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Abstract

In this work we present and analyze a finite element scheme yielding discontinuous Galerkin approx-
imations to the solutions of the stationary Boussinesq system for the simulation of non-isothermal
flow phenomena. The model consists of a Navier-Stokes type system, describing the velocity and the
pressure of the fluid, coupled to an advection-diffusion equation for the temperature. The proposed
numerical scheme is based on the standard interior penalty technique and an upwind approach
for the nonlinear convective terms and employs the divergence-conforming Brezzi-Douglas-Marini
(BDM) elements of order k for the velocity, discontinuous elements of order k — 1 for the pressure
and discontinuous elements of order k for the temperature. Existence and uniqueness results are
shown and stated rigorously for both the continuous problem and the discrete scheme, and optimal
a priori error estimates are also derived. Numerical examples back up the theoretical expected
convergence rates as well as the performance of the proposed technique.
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1 Introduction

Non-isothermal flows refer to a basic physical process of fluid flows with varying temperature. This
phenomenon commonly appears, and its research is of crucial relevance, in several situations in engi-
neering and applied sciences, in particular in desalination processes based on sweeping gas membrane
distillation (see [3§]).

The Boussinesq hypothesis allows to study such flows under the assumption that variations in fluid
density have no effect on the flow field, except that they give rise to buoyancy forces [7, [40].

The mathematical model based on the Boussinesq approximation for non-isothermal flows is then a
system that consists of the Navier-Stokes equations (for describing the velocity and the pressure of the
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fluid) and an advection-diffusion equation (for modeling the temperature field) coupled by means of a
buoyancy term and convective heat transfer. Because of its relevance and complexity, a wide variety
of numerical techniques to approximate this and related models have been proposed so far (see, e.g.,
[2, 3, [, [6l, 12] 13, [15] [16] 17, 18, 211, 22] 23, 35, 36l 37, 41] and references therein).

To the best of our knowledge, [6] is the first method developed for this problem based on a finite element
primal formulation. There the topological degree theory is applied to state existence results of solutions
and, at discrete level, it is showed that the use of equal-order finite element subspaces for the velocity
and the temperature leads to optimal-order convergence. The same results are later extended in [18§]
using a dual-mixed finite element technique, employing the Leray-Shauder theory and, at discrete
level, inf-sup compatible finite element spaces constructed over triangulations with a macroelement
structure [29] [30]. Other related primal techniques including projection-based strategies, adaptivity
and divergence-free velocity approximations are proposed in [2, 12, 23| [35, 36l 37, 41I] whereas the
works [3| [4, 15 16, 17, 211, 22] deal with the design of mixed finite element methods. These references
consider the model with constant and/or temperature-dependent parameters and different boundary
conditions.

In particular, [35, 36, B7] are proposed divergence-conforming schemes, based on a discontinuous
Galerkin method for the Navier-Stokes equations, that yield exactly divergence-free velocity approx-
imations; an essential constraint of the governing equations since it particularly guarantees that the
solutions to the flow equations are locally conservative as well as energy stable (see [10, 11, 32], for
more details in this regard). Regarding the discretization of the corresponding heat equation, three
different approaches have been employed. In [36] it is considered a conforming scheme for the stan-
dard primal formulation, where the derivation of the corresponding a priori estimates relies on the
introduction of a suitable lifting of the Dirichlet datum which may lead to an unstable discretization of
(2.5) (see [36], Section 4.2]). In addition, a mixed-primal approach (introducing a Lagrange multiplier)
and a mixed (introducing an additional vector variable) formulation have been proposed in [35], 37]
to overcome this drawback, at the price of assuming that the non-homogeneous Dirichlet boundary
condition for the temperature is sufficiently small.

According to the above discussion, in this work we propose a fully-DG finite element method for the
Boussinesq problem with the following two main features:

1. As in [36] 7], it provides an exactly divergence-free approximation of the velocity.

2. The a priori estimates are derived without assuming any sufficiently small data assumption and
without employing any suitable lifting of the Dirichlet datum, thus avoiding the possibility of
obtaining an unstable discretization.

More precisely, we introduce a fully discontinuous Galerkin scheme based on the standard interior
penalty technique and an upwind approach (that is, for both the fluid and the temperature equations),
such as in [36]. The finite element subspaces are given by the divergence-conforming Brezzi-Douglas-
Marini (BDM) elements of order k for the velocity, and discontinuous elements of order £ — 1 and
order k for the pressure and the temperature, respectively.

The rest of the work is structured as follows. In Section [2| we introduce the model problem and the
analysis of its weak formulation. In particular, for the sake of a better understanding of our approach,
in Section [2.4] we carry out the solvability analysis of the continuous problem. In particular we follow
the analysis in [I§] to show that the a priori estimates explicitly depend on the inverse of the viscosity
and the thermal conductivity and on a negative power of a positive parameter which is chosen close
to zero (see Theorem [2.2)).

Throughout Section [3| we introduce and analyze the corresponding discrete problem. Next, in



Section [d we derive the a priori error analysis, and finally in Section 5] provide some numerical examples
to illustrate the performance of the numerical scheme and to confirm the theoretical convergence rates.

2 The model problem

2.1 Preliminary notations and definitions

The model to be considered will be set in an open and bounded spatial domain Q@ C R?, with d = 2 or
d = 3, with polyhedral boundary I' with outward unit normal n. Also, we suppose that I'p,I'y C T
satisfy 'p N 'y = 0, [Tp] > Oand T = I'p U I'y. Standard notations for Lebesgue and Sobolev
spaces will be employed. In particular, W*P(Q) (s > 0) stands for the space of all the LP(Q) (p > 1)
functions whose distributional derivatives up to order s are in LP(£2), and their respective norm and
seminorm are denoted by || - [|sp0 and |- [spo. When p = 2, we denote by H*(Q) := W#2(Q),
|- lls.0:=1-lls2.0 and |- [s.0 := |- |sp,0, respectively. The case s = 1/2 on the domain I'p corresponds
to the space of traces, denoted by H 1/ 2(T'p), on I'p with norm defined as

11l /2,0y, = inf { [Vl ¥ € HY(Q), Yy = o}

The space of functions with trace zero on subdomain I'y C I', with |[I',| > 0, will be denoted by
H} (Q) (or Hj(Q) when T, = T), for which, thanks to the generalized Poincaré inequality, there
exists Cpp > 0 (depending only on Q and T, ), such that

vl < Crp Yo Vo € HE (). (2.1)

Also, we will use and denote by L3(f) to the space of L?-functions with zero mean value over (2.
Likewise, we will make reference to the vector-valued Hilbert spaces

H(div,Q) := {w € [L*(Q)]* : divw € L*(Q) },
Hy(div,Q) := {w € H(div,Q) : w-n=0 on I},
H(div’, Q) := {w € Hy(div,Q) : divw=0 in Q}.

We further recall that the Sobolev embedding H*(2) < L%(Q2) holds for 1 < ¢ < oo when d = 2 and
1 < ¢ <6 when d = 3. In particular, there exists a constant, let us say Cgop(q, d) > 0, depending only
on the domain, such that

g>1 ifd=2,
< C ,d for 2.2
[9log0 < Csala Dllb I { e s (22)
The norm || - ||, with no subscripts, will be use for denoting the natural norm of an element or an

operator in any product function space. A generic, positive constant is denoted by C which, unless
labeled, is independent of any mesh parameters and data parameters.

2.2 The stationary Boussinesq problem: strong and weak forms

The equations for describing steady thermally driven flows in an enclosure 2, using the Boussinesq
approximation, reads: Find the velocity u = (u;)1<i<q : @ — R?, the pressure p : @ — R and the
temperature 6 : 2 — R satisfying the following system of partial differential equations

—vAu + (u-V)u + Vp —0g =0, divu = 0,
in Q, (2.3)
— KA +u-VO =0



where v > 0 stands for the kinematic viscosity of the fluid, g € [L?(Q)]¢ is the acceleration due to
gravity and x > 0 is the thermal conductivity of the fluid.

Equations in the first row of express the momentum and mass conservation, respectively, and
the latter one particularly enforces the divergence-free constraint on the velocity. The term 6 g appe-
aring there is known as a buoyancy force and drives the fluid flow. In turn, the diffusion—convection
equation appearing in the second row of expresses the energy conservation and describes the
heat distribution in the fluid.

To complete the system we need to specify appropriate boundary conditions. To do so, we
assume that the fluid has zero velocity relative to the boundary I' (a no-slip condition/homogeneous
Dirichlet condition for the fluid velocity), that its temperature is given and prescribed on the boundary
I'p (a non-homogeneous Dirichlet condition for the temperature) and that there is no heat flow across
I'n (an isolated surface/homogeneous Neumann condition for the temperature). Hence, denoting the
prescribed Dirichlet temperature by 0p € HY/ 2(T'p), we then arrive at the following physical boundary
conditions

0
u=0 on I', 6§ =6p on I'p and mg—n:O on I'y. (2.4)

To attain the standard weak formulation of —, we multiply the equations in by appropri-
ate test functions v € [H(Q)]%, ¢ € L3(Q) and ¢ € H%D (€2), respectively, integrate in the domain, then
use integration-by-parts formulae in the diffusion terms and after incorporating the boundary condi-
tions (2.4), we obtain the following variational formulation: Find (u, p, 0) € [H3(2)]? x L3(Q) x H'(Q)
with 6|, = fp such that

5 (u,v) + €5 (u;u,v) — B(v,p) = 2°(0,v),
'%S(uv Q) = 0, (2.5)
AT(0,¢) + €T (u;0,9) = 0,

for all (v, q,v) € [HE(Q)]? x L3(Q) x HllD (Q), where the bilinear forms & : [H}(Q)]? x [H3(Q)]? — R
and &7 : HY(Q) x H(2) — R are defined by

%S(u,v):y/ Vu:Vv and @7(0,1) :m/ Vo -V, (2.6)
Q Q
B [HE(Q)]? x L3(Q) — R is the bilinear form associated to the divergence operator, namely
B (v,q) = / gdivo (2.7)
Q

whereas € : [H(2)]9 x [H(Q)]? x [HE(Q)]? — R and €7 : [H}(Q)]? x HY(Q) x H(Q2) — R are the
trilinear forms linked to the convective terms, given by

S - |

(Vu)w-v, and €T (w;6,1) = /('w Vo). (2.8)
Q

Q
Finally, the form 2 : H'(Q) x [H'(2)]? — R is associated to the buoyancy term and it is defined by

5(0,v) = ‘v, .
2°(0,v) /999 (2.9)



2.3 Stability properties

We state now some properties of the forms defining the variational problem ([2.5)). Firstly, by their
own definitions and using the Cauchy-Schwarz inequality, it is easy to check that the forms .7 and
/T defined in (2.6]) are bounded on their respective spaces, satisfying

IN

|5 (u,0)| < vulia vlle Vuv e [H(Q) (2.10)

7(0.0)] < kol v

N

l1.0 Vo, e H(Q). (2.11)

In addition, thanks to the Poincaré inequality with constant Crp > 0 (see (2.1))) it follows that
(v,0) = vl > vOllulfg Vo € [Hy(Q) (2.12)
AT (W) = kluliq = wCrplvlig Vi € Hi (), (2.13)

and so the bilinear forms .7 and &7 are elliptic on [H{ ()] and H%D (2), respectively. In addition,

by the Cauchy-Schwarz inequality and the fact that ||divolloq < d/?|Vv|loq, we have that the
bilinear form %° defined in (2.7) is clearly continuous, that is,

#5(q.0)| < @2 lalbclvlie  ¥ae L3©), Vo e [H(Q],

and satisfies the inf-sup condition

B v,q
sup 20D 5 guaee Ve L2(Q), (2.14)
vei@)e 1vlle
v#0

for some positive constant 5, only depending on €2, which comes from the the well-known fact that the
divergence operator is an isomorphism from X+ onto L2(Q) (and thus surjective), where X stands
for the kernel of %7 (see [26, Corollary 1.2.4]), that is,

X = {v c[HE QY : B(w.q) =0, Vge Lg(Q)} - {v e [HE Q)Y . dive = o}. (2.15)

In turn, regarding the trilinear forms € and €7 (cf. (2.8))), we use the Holder’s inequality to find
that

IN

[wllo.g.0lVulloallvlog.o; (2.16)

0,q’,€2 » (217)

‘%S(w;u,v)‘

AN

67 (w;0,0)| < llwllogn 1960 vl

for all w,u,v € [H(Q)]? and §,¢ € H'(Q), where q and ¢’ satisfy %%—% = % In particular, taking g
and ¢’ consistently with the dimension d in agreement with (2.2)), from these estimates we obtain

€5 (wiw,v)| < Cs wlhaula o). (2.18)
€7 (w:6,0)| < Crlwlia 8o ¥l (2.19)

for all w,u,v € [H(Q)]¢ and 0,v € H'(Q2). Moreover, by using an integration-by-parts formula, it
follows that both ¥° and €7 are skew-symmetric with respect to the last two components whenever
the first argument is divergence-free and has normal component zero on the boundary, that is,

¢S (wiu,v) =~ (wiv,u) and 7 (w;0,v) =~ (w;v,0), (2.20)



for all w € X, u,v € [H'(Q)]? and 6,9 € H(Q). In particular, taking v = w and ¥ = @ in ([2.20)
¢S (w;v,v) =0 and ET(w;ih, ) =0, (2.21)

for all w € X, v € [H'(Q)]¢ and ¢ € HY(Q).
As for the form 2° defined in (2.9)), by using again the Holder’s inequality, we easily find that

]95(9,0)‘ <|l6

ogellgloalvloq.e, (2.22)

for all v € [H}(Q)]? and § € H*(Q), with ¢ and ¢ satisfying % + % = . Then, applying the Sobolev
inequality (2.2) with ¢ and ¢’ taken consistently with the dimension d, there holds

S
1250, )| < 10l0qligloslvlor.a < Co lgloe 10le o]0, (2:23)

for all v € [H'(Q)]? and 6 € H'(9).

2.4 Well-posedness of the weak formulation

In this section we revisit the analysis of existence and uniqueness of solution of problem ({2.5)), originally
studied in [33] and [34] for sufficiently smooth boundaries (see also [6]).

We begin by noticing that, as in the standard velocity-pressure formulation for the Navier-Stokes
equations, the divergence-free constraint given by the second equation of implies that an eventual
solution w must belong to the kernel of the bilinear form %° (defined in (2.15)) and so the fluid
problem can be equivalently reduced to X, without pressure, thanks to the inf-sup condition .
More precisely, problem is equivalent to the reduced one: Find (u,0) € X x H(Q), such that
0|r, = 6p and:

A% (u,v) + €% (uw;u,v) = 2°0,v),

FT0,9) + €T (u;0,9) = 0, (2.24)

for all (v,¢) € X x H%D(Q).

According to the above, in what follows we focus on establishing the well-posedness of (2.24]). We
begin by deriving the corresponding a priori estimates which later on will help us to prove existence
of solution by means of the Leray-Schauder Principle/Shafer’s Theorem (see Section [2.4.2)).

2.4.1 A priori estimates

In what follows we derive a priori bounds for weak solutions to the reduced problem (2.24). To
that end, in particular for handling the non-homogeneous Dirichlet condition on the temperature, we
introduce the following result.

Lemma 2.1 Let Q be a bounded domain in R%, d =2 or d = 3, with Lipschitz continuous boundary.
Then for any & > 0, there exists an extension operator Es : H'/?(T'p) — HY(Q), such that

| Esv

lo3.0 < Cridlltlior, and [[Esylia<Cge (5_4 +1) [[9]l1 /2,0y - (2.25)

for allp € HY2(I'p), with Cga,CEz2 > 0 independent of 6.



Proof. The result follows from a slight modification of the proof of [I8, Lemma 3.2]. (|

Using this extension operator, for the forthcoming analysis we fix a suitable § > 0 (to be specified
below in Theorem [2.2)), and write the temperature 6 as

0 =0+ 65, with 65=FEs(fp) and 6y¢€ Hrle (Q). (2.26)
The main result of this section is established now.

Theorem 2.2 Let (u,0) be a solution to (2.24]). Then, for a fized § > 0, satisfying

: (2.27)

N

Cv w1 élgllogllfpllij2r, <

with C > 0 independent of the physical parameters (see (2.34) ), the following a priori estimates hold
HUHLQ S 01(5, v,qg, 9]:)) and HQHLQ S 02(5, 0]3) y (2.28)
with

C1(6,v,9,0p) == Cap1 (67" +1)v " |glloe 10pll1/2r, and Ca(5,0p) == Capa (67" +1) [|6bll1/2,rp
(2.29)
where Cap1,Capp are positive constants independent of the physical parameters.

Proof. Let us suppose that (u,#) is a solution to (2.24)) and set 85 = E5(0p) and 6y = 6 — 05. Hence,

taking v = uw and 1 = 6y in (2.24), and using the properties (2.20]) and (2.21)) of the trilinear forms
%S and €7, we find

ﬂs(u,u) = @5(90+95,u),

(2.30)
%T(Q(]a 00) = _’Q{T(e& 00) - ch(u’ 9(57 00) = _dT(Q(S?eO) =+ %T(uﬁ 90795)‘

Using the ellipticity of .27¥ and the continuity of the bilinear form 2° (see (2.12) and (2.23))) in the
first equation of (2.30]), we have that

vCip llulf o < Coliglloq 160 + Osll10 lullie,

and then, after simplifying and using the triangle inequality, we obtain

oo (1160

lullie < CrpCorv " gl Lo+ [0slha) - (2.31)

On the other hand, using the continuity and the ellipticity of &7 (see (2.11]) and (2.13))), the second
identity in (2.21]), the estimate (2.19) (with ¢ = 6 and ¢’ = 3) of the trilinear form ¢, and subsequently
the Sobolev embeddings [H'(0)]? < [L5(Q)]% and H*(Q) < L3(Q) (see (2.2))) in the second equation

of (2.30)), and finally the inequalities in (2.25)), it follows that
K Crp 160[3 o < Kll6ollLa 16sl10 + lullosallVoolloolbslose

< &|lboll1,0 151,20 + Csop(3,d)CE16 ||ull1,allo]

Lallfpllier, -
and, after simplifying, we obtain

16oll1.0 < Crpllfslia + & CrpCseb(3,d)Cr10||u|

vallfolli/2ry, - (2.32)



Using (2.32)) in (2.31)) we get
lo,2 Crp(Crp+1)165ll1.0 + £ 'v " CipCaob(3,d)Cr 16 |lu

lullie < Cov g

1allfplli/2r, - (2.33)
Thus, defining the positive constant C in (2.27) as
C = CyCpCson(3,d)Cp1, (2.34)

which is clearly independent of the physical parameters, from (2.27)), (2.33)), and the second estimate
in (2.25)), we readily obtain

lull1,0 < 205 Crp(Crp +1) v llglloq 16s]]1.0 - (2.35)
In turn, by replacing (2.35)) in (2.32), we get
1
olle < 5(ECer +1) 1Bs]0, (2.36)

which together with (2.26]) and the triangle inequality, implies

3
lBlle < 5(Crp +1) 105110 (2.37)

According to the above, the result follows from (2.35)), (2.37]) and the second estimate in (2.25]).
U

Remark 2.1 [t is important to observe here that, as long as § approaches to 0, the right-hand sides
in estimates exploit, and this issue is clearly inherited when the temperature 0 is approximated
through a conforming scheme, which may lead to an unstable discretization of (see [36l, Section
4.2]). As we will see next in Section this is no longer an issue when using a non-conforming
approach to approximate the temperature 0, since the Dirichlet datum 0p appears on the right hand
side of the system, thus no lifting operators must be used in the analysis.

2.4.2 Existence of solution

In this section we provide the existence analysis to problem ([2.24)) by using the following special case
of the Leray—Schauder Principle, known as Schaefer’s Theorem. The statement is as follows:

Theorem 2.3 Let B be a Banach space and L : B — B a continuous and compact operator.
Assume further that the set

{:CEB . x=MAL(x) for some\ € [0,1]},
is bounded. Then L has a fixed point.

To put the problem ([2.24]) in the context of Theorem let us firstly consider a linearized version
of (2.24) defined as: Given (w,¢) € X x HllD () and 65 = Es0p, with § > 0 defined according to

(2.27)), find (u,6y) € X x H%D(Q) satisfying
9(u,0) + Cwiww) = D56+ 650),

JZ{T(G()vw) + %T(w;eo,d}) — _ﬂT(eé,w) _ %T(w;957w)7 (238)



or equivalently,
S ((u,00), (v,9)) = Flwg)(v,9) ¥ (v,9) € X x Hy(Q). (2.39)

where,

Ty ((u,600), (v,9)) = 5 (u,v) + € (wiu,0) + &7 (00,9) + €7 (w; 00,9) (2.40)

and

Flw)(0:9) = 2°(6+05,0) — 7 (05,0) — €7 (w3 05,9) (241)
for all (v,¢) € X x H%D(Q). Secondly, let us consider the following fixed-point operator:
£ X xH (Q) — X xHp (Q)
(’ll),(ﬁ) — (%90) = (gl(w7¢)732(w7¢)))

where, given (w,¢) € X x H1 (@), (u,0) = (Zi(w,¢), L(w,d)) is the unique solution (to be
verified next in Lemma [2.4] of problem - Then, it is quite clear that to prove existence and

uniqueness of solution of problem is equivalent to prove that there exists a unique (w, @) €
X x H%D(Q), such that

(2.42)

(w,¢) = ZL(w, ). (2.43)

Then, in what follows we firstly apply Theorem to prove that there exists at least one (w, @) €
X x H%D(Q) satisfying and later on we provide suitable assumptions on the data to prove
uniqueness of solution. Before doing that, in what follows we establish that problem is well-
posed, which equivalently means that . is well-defined.

Lemma 2.4 The operator £ (cf. (2.42))) is well-defined. Moreover, there holds

12w )| < 5 —{ a6 .b0.9) | (w. )] + Cul6.00,9) }. (2.44)

w

for any (w <b) G X x H1 (Q), where Cyy,, C3(0, k,0p,g) and C4(0, k,0p, g) are the constants specified

mn -, and below, respectively.

Proof. Let (w,¢) € X X H%D(Q). By using the estimates (2.10), (2.11)), (2.18) and (2.19), and the
Cauchy-Schwarz inequality, we find that the bilinear form %, is bounded as follows

‘dw((u,ﬁo),(v,w))‘ < ‘JZ/S(’U,,’U)‘ + ‘%S(w;u,v)‘ + |42/T(90,w)‘ + ‘%T(w;ﬁo,wﬂ

1/2 1/2
< {v4r+(Cs+Cp) 20)" (Il + 1012 ),

(

which implies
| o (w0, 60), (v,9))] < [l I(w, 00) | | (v, )]
with
||| < {v + 5+ (Cs + Cr)llwl10}.

Additionally, thanks to the ellipticity of &7 and &7 (see (2.12)) and ([2.13))) and the skew-symmetric
property of €° and €7 (see ([2.21)), there holds

S ((0,9), (v,9)) 2 vCOrp vl g + v Cpp [¥li g = Cas, lI(v,9)|? (2.45)




and so, %, is coercive on X X H%D(Q) with constant
Cu, = Cpp min{v, k}. (2.46)

Finally, regarding the linear functional .7y, 4) (see (2.41])), we observe by convenience that it can be
rewritten as

Fw,p) (0, V) = T (w,0)(V,0) + Fa(v,9), (2.47)
where
F1w.0)(0:0) = Z°(6,0) — €T (w; 05,¢), (2.48)
and
Fa(v,0) = D°(65,0) — " (65,7)) . (2.49)

Hence, using the estimates (2.19)) and (2.23) as well as the second bound for s given in (2.25]), we
find that
|1 w,0) (0, 0)| < |2%(,0)| + | €7 (w;65,9)]

10sll.0ll¥l1.0) (2.50)

< C(lgloaldliellvlie + lwlie

< 03(5a K, gDag) ||(’LU,¢)|| H(’U,?,b)” )
where

C5(5, k,0p,g) = Cmax { (6™ + 1)||0bl|1/2,rp l9llo} - (2.51)

In turn, combining now the estimates (2.11)) and (2.23)), and using once again the bound for ||65|/1.0
(as in the previous estimate) we obtain from (2.49))

| Za(v, )| < [25(0s,0)| + |27 (05.9)| < C(lgloelviie + sl¢lie)l9lhe
< Cu(d, 5, 0p,g) I(v,¥)]],

with

Ca(8, 5,00, 9) = C (6~ + 1)[|0b]l1 jar {920 + #2377 (2.52)

Then, by combining the last two estimates we obtain

|y(w,d))(’vvw)‘ < 03(53 H,GD,Q) |’(wa¢)|| H(’U,T/))H + 04(5’ K, gDag) ||(’U,’¢)||,

and therefore Z(,, 4) € (X X H%D(Q))/ with

|-Zw.| < C3(0,5,0p,9) [(w,d)|| + Ca(6,x,0p,g).

In this way, owing to the Lax-Milgram Lemma [20, Lemma 1.4], for any (w, ¢) € X x H%D(Q), there
exists a unique (u,fy) € X x H%D(Q) solution to (2.38)) or, equivalently, such that .Z(w, ¢) = (u,8y),
which implies that the operator .Z is well-defined, and the estimate ([2.44]) is an immediate consequence.

O
The next result states key properties of the operator .Z.

Lemma 2.5 The operator £ : X X H%D(Q) — X x HllD (Q) defined by (2.42) is compact. Moreover,

the operator is Lipschitz continuous, that is, for all (w, ), (w, 5) e X x H%D (Q), there holds

12 (w, ¢) — L (W@, 6)|| < Cup |(w, ) — (®,)], (2.53)

with Crip = sz_fi C5(6, k,0p, g) where Cuy, = Cpp min{v, k} is the coercivity constant of the bilinear

form gy, (deﬁﬁed in (2.46) ) and C3(6, K, 0p, g) is given by (2.51).
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Proof. Let us start by showing that the operator .Z defined by (2.42)) is compact. To do so, we let
{(wn, ¢n)}n>1 € X X H%D(Q) be a sequence weakly convergent to (w,¢) € X X H%D(Q), and let

(u,6p) = Z(w,¢) and {(wn,b00n)}n>1 € X X H%D(Q), be the sequence given by
(un,b0n) = ZL(wy,¢,) foreachn>1. (2.54)

From the definition of £ (cf. (2.42), and applying the coercivity of <7, (cf. (2.45)), its linearity
in the first component, the definition of .#; (cf. (2.48))), and the estimates (2.17) and (2.22)), with
q = q =4, it follows that

|2 (Wi ¢n) — L (w, $) > = ||(wn,00.n) — (u,60)]
< CL iy (wn, 00,n) — (w,60), (un,00,n) — (u,60))

< Co o (s 0.0 (= w0, 0,0 = 00)) = oy (w0, 00), (1, — 10,60, 60)) } (2.55)

= C:Q}i yl,(w,,,—w,d)n—¢) (un —-—u, 90,n - 90)

<ct {Ilgllo,n [¢n — Bllo,a,0 lun — uloa,0 — [[wn —wllo,4,0(VOslloa (00, — 9o||0,4,ﬂ} :

Now, since (wn,¢,) — (w,d) in [HY(Q)]4 x H(Q), it follows that ||w, — w|os0o — 0 and
also || — dlloan —— 0 according to the Rellich-Kondrachov compactness Theorem (see e.g., [I,
Theorem 6.3] and [39, Theorem 1.3.5]). Also, note that (un,600,) and (u,6p), coming from (2.54)),
satisfy and therefore, they are bounded in their respective norms since {(wn,, ¢n) }n>1 is bounded
as it is weakly convergent, as a consequence of the Banach-Steinhaus Theorem [8, Theorem 2.2]. In
view of these facts and the estimate (2.55)), we can conclude that |2 (wy, ¢n) — Z(w, ¢)| %0,
that is, the sequence {Z(wy, ¢n)}n>1 is strongly, i.e. norm, convergent to .Z(w,¢), and so .Z is
compact.

Next, in order to show the Lipschitz continuity property we consider (w, ), (w,¢) € X x H%D(Q)
and set

(u,60) = Z(w,¢) and (@,6) = L(w,). (2.56)
By proceeding similarly to , and then using we find
1L (w.0) ~ L@, )? < CoL T, o) — b0 — b0)
< CL C3(8, 5,0, 9) || (w, ¢) — (@, )|l I|(u, 6) — (@, 6o)]|,
and after using and simplifying we get . O

In the following result we show that the set
K ::{(u,eo) €X xHL(Q):  (u,6) = \Z(u,0p) for Aelo, 1]},
is bounded.
Lemma 2.6 K is a bounded set.

Proof. We first observe that if (u,6p) € K, for some A € (0, 1], then according to the definition of &£,
it follows that

Mu(()‘_lu’ )‘_190)7 (Ivad))) = g(u,@g)(va’(vb) V(’U,’gb) € X X H%‘D(Q)a
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or equivalently

u((w,00), (V,9)) = XA F(ugy)(v.9) V¥ (v,9) € X x Hp (Q).

In particular, by using the definition of <%, and F(,, 4), according to (2.40) and (2.41)), with (u, 6) in
place of (w, ¢), taking there (v,1) = (u,6p), using the skew-symmetry property of €° and €7 given

by (2.21]), and decoupling, we get
A(u,u) = NP0y + 05,u),
%T(HOaOO) = _AMT(Q(%QO) - A%T(U;Q&HO)

which coincides with (2.30) in Theorem up to the multiplicative constant A on the right hand side
of these expressions, and therefore we can immediately deduce that

lulie < ACerCo v~ lgllog /160l + 165

1,9) < CppCor g

00 (Ioll0 + 19510, (257)

and
[0oll1.0 < A (CFPH‘%HLQ + K71 CrpCiso(3, d)CE,15!!u\|1,Q||9D||1/2,FD)

< Crpllbslli, + £ CrpCsob(3,d)Cradllulliallfplli oy, ;

where we have used that A < 1. Next, we realize that the estimates and are the same of
and , respectively. Thus, we can proceed exactly as in the proof of Theorem to obtain
that w and 6, satisfy estimates and , respectively. Finally, if (u,6y) € K, for A = 0, then
(u,6p) = (0,0), and evidently estimates and hold, which concludes the proof. O

Now, we are in position to establishing existence of solutions to problem ([2.24)).

(2.58)

Theorem 2.7 There exists a solution (u,0) to (2.24)).

Proof. First, we observe that Lemma implies that operator .Z : X X H%D Q) — X x H%D(Q)
is continuous and compact. Furthermore, Lemma [2.6| states that IC is bounded. Therefore, Shaefer’s
Theorem (see Theorem guarantees the existence of a fixed point (u,fy) € X x HllD (Q) of Z;
that is,

(u, 90) = .,?(u, 90) N

and so, satisfying
A (u,v) + €% (w;u,v) = D0 + 05,v),
AT (0o, 9) + €T (u;00,9) = —T(05,9) — €T (u;605,9),

which implies that (u, 6y + 6s) is a solution to (2.24). O
We close the section by mentioning that the existence of the pressure p solution to problem (2.5

follows from the inf-sup condition (2.14)) and the properties (2.10) (2.18) and (2.23) of the forms ./,

¢ and 27, respectively (see also e.g., [24] Theorem 1.4]).

2.4.3 Uniqueness of solution

Now we establish the uniqueness result for (2.24]) under a sufficiently small data assumption.
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Theorem 2.8 Assume that the Lipschitz continuity constant (see Lemma satisfies
Crip = Cpp min{v, k}C5(6, K, 0p,g) < 1. (2.59)

Then, there exists a unique solution (u,p,0) € [H}(Q)]4 x LE(Q) x Hi (Q) to [2.5).

Proof. Let (u,p, ) and (u,p, 5) be two solutions of problem (£2.5). Then, since (u,6) and (u, 5) are
solutions to ([2.24]), we let 6y = 0 — 65 and 6y = 6 — 05 and conclude that (u,6y) and (u,dy) are fixed
points of the operator .Z. Thus, from the Lipschitz continuity of . (cf. Lemma , we deduce that

1w, 80) — (@, 00) | = [|£ (w, 60) — 2 (@, 00)|| < Crie|l(w,60) — (@, b0)ll,

which together with (2.59)), implies that w —u = 0 and 6 — 0 =0y — 6y =0. In turn, using the fact
that (u,p,0) and (u, p, ) satisfy the first equation of (2.5)), it readily follows that

B (v, p—p)=2°0 —0,v) — 7% (u—u,v) — (€°(u;u,v) — €@ u,v)) =0,

for all v € [H}()]?, which combined with the inf-sup condition (2.14) imply that p — p = 0, which
concludes the proof. O

3 The fully-dG finite element discretization

In this section, we present and analyze the discrete scheme based on discontinuous Galerkin approxi-
mations to find the solution to problem ([2.5). In this way, after introducing some preliminary notations
and definitions in Section [3.1) we then set and analyze the discrete scheme throughout Section

3.1 Preliminaries

Let T, be a shape-regular partition of €2, made up of simplices K, where K is a triangle in 2D or a
tetrahedron in 3D, with unit outward normal vector ny and element diameter hx. As usual, the mesh

size is defined as h := max hy. For simplicity, we further assume that if 0K N 9Q # () then either
€'/

|OK NT'p| =0 or [0K NI'n| = 0 and that the intersection of two elements is either empty, a vertex,
an edge, or a face. The set of edges/faces of the mesh 7}, will be denoted by &, = &} U 52, where &/
and 8,2 stand for the sets of all interior and boundary edges/faces, respectively, and E}Z:ID = E,l; NIp.
For any edge/face e € &, we denote by h, its respective (d — 1)-diameter, that is, its length in 2D or
its maximum diameter in 3D.

Jumps and average operators to be used in the sections that follow are introduced next. Firstly, let
e € & be a common edge/face of two neighbor elements K, K~ € Tj, satisfying e = 0KT N oK,
and let ¥ be the unit outward normal vector to e on K*. If ¢ and v are sufficiently regular scalar
or vector piecewise functions on 7y, respectively, denote by ¢+ and v* their traces taking from the
interior of K*. We then define the jump [-] acting on ¢ and v as

vInf + ¢ g, ecé] vtent +v en;, ecél
[v] = and [v] =
vn, eccfy ven ecé&,

where n is the unit outward normal vector to 9. In turn, For any smooth enough piecewise (scalar-,
vector- or tensor-valued) function  we define its average across e € &} as {n}} = 3(n* + n~) and

{nf} =nifecé.
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For r > 0, we set the standard broken Sobolev space
H'(Ty) = {6 €L*Q): ¢|, € H(K) VKeT,}, (3.1)

and the mesh-dependent broken norms

H [llEe VYo e H(Th),
KeTy, eefh (32)

|enl37 = llvnl?s + Z h3 WM Vi € H2(Th),

KeTy

||¢h”i’rh =

where V() is the broken gradient operator and ag is a fixed parameter. An inverse inequality allows
to guarantee the existence of a positive constant C, independent of the meshsize, such that (see [36],
Section 3.3.1]):

[¥nlle7 < Cllvnlhig Vi € Yn, (3.3)
where ¥}, is any piece-wise polynomial space.

Also, we recall the broken version of the Sobolev embedding (2.2) (see e.g., [25, [42]): there exists a
constant Cg,p > 0 such that

¢g>1 ifd=2,

3.4
qge[l,6] ifd=3, (3:4)

||¢||O,q,Q < GSowaHLTh Vw S Hl(’ﬁl)v where {

which is useful to proof the discrete estimates and stability properties of the forms defining the discrete
problem to be defined next in Section The respective vector versions of (3.1)-(3.4]) are extended

in a natural way.

3.2 Discontinuous Galerkin finite element scheme

For an approximation of order £ > 1 and a mesh 7 on Q as in Section (3.1)), let Py(K) be the local
space spanned by polynomials of degree < k on K. We then consider the following finite dimensional
spaces

V), = {'vh € Ho(div;Q) : vy, € [P(K)]Y, VK e ﬁ}, Qn == SFINI2Q), W, = SF,
(3.5)

where

st {rh € L2(Q) : |, € B(K), VK e Th} for 1> 0. (3.6)

Note that V', is the space of divergence-conforming BDM elements [9]. In this way, based on the
discrete spaces (3.5)), we propose the following fully discontinuous Galerkin finite element method for

problem (2.5): Find (wp,pr,0n) € Vi X Qp x Wy, tal que
A (up,vp) + CF (upsup,vp) + B (vnpn) = 2°0n, 1),

%S(uthh) = 07 (37)
DO, n) + € (un; On,on) = D5 (),
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for all (vp, qn, ¥n) € Vi x Qp x Wy. Here, the discrete bilinear forms sa/hs and .thT we consider are
based on the interior penalty method [5] and given, respectively, by

szhs(uh,vh)—/uvhuh thh - Z/ {{I/thh}} [[Uh]]

e€ly

-y / Vol funl + 30 20 / [un] : [oa],

ee€y eelp

(3.8)

and

Q/;fp(@h,lbh):/%vh@h Vign — Y /{{"@Vheh}} [on]

e€ELUEp
Rago
- [ vy -+ X 52 [0,
eESZUS,?FD cegiugl 0 °

where ag is the interior penalty parameter taken large enough so that the bilinear forms ,ths and
I are both coercive (see [5] for further details). In turn, the discrete forms linked to the nonlinear
convective terms, based on an upwind approach [31], are defined by

1
G (wp; up, vp) = /(wh -Vi)up - v + 3 / (wp - i — |wy, - nk|) (uf, — up) - vp,
Q OK\T

KeTh

and

G (wh; O, Yp) = /(wh Vibn) ¥n + = Z / (wp, - g — |wp, - ngl) (0 — 04) Un,

KeT OK\I

where uj and 6} stand for the traces of u; and 8y, respectively, taken from within the exterior of K.
Finally, the functional @eTD is defined by

Do (Wn) = ) / Un — &Vpn -n )b, (3.9)

6652 I'p

and the bilinear form %° and the linear functional 2° are defined by (2.7) and (2.9)), respectively.

3.2.1 Discrete estimates and stability properties

Here we state some properties of the forms defining (3.7)) and that are required for the discrete analysis.
Their proofs can be found in the previous related works [10, 25| 36, 37] and therefore we omit them.

)dh (un,on)| < vCoys llunllim lvnllim Yup,vn € Vi, (3.10)
3 (w,on)| < v Coys lulla lonll 7, Vue [HAT)" Yo, €Vy,  (311)
’ﬂfh (On,vn)| < [¥nll,7, VOn, b € Wi, (3.12)
(L0, 4n)| < 1 Copr 62,7, V0 € HX(T;) Vin € Wh, (3.13)
%5 (0n,0)| < Cos Jonlli lallos Vo€ Vi Vqe L3(9Q), (3.14)
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IN

’%?(wh;uh,vh)’ Cigs |lwnllr,7 llunll7 vl Vwp, up, vp € Vi, (3.15)

N

‘Cfg(wh;eh,%)‘ < Cor |walli 7, 108ll1,7, ¥n 1.7 Vwy € Vi, YO, € W, (3.16)

Also, it is well-known that for a sufficiently large parameter ag the bilinear forms ,Qihs and ,Q/hT are
coercive (see [0, 20] for further details). More precisely, there exist positive and h—independent
constants ag and ar such that

) (vn,vn) > vaslonlli ;. Yow € Vi, and ] (Yn,vn) = war|vnlli 5 Vion € Wa. (3.17)

Regarding the bilinear form %°, we recall from [27] the discrete inf-sup condition: there exists an
h-independent constant 8 > 0 such that

‘-@S Vh,4h =
sup 2O S Fyole Vane Q. (3.18)
vRLEV ||vh||1,7-h
v;ﬁéO

As in the continuous case, we define the discrete kernel X, of the bilinear form %% as
Xh = {’UhGVh : %’S(vh,qh) = O, VQhEQh} :{’UhEVh : divvh =0 in Q},

where the last equality follows from the fact that Vj, C Ho(div;2) and div V', C @y, (see [11]). This
particularity implies that X, C H(div’; Q). Incidentally, according to [I1, B36] we deduce that

1
€ (wh; v, vp) = 5 > / [wp - ne||[op]] >0 Vw, € Ho(div';Q) Vo, € Vi, (3.19)
eec‘);‘1 ¢

ng(’wh;’lﬁh,w}J = % Z / \wh . ne| H[wh]]’ >0 Ywy, € Hg(diVO;Q) Vo € Wy, . (3.20)

eESZL €

Note further that the convective forms ‘Klf and ‘5,? are not linear in their first argument. However,
they satisfy the following Lipschitz continuity property: For all wy, wp, up € [H2(Ti)]4, 0, € H*(Ty),
vy, € Vi, and ¢y, € W, there exist positive constants Cs 1,ip and C711p, independent of the meshsize,
such that

6 (wh; wp, vp) — €5 (Whs up, vp)| < Cs.Lipllwn — @17 [wnll 7, on

1,7 s
B (3.21)
1CT (wh; 0, 0n) — EF (W 0h, )| < Cruellwn — w17, 1081719001117, -
As for the forms 2° and QGTD defined in (2.9) and (3.9)), we easily find that
‘95(%7%)‘ < Cys llglloe 1vnllz llvalliz, » Vi, € Wy, Yo € Vi, (3.22)
|75, o0)| < Casligloa 627 Ionll 7 Vo € HA(Ty) Y un € Vi, (3.23)
|78, (wn)| < Cor 1011 2 In .7 VgL e W (324)

3.3 Well-posedenss of the discrete problem

In this section we adapt the analysis developed in Section to prove the well-posedness of problem
(3.7). We begin by observing that, analogously to the continuous case, and owing to the discrete
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inf-sup condition ((3.18]), problem ([3.7)) is equivalent to the reduced problem: Find (up,0y) € X, x Wy,

such that: S S S
Mh (uhavh) =+ Cgh (Uh;Uh,’Uh) = 9 (9h7vh)7

AT O n) + CF (wn; O tn) = D (vn), (3.25)

for all (vp,vp) € X x Wj. Consequently, in what follows we focus on analyzing problem (3.25)).

We start by deriving the corresponding a priori estimates.

Theorem 3.1 Let (up,0;,) be a solution to . Then, the following a priori estimates hold
lunliz < Ci(w.s.bp.9)  and [0l < Cals.fp), (3.26)

where

Ci(v,5,0p,9) = crv™ w7 M lglog 10bllhj2r,  and  Ca(k,0p) = c2k™" 0p]l1 /2.0y, (3.27)
with c1,co > 0, independent of h and the physical parameters.
Proof. Assuming that (uy, 0p,) is a solution to and taking there (vp,¥p) = (up, 0y) yields

A (up, up) + 6 (upiup, up) = 290, up),
(O, 0n) + € (un; 0n,0n) = Dy ().

Invoking now the coercivity of the bilinear forms JZ{hS and ! (cf. (3.17)), the non-negativity property
of the forms ¢ and € (cf. (3.19)-(3-20)), and the continuity of 2° and @g}; (cf. (3.22)-(3.24)) we

immediately obtain

N

vaslunlli < Cgs lglloq l0al7 lunlm,

warllulli . < Cor ||0pllj2,rp 1100l1,7 -

Then, estimates (3.26]) follow after simplifying and using the bound obtained for |61 7, in the
respective one for uy,. O

Remark 3.1 Notice that, differently from (2.28)), here the estimates for up, and 0y, do not depend on
any other parameter but the inverse of the viscosity and the thermal conductivity.

In order to state existence of discrete solutions, similarly to the continuous case, we firstly define
the discrete version of operator .Z defined in ([2.42]), namely,

gh: XhXWh — XhXWh

(W, n) > (up,0n) := (L1 (Wh, d1), Lh2(wn, ¢r)),

(3.28)
where, given (wp, ¢p) € X X Wy, (up,0y) € X, x Wy, is the unique solution (to be verified next in
Lemma of problem: Find (up, ) € X x Wp, such that

A3 (up, vp) + G5 (wp;up,vn) = 2°(dn,vp),
A (O, ¥n) + € (wns O, n) = Dy (¥n),

for all ('vh,¢h) e X, x Wy,

(3.29)
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According to the above, it is clear that (up,0p) is a solution to (3.25)), if and only if (up, ) is a
fixed-point of %, namely,
L (un,0p) = (un, 0p).
Then in what follows we prove the existence of a fixed-point of %}, by means of the well-known
Brouwer’s fixed-point theorem given in the following form (see e.g. [§]):

Let B be a nonempty compact convex subset of a finite-dimensional normed space, and let L be a
continuous mapping of B into itself. Then L has a fixed point in B. Before doing that, in the following
result we establish that operator %, is well defined.

Lemma 3.2 Operator £, (cf. (3.28])) is well-defined, or equivalently, for all (wy,¢pn) € Xy, x Wh,

there exists a unique (up,0p) € Xp x Wy solution to (3.29). Moreover, the pairs (wp, ¢pn) and
(wn, 0h) = Lp(wn, én), satisfy

oo lonllz  and |0all17, < Ca(k,0p) [0pll1/2ry » (3.30)

lunlh 7 < d5'Cosv g
with Co(0p) defined in (3.27).

Proof. Given (wy, ¢pn) € X, x Wy, using the ellipticity of 42/,13 and ! (cf. (3.17)) and estimates
(3.19) and (3.20]), we deduce that

vas|vnlli 7, < 5 (vn,vn) + 6 (whivn,vn) and  war|Ynllf g < 9 (Y, n) + %?(wh;i/}h(, %))7

3.31
for all (vp,1n) € Xp x Wy, that is, szhs(-, )+ (gf(wh; ) and I (+,-) + G (wp;-,-) are elliptic
and bounded bilinear forms on X} x W}, where the boundedness follows immediately from estimates
(-10), (3.12)), (3.15) and (3.16). Then, since 2°(¢y, ) and @eTD(~) are bounded and linear functionals
on X, and W, respectively, an straightforward application of the Lax-Milgram Lemma [20, Lemma
1.4] to the uncoupled problem yields the well-definedness of .%,.

Finally, we observe that (3.30)) follows straightforwardly from (3.29)), (3.31)), (3.22)) and (3.24]), which
concludes the proof. O

Now, to apply the Brouwer’s fixed point theorem in our context, we define the compact and convex
set By, C X, x Wp, defined by

By, = {(whad)h) € Xp x Wy : |wnli7 < Ci(v,5,0p,9) and [|gpll17 < Colx, GD)} (3:32)

where 61(1/, k,0p,g) and 5’2(/{, fp) are the constants given in (3.27)).
It is not difficult to see from (3.31)), that Z(B)) C Bj. In fact, given (wp,¢p) € By, we let
(v, ¥n) = L (wp, ¢p,) and observe from ([3.29) and (3.31)), that there hold

vas|vnlli 7, < 2°(bnovn) and  war|valis < 25, (dn),

Then, from the continuity of 2° and @eTD (cf. (3.22) and (3.24))), the latter yields

vaslloplig < Cgsllgllogllonll,z, and warl|vnlirn < Corl|0blli/2ry,

which together with the fact that ||¢p |17, < Cy(k, 0p), implies that (v, 1) € By,
Now we state the Lipschitz continuity of the operator .5, on Bj,.
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Lemma 3.3 The operator £, defined in is Lipschitz continuous on By, that is
%0 (wh, dn) — Ln(@n, &n) |75, < Crp [[(wh, dn) — (@n, Sn)l1,7, (3.33)
for all (wp, ép) , (W, $h) € By, where 6’L1p > 0, independent of the meshsize, is defined in (3.34)).
Proof. Let (w, ép), (Wh, &n), (W, 03), (Wn, 0y) € By, be such that
(wn, ) = Zh(wn, ¢n) and  (@n,0) = Z(@n, on) -

According to the definition of .%j, (cf. (3.28)), it follows that

22 (up, vp) + € (wh;up,vn) = 25(6n, vn),

AL O, V) + G (wi; On,0n) = Dy (Yn)

and
dhs(ahavh) + Cg}f(ﬂ)h;ah7vh) = -@S(¢h7,uh)7

AT (Onn) + G (Wni0n,0n) = D5 (¥n),
for all (vp,vn) € X x Wy, Then, by subtracting these systems of equations and manipulating the
resulting expression, we find that
2 (wp — Un, vp) + € (Whi wn — T, vp) = —Cf (Wh — Wh; Un, V1) + 2% (b — dn, vn) ,
and B N N
(O — O, ¥n) + Cpf (wi; O — On,bn) = =€) (wp, — wh; On,n) ,

for all (vp,n) € Xp x Wy. Then, using (3.31)), (3.15), (3.22) and (3.16)), from the previous identities
with (v, ¥n) = (up — up, 0 — 0p), we obtain

0,0 |on — énlli7,

L7 +Cgsllg

vas|un — Gl < Cgs |wn — w7 [

and B B B
rarl|0n — Onllr7, < Cor |lwn — w7, 10617
But, since (@, 6,) € B}, which means that a7, < Ci(v, k,0p,g) and ||§h”1,7—h < Cy(k,0p), from

the previous inequalities, we obtain

1.7, < Cgs C1(v, K,0p, g) |lwn, — w17, + Cys llglloo |én — ¢nlliT,

1/625||uh — ﬁh

and
kar||0n — Oull1,7, < Cyr Ca(k, Op) |[wh, — whl1,T,,

which imply (3.33)), with Crip > 0, given by

5LIP = Cmax{yilél(y7 K, 0D7g) + "iila\b(’@ 9D)7V71Hg ‘O,Q} P (334)

with C' > 0, independent of h and the physical parameters.

Now we are in position of establishing the existence result.
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Theorem 3.4 There exists at least one (up,0) € By, solution to (3.25). Furthermore, there exists
ph € Qp so that (up, pp,0) € Vi, X Qp X Wy, is a solution to (3.7), with py, satisfying the estimate

Ipnllo.c < Cs(v, k. 0p,9), (3.35)
with
63(Va R, aDag) = g_légs ||g||0,952(’{'5 GD) + B_lyégA/Sél(Vv R, 0D7g) + 5_15%56%(V7 K, 0D)9)7

with 5’1(V, k,0p,g) and 52(,%, 0p) the parameter-dependent constants defined in (3.27)).

Proof. Recalling that operator %, is Lipschitz continuous on Bj and satisfies .Z(By) C By, the
existence of (up,0,) € By solution to is a direct consequence of the Brouwer’s fixed-point
theorem. In turn, similarly to the continuous case, the existence of a discrete pressure is a direct
consequence of the inf-sup compatibility condition (see [36, Lemma 3.6], for further details).

Finally, to derive estimate (3.35]) we employ the inf-sup condition (3.18]), the first equation of (3.7)),
estimates (3.10)), (3.15)), (3.22), and the fact that (up,0p) € By (cf. (3.32))), so that the estimates in

(3.26]) hold, to obtain

~ %S Uh, Ph @S Oh Vp) — JZ%S up, V) — ch Up; Up, Up,
Flonlog < sup 2P gy, L0 0n) = 0 0n) 6 (st on),
veVy lunlli whevy, lonll,7
vpF#0 vp#0 _
< Cys lglloe 10nll1,7, +v Cos lunllim + Cosllunllf 1,

< CyslglloaCa(k, ) + v CysCi(v, k,0p,g) + CysCi(v,k,0n,9),

which concludes the proof. O

Now, as in the continuous case, we are further able to derive the uniqueness result as a straightfor-
ward consequence of the Lipschitz continuity property of operator .%},. In fact, if (up, 0p,) and (up, 0p,)
are both two different solutions to problem (3.25)), then they satisfy

(un, 0n) = L (up,0) and (W, 04) = L, (W, 0),
Then, from Lemma [3.3| we obtain
[ (wn, On) — @, O)nll1,75, = 1L, 0n) — Lo (@n, 0n) 11,7, < Crae |l (wn, 02) — (@n, 04) 1,75 »

with Q’Llp being the constant defined in (3.34)) that explicitly depends on data. Therefore, by assuming
that Cip < 1 we readily obtain the desired uniqueness result. More precisely, we have the following
Theorem whose proof is omitted since it is analogous to the proof of Theorem

Theorem 3.5 Assume that the data is small enough so that the constant Crip (see (3.34)) satisfies
CrLip < 1. Then there exists a unique solution (wp,pp,0r) € Vi X Qp X Wy, to (3.7).

4 A priori error analysis

In this section we proceed to derive a priori error estimates for the numerical scheme introduced and
analyzed in Section [3] To do that, we assume that the hypotheses of Theorems and hold,
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and let (u,p,0) and (up, pp,0r) be the unique solutions to problems (2.5) and (3.7]), respectively and
assume that the exact solution satisfies the following additional regularity:

w € [H" Y QEN[H QTN X, peHNQ)NLA(Q) and 6c H(Q), fork>1.

To derive the theoretical rate of convergence of our scheme, we let HEDM be the BDM interpolation
operator from [H*"1(Q)] into V,, and for [ > 0, we denote by P! and P} the L%-projections into S},
(cf. (3:6)) and S! N LZ(£2), respectively. This operators satisfy the following approximation properties
(see 9] 20]):

Ju —TPPMy|lo 72 < Ch¥|lulpsra,
lp - 25 @loe < ChElplie. (41)
10 = PEO)llo, < CRI0)kr10-

Then, denoting by

e =p—pn § = p—P(’f‘l(p), X, = Po (p) — pn, (4.2)
eo =00y, & = 0-PFO),  xp = PHO) —bh,

and observing that

€y = Eu+Xu7 ep:£p+Xp7 69:£0+X07 (43)

from the triangle inequality, the approximation properties (4.1) and the inverse inequality (3.3]), we

have that i
2.7 < Ch¥llullk+1.0 + Cllxa

2.7n < €ull2, 7 + lIXal 1,7 »
leplloe < €l + Ixylloe < CRFplka + Ixlloq (4.4)

leollz,z, < N€oll27n + lIxollzr < CRMIOllkr1.0 + Clixall,7 -

which means that the estimation of the individual errors e,, e, and ey is reduced to estimate the
discrete individual errors x,,, X, and Xxg.

|€w

With these ingredients at hand we are now in position to state and prove the main result of this
section.

Theorem 4.1 Assume that the hypotheses of Theorems and hold and let (u,p, @) and (wp, pr, 01)
be the unique solutions to problems (2.5) and , respectively, and suppose that u € [H’”l(Q)]d N
[HY)4N X, pe HYQ)NLE(Q) and 0 € HL(Q) for k > 1. Assume further that

CrLpC2(8,00)Cys llglloe _ 1

674((57 K, l/agaeD) = 6J’S,LIPC(I((Sv V7979D> + HaT < V&Sa (45)

N |

with C1(0,v,g,0p) and C2(0,0p) being the constants defined in (2.29). Then, there exists a constant
C > 0, independent of h, such that

IN

|w —wuplle,7 + 10— 0Onll2T, CR* (lullpsro + 10lks10),

(4.6)
00 < Ch*(lpllke + lullirie + 10lk10) -

A

lp — o
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Proof. We start by noticing that, since u € [H*1(Q)]9 N [H}(Q)]?N X and 6 € H*T1(Q), then the
following Galerking orthogonality properties hold:

2 (ew,vn) + CF (w;u,vp) — € (un; up, vy) — B (vn, ep) — 2°(eg,vp) = 0 (4.7)
for all v, € Vi,
B°(eu,an) = 0,
for all g € Qp, and
) (eg,0n) + G (w;0,9n) — G (wn; O, ) = 0, (4.8)

for all ¢, € Wy, In particular, from (4.7]), noticing that X;, C X, and applying some suitable algebraic
manipulations, we obtain

;zihs(eu,vh) + ‘K,f(eu;u,'vh) + (f,f(uh;eu,vh) - .@S(eg,vh) =0,
for all v, € X}, which together with , implies
D (X V1) + CF (s Xy 0n) = 2°(eg,vn) — 2 €y 0n) — € (wn; €y, vn)
—Cp (Euiu,vn) — € (Xui us 0n),

for all v, € Xj. Then, taking vy = x,, € X, in the latter identity and employing (3.11)), the first
estimate in (3.21)), (3.22) and the first estimate in (3.31]), we obtain

vaslxullim < Cgsliglloa €l + Cosllglloa lxelliz +v Cos 1€ull27,

1.7, + Csup X7 [l 7,

1.7, + Csup €yl 7, v

+Csurp||wn 1,7, 1€

and recalling that w and wy, satisfy the a priori estimates (cf. (2.28) and (3.26)), respectively)
lulio < C1(3.v.9.6p) and |luplliz < Ci(v.+,0p.g).

we readily obtain

(vas — CspCi(6,1,9.60)) IxullLz < Cos lglos Ixolin + Ki(€o,€w) (4.9)

with ~
1.7, FvCys &ull2T

Ki1(€5,€,) == Cosllglog lI€

+63,LIP61(Va K, 9Dag)||£u, 17, T 55,L1P01 (5a v,g, HD)HSuHLTh‘

Similarly, from (4.8) with v, = xj, combined with (4.2), the second estimate in (3.31)), (3.13), (3.21])
and the bounds [|u||1,7;, < Ci(v,k,0p,g) and [|0]|1.0 < C2(d,0p) (cf. (2.28)) and (3.26])), we obtain

rarlxelliz < CripCa(8,0p)Xulliz + Ka(€s, €u) (4.10)

with
Ko(€g, €)= £ Coyr |€llo7, + CrreCi(v, v, 00, 9)|1€oll7. + CrrpCa(d,00)|[€xull1 7, -

Then, combining (4.9)) with (4.10]), we obtain

60 g
17 < Ki1(€y,8y) + wi@(f&&)

(V&S - 64(57 R, V7970D)> qu’ K ar
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which together with (4.5]), implies
vaog

2
Finally, employing (4.11]) in (4.10) we deduce that

,
alim, < i gn) + 2100 g, g, (4.11)

2C7L1pCs(5,0p)Cys ||glo.o
14 5&5/@ &T

2C7 11pCa(6, 0p)

vag

K’aTHXG 1,7h < Kl(&@)&u) + ( +1> KZ(&Q?SU)'

(4.12)

In this way, from (4.4)), (4.11)), (4.12]) we easily obtain the first estimate in (4.6)).
Now, for the second estimate in (4.4)), we first note from the discrete inf-sup condition (3.18]) with

qn = eg, using then that ez = epH — e, and subsequently employing the bound (3.14) for #°, we find
~ B> (v B (v B° —
Blxglon < sip 2 0mX) o gy ZORE) g, Folon )
wnevy,  llvnllg, vevy onlliz wiev,  llonllig,
vp#0 vp#0 vpF#0 (4 13)
~ B (vp, —ep)
< COgslElloe + sup ————
vpEVY ||,vh”177—h
’Uh#O

Now, to handle the second term at the right-hand side of the latter expression, we use the Galerkin
orthogonality relation (£.7) and after adding and subtracting %;* (u; u,vp) it follows that

%S(Ufu_ep) = _%hs(e’un,vh) - cg};S‘(u’ 'LL,’Uh) + Cg}f(uh;uhvvh) + ‘@S<697’0h)
=~ (ew,vn) — €y (eu;u,v1) — G (un; €u,v1) + Z°(eg,vn) .

In this way, a straightforward application of the estimates (3.11)), (3.21]) and (3.23)), and the fact that
Il < - llou in H?(Th), yield

2% (vp, —ep)| < (Cuys + Cspp |ulliz + Csiwp Jlun

17.) llewlle,7, lvnll,,

(4.14)

+Cysllgloq lleslle.r, llvnlT,-

Therefore, after replacing (4.14]) into (4.13)), simplifying by ||v||1,7;,, employing the a priori estimates
(2.28) and (3.26]) for w and wy, respectively, and grouping terms we get

HXpHQQ < 5_16%5 HspHO,Q =+ 5_15'5(57 V7livg79D) [ ”e'U«HQ,Th + H69H277’h:| ) (415)

where

05(67 v, ’{70])79) = maX{aﬁs + 5S,LIP |:Cl(57 V?QaGD) +61(V5 R, 9D;g)] ,6_@5”9”07(2 } .

Then, the result follows by inserting (4.15) in (4.4) and using the estimates for |ley|2. 7, + |eoll2,T,
obtained in the first part of the proof. O

5 Numerical results

This section presents a couple of examples in order to illustrate the performance of the fully discon-
tinuous Galerkin method (3.7]) constructed and analyzed in Section |3| for approximating the solutions
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to the stationary Boussinesq system ([2.3), and to confirm the theoretical convergence rates (4.6)
predicted by the theory according to the Theorem

The first example below is a problem with manufactured smooth solution considering only non-
homogeneous Dirichlet boundary conditions for the temperature whereas the second one deals with
a setting that involves physical boundary conditions such as in ; more general case that was
analyzed in the present work.

The computational implementation was carried out using a FreeFem-+-+ code (see [28]) and the
linear solver UMFPACK (see [19]). The experimental errors and convergence rates for the velocity
vector field, for the pressure and the temperature are the result of iterations based on a Picard method
as fixed-point strategy over a family of triangulations 7T, of the respective domain. This process ends
when the relative error of the entire coefficients vector given by two consecutive iterations is small
enough, that is,

||coeff™ ! — coeff™||2

Hcoeﬂ?‘mJrl [ ;2

< tol,

where tol is a specific tolerance and || - ||,2 stands for the Euclidean #>—norm in RY with N denoting
the total number of degrees of freedom defined by the finite element family (V'p,, Qn, W3) specified in
Section [3.2] with k = 1, that is, the velocity u, the pressure p and the temperature 6 are approximated
by means of the discrete subspaces BDMy, Py(7,) and PLC(Ty), respectively, where the former
corresponds to the Brezzi-Douglas-Marini finite element space of first order, the second to piecewise
constant functions, and the last one to linear discontinuous piecewise polynomials. In all the cases,
we have chosen the penalization parameter as ag = 5.

The individual experimental errors and the convergence rates associated to each variable are given by

e(u) = [lu —unlliz . o) = P —pullog, e() =110 = Onll,7 .
_ log(e(u)/e(u)’) ._ log(e(p)/e(p)) . log(e(6)/e(9))
" ey T Ty 0T Togmy

where h and h’ denote the size of two consecutive meshes with their respective errors e and ¢’.

5.1 Example 1: a vortex in the unit box

In the first example we work on the domain € = (0,1)? and the physical parameters v = k = 1 and
g = (0,—1)%. The manufactured solutions are given by

’U,(ZC,y) = (Ul(.T,y),’U,Q(ﬂS,y)) ) Q(SU,y) = ul(xvy) + ’LLQ(IE,y) )

(e — . (esY — erats
2 1)>Sm(2 isy—11)>(er—1)(ej—1)’

ui(z,y) = %f;y_l) <1 — cos (27T(:x__11)>) sin (%ij__ll)) ,

wsenn) = 5 (1 cos (FHE ) Y ()

with 7, s > 0. Here, the velocity vector field w is similar to a counter clockwise vortex in a unit-box
whose coordinates depend on the choice of the parameters r and s (cf. [14] [4I]). In our example,
we take r = 3.5 and s = 9.1 which corresponds to a vortex located near the upper right corner of

p(z,y) =rs sin ( o

where,
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the domain. Table presents the errors and the convergence rates obtained with a fixed tolerance
tol < 1E — 06. We confirm there that the individual errors of all the variables decrease with an
optimal O(h) convergence as predicted by Theorem with £ = 1 and that the discrete velocities
are divergence free (see 9th. column). In Figure we display the streamlines of velocity wy, the
pressure pp and the temperature 6; obtained with a mesh with N = 89920 degrees of freedom.

Finite element approximation BDM; — Po(7;,) — P$5¢(Ty,)

N h e(u) r(u) e(p) r(p) e(0) r(0) |divup ||oc,o | Iter
2064 | 0.1179 | 16.5374 - 3.6655 - 17.8977 - 3.0407e-11 11
3648 | 0.0884 | 14.0742 | 0.5606 | 2.8195 | 0.9121 | 14.4985 | 0.7322 | 2.5919e-11 5
8160 | 0.0589 | 9.8316 | 0.8848 | 2.1387 | 0.6815 | 9.8172 | 0.9616 | 2.6303e-11 6
32448 | 0.0295 | 4.3685 | 1.1937 | 1.2322 | 0.8203 | 4.3631 | 1.1783 | 2.4174e-11 32
57600 | 0.0221 | 3.1019 | 1.1902 | 0.9599 | 0.8681 | 3.1290 | 1.1557 | 2.2162e-11 17
89920 | 0.0177 | 2.3862 | 1.1711 | 0.7849 | 0.9094 | 2.4276 | 1.1330 | 2.2453e-11 8

Table 5.1: Example 1: Convergence history for the Boussinesq system using the fully discontinuos
Galerkin Family BDM; — Py(7) — PEC(T) (k= 1).

50008 040608 1 121416 21e+00
—— | —

92+00-6 4 2 0 2 4 6 8 1012 14 18e+01
\ - L

Pn

9 -2.00+00 105 0 05 1les00
h — e —

Figure 5.1: Example 1: Streamlines of the velocity up, pressure p;, and temperature 8}, of the Boussi-
nesq system obtained with the discontinuous finite element family BDM; — Po(73) — P8C(Ty) (k = 1)
and N = 89920 degrees of freedom.

5.2 Example 2: square cavity stationary flow.

In this example we consider a stationary flow problem in the unit box (0, 1)? with the physical boundary
conditions

(1)

r

u=0 on I, = 0 on ](32) and ﬁ:0 on I'y,
dy(1—y) on I on
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where the Dirichlet boundary I'p = I‘](Dl 'y I‘](DQ ) with
Fg):{(:u,y)eRQ: =0 and 0<y<1l, or y=0 and 0<zx <1},
Fg):{(x,y)eR2: x=1 and 0<y<1},
and the Neumann boundary is defined as
I'n={(z,y) €R?: y=1 and 0<2<1}.

In this example, we set k = 1, v = 0.5 and g = (0, —1)’. Since non analytical solution is known in
this case, we will compute the errors and the convergence rates by considering the discrete solution
obtained with a finer mesh (/N = 273554) as the exact solution. In Table we report the results we
obtained for a sequence of uniform triangulations considering the discontinuous finite element family
BDM; — Py(T,) — P{¢(73,). Once again, it is observed that the rate of convergence O(h) is attained
by all the unknowns in agreement with Theorem and that the discrete velocities are divergence
free. We further display in Figure the approximate velocity, the pressure and the temperature.
Our results are concordance with [41]. All the figures presented there were obtained with N = 67792
degrees of freedom.

Finite element approximation BDM; — Py(7;,) — P{5(Ty)

N h e(u) r(uw) e(p) r(p) e(6) r(0) |divup||co,n | Tter
268 0.7454 | 6.3201 - 5.6810 - 1.0258 - 1.2190e-12 15
1110 | 0.3802 | 3.6201 | 0.8277 | 4.3212 | 0.4067 | 0.5852 | 0.8337 | 1.9250e-15 12
4278 | 0.1901 | 1.9850 | 0.8669 | 2.5850 | 0.7412 | 0.3192 | 0.8749 | 1.6210e-14 12
17040 | 0.0951 | 1.0875 | 0.8686 | 1.4652 | 0.8195 | 0.1724 | 0.8888 | 1.8870e-14 13
67792 | 0.0530 | 0.5820 | 1.0690 | 0.8789 | 0.8739 | 0.1002 | 0.9279 | 1.6988e-13 12

Table 5.2: Example 2: Convergence history for the square cavity stationary flow using the fully
discontinuos Galerkin Family BDM; — Po(7;,) — P{¢(T;,) (k = 1).

References

[1] R.A. Apams AND J.J.F. FOURNIER, Sobolev Spaces. Second edition. Pure and Applied Mathematics
(Amsterdan), 140. Elsevier/Academic Press, Amsterdam, 2003.

[2] K. ALLALL, A priori and a posteriori error estimates for Boussinesq equations. Int. J. Numer. Anal. Model.
2 (2005), no. 2, pp. 179-196.

[3] J.A. ALMONACID, G.N. GATICA AND R.OYARZUA, A mized-primal finite element method for the Boussi-
nesq problem with temperature-dependent viscosity. Calcolo 55 (2018), no. 3, pp. 1-42.

[4] J.A. ALmonaciD, G.N. GaTica AND R.OYARZUA , A posteriori error analysis of a mized-primal finite
element method for the Boussinesq problem with temperature-dependent viscosity. J. Sci. Comp. 78 (2019),
no. 2, pp. 887-917.

[5] D. N. ARNOLD, An interior penalty finite element method with discontinuous elements. STAM J. Numer.
Anal. 19 (1982), no. 4, pp. 742-760.

26



18¢05 02 03 04 05 06 07 08 99e01

On

1.1e-06 0.01 0015 0.02 0.025 3.4e-02 -1.5e-01-0.1 -006 0 005 0.1 1.5e-01
—— !

Figure 5.2: Example 2: Streamlines of the velocity uy, pressure p, and temperature 6, of square cavity
stationary flow obtained with the discontinuous finite element family BDM; — Po(T) — P{¢(T3)
(k=1) and N = 89920 degrees of freedom.

(6]

[15]

[16]

[17]

C. BERNARDI, B. METIVET AND B. PERNAUD-THOMAS, Couplage des équations de Navier-Stokes et de
la chaleur: le modéle et son approximation par éléments finis. ESAIM: Math Model Numer Anal 29 (1995),
pp. 871-921.

J. BOUSSINESQ, Théorie de lécoulement tourbillonnant et tumultueux des liquides dans les lits rectilignes
a grande section,, Nabu Press, 2010.

H. BRrezis, Functional analysis, Sobolev spaces and partial differential equations, Universitext, Springer,
New York, 2011. MR 2759829

F. BrEzis AND M. FORTIN, Mized and Hybrid Finite Element Methods, vol. 15, Springer Series of Com-
putational Mathematics, Springer, New York. 1991.

B. COCKBURN, G. KANSCHAT AND D. SCHOTZAU, A locally conservative LDG method for the incom-
pressible Navier-Stokes equations. Math. Comp. 74 (2005), pp. 1067-1095.

B. CockBURN, G. KANSCHAT AND D. SCHOTZAU, A note on discontinuous Galerkin divergence-free
solutions of the Navier-Stokes equations. J. Sci. Comp. 31 (2007), pp. 61-73.

A. QBIK AND K. SoONGL, A projection—based stabilized finite element method for steady-state natural
convection problem. J Math Anal Appl 381 (2011), pp 469-484.

E. COLMENARES, G. N. GATICA AND R. OYARZUA, A posteriori error analysis of an augmented mized—
primal formulation for the stationary Boussinesq Problem. Calcolo 54 (2017), no. 3, pp. 1055-1095.

E. CoLMENARES, G. N. GATIiCA AND R. OYARZUA, A posteriori error analysis of an augmented fully—
mized formulation for the stationary Boussinesq Problem. Computers & Mathematics with Applications
77 (2019), no. 3, pp. 693-714.

E. COoLMENARES, G. N. GATICA AND R. OYARZUA, An augmented fully-mized finite element method for
the stationary Boussinesq problem. Calcolo 54 (2017), no. 1, pp. 167-205.

E. COLMENARES, G. N. GATICA AND R. OYARZUA, Analysis of an augmented mized—primal formulation
for the stationary Boussinesq problem. Numer. Methods Partial Differ. Equ. 32 (2016), no. 2, pp. 445-478.

E. COLMENARES, G. N. GATICA AND R. OYARZUA, Fized point strategies for mized variational formu-
lations of the stationary Boussinesq problem. C.R. Math. Acad. Sci. Paris 354 (2016), no. 1, pp. 57-62.

27



(18]

[19]

[20]

21]

22]

23]

[24]

[33]

[34]

[35]

[36]

E. COLMENARES AND M. NEILAN, Dual-mized formulations for the stationary Boussinesq problem. Com-
puters & Mathematics with Applications 72 (2016), pp. 1828-1850.

T.A. Davis, Algorithm 832: UMFPACK V/.3-an unsymmetric-pattern multifrontal method. ACM Trans.
Math. Software 30 (2004), no. 2, pp. 196-199.

A. ErRN AnND D. A. D1 PieTRO, Mathematical Apects of Discontinuous Galerkin Methods, vol. 69 of
Mathématiques et Applications, Springer-Verlag, 2012.

M. FARHLOUL, S. NICAISE AND L. PAQUET A mized formulation of Boussinesq equations: analysis of
nonsingular solutions. Math. Comp. 69 (2000), no. 231, pp. 965-986.

M. FARHLOUL, S. NICAISE AND L. PAQUET A refined mized finite element method for the Boussinesq
equations in polygonal domains. IMA Journal of Numerical Analysis 21 (2001), no. 2, pp. 525-551.

K. J. Gawin, A. LiNnKE, L. G. REBHOLZ, N. E. WILSON, Stabilizing poor mass conservation in in-
compressible flow problems with large irrotecional forcing and application to thermal convection. Comput.
Methods Appl. Mech. Engrg. 237-240 (2012), pp. 166-176.

V. GIRAULT AND P-A. RAVIART, Finite Element Methods for Navier-Stokes Equations. Theory and Al-
gorithms. Springer Series in Computational Mathematics, 5. Springer-Verlag, Berlin, 1986.

V. GIRAULT, B. RIVIERE AND M. WHEELER, A discontinuous Galerkin method with nonoverlapping
domain decomposition for the Stokes and Navier-Stokes problems. Math. Comput. 74 (2005), pp. 53-83

V. GIRAULT AND P.-A. RAVIART, Finite element methods for Navier-Stokes equations, vol. 5 of Springer
Series in Computational Mathematics, Springer-Verlag, Berlin, 1986. Theory and algorithms.

P. HaNsBO, AND M. G. LARSON, Discontinuous Galerkin methods for incompressible and nearly incom-
pressibility elasticity by Nitsche’s method. Comput. Methods Appl. Mech. Engrg. 191 (2002), pp. 1895-1908.

F. HECHT, New development in FreeFem++. J. Numer. Math. 20 (2012), no. 3-4, pp. 251-265.

J. HOWELL AND N. WALKINGTON, Dual-mized finite element methods for the Navier-Stokes equations.
ESAIM: Mathematical Modelling and Numerical Analysis 47 (2013), pp. 789-805.

J. HOwWELL AND N. WALKINGTON, Dual-mized finite element methods for the Navier-Stokes equations.
arXiv:1603.09231 [math.NA], (2016)

LESAINT AND P.A. RAVIART, On a finite element method for solving the meutron transport equation,
Mathematical Aspects of Finite Elements in Partial Differential Equations, de Boor C. (ed.). Academic
Press: New York, 1974; 89—145.

A. LINKE, Collision in a cross-shaped domain: A steady 2d Navier-Stokes example demonstrating the
importance of mass conservation in CFD . Comput. Methods Appl. Mech. Engrg. 198 (2009), pp. 3278
3286.

H. MORIMOTO, On the existence of weak solutions of equation of natural convection, J Fac. Sci. Univ.
Tokyo. Sect. TA, Math. 36, pp. 87-102, (1989).

H. MORIMOTO, On the Existence and Uniqueness of the Stationary Solution to the Equations of Natural
Conwection, Tokyo J. Math. 14, no. 1, 217-226, (1991).

R. OYARZUA AND M. SERON, A divergence-conforming DG-mized finite element method for the stationary
Boussinesq problem. J. Sci. Comp. 85, no. 14, (2020).

R. OYARzUA, T. QIN AND D. SCcHOTZAU, An exactly divergence-free finite element method for a gener-
alized Boussinesq problem. IMA J. Numer. Anal. 34 (2014), no. 3, pp. 1104-1135.

28



[37] R. OYARZUA AND P. ZUNIGA, Analysis of a conforming finite element method for the Boussinesq problem
with temperature-dependent parameters,. J. Comput. Appl. Math. 323 (2017), pp. 71-94.

[38] V. PERFILOV, A. ALI AND V. FiLA, A general predictive model for direct contact membrane distillation.
Desalination, 445 (2018), pp. 181-196.

[39] A. QUARTERONI AND A. VALLI, Numerical Approzimation of Partial Differential Equations, vol. 23 of
Springer Series in Computational Mathematics, Springer-Verlag, Berlin, 1994. Theory and algorithms.

[40] D. J. TRITTON, Physical Fluid Dynamics, NeVan Nostrand Reinhold Co., New York, 1977.

[41] Y. ZHANG, Y. HOU AND H. ZvUo. A posteriori error estimation and adaptive computation of conduction
convection problems. Appl. Math. Model. 35 (2011), pp. 2336-2347.

[42] C. WALUGA, Analysis of hybrid discontinuous Galerkin methods for incompressible flow problems. Ph.D.
Thesis, RWTH Aachen, Germany, (2012)

29



Centro de Investigacidn en Ingenieria Matematica (CI'MA)

2021-22

2021-23

2021-24

2021-25

2021-26

2021-27

2021-28

2021-29

2021-30

2022-01

2022-02

2022-03

PRE-PUBLICACIONES 2021 - 2022

RICARDO OYARZUA, MANUEL SOLANO, PAULO ZUNIGA: Analysis of an unfitted
mized finite element method for a class of quasi-Newtonian Stokes flow

FeLisiA A. CHIARELLO, HAROLD D. CONTRERAS, Luis M. VILLADA: Nonlocal
reaction traffic flow model with on-off ramps

SERGIO CAUCAO, RICARDO OYARZUA, SEGUNDO VILLA-FUENTES, IVAN YOTOV:
A three-field Banach spaces-based mized formulation for the unsteady Brinkman-For-
chheimer equations

REINALDO CAMPOS-VARGAS, ESTHER CARRERA, BRUNO G. DEFILIPPI, CLAUDIA
FUENTEALBA, IGNACIA HERNANDEZ, MAARTEN HERTOG, CLAUDIO MENESES,
GERARDO NUNEzZ, DIEGO PAREDES, ROMINA PEDRESCHI, VIRGILIO UARROTA:
Transcriptome and hormone analyses reveals differences in physiological age of “Hass”
avocado fruit

ToMAS BARRIOS, EDWIN BEHRENS, ROMMEL BUSTINZA: Numerical analysis of a
stabilized mixzed method applied to incompressible elasticity problems with Dirichlet and
with mixed boundary conditions

LiLiANA CAMARGO, MANUEL SOLANO: A high order unfitted HDG method for the
Helmholtz equation with first order absorbing boundary condition

ANA ALONSO-RODRIGUEZ, JESSIKA CAMANO: A graph-based algorithm for the ap-
proximation of the spectrum of the curl operator

VERONICA ANAYA, RUBEN CARABALLO, RICARDO RUI1Z-BAIER, HECTOR TORRES:
Augmented finite element formulation for the Navier-Stokes equations with vorticity
and variable viscosity

CLAUDIO I. CORREA, GABRIEL N. GATICA: On the continuous and discrete well-
posedness of perturbed saddle-point formulations in Banach spaces

NESTOR SANCHEZ, TONATIUH SANCHEZ-VIZUET, MANUEL SOLANO: Afternote to
Coupling at a distance: convergence analysis and a priori error estimates

GABRIEL N. GATICA, CRISTIAN INZUNZA, FILANDER A. SEQUEIRA: A pseudostress-
based mized-primal finite element method for stress-assisted diffusion problems in Ba-
nach spaces

ELicio COLMENARES, RICARDO OYARZUA, FRANCISCO PINA: A fully-DG method
for the stationary Boussinesq system

Para obtener copias de las Pre-Publicaciones, escribir o llamar a: DIRECTOR, CENTRO DE
INVESTIGACION EN INGENIERIA MATEMATICA, UNIVERSIDAD DE CONCEPCION, CASILLA
160-C, CONCEPCION, CHILE, TEL.: 41-2661324, o bien, visitar la pagina web del centro:
http://www.ci2ma.udec.cl



CENTRO DE INVESTIGACION EN
INGENIERfA MATEMATICA (CI2MA)
Universidad de Concepcién

Casilla 160-C, Concepcién, Chile
Tel.: 56-41-2661324 /2661554 /2661316
http://www.ci2ma.udec.cl




	Introduction
	The model problem
	Preliminary notations and definitions
	The stationary Boussinesq problem: strong and weak forms
	Stability properties
	Well-posedness of the weak formulation
	A priori estimates
	Existence of solution
	Uniqueness of solution


	The fully-dG finite element discretization
	Preliminaries
	Discontinuous Galerkin finite element scheme
	Discrete estimates and stability properties

	Well-posedenss of the discrete problem

	A priori error analysis
	Numerical results
	Example 1: a vortex in the unit box
	Example 2: square cavity stationary flow.


