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Abstract

This work analyzes a high order hybridizable discontinuous Galerkin (HDG) method for the linear elas-
ticity problem in a domain not necessarily polyhedral. The domain is approximated by a polyhedral com-
putational domain where the HDG solution can be computed. The introduction of the rotation as one of
the unknowns allows us to use the gradient of the displacements to obtain an explicit representation of
the boundary data in the computational domain. The boundary data is transferred from the true bound-
ary to the computational boundary by line integrals, where the integrand depends on the Cauchy stress
tensor and the rotation. Under closeness assumptions between the computational and true boundaries, the
scheme is shown to be well-posed and optimal error estimates are provided even in the nearly incompressible.
Numerical experiments in two-dimensions are presented.

Key words: Hybridizable discontinuous Galerkin (HDG), unfitted methods, transfer path method, linear
elasticity.
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1 Introduction

This work introduces and analyses a hybridizable discontinuous Galerkin (HDG) method for the isotropic linear
elasticity problem

Aog —€u)=0 1in Q, (1a)
V-a=f in Q (1b)
u=¢g on I, (1c)

where Q € R", n € {2,3} is a bounded domain, not necessarily polyhedral, with boundary I" compact, Lipschitz
and piecewise C2. Here, u is the unknown displacement, €(u) := (Vu + V'u) is the strain tensor, ¢ is the
Cauchy stress tensor, f € L?() is a source term, g € H'/?(I') is a given boundary data, A~! is the elasticity
tensor determined by the Hooke’s Law, that is, for a tensor &,

AN =2p + Mr(§) and A(f) = —€— ——————tr(§)], (2)



n
where, I denotes the identity tensor, tr(€) := Zfii, A and p are the Lamé constant such that p := _bB
= —= 2(1+v)
and A\ := L, with E the Young’s modulus and v the Poisson ratio.
1+v)(1-2v)

One of the first HDG schemes for the linear elasticity problem has been proposed in [9] for the formulation
(1) in polyhedral domains, where the symmetry of the stress tensor is imposed exactly. There, numerical
experiments showed the performance of the method. Later, the authors in [16] theoretically proved optimal
order of convergence for the displacement and suboptimal for the other variables. They also provided numerical
experiments showing that their error estimates are sharp. In addition, also for the formulation in (1), [25]
devised a new HDG scheme by considering polynomials of degree k, k + 1 and k for the approximation of the
stress, displacement and trace of the displacements, respectively. The symmetry of the stress tensor is also
imposed on the discrete spaces and the numerical trace of the stress is suitable defined in order to be able
to use the standard L?-projection in the error analysis, instead of the HDG-projection [7]. Recently, two new
theoretical tools have been developed to devise and analyze HDG method for elasticity problems. One of them is
the M-decomposition for devising superconvergent HDG methods [6] and the other is related to the construction
of a tailored projection that provides way of analyzing a family of HDG methods [15]. Recently, the authors in
[17] proposed a novel gradient-robust and locking-free HDG method.

On the other hand, the work in [12] analyzed an HDG method where the symmetry is imposed weakly by
introducing the rotation p(u) = (Vu — V'u)/2 as an additional unknown. In this setting, (1) can be written as

Ao —Vu+p=0 in(, (3a)
Vie=f inQ, (3b)
u=g onl. (3c)

During the last decade, HDG methods to handle curved domains via extension from polyhedral subdomain
have been developed for a variety of problems such as Darcy [10, 13], Stokes [29] and Oseen [30] equations,
convection-diffusion problem [14] and elliptic interface problems [26]. All these contributions are based on
approximating 2 by a polyhedral subdomain €2;, and transferring the boundary condition from I' to the com-
putational boundary I'y, by line integration of the extrapolated discrete approximation of the gradient. That is
why this methodology is often called transferring technique. The key feature of the partial differential equation
(PDE) that makes possible to use this approach, is to have the gradient of u as one of the unknowns. Therefore,
the formulation (3) is well suited to this transferring technique since Vu is written as Ag + p.

In this work, we analyze the resulting HDG scheme for (3) posed on a curved domain 2, combined with the
aforementioned transferring technique to approximate the boundary data on the computational domain. Even
though this type of unfitted HDG method has been analyzed before [10, 29, 30], it has not been studied for
elasticity problems, where the main challenges that we address in this manuscript rely in three aspects. The
first one is the presence of two of the unknowns, the Cauchy stress tensor and the rotation, in the line integrals
used to transfer the boundary data. In our previous work only one of the unknowns is being integrating along
the transferring segments. The second aspect is the task of obtaining estimates independent of the value of
A. Finally, as it is usual in unfitted methods, closeness conditions between I'j, and I" must be assumed in
order to to have a wellposed and optimal scheme. In the context of elasticity problems, ideally one would
like those conditions to be independent of A. As we will see in Section 3.2, we were able to get rid of A in
all the closeness assumption, except in one of them which requires the distance between I';, and T' to satisfy
dist(T'y,, T')h'/? < A~1. However, the numerical experiments reported in Section 6 suggest that this restriction
could be relaxed since for the nearly incompressible examples the method still performs optimally.

To fix ideas, let & € I';, and associate to it a point & € I'. The precise specification of & will be introduced
in Section 2.2. We set I(x) := | — «| and t(x) the unit tangent vector of the segment joining  and Z, then
integrating (3a) between & and & we deduce the identity

()
u(z) = g(z) / (Ag + p)( + st(x))t(x)ds, (4)

0



since u(Z) = g(Z). Defining g(x) := u(x), we obtain the following expression for the boundary data g in T'j,:

()
9(x) = 9(z) - /O (Ag + p)(x + st(z))t(x)ds. ()

Then, we solve the following problem in the computational subdomain p:

Ao —Vu+p=0 inQp, (6a)
V-oa=f inQy, (6Db)
u = 5 on Fh = th (6(3)

As we mentioned above, the idea of transferring the boundary data from I' to ', by integrating Vu along
a segment, was originally introduced and analysed in a one-dimensional diffusion problem [8], where an HDG
method was employed. Later, [13] generalized the method to the two-dimensional case and developed the
implementation tools. In the same direction, [14] numerically showed that the method performs optimaly in
convection-diffusion equations. Also, this technique was used in an exterior diffusion problem in a curved domain
[11]. There, the authors coupled the boundary element method to an HDG scheme and experimentally showed
that the order of convergence of the resulting method is optimal. Then [10] analysed the method proposed in [13]
using the projections-based error analysis of HDG methods [7]. In fact, [10] provided the theoretical framework
to analyze this type of techniques of transferring the boundary data. Recently, this data transferring technique
have been generalized to other type of boundary conditions [3] and transmission conditions over dissimilar and
non-matching grids [28].

Let us briefly comment on previous work related to unfitted methods for elasticity problems. In the context
of discontinuous Galerkin methods, one of the first unfitted methods for linear and nonlinear elasticity was
introduced by [27] based on the immerse DG method proposed in [22]. The approximations functions are
piecewise polynomials of degree one and allowed to be discontinuous in those elements intersecting the interface.
The resulting method is optimal and does not suffer from boundary locking.

In the context of HDG method, recently an unfitted eXtended HDG(X-HDG) method has been introduced for
the elasticity problem [21]. In the X-HDG method [5, 4, 20], the domain is also immerse in a background mesh
and piecewise polynomials functions are employed in the discrete spaces. The local discrete spaces associated
to those elements cut by the interface are enriched in order to correctly capture the behavior of the solution
across the interface. The authors in [21] considered polynomials of degree k and k — 1 to approximate the
displacements and stress, respectively; and polynomials of degree k for the numerical traces. Optimal L?-error
estimates were proved.

During the last five years, a close related method to our technique has been introduced: the shifted boundary
method (SBM) [23, 24] and recently extended to problems in solid mechanics [1]. The main idea of SBM is to
properly construct the boundary data in the computational boundary that is “shifted” from the true boundary.
That construction is based on a Taylor expansion of the solution near the boundary and on a Nitsche approach
to imposed weakly the boundary data. In our transferring technique, the data in the computational boundary
is also properly constructed but using the PDE instead of a Taylor series. Actually, by taking a closer look to
(4), somehow we are expanding u around a point & € I" and the functions that have been integrated are actually
differential operators acting on w. In contrast with a Taylor expansion, we also observe that the expansion in (4)
is exact (no residual term), since it comes from the PDE. At the discrete level there will be a residual, because
g and p will be approximated.

The rest of this manuscript is organized as follows. Section 2 describes the proposed unfitted HDG method,
whereas in Section 3 wellposedness of the scheme is shown. The error estimates are stated in Section 4 and the
corresponding proofs are provided in Section 5. Numerical experiments validating the theory are presented in
Section 6.



2 The method

2.1 Computational domain

Given h > 0, we denote by € a polyhedral domain contained in 2 with boundary I'y, = 99},. We also denote
by T a triangulation of Q;, made of simplices K of diameter hx and outward unit normal nyx. When there is
no confusion, we just write n instead of nx. By simplicity we assume that the family of triangulations {75 }r>0
does not have hanging nodes and is uniformly shape regular, i.e., there exists a constant v such that hx < yog,
for all K € T, and h > 0. Here, gk is the radius of the biggest ball included in K and the maximum of the
diameters hg is at most h.

We call e an interior face if there are two elements K and K~ in 7}, such that e = KT N K. Similarly,
e is a boundary face if there is an element K € T, such that e = 0K NT'y,. Let 52 be the set of inferior faces of
771,8,? the set of faces at the boundary and &, := &) U 5,?. Given an face e € 5;?, n. denotes its unit normal
vector pointing outwards 25, also denoted by just m when there is no confusion.

2.2 Transferring paths and extrapolation regions

As we mentioned in the introduction, given a point @ € I'j, we need to specify a point & € I" in order to transfer
the boundary data from & to x according to (5). In principle, & could be any point of T' close enough to x.
The segment joining @« and & will be referred as transferring path associated to . We denote by {(x) and ¢(x)
the length and unit tangent vector, respectively, of the transferring path associated to @ (see Figure la for an
illustration). From a practical point of view, this transferring path is required to satisfy three conditions: (1) &
and x must be as close as possible, (2) two transferring paths must not intersect each other before terminating
at I and (3) a transferring path must not intersect the interior of the computational domain Q. The authors in
[13], for the two dimensional case, proposed an algorithm to construct a family of transferring paths satisfying
the above mentioned condition. The construction in three dimensions can be done using the same ideas. In
practice we only need to compute the transferring paths of the quadrature points of all boundary edges (see
Figure 1c). Another possibility is to consider Z as the closest point projection of & onto I', as long it is unique.
Actually, the analysis that we present in this work, is independent of how the transferring paths are constructed,
if the hypothesis regarding the closedness between I'y, and I' are satisfied, namely the set of Assumptions C

presented in Section 3.2.

Now, let us introduce the notation associated to the set Qf := Q\ €. For a face e € £?, we denote by K*®
the only element of 7, having e as a face. We define K¢, := {z+ st(z) : 0 < s < I(z), € ¢}. In Figure 1d we
observe an example of a region K S+~ The subscript ext in K S.+ Is introduced to indicate that in those regions
the discrete solution will be extrapolated as follows. Let p a polynomial defined on K¢. The extrapolation of
p from K¢ to K¢,,, denoted by Ej(p), is defined by Ep(p)(y) := plk-(y),Vy € K¢,,. To simplify notation,
from now on we will just write p(y) instead of Ej(p)(y) for y € K¢,,. The same notation will be used for the

extrapolation of tensor- and vector-valued polynomial functions.

2.3 Additional notation

For tensor-, vector- and scalar-valued functions we use the symbols = (77”);1 1M = (mi)7—, and 7, respectively.
n

The superscript ¢ in a vector or a tensor refers to its transpose. We define (n,¢)7, := > (1ij,5) 7., (0,$) 75, =

,j=1

(niysi)7, and (0,6)7, == Y. (n,¢)K, where (1,5)k denotes the standard L?-inner product on K. Similarly,
i=1 KEeT,
n

we write (0,¢)a7;, == > (ni,<i)or, and (n,<)aT, == Y. (0,S)ox, where (1,¢)sx is the L?(OK)-inner product.

M=

i=1 KeTy
We also use the standard notation for Sobolev spaces and the associated norms and seminorms. We define
17l pw = l[V/wnllp2(py and simply write |||, when w = 1. On the set of boundary faces we consider the norm



(c) Transferring paths associated to the boundary quadra- (d) Example of K&,
ture points.

Figure 1: Examples of the transferring paths and extrapolation regions.

1/2
Il = (Z hKIIWII%zc) :

KeTh
On the other hand, in the two-dimensional case, the operator Vx applied to n and v is defined as:

—0yn11 + Oz12 —0yv1  Ogq
V xn:= Y - and V xv:= Y . ,
i (—3y?721 + 02122 —0Oyva  Ogla
respectively; whereas in three dimensions,
V X (11,712, N3)

V oxn =V x (021, T22,123)
V X (131, T32,133)

Finally, V will denote the usual gradient or broken-gradient, depending on the context. Similarly for V-.

2.4 The HDG method

First of all, we recall the discrete spaces of the HDG method proposed in [12] for simplices. Let K € T,. We
define Py (K) as the set of polynomials of degree at most k over K, Py (K) := [Py (K)]", P,(K) := [P (K)]™*"
and A(K) := [A; ;(K)]"*™ such that

Pu(K) if i<,

A (K)=40 if Q=3

—Py(K) if i>j.
We notice that A(K) is contained in AS(K) := {g € L*(K) : n +77 = 0}. In addition, the polynomial space
B(K) associated to bubble functions is defined as follows. In the two dimensional case B(K) := V x ((V x

A(K))by), where by := [].yx me and 7. is the barycentric coordinate associated to the edge e of K. In the
three dimensional case, B(K) :=V x ((V x A(K))b,,), with

b, == Z[ 11 W]Vm@Vne.

eCOK e'COK\{e}



For an element K we define the local space V(K) := P, (K) + B(K). We notice that V(K) = P, (K) +

V x (V x A(K))b) = P (K) &V x ((V x A(K))b), where A(K) = A(K) N P,(K) and P, (K) is the set of
polynomials of degree exactly k.

Remark 1. Observe that any function v lying in the space By, := {n € L*(Q) Nk € B(K),K € Ty} is such
that V-v|x =0,VK € T, and vn|, = 0,Ve € &,.

The method seeks an approximation (g}, up, P, iy,) of the exact solution (@, u, p,uls, ) in the finite-dimensional
space V., x Wi, x A, x My, € L*(,) x L*(S4,) x AS(Qp,) x L2(E,) given by
V, ={veL®T) vlx € V(K), VK €T}, (
Wy ={we L*(T;,) :w|g € Pp(K), VK €T}, (7b

A, ={neL’(Ty) :nlx € A(K), VK €T}, (

M, ={uc L*(&,) : plc € Pile), Vec&,}. (

The approximation (g, up, Bh,ﬁh) is the solution of the following linear system:

(Agy,v)7, + (un, V-0)7, + (p,,0) 7, — (@ vm)o7, =0, (8a)
(Q}u vw)Th - <tha w>87-h = _(fvw)Thv (8b)
(glwﬂ)Th =0, (80)
<tha M>8'Th\l_‘h = Oa (8d)
(Un, pw)r), = (Gn )T}, (8e)

for all (v,w,n,u) € V,, x W}, x A, x M}, where
a,n=g,n—7(up, — i) on 0Ty, (8f)

()

gn(x) =g(Z) — / (Ag), +p, ) (x + st(z))t(x)ds (8g)

0

and 7 is a positive stabilization parameter defined on 97y, that we assume constant on each face. We observe
that (8g) is a discrete version of (5), where we recall that Ag;, and p, are understood as the local extrapolation
as mentioned at the end of Section 2.2.

3 Wellposedness

3.1 Preliminaries

As we will see through this section, the analysis of the method requires several technicalities and most of the
estimates involve a large number of terms. In order to keep the proofs as clean as possible, we assume the
vector t(x) of the transferring paths associated to « € e,e € 5,‘?, to be normal to e, i.e., t(x) = n.. In the
general case where t(x) is not necessarily equal to n., as it usually happens, terms of the type max t(x) - ne

1

and mgx(t(:c) -mn.)~ ! would appear in the estimates and the results that we will prove hold also true if ¢(x) - n.
xree

is close enough to one as shown by [29] in the context of Stokes flows. We emphasize that this assumption is
only made to simplify the analysis and we consider that it is not crucial to explain the theory. Moreover, in
the numerical experiments we will consider examples where transferring paths are not normal to the boundary
edges and will see that results are optimal. Following the discussion in Section 2.2, for each e € 8;? , let us define

K ={x+sm.:0<s<l(z),xce}

In addition, we define auxiliary constants that will be used in the analysis. Let K¢ the element with face
e. We denote by hl the distance between the vertex, opposite to e, and the plane determined by e and set



H} := max/(z). In order to quantify how close is I';, from T, related to the meshsize, we define the ratios

xEce
re = HX/ht and R := maxr,. (9)
ec&f
We consider the norms:
1/2 1/2
lle, - o= Do MallEi-s o s Inllgee, uoye = 3 D eIl ¢
ee€? ec€?
where, according to the notation in Section 2.2, |||, ;- = 1=/29||,.. Finally, we define the constants:
1 il 0
C:a:t = up e Czenv = é_ sup HEiv (10)
\/EWEV(K")ne\{O} H’IHK@ nev(Kem\{o} Ml ge

which are independent of h, but depend on the polynomial degree k as shown in Lemma A.2 of [10].

On the other hand, it is useful to state some estimates from previous work that will be used in the proofs.

For any face e € 5;? , any point x lying on e and any smooth enough function tensor v given in K¢,,, we define
the auxiliary function
1 ()
A%(z) = —/ [v(x + sn.) — v(x)|n.ds. (11)
Uz) Jo
If v € P, (K®), Lemma 5.2 of [10] applied to each of row of v implies:
A2, < r3ice, e ol e 12
|| He,l = \/g ext zan ||K ( )
Moreover, for a symmetric and positive definite tensor D and v € P, (K€), it holds
DAY||,, = AP, < —r 32008 D] .. 13
DA = A7 7 cxtCino I DU (13)
Let K € T, having a face e. For p € Py (K) we recall the discrete trace inequality
1Pl 2oy < Cih 210l L2 e (14)

where Cf,. > 0 is independent of h.

In addition, given a symmetric and positive definite tensor D and a region D C R™, we define the the norm

lell p.p = (Da,a)’. Similarly, for D € R*!, we let ||a| p 1 := (Da.a) .

Lemma 2. Let g € L*(D). It holds

1\1/2 1 1\3/2
oo < (5,)  lelba<glolo < (5,) lleloa

Moreover, if @ is antisymmetric, these inequalities become equalities.

Proof. For the first inequality, we consider the definition of A in (2) to deduce

1 A 1
2 _ 2 2 2
el =gl — 5oy plir@lh < 5 olllba

In addition, by the definition of A~ (cf. (2)), we have
lelh a- = (A7a,0) , = 2ulle]|D + Altr(@)l} = 2ulle]
and the third inequality follows. Also, by the first and the Cauchy-Schwarz inequalities,

lelb 4 = (Az.@)p < llelp aellelp < 2w~ lellp allelp,

which implies the second inequality. Finally, if ¢ is antisymmetric, then tr(g) = 0 and the result follows from
previous expressions. O



The following lemma will be useful for obtaining estimates that do not depend on . As we will notice, it
bounds the L? -norm of the stress tensor and the constants accompanying the norms on the right hand side are
independent of A. From now on C' will denote a positive constant independent of h and A. Moreover, to avoid

proliferation of unimportant constants we will write a < b whenever there exists a constant C' > 0 independent
of h and X such that a < Cb.

Lemma 3. Let (2;,7h,71) € V), x W), x M}, such that tr(z,) € LE(Q) (L?-functions with zero mean) and
(2, V)7, + (T(rp, — 1), w — Pr_1w)ar, =0, (15)

for allw € H(l)(Qh), where Py_y is the L? projection over space Pj_1(Ty). There exists My > 0, independent
of h and the Lamé parameters such that

lzallo, < Mo (B35 21720 — #a) loms + (20) 2 121, ) (16)

Proof. Since tr(z,) € L3(2,), we know that [18]

Itr(z) e, < Sup (V-w, tr(zy))a, .
wermyo\for Wl

Now, for w € Hj(Q4), we can deduce that
(V-w, tr(gh))ﬂh, =n(zy, Vw)Qh —n(zy, (vw)D)Qh,v

where (Vw)P := Vw —n~1tr(Vw)I denotes the deviatoric tensor associated to Vw and we recall that n is the
dimension. Then, since (z,,, (Vw)P)q, = ((2,)P, Vw)q, by (15) and the Cauchy-Schwarz inequality, we have
that

(V- w,tr(zy))e, <nllTrn —#a)llor [w — Prowllor, +nll(z,)" o, [ Vwlle,
Snr 2T 2 (= #a)llom b )y g, + 1ll(20) P leu IV e,

where in the last inequality we have used the approximation properties of the L2-projection and the fact that
w € Hl(Qh). On the other hand, we notice that

1 1 1
I = 5120718, + g Nl 2 50213, (15)

Therefore,
(V- w,tx(z)n, < (n7 7217~ #) om0 4+ @)l g, 0) ol
and from (17) we have that
ltx(za) e, S 0212 (en = #) o7 b2 + (20 ?nllzs g, - (19)

Finally, we recall that ||z, |13, = [12,”[1&, + 7 *lltr(z))]lq,- Then, (16) follows from (18) and (19).

3.2 Wellposedness

It is convenient for notation purposes, to define
M(h, 1, p) := 2MZ max{ht,2u}, (20)

where we recall that M is the constant appearing in previous lemma.

We proceed now to show existence and uniqueness of the HDG Scheme (8) under the following conditions
that quantify how close I' and I';, must be in order to ensure that the scheme is wellposed.

Assumptions C. For every face e € 5,‘?, we assume



(C.0) re <C, e \2, < M7 1)C,
(C'?)) ’Y(Ctr) Te > 4(00)2 )
10 4, 0 1 1 2
(C.1) ETZ’(CemCm)QM(hm 1) (uz + Cp> =3 (C4) %(CET)QreM(h,T, 1) ((1 + 21/1) +7cp> < %,
1 (nA+20)? 5 _ M(h,T,p)
(C.2) TrehtM(h, 7, 1) < = (C.5) Ww‘ehe < —

where v is the shape regularity constant of the family of triangulations, C,, := 2(2u)~2 (C° + (1 + C’O)CC)Q, o
and C° are positive constants independent of the discretization parameters and A that will be specified in the
proof of Lemma 6. The other constants have been introduced in Section 3.1 and do not depend on h or the
Lamé parameters .

Let us briefly comment on these assumptions. First of all, if the I'j, exactly fits I', as it happen for instance
when the domain €2 is a polyhedron, all these assumption trivially hold true since 7. = 0. On the other
hand, if for example the computational boundary I'j, interpolates I' by a piecewise linear function, the distance
dist(I'y,T) is of order h? and hence 7. is of order h. Then, all the assumptions are satisfied for h small enough.
On the other hand, in the case of immerse-type methods, where the domain 2 is immersed in a background
mesh and the computational domain 0}, is the union of all the elements in the background triangulation lying
completely inside Q, the distance dist(I'y,T') is of order h and, as a consequence, 7 is of order one. In that case,
assumptions (C.2) and (C.5) always hold for a sufficiently small value of h, whereas the remaining assumption
are satisfied when the ratio r. is small enough. Regarding the nearly incompressible case, we observe that
Assumptions (C.0)-(C.4) are independent of A, whereas (C.5) roughly says that the distance between I'y, and T’
should satisfiy dist(T',, T')h'/2 < A~1. This condition arises from the fact that at the discrete level, (g, n)r, is
not zero when g vanishes (see the proof of Lemma 4), as it happens in the continuous case.

Now, let us proceed to show wellposedness of the scheme. First of all, we notice that (8) is a square linear
system; hence, it is enough to show that if f =0 and g = 0, the solution of (8) is the trivial solution.

The following identity establishes a relation between an energy-type norm and a term T arising from the
approximation of the boundary data.

Lemma 4. If f =0 and g =0, then the approximation in (8) satisfies

oy l8, 4+ llun —@nl57, - =T, (21a)
where T := (gn,8,n)r, . Moreover,
A+ 2pu)? ~
2 B . <M(hr )T 1 A2 N2 2 21b
len @, + llun —anll57, - <M(h, 7, 1)T + nl, ) ax (rehe) 1Gnllt, 1 (21b)
. _ o _ o ﬂh , on (972 \ Fh
Proof. Step 1 (energy argument): We take v = g),,w = up,n = p, and p = { Gin . on Ty ,
equations (8a)-(8e). Then
(Agy,0p)7, + (Un, V- @)1, + (Bhvgh)Th = (@n,ayn)oT, =0, (22a)
(gh7 V’U:h)Th - <éhn7uh>37—h = 07 (22b)
(@h,p,)7 =0, (22¢)
<thaﬁh>6ﬁ\Fh = 07 (22d)
<ﬁ'hﬁéhn>rh = <§h7éhn>rh' (226)
Integrating by parts (22b),
=(V-ay,un)7;, + (@0 — G0, un)o7;, = 0.
(V- )7 + ( Jor, =0 (23)

Adding (22a) and (23), and using (22c), we have

(Aa,,ap,)7, + (@yn — &,n,un)o7, — (Un,an)oT, = 0.



Next, note that (@p,0,n)s7, = (Un,a,n — G,n)o7, + (Uh,8,n)eT, and (G, 8,n)s7, = (Un,8,n)r, by (22e).
Then, by (8f) and the above expression, we have

(Ag,,ap,)7, + (T(up — bn), (up — n))or, = (@n,,n)r,-

Thus, (21a) from the definition of T.

Step 2 (orthogonal decomposition): Now, in order to prove (21b) we will make use of Lemma 3. To
that end, we first decompose @, := g" + o, where tr(g®) € LZ(Q)) and

We also have that
len 1, = llg’ll?, + o®n|l. (24)
Let us now verify that (a°,uy,, @) satisfies (15). Let w € H{(€Qp,) and note that
(@1, V)7, = (¢”, V)7, + a(L, Vw)7,.

But (I,V-w)7, = (1,V-w)7, = (w-n, 1)y, = 0. Therefore (g, Vw)7, = (¢°, Vw)7, .
By integration by parts, introducing the L2-projection Pj_; and integrating by parts again, we obtain that

(@”, Vw)7, =(g;, V)7,
=—(V-ay,w)7, +(gyn, w7, = —(V - g, Praw)7, + (@, n,w)ar,
=(g},, VPr_1w)7, + (@0, w — Pr_jw)s7, = (G,n, Pr_1w)s7;, + (@pn,w — Pr_w)ar;,

where in the last step we have used (8b) and the fact that f = 0. Therefore, since (§,n,w)s7;, = 0, we have
that

(Q07 v’l.U)Th :<th - th7w - Pk—1w>87—h
which, together with (8f), implies that (a°,u, ) satisfies (15). Thus, by Lemma 3, we obtain that
Il < Mo (/2772 s = o + (20)/20] 0, ) - (25)

In addition, after some algebraic calculations, it is possible to obtain that

a®n|Qy)
e, .a = llenlla, 4 — At 2 <llenllq,, a-
Hence
lo® e, < Mo (0272w = llos.« + (200) el ) - (26)
which, together with (24), implies that
lenllfy, < 2M§ (hrllun — 57, - + 2u)lanld, 4) + lal*nln]. (27)

Step 3 (characterization of a): We notice that tr(Ag),) = (n\ + 2u)~ttr(g;,). Then,

(n)\+2,u)/
T S, A

Taking v = I in (8a) and making use of (8e), we have that (tr(Ag),1)7, = (gn, n)r, . Therefore

a tr(ay,) =

B n|Qh| Qp



Step 4 (bound for (gj,n)r,): On the other hand, let e € £7. By the Cauchy-Schwarz inequality and (9)
we have that,

(Gnsn)e <h?|gnlle < he/202Gnllei-r < A2 hel[Gnller,

where v shape-regularity constant of the family of triangulations.
Step 5 (conclusion): Then, by combining (27) and (28), we obtain that

. (nX +2pu)?
len Iy, < 2MG (hrllun — @nl3y, - + 2ullenlld, a) + o —ymax (rehe) [gnl7, -1,
n|Qp| ecel
and (21b) follows from the definition of M (h,7,u) (cf. (20)) and (21a). O

In the case of a polyhedral domain €2, the previous result holds true with T = 0, since g, = g = 0, and
wellposedness of the method follows by standard arguments. In our case, T is not zero and we proceed now to
bound it.

Lemma 5. We have T = E?:1 T,, where

Ty = (712G, 1" (@, — Agy)n)r, Ty = (7' Gn Gn)r, = (172G, 11PAAE )y
r]I‘ <l_1/2~ ll/?AP > T5 — <l_1/2§h,ll/23hn>rh7T <l_1/2 ll/2 ( 5 _’&h)>r‘h-

Proof. By using the auxiliary function defined in (11), we rewrite gy (x) (cf. (8g)) as
Gi(@) = —I(x) (M@ (@) + Ag,n. + A2 (2) + p,n.

and obtain Ag,n. = —I(x) " 'gn(x) — AA@) () — AP (x) — p,ne. The result is obtained by replacing the last
expression in the definition of T and arranging terms. O

Corollary 5.1. There holds

1 10 1\? 10 1
TS =5l e+ (1 g ) mCE e, + s w2 (C(Chn Pl
10 (O )2 (Cl )2, I3, + max — (CE )2, I, + — e r by, — @l - (29)
T ec€? ” R ceegp 4 SR ceep "
Moreover, if Assumptions (C.0)-(C.4) also hold, then
1 ) 1 ) 1

1, N
T < —5l@alf, i+ [un —@nlf, - (30)

el AT ((Xa)

Proof. For T, we use the Cauchy-Schwarz and Young’s inequalities, the fact that () < H} and the discrete
trace inequality (14) to obtain that

T, < [Gn o2 (H)?||(@), — Agy el < Gnll -1 Ceord”? 14 o lenll e
2

e€&? ec€f

<> (gh”el 1+ (Ce) (1+21u) IIUh,I?(e>~

ec&?
It is clear that Ty = —|\§h||1%h’l,1. For T4, we use the Cauchy-Schwarz inequality, estimate (12) and Young’s
inequality, to deduce that
ol 1, 101 , .
T3 < Z ||gh||el 17 C'ertcvmv||0'h||Ke < Z lngh”el 1+ 4 M (Cezt) (Cznv) Hah”K‘f :

6656 6656
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For T,, we use the same arguments as in the bound of T4 and obtain

T4§Z<

8653

10
el 1+ =

P02 (Cn)? ||ph||%(e).

Analogously to the bound of T, and considering the facts that I(x) < H} < r.ht and h} < yh., we have

T< 3 (gplnls + S Cranl, i ).

EESE

Finally, for Ty we use the Cauchy-Schwarz inequality, the fact I(x) < H} and Young’s inequality

- . 10
Ty < 3 1l (7 s = s < 3 (G102 o+ ol =l )
6685 eEEf

We obtain (29) gathering all the above bounds. Moreover, considering (C.0)-(C.4), (29) implies (30). O

Now, from Lemmas 4 and previous corollary, we observe that it remains to bound the L2-norm of the
approximation of the rotation P,

Lemma 6. Let f =0 and g =0, and assume (C.3) holds. For k > 1, it holds

c,\ 2 (h,7,1)C, 1z
loallo, < () el + 5 (5% ) Gl o (31)

Proof. We follow the ideas in [12] and consider the orthogonal decomposition:
(& C 1 C
P, = /j?l +p,. Pyl = & /th VK € Th, 32 =p, — P, (32)

We notice that 32 c A = ned,: mv)xk =0,V € Py(K), VK € Tp} and p} € 4j, := A, NPy(Tn). We
proceed in two steps to bound the /32 and BZ'

Step 1: By Lemma 2.8 in [19] there exists v € B, :=:= {n € L*(Q) : Nk € B(K),K € T,} CV,, such that
(p?L7 )7, = (v,7)7,, forally e A, and (33a)
[vllg, < C%lp)llq, (33b)

where C° > 0 is independent of h and A\. Then we rewrite equation (8a) as

(.AQ;L,Q)Th + (’u‘h’ V- Q)Th (ph’ ) (pha ) <ﬂh7yn>87—h = 0. (34)

By Remark 1, we have (up, V-v)7, = 0 and (@, vn)o7, = 0. Now considering 7 := p; in (33a), we have that
(P v)7, (ph,ph)q—h = 0, since the decomposition of p, is orthogonal in L?. Also, by taking Y= ph in (33a)

we have that (Bh’ V), = ||Bh||Qh Thus, replacing the above terms in (34), using the Cauchy-Schwarz inequality,
Lemma 2 and (33b), we obtain
120113, = @, £0) 7, = —(Agy,, v) 7, < CO2u) " 2llasll, allP) -
Then,
loplla, < C°2u)"lanllq, 4 < CO2u) " asllq, - (35)

Step 2: Let p; € A}, := A, NP((7s). By Lemma 3.9 in [19], there exists v € H(div; 2,) NP, (7), such that

V-v =0, (36a)
(v, Y7 = (p,,7)7,  forally € 47, (36b)
[vlle, < Cle; N, (36¢)

12



where C° > 0 where is independent of A and A.

Then (up, V-v)7, = 0 and (i, vn)s7, = (gr,vn)r, , thanks to equation (8e) and the fact that v € H (div; Q)
(we recall that we are assuming k > 1). Thus, with the decomposition of p, , equation (8a) yields

(Ag),,0)7, + (py,0)7, + (P, 0)7, — (@h o)1, = 0. (37)

Moreover, taking v := p} in (36b) we have (pj,v)7, = ”BZH?M and from Equation (37) we obtain

||B;H?2h = _(Agh,Q)Th - (B(})l?Q)Th - Z <lil/2§hvll/2y’n’>e‘

eGSS

Using the Cauchy-Schwarz inequality, Lemma 2, (35), (36¢), the discrete trace inequality (14), the facts that
l(x) < HL for all € e and b+ < vh,, (35), Lemma 2 and Assumption (C.3), we deduce that

1/2
— 2 ~
les 113, S(@u) Hewlla, + lleplla, + ( > (¢ 7“e7||9h||§,,11> )IIvIIQh

eeff

_ 1 (M(h,1,p1)C vz ol e
s((?u) {14 lalla, + g (U5 E) T Gl )€l o,

Thus, considering the decomposition (32) and gathering the estimates in steps 1 and 2, we have

- . 1/ M(h,7,1)C,\"* _
lo,lla, <) (1+C*)C + ) laallo, + 5 (5% ) il

The result follows by recalling that C, = 2(2p)~2 (C° + (1 + C’O)CC)Q.

We are now in position to prove the main result of this section.

Theorem 7. If the set of Assumptions C is satisfied and k > 1, then the scheme (8) has a unique solution.

Proof. We combine and (21b), (30), (31) and Assumptions C to obtain that
1, ., 1 o 1o s
T, + 5w — anll3r, o + M7 ) G, o2 <0

Thus, we have g, =0 in Qp, gr =0 in ', and 4y = up, in 7,. In addition, by Lemma 6 we conclude that
p,, = 0. Finally, from (8a) we now have

(un, V-0)7;, — (up,vn)s7;, =0

for all v € V,,, which implies, after integration by parts, that Vauy is constant. By (8e) up, = 0 in I'y, and the
fact that @, = up, we conclude that up, = 0 in €y,. O

4 FError analysis

In this section we provide a priori error estimates for our HDG scheme. To that end, we employ the tools
of the projection-based analysis of HDG method introduced for the diffusion problem [7], combined with the
methodology in the analyses in [10] and [12]. We also consider the set of Assumptions C to holds true, however
the constants CY and C°¢ are not necessarily the same and the values fractions in the right hand side of the
inequalities in (C.0)-(C.5) might be different as well.

13



4.1 HDG projection

At this point, it is necessary to recall the HDG projection. On each element K, for (o,u) € H'(K) x H' (K),
we consider the projection (IIP¢, My u) € P, (K) x Pj(K) such that

(MP0,v)k = (0,v)k Vo e P, (K), (38a)
Mwu,w)x = (u,w)x Vw € Pr_1(K), (38b)
(MPo)n — r(Mywun)n, p). = (on — 7(Pyun)n, p). Y € M(e), (38c)

for all faces e of the element K, where Pas denotes the L? projection onto M (e). Theorem 2.1 in [7] allows us
to conclude that this projection is well-defined. Moreover, if (o, u) € H*™ (K) x H**1(K), then

0 —oll;c < Py (lmeer (i) + ol gre i), (39a)
Mwu —ulx < AR ([ulmea ) + V- alge)- (39b)

On the other hand, on each element K, we denote by ILap the L*(K)-projection of p € L*(K) into A(K). If
p € H*"'(K), then

Map — pllr S Wi plas x)- (39¢)
We define the projections of the errors ey := HDO‘ oy, ey = lwu —up, €p = Ilap - P, €u = Pru — 1y,

esn = Puy(on) — 6,n, and the projection errors, §y :=a — oP o, 6y = u — lwyu, 6,, = p —II4p. Moreover, it
is convenient to define the following auxiliary quantity related to the projection errors:

O(a.p) = <||5 15, + 18p11%, + 100 (8l (1) + 10n(Epn) Ie (2 (40)
5 1/2
+ AR+ A%, + ([ Adenl?, , + ||5pn|%h,,l> -
Lemma 8. If (a,p) € [H*TH(Q)]2, then

O(e.p) S 1+ (el + ol o)) - (41)
Proof. First of all, we state Lemma 3.8 of [10] applied to any vector-valued function v € ﬂkH(Q):

|On (6m)|

We also recall Lemma 5.2 of [10]: For each e € &7,

a:. iy S 0ulla, + WA o] g (- (42)

1
[A%], ;< —=rellOn (Bum) [ sce ot (43)

e

which, together with (42) and Assumption (C.0), implies

||A6£HFh,l S ||6n(5gn)||9;;,(m)2 < [10wllq, + hk+1|y|§k+1(9)- (44)

On the other hand, by a scaling argument, trace inequality, the facts that I(x) < H} < r.ht and ht < vhe,
and Assumption (C.0), it is possible to show that

[6u7]

it S 10ulla, +hlIVyllg, - (45)

The result follows after considering (42)-(45) for v = p and v = g, where for the latter case Lemma 2 is also

employed. O



4.2 Main result

We now state the error estimates of our methods and postpone their proof to Section 5.

Theorem 9. If k > 1 and the set of Assumptions C holds, then

[(ec. eu —€a,d —Gn)[[| + llepllq, < (1+ M(h,7,1)O(a. p), (46a)

where,

[SE

Il(eos eu —ea. g —Gi)l[l==(llealB, + lew — eallir . + 13— nl, . )

Moreover, if elliptic reqularity holds, then

leulle, S (h+ RY212(147) + 1'/2R) ©(a, p) (46b)
and
lealls < hO(@.p) + lleulla, (46¢)

Let us point out that Theorem (9) generalizes the corresponding estimate in the polyhedral case. In fact,
if Q is polyhedral and the triangulation is fitted to it, then § = g, and R = 0, and we recover the estimates
provided in [12]. Moreover, in contrast to the estimates in [12], our estimates do not depend on .

Corollary 9.1. Let us suppose that k > 1, T is of order one and the set of Assumptions C holds true. If
(a,u,p) € H*" () x H*1(Omega) x H*'(Q), then

lo = aulla, + o = 2, ll, S B (lelmes @ + el o)) -
Moreover, if elliptic reqularity holds, then
= wnlle, S B (lalges o) + lolaess o + ulmio )

and
lealln < (h+B2R2) 04 (lo] s o) + loless o) + fulavnnga )

Proof. Since 0 — 0}, = €g + 8, p— P, = € + 05 and u — up, = ey + 8y, the result is a direct consequence of

previous theorem, triangle inequality, the estimate in (41) and projection error estimates in (39). O

5 Proofs of the error estimates

This section is divided in several steps that will lead to the results stated in Theorem 9. We will follow the
main procedures behind the proofs of wellposedness in Section 3.2. We will first employ an energy argument to
control the L2-norm of the errors es and e,. Then, we will use a duality argument that allows us to control the

the L2-norm of e, under regularity assumptions.

5.1 Energy argument

It is not difficult to realize that the projections of the errors satisfy

(Aeg,v)7;, +(eu, V- 0) 7, +(€p, v) 75, — (€a, vn) o7, = —(Adg, )7, — (8p, ) 075, (47a)
(eq, Vw) 7, — (€am, w)oT;, =0, (47Db)

(ea:n)7, = —(80,1)7:,; (47¢)

(esn, poTi\r, =0, (47d)

(€a,m)r), = (9 — Gn. B)T,- (47e)
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for all (v,w,n,u) € V;,, x W}, x A}, x M},. Moreover, combining (5) and (8g), we obtain that

I(x) I(x)
G—9gn(x)) =— /O (Aeg + +e,)(x + st(x))t(x)ds — /O (Aby + 8p) (0 + st(x))t(a)ds. (47f)

Similarly to Lemma 4, the following energy-type identities hold.

Lemma 10. The projection of the error satisfy
leall?,, .4+ llew — eall37, - = (bc.€p)7: — (Ade,€0) T, — (8p.€0)7;, + T, (48a)
where T = (g — gn,esn)r, . Moreover,

(nA + 2u)?
o ymax (reh?) 1§ — gnllf, -

lealle, + llew = eall37,. - < M (k.7 11) (lealltya + llew — eallir ) + == max
(48D)

Proof. It follows by the same arguments and steps as in the proof of Lemma 4. In this case, (eq,€u,€p,€a) plays
the role of (gh,uh,gh,ﬂh) and g — gy, plays the role of gp,. O

Following the structure in Section 3.2, we rewrite the term T to facilitate the bound in the estimate of e,.
First of all, we rewrite § — gy, as follows

(=) ()
g(x) —gn(x) = — Alg —a,)(x + sne)n.ds — / (p—p,)(x + sne)ncds.
0 0

Now, since @ — g, = 8¢ + €5, by the definition in (11), we can write
()
Alg —ap,)(x + sne)n.ds = l(x) (AA‘S—"(a:) +Aby (x)n, + A1 () +Aei(w)ne>.

0

=)
Similarly, / (p—p,)(@+sne)ncds = () (A‘L"(m) +dpn. + A%2(x) + epne) . Thus, replacing the above terms
0 %p e

in expression g(x) — gn(x), we have
3(@) — gu(@) = — (@) [A"%=(x) + ASp ()0 + A= () + Aeo (x)n]
— () [A%(x) + 8pne + A% (x) + epne].
Let T? := A% (x) + Spne + A% (x) + epn.. We obtain then
Aeg (@ =~ (6(w) ~ Gul@) ~ T/ — Ao (@) — Aby (w)n. — Ao (). (19)
Using (8f) and (38c), we have esn = esn — 7(ey — e3) for all e € &, and, similarly to the arguments in Section
3.2, we decompose T = Z?=1 T,, where
T, = 7<l71/2(§7 gn), 1'% (ea — Aea)n)r,, Ty =—(""(§~3n).9 — Gn)rs,
T <Z 1/2(9 gh) ll/zAAel)F;ﬂ T4 = _<l_1/2(§_ gh)vll/QTp>Fha
T; = *<171/2(§ = Gn), "2 (A 1 ASen))r, T = —(17/%(§ — Gn), 1" *T(ew — €a))r,-
Lemma 11. It holds

2
10 1 . 10 1 .
71 <= G~ Fn' I, o+ 5 (14 5 ) max(Crlleal, + g ma (CE P Chn e,
10 .
+ Egé%xrg(cezt)Q(Cznv) thHQh + m%}(i(c ) 7r6||el||?2h,

10 15 _
+ gégiyehiTIIeu —eallt, . + 5 0@ p)* ((21) ™"+ (21)) -

16



Moreover, if Assumptions (C.0)-(C.4) also hold, then

1 1 1
TI<—Zlg—7 2 _ - 2 - 2
| | — 2||g thFh,l 1+ 4M(h,7—,ﬂ)||ea||ﬂh + 4M(h,T,M)CpHep||Qh
1 , 15 Y
Yy E— — e —0 2 2u)) - 50
+ 2M(h7’7—, M) Heu eu”l",“q— + 2 (Q, B) (( :U’) + ( :u)) ( )
Proof. Tt is clear that Ty = —[|(§ —gn)lI}, ;-1

For T,, T4 and Ty, by mimicking the corresponding steps in the proof of Lemma 5.1, we deduce that

1 10 1\?
<Y (wg—ghnill (145 ||ea||%«.) ,

eeff

1. 10 1 . .
TS < Z <10||g —9Ghn g,l*1 + 4MQTS(Oext)Q(Cin'u)2”eﬂ'H%(C)

eegf
and

1 . - 10
Ty < 3 (GlF -l s + i vlen—eal?, ).

6655

For T,, we proceed similarly but considering in addition (12), discrete trace inequality (14) and the facts
that I(x) < H: <r.ht and ht < yhe:

~ o~ é
Ty € 301G = nlleis (202 (1A% + gl + A% + llegmelc )

6655

1/2
-~ -~ -~ -~ 1 € €
< |g-gnl}, s ©@.p)2w)"? + 1§ — Gnll?, ;- <3 gé%rij(cemt)%qm,)?) leplla, (212)*/2
h

1/2
+ 119 = Gnll7, 1 (ffégg(cfr)Qrev> leollq, (21)"/
ecey

1 ~ o~ 12 15 2 5 3 e 2 e 2 2 15 e \2 2
STOHg 7gh||l"h,l—1 + 3@(Q,B) (2#) + 5(2“‘) gé%iaire(cert) (Cinv) ||ei“ﬂh + 3(2M) 2%18((01‘7’) TeV”&”Q;f

Finally, for Ty we use the Cauchy-Schwarz inequality, Lemma 2, the definition in (40) and Young’s inequality,
to obtain

Ty == (172G — ), 12 (A + A, < 371G = Galleas (1A= + [ AGme L)

EGSE

~ ~ _ 1, < 19
<Ig = Gnllv, 1+ 20)7?6(@.p) < 151G = Gnllf, 1 + (210) 5O, p)*.

We obtain the first inequality gathering all the above bounds. Moreover, considering (C.0)-(C.4), the first
inequality implies (50). O

From Lemma 10 and previous corollary, we observe that it remains to bound the L2-norm of the approximation
of the rotation e,. To that end, proceeding exactly as in Lemma 6, but taking into account the presence of the
projection errors d; and d,, it is possible to deduce the following result.

Lemma 12. Suppose Assumption (C.3) holds true. If k > 1, then
Co\/2 M(h, 7, 1)C 2 co\1/2
leolin, < (%) leallo, + (ETED) g -Gl + () (16ella, + 18,)-
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5.2 Conclusion of the proof of estimate (46a) in Theorem 9
Proof. We use combine (48a) and (48b), together with the Cauchy-Schwarz inequality to obtain that

lecI?y, + llew — eall3r, » <M(h, 7, 1)l8ello, lepll, + M(h 7, w)lldellq, alleello, 4

(R + 2p)?

M(h F) M(h T
+ M( 7T7M)||l||ﬂh‘|el||ﬂh, +M(h, 7, @) T| + n|Qp|

2 ~ ~ 112
mase (reh) 1§ = Fallp, i

Then, using Young’s inequality and Lemma 2, we have that

1 2 1 1
2 2 2 2 2 2
lesll, + llew — eallar, - <M(h, 7, 1) (86} + W) 16 |1, + TC’)”&)HQ;L + g“&”m

1 (nA + 2u)? ~ -
—M(h 2 2 M(h T|+-—F h? - 2o,
Mo 18l + MO+ 2 (02 15 - Gl
By (50),
1 M(h,7p) e ~
leallt, + 3llew —eallir + TP G gz,
1 2 1 1 3
<M((h P T 2 2 9 2
<ut(hr? (55 + gz ) el + (5 + 767 ) el + gleals,

1 2 2 (nA+2p)?
+2M(h,7,u) +CO(a,p)” + ]

2\ 15 _ = g2
7 max (reh?) 11§ = Gnll2, i1
Then, by Lemma 12 considering again the definition of ©(a, p) (cf. (40)) to absorb the projection error terms
0, and 67,,, we deduce that

M (h, T, )

TG -l

(nA +2)° AN R 2
I vgé%)g(nhe) 19— 3nllE, 1 +CO(a,p)?

1
leali2, + 3 lew — eall, - +
3 3
<Zlec, + <8M(h,7,u) +
and the results follows by Assumption (C.5). O

5.3 Duality argument

In this section we use a duality argument to obtain an estimate for e,, and we introduce the auxiliary problem:

V=6 in Q (51a)
Ap —Vop+£€=0 in Q, (51b)
¢=0 on O0. (51¢)

Here § = %(V(b — V'¢). We assume the solution (§,¢) has the elliptic regularity property:

1912 0) + D]l 144 (0) < Cregl¥lla (51d)

for some s > 0 and C,.4 > 0 independent of the Lamé coefficients. This property holds, for example, with s =1
in the case of planar elasticity with scalar coefficients in a convex domain; see [2].

Lemma 13. Suppose the Assumption (C.0) is satisfied and (51d) holds with s = 1, then

IZ =Prm)élr, ey < hlOlles (52a)
IZ = Pm)Ondlir, 1 < RA[IO]lo; (52b)
16 + 100, 12 S [1Blle: (52¢)
19llr, 12 S 18l (52d)
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Proof. Tt follows from Lemma 5.5 in [10] applied to each component of ¢. O

Proposition 14. The following identity holds

(€u:0) 7, =(Aeq,8y)7;, + (€, 8p)7i — (Adg + 8p, IY) 7, + (€5,06) 7, — (o, TMal) s + Ty
where §g = €& — A€, 6y =¥ —P¢, and T, , == (ea. ¥n)r, — (esn. d)r,.
Proof. By equation (51), we can write

(€w,0)7;, =(€w, V-¥)7;, + (€0, A — Vo +£&)7,
=(ew, V-IIP9) 7, + (ew, V- 8y)7;, + (Ao IP) 7, + (A€o, 8y)T,
- (elv VHW¢)Th - (670-, V(Sd,)'rh + (el7 §)Th

Next, note by (38a) of the projection and the fact that e, € W,, we have
(€u, V- 0y)7;, = (€u,dyn)o7, — (Veu,dy)7, = (eu,dyn)or; -
Similarly, with the fact e, € V;, and (38b), we obtain
(€0, VOs) 7, = (€an,08)o7;, — (V- €5,04)7;, = (€a, 0)07;,-
Inserting these two results onto the first equation, we get

(€w,0)7, =(ew, V-TIP%) 7, + (Aeg, IPY) 7, — (eq, VIIwg)7,
+ (670’3 é)Th + (Aeiv Q)Th + <eua6ln>aﬁ - <eina6¢>8ﬂl- (53)

Taking v := HDQ, and w := Iy @, in the error equations (47a) and (47b), respectively, we have

(Aeg, IP9) 7, + (eu, V- IIP%) 7, = — (e, IP%) 7 + (e, IPP) o7, — (A8 + 85, 1) 7,
and (eq, VIIw o)1, = (esn, Ilw @) sT,. Replacing these last two expression in to (53), we obtain
(€u0) 7, =(€0,&)7i + (Aeq,0y)7, — (€0, I%) 7, — (Ady + 85, IP%) 7,
— (eu,0yn)o7, — (€aM,8p)0T;, + (ea, IPYn)or, — (esn, Mwe)oT, -

Next, note that (e,,%)7;, = 0 since e, € AS(£),) and 9 is symmetric. Also, note that by the regularity

assumption, (4, ¢)E El(Q) x HY(), so ¥n, ¢ are single-valued on each face e € £,. This implies that

(ea,Yn)o7, = (€a,¥Pn)r, = (g — gn, Yn)r,, by (47e),
(esn, d)oT, = (esn, PmP)or, = (esn, Pmd)r,,, by (47¢) and (51c).
Inserting these three terms onto the previous equation, we can write
(ep. TPY) 7, = (€0, T°% — )7, = —(€p, 07,
(ea, IYn) o7, = (ea. IPPn — yn + Yn)o7, = —(ea.dyn)or, + (ea, ¥n)r,,
(esn,Mw)or, = —(esn, Pu¢ —lw)o, + (esn,Mwe)r, = —(esn,ds)o7, + (€sn, Mwd)r, -

Therefore, we have

(eu,0)7: = (€2,€)7 + (Ao, 0p)7: + (€, 8p)7; — (Abe + 8, T°Y)7; + T+ T, ,, (54)

where, T := (e, — ea,0yn)oT, — (€an — €sn,0)07,, T\, = (€a,YN)1, — (€M, @)1, and &g == ¢ — [Iw .
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Now, by (47¢), we have

(€0:8) 7. = (€a:0¢) 7, + (€a, ILaE) T, = (€q.0¢)7;, — (0g,ILaf) T, - (55)

Moreover,

T = (e — €a, Syn)or, — (€5 — €5M,8g)oT, = (€u — €3, Syn)o, — (€sn — €5, Pud — Mw o,
= (eu — €a,0yn)o7, — (T(ew —€a), Puod —Mwe)or, = (eu — €a,0yn — 7(Pu¢d —lwe))or, =0,  (56)

by property (38c). The result follows by gathering (54), (55) and (56). O

11
Lemma 15. We have T, ), = ZTZ,}L, where,
i=1

=(@—9n)/l,¢+10,¢)r,. T2, = =G —Gn, (T — PM)an¢>FmTi h="{9—9n (¥ —-Vonr,,
<A DT Ti,h = (6pn, B)1,, T, o n= (A%, ¢)r,

T7n = (€ptt O)rys Thn = (A, @)r, Ton = (Adon, ¢>Fh7
(AM )T Tu n=(T(eu —€a), P)r,.

Proof. By (8f) and (49),
T, = (€a¥n)r, —{(—(@ —Gn)/l = T" — A'e= — A% — Aj,n — 7(eu —€a),H)r, },
Using the fact that ez = Py (g — gn) and adding and subtracting the term (g — g5, On@)r,, , We obtain

Tu,o == <§ - gha (I - PMan)¢>Fh + <§ - ghv (% - V¢>n>rh + <(§ - gh)/h‘.‘b + l8n¢>rh
+ (A% + 8pn + A% + epn, d)r, + (A4% + Adgn + A%, d)r, + (7(ew — €a), D)1,

and the result follows. O

Lemma 16. If the set of Assumptions C is satisfied and (51d) holds with s =1, then

ITunl S(RR)YZ (147) [|[(eqs€u — €4, G — Gn)|| 10l + RR'|leollq, 18]l + O(a,p)l[6]lq-
Proof. By Lemma 3.6, we can write T, , = leil Ti, - Applying the Cauchy-Schwarz inequality, we get

Tonl < 1= nllr, 116/1+ Ondliv, 12| T0 4l < 11F = Gnllp, 12 1(7d — Pr)Ondr, -

é,
Tonl < 1= nllr, -2 = Vo)nlln, 1o To nl < 1A%, 2 lllr, 20 [Tonl < l18pnllr, 12 ]10]

Tp,l=2
IT5, i29lr, -2, Tl < lepnllr, 2 llp, -2 [Tanl < A4 ]p, 2@l -,
60
T nl < 1 A8enllr, 1215, -2 ITnl < 1A=, g2l 12 Tolnl < llew — eallp, 72 421l -
By (52b),(52¢) and the fact that, for all « in a face e,
l(x)| < H =rehy < rehe <reh < Rh, (57)

we have [T, ,| < (Rh)?[[g = Gnllp, -1 10l and [T ,| < RAIG—Gnllp, -1 10]l-

Now, since

1@ — VoImlle, . <RY2I@ = Vo)mlr, S (RR)'? (Il oy + 19lae)) S (B2 (6],
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we get | T3 | < (Rh)l/QHZj—ﬁhﬂrh’l,l 16],- On the other hand, we use the estimates (12), (43), (52¢), (57) and
Assumption (S.1) to obtain

Tl S (BR)Y2(100 @) g (412116l TS 11 S R legllq, 116l
IToon S (BR)Y2 00 (A8om) g 122 18]l IT5 1l S R lle g, 180

Now, using (52c), (57) and (2), we see that |T} ,| < Rh1/2||67pn||Fh (ht) 18], and [T | < Rh'/2||6,|
Considering (52¢) and (57), we obtain

F,“(hJ-)HHHQ'

Tunl < Rh7lew — eal

u,h

vy, 0l

Finally, by (52c), (57) and discrete trace inequality (Lemma 14) we obtain [T, ;| < Rh1/2||e£||9h, 16]|¢;- Then,
by the definition of [|(eg:u — €4, — G|, the fact [Eonllp, () S hV218 oy I8ulle, ey S A28l the
result in Theorem 9 and recalling the definition of ©(g, p) (cf. (40)), we obtain

Tl S ((RR)?+ Rh+ (RR)Y2 + Ry + R1Y2) || (e eu — ea, 3 — Gn) [ 161l
+ BRI egllo, [6llo + ((RR)2 + Rh)O(@, p)]]lo-

The results follows noticing that R and h are bounded above.

5.4 Conclusion of the proof of estimate (46¢) in Theorem 9

Proof. Taking 6 = e, in Proposition 14, we can write
lewll?, =(Aea,0p)7; + (€p,0p) 7 + (€0:8¢)7s. — (8o TLal)T;, — (Ao, IP%)7; + (85, T°9)7;, + T,
:(Aei7 Jl)Th + (elv Jl)Th + (670-, 675)71 + (‘L"a 676)71 + (A‘L:N Jl)Th
+ (%, 08) 7, — (80, 8) 75, — (Ade, ¥) 75, — (8, %) 73, + Top -

Using equation (51b), and the fact that 8, is antisymmetric and 9 is symmetric, we have (8,,%)7, = 0. Next,
note that o

(Ao, )75, + (80, €) 71 = (8, AP +£) 7, = (05, V)75,

Then, by the property (38a) with v := PyVé (since k > 1), we have (85, PyV@)7, = 0. Here, P is the L?
projection onto P,(K) on each K € T, then

||euH?2h = (‘Aeia él)ﬁ + (el’ Jl)ﬁ + (670'7 575)777 + (570'7 575)771 + (‘Aalv Jl)Th + (éla (sl)ﬁ - (570'7 V)T, + Tu,h
= (Aes,0y)7, + (€p,0y)7; + (€, 0¢) 7, + (0o, 0¢) 7,
+(Adg,0y)7, + (8p,0y) 75, — (8, V& — PyV@)7;, + T, -

Applying the Cauchy-Schwarz inequality, we obtain
lewl?, < (leslla, + leala, + I80lla, + 18510, ) (I8slla + I18elle + V6 — Fo¥dlla) + T, 4.

we note that, by (39a) (6]l < hl€lmi (o) and [|6p]lq < h[#|m1(o). Then, considering (51d) and using Lemma
16 with € = e,, we have

llewlld, Sh (H&v”ﬂh + lleollq, + 192 llq, + H‘ip”ﬂh) ([Ylar ) + €l @) + Tyl

<h (I\iallg,ﬂr\lgpllnh +||54||Qh,+ll5l\\nh) lewllo, + (RR)2 (1+7) [[[(eq. eu — €a,§ — Gn)[|leullq,
+h'?R|leylq,

e"HQh + G(Q7B)He"”gh'

Finally by Theorem 9 and recalling the definition of ©(a, p) (cf. (40)), we obtain the result in (46c). Moreover,
if k > 1, the estimate of |leg]|;, follows from standard arguments in HDG (see [7], for instance). O
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6 Numerical experiments

In this section we present numerical experiments for HDG method (8) in the two-dimensional case. For all the
computations we consider the spaces specified in (7) with k € {1,2, 3} and the exact solution u = (uy, uz)?, with
uy = sin(mwz) cos(my) and uy = cos(mx) sin(my). We fix F = 1 and take v € {0.3,0.4999} in order to see the
effect of the nearly incompressible case. The stabilization parameter 7 is set to be one. According to Corollary
9.1, the theoretical order of convergence for the L?-norm of the errors in u, o and p is k + 1, whereas for the
numerical trace is k+ 2 if R~ h and k+3/2 if R ~ 1. a

Example 1. We consider the domain as Q := {(z,y) € R? : 22 + y? < 1} and the computational domain is
constructed by linearly interpolating the boundary of €2. In this case, R is of order h, then the set of Assumptions
C is satisfied for h small enough even in the nearly incompressible case. Figures 2 and 3 display the behavior
of the errors when v = 0.3 and v = 0.4999, respectively. We observe that the L?-errors of u, o and p behave as
Corollary 9.1 predicts, that is, an order of convergence of k + 1. The approximation 4 converges to the trace
of the solution with order k + 1, which is half a power higher than the one predicted. in addition, we notice
that the magnitude of the errors is larger when v = 0.4999, however the rates of convergence are the same as
in the case when v = 0.3, indicating that the method is optimal even in the nearly incompressible case.

102 107!

Figure 2: Errors in Example 1 with v = 0.3, k = 1 (top-left), & = 2 (top-right) and k¥ = 3 (bottom). The
ordinates indicates |l — g/, (dashed-blue line &), [|p—p, [, (dashed-blue line +), [lu —un|lg, (dashed-blue

line o) and ||Papu — ]|, (solid-red line OJ). The abscissas correspond to N, 517{12 The dashed-blue and solid-red
lines indicate the slope k£ 4+ 1 and k + 2, resp.

In the following set of examples we construct the computational domain and transferring path according to
the procedure described in Section 2 in [13]. Roughly speaking,  is immersed in a background mesh and the
computational domain 2 is the union of all the elements in the background triangulation completely inside €.
In addition, the transferring paths are constructed using the algorithm in Section 2.4.1 in [13] that ensures that
x and T are as close as possible, two transferring paths do not intersect each other before terminating at I" and
they do not intersect the interior of the computational domain €. For a kidney-shaped domain, Figures 1b and
1c show the computational domain (gray) and transferring paths constructed by the procedure just mentioned.
In this case, dist(T'y,T') is of order h and hence R is of order one. Then Assumptions C hold for R small enough;
however, we cannot control how small R is.
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Figure 3: Errors in Example 1 with v = 0.4999. The legend is the same as in Figure 2

Example 2. We consider the same domain as in Example 1. For v = 0.3 and 0.4999, we depict in Figures 4
and 5, respectively, the behavior of the errors. Even though it look more erratic for some meshes, it seems that
asymptotically is decaying with optimal rate.

1072 107"

Figure 4: Errors in Example 2 with v = 0.3. The legend is the same as in Figure 2.

Example 3. We consider level set 2 ((z + (1/2))* +¢?) —x — (1/2))2 — ((z+(1/2)* + %)) + 0.1 = 0 that
defines a non-convex domain. In Figures 6 and 7 we display the how the errors decays when the meshsize
decreases. Similar convulsions as in Example 2 hold.
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Figure 5:

10° 107
Figure 6: Errors in Example 3 with v = 0.3. The legend is the same as in Figure 2.
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