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Abstract

In this paper we introduce and analyze a model of sedimentation based on a solid velocity formu-
lation. A particular feature of the governing equations is given by the fact that the velocity field
is non-divergence free. We introduce extra variables such as the pseudostress tensor relating the
velocity gradient with the pressure, thus leading to a mixed variational formulation consisting of
two systems of equations coupled through their source terms. A result of existence and uniqueness
of solutions is shown by means of a fixed-point strategy and the help of the Babuska-Brezzi theory
and Banach theorem. Additionally, we employ suitable finite dimensional subspaces to approxi-
mate both systems of equations via associated mixed finite element methods. The well-posedness
of the resulting coupled scheme is also treated via a fixed-point approach, and hence the discrete
version of the existence and uniqueness result is derived analogously to the continuous case. The
above is then combined with a finite volume method for the transport equation. Finally, several
numerical results illustrating the performance of the proposed model and the full numerical scheme,
and confirming the theoretical rates of convergence, are presented.
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1 Introduction

The phenomenon of sedimentation of suspended solid particles immersed in a fluid under the influence
of gravity is present in a wide range of engineering applications. This physical process is used in several
industries such as food, biomedical, brewing, paper manufacturing, petroleum, oil, mineral processing
and wastewater treatment industry. Most of the models of sedimentation are derived from the theory
of continuum mechanics and involve coupled systems of partial differential equations (PDEs). Such
models are typically obtained from the equations of conservation of mass and momentum for the solid
and fluid phase. If the viscous, gravity and solid-fluid interaction forces of both phases are taken
into account, the number of unknowns becomes considerable, where constitutive assumptions and a
reduction of the model equations and variables are desired. With the help of dimensional analysis many
models are reduced to a scalar transport-flow equation for the local concentration of solid particles
coupled with a Stokes-type system for the velocity-pressure pair.
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Inspired by the work done by Gustavsson and Opelstrup [45], we study a model for multidimen-
sional sedimentation based on the solid phase velocity field w, pressure p and volume fraction of the
solid particles ¢. The model equations, obtained by combining the ideas of [45] and [23], are es-
sentially a variant of the model presented in [45], where the velocity field has the peculiarity of not
being divergence-free. The system is strongly coupled containing nonlinear terms, and therefore the
construction of numerical schemes for its approximation are involved and need an special treatment.
For an introduction to the theory of sedimentation based on the postulates of continuum mechanics
for mixtures of two superimposed continuous media we refer to [24, 35, 62]. One-dimensional PDE
models of sedimentation have been studied widely in the literature, from the development of numer-
ical approximations for batch and continuous settling to the study of steady state solutions, see e.g.
[18, 19, 20, 31, 32, 33, 36, 41]. The special case of quasi-one-dimensional models where the influence
of the domain geometry is reflected in coefficient terms of a one-dimensional conservation law have
been studied in [8, 15, 16, 17, 25].

Several mathematical models and numerical approximations of multidimensional sedimentation
have been reported in the literature. Biirger, Concha and Wendland [23] presented a complete deriva-
tion of a multidimensional model of sedimentation starting from the conservation equations (mass and
momentum) for the solid and fluid phases. After a dimensional analysis the model is reduced to a
Stokes type system coupled to a strongly degenerate convection-diffusion equation, consisting of three
unknowns and whose velocity field is the so called “volume average velocity of the mixture” denoted
by g. Borhan and Acrivos [14] introduce a two-dimensional model for the batch sedimentation in
inclined channels, with a single momentum equation for the mixture which varies in its definition de-
pending on the fluid-suspension interfase. In [49], the authors provide a detailed discussion about the
viscouss stress-tensors of the solid phase and mixture based in the rheological complexity of colloidal
suspensions. They also show numerical simulations of their approach in cilindrical coordinates for
the case of a “deep-cone” thickener. Rao et. al. [54] presented a two-phase model based on the so
called “mass-average velocity” (denoted by wv) for the simulation of batch sedimentation and shear
between concentric rotating cylinders. The velocity field, does not satisfy the condition of divergence
free, and the continuity equation is no longer solenoidal since the density varies with the local volume
fraction. The batch model derived by Gustavsson and Oppelstrup in [45] is based on the solid phase
velocity field w and contemplates the possibility of a horizontal movement of the bottom of the vessel
by having Dirichlet boundary conditions on u. One of the main features of this model that differs
from typical g-based ones (see [23, 22]) is that like the model in [54], the divergence of the velocity
field is non-zero but varies with the pressure and local volume fraction. A finite differences scheme is
introduced in [45] to simulate the model equations.

A variety of advanced numerical schemes have been used to compute numerical approximations
for multidimensional models of sedimentation [21, 22, 46, 52, 54, 61]. In [46], the authors develop a
finite element numerical scheme for a g-based model coupled with the “k-e¢ equations” for turbulent
flows. They also treat the time approximations with a fractional-step scheme in order to have second
order accuracy and preserve physical oscillations. Biirger et. al. [21], introduced a multiresultion
finite volume scheme for the two-dimensional batch-sedimentation model given in [23], and presented
numerical examples of the process in channels with inclined walls. In [22], the authors worked on
an advanced numerical method combining a stabilized finite element scheme with finite volumes in
staggered grids for the continuous sedimentation of the model [23]. Numerical simulations of the
continuous sedimentation applied to wastewater treatment plants are also included. Another paper
dedicated to the approximation of such models using a combined finite element-finite volume schemes
can be found in [52]. In [61], a CFD approach for a v-based model coupled to k-¢ equations is
considered. On the other hand, and regarding the coupled flow and transport problem driven by a
scalar non-linear reaction-diffusion equation interacting with the Stokes or Brinkman equations, which
models the transport of species within a viscous flow, we stress that diverse combinations of primal



and mixed finite element methods have been developed in recent years for its numerical solution (see,
e.g., 3,4, 5,6, 11, 12, 27]). Mathematical modeling based on CFD simulations of two-dimensional
sedimentation can be found in [26, 29, 37, 47, 48]. Experiments of sedimentation in vessels with
inclined walls can be found in [56, 59], and studies on the Boycott effect produced in these vessels
were reported in [57, 58]. Sedimentation models coupled to a energy balance and a temperature
equation are studiend in [53, 55]. Applications of sedimentation models can be found in mineral
processing [30, 34, 38, 39|, wastewater treatment [1, 40, 61], petroleum industry [50, 51|, magma
chambers [13, 60] and oil-in-water emulsions [28].

According to the previous discussion, the first purpose of the paper is to analyze the existence
and uniqueness of weak solutions for the decoupled velocity-pressure system. Secondly, we seek to
propose reliable finite element methods for its numerical solution, and finally we aim to approximate
the transport equation by a conservative finite volume scheme. The paper is organized as follows. The
rest of this section collects some useful notations to be employed along the paper. Then, in Section 2 we
derive the model equations. Next, in Section 3 we introduce some auxiliary unknowns to derive a mixed
variational formulation for the aforementioned system, and employ a fixed-point strategy along with
the Babuska-Brezzi theory and Banach theorem to address its solvability. In Section 4, we consider
suitable finite dimensional subspaces to define the associated mixed finite element scheme, and adopt
the discrete analogue of the analysis from Section 3 to prove its well-posedness. A priori error estimates
and corresponding rates of convergence are also provided here. Then, in Section 5 we propose a finite
volume discretization for the transport equation and couple the resulting procedure with the velocity-
pressure mixed finite element formulation from Section 4. Finally, illustrative numerical results are
shown in Section 6 and concluding remarks are presented in Section 7.

1.1 Further notations

In this section we recall some standard notation used in the rest of the paper. For any vector field
w = (W;)i=1,4 in R? we let Vw and div(w) be the gradient and divergence of w, respectively. In
addition, for any tensor T = (7;;); j=1,4 we let div(7) be the divergence operator div acting along the
rows of 7, and 7! is the transposed matrix of 7. Besides, the trace of 7, the sum of the elements on
the main diagonal, is denoted by tr(7) and its deviator is defined by 7¢ := 7 — 1tr(7)I, where I is the
identity matrix of order d. Note that the deviator is defined such that tr(79) = 0. The inner product
between the two matrix functions 7, n is given by 7:m = tr(n'7), and it follows from the definition
that 79:n = 74:nd = 7:nd. We consider domains Q c R? for d € {2, 3} with polyhedral boundary
I' := 00 and outward unit normal vector m. In terms of notation, for any generic scalar functional
space M, we denote its vectorial extension by M and its matrix counterpart by M. Furthermore, we
employ the standard notation for the space of square-integrable measurable scalar functions L?((2),
along with its norm ||||o., and the Sobolev spaces H¥() for an integer k. We also introduce the
spaces:

H(div; Q) := {w € L%(Q): div(w) e L2(Q)}7
H(div; Q) == {r € L*(Q): div(r) e L*()},

with their norms ||-||qiv:0 and ||-||aiv:q, respectively. The norm ||-||, with no subscripts, shall be used
for any element or operator when it does not cause confusion about the space to which it refers.

2 The model problem

In this section we present a concise derivation of a model of sedimentation based on the solid phase
velocity field. Starting from the equations of conservation of mass and momentum of each phase, the



derivation of the model equations is mainly based on the ideas of [45] combined with some of the
constitutive assumptions made in [23].

We begin by assuming that the sedimentation process occurs on a fixed domain Q c R? for
d € {2,3}, away from sources. Let the volume fraction of solid particles ¢ := ¢(x,t) be a function
of the position & €  and time ¢t € (0,T], where T' € R* is the end time. The function ¢ is a scalar
quantity that takes values between zero and ¢pnax, the maximum volume fraction. The equations for
the conservation of mass of both phases, solid and fluid, are given by

O + div(ou) = 0, (2.1)
(1 — @) +div((1 — ¢)ug) = 0,

where u := u(x,t) and us := wus(x,t), both vector quantities, are the solid and fluid velocity fields,
respectively. For the conservation of momentum of each phase we consider the gravity, viscous and
interaction forces, and pressure gradients. Then, neglecting the material derivatives of each phase, the
momentum equations are determined by

—div(Ty) + Vps = —psgok + m, (2.3)
—div(T}) + Vpr = —prg (1 — ¢) k — m,

where pg := ps(x,t) and pr := pe(x,t) are the pressures of the solid and fluid phase, respectively,
T, and T} are the solid and fluid viscous stress tensors, respectively, g is the acceleration of gravity
and k := (0,1)" is the upward unit vector. The term m present in both equations is the solid-fluid
interaction force per unit volume, to be defined later. Adding the momentum equations (2.3) and
(2.4) we get the momentum equation of the mixture:

_diV(Tmix) + V(pf +ps) = _gp(¢)k> (2'5)

where Thix := Ty + Tt is the viscous stress tensor of the mixture and p := p(¢) = psd + pr(1 — @).
Now, in order to reduce the number of unknowns we define the excess pore pressure p, the hidrostatic
pressure pp and the effective solid stress function o, := 0¢(¢), which is a given function that satisfies

=0 e <.,
7e(9) {z 0, if de < & < Brnans

where ¢, € (0, pmax] is the critical concentration, see [23]. Having these new variables, the pressures
of both phases are then given by

ps=¢P+pn) +0oe. and pr=(1—¢)(p+pn)

Moreover, computing the gradient Vp, = —prgk, we have
Vpr = (1= ¢)Vp— (p+pn)Ve — prg(1 — @)k and (2.6)
V(ps + pr) = Vp + Voe — prgk. (2.7)

The solid-fluid interaction force m after neglecting the material derivative of its dynamic part is
modeled by a function depending on the relative velocity v, := u — us¢, ¢, p and py,, that is

m = m(¢, Ve, v,,p,pn) = —D(J;vr + (p+pn)V, (2.8)

where D := D(¢) is the Darcy function, which depends on the drag related to the permeability
of the material. The solid-fluid interaction force (2.8) is the result of combining both approaches



[45] (dynamic part) and [23] (hydrostatic part). Now, to obtain a constitutive relation for the relative
velocity vy, we follow the same idea as in [45]. Replacing m and (2.6) into equation (2.4) and neglecting
the tensor Tt (see [45] for further details), one arrives to the constitutive relation for v,:

v = D(¢)Vp.
Defining the volume-average velocity by
q:=¢u+(1-¢)ur,
we obtain div(g) = 0, from which, replacing uf = v — v, = u — D(¢)Vp, it follows that
div(u — £(¢)Vp) =0, (2.9)

where £(¢) := (1 — ¢)D(¢). Finally, since T} was neglected, we have that Tp,x = Ts, and we assume
that Ty := Ty(¢p, u) is given by

T. := p(¢)e(u), where e(u):=1(Vu+ Vu'),

and p := pu(¢) is the viscosity function of the mixture which is assumed to be a positive bounded
function, i.e., there exist fimin, fmax € RT, With fimin < fimax, such that

fmin < 1(8) € pmax V€ [0,1]. (2.10)

Having all the ingredients described here, the main system of equations is

O + div(pu) =0 in Q, (2.11a)

—div(u(d)e(w)) + Vp = g(¢) inQ, (2.11b)

div(u —&(¢)Vp) =0 in Q, (2.11c)

where g(¢) := —pagok — Voe(¢) and pq = ps — pr. The first equation is the conservation of mass of

the solid phase (2.1), Equation (2.11b) is the momentum equation of the mixture (2.5) after replacing
the variables and constitutive relations described before, and the third equation corresponds to (2.9).
The unknowns of the system are the volume fraction of solid particles ¢, the solid phase velocity w
and the excess pore pressure p. This PDE system is complemented with suitable initial and boundary
conditions.

3 The continuous formulation

In this section we derive a mixed variational formulation for the system (2.11b)—(2.11c) solved for the
pair u and p, for a given function ¢ € L?(f2), and then apply a fixed-point approach along with the
Babuska-Brezzi theory and Banach theorem to address its solvability.

3.1 Derivation of the mixed formulation

We begin by introducing some further spaces and related results to be employed in what follows. In
particular, we will make use of the decompositions:

L3(Q) =LA(Q) @ Po()I and H(div; Q) = Hy,(div; Q) @ Po(Q)1, (3.1)



where Py() is the set of constant polinomial functions over (2,

LZ(Q) := {T cl?: tr(r) = O} , and

Hyr (div; Q) := {T € H(div; Q) : /QtI"(T) = 0} .

Note that in light of the second decomposition in (3.1), any element 7 € H(div;{2) can be uniquely
decomposed as 7 = 79 + cl, with 7 € Hi,(div; Q) and ¢ € R computed by

1
c= dQ|/Qtr(T>’ (3.2)

where [Q] is the measure of the domain Q. We also define the following spaces:

L2(Q) == {q e L2(Q) - /Qq - o} and

Le(@) i= {7 €L2Q): 7=-7'}.

Given a function ¢ € L?(f2), the decoupled model equations (2.11b)-(2.11c) is combined with no-slip
boundary conditions for 4 and Neumann boundary conditions for p, thus yielding

—div(p(¢)e(u)) + Vp = g(¢) in O, (3.3a)
div(u — &(¢)Vp) =0 in Q, (3.3b)
u=0, Vp-n=0 onT. (3.3¢)

We are now going to treat (3.3a) and (3.3b) separately as PDE systems themselves, introducing extra
new variables, but coupled through their source terms. Starting from Equation (3.3a), we introduce
the pseudostress tensor & := p(¢)e(u) — pll in €2, which we seek to belong to H(div; ). Considering
the space decomposition (3.1), there exists o € Hy,(div; ), such that & = o + ¢ol, where ¢ is
determined by (3.2), that is

1 ~
Cy = dm/tr(a)

Then, instead of searching for the pseudostress tensor we focus on the new variable o = & — ¢l which,
according to (3.3a), satisfies

div(e) = div(5) = —g(0). (3.4)
Next, we define two new variables
t = (e(u))d and the vorticity -~y := %(VU — Vu'),
which are related as follows
t=Vu—~v-— étr(e(u))ﬂ, and e(u)=Vu—~v=t+ étr(e(u))ﬂ.

Note that tr(t) = tr(y) = 0, whence ¢ € L2(9). Then, equation (3.4) plus the relations between the
new variables ¢, v and o yield the following system of equations:

o = u(o) (t + ;tr(e(u))]o —pl inQ, (3.5a)
= Vu—~y— étr(e(u))]l in Q, (3.5b)
div(o) = —g(9) in 0, (3.5¢)



where p := p + ¢g is the new unknown pressure. The above system is complemented with an incom-
pressibility hypothesis, which serves as uniqueness condition for p, namely

/Qf?’: 0. (3.6)

System (3.5) needs to be solved together with the respective boundary condition from (3.3¢), that
isw = 0 on I', and condition (3.6). Note that the pressure p can be computed in terms of the new
variables t and o. In fact, taking trace on both sides of (3.5a), we get

tr(o) = p(¢)tr(e(u)) — dp, (3.7)
which yields
~ 1
p=~tr(u0)e(w) - o). (3.8)
Furthermore, combining the obtained expression for p and (3.6) we obtain
[ 5= [ Jue(n@et) o) =0
0 ad
which, along with the fact that o € Hy,(div; ), implies
| ntontetuw) ~o.

To derive the weak formulation of (3.5), we test (3.5a) with a tensor s € L2,(€2), which gives
/ u(p)t:s — / od:s=0 Vs € LZ(Q). (3.9)
Q Q

Observe that since s = s4, there holds o:s = 0 : 54 = 6%: 5. On the other hand, equation (3.5b) can
be multiplied by a test function 7 € Hi,(div;Q2) and integrated over € to obtain

/QT:'[Z—/QTZVU—/QT:’)’—/chthtI'(e(U))H

=~ [wdivir) + = [ riy— [ Lutoute).

where (-,-)r denotes the duality pairing between H~'/2(T") and H'/?(T'). For the last term on the
right hand side of the above equation, we notice that from (3.8)

tr(e(u)) = (tr(o) + dp)/(1(9)),

1 [ tr(7)tr(o) ptr(T)
Jyamrmten = | SEEF+ [ e

Then, using the boundary condition u = 0 on I', we arrive at the weak form of (3.5b):

_AT;t_Au.div(T)_/gzy;T_AW:/9735255) Vr € Hy(diviQ).  (3.10)

so that we get




The third equation (3.5¢) is simply tested against w € L2(2), that is
/ w - div(e) = / g(¢) - w, vw € L(Q). (3.11)
Q Q

In addition, because of the antisymmetry of =, this function is searched in ]LgkeW(Q) and the symmetry
of o is weakly enforced by

/ oc:n=0 Vi e L3, (Q), (3.12)
Q

Finally, gathering (3.12) and (3.11), we can write

-div(o) — o= Cw w € L2 2 _ .
—/Qw div(o) /Qn /ng) vw e LA(Q), i e L3, (@) (3.13)

The equations (3.9), (3.10) and (3.13) constitute the mixed variational formulation of system (3.5),
and if we assume that p is known, the unknowns of this system are ¢, o, u and ~, which will be
searched by pairs on the spaces:

X :=L%(Q) x Hp(div; Q) and V:=L*(Q) x L4 ().

skew

In this way, given p € L2(Q2) and ¢ € L?(f2), the first problem to be solved is: Find ((¢,0), (u,v)) €
X x V such that

as(t,s) +bi(s,0) =0 Vs € L2.(Q), (3.14a)
bi(t,7) —cy(o,T) + ba(T, (u,7)) = Fy5(7T) V7 € Hr(div; Q), (3.14Db)
b (o, (w,n)) = G¢(w7 n) V(w,n) €V, (3.14c)
where the bilinear forms and functionals
ag: LL(Q) x LL(Q) — R, by : LZ(Q) x Hip(div; Q) — R,
cy : Her(div; Q) x Hir(div; ) — R, by : Hip(div; Q) x V — R,
F, 5 Hep(div; ) — R, Gs: V=R,
are defined by
tr(o) tr(T)
ay(t,s) .= o)t:s, bi(s,o ::—/s:ad, cylo, T ::/,
oltis) = [ p@tis, bils.o)i= = [ o) = [ D
. ptr(T
by(o, (w,n)) :=— [ w-div(e) —n:0, F,;T):= / ptr(r) , (3.15)
Q o Ho)

Gy(w,n) = /Qg(sb) w.

On the other hand, for the weak formulation of (3.3b) we proceed in a similar fashion as for (3.3a)
by defining an extra variable o := £{(¢)Vp — u, with which we have the system of equations

o=¢¢@)Vp—u in Q, (3.16a)

div(e) =0, in Q. (3.16b)

This system is complemented with the boundary condition o - n = ({(¢)Vp —u)-n =0 on I' which

follows from the second equation in (3.3c). Dividing (3.16a) by £(¢), multiplying by a test function
7 € H(div;?), and integrating we get

/Szg(lw&-?:—/gﬁdiv(?wr(?-n,@—/Qg(ld))u'?



Because of the above boundary condition for o, we impose 7 -n = 0 on I' so that the second term in
the right hand side vanishes, as well the space of test functions becomes

Hy (div; Q) = {% cH(div:Q): 7 -m=0on F} :
and the vectorial spaces to search the unknowns are
M := Hy(div; Q), Q = L3(Q).

Hence, given u € L?(Q2) and ¢ € L?(Q), the second problem reduces to: Find (&,p) € M x @ such
that

a4(6,7) + b(p,7) = F4u(F) VT EM, (3.17a)

b(g,5) =0 VqeQ, (3.17b)

where 35 : M xM = R, b:Q x M — R and Fj,, : M — R are defined by

~ = =y Lg-.; b(p,7) = [ pdiv(T Fy () = — Lu';
%wm%1éa@ b7 Apd(” Foal?) l¥w> |

3.2 The fixed-point estrategy

Observe that the system (3.14) needs a given pressure p € L3(Q), which can be obtained from (3.17),
while the system (3.17) needs a given velocity w € L?(f2), which can be found by solving system
(3.14). This coupled nature between the two systems of equations suggests the fixed-point approach
to be explained next. In fact, we first let Sy : Q@ — L?*(Q) be the operator defined for each fixed
function ¢ € L?(Q2) by

Ss(p) =u VpeQ, (3.18)

where ((t,0), (u,v)) € X x V is the solution of (3.14) for the given p € Q and ¢ € L*(Q2). In turn, we
let Sy : L?(2) — @ be the operator defined for each fixed function ¢ € L*(Q) by

Ss(uw) =9 Vue L3(Q),

where (&,p) € M x Q is the solution of (3.17) for the given u € L*(Q) and ¢ € L*(Q). The well-
posedness of Sy and S, or equivalently the uniqueness of solutions of both systems (3.14) and (3.17),

respectively, is shown next in Section 3.3. Now, defining the operator Ty = Sy 0 Sy : QQ — Q, we
readily realize that solving the coupled problem (3.14)—(3.17) is equivalent to finding a fixed point of
Ty, that is: Find p € @ such that

Ty(p) =P (3.19)

We end this section by remarking that the linearity of the operators Sy and §¢, which follows from
the corresponding properties of Fy 5 and Fy 4, guarantees that Ty is linear as well.

3.3 Solvability of the decoupled problems

In this section we analyze the existence and uniqueness of solutions for the systems (3.14) and (3.17),
respectively. We begin with (3.14) by letting Ay : LZ(Q) — LZ(Q)', By : LA(Q) = Hee(div; Q), By :
Hir (div; Q) — V', and Cy : Hyr(div; Q) — Hyr(div; Q) be the operators induced by the bilinear forms



ay, by, by and ¢y, respectively, and denote by Bj : Her(div; Q) — LZ(2)" and Bj : V — Hg,(div; Q)
the corresponding “adjoints” of B; and By. Then, (3.14) can be rewritten, equivalently, as: Find
((t,o), (u,v)) € X x V such that

[Ay(2), s] + [Bi(o), s] =0 Vs € Li (),
Bi(t), 7] — [Cy(o), 7] + [B3(u,v), 7] = [Fy 5, 7] V1 € Hyp(div; Q), (3.20)
[Ba(o), (w,n)] =[Gy, (w,m)]  V(w,m)€V.

where [-, -] denotes the duality pairing induced by the operators and functionals used in each case.
Note that (3.20) has the same structure of [43, eq. (1.2)] with Ay linear, and hence in what follows
we apply the theory developed there to address its solvability. More precisely, we have the following
result.

Lemma 3.1. Given p € Q and ¢ € L*(Q), there exists a unique ((t,0),(u,v)) € X x V solution
of (3.14), and hence one can define Sy(p) := w. Moreover, there exists a positive constant 3 > 0,
depending on d, pimin, and fmax, such that

1S6(P)llose = llwlloa < [I((¢, o), (w, 7)) llxxv < B{H(u(@)_lﬁHO;ﬂ + Hg(¢)H0;ﬂ}- (3.21)

Proof. Tt reduces to prove the hypotheses of the abstract result given by [43, Theorem 2.1]. To do so,
we begin by noticing from (2.10) that

1
Al <t IB1lf <1, ol < 2=

and since By(7) := (div(7), 3(7 — 7)), it follows that ||[Bs|| < 1 and
kernel(Bs) := {T € Hip(div; Q) . div(r) =0, 7= Tt} .

Now we show the properties of the operators Ay, Bi, Cy and B needed to apply [43, Theorem
2.1]. The boundedness and linearity of Ay certainly implies its Lipschitz continuity. Furthermore,

(@) > pimin (cf. (2.10)) yields
ay(s,8) > pmin [8l50 Vs € LL(Q),
which says that a, is LZ(Q)-elliptic, and hence Ay, is clearly strongly monotone, that is
[Ay(s) — Ay(3), s — 8] =ay(s — 5,5 —5) = pmin [ — 3|50 Vs, 5 €LE(Q).

On the other hand, we have

(7T 2
[C¢(T),T]—/Q(2L(L(£ >0 V1 e H(div;Q),

which shows that Cy is positive semi-definite in H(div;2) and in particular in kernel(B3). In addition,
the operator B; satisfies the following inf-sup condition
B
sup M > Bi]|T]ldivie, VT € kernel(B3) ,

serz(@) lIslloa
s#0

which follows from the inequality ||7%/0.0 > BollTllo.2 = Bol|Tllaiv.q for T € Hyr(div; Q) such that
div(7) = 0, see [42, Lemma 2.3]. Finally, to show the inf-sup condition of B2 we use the same proof
presented in [42]. More precisely, given (w,n) € V, we consider the auxiliary boundary value problem:

div(e(z)+m)=w in Q, z=0 on I,

10



which has a unique solution z € H}(Q) that satisfies

2l < C{Jwlloq + Inloe )

for a positive real constant C. Next, we define T := e(z) + 1, so that div(T) = w and thus T €
H(div; ). Then, if 7 is the Hy,(div; Q)-component of 7, we deduce that [Ba(70), (w,n)] = ||(w, n)||?,
and

IToll&ive < ITlEvae = le(@)lIgo + lwlde + nllg.o < (1+20%)]|(w,n)|R.
Hence, for all (w,n) € V we have

wp  [Ber).(w.m)]

TE€Hr (div;2) HTHdiv;Q
T#0

[Ba(n). (w.m)] _ @Iy

Iollaivie [I7ollaivie

> w "7)HV7

where 2 = 1/(1 +2C?)'/2. Hence, having the system (3.20) satisfied the hypotheses of [43, Theorem
2.1], we conclude that (3.14), equivalently (3.18), has a unique solution ((t,o), (u,7)) € X x V, and
there exists a positive constant 3 that depends on the norm of Ay, Co, Fy 5, B1 and P, that is on f3y,
52, tmin, and fimax, such that

(8,0, DI < B{I1Fs 51l + 1Goll
Finally, using from the definitions of Fy 5 and G (cf. (3.15)) that

1Fs50 < Vdll(u(e)' b 1G4l < llg(@)llon (3.22)
we arrive at (3.21) and finish the proof. O

From now on for the second system (3.17), we assume that ¢max < 1 and that there exist
Emins Emax € R* such that for ¢ < Pmax

gmin < f((b) < gmax- (323)

The following lemma employs the classical Babuska-Brezzi theory to show the existence and uniqueness
of solutions for (3.17) in the space M x Q.

Lemma 3.2. Given u € L*(Q) and ¢ € L*(Q) such that ¢ < ¢max in Q, there exists a unique
(o,p) € M x Q solution of (3.17), and hence one can define Sy(u) := p. Moreover, there exists

5 > 0, depending on Emin and Emax, Such that

ISe(w)| = 1131l < 115, P)lImxe < BI(E(@) " ulon.

Proof. We begin by observing that both bilinear forms ag and B, and ﬁ@u are bounded, namely:
ag(7,0) < €@)  Tlawvellollave V7.0 € M,
b(a, ) < llalloalFlave (. 7) €QxM, and (3:24)
Fou@)] <€) ullog |1 Fllave Y7 € M.

Next, we find that kernel(b) = ={7eM: div(T) =0}, so that, using (3.23), for each T € kernel(b)
there holds

1

5¢(:7:’ :7:) > ||THd1vQ7

FlI2., =
max H ||07Q gmax
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which shows that a, is elliptic in kernel(b). On the other hand, the bilinear form b satisfies the
following inf-sup condition:

blg, T
sup ¥ Z 53 HQHO;Qu vq € Q7
7—&1})/[ 17 llaivse

with B3 > 0, see [42] for further details. Then, a straightforward application of [42, Theorem 2.3}, and
the fact that || Fyu|lvm < [|(£(9)) " ullo (cf. (3.24)) conclude the proof. O

Note that Lemmas 3.1 and 3.2 imply the well posedness of the operators S, and §¢, respectively,
and therefore their composition, the operator Ty, is well defined.

3.4 Well posedness of the fixed point equation

The aim of this section is to apply the Banach fixed point theorem to show that (3.19) has a unique
solution. To this end, for a given r > 0, we define the ball B, := {q €eQ: |lglloa < r} . The next
lemma shows that the operator Ty maps B, into itself for a sufficiently small data.

Lemma 3.3. Given r >0 and ¢ € L*(Q) such that ¢ < ¢max on Q, we assume

8B

£min

{2+ lg@lon) < (3.25)

Hmin

where B and B are the constants determined by Lemmas 3.1 and 3.2, respectively. Then, the inclusion

Ty(B,) C B, holds.

Proof. Given p € B,., it follows from Lemma 3.1 that

r

ISs@lloe < 8{11(a(6) " Blloc + Ig@loc} < 6 {M + ng)\\o;a} ,

min

which, along with Lemma 3.2, yields

g

fmin

ITo @) = 1S6(So(B)) loser < d

ISo@ e < 22 {

The foregoing inequality and (3.25) imply ||T4(p)[lo;o < 7, thus completing the proof. O

n Hg(¢)!|o;sz} |

Hmin

Continuing, we now show that both operators Sy and §¢ are Lipschitz-continuous.

Lemma 3.4. Let ¢ € L%(Q) such that ¢ < ¢pmax on Q. Then, the following inequalities hold

- ~ 6 . -
1S¢(P1) — Ss(P2)llo;e < —[lpr = p2llo.e Vp1, 02 €Q,
IS¢ (u1) — Sg(uz)llo < e lw—wloa  Vunue L%(Q).

Proof. To prove the first inequality, we make use of the linearity of S,;. Indeed, given pi,p2 € L%(Q),
S¢(P1) — Se(p2) = Sg(p1 — p2) returns the solution of system (3.14) whose right hand side of (3.14b)
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is evaluated at p1 — po, and the right hand side of (3.14c) is zero. Then, replacing G4 = 0 in Lemma
3.1, we get

1S6(P1) = Ss(P2)lloe < 171 = P2lloo-

min

Analogously, using similar arguments but employing Lemma 3.2 instead, we find that

IS4 (u1) — So(u2)llose = [1Sg(ur — us) oo < =—lur — usloe-

- gmin

O]

We are now in conditions to introduce the theorem that states the existence and uniqueness of
weak solutions of the coupled system (3.14)—(3.17), and hence the ones for (3.3).

Theorem 3.5. Let ¢ € L*(Q) such that ¢ < ¢max in Q, and let r > 0. In addition, let 3, B be the
constants determined by Lemmas 3.1 and 3.2, respectively, and assume that the data satisfies (3.25)
and

gmin Hmin

Then, the coupled system (3.14)-(3.17) has a unique solution ((t,o0),(u,7vy)) € X xV and (o,p) €
M x Q, with p € B,, and there hold
(), Dl < 8 128D o + (@}
1@ Plinxq < BlI(E@)  ulo-

Proof. From the assumption (3.25), Lemma 3.3 ensures that Ty(B,) C B,. Then, making use of
Lemma 3.4 and the linearity of Ty, for each p1,p2 € QQ we have

ITs(1) — To(B2)l0:0 = | To(B1 — 52) |02 = 1S6(Sp(B1 — B2))

HD;Q < ﬁ ||51 —52 ‘O;Qv
min min

and since fimin Emin > gﬁ , we get that Ty is a contraction. The uniqueness of solution for the equation
T4(p) = p, or equivalently of the coupled system (3.14)-(3.17) with p € B, is a result of the application
of the Banach fixed-point theorem. The a prori estimates follow from Lemmas 3.1 and 3.2. 0

4 Discrete formulation

In this section we introduce the Galerkin scheme associated with the coupled system given by (3.14)
and (3.17), and proceed analogously to the analysis developed in Section 3 to derive its well-posedness.

4.1 Preliminaries and setting of the scheme

We begin by letting {75}~ be a regular family of triangulations of {2 made up of triangles K (when
d = 2) or tetrahedra K (when d = 3) of diameter hx, where h stands for both a sub-index of each

triangulation 7y, as well as for the largest diameter, that is h := max {hK : Ke ﬁ} Next, given
an integer £ > 0 and a subset A of R? we denote by Py(A) the space of polynomials of total degree
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less than or equal to £ defined on A, Py(A) := [Py(A)]¢ and Py(A) := [Py(A)]?*?. We also define P,
the set of polynomials of degree equal to ¢. Then, denoting by x a generic vector of R?, the local
Raviart—-Thomas space of order ¢ is defined for each K € T}, by

RT(K) :=Py(K) @ Pu(K)z.
In turn, the local bubble space is defined by

By(K) = curl(bgPe(K)) ifd=2,
ST cunl(orPo(K))  ifd =3,

where bx is the bubble function on K, which is defined as the product of its d + 1 barycentric

coordinates, curl(u) = (%Z, —%) for d =2 and v : K — R, and curl(u) = V x u for d = 3 and

u : K — R3. Furthermore, we set the global spaces:
Pu) = {wn € LAQ): wilx € PuK), VK T},
RT,(Q) := {wh € H(div:Q) :  wp|x € RTY(K), VK e Th} ,
B/(Q) == {wh € H(div;Q) :  wplx € By(K), VK ¢ Th} ,
and their corresponding tensor versions
PuQ) = {m €LX(Q): milk €PUK), VK ET},
RT,(9) = {rh € H(div;Q): 1 € RTY(Q), Vi={l,... ,d}},
By(Q) == {rh € H(div;Q): ;€ By(Q), Vi={1,... ,d}},

where 7, ; stands for the i-th row of the matrix 75,. In what follows, we let Hz, M), HY, and H)
be finite dimensional subspaces of L2.(Q), H(div; ), L2(Q), and L2 __ (), respectively, and we let

skew

Hf := Hgr(div; Q) N M)y, be the finite element subspace for the pseudostress.

Suitable subspaces to approximate (3.14) are the PEERS finite elements introduced by Arnold
et. al. [9] for elasticity problems, which, letting M, = RT,(2) & B,(2), are defined as

HE = L2.(Q) NPr4(), T = Hee(div; Q) N My,  HY := Py(Q),

HY := C(Q) N L3, () NP1 (). 1)

Hence the discrete subspaces for X x V is X, := Hz x MY and V := Hp x HZ We observe that M,
contains the multiples of I, and in consequence we can equivalently define HY by

1
Hg:{Th—<d|m/Qtr(Th))]Ii ThEMh}.
Moreover, in light of the fact that div(Mj,) C H}, the discrete kernel of the operator By reduces to

Vo,n = {Th € Hy : / Thimp =0 Vmp, € HY, div(m) = O} .
Q
The subspaces for the approximation of the second system of equations are chosen by

My, := Ho(div; Q) NRT((Q),  Qp:= L3(Q) N Pu(Q). (4.2)
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Hence, given pj, € Qp, and ¢ € L?(9), the discrete formulation of (3.14) reads: Find ((t4, o), (un, Y1)
€ X, x Vj, such that

a¢(th, Sh) + bl(Sh, O'h) =0 Vs € Hz, (4.3&)
by (th, Tn) — cg(on, Tn) + ba(Th, (Un, Y4)) = Fop, (Th) V1, € HY, (4.3b)
ba(an, (wn,nn)) = Gg(wp,mn)  Y(wp,np) € V. (4.3c)

In turn, given u, € H® and ¢ € L*(Q2), the discrete formulation of system (3.17) is given by: Find
(oh,Pn) € My, X Q) such that

a5(Gh, Tn) + b(Bn, 7n) = Fy, (Fn)  V7H € My, (4.4a)

b(qh, &h) =0 th S Qh. (4.4b)

To state the discrete version of (3.19) we first define the discrete counterparts of the operators Sy,

Sy, and Ty, for which we consider here that ¢ € L%(12) is a given function. Let Sy, : Qn — HY be
the operator defined by

Se.n(Pn) :=un Vpy € Qn,

where ((t, o), (h, Y1) € XpxVy is the unique solution of (4.3) for the given pj, € Q4 and ¢ € L*(12).
Similarly, we let Sy p, : H} — @5 be the operator defined by

gd,’h(uh) = ﬁh Vuh S H#,

where (&, ) € My, x Q, is the unique solution of (4.4) for the given uj, € H and ¢ € L*(2). The
well-posedness of Sy ;, and §¢,ha which is equivalent to proving the uniqueness of solutions of (4.3) and
(4.4), respectively, is shown in Section 4.2. Finally, we define the operator Ty p, := §¢7hoS¢,h 1 Q — Q,
and realize that the coupled problem (4.3)—(4.4) is equivalent to finding a fixed point of Ty p,, that is
P € Q such that

Ty.1(Dh) = Dh- (4.5)

Analogously as in the continuous case, Sy 5, §¢7h, and Ty j, are linear operators.

4.2 Solvability of the discrete problem

The solvability analyses of the discrete problems (4.3) and (4.4), and of the fixed point equation (4.5),
are carried out using analogous arguments to those used for the continuous case. In particular, the
next two results are the discrete versions of Lemmas 3.1 and 3.2, respectively.

Lemma 4.1. Given p, € Qp and ¢ € L*(Q), there exists a unique ((tn, o), (un,vn)) € Xp x Vp,
solution of (4.3), and hence one can define Sy (D) := wup. Moreover, there exists a positive constant
B >0, depending on d, pimin, and pimax, and thus independent of h, such that

O;Q} .

Proof. The Lipschitz continuity and strong monotonicity of A4 was shown in the proof of Lemma
3.1. On the other hand, since [Cy(7y), 5] > 0 for all 7, € M, C4 is clearly positive semi-definite
in Vj, 0, the discrete kernel of By. In addition, given 7, € V), we have that div(7,) = 0 and
Iml0.0 > Bo || 7hllaiv:e [42, Lemma 2.3], and since 70 € HE, we find that

sup [Bi(sn), 7l - [Bi(=7), 7]

sp €Y ||Sh||0;Q N HT;(HO;Q
s#0

1Sg.n(Pr)lloe = llunllon < [((#n, on), (wn, ) llxxy < ﬁ{ll(u(¢))_lﬁh||0;9 + llg(e)]

= |rlloe = Bo l7allaivie
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which shows that the operator By satisfies the discrete inf-sup condition. In turn, the same condition
for By has been shown in previous works, e.g. [44]. Consequently, having the scheme satisfied the
hypotheses of [43, Theorem 3.4], the proof is concluded. O

Lemma 4.2. Given uw, € Hy and ¢ € L2(Q) such that ¢ < ¢max on Q, there exists a unique
(Oh,Dn) € My, x Qp, solution of (3.17), and hence one can define Sy p(up) := py. Moreover, there

exists B > 0, depending on &nin and Emax, and thus independent of h, such that
ISo.n(un)ll = Bull < 11(@h, Bn)Imx < Bl (@) unlloa.

Proof. Since div(My,) C Qp, the proof of this lemma is straightforward and analogous to that of
Lemma 3.1. 0

As in the continuous case, given r > 0, we define the ball B, ;, := {qh €Qn:  llanllon < r}. The
analogous versions of Lemmas 3.3 and 3.4 are provided next.

Lemma 4.3. Givenr >0 and ¢ € L2(2) such that ¢ < ¢max on £, we assume that the data, 3, and
B satisfy (3.25), where 8 and B are the constants determined by Lemmas 4.1 and 4.2, respectively.
Then, the inclusion Ty (B, ) € B, holds.

Proof. Given py, € B, j, it follows from Lemma 4.1 that

r

min

ISas@lon < 5 {1(ute) e+ lt@lna} < 5 {7+ le@)lu

which along with Lemma 4.2 yields

S Sanlon < 2 { Lt (@)}

The above inequality and (3.25) imply || T¢(Pn)|lo.o < 7, which ends the proof. O

1So1(Ssn @)l <

Lemma 4.4. Let ¢ € L?*(Q) such that ¢ < ¢max in Q. Then, the following inequalities hold

- - B~ - -
1S¢,n(P1) = Sen(P2)llo;2 < . 11 — D2llo;o VD1, P2 € Qn,

min

1861 (u1) = S n(u2)llos0 < e lur — usllo;e Vui,uz € Hy.
Proof. To prove the first inequality, we make use of the linearity of Sy . Indeed, given pi,p2 € @,
S¢.n(P1) —Se.n(P2) = S¢n(p1 —p2) returns the solution of system (4.3) whose right hand side of (4.3b)
is evaluated in p; — p2 and the right hand side of (4.3c) is zero. Then, replacing G4 = 0 in Lemma
4.1, we have

[1S¢.n(P1) = Sp.n(P2)llo;2 < Ip1 — p2llosa -

min

Analogously, using now Lemma 4.2, we obtain for each w1, up € H}

1Sp.n (1) — S (u2)lo = S (w1 — u2)lloe < w1 — uzlfo.0-

gmin
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We end this section by establishing the existence and uniqueness of solutions of the discrete coupled
problem (4.3)—(4.4) through the fixed point equation (4.5).

Theorem 4.5. Let ¢ € L?(2) such that ¢ < ¢max on Q, and let v > 0. In addition, let B, B be the
constants determined by Lemmas 4.1 and 4.2, respectively, and assume that the data satisfy (3.25) and

8B

< 1.
Hmin gmin

Then, the coupled system (4.3)-(4.4) has a unique solution ((ty, o), (un,vn)) € XpxVy, and (o, pr) €
M}, x Qn, with py, € B, 1, and there holds

1((th, on), (wn, ) lxxy < B {H(N(ﬁb))_lﬁhHO;Q + ||g<¢>||o;sz} 7
(&, 1) IMxq < BI(€(@)  unlloq -

Proof. From the assumption (3.25), Lemma 4.3 ensures that Ty 4 (B, ) C B, . Then, making use of
Lemma 4.4 and the linearity of T, for each p1,p2 € Q) we have

1T (B1) — Ton(@2)llose = [Sen(Sen@® — P2)lloe < Ip1 — P20 »

min gmin

and since pimin Emin > Bﬂ, we get that Ty is a contraction. The uniqueness of solution of the
equation Ty ,(pn) = pn, or equivalently of the coupled system (4.3)-(4.4), with pj, € B,., is a result
of the application of the Banach fixed-point theorem. The a priori estimates are then consequence of
Lemmas 4.1 and 4.2. ]

4.3 A priori error analysis

Let Ay : (X X V) X (X X V) — R and ;‘1(;5 : (M X Q) X (M X Q) — R be the bilinear forms arising from
adding the left hand sides of (3.14) and (3.17), respectively. Then, introducing the generic notations

(8,%) := ((s,7),(w,m) € XXV, (8, W) := ((8h, Th), (wn,mn)) € Xp X Vi,

the pairs of continuous and discrete schemes (3.14)—(4.3) and (3.17)—(4.4) can be rewritten as

Find (¢, @) := ((t,0), (u,7)) € X x V such that
AN(E @), (5,15)) = Fyp(r)+ Golw,m) Y (5,@) €XxV,
Find (&, ) := ((th, on), (un,vn)) € Xp, x Vj, such that 0
Ag((EBny Tn), (Bns @) = Fyg,(1h) + Go(wp,mn) Y (8, @h) € Xp x Vi,
and
Find (o,p) € M x @ such that
Ay((3.p), (7.0) = Fyu(7)  ¥(F.q) EMxQ, o

Find (op,prn) € My x Qp, such that
Ay(Tn,01), (Thran)) = Fpuy(Th) Y (Thoan) € My, x Qp

respectively. Thus, as a consequence of Lemmas 4.1 and 4.2, we deduce the existence of positive
constants aa, and ag, independent of h, with which Ay and A, satisfy global discrete inf-sup
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conditions, namely

sup > QA, H(Fh,l_)’h)H V(Fh, ’l_fh) e Xy xVy, (48)
(gh,ﬁh)EXhXVh | (Sh,wh) ’
(8p,Wp)#(0,0)
and L
A ((Chv@h)v(;haq}L)) = ~
O T > ag, [Guenl VGuon) EMuxQu. (49)
(Th,an)EMp XQ [ (T, an)| ¢
(Th»ap)#(0,0)
Hereafter, given a subspace X, of a generic normed space (X, || - ||x), we set for each z € X

dist(z, Xp) = xlg( llx — zp|x -
h h

The following lemma states the Céa estimate for our coupled problem.
Lemma 4.6. Let ¢ € L*(Q) such that ¢ < ¢max in 2, and assume that the data satisfies
d 1
Vd +

in inQx
Hmin CA, fmln A,

(4.10)

N =

Then, there exist positive constants Cy, Ca ,depending on ||A4l|, aa,, and ||A¢H,oz;&¢, respectively,
and thus independent of h, such that

(& @), (5,P)) — ((En, @n), (G0, Pn))

) (4.11)
< diSt((t, 1), X, X Vh) + Cy diSt((E’,ﬁ), M, x Qh) .

Proof. Tt proceeds similarly as in [44]. In fact, bearing in mind (4.8) and (4.9), straightforward
applications of the classical Strang estimate to the pairs (4.6) and (4.7) yield

me—mmmmst+””>mummevw+uw—&@m (412)
QA A,
and
_ o A o 1~ .
1(6,P) — (n, Dn)IMxq < (1 + ”afbH) dist ((7,0), Mp x Qn) + —— [Fpu = Fou, |, (4.13)
A, A,

respectively. In turn, it follows from (3.22) and (2.10) that

IR vVd
1Fs5— Fop,ll = IIFs5-p, Il < Vall(u(@)™ (5—0n)lloe < —— I —Ballog, (4.14)
min
whereas the bound for ||ﬁ¢u|| (cf. (3.24)) and (3.23) give
- - - 1
1Fpu = Foup || = [[Fpu—unll < 7— [lu—unllog- (4.15)
§mln

In this way, employing (4.14) and (4.15) back into (4.12) and (4.13), respectively, and then adding the
resulting inequalities, and using (4.10), we obtain (4.11) with

Cy =2 <1-|— HA¢H> and Cy = 2 <1+HA¢H> .

aa, ag,
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We can now state the rates of convergence of the Galerkin scheme (4.3)—(4.4) with the finite element
subspaces (4.1) and (4.2).

Theorem 4.7. Given ¢ € L*(Q) such that ¢ < ¢max on Q, let (£,%) € X x V and (&,p) € M x Q be
the unique solution of the coupled system (3.14)~(3.17) from Lemma 3.5 and let (£, @) € Xp x Vy,
(oh,Pn) € My, X Qp be the unique solution of its discrete counterpart from Lemma 3.5. Assume that
the data satisfies the inequality (4.10). Given an integer £ > 0, assume that there exists k € (0, + 1]
such that t € HH(Q) NLE, o € HY(Q) N Hyp(div; Q), div(e) € HYQ), u € HYQ) NL3(Q), v €
HA(Q)NLA, ., (Q), ¢ € HF(Q)NM, div(e) € H*(Q) and p € H*(Q)NQ. Then, there exists a positive

constant C, independent of h, such that

(@), (&.5)) — (&, @n), (@0 Bn))]| < Ch”{

+ [ullsg + 1Vlse + llollse + Idiv(e)]xao + Hﬁl!n,sz} :

iv(o)|x0

Proof. The proof follows from (4.11) and the approximation properties of the finite element subspaces
HE, HY, HY, H), M}, and Q. O

5 Fully coupled scheme

In this section we address the approximation of the transport equation (2.11a) for the volume fraction
of solid particles ¢, and the coupling to the systems (4.3) and (4.4). Since (2.11a) is of the hyperbolic
type, we propose a vertex centered finite volume scheme based on an upwind numerical flux for its
approximation. In what follows, we let A}, be the set of nodes of the triangulation 7;, (primal mesh).
We introduce the so-called dual mesh 7, which consists of the non-overlapping control volumes K]*
surrounding the node s; € Aj,. The control volumes on the dual mesh 7;* are built by connecting the
barycenters bx of each triangle K € Tj, with the middle point of each edge of K, see Figure 5.1. Note
that each node in the primal mesh is related to one control volume in the dual mesh. We denote by
En(K™) the set of inner edges of K* € T*, so that e € &,(K™) if e C OK™ and there exists K € Tj,
such that e is the piece of segment connecting bx and the middle point of an edge of K (see the blue
dash-dotted segments in Figure 5.1). In turn, we define the space of piecewise constant functions over
the dual mesh

Sp 1= {90 eL*(Q): gl € Po(K*), VK*€ Th*}‘

To introduce the finite volume method, we consider the integral form of equation (2.11a) over each
control volume in the dual mesh 7T.*, this is

O = — ou - n, VK* € Tpr. (5.1)
K+ OK*

Then, the sought unknown is approximated by ¢y (t) € S, i.e., for each t € (0,7, ¢ is a piecewise
constant function on 7;*. Furthermore, given a time step At > 0 and n € N, we make use of the
superscript n to denote the evaluation of each function at the time t" = nAt, e.g., ¢} = ¢p(t"),
uj = up(t"), and the analogous notation is used for other functions. Next, approximating the time
derivative in (5.1) by forward Euler and the numerical flux by an upwind approach we obtain

n+1

d)hK*_ ZK* . N
/*’At7_ ) /UPW up e O ko Phix), VKT €T, (5.2)

e€&y (K*)

19



Figure 5.1: Schematic of the primal mesh 7}, (black triangles) and dual mesh 7;* defined by the control
volumes K7 delimited by the blue dash-dotted lines and boundary I'. The boundary of K7 is given
by the union of the edges e; with i =1,...,10.

where ¢} . = @)K+, e is the normal of the edge e € &,(K*), K} € T;* denotes the adjacent control
volume such that e C K*N K* and K* # K, and the upwind operator is defined by

Upw(a; b, ¢) :== max{a,0}b + min{a, 0}c, a,b,ceR.

The velocity function uj is determined by solving (4.4)—(4.3) (the fixed point equation (4.5)) at the
time t" with ¢ given by the piecewise constant function that for each K € 7 is computed by

1 n
¢(x):m/l(¢ha xe K.

Note the difference between ¢} and ¢, the first one is in S}, (dual mesh) while the second one is in
Po(€2) (primal mesh). For the case of a piecewise linear (or constant) approximation uj, the integral
over the edge in (5.2) can be computed with the Gauss quadrature rule to obtain

n ' At n( 3 n *
(bh:;(l* = ¢h,K* - W Z ‘Q‘UpW(uh<fBe) * N, ¢h,K*7 ¢h,K€)7 VK* S 7;1, s (53)
e€&p (K*)

where |e| and |K*| are the measures of the edge e and control volume K*, respectively, and &, is the
middle point of e. The discrete approximation of (5.3) needs to be solved for a sufficiently small time
step At.

6 Numerical examples

For the numerical examples presented in this section, the mixed finite element formulation (4.3)—(4.4)
and the discrete equation (4.5) have been implemented using the open source finite element library
FEniCS [2], whereas the discrete transport equation (5.3) is implemented in python by own made
routines. All the examples of this section are made in 2D. However, the model, numerical scheme and
analysis are also valid in 3D. For the first example, the approximation of the fixed-point equation (4.5)
is executed until the iterative process reaches the stopping criterion

lcoeff™ ) — coeff(™)|

|coeff(m+1)|

< tol,
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dof; h e(t) r(t) e(o) r(o) | e(u) r(u)
421 0.5 0.4130 - 1.8442 - 0.0694 -
1657 0.25 | 0.2074 0.9940 | 0.9491 0.9583 | 0.0344 1.0106
6577 0.125 | 0.1016 1.0292 | 0.4743 1.0009 | 0.0170 1.0173
26209 0.0625 | 0.0501 1.0205 | 0.2361 1.0064 | 0.0085 1.0042
104641 0.0312 | 0.0248 1.0112 | 0.1176 1.0049 | 0.0042 1.0008
dofy Iter e(y) r(7y) e(o) r(o) e(p) r(p)
45 6 0.3603 - 2.2614 - 0.2574 -
169 6 0.1841 0.9687 | 1.2430 0.8634 | 0.1303 0.9818
657 6 0.0733 1.3278 | 0.6287 0.9834 | 0.0654 0.9952
2593 6 0.0275 1.4146 | 0.3152 0.9961 | 0.0327 0.9988
10305 6 0.0100 1.4567 | 0.1577 0.9990 | 0.0164 0.9997

Table 6.1: Example 1. Error history for the mixed finite element approximations of the systems (4.3)
and (4.4), respectively, computed with ¢ = 0. The degrees of freedom of the spaces Xj x V}, (dof1) and
M}, x Qp (dofsa), meshsizes and fixed-point iterations (Iter) are informed on each mesh refinement.

where coeff(™ is the vector of coefficients of pj, at the iteration m € N, |- | is the euclidean norm of
RIM(Qn) and tol is a positive number. For the rest of the examples, equation (4.5) is solved by the
Newton-Raphson algorithm with null initial guess, with absolute and relative tolerance of 1071°, and
the solution of tangent systems resulting from the linearization is carried out with the multifrontal
massively parallel sparse direct solver MUMPS [7]. In addition, the integral condition (3.6) is added to
the system (4.4) by means of a Lagrange multiplier. The following constitutive functions have been
used for the numerical examples:

1(@) = po(l — ¢/dm) 25, po=100[kg/(ms)], ¢m =12,
£(¢) = &o(1 — p)exp(—4.5¢), & = 1/360 [m?/(Pas)).

Note that the Darcy function used is the decreasing function D(¢) = {gexp(—4.5¢), where D(0) = &.
Other parameters are g = 9.81 [m/s?], pr = 950 [kg/m?], ps = 1000 [kg/m?3], and @max = 0.95. For all
examples, we have set g, = 0 and time step used in all the examples is At = 0.02s.

Example 1. Accuracy verification

We test the order of accuracy of the numerical scheme used to approximate the decoupled system
(4.3)~(4.4) in the unit square = (0,1)? for a given smooth volume fraction ¢ < ¢max. For this
purpose, we set pug = 1 and & = 1, and consider

d(x) =1—09exp(ziza(x; —1)(z2 — 1)) V.

Furthermore, we use the manufactured exact solution:

u(z) = (

p(x) = cos(mzx1) + cos(mxa),

sin(mxy)xa(ze — 1) >
—z1(x1 — 1) sin(mzo)
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for which the right hand sides of (4.3c) and (4.4b) have to be modified by adding the terms

f1 (wn, 1) 1:/

i (—div(u(@)e(w)) + Vi —g(@)) -wn ¥ (wn,m) € Vi,

B (qn) = /Q div(u — £(6)Vp)an Van € Qn,

respectively. The errors between each component of the numerical solution tj, oy, un, Yn, Oh, Ph,
computed with a meshsize h, and the exact manufactured solution, are given by

e(t) := [t — tnllog, e(0) := [lo — onllaivie, e(u) := [lu — unllo;0,

e(7) = v — mlloe, (o) = [lo — onllaivo; e(p) :== |lp — Prlloo-
Then, the rates of convergence between two numerical errors e and e’ made with two consecutive
meshsizes h and h/, respectively, are

;. log(e(t)/e'(1)) _ log(e(o)/¢/(a) _ log(e(u)/e'(u)

0= gy T gy T T T gty
vy RE/E) | Ton(e@)/(8) o ou(e(p)/¢ )
VT T gy T log(h/m) T log(h/l)

The degrees of freedom for the system (4.3) and (4.4), denoted by dof1 and dof2, respectively, and
the errors and rates of convergence produced by successive mesh refinements, are reported in Table
6.1 (for £ = 0) and 6.2 (for £ = 1). The number of iterations made by the fixed-point algorithm with
a tolerance of tol = 1076 was 6 for all the examples, for £ = 0 and ¢ = 1. From Table 6.1, we observe
that for all variables the error decreases as the mesh size is smaller and the rates of convergence tend
to 1, with the exception of v whose rate of convergence is greater than 1. For the case of polynomial
degrees ¢ = 1 in Table 6.2, the errors behave as expected with rates of convergence approaching 2 as
Theorem 4.7 states. Hence, both examples show that for £ = 0 and £ = 1 the errors produced with the
scheme (4.3) and (4.4), and the fixed-point strategy, are of order O(h**1), the optimum established in
Theorem 4.7. Additionally, in Figure 6.2 we show the numerical solution of the six unknowns produced
in the accurcy test.

Examples 2 and 3

For the second and third example we simulate the transient case, the two-dimensional batch sedi-
mentation of flocculated particles in a channel with inclined walls. The domain considered in both
simulations is a truncated cone of hight 2 meters and 6 meters wide, and represents the vertical
cross-section of a channel. In Example 2 we start the simulation with an initial concentration

0.1 ifxg <1.5m,
¢’(x) = .
0 if zo9 > 1.5m,

where below the level xo = 1.5 meters the concentration is homogeneous and above it there is only
clear water. For the Example 3 we consider an initial condition whose concentration of solid particles
is located above the line 3x2 — 2z1 = 3, at the left top corner of the domain

: 2
¢O(m): 0.1 if zo Z'g(xl-i-?)),
0 otherwise.

In Figure 6.3, left column, we show the simulation of Example 2 at four time points t = 4, 6, 8 and 10
seconds. We observe that as soon as the time evolves, the sedimentation process takes place, and the
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dof; h e(t) r(t) e(o) r(o) | e(u) r(u)
889 0.5 | 0.0538 - 0.2887 - 0.0134 -
3505 0.25 | 0.0136 1.9824 | 0.0744 1.957 | 0.0034 1.9879
13921  0.125 | 0.0035 1.9538 | 0.0188 1.9826 | 0.0008 1.9989
55489  0.0625 | 0.0009 1.9738 | 0.0047 1.9907 | 0.0002 2.0003
221569 0.0312 | 0.0002 1.9874 | 0.0012 1.9953 | 0.0001 2.0002
dofy Iter e(y) () e(o) r(o) e(p) r(p)
137 6 0.0438 - 0.5606 - 0.0391 -
529 6 0.0122 1.8458 | 0.1345 2.059 | 0.0099 1.9797
2081 6 0.0035 1.7882 | 0.0338 1.9918 | 0.0025 1.9946
8257 6 0.001 1.8826 | 0.0085 1.9978 | 0.0006 1.9986
32897 6 0.0002 1.9415 | 0.0021 1.9995 | 0.0002 1.9997

Table 6.2: Example 1. Error history for the mixed finite element approximations of the systems (4.3)
and (4.4), respectively, computed with ¢ = 1. The degrees of freedom of the spaces Xj x V, (dof;) and
M}, x Qp (dofsa), meshsizes and fixed-point iterations (Iter) are informed on each mesh refinement.

suspended solid particles move downward concentrating at the bottom of the channel, as expected. In
accordance with the no-slip boundary condition, the solid-fluid interface moves faster at the middle
of the channel and the concentration of solid particles increases towards the side walls and bottom.
Furthermore, on each time iteration, the conservation of mass is fulfilled. In addition, in the second
column of Figure 6.3, we show the simulation of Example 3 at the time points ¢ = 5, 15, 20 and 35
seconds. We observe the downward falling of the solid particles which tend to concentrate at the
boundaries and move towards the bottom. A layer of concentrated particles is clearly divided from
a region of low concentration that shows the path that particles have followed in the sedimentation
process. The movement of the solid particles is not only vertical but also moves to the right due
accumulation of particles at the left side wall. In this simulation the conservation of mass is also
satisfied.

Examples 4 and 5

In the fourth and fifth example, we perform the batch sedimentation on an inclined channel of rectan-
gular cross-section with an angle of inclination of 30° degrees with respect to the vertical. The length
and width of the rectangular domain are 10 and 2 meters, respectively. In Example 4 the initial
condition chosen is

la) {0.1 if 29 < 8,

0 if$2>8,

and for Example 5 we consider an initial concentration varying with the width of the rectangle given
by

0 0.025 4+ 0.0433x1 — 0.025x9 if zo < 8,
() = .
0 if 29 > 8.

In Figure 6.3, first row, we show the simulation of Example 4 at the time points t = 6, 9 and 12
seconds. We observe that the solid particles tend to settle towards the down side wall (right wall) and
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Figure 6.2: Example 1: Magnitud plots of the tensorial and vector components of the numerical
solution of the coupled system (4.3)—(4.4) and plot of p for h = 0.03125.

bottom as expected. However, at the top side wall (left wall) near the line 9 = 8 the solid particles
do not separate from the clear water immediately, but begin to settle at a slower pace, which can
be explained as a consequence of the no-slip boundary condition. Example 5 is shown in the bottom
row of Figure 6.3, for the time points ¢ = 6, 15 and 20 seconds. In this case the initial concentration
is zero at the left side wall and increases continuously up to 0.1 at the right side wall. As in the
previous example the concentration increases towards the right side and bottom wall but due to the
initial concentration, the particles tend to separate from the left side wall. Already at t = 20s, the
solid-liquid is located near the left side wall and only a small amount of particles at the middle of the
domain remain to settle. In both examples, the conservation of mass is fulfilled.

7 Discussion

We have introduced a model for multidimensional sedimentation based on the solid phase velocity
which can be seen as a simplified version of [45]. From the model consisting of three unknowns
and equations, we have studied the solutions of the decoupled velocity-pressure equations by using
mixed finite element approaches. The uniqueness of the decoupled system is shown depending on the
assumption that the function £ is bounded and away from zero. Despite of the fact that the analysis
of existence and uniqueness of solutions relies on this condition, the case when £(¢) = 0 reduces to
the classical Stokes system which has been widely analyzed in the literature [42]. One of the main
advantages of having a mixed formulation is that extra variables, such as the pseudostress and vorticity
tensors, can be recovered as a component of the solution of the problem. Such variables may have
practical interest in the study of, for instance, the viscosity of mixtures [49]. Although the finite
element subspaces for system (4.3) are based on PEERS finite elements [9], other suitable election
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1

Figure 6.3: Examples 2 (left column) and 3 (right column): Batch sedimentation in a vessel with
inclined walls at four different time points. Both examples were computed with the same mesh with
h = 0.0803.

could be the Arnold-Falk-Winther subspaces [10], which are also stable.

A finite-volume method making use of an upwind flux approximation over a dual mesh is proposed
to get conservation of mass for the solids volume fraction when coupling to the mixed finite element
scheme for the velocity, pressure and additional variables. From the numerical examples we conclude
that the coupled numerical scheme performs well, it is estable under the sufficiently small time step
and gives physically relevant numerical solutions (cf., e.g., [14, 21]). Despite of the simple geometries
considered in the five examples, the scheme can be implemented for domains with more involved
geometries and even in three-dimensions. Another advantage of our model, as compared with, for
example, the classical g-model [23], is that the transport equation is linear in ¢ and a simple upwind
scheme is sufficient to obtain physically relevant approximate solutions.

The model equations, analysis and numerical scheme can be extended to include, for example, a
more general viscous stress tensor (eventually non-linear in u), a non-zero boundary condition for the
velocity field or to consider constitutive functions p and £ being able to assume zero values. Further
studies can be done to compare the model presented here with related systems, and also with problems
such as the one in [23].
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Figure 6.4: Examples 4 (top row) and 5 (bottom row): Sedimentation in inclined channel at four
different time points. Both examples were computed with the same mesh with A = 0.1569.
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