn(on)lxoxan < Csalyllon —wnllie Vo, o€ Hy. (4.11)

In turn, for the continuity of gh we slightly modify the reasoning of the proof of Lemma 3.10.
In fact, instead of the regularity assumption (RA), which is certainly not applicable in the present
discrete context, we just employ an L2¢ — L? — L2 argument to derive the discrete version of (3.72),
where p, g € (1,400) conjugate to each other, are chosen such that 2g = r. Note that this is a feasible
choice since, as stipulated in (3.70), there holds r > 2, which yields r* := 2p = % In this way, given

T
(Chswn), (Th,vn) € Xop X My p, and denoting ¢p = Sp(Cp, wr) € Hy and @, = Sp(7h, vs) € Hp, the
discrete analogue of (3.77) becomes

((Ary — Ae)@hydn — @0)| < Lo |lmh — €,

which, along with the discrete versions of (3.75) and (3.76), imply the existence of a positive constant

C5 4> depending only on & and the norm of the continuous injection i, : H' () — L5(£2), and hence

independent of h, such that

0,2 IV@nllor=0 lon — @nlli,0, (4.12)

1Sh(¢hy wh) — Sh(Th, v1) 1.0
_ (4.13)
< Cga 1Ly + Lo lIVSu(rn, vn)llo=0} (Chswn) — (Th, va) [ xa %01y

for all ({p,,wp), (Th,vn) € Xop X Myp.
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In this way, recalling the definition of T}, (cf. (4.4)), and employing the estimates (4.11) and (4.13),
we conclude that

[ Th(on) — Th(en)lle < CraLys{L, onllie  Von on € Hy, (4.14)

with the positive constant Crq := Cs 4 Cg 4. Regarding the estimate (4.14), we emphasize here that,

while it proves the continuity of T}, the lack of control of the term |1}, (¢p)l/0,r+:0 does not allow us to
conclude Lipschitz-continuity and hence nor contractivity of this operator. Consequently, we are able
to establish next only the existence of a fixed point of Tj,.

Theorem 4.4. The Galerkin scheme (4.1) has at least one solution (op, un, ¢n) € Xop x My p x Hy,
with ¢n, € Wy, (¢f. (4.10)). Moreover, there hold

C QY 2
loulxs < S fuplhjsrr + B (1+ >f2, and
aq B2.4 oq

C, ( 2 ) 2|1Q|1/" ( 2 >
wpllan < 1+ —) |lup r + 1+ —] fo.
fenllar B1,d aq p Fenllaysre 1B1,d B2.a ag

(4.15)

Proof. Thanks to Lemma 4.3 and the continuity of 7}, (cf. (4.14)), and bearing in mind the equivalence
between (4.1) and (4.5), a straightforward application of Brouwer’s theorem (cf. [8, Theorem 9.9-2])
implies the first conclusion of this theorem. In turn, the fact that (o, us) = Sp(¢r) and the a priori
estimates from (4.8) yield (4.15), thus completing the proof. O

4.4 A priori error analysis

We now aim to derive an a priori error estimate for the Galerkin scheme (4.1) with arbitrary finite
element subspaces satisfying the hypotheses introduced in Section 4.2. In other words, we are interested
in establishing a Céa estimate for the global error

o —onllx, + [lu—wunllray + |6 —énllia,

where (o, u, ) € Xo x My x H}(Q) and (o, up, ¢p) € Xop x My x Hy, are the unique solutions of
(3.21) and (4.1) , respectively, with ¢ € W (cf. (3.64)) and ¢p, € W, (cf. (4.10)). For this purpose,
and in order to employ suitable Strang estimates, we rewrite (3.21) and (4.1) as the following pairs of
corresponding continuous and discrete formulations

= G(T) Ve X,

= F¢(v) Vv e My,

a(o, )+ b1 (T, u)
)
(4.16)
)
)

( 7

a(on, Th) + bi(Th, up

]

= G(Th) VT}L c Xl,h?

(o-h,vh = F¢h(vh) V’Uh c Mg’h,
and
As(0,1) = Gul(t) Ve € Hy(Q), (417)
Ao, (On ) = Gu,(¥n) Vi € Hp. '
In what follows, given a subspace Zj, of a generic Banach space (Z, || - ||z), we set for each z € Z

dist(z, Zp) = Zigg |z — znllz -
h h

Then, applying the Strang a priori error estimate from [4, Proposition 2.1, Corollary 2.3, and
Theorem 2.3] to the context given by (4.16), we deduce that there exists a positive constant Cgr,
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depending only on aq, S1.d, B, llall, [[b1]l, and [[b2]|, where [|a] < % and [|ba]], [[b2]] < 1 (cf. (3.39)),
such that

lo = anllx, + lw = wnlla, < Csr {dist(r, Xo0) + dist(w, Mip) + [ Fy = Follag, } - (418)
Then, proceeding as for the derivation of (3.67) (cf. proof of Lemma 3.9), we readily find that
IFs = Foullg, < Ly liclll6 = énllo. (4.19)
which, replaced back into (4.18), gives

o — onllx, + [[w — wnllar
~ (4.20)
< Csr {dist(m Xop) + dist(w, My p) + Ly ||ir|| | — ¢hHLQ} :

On the other hand, applying now the classical first Strang Lemma for elliptic variational problems
(cf. [11, Lemma 2.27]) to the context given by (4.17), and then adding and subtracting ¢ to the first
components of the expressions involving A, and A, in the corresponding consistent term, and finally
employing the boundedness of these bilinear forms (cf. (3.58) - (3.59)), we arrive at

||d) - (;Sh”LQ S 615T {dlSt(d)?Hh) + ”Gu - G’uhHH;L + HAO'(¢7 ) - Adh(¢7 )”H;l} ; (421)

where Cgp is a positive constant depending only on & (cf. (3.60) - (3.61)) and the upper bound 95 of
|Ag, |l (cf. (3.58) - (3.59)). Next, proceeding exactly as for the derivations of (3.76) and (3.78), we
find that for each ¢, € Hj, there hold

(G = Guy )(n)| < Ly [lis| 1w = wnllor llenlie

and
|A0'(¢7 @h) - Ao'h (¢7 ‘Ph)| < Ly Cr,s

respectively, from which it follows that

licl| Ce g2 llo = anllora lenllie,

G = Gyl < L [l3s]] [l — wnllan (4.22)

and
[Ae(0,") = g, (0, ), < Ly Crellicl| Ce g2l —onllx, - (4.23)

In this way, replacing (4.22) and (4.23) back into (4.21), we conclude that

I = ¢nllo < Csr {dist(¢, Hp) + Ly llisl [lw — wnllar, + Lo Crellic|| Ce g2 [lo — Uhl\xg}- (4.24)

In turn, using the foregoing bound in (4.20), and performing some algebraic arrangements, we get

I =l + o —wnllan, < o {dislor Xo) 4 dist(o, Mo) il B}

+ C1 Ly Ly |lw — up|[ar, + Co Ly Ly g2 llo — opllx,

where Cy := 6ST max {1,L 7 |lir|] G'ST}, and C; and Cy are positive constants depending only on
CST» CST7 ||Z1“Ha ||Zs”> ||'Ls||a Cr,sa and C-.

According to the previous analysis, we are now in a position to establish the announced Céa
estimate.
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Theorem 4.5. Assume that the data satisfy

_ 1 _ 1
ClLng < 5 and CQLfLﬁgg < 5 (4.26)

Then, there exists a positive constant C, independent of h, such that

o —onllxs + llu—unlla + ¢ — dnll1e
(4.27)
< C {dist(cr, Xop) + dist(w, My p) + dist(o, Hh)} .

Proof. 1t suffices to employ the assumptions from (4.26) in (4.25), and then combine the resulting
estimate with (4.24). O

5 Specific finite element subspaces

We now restrict our analysis to the 2D case and define specific finite element subspaces X5 C X,
My C Ms, X1 C Xy, My, C My, and Hy, C HJ(2), satisfying the abstract hypotheses (H.1) and
(H.2) that were introduced in Section 4.2 in order to guarantee the well-posedness of the Galerkin
scheme (4.1).

5.1 Preliminaries

We begin by letting {’ﬂ} o D€ a regular family of triangulations of ), which are made of triangles K

of diameters hg, and define the meshsize h := max {h k: Ke 7}1}, which also serves as the index of
Th. Then, given an integer k > 0 and K € Ty, we let P (K) be the space of polynomials defined on K
of degree < k, and denote its vector version by P (K). In addition, we let RTy(K) = Py (K)DPr(K)x
be the local Raviart-Thomas space defined on K of order k, where & stands for a generic vector in
R?, and denote by RTy(K) its corresponding tensor counterpart, that is, letting 7; be the i-th row of
a tensor 7, we set

RT,(K) := {r € H(div;K): ;€ RTy(K) Vic {1,2}}.

In turn, we let Pr(7,) and RTx(7;) be the corresponding global versions of Py (K) and RTy(K),
respectively, that is

Py(Ti) = {wn €L2(Q):  walx € Pu(K) VK €T},
and
RT(T;) = {rn € H(div;) :  milic € RTW(K) VK € T}

We stress here that for each t € [1,+00] there hold Py(7,) C LY(Q) and RT, C H'(div; Q) (cf.
(3.6)), which is implicitly utilized below in Section 5.2 to define the announced specific finite element
subspaces. Some useful properties concerning P (7;) and RTy(7;,) are needed first. For this purpose,
we now introduce for each ¢ € (1, +00) the space

H, = {’T € Hi(divi; Q) : 7|k € WHEK) VK € E} ,

and let IT¥ : H; — RT(75) be the global Raviart-Thomas interpolation operator (cf. [5, Section 2.5]).
Then, we recall from [5, Proposition 2.5.2 and eq. (2.5.27)] that the commuting diagram property
states that

div(Ilf (7)) = Pl(div(r)) VT eH,, (5.1)
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where ’Pﬁ : L1(Q2) — P (7p) is the usual orthogonal projector with respect to the L?(€2)-inner product,
that is given w € L'(Q), P¥(w) is the unique element in Py (7T;,) satisfying

/’Plfl(w)-vh = /w-vh Vop € P(Th) - (5.2)
Q Q

Regarding the approximation properties of ’Pﬁ and Hi in the present context of the Banach spaces
LY (Q) and Hj(div,; ), we remark that they follow in the usual way by employing now the W™?!
version of the Deny-Lions Lemma (cf. [11, Lemma B.67] with integer m > 0 and ¢ € (1,+00), the
associated scaling estimates (cf. [11, Lemma 1.101]), and the regularity of {7}n>0. Indeed, one
deduces the existence of positive constants Cp, Co, independent of h, such that for integers | and m
verifying 0 < [ < k+4+1and 0 < m < [, there hold

|w — P (w)|mea < CLA "™ |w|ig  Vw € WH(Q), (5.3)
and

|div(T) — div(TI} (7)) |meo < CLA ™ |div(T)|iwo V7 € WH(Q) with div(T) € WH(Q), (5.4)
whereas for integers [ and m verifying 1 <[ < k+1 and 0 < m < [, there holds

|7 =T (7)o < Coh ™™ 7|10 V1 e Wh(Q). (5.5)

Note that actually (5.4) follows from (5.1) and a direct application of (5.3) to w = div(7). Also, we
highlight that (5.3) is first derived for 1 < [ < k4 1, and then using only the scaling estimates one
proves the stability of PE. that is the existence of a positive constant ¢, independent of h, such that

IPh(w)lose < clwlloge  YweL{(9Q). (5.6)

In turn, employing the triangle inequality and (5.5) with [ = 1 and m = 0, we conclude the boundedness
of IT¥ : WLt(Q) — L!(Q2), which means that there exists a positive constant C, independent of h, such
that

5 (Dllose < Clitlhee Y7 eWH(Q). (5.7)

Finally, taking in particular m = 0 in (5.5) and (5.4), we readily find that there exists a positive
constant C3, independent of h, such that for 1 < [ < k4 1 there holds

I = () lawee < Coh' {|Thuo + [div(r)liuo | (5.8)

for all 7 € WH(Q) with div(T) € WH(Q).

5.2 The finite element subspaces

Appropriate finite element subspaces approximating the unknowns of the pseudostress-based mixed
variational formulation for the elasticity problem are defined as follows

Xop = Xo N RTH(T) = {ch € Hi(div,: Q) :  (ulx € RT(K) VK € Th},
My == My N PR(Th) = {vh cL3(Q): wplx € Pr(K) VK € E},

(5.9)
Xip = X1 0 RTH(T) = {Th € Hi(divy; Q) :  Ta|x € RTH(K) VK € n}

My == My 0 PR(Th) = {vh eL7(Q): wplx € Pr(K) VK € n}.
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In turn, the unknown of the diffusion problem is approximated by Lagrange finite elements of degree
< k+1, that is

H), = {wh €C(Q)NHLYQ) : nlx € Pri(K) VK € Th}. (5.10)

Regarding the definitions in (5.9) we stress that, while the pairs (X2, M) and (X1, My ,) are
topologically different, they do coincide algebraically, and hence the stiffness matrices associated to
the bilinear forms by and by are exactly the same. Moreover, since div(X; ) € My, i € {1,2}, it
follows that the corresponding discrete kernels of the bilinear forms b; and by coincide as well, and
that they are given by the space

Kk o = {rh e Kk /tr(rh) :0}, (5.11)
Q
where
Kk = {rh € RTK(Th):  div(ry) = o}. (5.12)

Moreover, similarly as derived for the vector version in [10, Lemma 2.1] (see also [20, Lemma 4.1] for
a slight variant of it), one can show that

K = curl(Py10(71)) , (5.13)

where

Puina(T) = {8 € B dulic € Pra(k) VKT, [ 4u =0},

and curl is the usual curl operator acting component-wise.

Now, we let ©F : L1(Q) — KF be the L?(Q)-orthogonal projector, that is, given ¢ € L(Q), ©%(¢)
is the unique element in IC,’fb satisfying

/ oOr¢) Ty = / C:Th VT, ek (5.14)
Q Q

Then, proceeding analogously to the vector version in [10, Theorem 3.1] (see also [20, Lemma 4.2] for
a slight variant of it), and employing now (5.13), it can be proved in the present tensor version that
for each ¢ € (1,+00) and for each integer k > 0, there exist positive constants CF and CF, independent
of h, such that, defining

CF if 2 is convex,
ko= CF{- log(h)}ll_Q/tl if © is non-convex and k =0, (5.15)
CF if {2 is non-convex and k£ > 1,
there holds _
105 (T)lose < e ITlose V7€ H (divi;Q), (5.16)
where B
H (divi; Q) = {r € Hi(divy; Q) :  div(t) =0 in Q} . (5.17)

Whether the boundedness property (5.16) is satisfied or not in 3D is, up to our knowledge, still an
open problem, and this fact is precisely the reason why we have restricted the analysis in the present
Section 5 to the 2D case.
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5.3 The discrete inf-sup conditions for S

In this section we show that the specific finite element subspaces introduced in Section 5.2 (cf. (5.9))
verify the hypotheses (H.1) and (H.2). To this end, we first introduce the deviatoric of K, that is

/CZ’d = {T% : TR € /Clﬁ}, (5.18)
and let @]Z’d LYQ) — ICfL’d be the projector defined for each 7 € L!(Q) as

/@“ Ly = /Qr:ch V¢, e KO (5.19)

Then, we have the following identity relating 92"1 and @2.

Lemma 5.1. There holds
Oyi(e5(r) = (O5(m)* VT el(Q). (5.20)

Proof. Given T € L}(Q), it follows from (5.18) and (5.19) that for each 7, € KF there holds

/ @z’d(@i cTh = / or(r): ¢ = / (@ﬁ(T))d LT
Q Q
Hence, since both @Z’d(@i(r)) and (@2(7’))(jl belong to le’;’d, the identity (5.20) is concluded. O

We suppose from now on that the operators @ﬁ satisfy the following asymptotic property: for each
t € (1,400) and for each integer k > 0 there exists hf > 0 such that

_@k )
=0l =  sup 17— Onlloso

Telit (divy;Q) ||TH07t§Q
T#0

<1 Vh <h}. (5.21)

Numerical evidences supporting this assumption are provided later on in Section 6.

As a consequence of Lemma 5.1 and (5.21), we are able to provide next the L!(Q)-stability of @i’d
when restricted to H!(divy; Q).

Lemma 5.2. For each t € (1,400) and for each integer k > 0, there exists a positive constant cf’d
such that

1054 (T)losa < ¢ V7 eH(divi:;Q), Vh<hF. (5.22)

Proof. Given 1 € ﬁt(divt; ), we first observe, thanks to the idempotence property of I — @Z, that
oy (r) — ey (ef(r) = ey ((1-ef)(r) = ey (1-eH)™ )  VmeN,

from which it follows that

052(r) — 05 (@) losa < IOF - OF I I7loce  YmeN, (523
where L
o, (T
H@Z7dHt — Sup || h ( )
reLl(Q) I ll0,1:0

T#0
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In this way, invoking (5.21), taking lim in (5.23), and employing (5.20) (cf. Lemma 5.1), we
m

—+00
conclude that

Oy (r) = (0f(r)*  Vh<hb. (5.24)
On the other hand, simple algebraic computations and (3.33) give

[[tr(7) T 0,t:Q = nt/! ”tr(T)HO,t;Q < nHTHO,t;Qv

which readily implies
< oo VT eLY(Q). (5.25)

Hence, employing (5.25) and (5.16), we deduce from (5.24) that

I o < 2[

193 (Mllose < 2¢f ITllose  Yh < hE, (5.26)

which constitutes the required inequality (5.22) with cf =2k O

Having proved Lemma 5.2, we proceed in what follows to establish the discrete analogues of Lemmas
3.4 and 3.5, for which we suitably adapt their respective proofs to the present context. We begin with
the discrete inf-sup conditions for a.

Lemma 5.3. Assume that r and s satisfy the final ranges specified by (3.70) and (3.71), that is
r e (2, %] and s € [ 2n 2). Then, there exist positive constants My and agq such that for each

n+1°
A > My and for each h < hy := min {h,’f,h’;}, there hold
a(Cp, Th
sup T > eyl e, e K, (5.27)
ek, ITallx
Thyéd
and
sup a(lp,Th) > 0 VT, € Kﬁyo, Th#0. (5.28)
Chelcl}i,o

Proof. Similarly to the proof of Lemmas 3.4, we first observe that, given ¢, € ’Cz,m there holds the
discrete analogue of (3.45), namely

[ ¢t .

a(Cps Th 1 ' C,

sup (Ch ) > = sup 2% - 7 " 1¢H om0 s (5.29)
ek o I7allx et o ITnllx nt/s(nA + (n+1)p)

Th#0 Th#0

whence the rest of the proof reduces to get a suitable lower bound for the supremum on the right hand
side of (5.29). To this end, we proceed as in (3.46) and set

_ JICRITECR i ¢ #0,
Chs = { o i chlo (5.30)
which belongs to L*(Q2) and satisfies (cf. (3.47))
/QC% s = 1Cal0.0 = 1Chslloso = I¢hllora < slosa- (5.31)

Then, we recall the definition of the operator Ds (cf. Lemma 3.2) and let 7, € KF (cf. (5.12)) such
that 73, = G)Z’d(DS(C,LS)) € Kﬁ’d (cf. (5.18)). In this way, defining the constant

1 / ~
cp = —— | tr(7h) €R,
wia] Jo
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it follows that 7 — ¢l € ’Cz,o’ and hence

/C%:T% /C%:(?h—chﬂ)d /C%:?d
sup Q > Q _ Q

meck . ITelle = [T —enlllose TR = enlllose
Th7fd

(5.32)

Now, employing the characterization of @ﬁ’d (cf. (5.19)), the identity (3.30) satisfied by Ds, and (5.31),

we find that
/QCii /Ch 0, (Ds(Chy)) /Ch s(Chys)

= /QC?LfCh,s_

In turn, applying (3.32) (cf. Lemma 3.3) to 7, — ¢;1, and making use of the boundedness of @Z’d (cf.
(5.22)) and D; (cf. Lemma 3.2), we get

(5.33)

= A~ ||= ~ k
| Th — Ch]IHO,S;Q < Cs HThHO,S;Q = Cs H@}Jd(DS(Ch,s))HO,S;Q

. (5.34)
S CS Cs7

Yh < hE.

Therefore, replacing (5.33) and (5.34) back into (5.32), and then the resulting estimate in (5.29), we
arrive at

a’(Ch?Th) 1 5’1,,
sup > v,
rpexk o 78l xs ,uC M n s(n)\ +(n+ 1)#)

Th#0

Yh<h® — (5.35)

from which, choosing A sufficiently large such that

C, 1
7 < —
nt/s(nA+ (n+Dp)  2uCs Dy
that is i
A > Myai= =t max{?,uC C, || Dy — 1/S(n+1),o} :
and applying (3.32) to ¢}, we conclude (5.27), with aq := ——=—=t5g——, for each h < h%. Similarly,

2#CG Cr Cs HDSH
given Ty € IC;“LO, Tr, # 0, we proceed analogously as above, but exchanging the roles of 75, and {,,
and obtain

1
sup a(Cp,Th) > sup a6y, 1) > ~—=7d ITnllx, >0 Vh < hE, (5.36)
¢hekt o auecky [Cnllxa 20 G Co e ||Dy |
Cr#0
for i
A> Mg = pyEEy max{QuC’ Cy Dyl = 07 (n + 1), 0}

which proves (5.28) for each h < h¥. Finally, defining My := max{M; 4, M, 4}, the proof is completed.
O]

The discrete inf-sup conditions for the bilinear forms b;, i € {1,2}, are provided next.
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Lemma 5.4. Assume that r and s satisfy the final ranges specified by (3.70) and (3.71), that is

r e (2, %] and s € [f—fl, ) Then, there exist positive constants 31,4, B2.4, independent of h, such

that for each i € {1,2} there holds

b; Th,Up
sup bi(Tn, vn) > Bidllvnllan, - Yon € Myp. (5.37)
ThGXi,h H‘th)(Z
T#0

Proof. We adapt the proof of Lemma 3.5 to show (5.37) only for i = 2 since the case i = 1 is analogous.
Indeed, given vy, € My, C My = L*(€2), we follow (3.52) and define first

w2y, i v, #0,
Oy = { o ey (5.38)

which belongs to L"(£2) and, as in (3.53), satisfies

/vh *Vhy = thH(S),s;Q = thﬂ" 6,7’;9 = ||/UhH078§Q ||Uh,7’HD7T§Q‘ (539)
Q

Next, proceeding similarly to the proof of [20, Lemma 5.4], we let O be a bounded convex polygonal
domain containing €2, and introduce

_ Jvp, in Qi
&= { 0 on O\Q, (5.40)
which is clearly seen to belong to L"(O) with ||gllo,0 = [|vnrlor0. Then, applying the elliptic

regularity result provided in [13, Corollary 1], we deduce that there exists a unique z € W2"(O) N
1r :
W, (O) solution of
Az =g in O, z=0 on 00, (5.41)

and that there exists a positive constant Creg, depending only on O, such that
1Zll20 < Cregllvnrllora- (5.42)
In this way, defining now ¢ := Vz|g € W17(Q), it follows from (5.40), (5.41), and (5.42) that
div(¢) = v, in Q and [[C|l1,m0 < Cregl|Vnrllorm0- (5.43)

Thus, letting ¢;, be the Hj(div,;2)-component (cf. (3.13)) of II¥(¢), and employing the commuting
diagram property (5.1) and the identity from (5.43), we observe that

div(¢y) = div(Il;(Q)) = Ph(div(¢) = Pj(vn,) in @, (5.44)
so that, applying the stability estimate of P¥ (cf. (5.6)), it follows that
1div(Cp)llora < cllonrlor- (5.45)

On the other hand, according to (3.13) and the notations introduced there, and using the triangle and
Holder inequality, and (3.33), it is easy to show that for each t € (1, +00) there holds

oo VT e H (divy; Q). (5.46)

[Tollose < 2|7

Hence, employing now (5.46), the stability estimate of II} (cf. (5.7)), and the inequality from (5.43),
we find that
Ihllore < 21T lorme < 2C¢]

1,72 <2 C Creg th,rHO,T;Q ) (547)
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which, jointly with (5.45), yield the existence of a positive constant 6, independent of h, such that
(cf. (3.7))

1Chllxs = lIChllome + Idiv(Cy)llorme < Cllony
Finally, bearing in mind (5.44), (5.2), (5.39), and (5.48), we obtain

/ vy, - div(¢y,) / vy P (vhy)
Q Q

I (5.48)

ba(Th, V)
sup > =
rnexon  IThlx 1<nllxs 1€<nllxs
Th#0
Up vh7
Q i _ thHO,S;Q thﬂ’”oﬂ“@ > l llvnlaz
1€0 1 x 1€n1x e, *

which yields (5.37) for ¢ = 2 with fy 4 :=

Ql=

5.4 The rates of convergence

The rates of convergence of the Galerkin scheme (4.1) with the specific finite element subspaces
introduced in Section 5.2 are provided next. To this end, we first collect the approximation properties
of Xop and M, (cf. (5.9)), which follow from (5.8) (for ¢t = r) and (5.3) (for m = 0 and t = r),
respectively, along with interpolation estimates of Sobolev spaces. More precisely, they are given as
follows:

(APY) there exists C > 0, independent of h, such that for each I € [1,k+ 1], and for each 7 € Wi (Q)
with div(7) € W7 (Q), there holds
‘Z,T;Q} .

(AP%) there exists C' > 0, independent of h, such that for each [ € [0, k+1], and for each v € W (Q),
there holds

‘Z,T;Q + [|div(T)

dist(r, Xo) = _inf |7 = Thllpas < Ch{|Ir
h 2,h

dist(v, My) == inf o= vnloe < OB [0l
h 1,h

In turn, the approximation property of Hp, which makes use of interpolation estimates of Sobolev
spaces as well, is stated as indicated below (cf. [11, Corollary 1.109)):

(APf) there exists C' > 0, independent of h, such that for each I € (0, k+1], and for each p € H*+1(Q),
there holds

e < Chlelia-

dist(y,Hp) := inf —
ist(, Hp) gDirethHso ©n

Consequently, we can state the following main theorem.

Theorem 5.5. Let (o, u,$) € Xo x My x H{(Q) be the unique solution of (3.21) with ¢ € W (cf.
(3.64)), and let (o, up, on) € Xop x My x Hy, be a solution of (4.1) with ¢, € Wy, (cf. (4.10)), whose
existences are guaranteed by Theorems 3.12 and 4.4, respectively. Assume that (4.26) (cf. Theorem
4.5) holds, and that there exists | € [1,k + 1] such that o € W' (Q), div(a) € WH(Q), u € W (Q)
and ¢ € HTY(Q). Then there exists a constant C > 0, independent of h, such that

lo = onllx, + [lw—wunlm + (|6 = @nllie

< O {ollin + [div(e) o + [ulime + 180}
Proof. Tt follows directly from the Céa estimate (4.27) and the above approximation properties. [J
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6 Numerical results

In this section we report numerical experiments illustrating the performance of the Galerkin scheme
(4.1) with the specific finite element spaces defined in (5.9), and confirming the theoretical rates of
convergence provided by Theorem 5.5. We begin by recalling that part of the analysis developed in
Section 5, namely the one referring to the discrete inf-sup conditions for the bilinear form a, depends
on the hypothesis (5.21), which establishes an asymptotic behavior of the operators @fL. However,
since proving this assumption has remained elusive, in what follows we present numerical evidence
supporting its eventual validity. To this end, we now consider the convex and non-convex domains
given by Qg := (0,1)? and Qp, := (—1,1)%\ [0, 1]?, respectively, and let 71, T2, and T3 be the tensor
fields defined for each @ := (z1,22)* € Qg U Qp as:

exp(—x? — 23) —2xgexp(—x? — 23) 2z exp(—a3 — 13)
T1 = curl = ’
exp(—z122) —x1 exp(—z122) xg exp(—x122)

71 cos(mwy) sin(mzs) B

S curl( 7L sin(mxy) cos(mr) ) - ( —sin(mz ) sin(rzg) — cos(may) cos(may) )

cos(mxy) cos(mxa) sin(7mzy) sin(mzs)

and

T3 = curl (;{(w1—2)2+(372—2)2}3/2 ( 1 )) = \/(m1—2)2+(az2—2)2<zz:z 2:2 ) )

which are clearly all divergence-free. Then, for p = %, k € {0,1}, and five regular triangulations 7}, of
Qg and 2, respectively, we compute the expressions

k ( ) — HT—(_)];:L(T)H&P;QS and k ( ) — ||T—@2(T) 0.9,

c c VT €471, T2, T3
5 7 llo.p:25 E 7 llo.p0r { T }7

which are displayed below in Table 6.1. We observe there that these values remain not only below 1,
as requested by (5.21), but they actually approach 0 as the meshsize h tends to 0.

Qs Qr

R O I ¥ G I e P ORI G
0.1414 | 6.91e-02 | 1.58e-03 0.1414 | 8.43e-02 | 2.21e-03
0.0707 | 3.49e-02 | 4.00e-04 || 0.0471 | 2.85e-02 | 2.50e-04
71 | 0.0471 | 2.33e-02 | 1.78e-04 || 0.0283 | 1.71e-02 | 9.05e-05
0.0202 | 1.00e-02 | 3.29e-05 0.0202 | 1.22e-02 | 4.63e-05
0.0109 | 5.40e-03 | 9.56e-06 0.0177 | 1.07e-02 | 3.54e-05
0.1414 | 1.52e-01 | 8.71e-03 0.1414 | 1.53e-01 | 8.79e-03
0.0707 | 7.66e-02 | 2.21e-03 0.0471 | 5.11e-02 | 9.88e-04
T2 | 0.0471 | 5.11e-02 | 9.85e-04 || 0.0283 | 3.07e-02 | 3.56e-04
0.0202 | 2.19¢-02 | 1.82e-04 0.0202 | 2.19e-02 | 1.82e-04
0.0109 | 1.18e-02 | 5.28e-05 0.0177 | 1.92e-02 | 1.39e-04
0.1414 | 2.07e-02 | 1.63e-04 0.1414 | 1.44e-02 | 7.89e-05
0.0707 | 1.04e-02 | 4.08e-05 0.0471 | 4.81e-03 | 8.80e-06
73 | 0.0471 | 6.90e-03 | 1.82e-05 0.0283 | 2.89e-03 | 3.17e-06
0.0202 | 2.96e-03 | 3.34e-06 0.0202 | 2.06e-03 | 1.62e-06
0.0109 | 1.59e-03 | 9.68e-07 || 0.0177 | 1.81e-03 | 1.24e-06

Table 6.1: Numerical evidence eventually supporting (5.21).

Next, we consider the finite element subspaces defined in (5.9) with k& € {0, 1,2}, to illustrate the
performance of the mixed-primal finite element scheme (4.1) and confirm the rates of convergence
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provided by Theorem 5.5, through three numerical examples. We begin by noticing that the total
number of degrees of freedom (or unknowns) of (4.1) is given for n = 2 by

N := {number of nodes of T} + (2(k + 1) + k) x {number of edges of T}
+ (2k(k +1) + (k+ 1)(k 4+ 2) + 3k(k — 1)) x {number of elements of 7,} + 1,
whereas for n = 3 it becomes
N = {number of nodes of E} + k x {number of edges of 771}
+ (2k2 + 4k + 3) X {number of faces of 771}

+ (13k3+42k62+53k+18) X {number of elements of 77L} + 1.

Now, regarding the resolution itself of (4.1), we remark that the null integral mean condition for the
traces of tensors in the space Xy, (cf. (5.9)) is imposed via a real Lagrange multiplier, and that the
nonlinear algebraic systems obtained are solved following the discrete fixed-point strategy suggested
by (4.5), whose computational implementation is given by a C++code. We take as initial guess the
trivial solution, and remark in advance that for each one of the examples to be reported below, three
iterations are required to achieve a tolerance of 1075.

Furthermore, given r as specified in (3.70), we introduce the individual errors:

e(o) = llo—onlrdgivia, e = lu—unlora,
e(¢) = ¢ =dnlie and  elp) = lp—ppllora,
where, according to (2.7) and (3.14), p;, is computed as:
A+2u n)\+2,u/
=op +o — | —F—tr(o}) — ——— [ up-v|L. 6.1
Ph 4 h (n)\—l—(n—kl),u (n) nQ Jr (6.1)

In this way, the respective experimental rates of convergence are defined as:

log(e(x) / e'(x
o D sy

where e(x) and e’(*) denote errors computed on two consecutive meshes of sizes h and h', respectively.

In what follows we proceed to report on the numerical experiments obtained. The first example
uses a smooth manufactured solution to illustrate that the optimal rates of convergence of our method
are indeed attained in this case. The second one considers a singular solution to confirm that precisely
the lack of smoothness directly affects the order of convergence. Finally, and while, as shown in
Section 5, the discrete analysis using the specific finite element subspaces introduced in Section 5.2
has been guaranteed only in 2D, the third example illustrates the applicability of the method to a
three-dimensional problem as well. In each case we let £ and v be the Young modulus and Poisson
ratio, respectively, of the isotropic linear elastic solid occupying the region {2, so that the corresponding
Lamé parameters are given by:

E Ev

woi= 10 and A= AT i) (6.2)

Example 1. We consider the very same example from [16, Example 1, Section 5], which means that
we let Q = (0,1)2, and adequately manufacture the data so that the exact solution of (2.1) is given
by the smooth functions

& sin(may) cos(mwg) + 3527
u(@) = | ) and  @(x) = ziaa(zy — 1)(z0 — 1),
55 cos(maq) sin(maa) + 5573
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Rl h N o0) (@) | e r(w)| e(@) @) ] elp) ()
0.0333 19982 5.26e+01 —— 9.33e-04 —— 7.82e-03 —— 2.07e+01 ——
0.0270 30342 4.26e+01 1.00 | 7.54e-04 1.02 | 6.54e-03 0.85 | 1.68e+01 1.00
0.0217 46830 3.43e+01 1.00 | 6.05e-04 1.01 5.34e-03 0.93 | 1.35e+01 1.00
0 | 0.0185 64478 2.92e+01 1.00 | 5.14e-04 1.01 | 4.60e-03 0.93 | 1.15e+01 1.00
0.0164 82230 2.59e+01 1.00 | 4.55e-04 1.01 | 4.06e-03 1.01 | 1.02e+01 1.00
0.0139 | 114482 | 2.19e+01 1.00 | 3.85e-04 1.00 | 3.44e-03 1.01 | 8.63e+00 1.00
0.0122 | 148422 | 1.92e+01 1.00 | 3.38e-04 1.00 | 3.02e-03 1.01 | 7.58e+00 1.00
0.0333 65162 6.67e-01 —— 1.21e-05 —— 6.77e-05 —— 2.39e-01 ——
0.0270 99014 4.38¢-01 2.00 | 7.93e-06 2.01 | 4.22e-05 2.25 1.58e-01 1.99
1 | 0.0217 | 152906 2.84e-01 2.00 | 5.13e-06 2.00 | 2.82e-05 1.85 1.02e-01 1.99
0.0185 | 210602 2.06e-01 2.00 | 3.72e-06 2.00 | 2.02e-05 2.07 7.42e-02 1.99
0.0164 | 268646 1.61e-01 2.00 | 2.91e-06 2.00 | 1.54e-05 2.23 5.82e-02 1.99
0.0333 | 135542 5.74e-03 —— 1.06e-07 —— 9.87e-07 —— 1.97e-03 ——
0.0270 | 206018 3.06e-03 3.00 | 5.63e-08 3.00 | 4.75e-07 3.49 1.05e-03 3.00
2 | 0.0217 | 318230 1.59e-03 3.00 | 2.93e-08 3.00 | 2.48e-07 2.99 5.48e-04 3.00
0.0185 | 438374 9.85e-04 3.00 1.81e-08 3.00 | 1.54e-07 2.94 3.39e-04 3.00
0.0164 | 559250 6.83e-04 3.00 | 1.26e-08 3.00 | 1.08e-07 2.96 2.35e-04 3.00

Table 6.2: History of convergence for Example 1 with r = 3.

for all & := (x1,22)* € Q, whereas the body load, the diffusive source, and the tensorial diffusivity,
are given, respectively, by

1 2
15 c0s™(9) 1 1 1
f(o) _Tlosjn(qﬁ) g(u) 10 ( + T |u|> an (o) + 100’

It is important to remark here that the second and fifth equations of (2.8) actually include additional
explicit source terms that are added to f(¢) and g(u), respectively. However, yielding only slight
modifications of the functionals Fyy and G, in (3.21), this fact does not compromise the continuous
and discrete analyses. In addition, we take Young’s modulus £ = 10% and Poisson’s ratio v = 0.4,
which, according to (6.2), implies that pu = 357.1429 and A = 1428.5714. Thus, in Tables 6.2 and 6.3
we summarize the convergence history of the Galerkin scheme (4.1) with » = 3 and r = 4, respectively.
In particular, we stress that the optimal order of convergence O(h¥*1) predicted by Theorem 5.5 is
attained by all the unknowns. Some components and magnitudes of the discrete solutions are displayed
in Figure 6.1. Furthermore, in order to compare our discrete scheme (4.1) with those proposed in [16],
beyond the fact that they all confirm their theoretical rates of convergence, we first point out that the
unknowns o from the present paper and [16] do not coincide, and hence their numerical approximations
o, and associated errors are not comparable. Actually, the stress o from [16] corresponds to our p,
whose discrete approximation p;, (cf. (6.1)) lies only in L"(£2). Consequently, we extract from Tables
6.2 and 6.3, and [16, Table 1], the necessary information to display in Figures 6.2 and 6.3 the error
history for the unknowns w and ¢ only. The methods from [16] are referred to as “PEERS-Lagrange
scheme with k£ = 07, “Augmented scheme with k£ = 0”7, and “Augmented scheme with k = 17, whereas
those regarding (4.1) are named “Pseudostress-based scheme with £ = 0” and “Pseudostress-based
scheme with k£ = 1”7, additionally indicating for the latter the value of r (and hence of s) with which
the corresponding norms are defined. Nevertheless, we observe from Figures 6.2 and 6.3 that, at least
for this example, there is almost no difference between the curves obtained with r = 3 and r = 4
for both values of k. Finally, according to the aforementioned figures, and based on the comparison
between schemes that use the same polynomial degree k, we infer that in general (4.1) requires less
degrees of freedom than the methods from [16] to achieve a given accuracy. This fact is particularly
notorious for the unknown uw with k£ € {0, 1}, and specially with & = 1, whereas for ¢ it is observed
only with £ = 0 since with £ = 1 the respective curves are very close to each other and therefore no
substantial difference is noticed.
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k|l h N e(o) z(o) | e(w) x(uw)| e(d) z(¢)| elp) x(p)
0.0333 | 19982 | 5.48e+01 —— | 9.73e-04 —— | 7.82e-03 —— | 2.15e+01 ——
0.0270 | 30342 | 4.44e4+01 1.00 | 7.86e-04 1.02 | 6.24e-03 1.08 | 1.75e+01 1.00
0.0217 | 46830 | 3.57e+01 1.00 | 6.30e-04 1.01 | 4.94e-03 1.07 | 1.41e+01 1.00
0 | 0.0185 | 64478 | 3.04e4+01 1.00 | 5.36e-04 1.01 | 4.20e-03 1.02 | 1.20e4-01 1.00
0.0164 | 82230 | 2.70e4+01 1.00 | 4.74e-04 1.01 | 3.71e-03 1.00 | 1.06e+01 1.00
0.0139 | 114482 | 2.28e+01 1.00 | 4.02e-04 1.00 | 3.12e-03 1.05 | 8.99e+00 1.00
0.0122 | 148422 | 2.00e+01 1.00 | 3.53e-04 1.00 | 2.74e-03 1.01 | 7.89e+00 1.00
0.0333 | 65162 7.08¢-01 —— | 1.28e-05 —— | 6.77e-05 —— 2.55e-01 ——
0.0270 | 99014 4.66e-01 2.00 | 8.43e-06 2.01 | 4.22e-05 2.25 | 1.68e-01 1.99
1| 0.0217 | 152906 | 3.01e-01 2.00 | 5.45e-06 2.00 | 2.82e-05 1.85 | 1.09e-01 1.99
0.0185 | 210602 | 2.19e-01 2.00 | 3.95e-06 2.00 | 2.02e-05 2.07 | 7.92e-02 1.99
0.0164 | 268646 | 1.71e-01 2.00 | 3.10e-06 2.00 | 1.54e-05 2.23 | 6.21e-02 1.99
0.0333 | 135542 | 6.21e-03 —— | 1.14e-07 —— | 9.87e-07 —— 2.17e-03 ——
0.0270 | 206018 | 3.31e-03 3.00 | 6.09e-08 3.00 | 5.45e-07 2.83 | 1.16e-03 3.00
2| 0.0217 | 318230 | 1.72¢-03 3.00 | 3.17e-08 3.00 | 2.88e-07 2.94 | 6.02¢e-04 3.00
0.0185 | 438374 | 1.07e-03 3.00 | 1.96e-08 3.00 | 1.77e-07 3.01 | 3.72e-04 3.00
0.0164 | 559250 | 7.39e-04 3.00 | 1.36e-08 3.00 | 1.22e-07 3.09 | 2.58e-04 3.00

Table 6.3: History of convergence for Example 1 with r = 4.
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Figure 6.1: Some components and magnitudes of the solution of Example 1 with £k = 2 and N = 559250

Example 2. We let Q be the L-shaped (and hence non-convex) domain given by (—1,1)?\ [0, 1]?, and,
again, suitably perturb the definition of the functionals Fyy and Gy, so that, letting 6 := arctan (i—f),

the exact solution of (2.1) reduces to:

||/3 sin(0) o 1\*
u(x) = a2 cos(0) and p(x) = e (xl——) ,
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—»— Augmented scheme with & =0
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Figure 6.2: Example 1, log(e(u)) vs. log(N) for the present scheme (4.1) and those from [16].
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Figure 6.3: Example 1, log(e(¢)) vs. log(NN) for the present scheme (4.1) and those from [16].
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k| h N e(o) x(o) | e(uw) x(uw)| e(¢) =x(¢)| elp) x(p)
0.0566 | 20927 | 4.51e+02 —— | 1.98e-02 —— | 2.72e-01 —— | 7.75e+00 ——
0.0471 | 30062 | 5.09e+02 -0.66 | 1.65e-02 1.00 | 2.26e-01 1.00 | 7.30e+00 0.33
0.0372 | 48110 | 5.94e+02 -0.66 | 1.30e-02 1.00 | 1.79e-01 1.00 | 6.75e+00 0.33
0 | 0.0321 | 64418 | 6.54e4+02 -0.66 | 1.12e-02 1.00 | 1.54e-01 1.00 | 6.43e4-00 0.33
0.0283 | 83102 | 7.12e+02 -0.66 | 9.90e-03 1.00 | 1.36e-01 1.00 | 6.16e+00 0.33
0.0240 | 115583 | 7.94e+02 -0.66 | 8.39e-03 1.00 | 1.15e-01 1.00 | 5.83e+00 0.33
0.0208 | 153410 | 8.73e+02 -0.66 | 7.28e-03 1.00 | 9.99e-02 1.00 | 5.56e+00 0.33
0.0566 | 68102 | 4.49e+02 —— | 7.47e-04 —— | 2.77e-03 —— | 4.97e+00 ——
0.0471 | 97922 | 5.06e+02 -0.66 | 5.87e-04 1.32 | 1.93e-03 2.00 | 4.67e+00 0.33
1| 0.0372 | 156866 | 5.92e+02 -0.66 | 4.30e-04 1.32 | 1.20e-03 2.00 | 4.32e+00 0.33
0.0321 | 210146 | 6.52e+02 -0.66 | 3.55e-04 1.32 | 8.95e-04 2.00 | 4.11e+00 0.33
0.0283 | 271202 | 7.10e+02 -0.66 | 3.00e-04 1.32 | 6.93e-04 2.00 | 3.94e+00 0.33
0.0566 | 141527 | 4.60e+02 —— | 2.50e-04 —— | 1.68e-05 —— | 3.93e+00 ——
0.0471 | 203582 | 5.19e+02 -0.66 | 1.97e-04 1.32 | 1.08e-05 2.41 | 3.69e+00 0.33
2 | 0.0372 | 326270 | 6.07e+02 -0.66 | 1.44e-04 1.32 | 6.58e-06 2.10 | 3.41e+00 0.33
0.0321 | 437186 | 6.69e+02 -0.66 | 1.19e-04 1.32 | 5.04e-06 1.82 | 3.25e+00 0.33
0.0283 | 564302 | 7.28e+02 -0.66 | 1.00e-04 1.32 | 4.08e-06 1.65 | 3.12e+00 0.33

Table 6.4: History of convergence for Example 2 with r = 3.

for all & := (x1,22)* € Q, whereas the body load, the diffusive source, and the tensorial diffusivity,
are given, respectively, by

69 1 -1
= , w) = —|u| and V(o) = (1+ —(1+]|o?)/*)1.
10 = |y ) s = s = (L))

In addition, we take F = 100 and v = 0.33, whence the resulting Lamé parameters are given in
this case (cf. (6.2)) by p = 37.5940 and A\ = 72.9766. Due to the singularity of the vector field
u at the origin, in this example we do not expect to attain the theoretical orders of convergence
guaranteed by Theorem 5.5. In fact, in Tables 6.4 and 6.5 we display the corresponding convergence
history with r = 3 and r = 4, respectively, from which we realize that sub-optimal, and even negative
experimental rates of convergence are obtained. In turn, it is interesting to observe in this case that,
differently from Example 1, these rates change not only with k but also with r, which must be certainly
connected to the W (Q)-regularity of the solution, most likely with a non-integer ! depending on r.
For instance, this was obtained for the regularity result of the Poisson problem in a non-convex domain,
with homogeneous Neumann boundary conditions, and source term in L"(Q) (see [20, Lemma B.1]
for details). Anyhow, the usual way of recovering optimal rates of convergence in theses cases is by
applying an adaptive strategy based on a posteriori error estimates. This is precisely the subject of
an undergoing work to be communicated in a forthcoming contribution.

Example 3. Finally, and while not supported by the theory, we consider the three dimensional
domain © = (0,1)3, and choose the data so that the exact solution is given by

sin(mzy)
u(x) = ™1 21 | gin(7ay) and ¢(x) = —64zrixoxs(ry —1)(z2 —1)(x3 — 1),
sin(mxs)
for all @ := (z1,22,23)* € Q. In addition, the body load, the diffusive source, and the tensorial
diffusivity are given, respectively, by
¢ 1
flo) = 1—-¢ |, gu) = z1+x2+23 and (o) :H+EU2'
¢
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D N oc) (o) [ e(w) x(w) | e(@ (@) ]| e ()
0.0566 | 20927 | 7.91e+02 —— 1.91e-02 —— | 2.72e-01 —— | 1.21e4+01 ——
0.0471 | 30062 | 9.19e+02 -0.82 | 1.60e-02 0.99 | 2.26e-01 1.00 | 1.17e+01 0.17
0.0372 | 48110 | 1.12e+03 -0.83 | 1.26e-02 0.99 | 1.79e-01 1.00 | 1.13e+01 0.17
0.0321 | 64418 | 1.26e+03 -0.83 | 1.09e-02 0.99 | 1.54e-01 1.00 | 1.10e401 0.17
0.0283 | 83102 | 1.40e+03 -0.83 | 9.61e-03 1.00 | 1.36e-01 1.00 | 1.08e+01 0.17
0.0240 | 115583 | 1.61e+03 -0.83 | 8.15e-03 1.00 | 1.15e-01 1.00 | 1.05e+01 0.17
0.0208 | 153410 | 1.81e+03 -0.83 | 7.08e-03 1.00 | 9.99e-02 1.00 | 1.02e401 0.17
0.0566 | 68102 | 8.29e+02 —— 1.20e-03 —— | 2.77e-03 —— | 9.05e+00 ——
0.0471 | 97922 | 9.64e+02 -0.83 | 9.74e-04 1.16 | 1.93e-03 2.00 | 8.78e+00 0.17
0.0372 | 156866 | 1.17e+03 -0.83 | 7.40e-04 1.16 | 1.20e-03 2.00 | 8.44e+00 0.17
0.0321 | 210146 | 1.32e+03 -0.83 | 6.24e-04 1.16 | 8.95e-04 2.00 | 8.24e+400 0.17
0.0283 | 271202 | 1.47e+03 -0.83 | 5.37e-04 1.16 | 6.93e-04 2.00 | 8.06e4+00 0.17
0.0566 | 141527 | 8.91e+02 —— 4.38¢-04 —— | 1.68e-05 —— | 7.87e+00 ——
0.0471 | 203582 | 1.04e+03 -0.83 | 3.54e-04 1.16 | 1.08e-05 2.41 | 7.63e+00 0.17
0.0372 | 326270 | 1.26e+03 -0.83 | 2.69e-04 1.16 | 6.58e-06 2.10 | 7.34e+00 0.17
0.0321 | 437186 | 1.42e+03 -0.83 | 2.27e-04 1.17 | 5.04e-06 1.82 | 7.16e4+00 0.17
0.0283 | 564302 | 1.58e+03 -0.83 | 1.95e-04 1.17 | 4.08e-06 1.65 | 7.01e4+00 0.17
Table 6.5: History of convergence for Example 2 with r = 4.

D N [ el0) o) e rw] e@ (@] e ()
0.3542 9487 3.17e+03 —— | 1.17e4+00 —— | 8.33e-01 —— | 1.52e403 ——
0.3130 | 13844 | 2.81e+03 0.97 | 1.04e+00 0.91 | 7.37e-01 0.99 | 1.35e4+03 0.93
0.2804 | 18203 | 2.52e+03 0.99 | 9.26e-01 1.08 | 6.60e-01 0.99 | 1.21e4+03 1.04
0.2657 | 22188 | 2.39e+03 1.00 | 8.76e-01 1.05 | 6.24e-01 1.06 | 1.14e+403 1.00
0.2519 | 26479 | 2.26e+03 1.00 | 8.30e-01 1.01 | 5.90e-01 1.04 | 1.08e+03 1.09
0.1832 | 82222 | 1.55e+03 1.18 | 5.86e-01 1.09 | 4.35e-01 0.96 | 7.78e+02 1.03
0.1475 | 152258 | 1.25e+03 1.02 4.71e-01 1.00 | 3.55e-01 0.94 | 6.35e+02 0.94
0.3542 | 40854 | 2.37e+02 —— 1.00e-01 —— | 2.23e-02 —— | 1.05e402 ——
0.3130 | 59920 | 1.85e+02 1.99 7.88e-02 1.94 | 1.75e-02 1.97 | 8.15e+01 2.07
0.2804 | 78912 1.49e+02 2.00 6.32e-02 2.00 | 1.40e-02 2.01 | 6.58e+01 1.95
0.2657 | 96220 1.33e+02 2.00 5.68e-02 2.00 | 1.26e-02 2.00 | 5.90e+01 2.00
0.2519 | 114932 | 1.20e+02 2.00 5.10e-02 2.02 | 1.13e-02 2.01 | 5.31e+01 2.01
0.3542 | 106570 | 1.32¢e+01 —— 5.08e-03 —— | 3.92e-03 —— | 5.96e+00 ——
0.3130 | 156755 | 9.09e+00 3.00 | 3.53e-03 2.95 | 2.71le-03 2.99 | 4.11e4+00 3.01
0.2804 | 206621 | 6.53e+00 3.01 2.55e-03 297 | 1.95e-03 3.01 | 2.95e+00 3.01
0.2657 | 251985 | 5.55e+00 3.00 2.17e-03 2,99 | 1.66e-03 3.00 | 2.51e+00 3.00
0.2519 | 301137 | 4.74e+00 3.00 1.85e-03 3.00 | 1.41e-03 2.99 | 2.14e+400 3.00

Table 6.6: History of convergence for Example 3 with r = 3.
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As for Example 2, we take again F = 100 and v = 0.33, which yields p = 37.5940 and A = 72.9766.
In addition, we employ the software TetGen (cf. [24]) to generate triangulations of {2 made of tetra-
hedrons. In this way, in Table 6.6 we present the convergence history of (4.1) with k£ € {0,1,2} and
r = 3, from which we observe that the same orders from 2D (cf. Example 1) are attained in all these
cases. This fact suggests, in coherence with the remark at the end of Section 5.2, that only some
technical issues might be stopping us of extending the theoretical analysis to the 3D case. Finally,
some components of the approximate solution are depicted in Figure 6.4.
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