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Abstract

In this paper we employ a Banach spaces-based framework to introduce and analyze new mixed
finite element methods for the numerical solution of the coupled Stokes and Poisson—Nernst—Planck
equations, which is a nonlinear model describing the dynamics of electrically charged incompressible
fluids. The pressure of the fluid is eliminated from the system (though computed afterwards via
a postprocessing formula) thanks to the incompressibility condition and the incorporation of the
fluid pseudostress as an auxiliary unknown. In turn, besides the electrostatic potential and the
concentration of ionized particles, we use the electric field (rescaled gradient of the potential)
and total ionic fluxes as new unknowns. The resulting fully mixed variational formulation in
Banach spaces can be written as a coupled system consisting of two saddle-point problems, each
one with nonlinear source terms depending on the remaining unknowns, and a perturbed saddle-
point problem with linear source terms, which is in turn additionally perturbed by a bilinear
form. The well-posedness of the continuous formulation is a consequence of a fixed-point strategy
in combination with the Banach theorem, the Babuska—Brezzi theory, the solvability of abstract
perturbed saddle-point problems, and the Banach—Necas—Babuska theorem. For this we also employ
smallness assumptions on the data. An analogous approach, but using now both the Brouwer and
Banach theorems, and invoking suitable stability conditions on arbitrary finite element subspaces,
is employed to conclude the existence and uniqueness of solution for the associated Galerkin scheme.
A priori error estimates are derived, and examples of discrete spaces that fit the theory, include, e.g.,
Raviart—Thomas elements of order k along with piecewise polynomials of degree < k. Finally, rates
of convergence are specified and several numerical experiments confirm the theoretical error bounds.
These tests also illustrate the balance-preserving properties and applicability of the proposed family
of methods.
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1 Introduction

Fluid mixtures with electrically charged ions are critical for many industrial processes and natural
phenomena. Notable examples of current interest are efficient energy storage and electrodialysis cells,
design of nanopore sensors, electro-osmotic water purification techniques, and even drug delivery in
biological tissues [39]. One of the most well-known models for liquid electrolytes is the Poisson—
Nernst—Planck / Stokes system. It describes the isothermal dynamics of the molar concentration of a
number of charged species within a solvent. This classical model is valid for the regime of relatively
small Reynolds numbers and it is written in terms of the concentrations, the barycentric velocity
of the mixture, the pressure of the mixture, and the electrostatic potential. The system is strongly
coupled and the set of equations consist of the transport equations for each dilute component of
the electrolyte, a diffusion equation for the electrostatic equilibrium, the momentum balance for the
mixture (including a force exerted by the electric field), and mass conservation.

Solving these systems lends itself difficult due to coupling nonlinearities of different nature. Numerical
methods for incompressible flow equations coupled with Poisson—Nernst—Planck equations that are
based on finite element schemes in primal formulation (also including stabilized and goal-adaptive
methods) can be found in [3, 19, 31, 34, 36, 38|, finite differences in e.g. [33], finite volume schemes in
[37], spectral elements in [35], and also for virtual element methods in [16]. Regarding formulations
using mixed methods, the first works addressing Stokes/PNP systems are relatively recent [26, 27].
Mixed variational formulations are particularly interesting when direct discrete approximations of
further variables of physical relevance are required. A recent approach to mixed methods consists in
defining the corresponding variational settings in terms of Banach spaces instead of the usual Hilbertian
framework, and without augmentation. As a consequence, the unknowns belong now to the natural
spaces that are originated after carrying out the respective testing and integration by parts procedures,
simpler and closer to the original physical model formulations arise, momentum conservative schemes
can be obtained, and even other unknowns can be computed by postprocessing formulae. As a non-
exhaustive list of contributions taking advantage of the use of Banach frameworks for solving the
aforementioned kind of problems, we refer to [4, 7, 9, 10, 11, 13, 14, 24, 25, 28|, and among the different
models considered there, we find Poisson, Brinkman—Forchheimer, Darcy—Forchheimer, Navier—Stokes,
chemotaxis/Navier—Stokes, Boussinesq, coupled flow-transport, and fluidized beds. Nevertheless, and
up to our knowledge, no mixed methods with the described advantages seem to have been developed
so far for the coupled Stokes and Poisson—Nernst—Planck equations.

As motivated by the previous discussion, the goal of this paper is to develop a Banach spaces-based
formulation yielding new mixed finite element methods for, precisely, the coupled Stokes and Poisson—
Nernst—Planck equations. The rest of the manuscript is organized as follows. Required notations
and basic definitions are collected at the end of this introductory section. In Section 2 we describe
the model of interest and introduce the additional variables to be employed. The mixed variational
formulation is deduced in Section 3. After some preliminaries, the respective analysis is split according
to the three equations forming the whole system. In particular, the right spaces to which the trial
and test functions must belong are derived in each case by applying suitable integration by parts
formulae jointly with the Cauchy—Schwarz and Holder inequalities. In Section 4 we utilize a fixed-
point approach to study the solvability of the continuous formulation. The Babuska—Brezzi theory and
recent results on perturbed saddle-point problems, both in Banach spaces, along with the Banach—
Necas—Babuska theorem, are utilized to prove that the corresponding uncoupled problems are well-
posed. The classical Banach fixed-point theorem is then applied to conclude the existence of a unique
solution. In Section 5 we proceed analogously to Section 4 and, under suitable stability assumptions
on the discrete spaces employed, show existence and then uniqueness of solution for the Galerkin
scheme by applying the Brouwer and Banach theorems, respectively. A priori error estimates are also
derived here. Next, in Section 6 we define explicit finite element subspaces satisfying those conditions,



and provide the associated rates of convergence. Finally, several numerical examples confirming the
latter and illustrating the good performance of the method, are reported in Section 7.

Preliminary notations

Throughout the paper, €2 is a bounded Lipschitz-continuous domain of R", n € {2, 3}, which is star
shaped with respect to a ball, and whose outward normal at I' := 02 is denoted by v. Standard
notation will be adopted for Lebesgue spaces L!(2) and Sobolev spaces Wh(2) and Wé’t(Q), with
[ = 0andte[l,+00), whose corresponding norms, either for the scalar and vectorial case, are denoted
by | lo.4:0 and | - [0, respectively. Note that W%(Q) = L}(Q), and if ¢ = 2 we write H(Q2) instead
of W2(Q), with the corresponding norm and seminorm denoted by | - ;.o and | - |, o, respectively. In
addition, letting ¢, ¢ € (1, +00) conjugate to each other, that is such that 1/t + 1/t = 1, we denote by
W) the trace space of WhE(Q), and let W—/#*(T') be the dual of W/*(T") endowed with the
norms | - |y p.p and || - |1 ¢ ¢.1, respectively. On the other hand, given any generic scalar functional
space M, we let M and M be the corresponding vectorial and tensorial counterparts, whereas | - | will
be employed for the norm of any element or operator whenever there is no confusion about the spaces
to which they belong. Furthermore, as usual, I stands for the identity tensor in R := R™*", and | - |
denotes the Euclidean norm in R := R"™. Also, for any vector field v = (v;)i=1,, we set the gradient
and divergence operators, respectively, as

Vv = (0%) and div(v) := Z 0y
0x; ij=1,n =1 9%

J

)

Additionally, for any tensor fields T = (745)i j=1,n» and ¢ = ((ij)i,j=1,n, We let div(7) be the divergence
operator div acting along the rows of 7, and define the transpose, the trace, the tensor inner product
operators, and the deviatoric tensor, respectively, as

n n
1
7't = (Tji)i,jzl,n, tI‘(T) = Z Tiiy T ! C = Z Tz’jCija and Td =T — Etr(T)]I.
i=1 1,7=1

2 The model problem

We consider the nonlinear system given by the coupled Stokes and Poisson—-Nernst—Planck equations,
which constitute an electrohydrodinamic model describing the stationary flow of a Newtonian and
incompressible fluid occupying the domain €2 € R"™, n € {2,3}, with polygonal (resp. polyhedral)
boundary I' in R? (resp. R?). Under the assumption of isothermal properties, equal molar volumes
and molar masses for each species, the behavior of the system is determined by the concentrations &
and & of ionized particles, and by the electric current field ¢p. Mathematically speaking, and firstly
regarding the fluid, we look for the barycentric velocity u and the pressure p of the mixture, such that
(u,p) is solution to the Stokes equations

—pAu+Vp = — (& —-&)e o+ f in Q,

(2.1)
diviu) =0 in Q, u=g on I, fpz(),
Q

where p is the constant viscosity, ¢ is the dielectric coefficient, also known as the electric conductivity
coefficient, f is a source term, g is the Dirichlet datum for u on I', and the null mean value of p has
been incorporated as a uniqueness condition for this unknown. In addition, ¢, & and & solve the



Poisson—Nernst—Planck equations, which depend on the velocity u and are given by

p=eVx in Q, —div(p)=(&4-&) +f in Q,

(2.2)
x =9 on I,
where x is the electrostatic potential, and for each i € {1, 2}
& —div(ri(V& + qi&ie™ @) — &u) = fi in Q,
(2.3)
& =g on I',
o . 1 ife=1
where k1 and ko are the diffusion coefficients, ¢; := 1 ifiog f, fi, and fo are external

source/sink terms, and g, g1 and g are Dirichlet data for y, & and &, respectively, on I". The
systems (2.2) and (2.3) correspond to the Poisson and Nernst—Planck equations, respectively. We end
the description of the model by remarking that €, k1, and k2 are all assumed to be bounded above
and below, which means that there exist positive constants g, €1, &, and K, such that

g0 < e(x) < e and K < ki(x) < K for almost all xe Q, Vie {1,2}. (2.4)
We stress that in order to solve (2.3), u and ¢ are needed. In turn, (2.1) requires &;, £ and ¢,
whereas (2.2) makes use of &; and &. This multiple coupling is illustrated through the graph provided

in Figure 2.1, where the vertexes represent the aforementioned equations and the arrows, properly
labeled with the unknowns involved, show the respective dependence relationships.

Furthermore, since we are interested in employing a fully mixed variational formulation for the
coupled model (2.1) — (2.3), we introduce the auxiliary variables of pseudostress

o :=pVu—pl in Q, (2.5)
and, for each i € {17 2}, the total (diffusive, cross-diffusive, and advective) ionic fluxes
o = ki (V& + qi&ielp) — &u in Q. (2.6)
Thus, applying the matrix trace in (2.5) and using the incompressibility condition, we deduce that

p = —%tr(d), (2.7)

so that, incorporating the latter expression into (2.5), p is eliminated from the system (2.1) - (2.3),
which can then be rewritten in terms of the unknowns o, u, ¢, x, o; and &;, ¢ € {1, 2}, as

—0%=Vu in Q, div(e) = (& -&)elp—f in Q,
u=g on I, Jtr(a)zo,
Q
1
x =g on I
—0o; = V& + qi&e e — k7 Gu in Q,

& —div(ey) = fi in Q, & =g on I, ie{1,2}.

We notice here that the uniqueness condition for p has been rewritten equivalently as the null mean
value constraint for tr(o).



v

Figure 2.1: Tllustrative graph of the coupling mechanisms connecting the three sub-problems (2.1),
(2.2) and (2.3).

3 The fully mixed formulation

In this section we derive a suitable Banach spaces-based variational formulation for (2.8) by splitting
the analysis in four sections. The first one collects some preliminary discussions and known results,
and the remaining three deal with each one of the pairs of equations forming the whole nonlinear
coupled system (2.8), namely Stokes, Poisson, and Nernst-Planck.

3.1 Preliminaries

We begin by noticing that there are three key expressions in (2.8) that need to be looked at carefully
before determining the right spaces where the unknowns must be sought, namely (£ — &)e tep,
gi&ie 'e and k;'&u in the first and fifth rows of (2.8). More precisely, ignoring the bounded
above and below functions ¢! and Ky 1 as well as the constant ¢;, and given test functions v and
T; associated with u and oy, respectively, straightforward applications of the Cauchy—Schwarz and
Holder inequalities yield

‘ | @ -e)e-v] < 16 - @loass lelozia Vs, (3.1)
[ 007 < leloass leloaia Inlos. (3.10)
Q
and similarly
‘ [ &a-m| < 18loase lulozia Imloa (3.10)
Q




where ¢, j € (1,400) are conjugate to each other. In this way, denoting

2j
2j — 1

20
p:i=20, po:= (conjugate of p), r :=2j, and s := (conjugate of ), (3.2)

20 -1
it follows that the above expressions make sense for &; € LP(Q), ¢, ue L™(Q), and v, 7; € L2(Q). The
specific choice of £, and hence of j, p, 7 and the respective conjugates ¢ and s, will be addressed later
on, so that meanwhile we consider generic values for the indexes defined in (3.2).

Having set the above preliminary choice for the space to which ¢ belongs, we deduce from the
first equation in the third row of (2.8) that x should be initially sought in W7 (2). In turn, using
that H'(Q) is embedded in L!(Q2) for ¢ € [1,+00) in R? (resp. t € [1,6] in R?), and for reasons that
will become clear below, the unknowns &;, i € {1, 2}, and u are initially sought in H'(2) and H!(Q),
respectively, certainly assuming that p and r verify the indicated ranges, namely p, 7 € (2, +0) in R2,
and p, r € (2,6] in R3. Note that in terms of ¢ the latter constraint becomes ¢ € [2,3], which yields
p € [3,6]. Equivalently, j € [%, 3] and r € [3,6], though going through the respective intervals in the
opposite direction to £ and p, respectively.

In turn, in order to derive the variational formulation of (2.8), we need to invoke a couple of
integration by parts formulae, for which, given t € (1, +00), we first introduce the Banach spaces

H(divy; Q) := {7- eL(Q): div(r)e Lf(Q)} , (3.3a)
H(divy; Q) = {T eL%(Q): div(r)e Lt((z)} , (3.3b)
H! (div,; Q) := {T eLYQ): div()e Lt(Q)} , (3.3¢)
which are endowed with the natural norms defined, respectively, by
I7laivie == ITloe + Idiv(T)lose V7 eH(div;Q), (3.4a)
[T dive:e == [Tllo,o + [Idiv(T)[os0 V1 e H(divy; ), (3.4b)
I7ledivi = [Tlose + [div(T)lose V7 e H (div; Q). (3.4c)

Then, proceeding as in [21, eq. (1.43), Section 1.3.4] (see also [8, Section 4.1] and [13, Section 3.1]), it

is easy to show that for each ¢t > n2f2 there holds

(T -v,v) = f {T -Vou + vdiv(r)} Y (7,v) € H(divy; Q) x H(Q), (3.5)
Q
and analogously

(tv,v) = f {‘r :Vv + v div(r)} Y (7,v) e H(divy; Q) x HY(Q), (3.6)

Q

where (-, -) stands for the duality pairing between H=/2(I") and HY?(T"), as well as between H~/2(T")
and HY2(T). Furthermore, given ¢, t' € (1,+0) conjugate to each other, there also holds (cf. [18,
Corollary B. 57])

(1 v, 05 = L {T Vv + vdiv(r)} Y (r,0) € H(divi; Q) x W' (Q), (3.7)

where (-, >r stands for the duality pairing between W—/4*(I") and WV/H(I).



3.2 The Stokes equations

Let us first notice that, applying (3.6) with t = s to 7 € H(divs; Q) and u € H' (), and using the
Dirichlet boundary condition on u, for which we assume from now on that g € H/2(2), we obtain

LT:VU _ _Jﬂu-div(T) +{(tv,g),

and thus, the testing of the first equation in the first row of (2.8) against 7 yields

. L ot JQu-divm = (rvg). (3.8)

Note from the second term on the left-hand side of (3.8) that, knowing that div(7) € L*(Q2), it actually
suffices to look for u in L"(2), which is coherent with a previous discussion on the space to which
this unknown should belong. In addition, testing the second equation in the first row of (2.8) against
v € L"(Q), for which we require that f € L*((2), we get

L v-div(e) = Jﬂ(gl —&)elp-v— L f-v, (3.9)

which makes sense for div(eo) € L*(Q2). Hence, due to the last equation in the second row of (2.8), it
follows that we should look for o in Hy(divs; 2), where

Ho(divs; ) := {T € H(divs; Q) : JQ tr(7) = 0}.

Moreover, it is easily seen that there holds the decomposition
H(divs; Q) = Hp(divs; ©2) @ RI, (3.10)

and that the incompressibility of the fluid forces the compatibility condition on g given by

Jg-u=0.
r

As a consequence of the above, we realize that imposing (3.8) for each 7 € H(div,;2) is equivalent
to doing it for each 7 € Hy(divs; Q). Furthermore, since r > 2 it follows that L"(€2) is embedded in
L2(9), which, along with the estimate (3.1a), confirms that the first term on the right-hand side of
(3.9) is also well-defined. In this way, denoting from now on & := (£, &2), and joining (3.8) and (3.9),
we arrive at the following mixed variational formulation for the Stokes equations (given by the first
two rows of (2.8)): Find (o,u) € H x Q such that

a(o,7)+b(r,u) = F(r) VreH,
(3.11)
b(o,v) = Ggo(v) VveQ,
where
H := Hy(divs; ), Q :=L"(Q), (3.12)

and the bilinear forms a: Hx H — R and b : H x Q — R, and the functional F : H — R, are
defined, respectively, as

a(¢,7) := ;jﬂ(d:‘rd V¢, TeH, (3.13a)

b(r,v) := Jﬂv -div(T) V(r,v)e HxQ, (3.13b)

7



F(r) :={(tv,g) VreH, (3.13¢c)
whereas, given n := (11,72) € L?(Q) and ¢ € L"(Q), the functional Gy ¢ : Q — R is set as

Gpp(v) = f (m —m)e tep-v— J f-v VveQ. (3.13d)
Q Q
It is readily seen that, endowing H with the corresponding norm from (3.4b), that is
ITla = |7laive V7eH, (3.14)
and recalling that | - oo is that of Q, the bilinear forms a and b, and the linear functionals F

and Gy ¢, are all bounded. Indeed, applying the Cauchy-Schwarz and Holder inequalities, noting
that 7900 < 7)o for all 7 € H, invoking the identity (3.6) along with the continuous injection
i, : HY(Q) — L"(Q), using (3.1a) together with the fact that | - oo < [Q""2/2"| - |o,q, and

bounding e~! according to (2.4), we deduce the existence of positive constants, denoted and given as
1
all ;= —, b| =1, F|:= (1+]i g ,
lal| . Ib] IF] = (1 +[ir]) Ighyor (3.15)
and |G| := max{e;’ |Q|(r=2)/2r, 1},
such that
la(¢, ) < [afI¢lalim|a V¢ TeH,
b(m,v)| < [bl[7|alviq  V(r,v)eHxQ,
(3.16)

F(T)| < |Fl|r|la  VTeH, and

Gnp ()| < 1GI {lm —ne

0,0, ||¢

0.0 + |f]

osaflvie  ¥veQ.

3.3 The electrostatic potential equations

We begin the derivation of the mixed formulation for the Poisson equation by testing the first equation
in the third row of (2.8) against 1 € H*(div,; ). In this way, applying (3.7) with t = s and t' = r
to the given 1 and x € W1 (Q), and employing the Dirichlet boundary condition on , for which we
assume that g € W/*"(T), we get

| Zew s | xaivw) = @ v (3.17)
Q Q

3

In turn, testing the second equation in the third row of (2.8) against A € L*(£2), which requires to
assume that f € L"(Q), we obtain

| At = = | A@-e) - | 7. (3.18)

which certainly makes sense for div(e) € L"(€2). Thus, recalling from (3.1a) and (3.1b) that ¢ must
belong to L"(Q), it follows from the above that this unknown should be sought then in H"(div,; ).
Furthermore, bearing in mind from (3.1a) - (3.1c) that & and & must belong to LP(£2), we notice
that in order for the first term on the right-hand side of (3.18) to make sense, we require that p > r,
which is assumed from now on. Therefore, placing together (3.17) and (3.18), we obtain the following
mixed variational formulation for the electrostatic potential equations (given by the third and fourth
rows of (2.8)): Find (¢, x) € X2 x M; such that

G((P, ¢) + bl(,l/)7x> = F<¢) v'l)b € Xl )
bg((p,)\) = Gg()\) V)\EMQ,

(3.19)



where

Xo := H'(div,;Q), M; :=L"(Q), X;:= H(divs;Q), My := L*(Q), (3.20)

and the bilinear forms a : XoxX; — Rand b; : X; xM; — R, i € {1, 2}, and the functional F : Xy — R,
are defined, respectively, as

a6, ) = L Toh V(@) eXox Xy, (3.21a)

bi(ah, \) = f Aiv() V(4 A) € X x M;, (3.21b)
Q

F(¢) = @-v,gor VyeX, (3.21c)

whereas, given 1 := (n1,72) € L”(12), the functional G,, : My — R is defined by
Gp(A) = —f A(m —mn2) — f fA Ve M,. (3.21d)
Q Q

We end this section by establishing the boundedness of a, b;, i € {1,2}, F, and Gy, for which
we recall that the norms of X; and Xy are defined by (3.4c) with ¢ = s and ¢ = r, respectively,
whereas those of M and My are certainly given by |- [0 and |- [o,s.0, respectively. Then, employing
again the Cauchy—Schwarz and Hélder inequalities, bounding ¢! according to (2.4), and using that
| Joma < QP27 |- |lg p, which follows from the fact that p > 7, we find that there exist positive
constants

1 T T
la| := = |b1] = [b2] == 1, and |G| := max{1,|Q|®"/"}, (3.22)
such that

(@, 9)| < lalllPlx, [#lx, V(g 9h) e X x Xy,
[bi(1, M < il |9l [ Al V(3,A) € Xi x My, Vie{1,2}, and (3.23)

Ga V)] < 1G] {lm = 2

=)

0,0;82 + HfHU,T;Q} HA 0,s5;Q2 Ve M2 .

Regarding the boundedness of F, we need to apply [18, Lemma A.36], which, along with the surjectivity
of the trace operator mapping W17 (Q) onto W'/57(T"), yields the existence of a fixed positive constant
C,, such that for the given g € W'/*7(T"), there exists v, € W' (Q) satisfying v,|r = g and

”UQHLT?Q < G ngl/s,r;l"-

Hence, employing (3.7) with (¢,¢') = (s,r) and (7,v) = (¥,v4), and then using Holder’s inequality,
we arrive at
F@) < [Fll#lx,  VeeX, (3.24)
with
IF[| == Crlgl1smr - (3.25)

3.4 The ionized particles concentration equations

We now deal with the Nernst-Planck equations, that is the fifth and sixth rows of (2.8), for which we
proceed analogously as we did for the Stokes equations in Section 3.2. More precisely, applying (3.5)



with t = o to 7; € H(div,; Q) and & € H(2), and using the Dirichlet boundary condition on &;, for
which we assume from now on that g; € HY/2(I"), we obtain

J V& -1 = —f §div(m) + (1 v, gi),
0 0

so that the testing of the equation in the fifth row of (2.8) against 7;, yields

ldi‘Ti + f & div(m) — f {Qififlso — 5! &'u}'ﬂ' =(Ti "V, gi)- (3.26)
Q Ki Q Q

Since div(7;) € L2(Q2), we notice from the second term on the left-hand side of (3.26) that it suffices
to look for & in LP(Q), which, similarly as for Stokes, is coherent with a previous discussion on
where to seek this unknown. In fact, as already commented, the corresponding estimates (3.1b) and
(3.1c) confirm that the third term on the left-hand side of (3.26) is well-defined as well. We end this
derivation by testing the first equation of the sixth row of (2.8) against a function in the same space
to which &; belongs, that is n; € L”(€2), which gives

L ni div(e;) — L &ini = —JQ Jini - (3.27)

We remark that the above requires to assume that both f; and div(e;) belong to L¢(f2), which is
coherent with the fact that &; is sought in L”(Q) since, being p > 2, it follows that p > p, and hence
LP(Q2) € Le(Q2). Consequently, we arrive at the following mixed variational formulation for the ionized
particles concentration equations: Find (o, &;) € H; x Q; such that

ai(oi, i) + ci(1i, &) — cou(Ti, &) = Film) VT eH;,
(3.28)
ci(oi,mi) — di(&,mi) = Gi(m) VmieQ,
where
H; := H(div,;Q), Qi = LP(Q), (3.29)

and the bilinear forms a; : H; x H; = R, ¢; : H; x Q; = R, and d; : Q; x Q; — R, and the functionals
F; : H; — R and G; : Q; — R, are defined, respectively, as

1

ai(Gi, 1) = J ;Cz‘ T V(G )€ H; x Hy, (3.30a)
Q Ki

ci(Tism) = J n; div(7;) V (Ti,mi) € Hi x Qi (3.30b)

0

di(Vi,mi) = f dini YV (i,mi) € Qi x Qi (3.30c)
Q

Fi(ri) = (7 v, i) VT eH;, (3.30d)

Gi(ni) = — L fimi Ymi€Qi, (3.30e)

whereas, given (¢, v) € Xo x Q = H"(div,; ) x L"(12), the bilinear form cgy : H; x Q; — R is set as

Copv(Timi) = j {Qi nietep — k! m-V} 1 V(m,m) e Hy x Q. (3.30f)
Q
Similarly to the analysis at the end of Section 3.2 (cf. (3.15) and (3.16)), we conclude here that a;, ¢;,

di, Fi, Gj, and cg v are all bounded with the norm defined by (3.4a) with ¢ = o for H;, and certainly
the norm | - [ p:0 for @;. Indeed, applying the Cauchy-Schwarz and Holder inequalities, bounding
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both e~! and ;! according to (2.4), noting that | - oo < [Q°=2/2° . o .0, invoking the identity
(3.5) and the continuous injection i, : H () — L*(9), and utilizing (3.1b) and (3.1c), we find that
there exist positive constants

1

a;| = —, el =1, |d;i| := Q(pfz)/p, F;l := (1+ |i i )
las| p lesl Ids] == €] IF:ll == (1 + lipl) lgill1/2,0 (3:31)
IGil = Ifdogn,  and fe| := max{eg’,x71},

such that

lai (G )| < laill [Gillw, [7illw, V(&) € Hi x Hy,

lci(mism)| < el I7illw, Inillq Y (7i,m:) € Hi x Q4

|dl(1927771)| < HdZ” HﬂZHQz HmHQZ v(ﬂhm) € Qz X Qia

(3.32)

[Fi(r)| < [Fil | 7], VT eH,,

Gi(ni)| < [Gilllmilq,  ¥YnieQi, and

s I

Throughout the rest of the paper we will use indistinctly either |n]q, xq, or |1

Y (1i,m) € Hy x Q;.

e (mim)l < el { 0

0,0;02» Where

Inlope = Imlopa + [m2lope Vo= (n,m2) e Q1 x Q2.

Summarizing, and putting together (3.11), (3.19), and (3.28), we find that, under the assumptions
that f € L5(Q), g e H/2(I'), f € L"(Q), g € WYs™(I), f; € L(Q), g; € HY*(T), and p > 7, the
mixed variational formulation of (2.8) reduces to: Find (o,u) € H x Q, (¢, x) € Xo x M, and
(0i,&) e Hy x Q, 1 € {1,2}, such that

a(o,7)+b(r,u) = F(1) VreH,
b(o,v) = Ggo(v) VveQ,
a(p, ) +bi(Y,x) = F(9) Vi e Xy,
(3.33)
ba(e)) = Ge()  VAeMs,
)

ai(oi, i) + ci(1i, &) — cou(Ti, &) = Fi(m) VTeH;,

ci(oi,ni) — di(&,mi) = Gi(m) VnieQi.
4 The continuous solvability analysis

In this section we proceed as in several related previous contributions (see, e.g. [9] and the references
therein), and employ a fixed-point strategy to address the solvability of (3.33).

4.1 The fixed-point strategy

In order to rewrite (3.33) as an equivalent fixed point equation, we introduce suitable operators
associated with each one of the three problems forming the whole nonlinear coupled system. Indeed,
we first let T : (Q1 x Q2) x X3 — Q be the operator defined by

Tn,¢) =4 V(n,¢)e(QxQ)xXa,

11



where (6,1) € H x Q is the unique solution (to be confirmed below) of problem (3.11) (equivalently,
the first two rows of (3.33)) with (n, @) instead of (&, ), that is

a(o,7)+b(r,u) = F(r) VreH,
(4.1)
b(g,v) = Gpe(v) VveQ.
In turn, we let T : Q; x Q2 — X5 be the operator given by
T(m) :=¢ VneQixQq,

where (@, x) € Xa x M; is the unique solution (to be confirmed below) of problem (3.19) (equivalently,
the third and fourth rows of (3.33)) with n instead of £, that is

a(@a ¢) + bl(’(/):)Z) = F(¢) V’l,b € Xl ’
bg(@,)\) = Gn()\) V)\EMQ.

(4.2)

Similarly, for each ¢ € {17 2}, we let 'TZ : Xo X Q — Q; be the operator defined by

Ti(p,v) =& V(pv)eXaxQ,

where (&4,&;) € H; x Q; is the unique solution (to be confirmed below) of problem (3.28) (equivalently,
the fifth and sixth rows of (3.33)) with (¢, v) instead of (¢, u), that is

ai(&4,7i) + ci(1i, &) — con(Tin&) = Fi(m)  VmeH,
ci(&i,mi) — di(&,mi) = Gi(n) VnieQ, -
so that we can define the operator T : Xo x Q — (Q1 x Qg) as
T(¢,v) = (Ti(dv), Ta(¢ V) = (€1.&) = € V(d,v)eXax Q. (4.4)
Finally, defining the operator T : (Q1 x Q) — (Q1 x Q) as
T(n) == T(T(n),T(n,T(m)) YneQixQa, (4.5)

we observe that solving (3.33) is equivalent to seeking a fixed point of T, that is: Find £ € Q1 x Q2
such that

T() = €. (4.6)

4.2 Well-posedness of the uncoupled problems

In this section we establish the well-posedness of the problems (4.1), (4.2), and (4.3), defining the
operators T T, and TZ7 respectively. To this end, we apply the Babuska—Brezzi theory in Banach
spaces for the general case (cf. [5, Theorem 2.1, Corollary 2.1, Section 2.1]), and for a particular one
[18, Theorem 2.34], as well as a recently established result for perturbed saddle point formulations in
Banach spaces (cf. [15, Theorem 3.4]) along with the Banach-Necas-Babuska Theorem (also known
as the generalized Lax-Milgram Lemma) (cf. [18, Theorem 2.6]).
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4.2.1 Well-definedness of the operator T

Here we apply [18, Theorem 2.34] to show that, given an arbitrary (1, @) € (Q1 x Qa) x Xo, (4.1) is
well-posed, equivalently that T is well-defined. We remark that (n, ¢) only influences the functional
Gy,,4, and that the boundedness of all the bilinear forms and linear functionals defining (4.1), has
already been established in (3.15) and (3.16). Hence, the discussion below just refers to the remaining
hypotheses to be satisfied by a and b. We begin by letting V be the kernel of the operator induced
by b, that is

V= {’TEHZ b(r,v) =0 VVEQ},

which, according to the definitions of H, Q, and b (cf. (3.12), (3.13b)), along with the fact that L*(12)
is isomorphic to the dual of L"(2), yields

V= {T € Hyp(divs; Q)+ div(r) = 0}. (4.7)

Next, we recall that a slight modification of the proof of [21, Lemma 2.3] allows to prove that for each

t > n2f2 (see, e.g., [7, Lemma 3.1] for the case t = 4/3, which is extensible almost verbatim for any ¢

in the indicated range) there exists a constant C, depending only on £2, such that

Ct ”’T

o < 75 + Idiv(T)[§ e V7T e Ho(divei; Q). (4.8)

Then, assuming that s > f—fQ, and using (4.8), we deduce from the definition of a (cf. (3.13a)), and

similarly to [7, Lemma 3.2], that
a(T? T) Z o HTuﬁivs;Q VTe Va (49)

with a := Cs/u. Hence, thanks to (4.9), it is straightforward to see that a satisfies the hypotheses
specified in [18, Theorem 2.34, eq. (2.28)] with the foregoing constant . In order to fulfill all
the hypotheses of the latter theorem, and knowing from (3.15) and (3.16) that the boundedness of
the corresponding bilinear forms and linear functionals has already been established, it only remains
to show the continuous inf-sup condition for b. Moreover, being this result already proved for the
particular case s = 4/3 (cf. [7, Lemma 3.3] and [25, Lemma 3.5] for a closely related one), and arising
no significant differences for an arbitrary s > nz—fg, we provide below, and for sake of completeness,
only the main aspects of its proof.

Indeed, given v e Q := L"(Q), we first recall from (3.2) that r > 2, and set v := |v|["~2 v, which
is easily seen to satisfy

vs € L*(Q2) and J v-vg = [v][ora|Vslosa-
Q

In what follows, we make use of both, the Poincaré inequality, which refers to the existence of a positive
constant cp, depending on €, such that cp HZH%Q < |z %Q Vz e H}(Q), and the continuous injection
i, : HY(Q) — L"(Q) for the indicated range of s. Then, we let w € H}(Q2) be the unique solution of:
SQ Vw.-Vz = — SQ v, -z for all z € H}(Q), which is guaranteed by the classical Lax-Milgram Lemma,

i

and notice, thanks to the corresponding continuous dependence estimate, that |wl|; o < ?J‘ [vslo,s:0-
Hence, defining ¢ := Vw € L2(€), we deduce that div(¢) = v in €, so that ¢ € H(divy; ), and
€ laive:0 < (1 + Hé—;”) |vslo,s:0. Finally, letting o be the Hy(div,; 2)-component of ¢, it is clear that
div(¢o) = v, and that [{o|div..0 < [|€]div.;0, whence bounding by below with 7 := {p € H, and

using the definition of b (cf. (3.13b)) along with the above identities and estimates, we conclude that

b
up PY)

ren |7
T7+0

> Blvle VvveQq, (4.10)
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with 3 := (1 + %)_1. The foregoing inequality (4.10) proves [18, Theorem 2.34, eq. (2.29)] and
completes the hypotheses of this theorem.

Consequently, the well-definedness of the operator T is stated as follows.

Theorem 4.1. For each (n,¢) € (Q1 x Q2) x Xy there exists a unique (o,1) € H x Q solution to
(4.1), and hence one can define T(n, @) := u € Q. Moreover, there exists a positive constant Cs,
depending only on u, |i.|, €0, ||, o, and B, and hence independent of (n, ¢), such that

o} (4.11)

[T P)la = lulae < Cf{”%”m,r + [flose + In

Proof. Given (n,¢) € (Q1 x Q2) x Xa, a direct application of [18, Theorem 2.34] guarantees the
existence of a unique (&,u) € H x Q solution to (4.1). Then, the corresponding a priori estimate in
[18, Theorem 2.34, eq. (2.30)] gives

fila < 5 (1+ 2 1Pl + (3 (14 2 g,

which, according to the identities and estimates given by (3.15) and (3.16), along with some algebraic
manipulations, yields (4.11) and finishes the proof. O

(4.12)

Regarding the a priori bound for the component & of the unique solution to (4.1), it follows from
[18, Theorem 2.34, eq. (2.30)] that

R Jal
ol < Pl + 5 (14 50) 1Gaslar

which yields the same inequality as (4.11), but with a different constant. Hence, choosing the largest
of the respective constants, and still denoting it by Cs, we can summarize the a priori estimates for
u and & by saying that both are given by the right—hand side of (4.11).

4.2.2 Well-definedness of the operator T

We now employ [5, Theorem 2.1, Section 2.1] to prove that, given an arbitrary n € Q1 x Qq, (4.2) is
well-posed, equivalently that T is well-defined. Similarly as for Section 4.2.1, we first stress that n
is utilized only to define the functional G, and that the boundedness of all the bilinear forms and
functionals defining (4.2), was already established by (3.22) and (3.23). In this way, it only remains
to show that a, by, and bs satisfy the corresponding hypotheses from [5, Theorem 2.1, Section 2.1].
To this end, and because of the evident similarities, we follow very closely the analysis in [9, Section
3.2.3], which, in turn, suitably adopts the approach from [24, Section 2.4.2]. Indeed, we begin by
letting K; be the kernel of the operator induced by the bilinear form b;, for each i € {1, 2}, that is

K; = {wexi; bi(1h, \) = 0 VAeMi}, (4.13)

which, according to the definitions of X; and M; (cf. (3.20)), and b; (cf. (3.21b)), along again with the
fact that L"(Q2) and L*(Q2) can be isomorphically identified with (LS(Q))/ and (LT(Q))/, respectively,
gives

K; = {1/: € H(divs; Q) : div(yp) =0 in Q}, (4.14)
and

Ky = {¢6HT(divT;Q): div(y) =0 in Q} (4.15)

Next, in order to establish the inf-sup conditions required for the bilinear form a (cf. [5, eqs. (2.8)
and (2.9)]), we resort to [9, Lemma 3.3], which is recalled below.
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Lemma 4.2. Let Q) be a bounded Lipschitz-continuous domain of R™, n € {2,3}, and let t,t' € (1,40)

[4/3,4] ifn=2
conjugate to each other with t (and hence t') lying in . . Then, there exists a linear
[3/2,3] ifn=3

and bounded operator Dy : L'(Q2) — LY(Q) such that
div(Dy(w)) =0 in Q YweL{(Q). (4.16)

In addition, for each z € LY (Q) such that div(z) = 0 in Q, there holds
J z-Diy(w) = J zZ-w YweL(Q). (4.17)
Q Q

Proof. Tt reduces to a minor modification of the proof of [24, Lemma 2.3|, for which one needs to apply
the well-posedness in W1*(Q) of a Poisson problem with homogeneous Dirichlet boundary conditions
(see [22, Theorem 3.2] or [29, Theorems 1.1 and 1.3] for the vector version of it). The specified ranges
for t and ¢’ are precisely forced by the latter result. We omit further details and refer to the proof of
[9, Lemma 3.3]. O

We are now in position to prove the required hypotheses on a.

Lemma 4.3. Assume that s (and hence r) satisfy the ranges specified in Lemma 4.2. Then, there
exists a positive constant o such that

a(o, _
sup (%) > alé|x, VoeKs. (4.18)
e
¥+0
In addition, there holds
sup a(¢,y) > 0 ViypeKy, ¥+0. (4.19)

PEK2

Proof. Being almost verbatim to that of [9, Lemma 3.4], we just proceed to sketch it. Indeed, given
¢ € Ky, we recall from (3.2) that r > 2 and set ¢s = |¢|" 2 ¢, which belongs to L*(£2) and satisfies

lo.r.0 s

fﬂ¢'¢s = |¢ 0,5, - (4.20)

In this way, bounding by below with @ := D4(¢s), which, according to Lemma 4.2, belongs to
Ky, and then using (4.17), (4.20), the boundedness of D, and the upper bound of e (cf. (2.4)), we
arrive at (4.18) with a := ([ D, 51)_1. On the other hand, given now ¥ € K, ¢ + 0, we define

s—2 if p £ 0
Py = S ¥ , which lies in L"(£2) and satisfies J Y-, = |¢Y[isq > 0. Thus,
0 if ’()b = O Q 19
bounding by below with ¢ := D,(4,) € Ky, and proceeding similarly as for (4.18), we deduce (4.19)
and conclude the proof. O

Before continuing with the continuous inf-sup conditions for the bilinear forms b;, i € {1, 2}, we
now check the feasibility of the indexes employed so far, according to the different constraints that
have arisen along the analysis. In fact, from the preliminary discussion provided in Section 3.1, we
have the following initial ranges

l,j€(1,+00 and ,re(2,4+w0) ifn=2,
{ je L +o) .7 (2 +20) o

[, 7€[3/2,3] and p, € [3,6] ifn=3,
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which, being added the request p > r, equivalently [ > j, becomes

le|2,40), je(1,2], € |4, +00), €(2,4] ifn=2,
{[)J(]P[)T(]ln (4.22)

le[2,3], je€l[3/2,2], pel4,6], re[3,4 ifn=3.

Finally, imposing to r (and hence to s) the ranges required by Lemma 4.2, and guaranteeing that

s = nQ—fQ, we arrive at the final feasible choices
le[2,+0), je(1,2], pe[4,+0), 0€(1,4/3], re(2,4], s€[4/3,2) ifn=2, (4.23)
1=3,j=3/2, p=6,0=6/5, r=3, s=3/2 ifn=23. '
Note that in (4.23) we have included the consequent ranges for ¢ := -£5 and s := 5 as well.

However, we remark that the above indexes are not chosen independently, but once [ (or its conjugate
j) is chosen, then all the remaining ones are fixed.

We now go back to the well-definedness of T by establishing the continuous inf-sup conditions for
the bilinear forms b;, 7 € {1, 2}. While the corresponding proofs are similar to those of [24, Lemma
2.7] and [9, Lemma 3.6], and very close to that of [23, Lemma 3.5], for sake of completeness we provide
below the main details of them.

Lemma 4.4. For each i € {1,2} there exists a positive constant B; such that

bt A) -
sup 2PN S e YaeM;. (4.24)
PeX; H’ll)HXz

40

Proof. We begin by noticing that the values of r and s specified in (4.23) are compatible with the range
[nz—fl, %] required by [23, Theorem 3.2], an existence result to be applied below. According to it, and
since the pairs (Xl, Ml) and (Xg, Mg) result from each other exchanging r and s, it suffices to prove
(4.24) either for i = 1 or for i = 2. In what follows we consider i = 1, so that, given A\ € M; := L"(2),
we set Ay 1= |[A[""2 ), which belongs to L¥(2) and satisfies (o AXs = [Ao0 [As|os0. Thus, a
straightforward application of the scalar version of [23, Theorem 3.2] yields the existence of a unique
z € Wé’s(ﬂ) such that Az = A;inQ, z = 0on I'. Moreover, the corresponding continuous dependence
result reads |z[1s0 < Cs|As|o.s.0, where Cs is a positive constant depending on s. Next, defining
¢ = Vze L3(Q), it follows that div(¢p) = A in Q, whence ¢ € H*(divs; Q) =: Xy, and there holds
|#lx, = |®]sdivee < (1 + Cs) [Asloso- In this way, bounding by below with 9 := ¢ € Xy, and
bearing in mind the definition of b, (cf. (3.21b)) along with the foregoing identities and estimates, we

arrive at (4.24) for i = 1 with f; := (1 + C_*s)fl. The proof for ¢ = 2 proceeds analogously, except for
IAI*72N if A0,

0 ifA=0.
Further details are omitted. O

the fact that, given A € My := L#(Q2), and since s < 2, one needs to define A, := {

As a consequence of Lemmas 4.3 and 4.4, and the boundedness properties given by (3.22), (3.23),
(3.24), and (3.25), we are able to conclude now that the operator T is well-defined.

Theorem 4.5. For each m € Q1 x Qg there exists a unique (@,X) € X2 x My solution to (4.2), and
hence one can define Tgn) = @ € Xy. Moreover, there exists a positive constant Cs, depending only
on g9, Cr, |Q|, @, and P2, such that

ITm)lx, = 18lx; < Cr{lglhjsrr + 1 flore + [nlop0} (4.25)

16



Proof. Given n € Qp x Qq, a straightforward application of [5, Theorem 2.1, Section 2.1] implies the
existence of a unique (@, Y) € Xa x M; solution to (4.2). In turn, the a priori estimate provided in [5,
Corollary 2.1, Section 2.1, eq. (2.15)] establishes

_ 1 1 [all
el < 5 IFlx; + o (1+757) [Gal, (4.26)
which, along with the aforementioned boundedness properties, yields (4.25) and ends the proof. [

Similarly as for "I“, and employing now [5, Corollary 2.1, Section 2.1, eq. (2.16)], we observe that
the a priori bound for the ¥ component of the unique solution to (4.2) reduces to

o < 5 (122 11+ 30 (14 220) 1

which yields the same inequality as (4.25), but with a different constant, in particular depending
additionally on ;. Therefore, as before, we still denote the largest of them by Cs, and simply say
that the right hand-side of (4.25) constitutes the a priori estimate for both ¢ and Y.

4.2.3 Well-definedness of the operator T

In this section we employ the solvability result for perturbed saddle point formulations in Banach
spaces provided by [15, Theorem 3.4], along with the Banach—Necas—Babuska Theorem (cf. [18,
Theorem 2.6]), to show that, given an arbitrary (¢, v) € Xo x Q, (4.3) is well-posed for each i € {1, 2},
equivalently that T; is well-defined. Since this result was already derived in [15, Theorem 4.2] as an
application of the abstract theory developed there, and more specifically of [15, Theorem 3.4], we just
discuss in what follows the main aspects of its proof.

To begin with, we introduce the bilinear forms A, Ay : (H; x Q;) x (H; x Q;) — R given by

A((Cuﬁﬂ,(n,m)) = ai(Ci,Ti) + Ci(Ti,ﬂi) + Ci(Cianz’) — di(ﬁi,m>, (4.27)

and

A¢,V((Ci719i)7(7-ia"7i)) = A((Ciaﬁi)v(n?m)) - C¢,V(Ti’ﬁi)a (4'28)

for all (¢;, ), (7i,m) € H; x Qq, and realize that (4.3) can be re-stated as: Find (&i,é) € H; x Q;
such that N
Ay v((04,&), (Tiymi) = Fi(m) + Gi(ni) YV (7i,mi) € Hy x Qs (4.29)

In this way, the proof reduces to show first that the bilinear forms forming part of A satisfy the
hypotheses of [15, Theorem 3.4], and then to combine the consequence of this result with the effect of
the extra term given by cg (-, -), to conclude that Ay . satisfies a global inf-sup condition.

Indeed, it is clear from (3.30a), (3.30c), and the upper bound of ; (cf. (2.4)) that a; and d; are
symmetric and positive semi-definite, which proves the assumption i) of [15, Theorem 3.4]. Next,
bearing in mind the definitions of ¢; (cf. (3.30b)) and the spaces H; and Q; (cf. (3.29)), and using
again that L”(f2) is isomorphic to the dual of L¢(2), we readily find that the null space V; of the
operator induced by ¢; becomes

V; = {TZ‘ eH;: div(m) = O}, (4.30)

and thus ) )
ai(Ti, ) = %”Tiugﬂ = %HTi”zﬁvQ;Q VT eV, (4.31)
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from which the assumption ii) of [15, Theorem 3.4], namely the continuous inf-sup condition for a;, is
clearly satisfied with constant & := r~L.

In turn, while the continuous inf-sup condition for ¢; was already established in [24, Lemma 2.9
(see also [15, Lemma 4.1]), for sake of clearness we provide below the main steps of its proof, which
follows similarly to the one yielding the continuous inf-sup condition for b in the present Section
4.2.1. More precisely, given 17; € Q; := LP(Q), we set 1;, := |m:|°"2m;, which uses from (4.23)
that p > 2, and notice that there hold 7;, € L¢(2) and SQ NiNio = |Millop [70ll0,0:0- Then,
we let ¢; := Vz e L?(Q), where 2z € H}(2) is the unique solution of the variational formulation:
§oVz-Vw = —{,m,w for all w e H{(2), and deduce from the latter that div(¢;) = 75, in ©, which
yields ¢; € H; := H(div,; Q). In turn, denoting by cp the positive constant guaranteeing the Poincaré
inequality: cp HwH%Q < |w\%ﬂ Vw e HY(, and letting again i, : H(2) — L(£2) be the continuous

= 0,0:0, and hence [¢;|u, < (1 + %) [mi,00l0,0:0- In this way,
bounding by below with 7; := {; € H;, recalling the definition of ¢; (cf. (3.30b)), and employing the
foregoing identities and estimates, we arrive at

injection, we find that |z]; o < L] 73,0

sup Ci(Tiani)

o T,
T;+0

> Blnilq,  YmieQi, (4.32)

with B = (l + M)_l, thus confirming the verification of assumption iii) of [15, Theorem 3.4].

cp

Consequently, having shown that a;, ¢;, and d; verify all the hypotheses of [15, Theorem 3.4], we
conclude that A satisfies the global inf-sup condition, which means that there exists a positive constant
aa, depending only on |a;|, ¢, &, and 5, such that

sup A((Q,ﬁi), (Ti,m))

(75.m)€H; xQ; ”(Tiv ni)“HiXQi
(74,m:)+0

> aa ||(Ci, 9i)llmixq, V(G ¥i) € Hy x Q;. (4.33)

Moreover, invoking the upper bound of ¢g v (cf. (3.31), (3.32)), it follows from (4.28) and (4.33) that

Ay ((C,04), (T5,m4) -
sup o ( — ) > {aA — | <H¢ 00 + HVHOm,Q)} 1(Cis Vi) |1 x Qi (4.34)
(n(-,ni)d;:ii:Qi H(T“nl)HHiin
Ti,Mi)F0

for all ({;,9;) € H; x Q;, from which, under the assumption that, say

aa

N < , 4.3
H¢”0,T79 HV 0,r,82 2 HCH ( )
we conclude that
A (C719)7(T777) a
sup o ((Gir 93), (73, m4)) > 2 (G 9)lmxq, Y(ChYi) e Hi x Qi (4.36)
(74.m;)€H; xQ; ||(Ti7 nl)HHzXQz 2
(7i,m:)+0
Similarly, using the symmetry of A and (4.33), and assuming again (4.35), we find that
A C‘? '19 ) T‘? n &
ap  AellG O lmm) Gay o gy emx Q. (4s7)
(¢;:94)eH; xQ; H(C’H 191) HHzXQz 2

(Gi,¥:)+0

In this way, we are now in position of establishing that, for each i € {1,2}, (4.3) is well-posed,
which means, equivalently, that T, is well-defined.
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Theorem 4.6. For each i € {1,2}, and for each (¢, v) € Xo x Q such that (4.35) holds, there exists
a unique (&i,é) € H; x Q; solution to (4.3), and hence one can define T‘z(qb,v) = EZ € Q;. Moreover,
there exists a positive constant Cx, depending only on [i,|| and &a, such that

Fi(o, ), = IEila, < 1GnE)lxa < Cx {laihyor + Ifilon} (438)

Proof. Thanks to (4.36), (4.37), and the boundedness of F; and G; (cf. (3.31), (3.32)), the unique
solvability of (4.3) follows from a straightforward application of [18, Theorem 2.6]. In turn, the a
priori estimate given by [18, Theorem 2.6, eq. (2.5)] reads

~ 2
\WMmMQ<a@w@+mM&

which, along with the upper bounds for [F;|y; and |G| q; derived from (3.31) and (3.32), yields (4.38)
. 2 .

We end this section by observing from the definition of T (cf. (4.4)) and the priori estimates given
by (4.38) for each i € {1,2}, that

IT(p.V)lquxqy = . [Ti(d.V)lq, < Cx

2 2
i=1 =

{lgilyzr + 1 £ilo.00 ) (4.39)
1

for each (¢, v) € Xo x Q satisfying (4.35).

4.3 Solvability analysis of the fixed-point scheme

Knowing that the operators ’T, T, T, and hence T as well, are well defined, we now address the
solvability of the fixed-point equation (4.5). For this purpose, and in order to finally apply the Banach
Theorem, we first derive sufficient conditions under which T maps a closed ball of Q; x Q2 into itself.
Thus, letting § be an arbitrary radius to be properly chosen later on, we define

W((s) = {"7 = (771:772> €Q1 x Qa: HTlHQ1><Q2 < 5}' (4'40>

Then, given 17 € W(8), we have from the definition of T (cf. (4.5)) and the a priori estimate for T (cf.
(4.39)) that, under the assumption (cf. (4.35))

~

A

Sm) = ITmlora + IT(m T)lora < 575 (4.41)
there holds
- R B 2
T laixqe = IT(Tm), T Tm)) laixa: < Cx Y, {loslar + [filon}- (4.42)
=1

In turn, applying the a priori estimates for T (cf. (4.11)) and T (cf. (4.25)), we find that

Sm) < (1+Cq ) IT@)| + C5 {lglyzr + IEloso}

O,s,Q} )

< Co(1+ i) Il + Co(1 + [nl) {lgly/srr + 1 flome} + Co{llyer + £
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with Cy := max{l, CT} Cy, so that, bounding |n| by ¢, we deduce that a sufficient condition for
(4.41) reduces to

~

A
Co1+8)0+ Co(L+ ) {lghjsrr + Iflor} + Crlghyar + Iflose} < 578 (443)
For instance, defining
. QA
6 = mln{l,i}, 4.44
Chle] .
letting C1 := 2Cj, and imposing
aa
Ci{lglyurr + Iflora} + Crflelr + flosa} < g (4.45)
it is easily seen that (4.43) holds. We have therefore proved the following result.
Lemma 4.7. Assume that 0 and the data are sufficiently small so that there hold (4.43) and
2
Cz Y {lilhjer + Ifilogn} < 4. (4.46)
i=1

Then, T(W((S)) < W(9). In particular, with the definition (4.44) of §, and under the assumptions
(4.45) and (4.46), the same conclusion is attained.

We now address the continuity properties of 'f, T, T, and hence of T. We begin with that of T.

Lemma 4.8. There erists a positive constant Lz, depending only on €o, 19, o, B, and |al|, such that

IT(m,¢) = T@.¥)lq < L {Inlopalé - |

or + I =Blopa [loraf  (447)

fOT all (na ¢)7 (797¢) € (Ql X QQ) X XQ-

Proof. Given (n,¢), (9,%) € (Q1 x Q2) x Xy, we let T(n,qﬁ) ;= 1 and 'T‘('t?,?,b) := w, where
(F,0) e Hx Q and (CA, w) € H x Q are the corresponding unique solutions of (4.1). Then, subtracting

both systems, we obtain
a6 —¢,7)+b(r,i—W) = 0 VreH,
~ (4.48)
b(a'—C,V) = (Gn@—Ggﬂp)(V) VVEQ,

which says that (& — ¢, u—w) € HxQ is the unique solution of a system like (4.1), but with F = 0 and
Gy ¢ — Gy, instead of just G 4. Hence, similarly as for the derivation of (4.11), that is employing
[18, Theorem 2.34, eq. (2.30)] (see also (4.12)), we deduce that

- - o < lal e Jal
1T, 8) - T@.wlq = 18- %lq < 5 (1+77) 1Gns ~ Goyla (4.49)

In turn, it is clear from (3.13d), and then subtracting and adding 1 to the factor ¢ in the first term,
that for each v € Q there holds

(Gn.e = Goy)(v) = L et {(m —12) ¢ — (91 — V2) w} v
=L€1Um—mﬂ¢—w+«m—mwﬁm—®»¢}v
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from which, proceeding as for the boundedness of G, ¢ (cf. (3.15), (3.16)), that is employing the lower
bound of ¢ (cf. (2.4)), (3.1a), and the fact that | - 0.0 < |2]"=2/?"| - ||o..q, we conclude that

|G — Goplg < g Q=22 {Hn

0,p,82 H"P

052 |® = $lora + [n -9 ora}.  (450)

In this way, replacing (4.50) back into (4.49), we arrive at (4.47) and finish the proof. O

The next result establishes the continuity of T, whose proof follows similarly to that of Lemma 4.8.

Lemma 4.9. There exists a positive constant Ly, depending only on ||, &, B2, and |a|, such that

IT(n) = T(9)|x, < Ly ln-9

oo VM, 9eQix Q2. (4.51)

Proof. Given m, ¥ € Q1 x Qz, we let T(n) := @ and T(Y) := ¢, where (,%) € Xo x M; and
(¢p,w) € Xo x M are the corresponding unique solutions of (4.2). Then, subtracting both systems, we
get

CL(QB—QE,@ZJ)'Fbl('d),)_(—(D) = 0 V’l,bEXl, (452)
by(@— B0 = (Gy—Gg)() VYAeMs, |

which states that (@ — ¢, ¥ — @) € Xa x M is the unique solution of a problem like (4.2) with G = 0
and Gy — Gy instead of G,. In this way, proceeding as for the derivation of (4.25), which means

applying the a priori estimate given by [5, Corollary 2.1, Section 2.1, eq. (2.15)] (see also (4.26)), we
find that ) lal
_ _ R a
T() = T@)lx. = ¢~ Bhs < 7 (14721 1Gn ~ Gl (4.53)
Now, it is clear from (3.21d) that for each A € My there holds

(Gp—=Go)(N) = Gpo(N) = - L AM(m —01) — (n2 = 02) },

from which, applying Holder’s inequality, as we did for the boundedness of G, (cf. (3.22), (3.23)),
and using that | - o0 < [Q|®~/7"| - o .0, we deduce that

|Gy = Golla, < Q4% [ — Do e - (4.54)
Finally, employing (4.54) in (4.53), we obtain (4.51) and conclude the proof. O

It remains to prove the continuity of T, which is provided by the following lemma.

Lemma 4.10. There exists a positive constant L., depending only on €o, k, &, and Cy, such that

(6, v) = T Wlaixa: < Li Y {lgilijr + Ifilogo} 1(@.v) = (@, W)@ (455)
=1

for all (¢,v), (¢, w) € Xo x Q satisfying (4.35).

Proof. Given (¢,v) and (1, w) as indicated, we let, for each i € {1,2}, Ti(qf),v) = 5 € Q; and
Ti(zp,w) = J; € Q;, where (&i,é) € H; x Q; and (CN’Z,@Z) € H; x Q; are the corresponding unique
solutions of (4.3), equivalently (cf. (4.29))

Apy((81,&), (i) = Film) + Gi(m) Y (m,m) € Hy x Qi (4.56)
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and
Ay ((Ci, D), (1i,m5)) = Fi(m) + Glms) ¥ (7i,mi) € Hy x Qs (4.57)

It follows from (4.56) and (4.57), along with the definitions of the bilinear forms Ay (cf. (4.28)) and
cpv (cf. (3.30f)), that

Apn((64,6) — (G, ), (Timi)) = A ((80,&), (Timi)) — Mgy (i 92), (Ti,m5))

o o (4.58)
= Aypw((Ci,03), (Tismi)) — Apn (G %), (T5,10)) = Cop—ipv—w(Tis i) 5

so that applying the global inf-sup condition (4.36) to (&7, &) — (¢;,3;), and then using (4.58) and the

boundedness of cg+ (cf. (3.31), (3.32)), we conclude that

~ P 2
€~ Dl < 131.8) — @)l xa, < Ak {16~ wlora +Iv—w

o,r;ﬂ} 19l -

Next, invoking the a priori bound (4.38) for H@ZHQN the foregoing inequality yields

~ ~ 2 ||| Cx
i) - T Wl < 9T fghar + Ifioga}1@:9) — @.9)lxaea.
A

from which, summing over i € {1, 2}, we arrive at (4.55) and end the proof. O

Having proved Lemmas 4.8, 4.9, and 4.10, we now aim to derive the continuity property of the
fixed point operator T. To this end, given 1, 9 € W(6) (cf. (4.40)), we first recall from the definition
of T (cf. (4.5)) and Theorem 4.6 that, in order to define T(n) and T(¢), we need that the pairs
(T(n),T(n,T(n))) and (T(I), T(I, T(9))) satisfy (4.35). Then, according to the discussion at the
beginning of the present section, we know that a sufficient condition for the latter is given by (4.43),
which we assume in what follows. Alternatively, and as indicated there as well, (4.44) and (4.45) are
in turn sufficient for (4.43).

Thus, under the aforementioned assumption on ¢ and the data, a direct application of (4.55) (cf.
Lemma 4.10) yields

IT(m) = T(®)|quxq, = |T(T(),T(n,T(m)) - T(T(), T(8, T(9)))lq.xqa

2 B B o o (4.59)
< Ly Y {lgilor + [ filooo} {IT) = T@)x, + 1T0n, T(m) - T(9, T(®)) o
i=1
In addition, employing now (4.51) (cf. Lemma 4.9) and (4.47) (cf. Lemma 4.8), we obtain
IT(m) = T()lx, < Lr[n—Fqixq.. (4.60)
and . o
I'T(n, T(n)) =TI, T(9))|q
_ ) B (4.61)
< L {Inllau<as ITm) = T@)lx; + |n— Flaixq: IT®)x. |,
respectively, whereas the a priori estimate for T(«9) (cf. (4.25), Theorem 4.5) states
O, < Cs {lglorr + 1 Flore + 9loa, )} (162
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In this way, using (4.60) in both (4.59) and (4.61), and then replacing the resulting (4.61) along with
(4.62) in (4.59), as well as recalling that |n]q,xq, and |¥|q,xq, are bounded by §, we deduce the
existence of a positive constant L, depending only on L, Ly, Ls, and Cg, such that

IT(n) = T(9) Qi xQ,

2 (4.63)
or2) 2 {19l + L filo.eo } 1 = Blauxas

1=

< L (1+3+ [glysrr +1f

for all m, ¥ € W(5). We are thus in position to establish the main result of this section.

Theorem 4.11. In addition to the hypotheses of Lemma 4.7, that is (4.43) and (4.46), or alternatively
(4.44), (4.45), and (4.46), assume that

Ly (148 + lghyjarr + £ en} < 1. (4.64)

2
or2) 2 {Igilljr + 1f
=1

Then, the operator T has a unique fized point & € W(8). FEquivalently, the coupled problem (3.33)
has a unique solution (o,u) € H x Q, (¢,x) € Xo x My, and (6,&) € H; x Q;, i € {1,2}, with
£ :=(&1,8) € W(5). Moreover, there hold the following a priori estimates

(o, Wlixq < Cz {Iglyzr + IEloso + [€lopol@lorol)

or + |€lopaf, and (4.65)

oenf ie{l2}.

1@, )lxaxvty < Cr {lglhjsrr + 17

(s &)l < Cp {lgilhar + 15

Proof. We first recall that the assumptions of Lemma 4.7 guarantee that T maps W(d) into itself.
Then, bearing in mind the Lipschitz-continuity of T : W(§) — W(J) (cf. (4.63)) and the assumption
(4.64), a straightforward application of the classical Banach theorem yields the existence of a unique
fixed point & € W(J) of this operator, and hence a unique solution of (3.33). Finally, it is easy to see
that the a priori estimates provided by (4.11) (cf. Theorems 4.1), (4.25) (cf. Theorem 4.5), and (4.38)
(cf. Theorem 4.6) yield (4.65) and finish the proof. O

5 The Galerkin scheme

We now introduce the Galerkin scheme of the fully mixed variational formulation (3.33), analyze its
solvability by applying a discrete version of the fixed point approach adopted in Section 4.1, and derive
the corresponding a priori error estimate.

5.1 Preliminaries

We first let Hy, Qp, X;n, M;p, Hip ;and Q; 4, @ € {1,2}, be arbitrary finite element subspaces of the
spaces H, Q, X;, M;, H;, and Q;, 7 € {1, 2}, respectively. Hereafter, h denotes both the sub-index of
each subspace and the size of a regular triangulation 7 of Q made up of triangles K (when n = 2)
or tetrahedra K (when n = 3) of diameter hg, so that h := max{hK . Ke 771} Explicit finite
element subspaces satisfying the stability hypotheses to be introduced throughout the forthcoming
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analysis, will be defined later on in Section 6. Then, the Galerkin scheme associated with (3.33) reads:
Find (O'h,uh) S Hh X Qh7 (‘Ph;Xh) € X2,h X Ml,h7 and (Ui,h7§i,h) € Hi,h X Qi,h7 1€ {1,2}, such that

a(oy, ) + b(mh,uy) = F(my) VreH,,
b(on,vi) = Ggue(vi)  VVvheQu,
a(en, ¥n) + b1(Yn,xn) = F(yyp) Vi € Xip, -
ba(pn, An) = Geg,(An) VY An €My, o1
ai(ins Tisn) + Ci(Tins &in) — Copou (Tins&in) = Fi(Tin) V1ineHp,
ci(oin,min) — dil&in, Mih) = Gi(nin) Vin € Qi -

In what follows, we adopt the discrete version of the strategy employed in Section 4.1 to analyse
the solvability of (5.1). We now let T}, : (Q1,n X Qz2,n) x Xa, — Qp, be the operator defined by

Th(nn, dn) = Ty, Y (Mh, dn) € (Qin x Qan) x Xop,

where (o, uy) € Hy, x Qp, is the unique solution (to be confirmed below) of the first two rows of (5.1)
with (m,, ¢p,) instead of (&1, ¢p), that is

a(on, ) + b(mh,U) = F(m) V1, € Hy,
(5.2)
b(o‘h, Vh) = G"7h7¢h (Vh) VVh € Qh .

In turn, we let T}, : Q1,n x Qa5 — Xgp, be the operator given by
Tn(nn) == @n V€ Qun x Qo

where (@p, xn) € Xo, X My, is the unique solution (to be confirmed below) of the third and fourth
rows of (5.1) with )y, instead of &, that is

a(@hs Yn) + b1(Pn, Xn) F (1) Vapy € Xip s
ba(@n, An) = Gy, (An) VAn€Mayy.
Similarly, for each i € {17 2}, we let 'Ti,h : Xon X Qp — Qg be the operator defined by
Tin(Pnvi) = &n Y (Pn,va) € Xop x Qn,

where (5'1-7;1,5,;1) e H;, x Q;p, is the unique solution (to be confirmed below) of the fifth and sixth
rows of (5.1) with (¢, vp,) instead of (¢, up), that is

(5.3)

ai(&ip, Tin) + ci(Tin, Ein) — Cth,vh(Ti,hvgi,h) = Fi(tin) VTineHp, (54)
5.4

i(&insmin) — di(Eipsin) = Gi(min)  Ymin€Qin,
so that we can define the operator Th 1 Xop x Qp — (Qun x Qop) as:
Tn(dn,vi) = (Ton(dn, Vi), Ton(Pnvi)) = (Eon Eon) = &n ¥ (dn,vi) € Xap x Qu.  (5.5)
Finally, defining the operator T}, : (Q1.4 X Q2.4) = (Q1.n x Q2,) as

T(m) = Th(Ta(m), Th(mn, Ta(mn)))  Yn € Qup x Qon, (5.6)

we observe that solving (5.1) is equivalent to seeking a fixed point of T}, that is: Find &, € Q1. X Q2
such that

Th(&n) = &n- (5.7)
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5.2 Discrete solvability analysis

In this section we proceed analogously to Sections 4.2 and 4.3 and establish the well-posedness of the
discrete system (5.1) by means of the solvability study of the equivalent fixed point equation (5.7). In
this regard, we emphasize in advance that, being the respective analysis very similar to that developed
in the aforementioned sections, here we simply collect the main results and provide selected details of
the corresponding proofs.

According to the above, we first aim to prove that the discrete operators Th, T}, and ’Ti,ha i€ {1, 2},
and hence Th and T}, are all well-defined, which reduces, equivalently, to show that the problems
(5.2), (5.3), and (5.4) are well-posed. To this end, we now apply the discrete versions of [18, Theorem
2.34], [5, Theorem 2.1, Section 2.1], and [15, Theorem 3.4], which are given by [18, Proposition 2.42],
[5, Corollary 2.2, Section 2.2], and [15, Theorem 3.5], respectively. More precisely, following similar
approaches from related works (see, e.g. [9, Section 4.2]), our analysis throughout the rest of this
section is based on suitable hypotheses that need to be satisfied by the finite element subspaces
utilized in (5.1), which are split according to the requirements of the associated decoupled problems.
Explicit examples of discrete spaces verifying these assumptions will be specified later on in Section 6.

We begin by addressing the well-definedness of 'T‘h, for which we let Vj be the discrete kernel of b,
that is

Vy = {Th eH,: Db(m,vy) =0 VYv,e Qh} , (5.8)

and assume that
(H.1) there holds div(H;) S Q, and

(H.2) there exists a positive constant (34, independent of h, such that

b (7, vy,
sup Q > Ba|virla Vv, e Q. (5.9)
e, | ThllH
T +0

Then, according to the definition of b (cf. (3.13b)), it follows from (5.8) and (H.1) that
Vh = {Th € Hh : diV(Th) = 0}, (5.10)

which says that V}, is contained in the continuous kernel V (cf. (4.7)), and hence the discrete version
of (4.9) is automatically satisfied, that is

a(th, ) = g HTH?ﬁVS;Q V7, eV, (5.11)

with &g = a := Cs/u. Recall here that Cj is the constant provided by inequality (4.8) with ¢ = s.
In this way, it is clear from (5.11) that a satisfies the hypotheses given by [18, Proposition 2.42; eq.
(2.35)] with the constant a4, whereas (H.2) states that b fulfills [18, Proposition 2.42, eq. (2.36)]
with the constant B4. We are thus in position to establish next the following result.

Theorem 5.1. For each (nn, ¢n) € (Qin x Qap) x Xop, there exists a unique (Gh, 1) € Hy x Qp
solution to (5.2), and hence one can define Ty(ny, ¢p) = Uy, € Qp. Moreover, there exists a positive

constant C’T7d, depending only on p, |i.|, €0, ||, aa, and Ba, and hence independent of (ny,, dp), such
that

ITh(mn, n)lq = tnlq < Cid{HgHuz,r + [flos,0 + |nnlope “¢h|0,r;9}- (5.12)

Proof. Given (np, ¢p) € (Q1n % Qa.n) x Xgp, the existence of a unique solution to (5.2) follows from a
straightforward application of [18, Proposition 2.42]. In turn, the corresponding a priori bound from
[18, Theorem 2.34, eq. (2.30)] and the boundedness properties of F and Gy, ¢, imply (5.12). O
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Similarly as observed for the continuous operator 'T, we remark here that the right-hand side of
(5.12) can also be assumed as the respective a priori estimate for .

Furthermore, for the well-definedness of T}, we need to introduce the discrete kernels of b; and b,
namely

Kin = {¥neXin: butnn) =0 YAweMuaf, (5.13)

and
KQJL = {'I/Jh € X27h : bQ(’l,bh, >\h) =0 V)\h € Mgﬁ} s (5.14)

respectively, and consider the following assumptions

(H.3) there exists a positive constant a4, independent of h, such that

a(Pn,Pn)

sup ————— = aa|dnlx, VorneKzp, and (5.15a)
YreKy p HlthX1
Pp=+0
sup  a(@n,Pn) > 0 Vepp€Kip, Pn F0. (5.15b)
breKa p

(H.4) for each i € {1, 2} there exists a positive constant BM, independent of h, such that

b; A —
sup M > 5@'7(1 |)‘hHM¢ YA, € Mi,h- (5.16)
peX; p H".bhHXl
Pn+0

As a consequence of (H.3) and (H.4) we provide next the discrete version of Theorem 4.5.

Theorem 5.2. For each ny, € Ql,h X Qg there exists a unique (@p,Xn) € Xon X My, solution to
(5.3), and hence one can define T(np) := pn € Xop. Moreover, there exists a positive constant Cr 4,
depending only on eo, Cy, ||, aq, and 627d, such that

ITamlxs = 1@nlx. < Cra{lglysrr + 1flora + lmmloyo)} (5.17)

Proof. Given my, € Qi x Qap, a direct application of [5, Corollary 2.2, Section 2.2] implies the
existence of a unique solution to (5.3), whereas the a priori estimate provided in [5, Corollary 2.2, eq.
(2.24)] and the boundedness properties of F and Gy, yield (5.17). O

Analogously as explained for the continuous operator T, here we can also assume that, except for
a constant Cr 4 depending additionally on 4, the a priori estimate for X, which follows now from
[5, Corollary 2.2, eq. (2.25)], is also given by the right-hand side of (5.17).

It remains to prove the well-definedness of Th = (Tl,m Tgﬁ), for which we first observe that, being
a; and ¢; symmetric and positive semi-definite in the whole spaces H; and Q;, they certainly keep
these properties in H; 5, and Q; 5, respectively, so that the assumption i) of [15, Theorem 3.5] is clearly
satisfied. Next, given i € {1, 2}, we let V;j be the discrete kernel of ¢;, that is

Vin = {Ti,h eHin: ci(Tin,min) =0 Vmipe Qi,h} : (5.18)
and consider the hypotheses

(H.5) for each i € {1, 2} there holds div(Hi,h) < Qipn, and
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(H.6) there exists a positive constant Ed > 0, independent of A, such that

ci(Tin,Mih) _
sup 2 > By nisla, Vnin€ Qin- (5.19)
75, h€H; HTi, ‘
Ti,nF0

i

It follows from (5.18), the definition of ¢; (cf. (3.30b)), and (H.5) that
Vip = {T@h eH,;: div(mp) = 0}, (5.20)

whence, similarly to the case of Ty, Vi is contained in the continuous kernel V; (cf. (4.30)) of ¢;,
thus yielding the discrete analogue of (4.31), that is

V1in€Vin. (5.21)

=~

ai(Ti s Tip) =

In this way, it is clear from (5.21) that a; satisfies the hypothesis ii) of [15, Theorem 3.5] with the
constant &g := k!, whereas (H.6) constitutes itself the corresponding assumption iii). Consequently,
a straightforward application of [15, Theorem 3.5] implies the discrete global inf-sup condition for A
(cf. (4.27)) with a positive constant &a 4 depending only on [a;|, ||, &, and B4, and thus the same
property is shared by Ay, v, for each (¢n,vy) € Xop x Qp, satisfying the discrete version of (4.35),
that is N

A4

< .
= 2]

(5.22)

We are now in position of establishing the well-definedness of Ti,h for each i € {1, 2}.

Theorem 5.3. Given i € {1,2} and (opn,vy) € Xop x Qp such that (5.22) holds, there exists a
unique (07, h,é n) € Hip x Qi 5 solution to (5.4), and hence one can define T@h(th,vh) = {M € Qin-

Moreover, there exists a positive constant CT o depending only on [i,|| and QA a, such that

ITsn(Dn Vi)l =

00} (5.23)

< @in&nlnca, < Crg{lgor + 1

Proof. Tt reduces to a direct application of [18, Theorem 2.22], whose corresponding a priori estimate,
yielding (5.23), makes use of the boundedness of F; and G; (cf. (3.31) and (3.32)). O

Analogously to the continuous case, it follows from the definition of T}, (cf. (5.5)) and the a priori
estimates given by (5.23) for each i € {1,2}, that

2
Fu@nvillaueas = ) [Tan(@nvla, < Cia X {lochar + iloon} (529

=1
for each (¢p,vp) € Xo x Qp, satisfying (5.22).

Having established that the discrete operators Th, Ty, Th, and hence T}, (under the constraint
imposed by (5.22)), are all well defined, we now proceed as in Section 4.3 to address the solvability of
the corresponding fixed-point equation (5.7). Then, letting dq be an arbitrary radius, we set

W(dq) := {Tlh = (MhsM2,n) € Qe X Qan s [Mn]Qixg, < 5d}, (5.25)
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and, reasoning analogously to the derivation of Lemma 4.7 (cf. beginning of Section 4.3), we deduce
that T}, maps W(dq) into itself under the discrete versions of (4.43) and (4.46), which, denoting
Coa := max {1, CTd} Ct 4, are given, respectively, by

Coa(1+da)da + Coa(l + 5d){ , } < 2Ad (5.26)

K& }+ Cid{Hng/z,r + | f

2]
and
2
Cig 2 {lgil2r + Ifiloso} < b (5.27)
i=1
Alternatively, the same conclusion is attained if, instead of (5.26), we define
. QA
0q 1= mln{l,i’ } 5.28
‘ SCoal] (529
and, letting C} 4 := 2C) 4, impose
QA4
Cra{lglh /s rof + Caa{lghyar + Iflosof < T3 (5.29)

Note, however, that only (5.26) is required for T}, to be well-defined. Furthermore, employing analogue
arguments to those utilized in the proofs of Lemmas 4.8, 4.9, and 4.10, we are able to show the
continuity properties of Tj,, T, and Ty, that is the discrete versions of (4.47), (4.51), and (4.55), which
are exactly as the latter, but with corresponding constants denoted Lz @ Lt 4, and LT ¢ Therefore,
following an analogue procedure to the one that yielded (4.63), we deduce that, under the assumption

(5.26), there exists a positive constant L 4, depending only on Ly ,, Lt 4, L 4, and Cg 4, such that

ITh(mn) — Th(9n) Qi xQs
(5.30)

ﬁ)iﬁwmrﬂm

< Lrg (
i=1

Q} th - 19hHQ1><Q2 >

for all ny,, 9y € W(dq).
Consequently, we can establish next the main result of this section.
Theorem 5.4. Assume that éq4 and the data are sufficiently small so that (5.26) and (5.27) are

satisfied, or alternatively that there holds (5.28), (5.29), and (5.27). Then, the operator T} has a
fized point &, € W(d4). FEquivalently, the coupled problem (5.1) has a solution (op,up) € Hy, x Qp,

(en.xn) € Xop x My, and (o5p,&n) € Hip x Qin, @ € {1,2}, with &, := (§1,0,820) € W(da).
Moreover, there hold the following a priori estimates

|mm9}, and (5.31)

[(n un)lixa < Crq {lglior + IElosa + €,

(ens xn)lxexnts < Cra {lglysmr + Iflora + I€n

[@in &)l < Cro{lgilor + Ifilloon} e (1,2},

In addition, under the extra assumption

LT@(I

ﬁ)iﬂwmrﬂm
=1

the aforementioned solutions of (5.7) and (5.1) are unique.

o} <1, (5.32)
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Proof. As previously observed, the fact that Tj maps W(dq) into itself is consequence of (5.26) and
(5.27), or alternatively of (5.28), (5.29), and (5.27). Then, the continuity of T}) (cf. (5.30)) and
Brouwer’s theorem (cf. [12, Theorem 9.9-2]) imply the existence of solution of (5.7), and hence of
(5.1). In turn, under the additional hypothesis (5.32), the Banach fixed point theorem guarantees the
uniqueness of solution. In either case, (4.11), (4.25), and (4.38) yield the a priori estimates (5.31) and
conclude the proof. O

5.3 A priori error analysis

In this section we consider arbitrary finite element subspaces satisfying the assumptions specified in
Section 5.2, and establish the Céa estimate for the Galerkin error

2
[(e,w) = (on, un) [1xq + [ (2, %) = (@ns xn)[xoxnty + ), 1(03,6) = (@ims Eindlmxar s (5:33)
i=1
where ((o,u), (¢, x),(04,&)) € (Hx Q) x (X2 x M) x (H; x Q;), i € {1,2}, is the unique solution
of (3.33), and ((oh, un), (¥h, Xn), (Fin, &in)) € (Hu x Qp) x (Xop x Myp) x (Hip x Qin), i€ {1,2},
is a solution of (5.1). We proceed as in previous related works (see, e.g. [9]) by applying suitable
Strang-type estimates to the pairs of associated continuous and discrete schemes arising from (3.33)
and (5.1) after splitting them according to the three decoupled equations. Throughout the rest of this
section, given a subspace Z, of an arbitrary Banach space (Z, | - [z), we set

dist(z, Zp) = inf [z — 2z VzeZ.
ZhEZh
We begin the analysis by considering the first two rows of (3.33) and (5.1), so that, employing the

estimates provided by [5, Proposition 2.1, Corollary 2.3, Theorem 2.3], we deduce the existence of a
positive constant ¢, independent of h, such that

I(o0) ~ (o, w)lmeq < 2{dist(or Hy) + dist(w, Q) + |Gey — Gerply |- (5:30)

Thus, proceeding analogously to the derivation of (4.50), we readily obtain

G — Gennllay, < 5" 121722 {[i€lopa e — erlore + lenloral€ —&lopa},  (5.35)

which, substituted back in (5.34), yields
() = (on w)lixq < o {dist(o, Hy) + dist(u, Q)

(5.36)
lo.r.2 € — &n O,p,Q} ,

+€

lo,0.0 [ — @nlora + [len

with ¢4 = Emax{l,sal |Q|(’"_2)/2’“}_

Next, employing the same estimates from [5, Proposition 2.1, Corollary 2.3, Theorem 2.3] to the
context given by the third and fourth rows of (3.33) and (5.1), we find that there exists a positive
constant ¢, independent of A, such that

1) = (o 0 oty < E{distlp, Xo) + dist(x Mig) + [Ge — Gy, |- (5:37)
In turn, proceeding as for the deduction of (4.54), we obtain

G — e, lagy, < 121777 [ — &,

0,0;€2 » (538)
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which, along with (5.37), gives

(%) = (om0 s, < ex {dist(e, Xop) + distOn Mug) + |6 Enlopa),  (5:39)

with cp = € max {1, ‘Q’(P*r)/pr}'

Furthermore, we now focus on the last two rows of (3.33) and (5.1), with the terms ¢y u(7i, &) and
Ceonun (Tin, &in) being considered as part of the respective functionals on the right-hand side. In this
way, applying the estimate from [18, Lemma 2.27], we conclude that there exists a positive constant
¢, independent of h, such that

(03, &) = (oin: &) [, xQ
(5.40)
< E{diSt(UiaHi,h) + dist(&, Qin) + llepul-, &) _Ccph,uh('agi,h)HH;’h}-

Then, subtracting and adding &; j, to the second component of ¢y u(-, &), making use of the triangle
inequality, bearing in mind the definition of ¢4 v (cf. (3.30f)), and employing its boundedness property
(cf. (3.31), (3.32)), we get

Hccp,u('a’fi) - Cgoh,uh(',fi,h)HH;ﬁ < Hccp,u('wfi - gi,h)”H;ﬁ + Hccp—qah,u—uh('a§i,h)HH;7h

< lel{ (I o) € — €

IO,T;Q) } ’

0,0, (H‘P — Phlor0 t lu —uy

00+ [u 0,02 + [in

which, jointly with (5.40), and summing over i € {1, 2}, imply

2 2
Z H (U'i, 61) - (o-i,ha é-’b,h)HHZXQZ < CT { Z (dlSt(Uz) Hi,h) + dlSt(é-z) Qi,h))
i=1 i=1

+ (Ielore + ulore) 1€ = €nllopo (5-41)

+1&nllo e (I = @nloe + [u = o)}

with ¢z := ¢ max {1, |c[}.
For the rest of the analysis we introduce the partial error

2

E = [(o,u) = (onw)uxq + D, 1(05,&) = (@in, &in) <
=1

and suitably combine the estimates (5.36), (5.39), and (5.41). More precisely, employing the right-hand
side of (5.39) to bound |¢ — o, in (5.36) and (5.41), adding the resulting inequalities, performing
some algebraic manipulations, and then utilizing the a priori bounds for |¢lor0, |@nlor0s [1€llo,p0:
1€k ]l0,p:02, and [ul|o ;0 provided by Theorems 4.11 and 5.4, we find that there exists a positive constant
Ce, depending on ¢z, ¢t, ¢4, 0, da; Cg, Cf, Cf, Cp 4, and C"I“, 4 and hence independent of h, such
that

2
E<C {diSt((Uau)aHh x Q) + dist (e, x), Xo,p x Myp) + Z dist (e, &), Hip x Qi,h)}
i=1 (5.42)
2

ome + D (gl ar + 1filo.o0) £

i=1

+ Co{lghyor + €000 + lghysrr + 1f

Consequently, we are in position to establish the announced Céa estimate.
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Theorem 5.5. In addition to the hypotheses of Theorems 4.11 and 5.4, assume that

(5.43)

DN | =

2
ore+ ) (Igil1/zr + [filoee) } <

Ce{lgljzr + IE
i=1

|07S,Q + ngl/s,’r;f‘ + Hf|

Then, there exists a positive constant C, independent of h, such that

2
H(U7 u) - (Uhﬂ uh)HHXQ + H(Q@X) - (‘ph7Xh)HX2><M1 + Z H(Uuéz) - (O'i,h7§i,h)HHi><Qi
=1 (5.44)

2
< C{diSt((Uuu)uHh x Qp) + dist ((¢, X), Xop X Myp) + Z dist (o, &), Hip, x Qi,h)}-
i—1

Proof. Under the assumption (5.43), the a priori estimate for E follows from (5.42), which, along with
(5.39), yield (5.44) and ends the proof. O

We end this section by remarking that (2.7) suggests the following postprocessed approximation
for the pressure p

1
b= tr(on) , (5.45)

for which it is easy to show that

1
lp = prlogo < 7 lo—onlloq- (5.46)

6 Specific finite element subspaces

In this section we define explicit finite element subspaces satisfying the hypotheses (H.1) - (H.6) that
were introduced in Section 5.2 for the well posedness of the Galerkin scheme (5.1), and provide the
corresponding rates of convergence.

6.1 Preliminaries

In what follows we make use of the notations introduced at the beginning of Section 5.1. Thus, given
an integer k > 0, for each K € Tj, we let Pi(K) and Py (K) be the spaces of polynomials of degree
< k defined on K and its vector version, respectively. Similarly, letting x be a generic vector in R,
RT;(K) = Pi(K) + Pr(K)x and RTy(K) stand for the local Raviart-Thomas space of order k
defined on K and its associated tensor counterpart. In addition, we let Py (73), Pr(7r), RTk(7s) and
RTx(7p) be the corresponding global versions of P (K), Pr(K), RT;(K) and RTy(K), respectively,
that is
Pe(Th) i= {on € LX) wili e Pu(K) VK eT},

PL(Th) = {vheLQ(Q): Valk € Py(K) VKeTh},

RT.(T}) = {TheH(div;Q): Thlie € RT4(K) VKeTh},

and

RT4(Th) := {TheH(div;Q): i € RT;(K) VKeTh}.
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We notice here that for each ¢ € (1, +0) there hold the inclusions Px(7,) < LY(Q), Px(Tn) < LY(Q),
RT(7n) € H(divy; Q), RTx(Tn) < HY(divy;Q), and RTy(7,) < H(div; Q), which are employed

below to introduce our specific finite element subspaces. Indeed, we now set
Hj, := RT(Tn) nHo(divs;Q), Qp = Py(Tn), Hip := RTk(Ta), Qin = Pr(Th),

Xop = RTy(Tn), Mipy = Pi(Tn), Xin = RTy(Ty), and Myy = Pi(Ty).

(6.1)

6.2 Verification of the hypotheses (H.1) - (H.6)

We begin by observing from (6.1) that (H.1) is trivially satisfied, whereas (H.2) was proved in [13,
Lemma 5.5] (see, also, [7, Lemma 4.3]) for the particular case given by » = 4 and s = 4/3. In turn,
a vector version of (H.2) was established in [24, Lemma 4.5] for s € (1,2) in 2D (with local notation
there given by p instead of s). In both cases, the preliminary result provided by [13, Lemma 5.4]
plays a key role in the respective proofs. While we could simply say, at least in 2D, that (H.2) follows
basically from a direct extension of [24, Lemma 4.5, we provide its explicit proof below for sake of
completeness. To this end, following [24, Section 4.1], we now introduce for each ¢ € (1, +0) the space

H, = {7- e Hi(div; Q) UH(div; Q) 1 7l e WHH(EK) VK e Th} ,
and let II¥ : H; — RT(75) be the global Raviart-Thomas interpolator (cf. [6, Section 2.5]). Then,
we recall from [6, Proposition 2.5.2 and eq. (2.5.27)] the commuting diagram property
div(IIi(r)) = Pr(div(r))  V7eH,, (6.2)

where PF : L}(Q) — Pi(Ty) is the projector defined, for each v € L}(2), as the unique element
PF(v) € Pi(Tp) such that

fﬂ’:(v)qh - f van  Vane Pu(Tr). (6.3)
Q Q

In turn, it follows from [18, Proposition 1.135] (see, also, [9, eq. (A.5)]) that there exists a positive
constant Cp, independent of h, such that for each ¢ € (1, 4+0) there holds

|PE(v) oro  YwveLi(Q). (6.4)

|O,t;Q < Cp HU

On the other hand, while here we could use again [13, Lemma 5.4], we prefer to resort to the slightly
more general result provided by [9, Lemma A.2], thus giving a greater visibility to it, which establishes
that, given an integer [ such that 1 < [ < k+ 1, and given ¢, p € (1, +00), such that p < ¢t < n"—_’; if
p<mn,orp < t<+w if p = n, there exists a positive constant C, independent of h, such that

|7 = (D)oo < CHTE70 |7pa V7Te WHP(Q). (6.5)

Note that for the first set of constraints on ¢ and p, there holds %—% > —1, which yields [+ % —% =0,
whereas for the second one, there holds [ + % — % =1—1+ % > %, thus proving that in any case the
power of h in (6.5) is non-negative. In this way, it follows from (6.5) that, for [ = 1, and under the
specified ranges of ¢ and p, there exists a positive constant Ciy, independent of h, such that (cf. [9,
Lemma A.3])

I (T)lose < Culrlhpe  V7e WH(Q). (6.6)
In particular, for p < n and t = 2, the inequality ¢ < n”—_% becomes p > HQ—J’:Q, so that for the resulting
range of p, that is p € [nQ—fQ, 2) in 2D, and p € [nQ—fQ, 2] in 3D, we obtain

I (T)oe < Cultlime  V7eWH(Q), (6.7)
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Analogue identities and inequalities to those stated above are valid with the tensor and vector versions
of HZ and P,’f , which are denoted by HZ and ’PfL, respectively.

We are now in position to prove that (H.2) holds.

Lemma 6.1. Under the ranges for r and s specified by (4.23), there exists a positive constant (Bq,
independent of h, such that

L v - div(my)

sup = ————— = Ba|Vrlore  YVieEQu, (6.8)
mery, [ Thldivee
rh#O

Proof. Given vy, € Qp, v, + 0, we set vj, 5 1= |v;|" "2 vy, which belongs to L(Q), and notice that

0,70 th,s ’0,5;9 . (69)

f Vi Vhs = |Vi
0

Next, we let @ be a bounded convex polygonal domain that contains Q, and define

Vi,s in Q,
g = ) _
0 in O\Q,

It is readily seen that g € L*(O) and |glos;0 = |Vhsllo,s;0. Then, applying the elliptic regularity
result provided by [20, Corollary 1], we deduce that there exists a unique z € W25(0) n W(l)’s((’))
such that: Az = gin O, z = 0 on dO. Moreover, there exists a positive constant Creg, depending
only on O, such that

|2

0,5:62 - (6.10)
Hence, defining ¢ := Vz|q € Wh#(Q), it follows that div(¢) = vj s in Q, and, according to (6.10),

2,50 < Creg Hg|0,s;(9 = Creg ”Vh,s

”C”l,s;ﬂ < HZHQ,S;O < Creg th,s 0,s;€2 - (6.11)

Now, since the identity tensor I clearly belongs to RT (75 ), we can let {j, be the Hy(divs; ©2)-component
(cf. (3.10)) of II¥(¢), so that ¢;, € Hy. In this way, employing the analogue of (6.2), we find that

div(¢y) = div(TI;(¢)) = Pi(div(€)) = Phi(vhs), (6.12)

which, along with the analogue of (6.4) for ¢t = s, give

div(Cn)lose < Cp IVasloss. (6.13)

In turn, noting that the range for s (cf. (4.23)) fits into the one for p in (6.7), we can apply this
inequality (with p = s) and the regularity estimate (6.11), to arrive at

IShloge < ITE(QOloe < Crl¢]

1,50 < Cn Creg ||Vh,s| 0,5, » (6'14)

which, combined with (6.13), implies

ICh]aivy:0 < (CP + Cri Creg) [Vislosia- (6.15)

Consequently, bounding below the supremum in (6.8) with ¢, and making use of (6.12), the analogue
of (6.3), (6.9), and (6.15), we conclude the required discrete inf-sup condition with the constant

Ba = (Cp + Cri Creg) - O
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Furthermore, for the hypotheses (H.3) and (H.4), we first stress that (H.3) corresponds exactly
to [9, (H.5)], and hence we omit most details and refer to [9, Section 5.2, Lemma 5.2]. We just make
a few remarks here. First of all, we observe that the discrete kernels of the bilinear forms b; and b
coincide algebraically, which reduces to

Kk = {zpheRTkm): div(yy) =0 in Q}

Then, we let OF : L1(2) — K be the projector defined similarly to (6.3), that is, given ¢ € L(12),
@z(qb) is the unique element in KZ such that

f@’é(d))-wh:fas-wh Y, e Kf .
Q Q

In this way, a quasi-uniform boundedness property of @fl in 2D (cf. [9, eq.(5.8)]), along with the
properties of the operators D; (cf. Lemma 4.2), play a key role in the proof of (H.3). Whether the
aforementioned boundedness is satisfied or not in 3D is still an open problem, and hence, similarly to
[9], the assumption (H.3) is the only aspect of the analysis in this section that does not hold in 3D.
All the other conditions are valid in both 2D and 3D. Regarding (H.4), we remark that the discrete
inf-sup conditions for b; and b, which adapt the continuous analysis from Lemma 4.4 to the present
discrete setting, follow from slight modifications of the proofs of [24, Lemma 4.5] and [9, Lemma 5.3].
Further details are omitted here.

Finally, it is clear from (6.1) that (H.5) is trivially satisfied, whereas (H.6) was proved precisely
by [24, Lemma 4.5]. Alternatively, for the discrete inf-sup condition for ¢; we can proceed analogously
to the proof of Lemma 6.1 by observing that the range of o (cf. (4.23), recall that H; := H(div,;Q))
also fits into the one for p in (6.7), whence this inequality can be applied to p = p as well.

6.3 The rates of convergence

Here we provide the rates of convergence of the Galerkin scheme (5.1) with the specific finite element
subspaces introduced in Section 6.1, for which we previously collect the respective approximation
properties. In fact, thanks to [18, Proposition 1.135] and its corresponding vector version, along with
interpolation estimates of Sobolev spaces, those of Qj, Q; 4, and M; 3, are given as follows

(AP}) there exists a positive constant C, independent of h, such that for each [ € [0,k + 1], and for
each v e W (Q), there holds

00 S Ch' v

dist (v, Qp) := Virel(g [v — vn L) s
h h

(AP%) there exists a positive constant C, independent of h, such that for each [ € [0,k + 1], and for
each n; € WHP(Q), there holds

’070;9 < CH an

dist (ni, Qi) = inf [ni — nip

L,ps§2
ni,heQi,h

(AP%) there exists a positive constant C, independent of h, such that for each [ € [0,k + 1], and for
each A € W' (Q), there holds

diSt()\,MLh) = \ lerl\l/f H)\ — An
h

1,h

0,792 < Chl H)\

1L,r; -
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Furthermore, from [24, eq. (4.6), Section 4.1] and its tensor version, which, as the foregoing ones, are
derived in the classical way by using the Deny—Lions Lemma and the corresponding scaling estimates
(cf. [18, Lemmas B.67 and 1.101]), we state next the approximation properties of Hy, and H; j,

(APY) there exists a positive constant C, independent of h, such that for each [ € [1,k + 1], and for
each T € H/(Q) n Ho(div,; Q) with div(T) € Wh*(Q), there holds
|l,s;Q} )

(APZ") there exists a positive constant C, independent of h, such that for each [ € [1,k + 1], and for
each 1; € H'(Q) with div(7;) € Wh2(Q), there holds

dist(r,Hy) = inf |7 — mhlaw.e < OB {||T\|l,Q + | div(r)
h h

dist(Ti,H@h) = inf |7 — Taldvee < Cht {HTzHlQ + HdiV(Ti)Hl,g;Q}'
h

T’L,heHi,
Finally, that of X5, which we recall from [24, Section 4.5, (AP}})], becomes

(APY) there exists a positive constant C, independent of h, such that for each [ € [1,k + 1], and for
each ¢ € W (Q) with div(¢) € W5 (Q), there holds
l,T;Q} .

raivei < CH {I6lira + Idiv(e)

dist (¢, Xop) = ¢hiel}£ . ¢ — on

2

The rates of convergence of (5.1) are now provided by the following theorem.

Theorem 6.2. Let ((o,u),(p,x),(04,&)) € (Hx Q) x (Xo x My) x (H; x Q;), i € {1,2} be the
unique solution of (3.33) with & := (§1,&2) € W(0), and let ((O'h,llh)7(<Ph7Xh),(0'z‘,hafz‘,h)) € (Hh X
Qh) X (X27h X Ml,h) X (Hi,h X Qi,h), i€ {1,2} be a solution of (5.1) with &, := ({14, &2,n) € W(da),
which is guaranteed by Theorems 4.11 and 5.4, respectively. In turn, let p and pp given by (2.7) and
(5.45), respectively. Assume the hypotheses of Theorem 5.5, and that there exists | € [1,k + 1] such
that & € H'(Q) n Ho(divy; Q), div(e) € WH(Q), u € WH(Q), ¢ € WL (Q), div(p) € WH(Q),
x € WH(Q), o € HY(2), div(o;) € Wh(Q), and & € WHP(QQ), i € {1,2}. Then, there exists a positive
constant C, independent of h, such that

2

0.0+ 10, %) = (n xu)lxasns + ) 1(00,&) = (i Gin) I xa
i=1

e+ [div(e)ime + [xlire

[(o,0) = (on, w)|axq + |p —pn

< Ch {”UHZ,Q + ldiv(e)ise + [ulime + e

2
+ > (lo
i=1

Lo + |div(e;)

Lo + [€ilh0) | -

Proof. Tt follows straightforwardly from Theorem 5.5, (5.46), and the above approximation properties.
O

7 Computational results

We turn now to the numerical verification of the rates of convergence anticipated by Theorem 6.2. The
following examples in 2D and 3D have been realized with the finite element library FEniCS [1]. The
linearization of the nonlinear algebraic equations that arise after discretization is done using either
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Figure 7.1: Example 1. Error history associated with the finite element family (6.1) with & = 0 in
3D for primal variables (top left) and mixed variables (top right), and samples of approximate primal
variables (velocity streamlines uy,, iso-surfaces of postprocessed pressure py, electrostatic potential yp,
and positive ion concentration & 5; bottom plots). In all mesh refinements the number of Newton-
Raphson iterations was 4.

a fixed-point Picard algorithm or an exact Newton—Raphson method (with the zero vector as initial
guess and iterations are stopped once the absolute or relative residual drops below 107%) and the
linear systems are solved with the multifrontal massively parallel sparse direct method MUMPS [2].

Example 1. Considering first the spatial domain ©Q = (0,1)? along with the arbitrarily chosen
parameters

p=10"% =01, Kk =025 Ky =05,
we define the following manufactured exact solutions to (2.8)
sin? (7x) sin(7y) sin(272)
u= sin(7z) sin?(7y) sin(272) ,
—[sin(272) sin(my) + sin(7z) sin(27y)] sin?(72)

1
p= :LA - §(y4 + 2:4)7 S exp(—xy + Z),

& = cos®(xyz), x = sin(z)cos(y)sin(z), o = pVu— pl,
oi = ki(VE + i o) — &u,  p =V,

and construct forcing/source terms and non-homogeneous Dirichlet boundary conditions f, g, fi, gi
from these closed-form solutions. Using the lowest-order version of the finite element spaces defined in
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DoF h e r momentum, potential;, transport;; transportsy
145 1.732 | 1.40e+1 * 2.37e-07 7.29e-17 1.83e-15 8.64e-16
1009 0.866 | 7.44e+0 091  8.61e-08 2.45e-16 4.14e-15 1.81e-15
7489 0.433 | 3.43e+0 1.12  6.07e-10 4.53e-16 5.10e-15 4.85e-15
57601 0.217 | 1.40e+0 1.29  1.27e-11 6.76e-16 1.45e-14 8.77e-15
451585 0.108 | 6.00e-01 1.22 1.04e-11 6.29¢-15 1.47e-14 2.48¢-11
3575809 0.051 | 2.97e-01 1.13  5.88e-11 4.20e-15 2.38e-15 2.95e-15

Table 7.1: Example 1. Total error, experimental rates of convergence, and £*-norm of the projected
residual of the momentum, potential, and ionic transport equations.

(6.1) (with polynomial degree k = 0), we solve problem (5.1) on a sequence of six succesively refined
regular meshes. The zero-mean pressure condition is enforced using a real Lagrange multiplier ap-
proach. At each refinement level we compute errors between approximate and smooth exact solutions
using the norms in (5.33) and Theorem 6.2 (but we split their contribution coming from the error
on each individual field variable). For this 3D accuracy test we consider the Banach spaces indexes
specified in (4.23)

r=3, s=3/2, p=6, o0=6/5.

The results of this convergence study are collected in Figure 7.1 (top panels), where we plot in log-
log scale the error decay as the number of degrees of freedom increases. Apart from the electric
field ¢ which converges with rate of approximately 1.5, all other variables exhibit an optimal rate of
convergence. In the bottom panel of the figure we show approximate solutions for some of the field
variables, which indicate well resolved profiles.

In addition, the balance-preserving property of the proposed mixed formulation is assessed by
computing the quantities
momentumy, := |PF(div(op) — (E1n — Eon) e Lon + F)|ee,
potential, := [Py (div(¢n) + (§1n — &2n) + e,
transport, , := ||73}’f(§i,h —div(oin) — fi)]ee.

These values, for each refinement level, are collected in Table 7.1. We tabulate the total error

e:=[(o,u) = (on, un)[uxq + [P —prloge + (0, X) = (Pn, xn) [xz0,

2
+ 2 1(00,&) = (@i &in)lmxq,
i=1

(as indicated by Theorem 6.2) as well as the rates of convergence computed as
r = log(e/8)[log(h/m)] ",

where e and e denote errors produced on two consecutive meshes associated with mesh sizes h and
/f;, respectively. From the last columns we see that the potential and transport balance equations
are satisfied to machine precision while the error for the momentum balance is higher. This may be
explained by the presence of the term ¢y, on the right-hand side (which has a H(div)-component).

Example 2. In addition, and in order to illustrate the implementation of fixed-point solvers, we have
realized numerically Picard versions of the linearization of (5.1). In case A we follow the fixed-point
structure used in the analysis of Section 5.1, that is, solving sequentially problems

(5.2) — (5.3) — (5.4),
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and iterating until the ¢2-norm of the vector containing the residual of the Picard iterates reaches
1078, Next, in case B we choose a different fixed-point splitting where we apply two modifications
with respect to case A. First, in (5.4) instead of the linear functional for the second discrete electrostatic
potential equation (discrete version of (3.21d)) we consider G(\s) := — {, fA, and the coupling term
appears as a bilinear form contribution (and no longer as part of the linear functional), say

300, (€L E2)) = L (€L — Ean).

Secondly, with regards to the constitutive equation in the ionized particle equations, we swap the
bilinearity in the flux definition (discrete version of (3.30f)) from &; j, to the pair (¢, uy), that is, we
consider

S, (Tin, (@n,un)) = L {qi Eie lon — K7LE uh} T

For both fixed-point cases we have taken as initial guess solution the zero vector. Moreover, we
consider a 2D problem with manufactured solutions defined on Q = (0, 1)?

Y ( cos(mz) sin(my)

T )s et et =) cos(n), 6 = exploa). €& = cosi(an)

and take the same model constants as before. In 2D, and according to (4.23) we now choose
71:47 8:4/37 P:47 924/3

We focus on the number of Picard iterations required in each case, displaying the obtained results in
Table 7.2. While we confirm that all methods give exactly the same errors (and consequently also
the same convergence rates, which are optimal in view of the theoretical bounds), from the number
of fixed-point iterations we readily note that case B performs much better than case A, for the two
polynomial degrees we tested k = 0, k = 1. This behaviour could be explained by the stability of
different linearizations of advective nonlinearities and by the strength of the coupling for this particular
choice of model parameters. We stress that the analysis of case B is, however, not at all straightforward
since the decoupled linear electrostatic potential problem resulting from the first modification is no
longer symmetric. For sake of reference we also tabulate total errors and number of nonlinear iterates
obtained with the method we use also in Examples 1 and 3: an exact Newton—-Raphson linearization
(labelled here as case C). Needless to say, the latter is actually the one that one would employ in
practical computations. Samples of the approximate solutions (only the mixed variables) computed
with the method in case A are portrayed in Figure 7.2.

Example 3. We conclude this section with an application problem where we demonstrate the use of
the mixed finite element scheme in simulating the transport process in an electrokinetic system with
an ion-selective interface, where the development of an electroosmotic instability is expected. The
problem configuration is adopted from [16, 17]. This system corresponds to a transient counterpart of
(2.8) in the absence of external forces and sources (f = 0, f = f; = 0), where the following additional
terms appear in the momentum and concentration equations (note also the different scaling of ¢ on
the right-hand side of the momentum balance, required to match the adimensionalization in [17])
1 ] 1 .
—gétu —div(o) = (& — &) 2227 —0&; + div(e;) = 0.

The time derivatives are discretized using backward Euler’s method. In the problem setup a boundary
layer is present in the vicinity of the solid boundary (the bottom edge of the rectangular domain), and
therefore we employ a graded mesh with a higher refinement close to the layer. For this problem we
select the second-order family of finite element subspaces (setting £ = 1 in Section 6.1), which gives
for the chosen mesh 865201 degrees of freedom.

38



case A case B case C
DoF h e r iter e r iter e r iter

k=20

221 0.500 | 6.64e+0 * 80 | 6.64e+0 * 9 6.64e+0 * 5

841 0.250 | 2.36e+0 1.49 83 | 2.36e+0 1.49 8 2.36e+0 1.49 4

3281 0.125 | 8.34e-01 1.50 72 | 8.34e-01 1.50 8 8.34e-01 1.50 4

12961 0.062 | 3.32¢e-01 1.33 70 | 3.32¢e-01 1.33 9 3.32¢-01 1.33 4

51521 0.031 | 1.51e-01 1.14 68 | 1.51e-01 1.14 9 1.51e-01 1.14 4
k=1

681 0.500 | 6.87e-01 * 68 | 6.87e-01 * 9 6.87¢e-01 * 4

2641 0.250 | 1.20e-01 2.51 68 | 1.20e-01 2.51 9 1.20e-01 2.51 3

10401 0.125 | 2.57e-02 2.23 68 | 2.57e-02 2.23 9 2.57e-02 2.23 4

41281 0.062 | 6.11e-03 2.08 68 | 6.11e-03 2.08 9 6.11e-03 2.08 4

164481 0.031 | 1.51e-03 2.01 77 | 1.50e-03 2.02 9 1.50e-03 2.02 4

Table 7.2: Example 2. Total error, experimental rates of convergence, and number of iterations
required for two types of fixed-point methods as well as for Newton—Raphson linearization.

llowl llsen | llos, ull llo,ul

2.80-02 1.4e+00 54002 008 1.0e01 2.4e-02 05 9.1e-01 33002 140400
‘mw | | — ' - ' -

Figure 7.2: Example 2. Samples of approximate mixed variables (stress magnitude, electric field
magnitude and arrows, and ionic fluxes) obtained with the fixed-point algorithm labelled case A, and
for k = 1.

The physical properties of the system are as follows. The cation species is Na® having diffusivity
k1 = 1 and the anion species is C1~ with the same diffusivity k3 = 1. The dynamic viscosity of the
mixture is g = 1. Initial conditions are given by u = 0, and a 2% random perturbation on a linearly
varying initial ionic concentrations & = ((2 — y), &2 = (x, where ( is a uniform random variable
between 0.98 and 1. On the top boundary we set & = & = 1, u = 0, and an applied voltage of
x = 120. On the bottom boundary we impose x = 0, & = 2, 2 - v = 0, and u = 0. On the
vertical walls we prescribe periodic boundary conditions. The other model parameters take the values
e =8-107%, Sc =102, and we use a timestep At = 107%. We plot snapshots of the anion concentration
§2,p in Figure 7.3 at times ¢t = 10~%,1073. We observe similar ionic patterns to those produced also in
[30, 32].
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