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Abstract

With the aim to continue developing a hybridizable discontinuous Galerkin (HDG) method for
problems arisen from photovoltaic cells modeling, in this manuscript we consider the time har-
monic Maxwell’s equations in an inhomogeneous bounded bi-periodic domain with quasi-periodic
conditions on part of the boundary. We propose an HDG scheme where quasi-periodic boundary
conditions are imposed on the numerical trace space. Under regularity assumptions and a proper
choice of the stabilization parameter, we prove that the approximations of the electric and magnetic
fields converge, in the L2-norm, to the exact solution with order h*t! and h¥*1/2, resp., where h
is the meshsize and k the polynomial degree of the discrete spaces. Although, numerical evidence
suggests optimal order of convergence for both variables. An a posteriori error estimator for an
energy norm is also proposed. We show that it is reliable and locally efficient under certain con-
ditions. Numerical examples are provided to illustrate the performance of the quasi-periodic HDG
method and the adaptive scheme based on the proposed error indicator.

1 Introduction

Photovoltaic cells have been intensively studied in nanoscience and nanotechnology researchs, due to
the possibility of obtaining electrical energy from the sunlight, which is consider as a green energy
choice. This renewable resource of energy can be used in place of fossil fuels, in order to achieve lower
harmful emissions into the atmosphere, a reduced carbon footprint and fewer air pollutants.

For some decades, the search of new sustainable sources of electrical energy has encouraged projects
whose main goals consist on improving the capability to collect sunlight of the photovoltaic cells with
periodic surface-relief gratings and increasing the electrical energy generation. In fact, one of the
strategies to increase the efficiency of light harvesting by solar cells, is the use of plasmonic structures
that enhance the intensity of the electromagnetic field [32]. The key idea is to texture the surface of
the metallic back-reflector of a thin-film solar cell by periodic corrugations of size proportional to the
wavelength. Under some conditions [32], this configuration produces an excitement of the electrons



placed on the surface of the metal, generating a wave that propagates through the surface called
surface plasmon polariton (SPP) wave. For instance, this occurs when the propagation constant pSPP
of a SPP wave and the propagation constant 3¢ of the incident wave satisty f°FF = 57¢ + 2nr, for
some n € Z in the transverse magnetic (TM) polarization, see Sections 2.1 and 2.2 of [32]. In the same
direction, multiple SPP waves can be generated by placing a periodic multi-layered isotropic dielectric
material on top of the metallic back-reflector [19]. Furthermore, structures involving different type of
materials have been considered in order to optimize the performance of the cells, see for example [46]
and references therein. In those cases, it is possible to maximize the spectrally averaged electron hole
pair density and the solar-spectrum-integrated power-flux density [4, 19, 37, [45]. This optimization
process is expensive from the computational point of view since the functionals to maximize depend
on the solution to Maxwell’s equations and also on geometric and optical parameters. This fact
motivates the development and analysis of new methods able to lower the computational costs. In this
regards, some authors have used numerical techniques in order to state and approximate the solution
of boundary value problems, in which the effect of unpolarized or polarized incident plane waves on
the surface of the cell and a wide range of geometrical and optical parameters in the frequency-domain
Maxwell’s equations, have been considered. Among them, we highlight the exact modal method [23],
the moment method (MoM) [33], the rigorous coupled-wave approach (RCWA) [37, [46], the finite-
difference time-domain (FDTD) method [27], the finite element method (FEM) [5] 26, [35] 36, 142, [46],
and hybridizable discontinuous Galerkin (HDG) methods [10, 111, 13, 14, 20, B9, 47]. We focus our
study in the latter.

Perhaps, from the numerical analysis point of view, three main challenges arise from the model:
the complex-valued electric permittivity, the quasi-periodic boundary condition and the outgoing
radiation condition above and below the solar cell structure. Most of the known studies assume a
positive electric permittivity and consider prescribed boundary data. Under that assumption, in [20]
an HDG method to study the three-dimensional time harmonic Maxwell’s equations coupled with the
impedance boundary condition was proposed, in the case of high wave numbers. The stability and
error estimates for the method were deduced by employing the constraint kh < 1. Based on the
reliable results showed in the above work and in [I4), 39], some authors considered complex-valued
permittivities [10, B35, [47] and not perfect conducting boundary conditions. More precisely, in [47] a
high-order HDG scheme for Maxwell’s equations augmented with the hydrodynamic model, for the
conduction-band electrons in noble metals, is stated. The radiation conditions can be handled by
boundary element methods [24], absorbing boundary conditions (ABCs) [38], Dirichlet-to-Neumann
(DtN) tecniques, based on Fourier expansions [I] and by the perfectly matched layer (PML) technique,
8, 15, 41].

Inspired in the application described above, in this work we consider a problem in which the time
harmonic Maxwell’s equations are defined in a bounded domain  C R? occupied by one period of a
bi-periodic structure, illuminated by an incident electromagnetic wave. Our heterogeneous domain €2
corresponds to the disjoint union between the region €24, occupied by an isotropic dielectric material
with positive real relative permittivity and a metallic region denoted €2,,, whose relative permittivity
is a complex-valued number with negative real part, see [I0]. On the top and bottom boundaries
of the unit cell, we consider Dirichlet type conditions and impose quasi-periodic conditions on the
vertical walls of 2. Quasi-periodic conditions can be added to the system of equations defined in
symmetric or asymmetric domains with periodic characteristics, see Sections 3.1 and 3.3 of [26] and
Section 2 of [48]. These kind of boundary conditions differ by a complex exponential factor or Bloch
phase, on the parallel walls of the domain. In order to carry out an a priori error analysis of our
3D problem subjected to Dirichlet and quasi-periodic conditions, we based on the analysis developed
in [I0]. Even though we are not considering exactly the original model since we impose boundary



condition at the top and bottom walls instead of dealing with the outgoing radiation condition, this
“simplified” problem posses several challenges that must be addressed first. Therefore, we consider
the analysis that we will present in this manuscript constitutes as a key stepping stone towards the
goal of studying the full model.

On the other hand, the change of material across the non-smooth metallic interface, might produce
singularities near the corners. Moreover, as previously discussed, the magnitude of electromagnetic
field is high near the metal surface due to the plasmonic effect. Therefore, in that region, the finite
element mesh must be fine enough to capture this phenomena accurately. This can be efficiently
achieved by an adaptive scheme able detect where to localize the mesh refinement based on an error
indicator.

In the case of an a posteriori error indicator for Maxwell’s equations, one the of the main challenges
are the non-coercivity of the bilinear form and the low regularity of the exact solution. Residual
based a posteriori error estimates for Maxwell’s equations in electromagnetic scattering problems
were introduced in [7, [34]. The author in [34] showed how an a posteriori error indicator can be
derived using an adjoint equation approach and also the fact that there is a limit on the maximum
diameter of the elements in a grid, imposed by the non-coercivity of the bilinear form. Later, [43]
proved the reliability of the residual error estimators on Lipschitz domains, which had been proposed
and analyzed in [7]. In [28], the authors derived an hp-type a posteriori error estimate for the time-
harmonic Maxwell’s equations and, in [31I], carried out an a posteriori error analysis for the time-
dependent Maxwell’s equations. For the steady state coercive Maxwell’s equations, the authors in
[13] provided a computable residual-based a posteriori error estimator, which is independent of the
regularity parameter of the solution and it is based on the error measured in terms of a mesh-dependent
energy norm. On the other hand, by using hierarchical basis, [6] proposed a hierarchical error estimator
for quasi-magnetostatic eddy current problem discretized by means of lowest order curl-conforming
finite elements on tetrahedral meshes. They provided a saturation assumption in order to guarantee
the reliability and efficiency of the estimator.

In this manuscript, we extend the residual-based a posteriori error estimator for the coercive
Maxwell’s equations, developed in [I3]. We will establish reliability and local efficiency of the error
estimator proposed for our HDG scheme, by using approximation properties of continuous functions,
Helmholtz decompositions, the Scott-Zhang interpolation operator and a standard localization tech-
nique, based on element and face bubble functions [2]. Moreover, in the context of discontinuous
Galerkin methods, it is crucial the use of a continuous approximation of a discontinuous piece- wise
polynomial function [29 B0], sometimes called Oswald interpolant inspired in the work by [40] for
piecewise linear approximations. This interpolant has been employed in the deduction of a posteriori
error estimator for HDG methods [3, [12] [16), 17]. In our case, we modify this operator in such a way
that it preserves quasi-periodic boundary conditions (see Appendix |A.2]).

The rest of this paper is organized as follows. In Section [2| we define the truncated domain and
introduce the boundary value problem. In Section [3 we propose an HDG method and prove it is
well posed. Then, we briefly describe the stability analysis and the error analysis for the method.
The residual-based a posteriori error estimator for our HDG method is developed and analyzed in the
fourth section. Finally, in Section [5| we show some numerical results by using uniform refined meshes
and adaptive refined meshes.



2 Problem statement

Through the manuscript we will use standard simplified terminology for Sobolev spaces and norms,
where vector-valued functions are bold-faced. In particular, if O is a domain in R3, ¥ is an open
or closed Lipschitz curve, and s € R, we set H*(O) := [H*(0)]3, H*(X) := [H*(X)]® and their
corresponding norms || - |50 for H*(O) and H*(O); and || - |5, for H*(X) and H*(X). In the case s =0,
we write L2(0), L2(0), L2(2) and L?(X) instead of H°(0), H°(0), HY(X) and H°(X), respectively;
and in the notation for their norms, the first subindex will not be included. For s > 0, we write |- |50
for the H®- and H*-seminorms. From ahead, Px(O) denotes the space of complex-valued polynomials
of degree less or equal than k > 0, P1(O) := [Px(O)]? and by (-,-)o and (-, )90, we denote the L2(0)
and L2(00) inner products, respectively.

In addition, we introduce the following spaces

0) :={w € L*(0) : V- (ew) € L*(0)},
(dlv 0) :={w e L}0): V- (ew) = 0},
Hy(div; O) := {w € H(div; O) : w - n|so = 0},
Hy(div; O) := {w € H(div; O) : w - n|y = 0},
H(curl; 0) := {w € L*(0) : V x w € L*(0)},
) :={w € H(curl; O) : w X n|pp = 0},
) :=={w € H(curl; O) : w x n|y = 0},

Ho
Hy

curl; O

(
(curl; O
where ¥ C 0O and n denotes the outward unit normal vector to dO. For a vector-valued function w
defined on a face F, we denote by w! := (n x w) x n and w" := (w - n)n its tangential and normal
components, respectively. It follows that w := w! + w” and w! x n = w x n.

Furthermore, to avoid proliferation of unimportant constants, the expression A < C'B, for some
C > 0 independent of the meshsize, will be replaced by A < B.

Now, let us characterize our simply connected domain € := (0, L) x (0, L) x (0, M), with L, M >0
with polyhedral connected boundary I' :=T; Uy UT'sUT'y UT'g UT'r. Here,

{(0,y,2) 1y € (0,L),2 € (0, M)},
{(#,0,2) :x € (0,L),2 € (0, M)},
{(z,9,0) : 2 € (0,L),y € (0,L)},

In applications arising from solar cell modeling, €2 corresponds to one period of a bi-periodic array,
where the unit cells are joined through quasi-periodic boundary conditions, which are imposed on
the vertical walls of 2, I'1-I's and I's-I'4. In this phenomenon, after the sunlight illuminates the top
boundary I'r, outgoing and evanescent waves are generated, below the bottom boundary I'y and
above I't, as well. In this work we assume that the data on I'g and I't are prescribed, but we consider
quasi-periodic boundary conditions on I';-I'y and I's-T'4.

{(L,y,2) 1y €(0,L),z € (0, M)},
{(z,L,z) :x € (0,L),z€ (0, M)},
{(z,y,M) 2 €(0,L),y € (0,L)}.

The domain  is divided in two subdomains. A dielectric region Qg with permittivity ¢; € R* and
a metallic region €, with electric permittivity €,, € C, satisfying Re(e,,) < 0 and Im(e,,) > 0, as it
was shown in Figure [I]

Given J € H(div%; Q) and g € (H(curl; Q) N H(divY; Q)), where ~; denotes the tangential trace



Figure 1: Example of a domain : a dielectric region g placed on top of a metallic backreflector
Q.

operator, we look for E and H such that

VXE=iwu H, in Q, (1a)
VxH=J—-iweekE, in Q, (1b)
Exn=g, on I'gpUTT, (1c)
E(L,y,z2) = “lE(0,y,2), ye€(0,L),z¢€(0,M), (1d)
E(z, L, 2) = ePFE(z,0,2), x € (0,L),z € (0, M), (1e)

where E denotes the electric field, H the magnetic field and J the current density, which satisfy an
implicit e~™! dependence of time at frequency w > 0. The other parameters are the permeability
of free space pg, the electric permittivity of free space €g, the electric permittivity e, the relative
permittivity epe, the free-space wavenumber x := w,/€ofig, the free-space wavelength Ao := 27/k
and the intrinsic impedance of the free space 19 := \/uo/eo. Furthermore, g = 47 x 1077 Hm™!,
€0 = 8.854 x 1072 Fm~!, n denotes the outward unit normal to I and the permittivity is defined as
€ = €y in Qp, and € = ¢4 in Q. According to the theory that appears in Section 1.3 of [35], the solutions
of exist and have the form of a plane wave. A plane wave is defined as an electromagnetic wave
whose polarization, A, satisfies the property A - («a, 3,7) = 0, for a := ksinfcos ¢, 5 := ksinfsin ¢
and v := rkcosf, with 0 € [0, 7] and ¢ € [0,27]. Based on the form of the solutions it is possible to
characterize the quasi-periodic boundary conditions, which in this problem were added by the equations

and (3).

Let us introduce in the change of variable u := e(l)/ QE, vi= m,ué/ ’H. By a Lagrange multiplier
p, we impose the incompressibility condition V - (¢€E) = 0, which can be deduced from the second
equation. For a more detailed description of , we refer to [35]. Then, we obtain the following
problem: Find u, v and p such that

v—-Vxu=0, in Q, (2a)

V xv—rklu+eVp=f, in €, (2b)
V- (eu) =0, in €, (2¢)

uxn=g, on I'gUTT, (2d)

u(L,y,z) =eTu(0,y,2), ye(0,L),ze(0,M), (2e)

u(z, L, z) =ePlu(z,0,2), ye(0,L),ze(0,M), (2f)

p=0, on I (2g)



where f := z'/~€,u(1)/2 J, g:= e(l)/Qg and € is the complex conjugate of €. In order to simplify notation, we
define I'g := ' UI't and PQP =TMulhul'sUTy.

Now, let us introduce the spaces
HOF (curl; Q) := {W € H(curl; Q) : w|p,= e “Lw |p,, w |p,= ePlw |1"3} ,
ngop(curl; Q) := {W e H¥® (curl; Q) : w x n, = 0},
Xqp = H%)(curl; Q) NH(div%; Q),
X&p = {W e H¥ (curl; Q) N H(div%; Q) : w x n = g} :

endowed with the H(curl; Q)-norm, ||wllgeuro) = ([Wl[g + |V x w||3)/2. With respect to the
existence and uniqueness of the solutions of , we have the following Lemma.

Lemma 2.1. If k%¢4 is not an eigenvalue of V x Vx in g, then has a unique solution (v,u,p) €
H(curl; Q) x Xgp x Hj(Q).

Proof. By tailoring the proofs showed in Section 5 of [9], we can guarantee the existence of a unique
solution, when g = 0, for the following variational formulation: Find (u,p) € Xqp X H{(Q) such that

(VxuVxw)g— /@2(eu,w)g = (f,w)q,

(eVp, Vo = (f, Vg)a, (3)

for all (w,q) € Xqp x H§(Q).

In the case g # 0, we have that if g € v (H(curl; Q) N H(div?; Q)) then, there exists a unique
¢ € H(curl; Q) N H(div?; Q), such that v (¢) = g. Moreover, by noting that u — ¢ € Xqp is a
solution of , we can conclude the uniqueness of u; from which the existence and uniquenes of the
solution of is deduced. O

3 The HDG method

Let us begin by setting a shape-regular simplicial tetrahedrization 75 of €2, such that each I% €T
is completely contained in 2, or 4. Then, 7, and 771‘1 will denote the sets of tetrahedra lying in
Q,, and Qg, respectively. Furthermore, we define 07, := {0K : K € T} and &, := & U &p, where &;
and &r denote the interior and boundary faces induced by 7T, respectively. Due to the definition of
I', we will denote by & and Eqp the set of faces lying on I'y and I'qp, respectively. We assume 7j,
does not have hanging nodes. Moreover, let us also suppose conformity between the discretization of
the periodic boundaries I'1-I'y and I's-T'y. More precisely, if F; = {(0,y,2)} is a face of I';, we assume

that Fy := {(L,y, 2)} is a face of I'y. Similarly for I's and I'y. In addition, we set || - ||7, = (-, )%2

1/2 .
and | - |lo7;, == (-, )4/, with

('7')Th = Z () ges (Ver = Z (-, Vox,

KeTy KeTy

where (-,-)p and (-,-)g denote standard L2-complex inner products over regions D C R3 and G C R?,
respectively.

For a vector-valued function w, we define the tangential jump across F' € & by [w]p := wt X
nt+w- xn . If F €&, we set [W]r := w xn. We will drop the subscript F', when there is no



confusion. Let us now explain the jump operator acting on a face of a quasi-periodic boundary. If
F C Ty, we define [w]qp := (e!*f'w x n) |p, +(w x n) |r,. In other words, if w is quasi-periodic on
Iy, then [w]qp = 0. Similarly, if F' C I's, we define [w]qp = (¢’*fw x n) |r, +(w x n) |r,. For a
scalar-valued function p, the jump across a face F € &y is denoted by [q] := ¢" — ¢~ , whereas for a
boundary face F' € &p, we write [¢] := gq.

Considering the above tetrahedrization of Q, we define the following approximation spaces

Qni={qel?Q):q|xk€PLK), Y K€ET},
My, := {0 € L*(&) : 0 |F € Pu(F), ¥V F € &},
Vi i={wecL*Q):w|xePyK),VKEeT,},
M = {pecL®(&):p|lrePr(F),(p-n)|r=0,Y F €&},
iBL

- t . _ ialL _ _
Mgp = {p eEMy, 1 p, =€p s P, =€TTP,, P, X D= PM;Lg}

where Py s L2-projections over M.

The HDG scheme associated to l) seeks the approximation (vp, up, pp, h,pn) € Vi, X Vi, X Qp X
M%P x My, of the exact solution (v, u, p,ul|g,,pls,), satisfying

(Vi W), — (0, V x W)y — (8, wxn) =0 (4a)

(v, V X 2) 1 + <\7§L,z X n>8Th — K2 (eup,z)r, — (pn, V- (€2))1, + (€2 n,Dn)yr, = (£,2)7,  (4b)
(6 up, V(]) <€ uh n, >8Th 0 (40)

, 0, 4d

(nx¥p), = (4d)

(a1, oo = O, (4e)

<ﬁha Q)F =0, (4f)

for all (w,z,q,p,0) € Vi x Vi, x Qp, X M%P X My, where the numerical fluzes v} and 6/1-17}1' defined
on JT are given by

n x v, :=n x v, +7(u}, - 4}), (4g)
e/u\};“n:: euy -0+ 7,(pnp — D). (4h)

The stabilization parameters 7 and 7, are complex-valued that satisfy Re(7) > 0, Im(7) < 0,
Re(7,,) > 0 and Im(7,,) > 0. These conditions ensure well-posedness of the scheme in agreement with
Section 3 of [10].

We notice that, since the test function p belongs to M%P, (4d) implies the quasi-periodicity of the
numerical flux v} . In fact, taking p # 0 on I'y UT; and p = 0 otherwise, we have that

<n x Vi, p>r1 + <n X \Affl,p>r2 =0,

for all p € Py (T'1), due to the fact that P, = emLp‘Fl. Now, if we denote by ¢ the bijective mapping
that transforms a face in I'y into its corresponding face in I'y, it holds

_ St St oL _ St St —ial
0= <n X Vh,p>rl + <(n X Vp)op,e p>rl = <n X Vi, + (n x V}) o pe ,p>rl,
for all p € Pi(I'1), from which,
0=(mxv, +(nxv)o cpe_mL)\pl =n xVh|p, +nx Ve w‘L]p2



Remark 3.1. We emphasize that G}, and V!, are “single-valued” on any face F € &, \ Eqp. Moreover,
or faces in Eqp, the numerical fluzes are also single-valued, but in a “quasi-periodic sense”, namely,

in Eqp, th cal lso single-valued, but i “ -periodi 7 [
[l ]qp = 0 and [V} ]qp = 0.

The authors in [I0] analyzed the well-posedness and provided the error estimates for an HDG
scheme similar to , but considered a prescribed boundary data g in the entire boundary I'. In our
case, quasi-periodic boundary conditions are imposed on the vertical walls. This quasi-periodicity is
imposed strongly on the space M%P for the numerical trace ﬁz and implies the quasi-periodicity of

the flux v}, as it was explained before. These facts make possible to cancel out the contribution of
the terms on I'y and I'y (I's and T'y), during the deduction of the stability estimates of the scheme.
Therefore, the same error analysis performed in [I0] holds for . Even more, the analysis in it implies
the following result for s € (0,1) and s <t chosen as in section 3.2 of the same reference.

Corollary 3.1. Let (v,u,p) € HuTY(T,) x HVFL(T,) x HetY(T,) and (v, up, pr, G5, Pr) € Vi X
Vi x Qp X Map x My, be the solutions of (@) and , respectively, for ly,ly,l, € [0,k]. If T and 7,
are purely imaginary, s € (0,1) and s < t, there hold
IV = Vil S RO <hlV!V\lv+1,Th + haf 1,7, + R |p\lp+1,Th)
lew = wn)li, Sh° (W Wl s,75 + B Wl 7 + R [pl41,7, )
when |T| and |1,| are of order one. If |T| is of order h™' and |7,| is of order h, then
||V o vh”ﬁ S hlv+min{1,t}|v‘lv+1’7_h + hlu+min{0,t—1}|u’lu+177_h + hlp+min{s+1,t} |p’lp+1,7’h
le(u—up) |7, S WV vy g 4 R ) g plet s )

In addition, if T and T, are not purely imaginary, then there exists hg > 0 such that for all h < hg,
the same result holds.

Remark 3.2. The numerical experiments reported in [10] show an experimental order of convergence
better than the one predicted by the theory. More precisely, for smooth solutions and stabilization
parameters with modulus proportional to one, the experimental rate of convergence is h*t1 for the
L2-error of the approzimations of w, v and p.

4 A posteriori error analysis

In this section assuming that |7| and |7,,| with modulus proportional to one, we propose ‘under some
circumstances’ a reliable and locally efficient error estimator for the energy-type error
Ep = |lv = vall7 + IV x (= w)ll7 + b7 (w), = ) lo7,
+h 272 (on = Pu)llom, + IV (0 = pu)ll7, + 0 = wall7;, + lp = pall7- (5)
According to Remark the order of convergence of Ej, is h* when the solution is sufficiently smooth.

We base our analysis on the techniques presented in [I3], but keeping in mind that, in our context 2
is occupied by a heterogeneous material because the relative permittivity is a complex-valued function.

Let us begin by defining the global error indicator:

2 2 2 2 2
n = Z N + Z NE1 + N2 T N3 | + Z NE 45
KeT, FCOK Fe&;



where ni, nr1, NF2, NF3 and NE4 correspond to the local a posteriori error indicators, specified as
follows.

For each K € Ty,

nica = hi||f —€Vpp + r2eup, — V x (V x up)|| (6a)
N = hi||V-f+ K%V -u, — V- (EVpn)|k, (6b)
and for F' C 0K,
nr1 = hp 2w, - ) x n|| g, (6c)
nra = hp 2|72 (o — Bl (6d)
nrs =2 (vi, — V x ) x 0| p. (6e)

Moreover, for each F € &;,

0P
on
In order to state the main result, we denote by IIy and Il the L2-projections over Vj, and Q, see
[18].

(61)

1/2
NE4 = hF/ ‘ .
F

Theorem 4.1. Let (v,u,p) € H(curl; Q) x X%P x H{(Q) and (i, an, pp, G5, Pr) € Vi x Vi, X Qp X
M%P x My, be the solutions of and , respectively. Then, there exist Cy,Co > 0 such that

B < Cin A Con < Ej + osce 4 oscy.f,

where oscg = Z osc(f, K), osc(f, K) := hi||f — IIyvf||x, oscy.g := Z osc(V - £, K) and osc(V -
KeTh KeTn
£fK):=hg|V-f-g(V-f)|k.

In the forthcoming sections we will derive a sequence of results that will lead to the proof of Theorem
We will employ approximation properties for discontinuous functions and bubble functions.

4.1 Reliability

One of the main tools, usually employed in the context of DG methods is the conforming approximation
of a piecewise polynomial function. In this direction, we obtained the following lemmas by using
Proposition 4.5 of [25] and Theorem 2.2 of [29].

Lemma 4.1. Let w € V}, and g be the tangential trace of a function in V§ := V, N H(curl; Q).
Then, there exists w° € V§ with w® x n|r, = g, such that

lw =Wl S B2 Iwllleng + 1B (w x 0 =€), (7a)

IV x (w = w) |7, S [ 2 [w]llgg, + 172 (W x 0 — g)lle,. (7b)

Moreover, there exists wRF € Vi with tangential trace g on I'g and quasi-periodic conditions on I'qp,
such that

lw = w7, < 82w, + IR 2 [Wlqplleqe + [IhY/2(wW x 0 —&)|&, (7c)
IV x (w = w7 < 1k 2 [wllle, + 1P [wlqpllege + 72 (W xn = @)l (7d)



In addition, let ¢ € Qp,. There exists ¢° € Q5 = Q, NH{(Q), such that

IV(a = a7 S 1k Lallle; S I1h7%(a = 0)llo., (7e)

for any singled-valued function o defined over &, such that o|r = 0.

The estimates and were proven in Proposition 4.5 of [25], whereas the proof of can
be found in Theorem 2.2 of [29]. The results in (7d)—(7d) are consequence of and its proof will
be postponed to the appendix (Appendix (A.2)).

In addition, we will employ the Scott-Zhang interpolant Ilsz : H}(Q) — Q,NH(2), where H}(Q) :=
{¢p € HY(Q) : ¢|yp = 0} with ¥ C I'. Note that if ¢ € H{(Q) then Ilgz¢ € QS. In the literature, it is
known that it satisfies the following approximation properties (cf. [44]).

Lemma 4.2. Let K € T, and F € &,. For any ¢ € H)(Q2), there hold

|¢ —Hsz0|x S hilo

16 — Tszéll e < hi 1w

where wg == U{K' € T, : K' N K # 0} and wp :== UW{K' € T, : K' N F # 0}.

1,wg

Now, we are in position to prove an upper bound for the L? and broken H!- error on the pressure.
As we will see, this bound depends on some of the terms of the error estimator and also on the L2-error
of the electric field. For the sake of simplicity in the exposition, from now on we assume that g is the
tangential trace of a function in V§. Otherwise, oscillatory terms related to g would appear.

Lemma 4.3. For (v,u,p) € H(curl; Q) x X&p x HY(Y) and (v, up, pr, U, 0n) € Vi x Vi, x Qp X
M%P x My, the solutions of and , respectively, there hold

lp = pall7, S IV @ = pa)llz, + 72 (on = Bn)llo.» (8a)
IV =)l S D nxa2+ Y e+ Klle(a— w7, + B2 (on — Pu) o7 (8b)
KeT, Fe&r

Proof. By the discrete Poincaré inequality ([18], Corollary 5.4) and the fact that py is single-valued
and vanishes at the boundary, we have that

lp = pall7 S IV =Pz, + 12 [oallle, + 12 paller
SIV® = a7 + 127 [on = Ballle, + 1R (pn = Bn)ller
SIVE =)l + IR (on = 5w o

from which follows. Now, in order to bound ||V (p — pp)||7;,, we employ the result in Lemma
More precisely, for p, € Qp, there exists pj, € Qf, such that

IV (on = i) 75, S 1872 (on = i) llos. 9)

On the other hand, by substituting f (cf. (2b)) in we obtain the next error equation

t_ V’;L,z X )T, — /{2(e(u —up),2)7;,

+ (€V(p —pn),2)7, + (€2 -n,py, — DPn)o7;, =0 Vz € V. (10)

(v = ViV X 2)7; + (v
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Let ¢ := p — p, € H{(Q), by taking z := VIIgz¢ in (10)), it follows that

—r?(e(u — wy), Vlsz)7,+(€V (p — pn), Vlsze)7, + (€VIlsz¢ - 1, py — Pr)ar, = 0,
since V x Vllsz¢ = 0 and (v! — v}, VIIgz¢ x n)g7, = 0. Then, if we rewrite (V(p — pp),eVe)7, by
using the above expression and the Green’s identity of H(div,; Ty,), we obtain that
(V(p—pn), V)7, =(V(p — pn), V(¢ — Ilszd)) 7, + (V(p — pn), VIlszd)7,
(V(p ph), €V (¢ — lgz0)) 7, + £°(e(u — wy), VIIsze)7, — (€VIlszé - m, pn — Pr)or;
= (V- (eV(p —pn)); ¢ — Uszd)7, + €V (P — pn) -, ¢ — Ilszd)ar,
— K*(V - (e(u—up)), Msz9) 7, + £*(e(u —up) - 0, Usz@) o7, — (VIlsze - 0, €(pn — Pr))oT; -
Moreover, by equation , we deduce that

(V(p = pn), V)7, =(V - £+ £°V - (eup) = V - (€Vpn), Mgz — ),
+ (&V(p—pn) -1, ¢ —Tszg)ar, — (V- e(u—w), 9)7,
+ 12 (e(u —wp) - 0, Tgz¢ — @)ar, + K7 (e(u —up) -1, @)a7;, — (Vlsze - 0, €(pn — Pn))or,
=(V-£+ £’V - (euy) = V- (€Vpn), Tsz¢ — ¢) 7,
+ (€V(p — pp) - m, ¢ — Lgzd)or, + £°(e(u — wp), Vo)1,
+ 2 e(u—up) -0, Tgz0 — @Yoy, — (Vllszé - n — VIIQ¢ - n,€(pp — Pr))oT, »

™M

(11)
where H% is the L2-projection over Po(7).

Now, let us bound each terms of the right hand side of . We apply the Cauchy-Schwarz
inequality, the approximation properties in Lemma[4.2] inverse inequality and the continuity of €Vp-n,
which is derived from the second equation of and the fact that £ € H(div’; Q). More precisely, for
the first term, it holds

(V- £+ w2V - (eup) = V- (€Vpn), Hsz¢ — @)1, S WV - £+ w2V - (eun) = V- (€Vpy)l|7; 1 6lh,7,
and for the second term,
(EV(p —pn) 1,6 —sz)om, S h'2[EV (0 = pr) - nllor, |67, < |18 2[€Vpn - nlle,lI6]1,7-
Similarly, we derive the following bounds for the third, fourth and fifth terms
K (e(u = up), Vo)1, < K7lle(u — un) |7 16 ]l1.7,

K e(u—wp) - n,Tlsz¢ — @)ar, S &2lle(u—wn)| 7 16]h7,
((Vlgze — VIIQ) - n,e(ph — Pr))or, S D II€(pn — Pu)llox [|(VIsz¢ — VIIQ9) - nlax

KeTy

<N e — ) loxchi /2| Vs — VI o®llx
KeTy,
<SS h P e(n — Bu) lox Tz — TS0
KeTy

S 122 o = ) o7, 16 ]11,7.-
By replacing all the above bounds in , noticing that

IV = pi)lIF < (Ve —pr), eVO) T, + (Von — p5). VYT,
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and using Poincaré inequality, we deduce that
IV = i)l S RV - £+ w2V - (eun) = V- (@Vp3)ll7 + |2 [eVpn - n]le,
+ K|e(u —wp) |7, + B2 (on = Pu)llo + IV (1 — P7) 175,

Finally, writing V(p — pn) = V(p — p},) + V(p§ — pn), using triangle inequality, @[} and the last
expression, we obtain . ]

In the next result, it is presented an upper bound for the L2-error of the electric field that depends
on the L2-error of an approximation of its curl and the penalty terms. The former will be bounded
later, by a computable quantity.

Lemma 4.4. Let (v,u,p) € H(curl; Q) x Xgp x Hy(Q) and (vi, up, pp, 0}, Pr) € Vi X Vi X Qp X
M%P x My, be the solutions of and , respectively. There holds

P ~ ~
le(w—wn) 7 S IV x (@ = w27 + 227 (on — B)llom, + B2 (an — ) x nlo7, (12)
where ugp is given by Lemma forup € V.

Proof. First of all, thanks to Lemma for uy € Vy, there exists ugp € Vi with ugp Xn|r,=g
such that

P
lwn =l S P2 Lundlle; + 18" [unlaplleqe + 15" (un x n = g)]|e,

Even more, the facts that [4}] = 0 on &, [u}]qr = 0 on 'qp (cf. Remark and U}, x n |r,= g,
imply that

p ~ ~ ~
lun — w7, S 1B Tun — &1l + B2 [un — Ghlaplleqe + 1217 (un — &) x 1],
therefore, since € is a bounded function, we have that
P ~
leCan = w2l <172, —6}) x nlla;. (13)
and, by the triangle inequality

P ~
le(u = wn)ll7 < e —wd™)ll7 + [0 (u, = 6) x o7 - (14)

Now, let us see the deduction of a bound for the term |le(u— u?P)HTh. For this purpose, we will use
a Helmholtz decomposition, which will be demonstrated in the Appendix m For u — ugp € L2(Q)
there exist ¢ € HE®" (Q) and u, € Hr,, (div’; ), such that

u—u = Vi +u, (15)
and |u — u;(?PH?Z = | V9|3 + |lusll? (see Proposition |A.1). Moreover, according with [2I, Theo-
rem 8.4], since €2 is simply connected and us € Hr, (div"; Q) there exists a unique z € Hr, (div®; Q) N

Hrqp (curl; Q) such that V x z = us and it satisfies

HZHH(CUI'I;Q) ,S HuSHQ (16)
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In the next part of the proof, we bound ||us||q and ||V ||q. First, we note that (u— ugp) xn |p,= 0,

since u € Xap and g is the tangential trace of u,(?P. By considering the orthogonal decomposition
and integrating by parts, we note that

husllf = (us,u =t = Vi)o = (V x Z,u —uil)a — (us, Voo
=@V x (u—u)ao+ (u—u") xn,z)r + (V- ug, g — (s n,9)r = (7, V x (u—u"))g
where the first boundary term vanishes due to the fact that u—u}(;QP € Hr,(curl; ), z € Hry, (curl; Q)

and the other terms because us € Hr, (div®; Q) and +|p, = 0. Therefore, by the Cauchy-Schwarz
inequality and , it holds

P
lusl? < lJusllol|V x (u—ul®) o,
thus
[usllo S IV % (u—ul)| 7. (17)

Now, in order to bound ||V |q, we also employ the aforementioned orthogonal decomposition and
the addition and subtraction of uy, as follows

Vol = (0= up” = u;, Ve)o = (w—up”, Vo = (¢ e(u — wy +up — wi"), Vo),
in order to conclude that,
IVl < I(e(a = n), V)7, | + |(e(un — "), Vi) 7, . (18)
Then, taking into account and , we deduce the following error equation
—(e(u—up), V)7, + {(eu — eu}) - n,q)oy;, =0
from which, after applying the Green’s identity of H(div; 7y,), it is obtained that
(V- e(u—up),q)7, + ((eu, — eu}) - n,q)a7, =0 Vg € Qp (19)

Now, if we integrate by parts in the first term of , add and subtract (V - e(u — uy), sz)) 7,
integrate by parts (V-e(u—uy,), Tlsz1) T, , use the fact that u € H(div?; Q) and choose ¢ = Tlsz1) € Qy,

in , we can get that
(e(u—up), V)7, = =(V-e(u—w),¥)7, + (e(u—wp) - n,9)o7,

=(V-e(u—uy),Ogzt) — )7, — (V- e(u—up), sz)) 1, + (e(u—up) -0, ¢)o7,

=(V - (eup), ¥ — sz2) 7, + (e(u — wp) - 1, ¥ — Tszh)or\ (gqpugo) + (€0 — euf) -1, Hszih) ey,
where in the last step we have made use of the fact that ((eu — e/u\;f) 0, Isz9)a7,\6qp = 0, due to

Iz € H%O(Q), the continuity of the normal trace of eu and the fact that 6/117,;‘ is a single-valued
function. We also used the fact that Ilgzy) — 1 = 0 on Eqp U &. By the Cauchy-Schwarz inequality,
the the definition of [-Jqp and the approximation properties of the Scott-Zhang projector in Lemma
[4:2] it follows that

[(e(a—up), V)7, | <|(V - (eun), ¢ — Uszy))7;,| + [{e(u — up) - n, ¢ — Hsz90) o7;,\ (eqpuso) |
+{(eu — eu}) - n, szt — )egp| + [{(eu — eull) - 0, ¥)egp |
<V - (eun) |7, ¥ — Tszebll75, + lle(u — up) - nl| a7 egpuey) 1 — szt o,

+ [eu — ) anpqup I[¥laplle,, (20)

S (BV - (eun) 7, + B2 e(a = wp) - mlloz sqpuen ) [¥l10
S (BIV - (n)ll, + B2 [[fe(a = wn) -, ) [0,
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where we have made use of the fact that [¢)[qp = 0 because ¢ € H%{?P(Q) Taking into account that
eu € H(div; ), e/u\g is single-valued and , we have

e = wn) - 0], = [(ewn — up) - n]lle, = > |[(cwn — eup) - m]||
Feg&y

= > lmlon =2 r < l7a(on — D)o
Fe&;

(21)

Recalling that V- (eu) = 0, taking ¢ := V - (euy,) in (19)), by using the Cauchy-Schwarz inequality, the
discrete trace inequality and , there holds
IV (eun)|F; = {(ewn — ) - 0, V- (ewn))or, < |[(ewn — eup) - nllar, |V - (eur) o,
< |l(eap, — eup) - nlloz, b2V - (ewn) |7, < 2 |mn(pn — Pi)llom IV - (ewn)l,
thus
IV - (eun)ll75, S 0" 2|l7a(pn — Bn) o, (22)

Therefore, by using the Cauchy-Schwarz inequality in , from , , and , it follows
that

IV lla S 027 (on = Ba)llom, + B> (s, — 6},) x nla7, - (23)
Finally, follows by combining , , and . O

In the following lemma, let us proceed to obtain a computable upper bound for the L2-error of the
curl of the electric field and its quasi-periodic approximation.

Lemma 4.5. Let (v,u,p) € H(curl; Q) x XGp x Hy(Q) and (vp, up, pp, 0, pr) € Vi X Vi x Qp %
M%P x My, be the solutions of and , respectively. Then,

P — ~ — — ~
IV x (= w7, S Ih~2(an = 6)) < nlloz, + 27 > nrea + (@, - uf)llor,
KeT,

+hE ST N mps 4 B2 a(on — Pu)lom, + 1P lpn — Pullom, (24)
KeT, FEOK

where ugp is given by Lemma foruy, € Vi, and ¢ € (0,1) such that the continuous embedding
Hr,p. (div?; Q) N Hr, (curl; ) — HY(Q) (25)
holds.

Proof. Let ugp € V§ be the quasi-periodic approximation of uj; with u}?P x n |p,= g provided in
Lemma Let us consider the Helmholtz decomposition of u — ugp € L%(Q) (Appendix :

u— ugP =V + v, (26)

with Hu—ung% = [|[Vp||?+]|vs||?, where ¢ € H%’(?P(Q) and v € Hrg, (div?; Q). In addition, since (u—
u,?P) xn = 0onIyand Vo xn|p, = curl|r,¢ = 0, we conclude that vy € Hr,(curl; Q). Thus, for v, €
Hp,. (divY; ) N Hp, (curl; ) there exists £ € (0,1) such that vy € HY(Q) and [|vs|le.o S [[Vslmeurto):
thanks the continuous embedding Hr,, (div?; Q) N Hr, (curl; Q) < HY(Q) (see Remark 8.7 in [21]).
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Then, adding and subtracting uy, it follows that
IV x (w=u)I7; = (V x (w=wd"),V x (Vo + o)),
= (Vx (u—1up),V X ve)7 + (V x (uy —u¥),V x vo)7.

For the second term, according to (7d)), we have that

(V % (up=wd"), V x vi) 7, < |V x (= w") |7,V % vl
S (||h—1/2[[uhﬂug, R O C S R [ G g>||go) IV xvilln  (@7)
SR (ay, = ) < nllor; IV % vl 7,
where in the last step, we have used the facts that [u}] = 0 on &7, [} ]qp = 0 on Egp (Remark
and ﬁz xn =g on ['g. Thus, since Vxvs =V x (u— ugp) and apply the Young inequality, as follows
IV x (a = w")[5;, S (V x (w=wn), V x V)7, + |7/ (w, — ) x 03, (28)

Now, if we use the L%-projector over Po(7y), II{, (see [35]), in the first term of (28)), apply the Green’s
identity of H(curl; 73), use and (2b), it follows that
(V x (u—u),V xvy)7, = (Vx (u—1uy),V x (vs — OYvs)) 7
= (V X V X (u — uh), HVVS)Th <(V X (u — llh))t, (VS — H%Vs) X n)aTh
= (f —eVp + kPeu— V x V x up, vy — Iy ve) 7 — (v =V x wp)’, (v — I V) X n)or .
(29)

Now, by taking z := II{,v in and applying the Green’s identity of H(div; 7y) to the fourth term
of the obtained equation, we have

b ‘Afz, H%Vs X 1n)o7, — /ﬁz(e(u —up), H%vs)Th

—(p—pn, V- (lIyvy)) 75, + (el vs - 1, p — Pr)or,»

0=(v—vp,VxI{vy)r + (v

from which,

0= (v! =¥}, II{vs x n)o7, — k*(e(u—up), I v) 7, + (ellyvs -1, p — B)o., (30)

thanks to the fact that € is a piecewise constant. Then, by using , let us rewrite the second term
on the right hand side of , thus

(v =V xup), (vs — Iy vs) X 0o,
(v',vs x n)o7, — (VLTI vs x nYo7, — ((V x up), (vs — I Vs) X n)ar,
=(v',vs x n)o7;, — (V},, Iy Vs X m)ar;, — K% (e(u — up), I}y vs) 75

+ (ellyvs -1, — Pr)a7, — (V x wp)t, (vs — I vs) x n)or;, .

Let us note that the first term on the right hand side vanishes, since v; € Hr,(curl; ), u, ugp and

¢ satisfies quasi-periodic conditions. In fact, by using the definitions of v (cf. (24)) and v, (cf. (26)),

15



we have that

(vl vs x n)ar, =(v!, v x n)s7\r + (v, vs x n)p, + (v, vy x n)rop

=(v', vs x m)rqp = ((V x u)’, v, x n)rop

( (u—u) X m)rg, = {(V x w), Vo x n)ry,

(V> w), (u—w®) x m)r,or, + (V< w), (w—u®) < m)roor,
(u—u?") x ), — [ F((V x w)f, (u—u”) x)r,
)

+((V xw)!, (u—u2") x n)r, — [ePH(V x u)t, (u—up?) x n)p, = 0.
In addition, if we add 0 = (v}, v, x n)s7, in the second term, it is obtained that

(v=V xu)', (vs = TIRyvs) x a7, = —(V}, (I vs — Vi) X n)aT,
— w2 (e(u = up), T ve) 7, + (lyvs -1, p — Pr)ar, — (V x wp)f, (v — TIyvs) X 1ot -

Then, after replacing the above expression in , add 0 = (ev, - n,p — pr)a7;, and by adding and
subtracting x2eu;, and €Vpy, in the first term, we can form the residual associated to (2b)), as follows

(Vx (u—up),V x V)7, = (f —eVpp + rk2ewy, — V x V x up, vs — Iy ve) 7, — K2 (e(u—up), vs)T,
— (v}, = (V xup)’, (vs — H%VS) X)o7, + (€(Vs — HOVVS) ‘0, p—pr)or, —(V(p—pn), e(vs — H%VS))TM

using Green’s identity and recalling that (v —II{,v;) is divergence free on each element, it is obtained
that

(Vx (u—up),V xvy)7, = (f=eVpp + w2eup, + V x V x up, vy — YV, — w2 (e(u — up), ve)T,
— (¥}, = (V xw)', (v = TIRyvy) X m)ar;, + (e(vs — TI{yvs) - 1, pp — Dr)or,

Now, if we use to rewrite v, in the second term, adding and subtracting v}, in the third term and
taking account the numerical flux (4hl), it holds

(V x (u—1up),V xvy)7, =(f —eVpy + r2ewy, — V x V x up, vs — OYve) 7, — k2(e(u—up), u — u,?P)Th

+ &2 (e(u—up), V)7, + (e(vs — I Vi) - 1, pp — Pa)or,,
+ <7’(ﬁ§1 - u};), Vs — H(\)/VS>877L + <V1itz —(V x uh)t’ (vs — HQIVS) X n>8Th‘

Since —k2(e(u —uy),u— u}(‘?P)Th = — k2|2 (u - uh)HQTh — K2 (e(u—up),uy — u?P)Th, from the above

equality we obtain that

2|2 (u — w7 4+ (V x (w=uy),V x vy)7, = (F—eVpy, + k’eup, — V x V x up, vy — IIjv4) 7,

= &2 (e(u — ),y — wd") 7+ R (e(u = up), V)7, + (e(vs — TIVS) -1, pi — P,

+(T(T), —u}), vs — I ve)ar, + (Vi — (V x up)f, (v — I}y vs) x n)ar,.
(31)

In what follows, we bound each term on the right hand side of , by applying the Cauchy-Schwarz

inequality, the definitions of the error indicators , , the relation , the approximation
properties of H% and the inverse inequality, we have
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* (f—eVpy + /{2€uh -V xVXxuy,vs — H%vs)n < Z h;{anJHvs — H%VSHK

KeT,

S S R kg Bk lVsllex
KeTh

<h Yvsllea Y mka,

KeTh

(7 (@, —up), vs — IR vs)or, S0 Ivslleo I7(@ — ub)lor,

* <V§L —(V x uh)t, (vs — H%vs) Xn)gr, =0 x (v, =V xu),vs — H%v5>a7-h

< > nx (v = V x ) [lox|Ivs — Ty vllax

KeTy,
—1/2
< 3 Inx (v = V x wp)lore i *vs — vk
KeTy,
< 0—1/2
<SS AP Ivillex Y Inx (v =V x wy)||p
KeTy, FeoK
0—1/2 —1/2
< > | hx Plvsllex > e nes
KeTy, FeoK
Sh M vsllea Do > nes
KeT, FEOK

P P
x (e(u—wy),u, —ul") 7 < Jle(u— w7, — w7

S B2 le(u — wy) |7 [l (up — G}) x nl|o7,,,

* (e(Iyvs -n = v -n),pp = Br)or, S 2 Vsllea llpn — Bullors.

* (e(u—wp), Vo), < le(u—upn)ll7 Vel
S lle(a = wn)llz, (B2 (1malpn = B lom, + 12> (w, = @) < nllo7, ),
Where in the last inequality, we have used for ¢ in place of ¢. Using Young’s inequality in the

above equations and replacing in , we get

2
R2Jle(u —up) |7, + (V x (w—up), V x vi)7, $ 6%le(u— )7, + (h“ > 77K,1>
KEeT,

2
+(he_1||7(ﬁ2uZ)\Ian)2+<he_1 MDY ”F*”’) + (W raton =l

KeTy, FEOK

2 2
+ (IR (an = 65) x mllor, )"+ (B 2lpn = Ballors )+ IvsllZa-
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According with the continuous embedding, we rewrite v by using and , we have
P P
Vsl o S Ivalld + 1V x valld = [u— ud” = Vol 3, + |V x (u—u")[3
P P
SVl + lu— w5 + |V x (u—u)|
< (p1/2 ~ 2 1/2 ~t 2
S (W72)lm(n = Bu)llom, )+ (IBY2(un = &}) x nllo7; )
2 P2 P\12
+ et —wn) 15, + lle(un — a7 + [V x (w— )3
R 2 ~ 2 P
S (W72)lm(n = Bu)llom, )+ (12 = &) x mlloz )" + le(a = )|, + [V x (w = a3,

thus

2
le(a —n) |7, + (V x (0 —up), V x vio)7; S 6 le(u—up)l|F; + (h“ > nm)
KEeT,

2
+(h“1||7(ﬁZ—UZ)|aﬁ,,>2+(hé_l > X nF"’) + (2t~ o)

KeT, FEOK
~ 2 _ - 2 P
+ (1072, = ) < nllor, )"+ (B2 pn = Bullom,) + IV % (w— a3

Finally, replacing in , we conclude

2
P . . - - N 2
IV x (w= w3, S |72 (w, — ) x nl3y + (hf DY mm) + (Y, = af)llo)
KeTy

2
2

KeT, FEOK
2 2 A
+ (102 (an = 65) x mllor )" + (h2llpn = Ballor, )+ 62 e(u — wn) |7,

Then, choosing $ small enough and using the fact that 0 < h < 1, is deduced from the last
inequality. O

Lemma 4.6. Let (v,u,p) € H(curl; Q) x X(%P x H§(Q) and (v, up,pn, G4, Pr) € Vi, x Vi, x Qp x
M(%P x My, be the solutions of and , respectively. There holds

IV > wp = Va7 S B2 (a), = GF) x |- (32)
Proof. By testing with w, apply the Green’s identity and subtracting , we obtain the next

error equation

t

(v—vp,w)— (u—u,Vxw)p — (u —U),wxn)sr, =0 Yw e Vy,

apply the Green’s identity to the second term and using again , it follows

t ~t
— &), w x n)a7, =0

(v —=vp,w)7, — (VX (u—up),w)7, + (u—up)’, w x n)s7, — (u
(V xup — vy, w)7;, — <(u§l — ﬁfl) xn,w)ar, = 0.

Afterwards, by defining w := V x up, — vy, applying the Cauchy-Schwarz inequality and the inverse
inequality ([I8], Lemma 1.46), we obtain (32). O
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Finally, gathering together all the previous results, we deduce the following upper bound for the
error in terms of the error estimator and the index ¢ appearing in the continuous embedding .

Corollary 4.1. Let (v,u,p) € H(curl;Q) x X(%P x HY(Q2) and (Vi up, pr, UL, Pn) € Vi X Vi X Qp X
Map X My, be the solutions of and , respectively. If the stabilization parameters satisfy |T| and
|Tn| to be proportional to one, then

Ep SR+ e + RV 0 + 8 + g

where the terms on the right hand side have the following form ny := > ket K1, N2 = D keT, NK2)
00 =Y keT, Yrcox MFL T8 = Y keT, Yorcorx MF2: 13 = Y ke, Yorcox M3 andng ==Y peer NF4-

The above estimates imply that error estimator is reliable, i.e., Ejy < n when £ = 1. This happens,
for instance, when I"' = T'y (see for instance Section 3.4 [22]). In our setting I' is the union of tow
disjoint sets I'gp and Iy, therefore it is not possible to guarantee £ = 1 in (25)). However, the numerical
experiments in Section [5] suggest that the estimator is still reliable even in this case.

4.2 Local efficiency

In this section we want to study whether or not our a posteriori error estimator shows local efficiency,
based on the techniques devised by Verfiirth, applying some properties of the bubble functions. Given
an element K, a bubble function is defined as Bg := (d + 1)‘1Jrl Hf;rll Ai, where )\; is a linear nodal
function in the ¢ vertex of K. Hence, supp(Bk) C K, Bx =0 on 0K and Bk € [0, 1]. If the function
is builded on a face F, then Bp := d*[[%, \;, for i vertex of F. In this case, supp(Br) C {K € Tj, :
F C 0K}, Br =0 on 0K \ F and Bp € [0,1]. Now, let us introduce the properties of the bubble
functions, which were proved in [2], Theorems 2.2 and 2.4.

Lemma 4.7. For given K € Ty, FF C 0K, ¢ € P(K) and ¢ € P(F), it holds
_ 1/2
CM 1% < I1B 613 < Clol%,
CY % < 1B I3 < Cllll3,
Cllvll% < IBY L)% < Cllel%,
where L : C(F) — C(K), L(p) € P(K) and L(p)|r = ¢, for all p € P(F).

In the following Lemma we will employ the properties stated in Lemma [£.7], in order to study the
efficiency of our estimator.

Lemma 4.8. For all K € Ty, it holds

i S ose(f, K) + [Ip = pullx + k*hicle(u — up) | + |V x (0~ up) |, (33a)
iz S 0se(V - £, K) + [ V(p = pn)ll + £2[le(a — up) | . (33b)

Proof. If we define Ry, := f — €Vpy, + k?eu, — V x V x uy, the proof follows the same steps as the
proof of Lemma 6.4 in [13]. O

Lemma 4.9. For oll K € Ty, and F € 0K, there holds

nr3 S v =V xup|| k.
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Proof. The bound is deduced by the definition of 73 and the discrete trace inequality. O
Lemma 4.10. For all F € &5, there holds

nra S ose(V - £,wp) + ose(f,wr) + w2 le(u = up) lop + £ hup |70 (Ph = Di)llowp + V(2 = pa)llup
where wp :=U{K € T, : KNF # 0}.

Proof. Let F € &, for a given w € H{(wr), we consider the product between [{ 88 ﬂ and w. Then,

after applying integration by parts and using the divergence of , we obtain that
0
(| w) =0 8- 1G9 -ty + (Ma(V -4 2 () = 7 @), ey
F
— KAV - (eup), w)wp + V(0 — pr), Vo),

from which, using the Lemma the properties of the extension operator £, choosing w := BpL ( [[e Ipn ) ,
applying Cauchy-Schwarz inequality and inverse inequality it follows that

I

F

S(IV £ =TV - £y + [TQ(V - £ + K2V - (ws) = V - (€Vpn)) o

1 _0
RIS illar + 12150 - m)llr) B ([522])

on
2]
on |||l

wp
where, by using the Lemma [£.7] again, we get

[pec([5n))

< hl?

WF

Thus, from

0
2[5 | S elV £ = Q¥ Elly 4 V8429 ) = 9 - @)
+ 12 B2 on — B lowr + RS Y€V (0 = o)l
Hence, we conclude the proof from definitions of ng4, 7K 2 and from (33b). O

Proof of Theorem [{.1 Tt follows from Corollary [4.I] Lemma [.§ and Lemma [£.10]

5 Numerical results

The numerical experiments were carry out by adapting the routines that we used for the implemen-
tation of the proposed HDG method in [I0]. In our examples, we consider a unit cube Q := [0, 1]?
divided in two regions €y and £2,,, which are discretized by a sequence of quasi-uniform tetrahe-
dral meshes. Fach element of the meshes satisfies that its interior belongs to either 24 or Q,,
Based on [19], we choose the wavelength \g := 4.5 (450 nm) and recall that x := 27/, that is,
k = 1.3963. Moreover, we use the following values for the relative electric permittivities, ¢; := 2.7124
and €, := —5.8828 + ¢0.6650, which corresponds to the silicon oxynitride and evaporated silver,
respectively.
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The stabilization parameters are set to be 7 = —i, 7, = ¢ in all the experiments and therefore, a
rate of convergence of order A**1 in the L2 norm is expected for smooth solutions.

For an unknown w € {v,u,p} the experimental order of convergence is defined as

[w = wh, [lo/ 1w = wh, [|o

r(w)=-3 Ny /NS ,

(34)

where Nj and Ny are the number of elements of two consecutive meshes of sizes hy and ha (h1 > hs),
respectively. In the same way we define the experimental order of convergence r(FEj) for the global
error Ej, (cf. (B))). In addition, we recall the global contribution of each of the local error indicators
specified in @, as follows

1/2 1/2 1/2
me={ > mki| = > k| =Y Y k] .
KeT;, KeTy, KeT, FEOK
1/2 1/2 1/2
o o o
my={ D> Y. mke| o, m= D, D mks| L ndl= D] mra| -
KeT, FeEOK KeT, FedK Fe&r

Their respective experimental order of convergence are defined as in (34)), where now the error estimator
takes the place of the error.

5.1 Uniform refinement

Example 5.1. The domain Q) is divided in Qg := [0,1]x[0,1]x[0,1/2] and 2, := [0, 1] x[0, 1]x[1/2, 1].
We consider the exact solution u(zx,y, z) := (0,us(x,y, 2),0)T, where

( ) = exp (—iky/€q (z — 0.5)) 4+ exp (ir\/eq (2 — 0.5)) , if z > 0.5,
v, E) exp (—ik\/€m (2 — 0.5)) + exp (ik/€m (2 — 0.5)) , if z < 0.5,

assume that p(z,y,z) := 0 and calculate the values of f and g, taking into account the exact solution.
We impose quasi-periodic boundary conditions on the vertical walls.

k Nelts | |[v—viln [lu—wplly, p—pulls [r(v) r(w) r()| En  r(E)

1 48 8.99e-01 3.72e-01  2.23e-02 - - - ||7.53e4+00 -
384 2.88e-01 1.08e-01  6.42e-03 |/ 1.64 1.79 1.79(4.66e+00 0.69
3072 || 7.84e-02 2.83e-02  1.71e-03 ||1.88 1.93 1.91(|2.51e+00 0.89
24576 || 2.02e-02 7.15e-03  4.46e-04 ||1.96 1.98 1.94|1.29e4+00 0.96

2 48 1.77e-01 6.50e-02  5.12e-03 - - - ||1.55e4+00 -
384 2.49e-02 9.04e-03  5.51e-04 ||2.83 2.84 3.22| 4.31e-01 1.8
3072 || 3.21e-03 1.14e-03  6.97¢-05 |/2.96 2.99 2.98| 1.11e-01 1.95

3 48 1.28e-02 6.15e-03  4.96e-04 - - - || 1.42e-01 -
384 1.01e-03 4.56e-04  3.06e-05 [/ 3.67 3.75 4.02| 2.15e-02 2.72
3072 | 6.74e-05 3.03e-05  2.02e-06 ||3.90 3.91 3.92| 2.87e-03 2.90

Table 1: Rate of convergence and errors of Example with 7 = —¢ and 7, = ¢. Error estimator and

its rate of convergence.
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k Nelts| nf 15 g ng  |rm?) r(8) r(ng) r(nd)
1 48 [2.43¢4+00 2.62e-01 1.4le+01 1.23e+00] - - - -
384 |/1.43¢4+00 1.61e-01 7.78¢+00 6.55¢-01 || 0.76 0.70 0.86 0.91
3072 || 7.58¢-01 8.70e-02 4.00e+00 3.15e-01 | 0.92 0.89 0.96 1.06
24576/ 3.86e-01 4.50e-02 2.01e+00 1.52¢-01 || 0.97 0.95 0.99 1.05

2 48 || 4.72e-01 5.21e-02 3.76e+00 6.65e-01 - - - -
384 || 1.33e-01 1.39e-02 1.02e+00 1.89e-01 || 1.83 1.90 1.88 1.81
3072 || 3.43e-02 3.70e-03 2.54e-01 5.23e-02 || 1.96 1.91 2.01 1.85

3 48 || 4.49e-02 6.04e-03 6.49e-01 1.65e-01 - - -

384 || 6.89e-03 8.83e-04 9.60e-02 2.70e-02 || 2.70 2.77 2.76 2.61
3072 || 9.13e-04 1.19e-04 1.26e-02 3.75e-03 || 2.91 2.89 2.93 2.85

Table 2: Rate of convergence and errors of the boundary terms of the error estimator of Example
with 7 = —¢ and 7, = .

k Nelts| m ne |r(m) rt2)||  n r(n) || eff.
1 48 ||7.37e+00 9.87e-02 - - 1.62e+01 - [[2.14
384 |/3.76e+00 2.53e-02| 0.97 1.96 [|8.79e4+00 0.88|/1.89
3072 {|1.89e4+00 6.68e-03| 1.00 1.92 [|4.50e4+00 0.97(/1.79
24576 (] 9.43e-01 1.70e-03 | 1.00 1.97 ||2.26e+00 0.991.76

2 48 |[3.08¢+00 8.23¢-01]] - - [4.99e+00 - [3.22
384 || 8.55¢-01 2.63¢-01| 1.85 1.64 | 1.38e+00 1.86]3.20
3072 || 2.17e-01 7.26e-02| 1.98 1.86 || 3.48¢-01 1.99[3.12

3 48 | 8.24e01 3.07e01]] - - |[L.1let00 - [7.81
384 || 1.19e-01 5.55e-02| 2.79 2.47 || 1.65e-01 2.74|7.68
3072 || 1.56e-02 7.72¢-03|( 2.94 2.85 || 2.18¢-02 2.92|7.58

Table 3: Rate of convergence and errors of the volumetric terms of the error estimator of Example
with 7 = —i and 7,, = i. Effectivity index associated to the error estimator.

Example 5.2. We continue with the same setting as in Example[5.1], but considering the quasi-periodic
solution

ug(z,y, 2) == exp (—i ka2 + Kyy — k2(2 — 1)]),

with iy := Ksin 6 cos ¢, Ky = Kksinfsin g, k, := (k? — k2 —/13)1/2, 0 :=7/3 and ¢ :== w. The boundary
conditions on the vertical walls are of quasi-periodic type.

In the history of convergence displayed in Tables [1| and [4] it is observed a rate of convergence of
k + 1 for the both unknowns, u and v, which is better than the predicted results in the Corollary
Moreover, we include the error of the a posteriori error estimator and its associated rate of
convergence, which tends to the expected order k.

The error indicators and their rates of convergence appear in Tables and [6] As we pointed
out before, in this case the continuous embedding holds true for ¢ € (0, 1), therefore Corollary
cannot guarantee reliability of the estimator. However, the effectivity index, eff := n/E}, reported
included in Tables [3] and [6] remains bounded for each polynomial degree.
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k Nelts|| v — vally, [u—wlly Ip—pals [r(v) r(w) r()||  BEn  r(Ep)

1 48 | 1.37e-01 237e-01 7.38¢-02 [ - - - [[8.09e+00 -
384 || 4.06e-02  1.02e-01  3.49e-02 ||1.76 1.22 1.08(/6.00e+00 0.43
3072 | 8.00e-03  2.98¢-02  7.42¢-03 ||2.34 1.77 2.23|[3.32¢+00 0.85
24576|| 1.46e-03  8.26e-03  1.31e-03 ||2.46 1.85 2.50|/1.69e+00 0.97

2 48 3.28e-02 8.69e-02 9.18e-02 - - - ||5.08e+00 -
384 8.52e-03 3.19e-02 1.76e-02 | 1.95 1.45 2.38|/2.34e+00 1.12
3072 || 1.05e-03 4.13e-03 2.35e-03 |[3.02 2.95 291} 6.38¢-01 1.87

3 48 2.89¢-02 7.58e-02 4.86e-02 - - - ||3.57e+00 -

384 2.18e-03 6.73e-03  3.88e-03 ||3.73 3.49 3.65| 6.52¢-01 2.45
3072 || 1.42e-04 4.84e-04  2.66e-04 [ 3.94 3.80 3.87| 9.02e-02 2.85

Table 4: Rate of convergence and errors of Example with 7 = —¢ and 7, = ¢. Error estimator and
its rate of convergence.

k Nelts| nf 79 g ng  |r@) r(n8) rnf) rxg)
1 48 [/6.39¢-01 8.73¢-01 1.90e+00 5.17e+00] - - -
384 [3.236-01 8.58¢-01 1.01e+00 7.76e+00| 0.98 0.03 0.92 -0.59
3072 [ 1.44e-01 5.23¢-01 3.95¢-01 4.97e+00| 1.17 0.71 1.35 0.64
24576 || 5.61e-02 2.84e-01 1.74e-01 2.74e+00] 1.36 0.88 1.18 0.86

2 48 |1.94e-01 5.55e-01 1.35e+00 8.83e400| - - - -
384 [18.99e-02 2.88e-01 7.08e-01 4.59¢+400| 1.11 0.95 0.93 0.94
3072 ||2.52e-02 8.00e-02 2.22e-01 1.22e400| 1.83 1.85 1.68 1.91

3 48 |[1.73e-01 3.51e-01 2.13e+00 7.16e4-00

384 |2.60e-02 6.73e-02 3.39e-01 1.73e+00| 2.73 2.38 2.65 2.05
3072 || 3.64e-03 9.56e-03 4.86e-02 2.50e-01 || 2.84 2.81 2.80 2.79

Table 5: Rate of convergence and errors of the boundary terms, that appear in the error estimator of
Example [5.2] with 7 = —¢ and 7,, = 1.

5.2 Adaptive refinement

The adaptive refinement can be carried out following the next steps:

e Solve the variational problem in a coarse mesh.
« Estimate g, for each K € Ty,.
« Mark each K € 7T, such that Nz > 0maxger, Nk, for 0 € [0,1].

o Refine the coarse mesh and repeat the algorithm until the established stopping criterion allows
it. In this step, we use the free library TetGen integrated with MATLAB, see https://wias-
berlin.de/software/tetgen/.

In the adaptive procedure, the a posteriori error indicators help to identify the elements of a mesh
where the errors are bigger than others. Once those parts are found, the algorithm refine them to
generate a new refined mesh, as we will illustrate in the following example.
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k Nelts H m 72 Hr(m) r(n2) H n r(n) H eff.
1 48 9.57e-01 8.48e+00 - - 1.02e4+01 - |[|1.26
384 || 4.09¢-01 5.76e+00( 1.23 0.56 ||9.77e+00 0.07|/1.63
3072 || 1.58e-01 2.88¢+001 1.37 1.00 ||5.78e+00 0.76 | 1.74
24576 7.05e-02 1.44e+001 1.17 1.00 ||3.11e4+00 0.89| 1.84

2 48 |[1.21e+00 8.81e+00| - - ||1.26e4+01 - |2.48
384 || 6.19e-01 3.10e+00 0.97 1.51 ||5.63e+00 1.16|/2.41
3072 || 2.63e-01 8.29e-01 || 1.24 1.90 ||1.52e+00 1.89|/2.38

3 48 |2.79e+00 7.57e+00| - - [|1.10e4+01 - | 3.08

384 || 5.19e-01 1.38e+00( 2.43 2.46 ||2.30e+00 2.26 || 3.53
3072 || 7.38e-02 1.99e-01 || 2.81 2.79 || 3.32e-01 2.79| 3.68

Table 6: Rate of convergence and errors of the volumetric terms of the error estimator of Example
with 7 = —i and 7, = ¢. Effectivity index of the error estimator.
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Figure 2: Total error Ej versus number of elements N (logarithmic scale) of the approximation of
Example Uniform and adaptive refinements.

Example 5.3. (L-shaped domain) With the aim to illustrate the adaptive performance of our HDG
scheme, we include an experiment in a L-shaped domain ) := [—1,1] x [—1,1] x [0, 1]\ ([0, 1] x [-1,0] x
[0,1]) occupied by a material with relative permittivity € :== 1. As in Section 5 of [T]|], let us consider
as as \" n (206
the exact solution p(z,y,z) := 0 and u(x,y,z) = (8’ 8,0) , where S(r,0) := 3 sin (g) is
z’ y

given in terms of cylindrical coordinates (r,0) and n is a given number. Moreover, as in the above
examples, the source term and boundary data were derived from the exact solution. The stabilization
parameters satisfies |T| = |m,| = 1 and we choose n such that %” =t.

The adaptive refinement of our domain was carried out for £ = 1 and we began with a coarse
mesh of 18 elements, in which were marked the tetrahedra K that satisfy the adaptive criterion
ng > 0 maxgeT, N, for 6 = 0.1, in order to refine them.

Figure [2] depicts the obtained errors versus the number of the elements, when the meshes are
uniformly refined and by using adaptive criterion.
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Figure 3: Approximation of the electric field intensity |up| and corresponding adaptive refined mesh
of Example 5.3| with k = 1 and N = 41226.

6 Concluding Remarks

In this contribution, we extend our a priori error analysis of the HDG method for Maxwell’s equations
in heterogeneous media with Dirichlet boundary condition, to a problem with quasi-periodic boundary
conditions on the vertical boundaries of the physical domain. Although, for the real problem it is still
necessary to considered transmission conditions on the top and bottom of the cell, the obtained
theoretical and numerical results allow us to classify our method as suitable for carrying out the
numerical approximation of the solution for this type of boundary value problems.

With the aim to strengthen our stability estimates, we develop an a posteriori error analysis for
the HDG scheme. Based on the confiability and efficiency proofs of the proposed a posteriori error
estimator, we decide to corroborate the theoretical results by means of some numerical experiments.
In them, we use uniformly refined meshes and depict the history of convergence in some tables.

The performance of the adaptive case was showed for the HDG method proposed for the problem
with Dirichlet boundary condition [10]. The behavior of the error can be observed in a graph (Figure
2)), in which it is compared with the obtained error in the case of uniform refinement.

We expect to carry out the adaptive case, for an HDG method proposed for the problem with
quasi-periodic and transmission conditions, by employing periodic meshes.

A Appendix

A.1 Helmholtz decomposition

In this appendix we will extend the Helmholtz decomposition given in [21, section 6], for spaces with
quasi-periodic conditions. Let us remark that the boundary I' = € is split in two subsets I'g and
I'qp where Ty and f‘Qp are compact Lipschitz submanifold of I and €2 is simply connected. Let 3 x 3
matrix value function w satisfying the following symmetry, boundedness and ellipticity conditions

3
wij =wj € L2(Q) 4,5 =1,2,3, Z w;ii&i&; > w,||€]]? ae. in Q V&€ RS
ij=1
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Proposition A.1. It holds
L*(Q) = VHE"(Q) & Hrg, (divD; Q)

and the subspaces of the right-hand are closed and w-orthogonal in L?(Q), where
QP e i
HE () = {9 € HE(Q) ¢ ¢ [ry= €59 o, ¢ I, = €759 |, }

Proof. The proof follows similar lines to those in [2I, Proposition 6.1] taking into account that
HI{OQP(Q) is a closed subspace of H!(€2). O

A.2 Proof of Lemma 4.1

In this part we present a sketch of the proof of —, which is included in Lemma by tailoring
the arguments employed in the deduction of the properties stated in Proposition 4.5 of [25].

To begin, we recall the definitions of the moments for Nédélec’s elements ([35], Definition 5.30), in
a tetrahedron K:

M(w) = {

1
Mp(w) := {area(F)/F(w-q)dA: for allquk_g(F)/\q-nzo}, for any face F' of K,

/(w -te)qds: forall q € Pk_l(e)} , for any edge e of K

e

Mg (w) := {/K(W-q)dV: for allquk3<K)},

where t. denotes the unit vector in the direction of the edge e. For a given K € Ty, let {cij b {gij b

{cpjk’b} the Lagrange basis functions of Py (K) with respect to the moments for Nédélec’s elements.
Then, there exists w® € V§ that satisfies and can be decomposed as

wilg = ZaKeSOKeJr > ZO‘KF‘PKFJFZO‘KWKIJ:

eGEh FeSh(K)J 1

where £, (K) and &, (K) denote the set of edges and faces of K, respectively. Here, N, Nr and N,
are the number of basis functions associated to the edges, faces and interior of K, respectively; and
O o» O and ag are the coefficients that are uniquely determined.

Based on w¢, we build a function in V§ that also satisfies quasi-periodic conditions. To that end,
we just modify the degrees of freedom associated to the edges and faces that belong to I's and I'y.
More precisely, let Lr;(K) and &, (K) denote the set of edges and faces of K, lying on T';, j =1,2,3
and 4, respectively. We also write Lqop(K) := U;*:l[,pj (K) and &Eqp(K) = U;*:lé’pj(K). Let us now
recall that we are assuming conformity between the discretizations of the periodic boundaries I'1-I"o
and I'3-I'y. Therefore, for an edge ey (face Fy) belonging to I'y, there is an edge e; (face F}) belonging
to 'y “aligned” to ey (face Fy). Similarly for the periodic boundary I's — I'y. On each K such that
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K NTgp =0, we set we = w® and, for K such that K NT'qp # 0, we set

Ny, N Np
QP . J J J J J
W =) DR P T > > Ok e Pre T > > K. FPKF
j=1 e€ Ly, (K)\(Lr, (K)ULp, (K)) j=1 Fe&n(K)\(Er, (K)Uér, (K)) j=1
Np, Nry
+ > ZﬁKFQGDKFQ + ) ZBKFMK&
Fyeér, (K) j= Fselr,(K) j=1
Ne, Ne,
J J J J
+ Y D BkePret D D BrePken
e2€Lr, (K) j=1 es€Lr, (K) j=1
where,
j . ial J . ial J . _iBL J . LiBL
/BK,FQ =€ aK’ F1o 51{,62 =€ aK’ €1’ /BK,F4 =€ O‘K/ By PKe, =€ O‘K/ €3 (35)

and K’ is the “neighbor” of K across I'qp.

We notice that wlF € Vi since all the degrees of freedom associated to interior edges and faces
have remained unchanged. Moreover, the continuity of the Lagrange basis function and the relation
, between the coefficients, imply that w®F is quasi-periodic. Hence,

Np, Nr,
p . . , . , .
(W —w) [k = Z Z(ajl(,Fz - BfK,Fg)‘PfK,FQ + Z Z(Offr(,& N 5%71’4)90%(71’4
Fyeér, (K) j=1 Fyeér, (K) j=1
Ney ) ) . Ne, . . .
—'l— Z Z(O‘]K,& - ﬁJK7e2)<)0'][(762 + Z Z(ajl(,€4 - BJK,&;)SOJK,&;
ea€Llr, (K) j=1 es€Lr, (K)j=1
and by using , we obtain
Np, Nry
P2 L 2
/K’WC—WQ | 5hK< > Z —eage p )P+ D0 D (o —erage )
F2€5F2( ) j= F4€5r4(K).7 1
N62 Ne4
, oL i A —_—
T S » B S DD » ﬂK>)
e2€Lr, (K) j=1 es€Lr, (K)j=1

Then, taking into account the above estimate and the fact that for a function w, the tangential trace
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on a face F' is uniquely determined by the degrees of freedom Mp(w) and M.(w), we have that

/\WC—WQPthK( 3 /|n x (we— w2y Y /yn X (WC — waP)J2
K

Fy€ér, (K) Fyeér, (K)

+ /ﬂr o W S / o e wQP)P)

GQEEF (K es€Lr, (K)

f,hK( Z InT x w4+ (n~ x " “Pwe)| i, |2
Freér, (K) L

D A e
(K

Fy€ér,

+ > It xwe (T x e W),
e2€Lr, (K) 2

+ Z Int x w+ (n~ x eiﬁLwc)KQeSF)
es€Lr, (K) ca

:hK< Z /[[WC]]QP+ Z /[[WCHQP

FQESF F4€5F

¢ X [t 3 | e )

e2€Lr, ( es€Lr, (K)

Therefore, we deduce that
Iwe = w7, < B2 [wTqpllrge = 2 [Wlqpllrge-

The last equality since v;(w) = v(w®) on I'qp.

Finally, follows by adding and subtracting w € Vj, in |[w® — w®F| 1. | applying the triangle
inequality together with the above expression and (7a)). The estimate is obtained using the inverse
inequality |V x (w — wO) |7, < h7tw — w7 and (7d).
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