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ABSTRACT. A triangular system of conservation laws with discontinuous flux
that models the one-dimensional flow of two disperse phases through a contin-
uous one is formulated. The triangularity arises from the distinction between
a primary and a secondary disperse phase, where the movement of the primary
disperse phase does not depend on the local volume fraction of the secondary
one. A particular application is the movement of aggregate bubbles and solid
particles in flotation columns under feed and discharge operations. This model
is formulated under the assumption of a variable cross-sectional area. A mono-
tone numerical scheme to approximate solutions to this model is presented. The
scheme is supported by three partial theoretical arguments. Firstly, it is proved
that it satisfies an invariant-region property, i.e., the approximate volume frac-
tions of the three phases, and their sum, stay between zero and one. Secondly,
under the assumption of flow in a column with constant cross-sectional area it
is shown that the scheme for the primary disperse phase converges to a suitably
defined entropy solution. Thirdly, under the additional assumption of absence
of flux discontinuities it is further demonstrated, by invoking arguments of
compensated compactness, that the scheme for the secondary disperse phase
converges to a weak solution of the corresponding conservation law. Numerical
examples along with estimations of numerical error and convergence rates are
presented for counter-current and co-current flows of the two disperse phases.

1. Introduction.
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1.1. Scope. It is the purpose of this work to introduce, and in part analyze, a
numerical scheme for a system of conservation laws with source terms of the type

o J6,%8) ) _ v o (1)
o (4 () o (a6 (5 000)) = >~ Q) ) L]
(1.1)
where ¢ is time, z is spatial position, and ¢ and v are the volume fractions of the
primary and secondary disperse phases, respectively. Both disperse phases move
within the continuous phase of the one-dimensional flow. We let A(z) denote a
variable cross-sectional area. The flux functions J and F are discontinuous across
the positions z = 2y < zr;1 < --- < zr,xk < 2E, and due to constitutive assumptions
of the model, are nonlinear functions of ¢ and . The right-hand side of (1.1)
describes singular sources located at z = zp, K = 1,..., K, and is composed of
given functions. It is assumed that Qp (t) is the volumetric bulk flow of the mixture
(of the continuous and two disperse phases) injected at z = zp j, and that ¢p ()
and ¥p (t) are the volume fractions of the primary and secondary disperse phases
in the feed flow, respectively. The system (1.1) is posed on Il := Rx (0, T) together
with initial conditions

#(2,0) = ¢o(z) forall z € R, (1.2a)
¥(2,0) = 1ho(z) for all z € R, (1.2b)
where we assume that
0<¢o(z) <1, 0<1o(z) <1—¢p(z) forallzeR (1.3)
along with
TV(¢g) < 0o, TV () < o0. (1.4)

Likewise, we assume that

0< ¢F,k(t) <1, 0<L l/JF’k(t) <1- ¢F,k(t) for all k = 1,...,Kand te [O,T]

(1.5)
If # denotes the volume fraction of the continuous phase, then we assume that
0<¢¥,0<L; ¢+y+0=1, (1.6)

which motivates assumptions (1.3) and (1.5). (Of course, satisfaction of (1.6) by
exact or numerical solutions of (1.1), (1.2) on IIr needs to be proved.)

A specific application that gives rise to the system (1.1) is a model of a flota-
tion column [8,9], where ¢ denotes the volume fraction of bubbles and ¢ that of
solid particles (Figure 1). The bottom of the column has the coordinate zy (the
underflow) and the top zg (the effluent). The primary disperse phase of bubbles —
specifically, aggregate bubbles, to which hydrophobic valuable particles (minerals)
are attached — is assumed to flow through the suspension of solid particles and lig-
uid independently of the volume fraction of solids. The secondary disperse phase
consists of solid hydrophilic particles (ore) that move in the remaining space outside
the bubbles. If the solid particles of the secondary disperse phase have a density
larger than that of the fluid, the two disperse phases undergo counter-current, and
otherwise, co-current flow. The distinction between primary and secondary disperse
phase also becomes evident in the flux functions: the flux J of the primary disperse
phase depends on ¢ only (besides z and t), while that of the secondary disperse
phase, F, depends both on ¢ and 1. Thus, the system (1.1) is triangular; however,
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FIGURE 1. Schematic of a one-dimensional column with K = 3
inlets and K +1 = 4 zones, where Qv is the downwards volumetric
outflow, Qp ; is the volumetric flow at the inlet zp ;, for each j =
1,..., K, and Qg is the upwards volumetric outflow. Note that the
distances between the inlets/outlets are arbitrary and the cross-
sectional area A = A(z) may vary piecewise continuously (although
the figure shows a piecewise constant example).

it is generally non-strictly hyperbolic; see [9], where a counter-current model of the
form (1.1) is studied.

The main contribution of this work is an easily implemented explicit monotone
numerical scheme for (1.1). The scheme is supported by three partial theoretical
arguments. Firstly, it is proved that it satisfies an invariant-region property, i.e.,
the approximate volume fractions satisfy a discrete analogue of (1.6) at every point.
Secondly, under the assumption of a constant cross-sectional area, i.e.,

A = constant, A >0, (1.7)

and time-independent feed and volume rates, it is shown that the scheme for the
primary disperse phase (the “¢-scheme”) converges to a suitably defined entropy
solution. Thirdly, we additionally assume that there are no flux discontinuities, so
that the model reduces to the triangular system of conservation laws

&+ 9. (¢) =0, (1.8a)
O+ 0.F(¢,0) =0, (2,t) €Iy, (1.8b)
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where J and F are z- and t-independent versions of the fluxes arising in (1.1)
and (1.8) is equipped with the initial conditions (1.2), where assumptions (1.3)
remain in effect. Under these additional assumptions, we may invoke arguments
of compensated compactness, that the scheme for the secondary disperse phase
(the “¢p-scheme”) converges to a weak solution of the corresponding conservation
law. Numerical experiments illustrate that the scheme for the full model (1.1)
approximates expected solution behaviour for counter-current and co-current flows
and that approximate numerical errors tend to zero as the mesh is refined.

1.2. Related work. The system (1.1) models the evolution of the primary un-
known ¢ independently of the secondary unknown . Various applications of such
triangular systems can be found in the literature. One such is the process of col-
umn flotation, which is a solid-liquid separation process used in mineral processing,
environmental and chemical engineering [10,11,26,27,41,43]. The model (1.1) re-
stricted to three-phase counter-current flow in a flotation column was originally
proposed in [9]. The nonlinear constitutive assumptions for the model come from
the drift-flux theory (used to analyze the bubbly and froth regions [40,48,49]) and
the solids-flux theory (for particles in a liquid [23,24,37]). In [9], the construction of
steady-state solutions is detailed, where conservation laws with discontinuous flux
are a key ingredient with a specific entropy condition [2,21,28]. The most inter-
esting desired steady states are classified in that work and visualized in graphical
so-called operating charts that show how the control variables Qu, Qr = Qr1
(feed mixture of gas, solids and water) and Qw := Qr2 (feed washwater) should be
chosen to obtain a certain steady state.

Clearly, the mathematical and numerical difficulties associated with (1.1) are
twofold; namely, one has to deal with discontinuities of the fluxes with respect to z,
as well as with the definition of the governing model by a (triangular) system of
conservation laws (in contrast to otherwise similar, known scalar two-phase models
arising in flotation or sedimentation [8,13,21,22]). The well-known difficulty of
conservation laws with discontinuous flux lies in the appropriate formulation of
admissibility conditions of jumps of the solution across discontinuities of the flux
such that the resulting concept of weak (discontinuous) solutions supplied with
an entropy condition would admit a uniqueness result. There exist many criteria
for selecting unique solutions (see, e.g., [1,21]), each of which corresponds to a
particular physical reality and relies on specific assumptions on the fluxes adjacent
to a discontinuity. A unified treatment of this problem is advanced in [2]. While
there are numerous treatments of scalar conservation laws with discontinuous flux,
only a few analyses of systems with discontinuous flux are available (cf., e.g., [16,45]).
That said, its triangular nature makes the system (1.1) potentially easier to treat
than a full 2 x 2 system of conservation laws (where the flux of each component
would depend on both unknowns).

The triangular system with discontinuous flux studied in [9] was solved numer-
ically with a staggered-grid scheme that utilizes the triangular structure of (1.1).
Such a semi-Godunov scheme for general triangular hyperbolic systems is one of
the two suggested schemes by Karlsen et al. [31,32], who proved convergence of
the numerical solutions under certain assumptions on the flux functions. We here
propose a simpler numerical scheme (on a single grid) that is easier to implement
and analyze. The analysis (of the scheme proposed under simplifying assumptions)
relies on the aligned version of the scheme introduced in [32] and in particular on
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the convergence analysis of an Engquist-Osher scheme for multi-dimensional trian-
gular system of conservation laws by Coclite et al. [17]. These analyses, and the
present treatment for the reduced model (1.8), rely on compactness techniques that
use discrete entropy inequalities and the compensated compactness framework.

Further applications and results on the analysis of triangular systems include two-
component chromatography, which describes the evolution of the concentration of
two solutes, see e.g. [3]. Furthermore, polymer flooding in oil recovery is modelled by
a 2 x 2 system (e.g. [30]), which can be converted to a triangular system in Lagrange
coordinates [47]. In [19,39,46], the authors study the delta shock wave formation
in solutions of triangular system of conservation laws from the so-called generalized
pressureless gas dynamics model. Bressan et al. [5] established the existence and
uniqueness of vanishing viscosity solutions for scalar conservation laws for a Cauchy
problem and their results can be applied to a triangular system under suitable
assumptions. The results of Karlsen et al. [31,32] for general triangular systems
can be applied to models of three-phase flows in porous media, for example, in oil
TeCOVEry Processes.

1.3. Outline of the paper. The remainder of this paper is organized as follows.
In Section 2, the model of [9] of gas-solid-liquid three-phase flow in a flotation
column from is written in a slightly more general form. Starting from the balance
equations of the three phases we outline the derivation of the algebraic forms of
the fluxes J(¢,z,t) and F(¢, 1, z,t) arising in the governing PDE system (1.1).
In Section 3 the numerical method proposed for the approximation of solutions
to the initial value problem (1.1), (1.2) is detailed, where computational effort is
essentially reduced to the interior of the vessel (cf. Figure 1). After outlining the
discretization of the model in Section 3.1, we specify the numerical fluxes and update
formulas for the primary and secondary disperse phases in Sections 3.2 and 3.3,
respectively. Both formulas are adapted to the particular algebraic form of the fluxes
J(¢, z,t) and F (¢, 4, z,t) and involve upwind discretizations, a particular monotone
discretization for “concentration times velocity” fluxes from [6], and the Engquist-
Osher numerical flux [25]. We then prove in Section 3.4 that the numerical method
is monotone and that the numerical solutions satisfy a so-called invariant-region
property (Theorems 3.1 and 3.2), that is, a discrete analogue of (1.6), provided, of
course, that the initial data satisfy (1.3) and the time step and spatial meshwidth
satisfy a CFL condition. The proof of Theorem 3.2 concludes Section 3 dedicated
to the discussion of the schemes for the full problem (1.1), (1.2). Section 4 provides
further partial results of the convergence analysis of the numerical scheme based
on additional simplifying assumptions, namely those of a constant cross-sectional
area A and constant bulk and feed flows Qu, Qrk, ¢rr and Vi (k=1,...,K).
We can then prove convergence of the “¢-scheme” (the one that discretizes the ¢-
component of the governing PDE; Section 4.1) and L' Lipschitz continuity of the
“p-scheme” (Section 4.2). If in addition all z-dependent flux discontinuities are
removed, so that the governing PDE system is (1.8), we may apply compensated
compactness techniques to prove convergence of the i-scheme (Section 4.3). For
the simplified problems, the initial conditions (1.2) and assumptions (1.3) and (1.5)
are imposed, so Theorems 3.1 and 3.2 remain in effect. While in that case the
convergence of the (monotone) ¢-scheme to an entropy solution of (1.8a) follows
by standard arguments (for monotone schemes), the principal result of Section 4.3
is convergence of the w-scheme to a weak solution of (1.8b) (Lemma 4.10 and
Theorem 4.2). Estimations of errors and convergence order of the numerical method



6 R. BURGER, S. DIEHL, M.C. MARTI, AND Y. VASQUEZ

can be found in Section 5.1. Some numerical examples are presented in Section 5
starting with preliminaries (Section 5.1). First, in Section 5.3, we use a smooth
solution to estimate the order of convergence. Later on, we present two numerical
examples that illustrate the model predictions for counter-current (Section 5.4) and
co-current flows (Sections 5.5 and 5.6). Finally, some conclusions are drawn in
Section 6.

2. Three-phase flow model. The density of each phase is assumed constant, so
the conservation of mass can be expressed by the balance equations (vg, vy, and vg
are the phase velocities)

O (A(z)9) + 2)¢vy) ZQF k(t)drk(t)0(z — 2F k), (2.1)
k=1
K

at (A(Z)’(/J) + az (A(Z)’(/va) = prk(t)’lbpyk(t)(g(z — ZF,k)> (22)
k=1
K

3 (A(2)8) + 8. (A(2)0vp) ZQFk (1= drn(t) — vYri(t)d(z — 2pk), (23)

where the right-hand sides contain Dirac functions, the feed volume fractions ¢ j
and 1p i, of the disperse phases, and the corresponding volume fraction 1— ¢p x(¢) —
Yk (t) of the continuous phase, at the inlet located at z = zp, k=1,..., K.

We define the volume-average velocity, or bulk velocity, of the mixture by

q = pvg + Yvy + vy,
and replace (2.3) by the sum of (2.1)—(2.3), which is

=" Qra(t)d(z — 2p.0). (2.4)
k=1

Consequently, within the unit g varies with z due to the K inlet flows and the
variable cross-sectional area. We define Q(z,t) := A(z)q(z,t) and integrate (2.4)
from any point zy < zy to obtain

K
Q(z,t) = Q(z0,t) + ZQF,k(t)H(z — 2F k)
k=1

where H(-) is the Heaviside function. If the volumetric underflow Qu(t) is given,
then Q(z,t) = —Qu(t) for z < zy, and

Q(z,1) = —Qu(t +ZQFk H(z—zrp) = —Qu(t) + Y Qrxlt

kizp >z

This is the continuity equation of the mixture, which replaces (2.3). Next, (2.1)
and (2.2) are rewritten in terms of ¢ and two constitutive functions. We refer to the
continuous phase and the secondary disperse phase as “secondary mixture”, and
define the volume fraction of the secondary disperse phase within the secondary
mixture as

Y Y

m 1_¢ (VVheHQZ)<1)7

p o=
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where 0 < ¢ <1 by (1.6). The volume-average velocity of the secondary mixture is

Yoy + v l—¢p—2 _
qs'_iz/}—i—ﬁ —@vw—kil_dj vg = Uy + (1 — p)vg.

It is then assumed that within [zy, zg), the relative velocity vgs 1= vy — gs of the
primary disperse phase with respect to the secondary mixture is a given constitutive
function ¥ys(¢), while outside that interval, both phases move at the same velocity,
so their velocity difference is zero. Thus, in terms of the characteristic function

1 for z € [zu, 2E),
0 for z ¢ [zu, zr),

'V(Z) = X[zU,ZE)(Z) = {

this assumption can be expressed as vgs = V(2)Ugs(¢). Within [zu, zg), the relative

velocity of the secondary disperse phase with respect to the continuous phase vy :=

vy, — Vg is supposed to be a given function Dy of ¢, that is, vye = ¥(2)Vye(p).
The definitions of all velocities imply the identities

Pvg = g+ 7(2)P(1 — ) Ugs(9),

Yoy =Yg +7(2)P((1 = )oye(p) — dUgs(4))
for the (unweighted) fluxes ¢vys and vy, arising in (2.1) and (2.2), respectively. It
is then useful to introduce the velocity and flux functions

W(¢) :=(1-0)0ss(8),  V(p):=0(l—p)tya(p), (2.6)

3(@) = ¢W(9), fle) = oV(p),
where 0 = =£1 is chosen depending on the application such that V(p), f(¢) > 0
(for standard convenience, e.g., when plotting their graphs); ¢ = 1 for co-current
flows (upwards) and ¢ = —1 for counter-current flows. The velocity and flux of

the secondary disperse phase with respect to z are therefore oV (¢) and of(p),
respectively. We assume that W, V/ < 0 and V(1) = W (1) = 0, as well as that

(2.5)

f has one local maximum w and one inflection point ©, 0<w<®<1. (2.7)
Combining (2.5) and (2.6) one gets the expressions
Pvy = ¢q +7(2)oW () =t J(¢,2,1), (2.8)
Yvy = (1= d)pq +7(2) (1 — ¢)paV(g) — poW (9)) = F(p, ¢, 2,1)
for the total fluxes of (2.1) and (2.2). For ¢ < 1, we define the final flux function

Fo,0t) = F (0 0n0) = v o) (wov (125) - 202,
(2.9)

¢
whereas for ¢ = 1, we set F(1),1,2,t) := 0 (since F(p,1,z,t) =0 for all p € [0,1]).
Substituting (2.8) and (2.9) into (2.1) and (2.2), respectively, we obtain the final
governing PDE system (1.1).
Illustrations and numerical examples are based on the expressions
W(9) = vtermp(l — @)™ for 0 < ¢ <1, np > 1, (2.10)
V(@) = Vterms(l — )™ for 0<p <1,ng>1 (2.11)

(see [44]), where Vgerm,p and Uieym,s are the terminal velocities of a single particle
of the primary and secondary disperse phases, respectively, in an unbounded fluid.
Figure 2 illustrates the nonlinearities of J(¢, z,t) and F(¢, 1, z,t) in the different
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FIGURE 2. [llustration of the nonlinearities of the flux functions
J(¢,z) and F(¢, 1, z) in the different zones of the column.

zones of the column. We set np, = 3.2, Vyerm p = 2.7cm/s, ng = 2.5, and Vgerm,s =
0.5cm/s along with ¢ = —1. These values are used in Applications 1 and 2 in
Section 5.

3. Numerical method.

3.1. Discretization and CFL condition. The discretization of the model is
based on the triangularity of the system of conservation laws (1.1). The numer-
ical fluxes are based on the particular treatment of conservation laws arising in
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FIGURE 3. Discretization of ¢ and v in the application to flotation,
where the height of the vessel is H = zg — 2y, there are K inlets,
and the cross-sectional area A(z) has two values separated by a
discontinuity at z = 2 2; cf. the examples in Sections 5.4 and 5.5.

kinematic modelling with fluxes having an explicit “concentration times velocity”
structure [6] and obtain an approximate solution ¢ of the first PDE of (1.1). Then ¢
is used as a given piecewise constant function in space and time in the second PDE
of (1.1), which is updated accordingly.

We define a computational domain [0, zena) (to be used for the error calculation;
see Section 5.1) consisting of N cells by covering the vessel with N — 2 cells and
placing one cell each below and above; see Figure 3. This setup, with a finite
spatial domain, is introduced for practical reasons and is the minimal spatial domain
that captures the interior of the tank and the concentrations in the underflow and
effluent zones. The formulation of the scheme and subsequent proof of invariant
region property are referred to this computational domain, but for the convergence
analysis the model is specified as the initial value problem (1.1), (1.2) with the
initial data posed on the real line. This distinction is merely a formal one since on
(—00,0) and (2end,o0) the model reduces to linear advection equations describing
that matter is transported away from the unit at constant velocity (if no changes
in A in these zones arise).

Given the column height H, we define Az := H/(N —2) and the cell boundaries
z; == 1Az, i = 0,1,...,N. Furthermore, we define the cells (intervals) I; /5 :=
[zi—1,2) and I; := [2;_1/2, %i41/2). We place the column between 2y := Az = 2z,
and zg 1= zy + H = (N — 1)Az = zy_1. Then the length of the interval of error
calculation is zenq := H + 2Az = NAz. Each injection point zp j is assumed to
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belong to one cell I;_; /o and we define the dimensionless function

1 if I
Ok,i—1/2 ::/ Oop o (2) dz = LRk 6 v (3.1)
L 12 0 otherwise.

The cross-sectional area A = A(z) is allowed to have a finite number of discontinu-
ities and it is discretized by

1 1
A; = Al /11 A(z)dz, Ajyry2 = Al /IM/2 A(z)dz.

We simulate Np time steps up to the final time T := NpAt, with the fixed time
step At satisfying the Courant-Friedrichs-Lewy (CFL) condition

2[1Ql oo
m(fUI+M@mwmmwmwwwm+wwa)<Aa@ﬂ
where
M = max Ai_l, Ai , Apin = min Ag,
=12, N [ Ai_1/2" Ai_1/2 k=0,1/2,1,3/2,...,N

0<t<T 0<p<1

K
1Qlloo,r = max > Qr(t), [W[o := max [W(4)].
k=1

Finally, we set t" := nAt forn =0,1,..., Np.
The time-dependent feed functions are discretized as

1 gt 1 gt
Ghiima; [ Qeadn b= g; [ eraan
tm tn
for k=1,..., K, and the same is made for ¥p j.

3.2. Update of ¢. The first equation of (1.1) is discretized by combining upwind
discretizations of g¢ with the particular numerical scheme proposed in [6] for models
with a “concentration times velocity” flux, as is the case for the term ¢W (o).

The initial data are discretized by

1
0 —
¢i—1/2 A

S E———— z,0)A(z) dz.
meﬁmw><>

To advance from t" to t"t! from given values ¢ i1 =1,...,N, we define the

n
i—1/2
numerical flux at z = z; by

¢;L/2q0_ for i =0,
VARS ‘15?71/2‘1;”r T O TP WD) fori=1,... N -1,
¢’](,_1/2q}{,+ for i = N,

(3.3)
where the notation
at = max{a,0}, @ :=min{a,0}, v :=7(z), and ¢'" = (q(z,t"))"
is used. Since the bulk fluxes above and below the tank are directed away from it,

¢le/2q8+ =0 and ¢"N+1/2q§f]_ =0 for any values of ¢711/2 and QSR,H/Q.
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To simplify the presentation we use the middle line of (3.3) as the definition of J"
together Wlth o" 12 = =0 and ¢N+1 , = 0. With the notation \:= At/Az and
Q”+ = Aiq! T etc., the conservation law on I;_y/o implies the update formula

K
A
n+1 n n n n n
it AT - AT+ E O i
;210 = Pim1y2 Ai—1/2< 178 QF kPF 1Ok, 1/2) (3.4)

k=1
= Hi71/2(¢27’—3/27¢7/n—1/27¢?+1/2)7 ZZl?vN

Then we define the piecewise constant approximate solution ¢** on R x [0, 7)) by

¢™*(2,1) ZXL 12 (B) X a1y (D) D71 2, (3.5)

where yq denotes the characteristic function of the set €.

3.3. Update of ¢. We discretize the initial data by
1 /
0
. - P(z,0)A(z) dz.
1/2 Ai_l/QAZ I ( ) ( )

The well-known Engquist-Osher numerical flux [25] for a given continuous, piecewise
differentiable flux function g and real values a and b on the left/right is given by

a b
G(g;a,b) :=g(0) + / maX{O,g’(s)} ds + / min{O,g'(s)} ds. (3.6)
0 0
Then a consistent numerical flux corresponding to (2.9) is, for i = 0,..., N,

Fl =i oty U 00
JF%’(Gi (%—1/27%4—1/2) ~Pic1/27 n/ wW( i+1/2))7
i+1/2

where we set 9", , := 0 and w%ﬂ/z := 0 with the same motivation as for ¢ above
(these values are 1rrelevant). Here

G (¢?—1/2a¢?+1/2) = g(af?§w?—1/2a¢?+1/2) (3.7)
is the Engquist-Osher numerical flux associated with the function
n ~ P ~ V(u) foru<1l,
afrtw) = a7 (=) Pw= ¢ (3.5
max, 0 for u > 1,

where (a A b := min{a, b}, a V b := max{a, b})

Vinax,i = (1= &_1/0) AL = &1 0) =1 = (612 V 9t 2)-

The function 9 — o f*(¢) is unimodal. Let 1[1” denote the maximum point of f.

For a given function V the values 1[3;’ and ¢y, ; are related by the following lemma.

Lemma 3.1. Assume that 0 < w < @ < 1 are the unique local mazimum and
inflection point, respectively, of f(p) = V(@) (cf. (2.7)). Then ™ = Whhhax i Jor
all i and n and all possible values 0 < .. ; < 1. Moreover, the unique mﬂectzon

point Yy ; € (7, max,i) Of fi' satisfies ¢mﬂl OYfax.i for all i and n and all
possible values 0 < . < 1. (See Figure /. )

max, [
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FIGURE 4. Illustration of Lemma 3.1.

Proof. Assume that 0 < ¢ < 1. Since z/J" is the unique solution w" <Yl of

max, i — max, 1

d ([~ ¥ - 5 L7 L
dw<wv( maxz>>_0 < V< rrlzax,i>+ r?lax,iv< rvrllax,i>_07

it follows that w is the unique solution in (0,1) of \Z(w) + wf/'( )=
By a similar argument, @ is the unique solution of 2V’ (@) + wV”(JJ) O

The Engquist-Osher numerical flux (3.7) can now be computed as follows, where
we recall that f/*(0) = 0. For 0 = 1 we get

1/2211/2 f’ﬂ/(wn 1/2) lfw 1/2 _wz ’
0 n d v .

/O max{ f } s = {fn(wn) if 1’[)1_1/2 > 7/12 5 (3 9)

iy, <PP,

Yit1/2
0, ( d ; j
/0 min{0, ()’ ()} ds = {f”( Ponje) = PR 300 > O,

hence

g(ffﬂf’?—l/w@[’zﬂlm)

ffw? 1) i)y < O and 97,y < 07,
VW) + B ) = FEWR) ATy S OF and 7y > 0T,
£ if 7 ), >0 and 47, < 0P,
[ W1 0) if iy )y > 7 and Vit1y2 > op.

(3.10)
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By analogous reasoning we obtain for o = —1
( fz 7'1/) 1/2?wz+1/2)
W) i Y7, <OP and YT, <P
— @) iy, < Y7 and Vit1y2 > or
FOR) = W1 ya) = W) T o > 7 and 97 <OT,
=W ) i)y > ¢p and Vit1y2 > P
(3.11)
We define the difference operators A_a; := a; —a;—1 and Aja; := a;41 — a;. Then
the marching formula is (for i = 1,...,N)
\ K
¢:1+11/2 Vilyyo + A (Ai_l}“[‘_l — A F + Z Q?,k%?,k(sk,iuz)
" k=1
n A A n n+ n n—
i—1/2 ~ m ( ( i10Q7 T T Q)
(3.12)

"‘(A’Y)i(Gi (7/)2-71/271[1#1/2) — @i 1/21_771/”/( i+1/2)>)

i+1/2
K
-3 Q%,kwﬁ,kak,i_1/2> :
k=1

Then we define the piecewise constant approximate solution 2% on R x [0,T) by

wAZ Z t ZXIl 1/2 X[tn tn+1)( )w?_1/2 (3.13)

3.4. Monotonicity and invariant-region principle. We prove that the update
formulas (3.4) and (3.12) are monotone, a property which then is used to prove the
invariant-region property that the approximate solutions are positive and bounded.

Theorem 3.1. If the CFL condition (3.2) is satisfied, then the update formula for
¢ (3.4) is monotone and

0< ot L =1 fori=1,...,Nandn=1,..., Np.
Proof. We recall the assumption (1.3). We first prove monotonicity of the three-
point scheme for ¢ (3.4), i.e, that a¢y_+11/2/a¢g_1/2 >0 for all i =1,...,N and
k=1i—1,i,1+ 1. We have

007", A (

1+ (Av)isaaW (el >0,
aqsz 32 Ai—1/2 ( ’Y) 1 (¢ 1/2))

0 (—Qu™ = (A7)l oW (612)) 2 0
a¢;7,+1/2 Ai71/2 7 i—1/2 i+1/2 =
et}
i—1/2 n— n 1(n
=1+ i1 T (A)ic10il 5, W (@7
3(25?_1/2 Ai_1/2( 1+ (A7)i—19 3/2 (¢ 1/2)
= QI = (A7) W (B y0) )
2||Qllo
> 1o (=T e+ 1)) 2 0
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where we have used the CFL condition (3.2).

We now prove that if 0 < ¢, ,, <1 for all 4, then 0 < gb?fllQ <1 for all 3.
Clearly, (1.3) implies that 0 < (;5?71/2 < 1 for all i. Since the scheme (3.4) is mono-
tone, H;_1/2 is non-decreasing in each argument. Since by assumption wW(1) =0,

we get the following estimation (where we use a™ +a~ = a):
A\ K
0< A vs ZQ%M?,/@%FUQ =H;-1/2(0,0,0) < ¢?_+11/2
T2 k=1

= Hz‘fl/2 (¢?—3/25 ¢:‘L—1/25 ¢?+1/2) < Hifl/Q(la 1; 1)

K
Ai1/2 <( 1 - Q) ;QF,/@%,;@ k, 1/2)
K K
= (Z (=QFi)0ki-1/2+ Z Qg,k(sk,i—l/2> =L
i—1/2 b1 P

O
Lemma 3.2. The function fI* (cf. (3.8)) satisfies ||(fI')||cc < max{V(0),[|V'|lcc}-

Proof. By (2.7), the function f(¢) = ¢V (¢) has a single inflection point @ € (0, 1)
and by Lemma 3.1, f" has the inflection point @, e 0,y ;). We have

max,? » ¥'max,?

(f)(0) = V(0), (f*)(¢) = 0 for ¥, ; < ¢ < 1 and the lowest (and negative)
value of (ff')" is obtained at its only critical point @i}, ;, for which

() (@) = V(@) + 0V (@) = = V']
This concludes the proof. O

Lemma 3.3. There holds Gi'(1 — ¢}y ;5,1 — ¢ o) =0 for alli and n.
Proof. Assume that 0 < ¢ . = (1— ?71/2) Al = ?+1/2) < 1. By Lemma 3.1,

max,?

P < Yrax.i> hence (3.10), (3.11), and
V((l - ¢?71/2)/wrrrblax,i) = V((l - ¢?+1/2)/¢I7Illax,i) =0
imply that

=gt ) =0 ifo=1,
G (1= @™ 0,1 — @ =7 +1/2
z( ¢z—1/2’ ¢1+1/2> {—fin(l_ﬁb?—lp)zo ifo =—1.
O

Theorem 3.2. Under the assumptions of Theorem 5.1, the update formula for
(3.12) is monotone and along with (3.4) produces approzimate solutions that satisfy

0<¢i"y)p <1=¢f ), foralliandn.
Proof. Assumptions (1.3) and (1.5) imply that 0 < 1/)?_1/2 <1- (15?—1/2 for all 4 and
VYpp <1—¢py foralln. (3.14)
To prove that the scheme (3.12) is monotone, we write it as
WPy = Ko (Vs 20 VTt 20 VP 2) (3.15)

and show that this expression is non-decreasing in each of its arguments.
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Since 0 < ¢?_1/2 <1 for a given n and all ¢, and appealing to the definition of
the Engquist-Osher flux (3.6), we have

8¢?j11/2 A
8"/’?_3/2 Ai71/2

oOG"
(Q?j_l + (Ay)im1 5 ) >0,
O} 59

iy A oGT r
71— /2 o (_Qn _ (A ) I . 171/2 n
n - I ’7)1 n + (A7>z n W(¢z ) Z 0;
a¢z‘4—1/2 Ai—1/2 61/’1‘4—1/2 1- i+1/2 e
0ty LA < gt
81/’?71/2 Ai—1/2 ot '
G, O3, W(P 1)) oG
+ (A'Y>7,1(a _ 1 i/? . 1/2 ) . (A’y)la - )
7/’1‘—1/2 - ¢i—1/2 77Z’z‘—1/2

n n W (o
(e (0600 W)
Amin 8"/)1‘_1/2 8'9111‘_1/2 1- ¢i—1/2

By (3.6) and Lemma 3.2 we also obtain
oGy oG,
81/}?—1/2 81/}1‘”—1/2

= (fvn)/( zn—l/z)Jr - (fin)/(d);'n—l/2)7 = |(fin)/(wzn—l/2)|
< (£ oo < max {V(0), V'] } ,

and for the remaining term, we use that W (1) = 0 and the mean-value theorem to
get, for some £ € (qbZLl/Q, 1),

W, W) =W, ,
= — :—W < W o0 .
— . (© < W

i1/2
Hence, the CFL condition (3.2) implies

o n+1
1/)171/2 >1— >\<2||Q||00,T

67/};'“_1/2 o Amin

The inequalities proved imply that K7 , ,, is non-decreasing in each of its arguments.
Now we use that 0 < 1/12”_1/2 <1- ‘15?—1/2 for all + and Lemma 3.3 to obtain

M (s (VOL IV} + W] ) 0.

K
ZQ?,kT/’g,Msk,i—uQ =Hi-1/2(0,0,0) < 1/)?:1/2

0<
T Aiciye
= Hz’—l/Q({lp;{iB/Qa 7/}?71/271%;1/2) < Hi—l/Q(l - ¢?73/2’ 1- ¢?71/2v 1- ¢?+1/2)
A
=1-—¢! A F (1= @ a0, 1 — @
i—1/2 T Ai—1/2< 1F (L= 5 ®i1/2)

K
— AT (L= G0y L= O p0) + ) Q?,kl/f?,kf;k,i—uz)
k=1

A
1t (1= g7y ) QT + (1= 07y o) QT
bi—1/2 A1) (( ¢ 3/2) 1 +(1—9¢ 1/2) 1

- (AW)i—1¢?73/2W(¢;Z1/2) -(1- ¢Z1/2)Q:‘L+ -(1- ¢?+1/2)Q?7
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K
+ (A7)idi1 W (i1 2) + Z Qg,kw?,kdk,il/2> :
k=1

Appealing to (3.14) and the update formula for ¢ (3.4), we get

K
n n A n n— n n— n
wijll/Q <1- ¢ij11/2 A2 ( AT QT Qi + Z QF,k(sk,il/2>
T k=1

K
A n n n
=1- ¢?j11/2 + 141/2{ 1 —QF + Z QF,k5k,i1/2} =1- ¢?_+11/2~
L k=1

The last equality holds since {...} = 0 irrespective of whether there is a source in
the cell; Q" — Q) + Qf ,, = 0, or not; Q7" — Q) = 0. 0

4. Convergence analysis. For ease of the argument, let us focus on the case of
a constant interior cross-sectional area A, i.e., assume that (1.7) is in effect. In
addition, we assume that Qf ;, ¢, and ¥y, (K = 1,..., K) are constant and
therefore do not depend on n. The same is assumed for the underflow volumetric
flow Qu. Then (3.4) and (3.12) take the forms

¢?f11/2 = 01 1jg = AMA(PF oG + D10t +VibE 12 W (D11 )2))

K
+)‘ZQF,k¢F,k5k,ifl/2a (4.1)
k=1

1/’?,4_11/2 = ?_1/2 —AA_ (w?—l/Qq;_ + 1/’?4-1/2%_

m(,n n n ¢?+1 2W(¢;L+1 2)
+ i <G¢ (¢i—1/27¢¢+1/2) — Pi—1/2 1/_ n / >
i+1/2
K
+ A arptrrdio1/2; (4.2)
k=1

where gr ; := Qr r/A. To embed the treatment into available analyses of schemes
for conservation laws with discontinuous flux, we absorb the feed terms into the
numerical flux. That is, we define iy, := 4 if 6 ;1,2 = 1 (see (3.1)). Then
—qu if1 <ip—1,
¢ =93—qu+tagrai+---+qgr; Hy<i<iyg—-1,10=1,..., K -1, (4.3)
—qu+qr1+ -+ qrx fori>ig.
Furthermore, we define the feed flux
0 ifi<ip—1,
hF,i = QF,1¢F,1 +"'+QF,Z¢F,Z if i <1 Sil+1 —1, = 1,...,K—1, (44)
gri¢r1+ - +qr ror . fori >k,
such that

K
hgi—hri-1= ZQF,k¢F7k6k,i71/2-
k=1
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Consequently, we may write the scheme as
¢?_+11/2 =@ 10 — AA- (¢;L+1/2qi_ + ¢17'L—1/2qz+ + %911 2 W (D41 /2) + hei). (4.5)
For later use we define the piecewise constant functions
q(z) =qx and hp(z) :=hpy for zpi <z <zpg+1, k=0,..., K,
where zp g := —00, 2F K41 = 00, and we define the function
h(z,v,u) == q~ (2)v + ¢ (2)u + v(2)uW (v) + hp(2) (4.6)
that allows us to write (4.5) as

¢?j11/2 = ?—1/2 - AA—h(Zu ¢?+1/27 (15?—1/2)' (4.7)

4.1. Convergence of the ¢-scheme. The PDE for ¢, under the simplification
(1.7), is the conservation law

Op+ 0. J(p,2) =0, (z,t) €ellp (4.8)
with discontinuous flux
K
q(2)¢ — Z qr & PF k for z > zg,
k=1
K
q(2) — > arxdri +J(¢) for zpx < z < zE,
k=1
J(¢,2) = ! (4.9)
9(2)¢ = e rdr i+ (@) for zpi < 2 < zp 141,
k=1
I=1,..  K—1,
—quod + 5(0) for zy < z < zp 1,
—quo for z < zy.

posed along with the initial condition (1.2a).

The choice of the appropriate solution concept for weak solutions, and the ways
we may relate the model to the available theory of conservation laws with discontin-
uous flux, requires verifying whether J(¢, z) as given by (4.9) satisfies the so-called
“crossing condition” across each discontinuity

z € Z = {ZU,ZFJ7 - 7ZF,K72E}' (410)

Certain early well-posedness (existence, stability, and uniqueness) results for con-
servation laws with discontinuous flux (and related equations) rely on satisfaction
of this condition (cf., e.g., [34]), although later developments advance solution con-
cepts that do not rely on satisfaction of the crossing condition [4,35,38]. In the
present context this condition is satisfied for a particular discontinuity at z if the
adjacent fluxes to the right and the left, J(¢,2%) and J(¢, z7), satisfy

v¢17¢2 S [O, 1] . J(¢1,Z+) - J((blvz_) <0< J(¢27Z+) - J(¢2,2_) = (bl < ¢27
(4.11)

which means either the graphs of J(-,27) and J(-,27) do not intersect, or if they
do, there is at most one flux crossing ¢,, and the graph of J(-,27) lies above that
of J(-,z%) to the left of ¢,. For J(¢,z) as given by (4.9) this condition is clearly
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satisfied for z € {zg, zu} (considering that j(¢) > 0 for 0 < ¢ < 1 implies that
J(-,z7) and J(-,27) do not intersect in this case), while

J(c/),z;l) = J(¢,2p,) = qri(¢p —¢ry) forl=1,.... K.
Thus, the crossing condition is satisfied also for z = zp;, I = 1,..., K, since either
¢r,; = 0 and the adjacent fluxes do not intersect in (0, 1), or the intersection takes
place at ¢, = ¢r; and (4.11) holds since gr; > 0 for all [. The preceding consid-
eration is analogous to the one for the simpler clarifier-thickener model (equivalent
to K = 1 in the present notation) studied e.g. in [13,14]. With the present analysis
it is clear that the crossing condition is satisfied at each flux discontinuity z € Z.
Some of the available analyses refer to initial-value problems of the type

o+ Oy F(u,z) =0 for (x,t) € Iy,
u(x,0) = up(x) for z € R, (4.12)
where  F(u,z) := H(—x)g(u) + H(z) f (u)

where f and g are Lipschitz continuous functions of w denoting the “right” and
“left” flux adjacent to a flux discontinuity across z = 0 and H denotes the Heavyside
function. The model problem (4.12) features, of course, only one flux discontinuity
(sitting at = = 0), while (4.9), (1.2a) includes several of them at separate spatial
locations. The study of (4.12) is, however, sufficient for the analysis of each single
flux discontinuity.

Here we start from the concept of entropy solutions of type V introduced by
Karlsen and Towers [35]. This concept does not appeal to the existence of traces of
the unknown with respect to the interfaces z € Z across which J(¢, z) is discontin-
uous. To state its adaptation to the situation at hand, we define the sets

/) .= (25, 00) x (0,T),

Y 2 (g g 2m) % (0,7,

Y2 = (eppmrzpn) X (0,7), k=2, K,
1y = (20, 260) x (0,7),

{2 = (o0, 2u) x (0,7).

Definition 4.1. A measurable function ¢ = ¢(z,t) € L' (Il7) is an entropy solu-
tion of type V of the initial-value problem (4.8), (1.2a) if it satisfies the following
conditions:
(i) The function ¢ belongs to L>°(Ily); for a.e. (z,t) € Iy there holds ¢(z,t) €
[0,1].
(ii) The function ¢ is a weak solution of (4.8), i.e., for all smooth test functions ¢
with compact support in I,

//H (00:¢ + J (¢, 2)0.¢) dzdt = 0. (4.13)

(iii) For alll =0,...,K + 2, for any nonnegative smooth test function ¢O with
compact support in Hg) and all ¢ € [0, 1] there holds

// (|¢ —c|0i¢™ +sgn(¢ — ) (J (¢, 2) — J (e, Z))@C(l)) dz dt

v (4.14)

+/ |¢o — | ¢ (2,0)dt > 0.
R
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(iv) The following Kruzkov-type [36] entropy inequality holds for all nonnnegative
smooth test functions ( with compact support in p and all constants ¢ € R:

// |¢ — |0 + sgn(¢ — c)(J(¢, z) — J{(ec, z))azg) dz dt
/ D (e, zT) = J(e,27)| ¢z, t) dt > 0.

zZ€EZ

(4.15)

Notice that the entropy inequality (4.15) does not imply the weak formulation
(4.13). The standard derivation of the weak formulation from the Kruzkov entropy
inequality (cf., e.g., [29, Sect. 2.1]) cannot be applied here since some of the flux
differences |J(c,zT) — J(c,27)| are not compactly supported with respect to c,
see [13, Rem. 1.1].

Lemma 4.1. There exists a constant C1, depending on TV(¢o), such that

AZZ|¢?:’_11/2 - ¢?—1/2| < AZZ|¢3—1/2 - ¢?—1/2| < C1At.
i€ =/
Proof. Subtracting from (4.1) its version from the previous time step, we get
¢?_+11/2 - ¢?f1/2 = (‘75?73/2 - ¢z 3/2))‘Bz 1/2
+ (¢?—1/2 o~ 1/2){1 z+1/2+)‘cin—1/2}
+ (OF1y2 — 1+1/2){ AC o)
where we define
By = Gy + iAW (o7 1/2)
n_1 W(¢i+1/2) - W(d);:llﬂ)
n . ql + 7’¢1 1/2 n n—1
i+1/2 ¢i+1/2 - ¢i+1/2
0 otherwise.

Clearly B! , 5 1220, cr

¢ZL+1/2 # ¢z+1/27

T2 <0, and due to the CFL condition,

— ABYyy g+ ACT 5 >0,

hence taking absolute values and summing over ¢ € Z we get, by appealing to
standard arguments, that

AZZ!¢?f11/2 i— 1/2’ <AZZ‘</% 1/2 — ?; 1/2‘ <AZZ|¢z 1/2 — ¢?71/2’~
i€ZL i€Z i€Z

Furthermore, following the lines e.g. of the proof of [13, Lemma 3.2], we get that
there exists a constant Co that is independent of (At, Az) such that

Do lét1je = 611 2] < Co(TV(0") + TV(g) + TV(v)),
i€z
which completes the proof. O
A straightforward calculation yields that we can write the scheme in the form
(A+(Li = Qi1 — a,L-)
d’?jll/Q = V- 1/2 + Cl' Ao} 1/2 — Dzn—lA—d)?—l/Q -0,
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where we define

A—I/V((ﬁz-ﬁ-l/Q)
n A =M1 g ALY, #0,
or = 2 TA LT e

—Aq; otherwise,
Di = )\ql + Avi- 1W(¢z+1/2)

07 = >‘(¢z 1/2A q + o 3/2A qz + o 1/2 (¢?+1/2)A—’Yi*A—hF,i)-

The incremental coefficients satisfy C]* > 0 and D}* > 0; furthermore, the CFL con-
dition ensures that C* + D} <1 (in all cases for all  and n). Notice that 0" =
with the possible exception for those indices i at which A_q;” # 0, A_g # 0, or
A_~; # 0. According to the definition of v; and that of g;, see (4.3), this may occur
at most at a finite number of indices. Precisely, we may assert that (see (4.10))

97:0 if Zi—1,%4 gZ,

hence for all indices ¢ with the exception of finitely many indices i such that |z; —¢| <
Az for some ¢ € Z, the scheme is given by the incremental form

¢?—+11/2: im1y2 F CPALOT 1 )9 — D 1 AP )y

with incremental coefficients C}* > 0, D' > 0, and C}* + D} < 1. This property, in
conjunction with Lemma 4.1, shows that we may apply [15, Lemma 5.3] (which is
essentially Lemma 4.2 of [6], where a proof can be found) to the situation at hand.
From [15, Lemma 5.3] we deduce the following lemma, where V,’(g) denotes the
total variation of a function z — g(z) over the interval (a,b).

Lemma 4.2. For any interval [a,b] such that [a,b]NZ = & and any t € [0, T there
exists a total variation bound of the form
Vab (¢AZ('7 t)) < C(a’v b)v
where C(a,b) is independent of (Ax, At) and t fort € [0,T)].
Finally, we have shown in Theorem 3.1 that the scheme (3.4) is monotone. This
applies, in particular, to the reduced scheme (4.1) or equivalently, (4.5) or (4.7).

Thus, the scheme satisfies a discrete entropy inequality. The proof of the following
lemma is identical to that of [35, Lemma 5.2], and is therefore omitted.

Lemma 4.3. The scheme (4.7) satisfies the following entropy inequality for any
Ci—3/2:Ci—1/2,Cit1/2 € [0,1]:
|¢z 172 — Gi— 1/2| < ‘¢?fl/2 - Ci*1/2‘ —AA_H
= Asgn(e7) ), = cim1y2) AR (20, Oy 20 D11 o)
where the numerical entropy flur H is defined by
H} = h(2i, ¢h1 /2 V Civr/2, D12 V Cim1/2)
- h(zi7 ¢?+1/2 N Civ1/2, ¢?_1/2 A Ci71/2)-

We now may appeal to the results of [35] and argue as follows. Theorem 3.1
and Lemmas 4.1, 4.2 and 4.3 ensure convergence of the functions ¢** to a weak
solution of (4.8), (1.2a) that satisfies items (i), (ii) and (iii) of Definition 4.1. It
also satisfies the entropy inquality (4.15) arising in part (iv) of that definition by
utilizing the discrete entropy inequality stated in Lemma 4.3. Thus, we have proved
the following theorem.
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Theorem 4.1. Suppose that assumptions (1.3) to (1.5) are in effect and that ¢~*
is defined by (3.5), where the values (;5?_1/2 are defined by the scheme (4.5). Let
At, Az — 0 with A = At/Az = const. such that the CFL condition (3.2) is satisfied.
Then ¢** converges in L .(Il7) and a.e. in I to an entropy solution of type V of
the initial-value problem (4.8), (1.2a).

4.2. L' Lipschitz continuity in time of the -scheme. Next, we deal with
the marching formula (4.2). To this end, we define a feed flux BFl exactly as in
(4.4) but with ¢p ; replaced by ¢p,; for i = 1,..., K. Furthermore, we recall that
Vgs(¢) = W(¢)/(1 — ¢). Thus, the scheme can be written as

w?jll/g =iy, — AAZ (iLF,z‘ T ol Vi 205

+ % (GZE( ;11/2#/}&1/2) - ¢?71/277¢s (¢?+1/2)1/’?+1/2))'

Lemma 4.4 (Crandall and Tartar [18]). Assume that (2, 1) is some measure space
and that D is a subset of L'(Q) with the property that if u,v € D, then (uV v) =
max{u,v} € D. Assume that T is a map T : D > u+s T(u) € D such that

/T(u)du:/udu for all uw € D.
Q Q

Then the following statements, valid for all u,v € D, are equivalent:
(1) If u <w, then T(u) < T(v).
(i) Jo((T(u) =T (v)) vO0)dp < [o((u—v)V0)dp.
(i) Jo [7(u) (o) [ dp < foyu = v]da
Following, for instance, [17], we utilize Lemma 4.4 for the following mapping.
Assume that D C L!'(R) is the set of piecewise constant functions and that are
constant on the intervals I;_;,o for i € Z, and that with the marching formula
(3.15) we associate an operator K™ : D — D such that if 2% (-, ") is the piecewise
constant function defined by (3.13) for ¢ = t,,, we may write the scheme as

wAZ(" tn-‘rl) = K" (wAZ(" tn))
Clearly, the monotonicity of the scheme implies that if u,v € D, then
u<v=K"(u) <K"(v).
Thus, Lemma 4.4 (i) holds. For u = ¢¥*%(-,t,,) and v = ¢*#(-, t,_1), Lemma 4.4 (iii)
implies that

A'7‘VZ:|1/’?—+11/2 - ?—1/2| = /RWAZ(ZJ”H) *¢AZ(Z’tn)|dz

1€Z

(4.16)

< 198 t) —925 (et )| de = Ao T fol 1o =¥
R i€z
and therefore
n+1 n 1 0
Azzwz'—l/z - wi—l/Q} < Azzwz'—l/g - %—1/2’-
i€z i€z

However, we may assert that there exists a constant C3, which is independent of
(At, Az), such that

sz'l—l/z - w?—l/Z{ = Z

€L 1EZL

A (1/’?—1/2@_ + ¢?+1/2qi_
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. P s W (Y41 /0)
+%<G?(¢?—1/27¢?+1/2)_ i-1/2 1/— v / >)

i+1/2
K
_ )\Z

k=1

< Cs.

QF i
2 w%,kék,iﬂ/z

Since (1.4) is a sufficient condition for this bound on the initial discrete divergence
to hold, we get

n n At
AZZWijf/z - 1_1/2| < AzC5 = 703.
i€Z
Consequently, we have proved the following lemma.

Lemma 4.5. There exists a constant Cy that is independent of (At, Az) such that
+1
AZZW-ZW - ?—1/2| < C4At.
i€l
4.3. Compensated compactness. To write down the scheme in the simplest set-
ting possible, we consider the model and numerical scheme under the assumptions
before, and additionally assume a constant bulk velocity ¢, that the feed terms (giv-
ing rise to the singular source) are zero, and set the parameter v = 1. Thus, the

model reduces to the triangular system of conservation laws (1.8) with the initial
conditions (1.2), where we recall that assumptions (1.3) are in effect.

Definition 4.2. The pair (¢,) is called a weak solution of the initial value problem
(1.8), (1.2) if
(i) The functions ¢ and v belong to L™ (Ilr).
(ii) The functions ¢ and v satisfy (1.8), (1.2) in the sense of distributions on Ilp,
that is, for each smooth test function ¢ with compact support in Ilp, the fol-
lowing identities hold:

// (qﬁ@tC + J((i))azC) dzdt + / odo(z)dz =0, (4.17)
I R

// (0 + F(,10)0:¢) dzdt + / Yo(z)dz = 0. (4.18)
IIr R

(iii) The function ¢ is an entropy solution of the single conservation law (1.8a),
that is, for each smooth and nonnegative test function { with compact support
in Iy, the following inequality holds for all ¢ € R:

/ / (16— €l +sgn(é — &) (J(6) — J(k))8:¢) dzdt
thr (4.19)

+ /R|(b0(z) - c‘ dz > 0.

Assume now that 7 = 7(¢) is a smooth convex entropy function and Q = Q(¢, ¥)
is the corresponding compatible entropy flux compatible with (1.8b), i.e.,

0y Q(d,¥) = 0 (¥)0p F(¢,). (4.20)

In what follows, we refer to (n,Q) as an entropy pair for (1.8b). In particular we
denote by (19, Qo) the Kruzkov entropy pair [36], that is

m() = —cl, Qo(d,v) =segn(y —c)(F(¢,v) — F(¢,c)), (4.21)
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where ¢ € R is a constant.
The convergence proof is based on the following lemma, slightly adapted from [17,
Lemma 2.2], which in turn is an adaptation of [42, Theorem 5].

Lemma 4.6. Let ¢ be the unique entropy solution of the initial-value problem
(1.8a), (1.2a), and assume that {¢Y"},>0 is a family of functions defined on .
If {o¥} is bounded in L (IIr) and {9imo(¥”) + 0.Qo(d, V") }u>o lies in a compact
set of H.X(Tlg) for all constants c, then there exists a sequence {v, }nen such that
Vn = 0 asn — oo and a function ¢ € L*°(Ilr) such that

P’ —p  a.e.and in L (TI7), 1 < p < oo.

loc

Consistently with (4.6), (4.7) we assume that the scheme employed to approxi-
mate entropy solutions of (1.8a) is

¢?_+11/2 = ¢ 19— /\A_h(¢?+1/2, (bzil/z), h(v,u) == q v+ q u+uW(v).

Clearly, under a suitable CFL condition, the scheme converges to the unique entropy
solution of (1.8a), (1.2a). Our goal is to establish convergence of the corresponding
scheme for 1. We here write the scheme as

Ui = W1 ye = AACF (G112 Oy Vi1 20 Vi1 2)

N n (4.22)
= %71/2 - )‘A*J—_.(d)z 7¢i )a
where we define the four-argument numerical flux
F(a,b,u,v) =g u+q v+ (Gla,b,u,v) — aliys(b)v), (4.23)

denote pairs of neighboring ¢- and -values by

¢ = (¢?_1/27¢?+1/2) and 7 = (¢?—1/27¢?+1/2)>

and replace the arguments “¢?f1/2a (/)Z’.LH/Q” by ¢ (analogously for ). In (4.23) a
and b play the roles of qb?fl/Q and ¢, ; 5, and u and v those of w?71/2 and 1/}&1/2,

respectively, and we define G(a, b, u,v) as follows (cf. (3.7), (3.8)). Let
flabog) = (o
T 1—(aVvb))’

then G(a,b,-,-) is the Engquist-Osher numerical flux [25] associated with f(a,b,-).
The compensated compactness approach strongly depends on entropy inequalities

satisfied by the scheme (4.22). To prepare for the derivation of suitable uniform

estimates, we multiply the scheme (4.22) by n’(w?jll/2)7 where 7 is a smooth convex

entropy function, and utilize the Taylor expansion
7 m+l +1
n (1/’211/2) (%11/2 - ?—1/2)

mn n 1 n n n 2
= 77(1/%:31/2) - 77(%71/2) + 577” (@:1//22) (wijll/Q - i71/2) )

n+1/2
i—1/2

mn n 1 n n n 2
77(7/%:31/2) - 77(%71/2) + 577” (@:1//22) (wijll/Z - ifl/z)
= _An/(¢?j11/2)A—f(¢:Lv¢:l)

= N1 (Y )2) A-F (D7 7)) — A (W7 H0) — ' (Wil )2) ) A-F (o7, 7).
(4.24)

where £ is an intermediate value between ¥ ; /2 and "1, . This yields

i—1/2°
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We now define the functions f and f as the partial derivatives
fla,b,u) = 0,F(a,b,u,0) = ¢* +0,G(a,b,u,0) >0,
f(av b7 v) = av]:(av ba u, U) =q + (8UG(Q, b, u, U) - aﬁd)s(b) <0.

The dependence of 9, F(a,b,u,v) and 9,F (a,b,u,v) on v and v only, respectively,
is crucial for the subsequent analysis. We define the functions

ﬁ(a,b, w) ::/ f(a,b,s) ds, .7:"((1, b,v) = / f(a,b,s) ds
0 0
and note that
F(a,b,u,v) = F(a,b,u) + F(a,b,v). (4.25)

Next, we define

) ¥ . . ¥ ;
Q(a,bﬂﬁ) : nl(u)f(avbﬂ u) du, Q(aabvw) = A ﬂ/(v)f(a»l%”) dv,

Q(G/, b, ¢17 ,(/)2) = Q(a7 ba 1pl) + Q(a’ b7 ¢2)

I
S—

(4.26)

The function Q is a consistent numerical entropy flux for the scheme (4.22) for the
entropy function 7 since

(4 N y
Qa,a,,) = / 0 (u)(Faa,u) + Flaya,u)) du

Y 2 .
= / 7' (w)0uF(a, a,u,u) du = / n' (u)F(a,u)du = Q(a, ).
0 0
Furthermore, integration by parts yields

Q(CL, b7 d)) - Q(a7 bv ’(Z))
. . - Y . . -
=n'(v) (]:(a,b,w) — Fla, b,d))) - [ 0" (u) (]:(a7 b,u) — F(a,b, 1/1)) du, (4.27)

¥

Q((L, bv ¢) - Q(a’ bv 1/1)
- ¥ . . -
= 77/("/1) (]:-(a’ b7 ¢) - f(a’ bv 1/1)) - / 77”(“) (‘F(aa ba u) - .7:((1, b7 ¢)) du (428)

0
¥

— o/ D) (Fla,b,) — Fla,b, ) / 0" () (F(a by w) — Fla,b,)) du.  (4.29)

P

Now, denoting by A? and AY difference operators that act on both ¢- and -
arguments only, respectively (leaving the two others unchanged), we observe that

A_F(¢F, ) = AV F(¢l, 1) + AL F (@1, ). (4.30)
In light of (4.27) and (4.29),
0 (Y ) AY F () 7)
= Q( U1 1 j9) — QD) WP 50) + Q] U1 )2) — QD VT 1)

- (n’(w?_lp)(ﬁw?,ﬂ_l/g) — F(@7 i)
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Yi1)2 A
—/ / 0" (u) (F(@7, 1) — F(&7 ¥ 55)) du)

w?—B/Q
. (n'<w;u/2><f<¢¢,wﬂ/2> @)

Y12 . .
+/ n”(u)(]:((,b%u) _‘F(d)?v ?+1/2)) du)

Yi1/2
+7'( ?—1/2) (-7:—(95?7 f_1/2) f]:'(@”, ?—3/2)
+F(O7 U1 y2) — F(S7 .97 1)2))
= Q@7 ¥ 1y2: ¥ih2) — QST Ui g0 y2) + O o
=AY Qo] ¥7) + CHIEWY (4.31)

where the r}otation for evaluations and differences for Q is the same as for F and
O/ = 06i; + Of, where

R Y12 “ ~
?—1 ::/ n//(u)(}—((ﬁ?vu) - F(¢?)¢?—3/2)) du
V32
. Y12 . .
or == — ) 0" (u)(F (o}, u) — F (o7, ?H/Q)) du.
it1/2

Since ]:" is increasing and Fis decreasing in the respective third argument, there
holds ©7 ,,©7 > 0 and therefore O |/, 2 0. Furthermore, we notice that

0 (V] 0) ALF () 7)) = N’( (W) F(@1 1, ) 1)). (4.32)
From (4.30) we obtain by taking into account (4.31) and (4.32)
77( i— 1/2)A ]:(¢zv'¢' )
=AYQ Q(di, ) +n ( F1/2)Ai-7:(¢?71a¢?71) + O 1/2
= A_Q(@7,9}) — ALQ(S! 1 P 1) + 1 (V1)) ALF (D1, 907 1) + Oy
= A Q¢ 1) + AL (0 (V1) F (DT 1,9} 1) = QP11 47 1)) + Oy o
Consequently, (4.24) can be written as
n n 1 s n n
(d)z +11/2) (%—1/2) + 577 (€Zj11//22)( ¢—+11/2 - i—1/2) + /\@z 1/2
= “MA_QON ) = A (Vi) — o (Vi j2)) A-F (&7, 4 (4.33)
= ML (0 (U1 2) F(S7 1 970) = Q&1 971))-
Multiplying (4.33) by Az and summing over (n,i) € Z;, where

T :={(n,7) [ n=0,...,Np — k, 1 € Z},

we get
Az n n
Az Z 77(¢£1/2) — Az Z 77(7//?—1/2) + > Z n’ (fljll/;) (d’:il/g - 1—1/2)2
i€ i€Z T,

+AAzZY Or

I
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:—AAZZA Qi i) = MY (0 (W) =0 (¥ /0)) A-F (7 )

I

- /\AZZA (CHa 1/2) (Pi1 i) — Q(¢?—1a¢?—1))7
which 1mphes the inequality
AZ n n n n
Az Z n(¥;Z 1/2 Z n" (fijll/;) (wiff/Q - %71/2)2 +AAz Z @i71/2

i€ T v

/ 1 n n
<SAzY (W) + 2 e D2At Y | AF (S 7))
ya

=
+C’AzAtZA ‘A¢( (v 1/2) (7 1,7 1) — QBT 1, 7))

The last term on the right-hand side is uniformly bounded since ¢*# has bounded
variation. Now let us choose n(v) = v? and take into account (cf. [33]) that there
exists a constant C'x such that

AYFE Coeps A (avF :

> 7( s Wi— ) ) P> 7( 7’17 i— ) .

C (¢'L ,(/J 1/2) i = C]—‘ + (¢z ¢ 1/2)

Noticing that Lemma 4.5, applied to the present scheme, implies the bound on the
discrete divergence of the numerical flux

1 n n
Azg IA-Fem ] <C, (4.34)
we obtain from (4.33)
Az Z (wij\ilm) + Az Z(wfjllm - 1/’?—1/2)2

i€Z I

oD S (AP F @)’ + QYR 0)) )

e
2
<AzY (W) +Cr
i€z
Inequality (4.35) implies the following estimate.
Lemma 4.7. There ezists a constant Cr that is independent of (Az, At) such that

Nr—1

AtAz Z Z(¢;T11/2 - ?—1/2)2 < CrAz. (4.36)

n=0 1i€Z
Proof. The estimate for the “time variation” of ¥*%, (4.36), follows immediately
from (4.35) if we consider that its right-hand side is uniformly bounded. O

Before proceeding, we prove the following lemma that is crucial for the subsequent
analysis. For ease of notation we define the difference operators Ai and Ai) that
only act on the third or fourth argument of a function, respectively.

Lemma 4.8. There exist constants Cs and Cy that are independent of (Az, At)
such that for all i,

|A_Q(¢7, 97| < Cs|(AP) + AU F(pr, )|

(4.37)
+Cg(|A,¢;Ll/2| + 1A+¢;11/2\).
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Proof. We note that

A_Q(¢7 4}) = AL Q@) ) + AL Q] 1, ). (4.38)
We first discuss

AV Q¢ ) = AP Q(e7 o) + AP O (7 L ).
From (4.27) we get

AP Qg7 wr )|

i1/ N "
= [0 (W )2) AP F (] ) /w ?3/2/ () (F (7 u) = F(9F. 1) ) du
1(.m (3) n n w;:l/z " (3) n n
<y (wi_1/2)||A_ Fior ]+ | [ anl |6 F g 1))
i—3/2

<3||77 ||L°°01 ’ F(oi ¢} )|

and analogously

AP Q(or, 02 o) | < 317 0,0 | AW F (T, )]

hence
1A Q(¢}, #7)] < 3l |z 0.1 | (AY + AD) F (o7, w7 (4.39)
On the other hand, we take into account that
ALQ(} 1,97 1) = ALQ(1 1 Ui s yn) + ATO(S] 1 U1 o).
Now

n
i—3/2

. P
Aig(d);ilv ¢§‘73/2) = /

['( >(( )~ A(w,pu))]:

() (f (¢}, u) — F(i1,u)) du

(o1, u) — F(p} 1, u)) du

1/2

A¢Q( z 17 i— 1/2 f ?,v)—f(d)?_l,v))dv

and analogously

— n
7’—1/’1'71/2

_ [nf<v>(f(¢;zu) ~ F(910))]

v=0
1/’;7;1/2 1 T- n T- n
- [ @@ - Fe) .
Consequently,

|AﬁQA(¢$1»¢$3/2)‘ < 3||77/||L°°(0,1) O<J223§ / ’f(d??,u) — _73(¢?,1,u)|, (4.41)
SUSY,_5/0

and by analogous reasoning for O,

|AﬁQ(¢?_1,¢?_1/2)| <307 | 0,1 o ax |5E(¢?,’0) —J‘E(¢?—1vv)|' (4.42)
SUSY 12
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To estimate the right-hand side of (4.41), we recall that

F (@7 u) = F(¢}y,u) =/Ou(((fi")’)+(8) — (1)) * () ds = DIy .

We now assume that ¢ = 1 and use (3.9). To estimate 15?_1/2, we will appeal to

the trivial but useful inequality |(a V 2) — (8 Vy)| < |a — B] + |z — y|. We proceed
by discussing all possible cases of the location of u in relation to the extrema

and o7 | of f7 and f |, respectively, and assume that o = 1.

1. Assume that u < ¢ AP ;. Since PP < 7., and PP | < Yhhax,i—1»> i this

max,i

case 15?_1/2 =0 if Yiaxi = Ymax,i—1 and otherwise
|D?—1/2’ = |fzn(u) - zn—l(u)’ = u“?(u/w;ax,i) - V(u/wryflax,i—l)’
< IV oo [¥imaxs — Yinax.i—1l
max,? ” max,;i—1
< ||V/||00|wr?1ax,i - rvrllax,i71|'

Noticing that
Wrrﬁax,i - glax,ifl‘ = ’¢?71/2 \ ¢?+1/2 - ¢?73/2 v ¢;Z1/2|

: ! (4.43)

< ’A—¢i—1/2| + |A+¢i—1/2|’

we conclude that
|ﬁ?—1/2| < ||‘7/||oo(|A—¢?_1/2| + |A+¢?_1/2D-
2. If P <u <P, then
|25?71/2| = |fzn(7[’zn) - ?71(u)|
< |fzn(/l/;;n) - in71< A?71)| + ’fznfl( A;(Lfl) - znfl(u)|

Since fI'(¢r) = gax)iwf/(w) for all i, we conclude that

L7 F) = P ()| S @IV oo [Vhaxs — Pihaxi-1 (140

SNV lloo (JA=G1y o] + | A4 071 o))
On the other hand, in the present case
|fin—1(¢zn—1) - f—l(“)‘ = z'n—l( Azn—1) — fit1(u) < fzn—1( A;(L—l) - f?—1(7/;f)
Since for s € [0, ,] there holds (f,)(s) < (f™,)(0) = V(0), we get

nn nn

|ﬁ4@@—ﬁ4w=/“kﬁwwws/“W&nwu

P
V(0) (4 —07)

IA

Lemma 3.1 (a) implies that

Wz‘n - w?—1’ = w‘w;ax,i - g«lax,i—1

: (4.45)
hence
|75?71/2’ < 2||V||oo(’Af¢?71/2’ + AL )

The same estimate holds for PP <u < PP
3. If u > v | then utilizing (4.44) we get

‘75?71/2| =[P (W7) — 1 (7)) | < Vs (| A= P 1a| AR l)
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Combining all possible cases we deduce that
D1yl < (V' lloo + 201V lloo) (A1 o] + A4 871 0]). (446
Next, we deal with (4.42), recalling that (see (4.23))
F(gi,v) = F(diy,0) = T)zn—l/2 + & 12

where we define
DI,y / () () = (F71)) () ds,

1’n—1/2 = (¢?—1/21~’¢s(¢?+1/2) - ‘25?—3/2%8(‘25?—1/2))“
The discussion of all possible cases of the location of v in relation to 1&1” and 1/3?_1

gives rise to the following cases for the estimation of TD" 1/2°

1. If o < P AP yorv > Ypa s Vi alethenD “1j2 = 0.
2. To handle the case ¢;" A " §v<1/)”\/1/)”1weassumethat1/1 <1/)”1and
@/J"SUS'L{)? Then

DIy o] = |7 (0) = 7 (9| =

" (Y)(s) ds
v

< max (1)) 6)|[0F =iy
Pr<s<yr |

’(fn 1nﬂz HWL znfl“
By Lemma 3.1 (ii),
(Y (Wikas) = (1) (@Pmaxs) = V(@) + oV (@),
so (fM) (¥lg Z) does not depend on ¢y,
’D?q/z‘ < (||V||oo + ||V/||oo)wzn - A;’nfl"
Applying the argument of (4.43) and (4.45) yields
D1 0] < (] Voo + 1V llos) (|A— 67 ol A8 0))-

The same inequality is also valid if 1/) < 1/)" and w 1 <ov< 1&1”
3. Finally, assume that v > w" \Y w . In this case

!bzzlmzwff(v)— <v> FrO) + £ ()|
<) = fy )|+ ) = i ()]

and we conclude that

Taking into account that f(¢)7) = hax, WV (W), we get
’fzn(l/;zn)_ zn ( i— I)I_WV )‘wmdxz_ rﬁlaxi 1‘
< HVHOO(|A ¢ 1/2| + |A+¢7, 1/2‘) (447)

If v > o Va1, then fl'(v) = f ) (v) = 0, hence (4.47) means that

1D 1 ja| < 1V lloo (JA-0F1 jo] + A4} 0])-

Suppose now that

’szn \ /l; '(/)max — S ’L/)r’rxLlax,ifl‘ (448)



30 R. BURGER, S. DIEHL, M.C. MARTI, AND Y. VASQUEZ

Since we know that v = f+1/2 <1- gb;.:_l/Q, the inequality ¢y, ; <wv can
only be satisfied if

;Illaxz =(1- o7 1/2) N (1 - ¢?+1/2) =1- ¢?71/2.
On the other hand,
ITIllax,i—l = (1 - ?—1/2) A (1 - ?—3/2) <1- ¢?—1/27

o (4. 48) is only possible when ¥, ., =v =9, ; ;1 =1— ¢?—1/2v which
means DZ 12 = =0.
If instead of (4.48) we have

1/;?1 \ dAjn S w:rlmx,ifl S v S 'lzbrrrllax,h (449)
then 1/1/)max i1 < 1/(&)@/}max ;) implies
|f'n - fir 1(“)’

—’U‘V(U/wmax 1) - (U/Q/Jmaxz 1)|
< ,U2||‘7/||Oo|wmaxz - a,xz 1| < HV HOO ’wmaxz _w"

n n max,i—1|*
max,? © max,i—1

The remainder of the estimate is based on (4.43). Since w < 1, we conclude
that if (4.48) holds, then

V'l so
120) @) < Ve (agr o)+ (a6t o).

In combination with (4.47) we obtaln in this case

IIV [

DLyl < (Vlloo )(|A Oijel +[Asdiipl).  (450)
Next, suppose that instead of (4 48) or (4.49) there holds

wn<wmaxz ¢ <v<¢maxz 1

then the discussion of (4.48) can be applied again and we get that this ordering
is only feasible if all terms are equal and zero, and therefore D" , 2= 0. On
the other hand, let us assume that

" n " n
i—1 S max,i—1 S ’(/}z S v S 1pmax,i'

In this case,

D] = \ / (o) as] =

| ((f1)) ()] ds

/W((f”)) (5)ds

wféax,i
< / (2 ds < (1T lloo + 17" llo0) ($Phaes — i)

r”:xaxz 1
< (Ve + HV/HOO)(|A i 1/2| + ’A+¢;Zl/2‘)-

It remains to treat the case IZJ? \Y% ¢ 1 SV < Phaxi A max,i—1- We then have
02 /(P a1 Vihaxs) < 1, and analogously to the derivation of (4.50) we get

D71 /2] < (W lloo + 1V lloo) (A0 1 jo] + [A1 71 )
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Collecting all estimates for D " 1/2) We see that
D} 1] < BlIVlloo + (14 1/ [V o) (|A-1 1o + [As iy o). (451)
Furthermore, we obtain

|5ﬁ1/2‘ < ||17¢>s||oo‘A+¢ 1/2| + ||U<i>s||c>o|A by 1/2| (4.52)

Combining the estimates (4.46), (4.51) and (4.52), we obtain from (4.41) and (4.42)
the bounds

| F (o7 u) = F(ir,u)|, [F(70) = F(ily.v)| (4.53)
< Cio(|A-df 1 o] + A4 011 o))

and therefore

|A¢ (i, ¥} )| <011(|A by 1/2|+|A+¢1 1/2|)

with constants Cyy and C1;. Combining the last inequality with (4.38) and (4.39)
we arrive at the desired estimate (4.37). O

From (4.37), and considering that 0 < (;5?71/2 <1 for all 7 and n, we obtain

(A-Q(g7,w1)”
<202((AY + AD)YF (@7, 91))” + 203 (|- b1y o + A4 o))
<43 (AP F(@r,v1)" + (A F (o1 v1))°)
Jr409(|A s 1/2} Jr|A+¢?—1/2|2)
< Cua (AP F (g1 97)" + AV F(@7 1))+ [A-g1y o] + A1 01 ).

Summing over (i,n) € I, we get

S (A-Q@r,yp)?

o

<y (80 Ferun) + (& DF@ )+ 20 YAl
Iy

N
< Chs Z((A@f(qb% ¥+ (AW F(or, 111?))2 +2012 ) TV(¢")

Zo n=0

Multiplying this inequality by AtAz and taking into account (4.35) and the uniform
bound on TV(¢") we have proved the following lemma.

Lemma 4.9. There exists a constant C = C(T) that is independent of At or Az
such that the following estimate holds:

Nt
AtAZ YN (AQer, ) < C(T)A-.

n=0i€Z

In part following the proofs of Lemmas 5.5 and 5.9 in [32] and Lemma 3.4 in [17]
we now prove the ngcl compactness result.
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Lemma 4.10. Assume that ™% is generated by the scheme (4.22), and that ¢ is
the unique entropy solution of (1.8a), (1.2a) on Ily. Furthermore, we denote by
(N0, Qo) the Kruzkov entropy pair (4.21), and the distribution

1A% = 0o (VA7) + 0.Qo (677, 7).

Then the sequence {u*}a.~o belongs to a compact subset of H_ . (HT)

Proof. Following [17], we work with smooth entropies instead of g, so we denote
by na» a smooth convex approximation to 79, so that na.(0) = 0 and |na.| < 1,
and [[na. — nol|Le < Az. Moreover, if QA is the entropy flux associated with na .,
then there also holds [|Qa. — Qollz~ — 0 as Az — 0. Then we split u®* as
pA* = pp* + u2*, where we define

7 = 0 (1o (h™7) — na= (™)),
(157 = dna- (VA7) + 0.Qo (¢, A7).

If ¢ € C}(Il7) denotes a test function with compact support, then as in [17], one
verifies that

’ul ’ // |77Az 'I/JAZ —no(wAz)“<t|dZdt

< Cor||Gllzz iy llnaz = mollLe — 0 as Az — 0,

hence {u£*} >0 is compact in Hy_!(II7). By an integration by parts we get

/ /H nas(037)G + Qo(62%, 427 ) dz dt
n=1
n=0

/u‘2 9
Nr—1 n+1 NT 1 1

- Z // nAz Q/JAZ Ctdtdzf / /Q ¢AZ7wAZ)C dz dt
Np—1

= — Z /RnAz(lﬂAz(Z,tn))(g(Z,thrl)—C(z’tn)) dz

ot
N Z Z/t Q0(¢?—1/za1/1?_1/2)(((21',1?) —((2i-1,t)) dzdt,

n=1 i€Z n

so we may finally write

NT 2
“2 ’ Z Z ’7AZ i— 1/2 nAz(l/J;H/z))/I C(2,tny1)dz
BN o (4.54)
Npr—1 tn+1
+ Z Z A+Q0 i— 1/2,7/)2 1/2))/ C(Zi7t)dt.
n=1 €Z

We define the cell average

" 4.
Ly = AZAt//n (z,t)dzdt. (4.55)
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Replacing the integral in the first term of the right-hand side of (4.54) by Az(", ),
produces the following error, where we follow the derivation of (3.27) in [17]:

Z(nAz (zp?jll/z) - nAZ(wzn—l/Q)) (\/I C(Z’ tn-‘rl) dz — AZCZI—l/Q) ‘
i—1/2

I

< HnAz ‘Loo Z|w?+11/2 i— 1/2|At // Z tn-‘rl) - C(Z,t)| dzdt

Zs j—1/2

1 tnt1
<SSty [ [ lats)lasasar
7,1 j—1/2

< Z|1/)fj11/2 - ?—1/2|><

I

n+1 tnt1 9 1/2
// / (tnt1 — t) 1/2 (/ |Ct(z,5)| d5> dzdt
Ij_q/2 Jtn

2 tn41 1/2
gZWff/z ?1/2|At1/2/ (/ |Ct Z,8 |2ds> dz

I Ii 12
2 n+1 1/2 A41/2 1/2
§Z|wi—1/2 i— 1/2|AZ At Ct 2, 8) % dz dt

Iy

I 1/2
1/2
Ct z,8) dzdt)

< §<AzAt§(wf+1l/2 - ?_1/2)2> <Z //

i—1/2

IN

IN

2
< 5(07A2’)1/2||C||H1(HT)

(see (4.36)). By similar arguments we obtain the bound

Z(A+QO(¢?—1/27¢?—1/2)) (/t - C(zig12,t) dt — AtG 1/2)

I

< éTAZl/zHCHHl(HT)'

Consequently, and further following [17], we have shown that

NAz wz 1/2) WAz(w?,Uz) A-&-QO(¢Z 1/271/}1 1/2)
AzAt Z{ x A } P

(15", ¢) =
Iy

+ terms which are compact in Hy_! (Ilr).

We now utilize the “scheme for 77, (4.33), to rewrite the term in curled brackets as
{. . } = A?—I/Q + B;:n—l/Q + C?,TL—l/Q + D;:n—l/Q’ Where we deﬁne

n 1 n n n 2 1 n
i-1/2 °7 Enﬁz (& +11//22) (¥ +11/2 - i—1/2) - B@i—yza
le/2 ( (wZH_ll/Z) (% 1/2))A F(oi' 7)),

= S AL (0 (1) F(OI 0, ) — Q1 1)),
g i= s (A QBT B0) — Ay Qo6 V1)) (4.56)
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Thus, (u5%,¢) = (A, ¢) + (B,¢) + (C,¢) + (D, () + compact terms, where

(A, Q) = AzAt Z A?71/2C?71/2

n,i

and (B,¢), (C,¢), and (D, ) are defined analogously. In view of Lemma 4.7, we get

A n n n n
(A, < ¢l i) (,j > AEE ) (0 — i) + AtZ@i_m)
T sl

< Crll¢llze (117)

and therefore A € M,.(IIT). Appealing to the divergence bound of the numerical
flux (4.34) and taking into account the BV bound on ¢~ it also follows that
|(B+C, ()| < Crl[¢llo<(r1,), and therefore B +C € Mioc(Ilr).

Finally, to deal with (D,() we consider first ¢ > 0 and let Q., QF and Q.
denote the entropy and numerical entropy fluxes calculated from (4.20) and (4.26),
respectively, where n = .. Since Q. is consistent with Q.,

Qc(, ¢, 91, ¥2) — Qe(9,v2)
Y1
= Q€(¢a ¢a wla ¢2) - Q6(¢7 ¢a ¢2a ¢2) = / n;(s).f(¢a ¢7 S) ds

Y1
= 77::(’(/}1)(*/—:.(¢7¢7 ¢1) - J_:.(¢7¢7 ¢2)) _/1/; 77;/(8) (f(¢7¢7s) - ﬁ(¢7¢7w1)) ds

(cf. (4.28)). By using the monotonicity of F with respect to its 1-argument we get

| Qe (0, 6,101, 02) — Qe (0, ¥2)| < BlInlllLoe | F (o, ,102) — F (b, ¢,401)]
< 3’]:—<¢a ¢7 ¢2) - ﬁ(¢a ¢7 ¢1)

)

so in the limit € — 0,

|Q(0, &, ¥1,12) — Qo(0, 1ha2)| < 3| F (¢, ¢,102) — F (¢, d,101)). (4.57)
Noticing that
A_Q(9], 47) — AL Qo(df 1 /25 Y51 /2)
= A (Q(o7 Yi 12, ¥i1)2) — Qo(D41/2: Vi1 )2))
=A_ (Q(¢?+1/27 ¢?+1/2»'¢?) - Q0(¢?+1/2a¢?+1/2))
+A_ (Q(qb?ﬂ/’?) - Q(¢?+1/27 ¢?+1/2, "P?))
we get from (4.56)

AzAt Z Di" 126172
I

1 n n n n
< AZAtZ EA* (Q(¢?+1/2, ¢;L+1/2,'¢i ) - Q0(¢i+1/2’¢i+1/2))@—1/2
I
1 7 n T n n n
+ AZAtZ EAf(Q(d)i 71/’¢) - Q(¢¢+1/27¢i+1/2=¢i )) i—1/2] = ‘51| + |82‘-
i




MODELS WITH TRIANGULAR HYPERBOLIC SYSTEM 35

By a summation by parts and applying (4.57) we get

AL
511 = DAY Q042 B 20 ¥E) = Qo012 V) — A
I
(3) #( 4n n n |A+ 1?1—1/2|
< 3AzAt Z|A+ F(¢i+1/27¢i+1/2’wi—1/2)|T' (4.58)

T

We now write
3) £ n n n 3) £ n n n
ADF (@212 071 /00 01 j2) = AL F(DF 011 j0) + Vs = Vi 2
where
yinzl:l/Q = f(¢?+1/27¢?+1/23¢?:|:1/2) - -7:—((75?, ?j:l/2)'

From (4.53), and considering ¢ 5, = ¢! | , in that bound, we deduce there exists
a constant C' such that |))zi1/2| < C|A1¢}" 5|, therefore there exists (another)
constant C such that

|y?+1/2 - yz‘n—1/2| < C|A+¢?_1/2|- (4.59)
Consequently, from (4.58) we deduce that
A
1S1] < 3AzAt (Z\A(B)}' N 1/2)|‘ T 1/2| me 1/2|+”/2>

I

1/2
3<AZAt (Z(Af)ﬁ(¢?+1/2’¢?+1/2”/’?—1/2))2 + CZTVM)”))) )

I

(mmZ( +<’ 12 )2>1/2.

From (4.35) we infer that there exists a constant Cr such that

Atz 3)-7: +1/2’¢+1/2’w1 1/2))2 < Cr.

Noticing that also
At Z TV(¢") < Chy,

we conclude that there exists a constant C, such that
}<517C>| < CTNA21/2H5zC||L2(HT)-
Next, we deal with Sp. Applying again a summation by parts, we get
" ALGr )
|52| = AZAtZ ¢z7¢ ) (¢?+1/27¢?+1/2a¢i))T2/ .
The definition of Q (see (4.26)) yields
|Q(¢:La'¢n) - (¢?+1/27¢?+1/271/’n)‘
|Q L (¢1+1/2’¢1+1/27¢1 1/2)|
+ |Q éi, i+1/2) - Q(¢i+1/27¢i+1/2’wi—1/2)|'
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By a computation similar to (4.40) we get
|Q(¢?,¢?_1/2) - Q(¢?+1/27¢?+1/23¢?—1/2)| < 3‘|77/||00|Xin—1/2|’
where
X'n—1/2 = ]}((15?7 ?—1/2) _]}(¢?+1/27¢?+1/2,1/’?—1/2)-

The discussion of A7 )2 is similar to that of Y* L1)o above, and appealing to (4.53)
we see that

|71 o] < ClALBE -
On the other hand, (4.59) implies that
| QBT 071 /9) — QD1 /20 ity 12 Vi1 /0|
<3[10 oo | F (D701 j2) = F (D741 20 D100 i1 /2) | < ClALGE -
Thus
|Q(b7, 7)) — QD741 /25 Bt j20 W7 | < ClAL T

and we deduce that Sy can be bounded in a similar way as 1. In particular,
/2

n 12 +C1 1/2|
|Saf < 3 AzALCY TV(g") AzAtZ( > ,

and we conclude that also

’<S27 C>| < OTAz1/2|‘aZ<HL2(R2><R+)7

so D is compact in Hy !(II7). Thus, the sequence {u*} Az>0, and therefore also
the sequence {1%*}a.>0 belong to a compact subset of H_!(II7). O

Since 2% — ¢ strongly in LP, we obtain that there exists a constant C' such that

‘<az (Q((bAZ? ,(/)AZ) - Q(d)? ¢Az))a<>’
< C)16%* = dll el mrmyy — 0 as Az — 0,

hence the sequence {ji®*}a.~0, where we define

ﬂAZ = 6t7]0(wAZ) + azQ(¢7 wAZ)7

is compact in H|__ !(II7). Now, by Lemma 4.6 there exists a subsequence {1/**}
(which we do not relabel) and a function ¢ € L*°(Il7) such that

A% = as Az — 0, a.e. and in LP (II7) for any p € [1,00). (4.60)

Theorem 4.2. Assume that the maps ¢ and ¥ are the limit functions of ¢** and
of ¥2% as Az — 0 (the latter one being defined by (4.60)). Then (¢,v) is a weak
solution of the initial-value problem (1.8), (1.2) in the sense of Definition J.2.

Proof. The proof follows that of [17, Lemma 3.5]. We only need to verify that v is
a weak solution of (1.8b), that is, that (4.18) holds. To this end, we choose a test
function ¢ € Cg°(Ilr), recall the definition (4.55) of cell averages (" ; ,, multiply
the 1)-scheme (4.22) by Az(ﬁl/z, sum over ¢ and n, and apply a summation by
parts to obtain an identity Jy + J1 + J2 = 0, where

Nt
Jo = AZZ¢?—1/2C?—1/% Ji = AZZ Z 1/’?—1/2(@711/2 - Cin—_ll/Q)’

€L 1€Z n=1
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Nr—1

Jo = AzAL YN F(¢},7)

n=0 4€Z

+11/2
Az

By exactly following the estimates of terms Iy and I; in the proof of [17, Lemma 3.5]
and appealing to the bounded convergence theorem we may prove that

Alirgojo :/Rwo(z)((z,O) dz, Alirgojl :/HT Y0, dz dt. (4.61)

The treatment of 7> differs from that of the term I in [17, Lemma 3.5] since here
the numerical flux depends on four arguments (not three, as in [17]). We here get

T2 = // F(¢™*,p2)0.Cdzdt + Joy + Tap + Tos,
IIr
where we define

N 220.0(2,1) — 90z + £,1)
R o Y de dz dt,
J2,1 Ezl (¢z—1/27wz—1/2) //;-”1/2/0 Az ¢dz

AyGly s

Jo2 = —AZAtZ(F(@L—uQﬂ/’?—lm) (¢z s 1/27% 1/2))T’

n
i—1/2

A
J2,3 = —AZAtZ (&7 i1y2sWita)2) — (¢?v¢?))%

A Cn

3 +5i—1/2

= DzAt Y APF (g ) —
Iy

The term J51 can be estimated by choosing a constant M such that ((z,t) = 0 for
|z| > M and noting that

| To1| < Az[|02C]| o< [ F (627,02 [ Lr (- i) oy — O as Az = 0. (4.62)
Furthermore, in light of (4.25) the difference arising in J» 2 can be written as
F(¢?f1/2v¢ﬁ1/2) _F(¢?a¢l1/27¢?ﬁ1/2)
= f(¢?—1/27¢?—1/27¢?—1/2a¢?—1/2) - }"((;5?_1/2,¢?+1/27¢?_1/2,1/)f_1/2)
= ]:—(¢?,1/2,¢211/2,¢?,1/2) _ﬁ(¢?71/27¢?+1/2a1/’§11/2)
+ F (B2 0812 Vi j2) = F (D11 20 Dt jos Vi1 /)

Utilizing the estimate (4.53) with ¢ 5 ,
stant Cpg such that

]F(¢?71/2,wf71/2) - ]:<¢?»1/’?71/27¢;L1/2)’ < 012’A+¢7‘1

= o7 /2 yields that there exists a con-

hence
NT—l A
|Tos| < Crotzt Y TV(¢")% < OA2|[0.C|L= — 0 as Az — 0.
n=0

(4.63)
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To estimate Jo 3, we utilize (4.35). Then

1/2 9 1/2
+5i—
ol = <AZAtZ (AP F (¢} v 1/2)) ) (AzAtZ( 1/2) >
pE
< CH2AZM2)0.¢| 1o,y — 0 as Az — 0.
(4.64)

From (4.62), (4.63) and (4.64) and appealing to the strong convergence of ¢~*
and 2% we deduce that

lim J, = / F(¢,1)9.¢ dz dt. (4.65)
Az—0 Mp

The limits (4.61) and (4.65) imply that the limit ¢ is a weak solution. O

5. Numerical results.

5.1. Computation of numerical error. To simplify error estimations we utilize
a grid with the property that the boundaries of the tank agree with the boundaries
of a cell (see Figure 3). Since an exact solution is frequently difficult to obtain,
we use an approximate reference solution obtained with a large number N, cells
against which the error of other simulated solutions with N < N, is measured.
The error is estimated on a fixed interval [0, zenq) slightly larger than the column of
height H so that the outflow volume fractions are included. We define the coarsest
grid of Ny cells with Azy := H/(Np — 2) and place the column between zy := Az
and zg 1= zy + H = (Ng — 1)Azg. This corresponds to Figure 3 with N = Ny. We
define the length of the interval of error estimation as zenq := H + 2Az9 = NoAzg.

To estimate the convergence order, we simulate with N, = 2FNy cells, k =
0,..., ket — 1, where the integer k.ot defines the number of cells Nref = Ng,, =
Qk‘efNo of the reference solution. Then we define Azy := zena/Ng, Az" = Azkref :
Zend /N, = Azg/2%t and the factor of refinement from N}, cells to Nref as my,
Az /Az" = Ny, /Nj, = 28—k We note that zy, := NAzgp = Zenq for all k.

We will now measure the error between the piecewise constant numerical solution
obtained by N = Ny cells (we skip the index k for a moment) and the reference
solution obtained with N, cells on the grid refined by a factor m = Az/Az". The
refined grid satisfies zf, := 29 = 0 and we have z; = iAz = imAz" =: 2] . The
corresponding numerical solutions on the refined grids are denoted by (skipping the
time index n) ¢zr'+1/2v w§+1/2, etc., where A§+1 5 are defined by means of Az*. The
numbering of the refined cells is defined such that the first cell for ¢ above zj = 0
contains the value ¢} ,,. Then zenqg = NmAz'. This means that the cells within
[0, Zena) contain the values QSE/Q, ceey ¢§Vm71/2, and analogously for v; see Figure 5.

Note that the location of the spatial discontinuities zy and zg will coincide with a
cell boundary for any mesh considered in the refinement process while the locations
of the inlets zr 1, etc. will be chosen in such a way that each of them lies inside a
cell for the finest grid; hence, they do this for all the coarser meshes. In this way,
the numerical fluxes at cell boundaries are well defined.

We compute the estimated error at a time point ¢ = T" and define

Az = o 2)|p2% (2 z.
6% 7| - / A(2)[6%%(2,T)| d
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'¢r T Zi+1
(i+1)m—1/2

¢Ei+l)m—3/2

Piv1/2

Pims/2

¢§m+3/2

T
Pim41/2

Pim—1/2

T
¢i7n—3/2

Di1/2

¢§i71)m+5/2

¢fi—1)m+3/2

¢l(r'i—1)m,+1/2

LT Ri-1

FIGURE 5. The cell division for error calculations with a refined
grid on the left and the coarsest grid on the right.

The L'-difference between two numerical solutions computed on grids with cell sizes
Az and Az' is calculated as follows for ¢:

N—1
E¢(Az,Azr,T) = H¢AZ('J) - (bAzr('aT)H = Z 1f+1/2(T)
i=0
with the summands defined by

o= [ A6 (1) - 6% (7)) dz

Zi

m—1 2t k1
'
- Z A(Z){d’iﬂ/? - ¢im+1/2+k’ dz
k=0 Z§m+k
m—1
=AY Ab ek |Sirz = g janl-
k=0

The approximate relative error for ¢ in the interval [0, zenq) is then defined as

() o EABIAT) | 93 (.T) — 67 (1)
* o2, Tl 62 (-, T)|

We define elf\’, (t) analogously and hence, the total relative error can be defined as

R (T) = e, (T) + ek, (T)
and the observed convergence order between two discretizations Ni_; and N as
log(elyy , (T)/e (T))
log(Nk_l/Nk) ’

For smooth solutions and a constant A (see (1.7)), we also use an alternative
way [7] of calculating approximate errors and convergence orders in which a reference
solution is not needed. One can use cubic interpolation to compute the quantities

Tk(T) =

k=1,.. . ket — 1.
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FIGURE 6. Smooth initial data for the example in Section 5.3.

qﬁﬁff/z from a grid with Nk+1 = 2Ny, cells, k =0,...,k with l% an integer, taking

into consideration that ZZ_H/Q (25;11/2 + z§£13/2)/2 Then, ¢=° +1/2 is given by
TA Az Azk 1 Azpi1 Azpy .
¢z+Zlk/2 (¢21+3+/12 2@+1+/2) - E(¢2i+5+/2 + ‘1521—1/12)’ i=1,...,Ng.

The alternative approximate relative L'-error for ¢ can then be calculated as

eNk = Z|¢ZA+Z;/2 ¢74Aj1k/2(7T)’

We can define @/} it1/2 and €% Ny (T) analogously along with the alternative total ap-
proximate L'-error and convergence order

ENH(T) 1= &3, (T) + ey, (T),
Y5 (T) := logy (e (T) /%", (T)) for k=0,...,k.

€Ny

5.2. Preliminaries for numerical tests. For the first example, in Section 5.3,
we use a smooth solution away from spatial discontinuities, to estimate the order
of convergence of the numerical scheme. For this example, we use Ny = 500,
N, =2FNy for k=0,1,....5 and ke = 8; hence, N5 = 16000 and N,or = 128 000.

In Sections 5.4 and 5.5, we exemplify counter- and co-current flows of the primary
and secondary disperse phases, respectively. For these two examples, we use Ny =
100, and kyof = 7. We set three inlets zp 1, 2r2 and zp 3 dividing the tank into
four equal parts each with the height H/4, where H = 1m is used. These three
inlets are defined so that they lie inside a cell for any mesh size considered. A fixed
quantity of the is introduced through inlet zr i, a fixed quantity of the secondary
disperse phase through inlet zr » and some wash water through inlet zp 3.

Tables 1 and 2 show the estimated errors and convergence orders for the three
scenarios studied. In the calculations of the alternative approximate error eﬁ\‘}t (T)
and convergence order T, (T) in Table 1, we use k = 6.

5.3. Simulation of a smooth solution. We consider a vessel with a constant
cross-sectional area of A(z) = 83.65cm?, and we set all inlet and outlet volumetric
flows to zero, i.e, Qr,1 = Qr2 = Qr3 = Qu = Qp = 0cm3/s. For the velocity
functions W and V, given by (2.10) and (2.11), respectively, we use the parameters
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FIGURE 7. Simulation of a smooth solution (Section 5.3). First
row: Time evolution of the volume fractions of the primary disperse
phase ¢ (left) and the secondary disperse phase ¢ (right) from
t = 0s tot =9s. Second row: Approximate solutions at time
t = 9s computed with N = 500 (left) and N = 8000 (right).
Np = 2.2, Vterm,p = 1.5cm/s, ng = 2.2 and Vgerm,s = 1.5cm/s, and consider o = —1

(counter-current flow). The initial data is a sinusoidal function for both phases with
support in the interval (zy, zg); see Figure 6. We simulate a short time, until ¢t = 9s,
before the first discontinuity appears; see the first row in Figure 7 where N = 1000
is used. In the second row, we compare two approximate solutions obtained with
a coarse mesh with N = 500 and a finer one with N = 8000. Table 1 shows the
estimated errors and convergence orders. Both Yj(T) and Ty, (T') assume values
close to one as Nj increases, as expected, confirming that the scheme is first-order
accurate for smooth solution.

5.4. Illustration of the crossing condition. We illustrate that the “crossing
condition” is satisfied as mentioned in Section 4.1. For this we use the constant
A = 83.65cm? and simulate a tank that initially contains only water, i.e., ¢(z,0) =
¥(2,0) = 0 for all z. At t = 0 we start pumping aggregates, solids, fluid and wash
water with ¢p1 = 0.9, Yp1 =0, ¢rp2 = 0.2, Yp2 = 0.4, ¢pr3 = 0.1 and ¢p 3 = 0.
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TABLE 1. Simulation of a smooth solution (Section 5.3). Total
estimated relative L!-error e?{,’z (T), alternative relative L!-error
e (T), estimated convergence order YT(T), and its alternative
counterpart Y (7T'), calculated with Nyef = 128000 and T' = 9s.

Ny | T YD) ] ERNT) (D)

500 | 3.7212 x 102 - 1.3041 x 102 0.9513
1000 | 1.8985 x 10=2  0.9709 | 6.7443 x 10~* 0.9657
2000 | 9.5710 x 1073 0.9881 | 3.4533 x 10~* 0.9781
4000 | 4.7582 x 1073 1.0083 | 1.7531 x 10~* 0.9870
8000 | 2.3174 x 10~3 1.0379 | 8.8448 x 10~> 0.9927
16000 | 1.0867 x 1073  1.0926 | 4.4447 x 10~ -
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FIGURE 8. Illustration of the crossing condition (Section 5.4). The
crossing condition is satisfied at each of the five spatial discontinu-
ities.

We choose the volumetric flows (Qu, Qr 1, Qr 2, Qr3) = (15,20,25,15) cm?/s, so
that the volumetric flows in the tank are positive in all zones but not in zone 1.
Three inlets zp, 2r2 and zp3 divide the tank into four zones of equal height.
Figure 8 shows the graphs of the flux functions on both sides of each discontinuity
in z, for this case three inlets (zr 1, 2r 2, zr,3) and two outlets (zu, zg). We see that
the fluxes J(¢,z%) (defined in (4.9)) intersect when ¢p 1 = 0.9, ¢po = 0.2 and
¢r,3 = 0.1, and do not intersect in (0,1) at neither zy nor zg. Figure 9 shows the
simulation results during 200s.

5.5. Application 2: Counter-current fluxes. We consider now a complete tank
with ¢ = —1; hence, the primary disperse phase will move upwards and the sec-
ondary disperse phase downwards with respect to the volume average velocity g of
the mixture. A straightforward interpretation of this scenario is the flotation pro-
cess used in the mineral industry to recover valuable minerals from crushed ore; see
the model in [8,9]. In that model, the primary disperse phase consists of aggregates,
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which are air bubbles fully loaded with hydrophobic minerals, and the secondary
disperse phase is the tailings, consisting of hydrophilic particles suspended in the
fluid that do not attach to air bubbles. We consider three inlets zr 1, zr 2 and 2p 3,
dividing the tank into four regions with equal height. At zp i, only gas is fed, at zp 3
only wash water, while at zp 2 a slurry of solids and water is fed into the column.
The cross-sectional area is discontinuous (cf. Figure 3) due to a centered pipe
from the top down to zr 2 that introduces material into the tank. It is given by

(2) = 72.25cm?  for z > zp o,
~183.65cm?  for z < zp .

These values correspond to the reflux flotation cell studied in [20].

We consider that the column is initially filled only with fluid, hence ¢(z,0) =
¥(z,0) = 0 for all z, when we start pumping aggregates and solids with concentra-
tions (]51:‘71 = 1.0, ¢F71 = 0, ¢F72 = O, wp,g = 0.47 ¢F,3 =0 and ¢F,3 = 0, along with
fluid and/or wash water. We choose (Qu,Qr 1, Qr,2, Qr3) = (5,15,25,10) cm?/s,
so that the mixture flows in zones 2 and 3 are positive, i.e., directed upwards:
Qr1— Qu =10cm?/s in zone 2 and Qr 2 + Qr1 — Qu = 35cm?/s in zone 3.

Figure 10 shows the time evolution of the volume fractions of ¢ and 1. It can be
seen that the aggregates rise fast to the top, while the solids are travelling both up
and down the vessel, leaving through the effluent and the underflow.

At time ¢t = 350s, we change the volumetric flow from Qg2 = 25cm?/s to
Qr2 = 7Tcm?/s. After this change, the solids settle and we obtain a steady state.
We mention that this is not a desired steady state in the mining industry (the
capacity of the device is not fully used); see [9] for more examples. Table 2 (a)
shows the estimated errors and convergence orders for this simulation. As in the
smooth example in Section 5.3, the convergence orders tend to one as Ny increases.

5.6. Application 2: Co-current fluxes. For the last example, we consider o = 1,
i.e., both the primary and secondary disperse phases have a density smaller than
that of the fluid and therefore move upwards relative to the mixture. This scenario
could be a flotation process with two buoyant phases differing in density and possibly
also in size. We consider here the same flotation column as in Application 1 and
choose np = 3.2, Vtermp = 2.5cm/s, ng = 2.5, and vyeym s = 1.5cm/s so that we
have two buoyant phases with different (upwards-directed) velocities relative to the
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mixture. As in the previous example, only the primary disperse phase is fed into
the tank at zp; and only the secondary at zp 2. The column is initially filled with
only fluid at time ¢ = 0s, hence ¢(z,0) = ¥(z,0) = 0 for all z, when we start
pumping both phases with the following volume fractions: ¢r 1 = 1.0, g1 = 0.0,
¢r2 = 0.0, Yp2 = 0.6, ¢r3 = 0 and ¢Yp3 = 0. We choose the volumetric flows
(Qu, Qr1,Qr2,Qr3) = (15,30,20,10) cm3/s, so that the volumetric flows in the
tank are positive in all zones with the exception of zone 1.

Figure 11 shows the time evolution of the volume fractions of both phases. It
can be seen that, for times ¢ < 350s, the primary disperse phase leaves the tank
through both the underflow and effluent outlets, while the secondary disperse phase
quickly rises to the top part of the tank and leaves it just through the effluent
outlet. At ¢ = 350s, we change the volumetric flow of the inlet zp ; from Qr 1 = 30
to Qr1 = 20cm?/s, maintaining the other volumetric flows. As a consequence we
can see that the primary disperse phase ¢ rises and leaves zone 1, exiting the tank
only through the effluent while the secondary disperse phase maintains the same
behaviour as before and is present only above the feed level zp 2. Table 2 (b) shows
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TABLE 2. Approximate total relative L'-errors efg" (') and conver-

gence orders YT (T) calculated between consecutive values of Ny,
with Nyer = 12800 (a) for Application 1 (counter-current flow) at
simulated time T' = 350s, (b) for Application 2 (co-current flow)
at simulated time 7" = 500s.

(a) (b)
Ne | eRIT) Te(T)  Ne | eNUT) T (T)

100 | 4.2032 x 10~ - 100 | 2.7733 x 10~* —

200 | 2.5992 x 10~' 0.6934 200 | 1.7102 x 10~' 0.6974
400 | 1.5820 x 10~ 0.7163 400 | 1.0504 x 1071 0.7032
800 | 9.4139 x 1072 0.7489 800 | 6.2422 x 1072 0.7508
1600 | 5.3953 x 10~2 0.8031 1600 | 3.4649 x 1072 0.8492
3200 | 2.8018 x 1072 0.9453 3200 | 1.6926 x 102 1.0336

the estimated errors and convergence orders for this simulation, which have the
same behaviour as the ones in the numerical examples in Sections 5.3 and 5.4.

6. Conclusions. The present study outlines a numerical method for a triangular
system of two PDEs, whose flux functions have several spatial discontinuities due
to in- and outflows of a one-dimensional tank with possibly varying cross-sectional
area. The triangular structure is utilized in the following way in the numerical
scheme. The numerical update formula corresponding to the first scalar equation
contains, for the nonlinear term, a numerical flux where the the volume fraction in
the left cell is multiplied with the velocity computed in the right cell; see [6]. The
update formula for the second equation uses the Engquist-Osher numerical flux
for the term modelling the nonlinear relative flux of the secondary disperse phase,
chosen in a particular way since this flux also depends on the primary disperse
phase volume fraction. The other terms of the second update formula are also
chosen in such a way that the entire scheme is proved to be monotone under the
CFL condition (3.2). We prove that the numerically obtained volume fractions
satisfy the invariant-region property that they stay between zero and one, as is
physically expected.

The numerical scheme is applied to simulate the hydrodynamic movement of
simultaneously rising aggregates (air bubbles with attached hydrophobic particles)
and settling hydrophilic particles in the fluid under in- and outflows of a flotation
column. As a demonstration of the capabilities of the numerical method, three
different settings are simulated. The convergence order of the numerical method
is estimated. As expected, in regions where the solution is smooth, the order is
one. The first-order scheme proposed in this paper could be improved to achieve
second-order accuracy, for instance, by techniques of variable extrapolation [6, 14].

In [9], the authors proposed a staggered scheme to compute numerical solutions
for a flotation column, following the approach of Karlsen et al. [31,32]. Although the
staggered scheme worked for a single inlet for a mixture of aggregates and solids, we
have, in the case of several feed inlets, found it difficult to get consistent numerical
solutions with respect to different mesh sizes.

We are currently [12] extending the model and numerical scheme to the explicit
description of drainage of liquid from the foam forming at the top of a flotation
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column. This phenomenon gives rise to a model similar to (1.1) but with an addi-
tional degenerating diffusion term. The numerical solution of the resulting system
of non-linear convection-diffusion equations calls for semi-implicit discretizations to
alleviate the severe restrictions in the CFL condition due to the diffusion term.
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