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Abstract

We introduce and analyze a new mixed variational formulation for a stationary magnetohydrody-
namic flows in porous media problem, whose governing equations are given by the steady Brinkman—
Forchheimer equations coupled with the Maxwell equations. Besides the velocity, magnetic field
and a Lagrange multiplier asssociated to the divergence-free condition of the magnetic field, a con-
venient translation of the velocity gradient and the pseudostress tensor are introduced as further
unknowns. As a consequence, we obtain a five-field Banach spaces-based mixed variational formu-
lation, where the aforementioned variables are the main unknowns of the system. The resulting
mixed scheme is then written equivalently as a fixed-point equation, so that the well-known Ba-
nach theorem, combined with classical results on nonlinear monotone operators and a sufficiently
small data assumption, are applied to prove the unique solvability of the continuous and discrete
systems. In particular, the analysis of the discrete scheme requires a quasi-uniformity assumption
on mesh. The finite element discretization involves Raviart—Thomas elements of order k£ > 0 for
the pseudostress tensor, discontinuous piecewise polynomial elements of degree k for the velocity
and the translation of the velocity gradient, Nédélec elements of degree k for the magnetic field and
Lagrange elements of degree k 4 1 for the associated Lagrange multiplier. Stability, convergence,
and optimal a priori error estimates for the associated Galerkin scheme are obtained. Numerical
tests illustrate the theoretical results.

Key words: Brinkman—Forchheimer equations, Maxwell equations, mixed finite element methods,
fixed point theory, a priori error analysis
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1 Introduction

Magnetohydrodynamics (MHD) is the study of the flow of electrically conducting fluids in the presence
of magnetic fields. The interest in the study of MHD has increased with respect to scientific and
engineering problems in recent years. In fact, the MHD applications cover a very wide range of physical
objects, from liquid metals to cosmic plasmas. Concerning to the mathematical model of MHD, it is
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based on the equations governing fluid motion in the presence of magnetic fields and the equations
governing electromagnetics fields in moving fluids. Briefly speaking, it is a coupled system where
the Navier—Stokes equations are coupled with the Maxwell equations trought the Lorentz force and
Ohm’s law. However, several physical situations require, sometimes, a modification or a simplification
of these equations in order to capture in a more realistic way the physical phenomena of interest.

As it is explained in [35], nowadays, it is common to use Darcy’s law in the modeling of the
fluid motion through a porous medium. Darcy’s empirical law represents a simple linear relationship
between the flow rate and the pressure drop in a porous medium. Nevertheless, this fundamental
equation may be inaccurate for modeling fluid flow through porous media with high Reynolds numbers
or through media with high porosity (see, e.g., [30, 32, 18] and references therein). To overcome this
limitation, it is possible to consider the Brinkman—Forchheimer equations (see for instance [10], 9]),
where terms are added to Darcys law in order to take into account high velocity flow and high porosity.
The latter and the increasing interest in the modelling of MHD in a porous media has motivated the
introduction of the coupled problem between the Brinkman—Forchheimer and Maxwell equations.

Concerning literature, we can find some papers devoted to the mathematical analysis of the coupled
Brinkman-Forchheimer and Maxwell equations (see, for instance, [1] and [35]). We begin mentioning
[1], where, for the stationary coupled problem, the authors prove existence of weak solutions and
uniqueness under small data assumptions. In addition, a convergence result, as the Brinkman coeffi-
cient tends to 0, of the weak solutions to a solution of the system formed by the Darcy—Forchheimer
equations and the magnetic induction equation is also established in [I]. Later on, in [35] the au-
thors show that the transient problem is also well-posed. However, neither [I] nor in [35] numerical
analysis is developed. Up to the author’s knowledge, there are no literature focused on the numerical
analysis of this coupled problem. On the other hand, several papers have been devoted to the design
and the analysis of numerical schemes for the simulation of the classical MHD. In fact, we can start
mentioning [24] where the authors study well-posedness and convergence analysis of a conforming
FEM for MHD. They use inf-sup stable velocity-pressure elements for the hydrodynamic variables
and standard H'-conforming finite elements for the magnetic field. In [2I] and [26] we also observe
that the authors look for the magnetic field in H'(Q)3. However, in a non-convex polyhedral domain,
the magnetic induction may have regularity below H'(2)? and a nodal finite element approximation
can converge to a magnetic field that misses certain singular solution components induced by reen-
trant vertices or edges (see [I3]). To circumvent this inconvenient, in [34] was proposed to impose
weakly the divergence-free condition of the magnetic field and by doing that, the magnetic field can
be approximated by curl-conforming Nédélec elements. Thus, the convex domain assumption is not
longer required. There exist other alternatives overcoming this difficulty. Meanwhile, we can mention
[25] (see also [14]) where the authors introduced a mixed finite element method based on weighted
regularization for the incompressible MHD system.

There exist many different discretizations for the classical incompressible MHD problem. A fully-
DG method is proposed in [29] for a linearized variant of the classical incompressible MHD system,
whereby all the variables are approximated through discontinuous finite element spaces. However,
this approach requires a large number of degrees of freedom. In [23] the authors design a new finite
element discretization, in an attempt to overcome the above mentioned difficulties. The velocity field
is discretized using divergence-conforming Brezzi-Douglas—Marini (BDM) elements and the magnetic
field is approximated by curl-conforming Nédélec elements. Recently in [36] the authors have studied a
mixed finite element scheme for stationary inductionless magnetohydrodynamic equations on a general
Lipschitz domain. They approximate the velocity and the current density by H(div)-conforming finite
elements. The H'-continuity of the velocity is enforced by discontinuous approach. However, in this
approach the magnetic field is considered as a datum.



The goal of the present paper is to contribute to the development of a new numerical method for the
MHD model in porous media. We carry out in this article mathematical and numerical analysis of the
coupled system. The main advantages of our proposed scheme are the optimal order of convergence
reached even in non-convex domains and the possibility of computing further variables of interest, in
which no numerical differentiation is applied, and hence no further sources of error arise. Our scheme
is based on a new mixed finite element method for the steady Brinkman—Forchheimer and double-
diffusion equations recently introduced in [§]. In fact, the main novelty introduced in that paper is
that no augmentation procedure needs to be incorporated into the formulation. This has been possible
thanks to the introduction of mixed methods of finite elements based on suitable Banach spaces. A
similar idea was applied in [12] for the steady Boussinesq problem. On the other hand, recently
in [9) the authors have extended the result presented in [8] to the transient Brinkman—Forchheimer
equations introducing the velocity, the velocity gradient, and the pseudostress tensor as the main
unknowns of the system. In the same spirit of the previous works, we can mention [6]. In there the
authors have proposed a new mixed finite element method for the classical MHD system. This article
introduces non-standard Banach spaces for approximating the hydrodynamic unknowns, and Hilbert
spaces for the electromagnetics variables. Our work is an adaptation of the analysis realized in [§] for
the Brinkman—Forchheimer problem and the analysis presented for the Maxwell equations in [34] (see
also[6]) to our stationary MHD problem in porous media.

The work is organized as follows. The remainder of this section describes standard notation and
function spaces to be employed throughout the paper. In Section [2| we introduce the model problem,
reformulate it as an equivalent set of equations and derive our mixed variational formulation. Next,
in Section [3| we establish the well-posedness of this continuous scheme by means of classical results on
nonlinear monotone operators and the Banach fixed point theorem. The associated Galerkin scheme
is introduced and analyzed in Section Its well-posedness is attained by mimicking the theory
developed for the continuous problem under a quasi-uniformity assumption on the mesh. In Section
we establish the corresponding Céa’s estimate and the consequent rates of convergence. Finally, in
Section [6] we present some numerical examples illustrating the good performance of our mixed finite
element method and confirming the theoretical rates of convergence.

Preliminary notations

Let Q C R3, denote a bounded domain with polyhedral boundary I'; and denote by n the outward unit
normal vector on I'. Standard notations will be adopted for Lebesgue spaces LP(2), with p € [1, o0]
and Sobolev spaces WP(2) with s > 0, endowed with the norms || - ||o .0 and || - ||s p;0, respectively.
Note that WO = LP(Q) and if p = 2, we write H*(2) in place of W*2(Q2), with the corresponding
Lebesgue and Sobolev norms denoted by || - [lo,0 and || - [|s,q, respectively. In addition, H/?(T) is
the space of traces of functions of H'(Q) and H~'/2(T) denotes its dual. With (-,-) we denote the
corresponding product of duality between H'/2(I') and H-'/2(I'). By M and M we will denote the
corresponding vectorial and tensorial counterparts of the generic scalar functional space M. In turn,
for any vector field v = (v;)i=1,3, we set the gradient, divergence and curl operators, respectively, as

ov; 0v;
Vv = < Z) , div(v =2 an
Ox; ij=1,3 Z ax]

81)3 8’1)2 81}1 803 81)2 8’1)1
curl(v) i= | — — — — — =2, = — ——

8.7}2 82?37 (91‘3 (9%'1 ’ 8.1‘1 altg
The cross product of two vectors u = (u;);=1.3 and v = (v;);=1,3 in R3 is given by

t
u X v = (ugvg — u3 vy, u3 v — Uy V3, U V2 — U V1)" .



In addition, it can be proved that for any vectors u, v and w in R3, the following identity is true
(uxv) - w=—(Wxv)-u. (1.1)

Furthermore, for any tensor fields T = (745)s,j=1,3 and ¢ = ((;5)4,j=1,3, we let div(7) be the divergence
operator div acting along the rows of 7, and define the transpose, the trace, the tensor inner product,
and the deviatoric tensor, respectively, as

3

3
= (Tji)i,jzl,?n tr(r) == ZTM‘, T:¢:= Z 7i;Cij, and =7 —tr(7) L,
i—1 ij—=1

where I is the identity matrix in R3*3. Additionally, we recall the Hilbert spaces
H(div; Q) := {7’ cL2(Q): div(r) e LQ(Q)}

and
H(curl; Q) := {v cL*(Q): curl(v) € LZ(Q)}
endowed with the norms
17130 = 1750 + 1div(T)[§o  and  [[v]Z.0 = IVI§.a + lcurl(v)[[5 o,

respectively. Both spaces are standard in mixed and electromagnetism problems, respectively. We
denote by H(div’; Q) the subspace of H(div; ) with divergence zero. In addition, in the sequel we
will make use of the well-known Holder inequality given by

) 1 1
/Q\fgl < flopallglloge v elr(Q), Vg el (Q), with sy

Finally, we recall the continuous injection i, of H(2) into L?(Q) for p € [1,6] in R? (cf. [33, Theorem
1.3.4]). More precisely, we have the following inequality

lwllope < llipl lwlie YweHY(Q), (1.2)

with ||ip]] > 0 depending only on || and p. We will denote by i, the vectorial version of .

2 The continuous formulation

In this section we introduce the model problem and derive its corresponding weak formulation.

2.1 The model problem

We are interested in analyzing the behaviour of stationary magnetohydrodynamic flows in a fluid-
saturated porous medium. To that end, we consider a slight modification of the model analyzed in [I]
(see also [35]) and, for simplicity, we assume that the bounded Lipschitz polyhedral domain Q C R? is
simply-connected and with a connected boundary I'. More precisely, we focus on solving the coupling
of the Brinkman—Forchheimer and Maxwell equations, which reduces to finding a velocity field u, a
pressure field p, and a magnetic field b, such that

1
—vAu+au+FuP?u+Vp— —curl(b) xb=£; in Q, (2.1a)
o



div(u) = g5 in Q, (2.1b)
1
— curl(curl(b)) + VA —curl(lu x b) =1f,, in Q, (2.1c)
ou
div(b) =0 in €, (2.1d)

where, the unknown A is the corresponding Lagrange multiplier associated with (see [34] and
[6] for similar approaches), whereas gy € L?(Q) denotes a nonzero mass source, and f; € L%/5(Q),
f,, € L?(Q) are external forces, which in particular are taken as 0 and %curl(.]o) in [I, eq. (13)],
respectively, with Jg denoting the source electric current density and ¢ > 0, the electric conductivity.
In turn, the constant v > 0 is the Brinkman coefficient, o > 0 is the Darcy coefficient, F > 0 is the
Forchheimer coefficient, p € [3,4] is a given number, and g > 0 is the magnetic permeability. In
addition, we consider the following boundary conditions:

u=up, nxb=0 and A=0 on I, (2.2)

where up € H'/2(T) is the prescribed velocity on I satisfying the compatibility condition

Juvn= [ o (2.3)

In addition, due to (2.1a}), and in order to guarantee uniqueness of the pressure, this unknown will be

sought in the space
L2(Q) := {qGLQ(Q) : /Qq—O}.

Next, in order to derive a new mixed formulation for (2.1))—(2.3)), we proceed as in [12] and [§].
More precisely, we now introduce as further unknowns a translation of the velocity gradient t and the
pseudostress tensor o, which are defined, respectively, by

1
t::Vu—ggf]I and o:=vVu—-pl in Q. (2.4)

In this way, applying the matrix trace to the tensors t and o, and utilizing the condition ([2.1b]), one
arrives at tr(t) =0 in  and

1t()+u
=——tr(o)+ =
P="3 3

Hence, replacing back (2.5)) in the second equation of (2.4]) and after simple computations, we find
that the model problem (2.1)—(2.2)) can be rewritten, equivalently, as follows: Find (u,t, o) and (b, A),
in suitable spaces to be indicated below, such that

gf in Q. (2.5)

1
Vu—ggf]lzt in Q, (2.6a)
vt=0%in Q, (2.6b)
1
au+F|uP?u—div(e) - —curl(b) x b=f; in Q, (2.6¢)
p

/ (tr(o) —vgy) =0, (2.6d)
Q

1 1 1 1
—— curl(curl(b)) + —=VA — —curl(u x b) = —f,, in €, 2.6e
o112 (curl(b)) . . ( ) . (2.6e)

div(b)=0 in Q, (2.6f)



u=up, nxb=0, and A=0 on T. (2.6g)

At this point we stress that, as suggested by , p is eliminated from the present formulation
and computed afterwards in terms of o and gy by using that identity. This fact justifies ,
which aims to ensure that the resulting p does belong to L3(£2). Notice also that further variables
of interest, such as the velocity gradient G = Vu, the vorticity w = % (Vu — Vut), and the stress
o :=v(Vu+ Vu') — pl can be computed, respectively, as follows

v

1 1 ~
G=t+-gr, w=_(t—t"), and a::a+uﬂ+3

I. 2.
3 5 gf (2.7)

2.2 The variational formulation

In this section we derive our five-field mixed variational formulation for the system (2.6). To that
end, we first proceed as in [12] and [§] to derive the mixed formulation associated to the Brinkman-—

Forchheimer equations. In fact, multiplying (2.6a]), (2.6b) and (2.6c)) by suitable test functions T, s,
and v, respectively, integrating by parts and using the Dirichlet boundary condition u = up on I'; we

get

/Qt:7-+/Qu-div(T) :—;/ngtr(T)+<Tn,uD>F, (2.8)

V/t:s—/ad:s:o, (2.8b)
Q Q

o[ wvar [ upuv— [divie)v-> [ (cul®b)xb)-v= [ f-v, (2.8¢)
Q Q Q mJa Q

for all (7,s,v) € X x Q x M, where X, Q and M are spaces to be defined below.

On the other hand, for the Maxwell equations ([2.6€)—([2.61), we proceed as in [34] (see also [6] for a
similar approach), that is, we introduce the space

Hdwmﬁyz{dermtm: nxd=0 m_r}

and multiply (2.6€)) by d € Hy(curl; Q2), and integrate by parts, to get

1 1 1 1
— [ curl(b) - curl(d) + / VA-d-— /(u x b) - curl(d) = / fn-d.
op= Jo HJa HJa HJo
Then, applying the identity (L.1)) to u, b, and curl(d) in the third term of the foregoing equation, and
testing (2.6f) by £ € H}(Q), integrating by parts, and multiplying the resulting equation by 1/u, we
obtain

1 1 1 1

—— [ curl(b) - curl(d +/V>\~d+/curld ><b-u:/fm-d7 2.9a

o2 o (b) (d) A . J (d) X b) A (2.9a)
1
/b-szO, (2.9b)
BJa

for all (d, &) € Ho(curl; Q) x H(Q). In this way, at first we are interested in finding o € X, t € Q,
u e M, b € Hy(curl; Q) and A € H}(Q2) satisfying (2.8)—(2.9) and the condition (2.6d]).



Now, we turn to specify the spaces X, Q, and M. We begin by noting that the first term in ({2.8b)
is well defined for t,s € L2(Q), but due to the condition tr(t) = 0 in €, it makes sense to look for t,
and consequently the test function s, in Q = L2.(Q), with

L2(Q) := {SGLQ(Q): tr(s) =0 in Q}

This implies that (2.8b]) can be rewritten equivalently as

I//t:S—/O’:S_O Vs e L2(Q). (2.10)
Q Q

In turn, we let
C:= {d € Hy(curl; Q) : / d-VE=0 VEe Hé(Q)} = Hy(curl; Q) N H(div"; Q) (2.11)
Q

and observe that, since b satisfies (2.9b)) with constant ¢ > 0, then b € C (see [22], Section 1.2.2]).
Then, since C is continuously embedded into H*(2) for some s > 1/2 (cf. [2, Proposition 3.7]), which
in turn is continuously embedded into L3+9(Q), for some § > 0 (see [33, Theorem 1.3.4]), we obtain

bllos+se < cilblleasa Vb e C.
Therefore, using the well-known embedding inequality
[vllo,ge < e2llvioen Vaell,6), (2.12)

and defining §* := fLT% > 0, it follows that

0,6—6%:0 < Cs [|d]|cur2 [|Bllcurt:0 [[V]o6:0,  (2.13)

/Q (cwl(d) x b) - v| < ewrl(@) o [bllos: 50 v

for all d € H(curl; 2),b € C and v € L(2), with C; the resulting constant from the aforementioned
embedding inequalities. According to the above, the fourth and third terms in and ,
respectively, are well defined if we set M := L5(2), which, thanks to (2.12), is consistent with the
first and second terms of , and consequently, the second and third terms in and ,
respectively, are well defined if div(e) and div(7) belong to L6/5(Q). In addition, using the fact that
the first and second terms in (2.8a)) and (2.8b)) (or (2.10))), respectively, are well defined if o, 7 € L2(Q),
we introduce the Banach space

H(divg)s; Q) = {T eL2(Q): div(r) € L6/5(Q)} ,

equipped with the norm HTH?ﬂiVS/s;Q = HTH(Q)Q + Hdiv(T)H(Z)’G/&Q, and deduce that is well defined
if we choose the spaces Q := L2 (Q), M := L%(Q), and X := H(divg/5; ), with their respective norms:
- llo.a: Il - lo.g:0, and [} - [[dive,s:0-

Now, for convenience of the subsequent analysis and similarly as in [0] (see also [5], 12]) we consider
the decomposition

H(dive,5; Q) = Ho(dives; Q) & RI,
where

Ho(divgs; Q) := {T € H(divg/s; Q) : / tr(r) = 0} ,
Q

7



that is, R1 is a topological supplement for Hyo(divg,s;(2). More precisely, each 7 € H(divg/s5; 2) can
be decomposed uniquely as

1
T=7o+dl, with 7¢€Hp(divg5;) and d:= 370 / tr(T) € R.
Q

In particular, using from ([2.6d) that [, tr(o) = v [, gf, we obtain

o=0p+cl with oo € Hy(dives;Q2) and 60:3’1/Q|/ng. (2.14)

In this way, knowing explicitly ¢ in terms of gy, it remains to find the Hp(divg/s; {2)-component o
of o to fully determine it. In this regard, using the fact that div(e) = div(ey) and o : s = o : s, for
all s € LZ.(Q), we deduce that (2.8D)—(2.8d) remain unchanged if o is replaced there by og. Moreover
it is easy to see, thanks to the compatibility condition satisfied by the Dirichlet datum up, that
both sides of vanish for 7 = I, and hence, testing this equation against 7 € H(divg /5;9) is
equivalent to doing it against T € Hy(dives;2).

According to the above, and redenoting from now on o as simply o € Ho(divg/s;(2), we arrive to
the variational problem: Find (u,t,0) € L(€) x LE.(Q) x Ho(divg,5;2) and (b, X) € Hy(curl; ) x
HY(€2), such that

las(u, ), (v,8)] + [es (b)(b), v] + by (v,5), 0] = [Fi, (v.s)] ¥ (v,s) € LO(Q) x LA(),  (2.150)

[bf(u, t), T} = [FQ, ’T] V1 e Ho(diV6/5; Q) , (2.15b)
[am(b),d] + [e;m(b)(u),d] + [bn(d), A] = [F3,d] Vd € Hy(curl; ), (2.15¢)
[bn(b), €] =0 V¢ e Hy(Q), (2.15d)

where the operators ayf, bg, am, b, cf(B) (b)7 for a given becC (cf. (2.11)), are defined,
respectively, as

lar(u,t), ( = u v+F/ lulP~2u - V+V/Qt S, (2.16)
bg(v,s),T] == —/QT:S—/QV~diV(T), (2.17)
1 1
[am(b),d] = o2 chrl(b)-curl(d), (b (d), €] = u/gd-V{, (2.18)
and
=~ 1 ~ ~ 1 ~
[cy(b)(b),v] = “ /Q(curl(b) xb) v, [cn(b)(u),d] = " /Q(curl(d) xb)-u, (2.19)

for all (v,s, 7) € L(Q) x LZ(Q) x Ho(divgs; Q) and (d,£) € Ho(curl; Q) x Hj(). In turn, F1, Fy,
and Fj are the bounded linear functionals defined by

[F1, (v,s)] = /fo-v, [Fa, 7] = ;/ngtI'(T) — (Tn,up)p , (2.20)

and .
(Fy,d] = /fm-d. (2.21)
w o



In all the terms above, [-, -] denotes the duality pairing induced by the corresponding operators.

Let us define the global unknown and space:
i:= (u,t,b) € X :=L5(Q) x L2 (Q) x C, (2.22)
where X is endowed with the norm
V1% = lI(v,s. D)% = [IVIE g0 + lIsllE. + [dlfEume ¥V = (v.5,d) € X. (2.23)

Now, recalling that the operator by, (cf. (2.18])) satisfies the inf-sup condition (see [34, Section 2.4]
or [28, Section 5.4]):
b (d),
sp Ol s g e veemyo), (2.24)
deHg(curl;Q?) HdchrI;Q

d=£0
with 8, > 0, analogously to [34], it is not difficult to see that (2.15)) can be rewritten equivalently (to
be proved below in Lemma as the following coupled problem: Find (i, o) € X x Hp(divg/s;2)
such that

[A(b)(d),V] + [B(V),o] = [F,v] VveX,
(2.25)
B(d), 7] = [G,7] V7 €Hy(dives;Q),
where, given be C, the operator A(B) : X — X' is defined by
[A(b) (1), V] = [a(t), ¥] + [c(b) (), V] (2.26)
with
[a(d), V] = [ar(u,t),(v,s)] + [am(b),d], (2.27)
[c(b) (@), ¥] = [¢/(b)(b), V] + [cm(b)(u),d], (2.28)
whereas the operator B : X — H(divg/s;$2)" is given by
[B(V), 7] := [bs(v,s), T]. (2.29)
In turn, the functionals F and G are set as
[F,V] := [F1,(v,s)] + [F3,d] and [G,T] := [Fy,7T]. (2.30)

The following lemma establishes that problems (2.15)) and (2.25) are in fact equivalents.

Lemma 2.1 If (u,t,0) € L5(Q) x L2(Q) x Ho(dive/5; Q) and (b,\) € Hy(curl; Q) x H() is a
solution of ([2.15)), then b € C and (d,0) = ((u,t,b),0) € X x Ho(divgs; Q) is a solution of (2.25).
Conversely, if (U,0) € X x Hy(divg/s; Q) is a solution of ([2.25)), then there exists A € H§(Q2) such
that (u,t,0) and (b,\) is a solution of (2.15).

Proof. The first assertion is evident. On the other hand, let (1, o) € X x Hy(divg/s;2) be a solution
of . Note that directly implies , and . Thus it only remains to show
the existence of A € H(l)(Q) such that is satisfied. We prove this fact proceeding similarly as in
[6, Corollary 3.8]. Indeed, let F' € Hy(curl;Q2) be the unique element in Hy(curl; Q) (guaranteed by
the Riesz representation theorem), such that

(F,d) oy = [F3,d] — [am(b), d] — [em(b)(w),d] Vd € Ho(eurl; Q)

curl —



with (-, ).,y being the inner product of Hy(curl; 2). Testing the first equation of , with v =
(0,0,d), we deduce that (F,d)., = 0 for all d € C, that is, F' € C*. Then, owing to the inf-
sup condition , and according to [20, Lemma 2.1-(ii)], we deduce that there exists a unique
A € H}(9), such that

[bm(d)7 )‘} = <F7 d) = [F?nd] - [am(b)7d] - [Cm(b)(u)ﬂ d] vd e HO(Cuﬂ; Q) ’ (2'31)

curl —

which implies that (u,t,o) € L) x LZ(Q) x Ho(dive/s; Q) and (b,A) € Hy(curl; Q) x Hj(Q) is
solution of (2.15]), completing the proof. O
As a consequence of the above, in what follows we focus on analyzing problem (2.25)).

3 Analysis of the coupled problem

In this section we combine classical results on nonlinear monotone operators with the Banach fixed-
point theorem, to prove the well-posedness of (equivalently ) under suitable smallness
assumptions on the data. To that end we first collect some previous results and notations that will
serve for the forthcoming analysis.

3.1 Preliminaries

We begin by stating a slight adaptation of the abstract result established in [8, Theorem 3.1].

Theorem 3.1 Let X1, X2, X3 and Y be separable and reflexive Banach spaces, being X1, Xo and X3
uniformly convez, and set X := X1 x Xox X3. Let A: X — X' be a nonlinear operator, B € L(X,Y"),
and let V' be the kernel of B, that is,

Assume that
(i) there exist constants L > 0 and p1, p2, p3 > 2, such that
> 2
AG) ~ A < L3 {ley — wgllx, + (lugllx, + sl )P us = vjllx,
j=1
for all @ = (uy,uz,us3), 0= (vi,v9,v3) € X,

(ii) the family of operators {.A( +2): V=V Ze X} is uniformly strongly monotone, that is
there exists o > 0 such that

) — AW+ 2),i 7] > alli- 7%,

&y

[A(T +
for all Z € X, and for all 4,V € V, and

(iii) there exists f > 0 such that

[B(v), 7]

sup

—= > Blrly VreY.
vex |17lx
40

10



Then, for each (F,G) € X' x Y’ there exists a unique (i,0) € X XY such that

[A(@), 1+ [B@).0) = [F.0] ¥TeX, o)
[B(@), 7] = [G,7] VreY. '
Moreover, there exist positive constants C1 and Cy, depending only on L, «, and B, such that
i x < C1 M(F,G) (3.2)
and
3
lolly < Co § M(F.G)+ Y M(F,GP o, (3.3)
j=1
where 5
i—1
M(F,G) == | Fllx + Gl + D IGIF + [LAO) | x- (3.4)
j=1

Next, we establish the stability properties of some of the operators involved in (2.15) and (2.25)).
We begin by observing that the operators a,,, B and functionals F3, F, G are linear. In turn, from
(2.18), (2.29), (2.21), (2.30), and employing Holder and Cauchy—Schwarz inequalities, there holds

1

lam(b),d]| < o2 IIbllcurtio [|d]|cw;e Vb, d € H(curl; ), (3.5)
IB(¥), 7| < [¥lx [ITllaive0 ¥V € LE(Q) x L () x H(cwr;Q), V7 € Ho(divgs;Q),  (3.6)
|[F5,d]] < ;Hfm o.0ldl[cur:o Vd € H(curl; ), (3.7)
F, ¥ < Cr (IIfllog/ma + [Enlloo) [V]x V¥ € LO(Q) x LE.(Q) x H(curl;Q), (3.8)

with Cp := max {1,1/u}. Notice that and also hold for all v € X. We have written
and in a more general form since both inequalities will be used later on to prove well-posedness
of the Galerkin scheme proposed in Section {4| and to derive the a priori error analysis (cf. Lemma
5.1). In addition,

G, ]| < Ca (llgy

00 + [lunllij2r0) |7 lldive 50 V7 € Ho(dives; Q) (3.9)

where Cg := max {1/v/3,Cq} and Cq is a positive constant depending on ||ig|| (for more details see

[5, Lemma 3.5] and (1.2])).

Finally, using (2.13) and the definition of the operators Cf(B) ,cm(g) ,C(B) (cf. (2.19)), (2.28])), we
observe that for any b € C, there hold

C

lesB)(b). V]| < =2 Bl [bllearie [Vose ¥ (b, v) & H(curl; 2) x L), (3.10)
lem(B)(u), d]| < i 1B leute [ullo g |dllerro ¥ (u,d) € LEQ) x H(curl; ), (3.11)
l[e(b)(), ]| < i 1B lleurtser (Ill3 6.0 + [1B120.0) 2 (V13 60 + 1d12um0) 2
< i 1B lleue [llx [¥]lx Vi = (u,t,b),¥ = (v,s,d) € X, (3.12)
and, in addition, R
[c(b)(¥),¥] = 0 VveX. (3.13)

11



3.2 A fixed point strategy

We begin the solvability analysis of (2.25]) (equivalently (2.15)) by defining the operator T : C — C
by R R
T(b) :=b VbeC, (3.14)

where b is part of the element (U, o) = ((u,t,b),o) in X x Hy(divg/s; 2) satisfying
A(b)(@),¥] + [B(F¥),0] = [F.¥] vVeX,

(3.15)
B(d),7] = [G,7] V7 e Hy(dives).

Notice that solving ([2.25)) is equivalent to finding b € C such that
T(b) = b.

In this way, in what follows we focus on proving that T possesses a unique fixed-point. To that end,
we first show that the coupled problem is well-posed, which means, equivalently, that T (cf.
is indeed well-defined. We observe that, given b € C, the problem has the same structure
as the one in Theorem (cf. ) Therefore, in order to apply this abstract result, we notice that,
thanks to the uniform convexity and separability of LP(Q), for p € (1, 400), all the spaces involved in
, that is, L(), L2.(22), C and Ho(divg,s, §2), share the same properties.

We continue our analysis by proving that, given be C, the nonlinear operator A(B) (cf. 1}
satisfies hypothesis (i) of Theorem (3.1 with p; = p € [3,4] and ps = p3 = 2.

Lemma 3.2 Let p € [3,4]. Given be C, there exists Lyg > 0, depending on v, F, a, |Q|, Cs, o0, and
W, such that

[A(b)(t) — A(b)(V)[[x/ < Lmn {(1 +bleue) (e = vioea + (b= dfcue)

O,G;Q} )

(3.16)

-2
+ It =sloge + (lullosa + Ivioee)” “lu—v

for all G = (u,t,b), V= (v,s,d) € L5(Q) x LZ(Q) x H(curl; Q).

Proof. Let G = (u,t,b), Vv = (v,s,d), and w = (w,r,e) € L(Q) x LE(Q) x H(cur; Q). From
the definition of the operator A(b) (cf. (2.26])), the Cauchy—Schwarz and Holder inequalities, the

~

continuity bound of c¢(b) (cf. (3.12)), and simple computations, we deduce that
[A(b)(d) — A(b)(V), W] < F[[[ulP"?u—[v[*?v[oq0 [[Wlope

+a |2 lu—v|

C. ~
+ 78 ||bchrl;Q(Hu - V||0,6;Q + [|b — d”curl;Q) (”W

1
ol Wloga + vt —sloalrloa + 27 b= dllecuna leflcwna (3.17)

0,6:2 + ”echrl;Q) )

where 1/p 4+ 1/q = 1. In turn, using [3, Lemma 2.1, eq.(2.1a)] to bound the first term on the right
hand side of ([3.17)), and the embedding (2.12) of L5(f2) into LP(f2), with p € [3,4], we deduce that
there exists ¢, > 0, depending only on || and p, such that

- - -2
P u = VP2 oga [Wlope < e ([ullope + [IVilope)”~lu—viope [w

0,p;Q2

(3.18)

_ -2
< ¢ 12/ (ullosi + [[Vllos0)” = v]osn lw

0,6;2 -

12



Thus, replacing back (3.18) into (3.17]), we obtain (3.16) with

1 Cs
Lyy := max {a |Q\2/3,Fcp |Q|(6_p)/6, v, o2’ ,U} )

which completes the proof. O

At this point we observe that since ([3.16]) holds for all i and ¥ in L(Q) x L2.(Q) x H(curl; Q), it is
clear that it also holds for all d and v in X (cf. (2.22))). We write (3.16]) in the current general form
since it will be used later on to derive the a priori error analysis (cf. Lemma [5.1]).

Now, let us look at the kernel of the operator B (cf. (2.29)) that is
V:={v=(v,s,d)eX: [B(¥),7]=0 V7 eHy(dive;Q)}
which, proceeding similarly to [12], eq. (3.34)] reduce to
V:=KxC, where K={(v,s)eL{(Q)xL%(Q): Vv=s and veHQ)}. (3.19)
In addition, we recall from [31, Corollary 3.51] that

leurl(d)|[§.o > am lld|Zme YdeC. (3.20)

Thus, the following lemma shows that the operator A(b) satisfies hypothesis (ii) of Theorem
with p; = p € [3,4] and pa = p3 = 2.

Lemma 3.3 Given b € C, the family of operators {A(B)( +Z): V>V . :Z¢€ X} is uniformly
strongly monotone, that is, there exists cug > 0, depending on v, o, am, |||, o, and p such that

[A(b)(E+2) — A(D)(V+2),d— V] > am|li-v|%k (3.21)
for all Z = (z,r,e) € X, and for all 4 = (u,t,b), V= (v,s,d) € V.

Proof. Let Z = (z,r,e) € X and U = (u,t,b),v = (v,s,d) € V. Bearing in mind the definition of

~

A(IA))7 a, and c(b) f (2-26), (2.27), (2:28)), and the identity (3.13), we get

~

A(b)([{i+Z) — A(b)(¥+2),i— V] = [a(ii+Z) — a(¥ +7),d — V| + [e(b)({i — ¥), i — V]

= allu—v|§q+F /Q (lu+zP?(u+z) = |v+zl?(v+z) (u-v) (3.22)
= sl + - ol — ) 0.
In turn, using [3, Lemma 2.1, eq.(2.1b)], there exists C}, > 0 depending only on || and p, such that
| (u a2 )~ v+ 22 ) - (0 =) 2 Cylla=vif 0 = 0.
which, together with and , yields

[A(b)(T+2) — A(b)(V+2), -] > alu-v|io+rt- Hb Ao (3.23)
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Next, employing the fact that t —s = V(u—v) € Q and u—v € H}(Q2) in (cf. (3.19)), and using the
continuous injection ig of H!(Q) into LE(Q) (cf. (1.2)), we deduce that

~

[A<b><ﬁ+2>—A<b><v‘+2>,ﬁ—vf]Zmin{a2}||u—vrrm+ L

> min{a, 3} o]~ vIeq + 5 | oz P = o

which yields (3.21]) with

o = min{||16||_2 min {a;j};:;;} . (3.24)

O
As a corollary of Lemma replacing U, v€ Vand Z € X in (3.21) by i —v,0 € V and vV € X,
respectively, we arrive at

[A(b)(d) — A(b)(¥),d — V] > au ||t — ¥k, (3.25)

for all 4,V € X such that 4 — v € V.
We end the verification of the hypotheses of Theorem with the corresponding inf-sup condition

for the operator B (cf. (2.29)), (2.17)).

Lemma 3.4 There exists a positive constant Bum, such that

B(v), T .
sup M > Pun ”THdiVG/s;Q VT e Ho(dlv6/5; Q). (3.26)
X ¥l

Proof. First, we note that from a slight adaptation of [12, Lemma 3.3] the following inf-sup condition
for by holds

be(v,s), T .
sup M > Bwu HTHdiv6/5;Q V1 € Hy(dive/s; ). (3.27)
veyeLs@xLz (@) |I(v:s)]
(v,8)#0

Thus, (3.26) follows straightforwardly from (3.27)) and the definition of the operator B (cf. (2.29))). O
Now, we are in a position of establishing the solvability of the nonlinear problem (3.15)).

Lemma 3.5 For each b € C, the problem (3.15) has a unique solution (d,0) = ((u,t,b), o) €
X x Hp(divg/s;€2), and hence T(b) := b € C is well-defined. Moreover, there exists a positive

constant Cr, independent of B, such that

IT®)ewo < [lx < Cr { frloe/se + [Ealloo+ Y (lgrlloe + lupllyzr)’ (3.28)

je{p.2}

Proof. Given b e C, we first recall from , and that B, F and G are all linear
and bounded. Thus, thanks to Lemmas [3.2 E 2| and [3.3 . the inf-sup condition of B given by (3 ,
straightforward application of Theorem [3.1] -, with py = p € [3 4] and p2 = p3 = 2 to problem
completes the proof. In particular, given b € C, noting from (2.26)) that A (b)(0) is the null functlonal
we get from . that

M(F, G) = [Fllx + 3| Gl ive sy + G B i iy
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and hence the a priori estimate (3.2]) yields

— -1
liilx < G {IFllx + 1G o (aive ey + 1GEotaieg iy -

with a positive constant C; depending only on Ly, ayg and Sug. The foregoing inequality together

with the bounds of |F|xs and HG’HHO(diVG/E);Q)I (cf. 1) 1) imply (3.28)) with Ct depending on
lli6||, Ly, oo, oo and Sy, thus completing the proof. O

For later use in the paper we note here that, applying (3.3]), and using again the bounds (3.8)) and
(3.9) for ||F||xs and |Gl 1o (divg5:0) > Tespectively, the a priori estimate for the second component of
the solution to the problem defining T (c¢f. (3.15])) reduces to

i—1

i—1
H0'||div6/5;9 < G Z 1£¢ll0,6/5:02 + [[fmllo.0 + Z (||9f\|0,9 + HUDH1/2,1“)J . (3.29)
i€{p,2} je{p,2}

with Cy depending on Lyy, oy, p and Syg.

3.3 Well-posedness of the continuous formulation

Having proved the well-posedness of the coupled problem which ensures that the operator T is
well defined, we now aim to establish the existence of a unique fixed-point of the operator T. For this
purpose, in what follows we will verify the hypothesis of the Banach fixed-point theorem. We begin
by providing suitable conditions under which T maps a ball into itself.

Lemma 3.6 Given r > 0, let W be the closed ball in C with center at the origin and radius r, and
assume that the data satisfy

i—1
Cr | Ifflloe/s:0 + Ifmlloo + Z (llgfllo,e + laplli2,r)’ <r. (3.30)
je{p,2}
Then, there holds T(W) C W.
Proof. 1t is a direct consequence of the a priori estimate (3.28) and the assumption (3.30). O

We now aim to prove that the operator T is Lipschitz continuous.

Lemma 3.7 Let Cs, amy, and Ct be given by (2.13), (3.24), and (3.28), respectively. Then, there
holds

IT(b) — T (bo) lcurt0

C, Crp il - (3.31)
< I£rllo.6/50 + IEnllon+ D (lgrlloq + llupllyzr) b — bollcuri,2 »

«
H o Jj€{p,2}

for all B, lA)g e C.

Proof. Given B, by € C, we let (d,0) = ((u,t,b),0) and (do,00) := ((uo,to, bo),a0) € X x
Hp(dive/s;€2) be the corresponding solutions of (3.15)) so that b := T(b) and by := T(bg). Then,
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subtracting the corresponding problems from (3.15)), and using the definition of the operator A(B)
(cf. (2.26)), we obtain

[A(bo)(d) — A(bo)(to), V] + [B(V),0 — 0] = —[c(b—bo)(H),V],
(3.32)
[B(i—tp), 7] = 0,

for all v € X and 7 € Hy(divg/s5;€2). We note from the second equation of (3.32)) that @ —dy € V
(cf (3.19)). Hence, taking v :=d — tp € V in the first equation of (3.32)), applying (3.25) with 4, dp

~

€ X, and using the continuity bound of c(b) (cf. (3.12))), we obtain

oy | — Tol|% < [A(bo)(&) — A(bo)(8o), T — tio] = —[c(b — bo) (&), & — tio]

cs . . ~ =~ o
< f [t]|x [Ib — bo|lcurs;e [T — Hollx ,

which, together with (3.28]) to bound ||t||x, implies (3.31]), completing the proof. O
We are now in position to establish the main result concerning the solvability of ([2.25|)

Theorem 3.8 Given r > 0, let W be the closed ball in C with center at the origin and radius r, and
assume that the data satisfy (3.30) and

Cs Cr

e esY::i

-1
I£5ll06/5:0 + IEmlloe + D> (lgrlloe + lupllzr)’ < 1. (3.33)
Jj€{p,2}

Then the operator T has a unique fized point b € W. Equivalently, the coupled problem ([2.25)) has
a unique solution (d,o) € X X Ho(div6/5; Q), with b € W. Moreover, there exist positive constants
Ct,Cy, depending on Cs, v, F, «, ap, ||, o, 1, and Bug, such that the following a priori estimates
hold

_ i—1
ldllx < Cx < Iffllos/so + [Enlloa+ Y (lgrlloa + luplizr)’ ™ ¢, (3.34)
J€{p,2}
i—1
i—1
lollaive 0 < Co Y | Iflossse + IEnlloe+ Y. (lgrlloq + lluplljzr)’ - (3.35)

Proof. We begin by recalling from Lemma that, under the assumption , T maps the ball
W into itself, and hence, for each b € W we have that both ||b||cu1,0 and [|T(b)/curl;o are bounded
by r. In turn, it is clear from in Lemma and Hypotheses that T is a contraction.
Therefore, the Banach fixed-point theorem provides the existence of a unique fixed point b € W of
T, equivalently, the existence of a unique solution (i, o) € X x Ho(divgs; 2), of the coupled problem
, with b € W. In addition, it is clear that the estimates and follow straightforwardly
from and , respectively, which finishes the proof. O
We end this section by establishing the well-posedness of .

Corollary 3.9 Let ff € L5/°(Q), £, € L%(Q), g5 € L3(Q), and up € HY2(T), such that (3.30)
and (3.33) hold. Then, there exist a unique (u,t,0) € LO(Q) x L (Q) x Hy(divg/s; Q) and (b,\) €
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Ho(curl; Q) x HY(Q) solution to (2.15). In addition, (u,t,b) and o satisfy (3.34) and (3.35), respec-
tively, and for A, there exits a constant C depending on Cs, v, F, «, oo, |, 0, 1, P, and By, such

that

IS K (3.36)

2
Me < C D | IEllossse + IEmlloe+ > (lgrllo,
i=1 Jj€{p,2}

Proof. We begin by recalling from Lemma that the problems (2.15) and (2.25]) are equivalents.
Thus, the well-posedness of ([2.15) and stability bounds for (u,t,b) and o follow from Theorem
On the other hand, using the identity (2.31)), the inf-sup condition ([2.24]), and the continuity bounds

of an, F3 and ¢, (cf. (3.5)), (3.7), (3.11])), we deduce that

Buldllio < sup A= lom(®).d] - [on(b)(u),d]

deHg(curl;Q) ||d”curl;(2
d#£0
Cs

1
- ||f ||0 Qt—3 — ||b||CurlQ + — ||b”CurlQ ||u||0 6;Q2 -
oK K

Finally, bounding ||b”cur1;Q [lullos.o by ||G||% in the foregoing inequality, and employing (3.34)), we
obtain (3.36)), completing the proof. O

4 Galerkin scheme

In this section we introduce and analyze the corresponding Galerkin scheme for the five-field mixed
formulation (equivalently (2.25)). We mention in advance that, as we shall see in the forthcoming
subsections, the well-posedness analysis follows straightforwardly by adapting the results derived for
the continuous problem to the discrete case, so most of the details are omitted.

4.1 Discrete setting

We first let {7,}n>0 be a regular family of triangulations of the polyhedral region Q made up of
tetrahedra T in R? of diameter hp such that Q = U{T T e 771} and define h := max {hT T e E}
Given an integer [ > 0 and a subset S of R3, we denote by P,(S) the space of polynomials of total
degree at most [ defined on S, f’l(S ) the space of homogeneous polynomials of degree exactly [ on S
and M;(S) the space of polynomials p in f‘l(S) satisfying p(x) - x = 0 on S, where x := (21, 72, x3)"
is a generic vector of R3. Hence, for each integer k¥ > 0 and for each T € 7y, we define the local
Raviart—-Thomas and Nédélec elements of order k (see for instance [4] and [31]), respectively, by

In this way, introducing the finite element subspaces:

H = {v,eL%Q): wvplr ePy(T) VT €T},
Hf = {r, eLL(Q): rplr €Pu(T) VT €T},
HY = {74 € Ho(divg5;Q) :  c'rplp € RTR(T) VeceR", VT eT,}, (4.1)

HE = {dp € Ho(curl; Q) :  dp|r € ND(T) VT €Th},
Hy = {(€€H(Y): &lre€P(T) VT €T},
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the Galerkin scheme for (2.15)) reads: Find (up,tp, o) € HP x Hb x H? and (bp, \) € Hlﬁ X Hz,
such that

[af(an, tr), (Va,sn)] + [cr(br)(br), vi] + [bf(Vh, k), o] = [F1, (Vhssh)], (4.2a)
[bf(an, tp), 7] = [Fo, Th) (4.2b)

[am (br), dpn] + [em(bn) (un), dp] + [bm(dn), An] = [F3, da], (4.2¢)

[bm (br), &n] =0, (4.2d)

for all (v, sy, 71) € HY x Hf x HZ and for all (dy, &) € HP x Hy.
Now, analogously to the continuous case, from [28, Section 5.4] we recall that the bilinear form b,,
satisfies the discrete inf-sup condition:

sup [bm(d), &n] > B llénllie V& € Hy, (43)

d,eHP |dp ||cur1;Q
d;,£0

with (8, > 0 being the same constant satisfying (2.24]), which certainly is independent of h. Then,
defining the discrete version of C (cf. (2.11))) as

Cy = {dheH‘;;: /th.vghzo vgheﬂg}, (4.4)
and denoting from now on
dy, = (up, tn,by), Vi = (v, sn,dy) € X, := H x HE x Cy,,
the discrete version of reads: Find (up, o) € X, x HY such that:
[A(bp)(Un), V] + [B(Vh),0n] = [F. V] VVheXy, s
B(un),7n] = [G,7h] V7, €H],

where, as in the continuous case, given Bh € Cy, the operator A(Bh) : X, — X, is defined by

[A(by) (i), V] == [a(tin), ¥4] + [e(bn) (i), Vi), (4.6)
where X}, is endowed with the norm defined in (2.23)).

At this point, we observe that owing to the discrete inf-sup condition (4.3]), and using similar
arguments to the ones employed in Lemma the discrete problems (4.2)) and (4.5 are equivalent.
According to this, in what follows we focus on analyzing (4.5]).

We now develop the discrete analogue of the fixed-point approach utilized in Section (3.2l To this
end, we introduce the operator Ty : C;, — C}, defined by

Td(Bh) = by, Vgh e Cy, (4.7)

where (Up, o) = ((up, th,by), o) € X, x HY is the unique solution (to be confirmed below) of the
problem
[A(bp)(Gr), V] + [B(Vh),on] = [F, V] Vv, € Xy, 48)
[B(tpn), 7n] = [G,7h] V7, €HY.
Therefore solving (|4.5]) is equivalent to seeking a fixed point of the operator Tg, that is: Find by, € Cp,
such that
Ta(bn) = by (4.9)
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4.2 Solvability analysis

We begin by proving that is well-posed, or equivalently that Ty (cf. (4.7))) is well defined.
We remark in advance that the respective proof, being the discrete analogue of the one of Lemma
makes use again of the abstract result given by Theorem We note also that the discrete
kernel of by,, namely Cj, (cf. (4.4))), is not included in its continuous counterpart C (cf. (2.11))), and
consequently, we can not employ the embedding C C H*(Q)) for some s > 1/2. In order to overcome
this drawback, as we shall see in the following lemma, from now on we need to assume that the mesh
is quasi-uniform. Then, recalling the inverse inequality (see [11, Theorem 3.2.6]):

I€llogo < Cra3WatP|igllo 0, 1 < p < g < oo, (4.10)

for all piecewise polynomial functions £ and C; > 0 independent of h, we are able to establish general
versions of (3.10)), (3.11]), and (3.12]).

Lemma 4.1 Assume that {T}n~0 is a family of quasi-uniform triangulations. Given beC+ Cy,
there exists a positive constant Csq, independent of h and the physical parameters, such that

- Cog .~

HCf(b)(b),VH < < ||b||curl;Q||bH0url;Q ||V||0,6;Q v (b,V) € Hl;l,) X LG(Q)a (411)

= Csa 5 6 b
Hcm(b)(u),dH < Hbchrl;Q ||u”0,6;Q Hdchrl;Q V (u,d) € L°(Q) x Hy (4.12)

and
TV o Csa 1 2 2 1/2 2 2 1/2
|[e(b)(d), V]| < Ibllcurza ([0llg g0 + ldlgwa) ™ (V560 + ldlGws0)

a (4.13)

C's,d
o
for all @ = (u,t,b),V = (v,s,d) € L°(Q) x LZ,(Q) x HP.

Hbchrl;Q ”ﬁHX H‘ﬂ‘x

Proof. In order to show (4.11]), we proceed similarly to the proof of [34, Proposition 3.2]. First, notice
that given b € C, (.11) follow straightforwardly from (3.10), since b € H? C H(curl; ). Now, let
b € Cj, and (b,v) € HP x LS(Q). In order to prove (4.11]) we let S : C;, — C be a linear operator
such that (see [28| Section 4])
curl(d) = curl(S(d)) Vd e Cy (4.14)

satisfying

|[d—S(d)|on < Csh®|curl(d)|on VdeCy, (4.15)
where s > 1/2 is the parameter such that C C H*(Q2) (see [28, Lemma 4.5]). Next, adding and
subtracting S(b) in the operator cs(b) and using triangle inequality, we obtain

ey (b)(b), V]| < [[es(b—S(b))(b), V]| + |[cs(S(b))(b), V]| (4.16)

In order to bound the first term on the right-hand side of (4.16)) we apply Hoélder’s inequality, the
inverse inequality (4.10)), with ¢ = 3 and p = 2, and the estimate (4.15)), to obtain

lles(B = 8(B))(b),v]] < ~ b —S(B) [0 lcurlb) oz [Vloso
o)

CsCr, . ~ CsCr. o 1/915
< %hs V2| curl(b) [lo.0llcurl(b)[lo.o [ v]o.so < %h Y21b|curt:e | Bl curt: | V]| 0.6:0 -

(4.17)
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In turn, using the estimates (3.10) and (3.20)), and the identity (4.14]), we are able to deduce

~

Cs e
|[ef(S(b))(b), V]| < FHS(b)chrl;Q [Iblleuri.e2 [[V]]o,6:0

e K o . (4.18)
—7 llewl(S(®))llog [bllcune [IVllogo < —7 [bllawe [Pllcursa [[vioeo -
m M Omy

Thus, replacing back and into , and using the fact that h*~Y/2 < 1, since s > 1/2,
we obtain with Csq = Cs Cr + Cs/ a%Q independent of h and the physical parameters. The
proof of (4.12) follows analogously to , reason why is omitted, whereas follows from the
definition of the operator c(b) (cf. (2.28)) and estimates (4.11]), (4.12). O

The following result establishes that the nonlinear operator A(Bh) (cf. (4.6)) satisfies hypothesis
(i) of Theorem [3.1) with p; = p € [3,4] and py = p3 = 2.

Lemma 4.2 Assume that {Tp}r>0 is a family of quasi-uniform triangulations. Let p € [3,4]. Given
by, € Cy,, there exits Lwyq > 0, depending on v, F, a, ||, Csq, 0, and p, such that

|A (by)(Tr) — A(Eh)(vh)ﬂx; < Lyna {(1 + brllcunio) (Iun — vallose + b — dallowe)
(4.19)

+ |Itn —sn

-2
0.0 + (lunllose + valose)” lun - VhHO,G;Q}a
fOT‘ all ﬁh = (uh7th7bh); V_;L = (Vh,Sh,dh) € Xy,

Proof. First, given by, € Cy, we observe from the definition of the operator A(by) (cf. (4.6)) that for
U, = (up, tn, br), Vi, = (Vp,sp,dp) € Xy, there certainly holds

A (bp)(dr) — A(bp)(Va)llx;, < [la(tn) —a(Va)llx; + lle(ba)(tn — va)llx; -
Then, employing similar arguments to (3.16|) and considering (4.13)), we obtain (4.19), with

1 C
Ly g = max{a|Q]2/3,Fcp]Q|(6_p)/6,y ,u’d} .

707#27
U

Next, in order to prove the hypotheses (ii) and (iii) of Theorem we set the discrete kernel of
the operator B, which is given by V := K, x C;,, with

K; = {(Vh,Sh) c H} x H : —/Th:sh—/vh-div('rh):() VT}ZGHg}. (4.20)
Q Q

Then, from a slight adaptation of [8, Lemma 4.1], which in turn follows by using similar arguments to
the ones developed in [I2], Section 5], we now provide the discrete inf-sup condition for the operator
by (cf. ) and an intermediate result that will be used to show later on the strong monotonicity
of A(gh) on V.

Lemma 4.3 There exist positive constants funa and Cq such that

[b7(VhsSh)s Thl

sup > Puna HTthiv6/5;Q V1, € HY (4.21)
(Vh.sp) EHP xHE (v, sn)|
(Vh,Sh)#0
and
lsulloe = Callvrlloee VYV (va,sn) € Kj. (4.22)
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In addition, we recall from [28, Theorem 4.7] that

leurl(dn)lB o > ama ldalug ¥da € Ch. (4.23)

curl;

We now establish the discrete strong monotonicity property of A ( bh (cf. .

Lemma 4.4 Given Bh € Cy, the family of operators {A(Bh)( +Zp) : Vi, = V) 1 Z) € Xh} is
uniformly strongly monotone, that is, there exists aygq > 0, depending on v, a4, Ca, 0, and p such
that R R

[A(bp)(Th + Z1) — A(by) (Vi + Z1), tn — V] > awma [|Th — Valk (4.24)

fO’I“ all Zh = (zh,rh,eh) (S Xh, and f07" all ﬁh = (uh,th,bh),\_;h = (Vh,Sh,dh) € Vh.

Proof. We follow an analogous reasoning to the proof of Lemma In fact, let Zj, = (zp,,rp,epn) € Xy,
and U, = (up, tp,br), Vi, = (v, sp,dp) € Vi, = K xCy, (cf. - Then, according to the definition
of A(bh (cf. . and using the identity - (which is also true when beCj,and v € X1), 3l
Lemma 2.1, eq.(2.1b)], and -, we get, similarly to - that

[A(by) (g, + Zn) — A(bp) (¥, + Z1), Th, — Vi)

N (4.25)
> allu, = vall§a+vth —sullfo + de

||bh dy, ngrl;Q .

Next, bounding below the first term on the right hand side of (4.25) by 0, and using the fact that
up — Vp = ((up —vp,tp —sp),bp —dp) € Kj, x Cp, in combination with the estimate (4.22)), we obtain
[A(by) (i), + 2,) — A(by) (¥, + 23), ts — V)

v Qm.d
> §C§Huh vill§ e+ = ||th—Sh||osz+Qm

th dh”curlQ?

which yields (4.24]) with

v vC2 amd} (4.26)

QMH,q = mlH{Q, 9 Q/j,

O

Similar to the continuous case, replacing uy, vV, € Vj, and z), € X, by i, —Vy, 0 € V, and vy, € X,
in (4.24]), we arrive at

o~ o~

[A(bp) (r) — A(by)(¥n), G — Vi) = amna 8, — Valk (4.27)

for all ﬁh:‘_;h € X}, such that Uy, — v, € Vy,.
We continue with the discrete inf-sup condition for the operator B (cf. (2.29), (2.17)).

Lemma 4.5 There exists a positive constant Puua, such that

B ‘_':h s Th
sup [(_,7)] > /BMH,d HTthiVG/5§Q YT € Hg . (4.28)
VLeX) ”VhHX

‘7}1,#0

Proof. The statement follows directly from the definition of the operator B (cf. (2.29))) and (4.21)). O

We are now in position of establishing the discrete analogue of Lemma
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Lemma 4.6 Assume that {Tp}n>o s a family of quasi-uniform triangulations. Then, for each Bh €
Cy, the problem (4.8) has a unique solution (Up,or) = ((up,th,bp),on) € Xy x HY, and hence
Ta(by) := by, € Cy, is well-defined. Moreover, there exists a positive constant Cr,, independent of by,
such that

ITa(b)lcure < lallx < Cy < IErlloss/ss0 + [Emlloe + Y (lgrlloq + [lupllijar)’ - (4.29)
Jj€{p,2}

Proof. According to Lemmas and and the discrete inf-sup condition for B provided by
(cf. Lemma , the proof follows from a direct application of Theorem m with p; = p € [3,4] and
p2 = p3 = 2, to the discrete setting represented by . In particular, the a priori bound is
consequence of the abstract estimate applied to (4.8)), which makes use of the bounds for IFx;

and [|G|lge (cf. (3.8), (3.9))- O
We remark here that, proceeding similarly to the derivation of (3.29), we obtain

i—1
j—1
lonllaive 0 < Cos Y | IErlos/ma + [Eallog + D (lgslloq + lluplliyzr)’ , (4.30)
ie{p,2} je{p.2}
with Ccrd depending only on LMH,d) QOMH,d and BMH,d-

We now proceed to analyze the fixed-point equation (4.9). We begin with the discrete version of
Lemma [3.6, whose proof, follows straightforwardly from Lemma

Lemma 4.7 Given r > 0, let Wy, be the closed ball in Cp, with center at the origin and radius r, and
assume that the data satisfy

i—1
Crq 4 lIfy oo+ Y (lgllog + lupllyzr)’ <r. (4.31)

Jj€{p,2}

lo,6/5:0 + [|fim

Then, there holds T4(Wp) C Wy,.

Next, we address the discrete counterpart of Lemma [3.7] whose proof, being almost verbatim of
the continuous ones, is omitted. We just remark that Lemma [4-8 below is derived using the strong
monotonicity of A(by) on V}, (cf. (4.24)) and the continuity bound of c(by) (cf. ([4.13)). Thus, we
simply state the corresponding result as follow.

Lemma 4.8 Assume that {Tp}n>0 is a family of quasi-uniform triangulations. Let Csq4, cama, and

Ct, be given by (4.13), , and (4.29), respectively. Then, there holds

HTd(Bh) - Td(BO,h) chrl;Q

< CS,d CTd
T Momma

N
oo+t Y. (lgrlloe + lupllizr)’™ ¢ Ibr = bonllewsa -
je{p,2}

£

0,6/5:2 T £

SN (4.32)
for all bh,bo,h € Cy,.

We are now in position of establishing the well-posedness of (4.5))
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Theorem 4.9 Assume that {Tp}n>0 is a family of quasi-uniform triangulations. Given r > 0, let
W, be the closed ball in Cp, with center at the origin and radius r, and assume that the data satisfy
(4.31) and

CS,d CTd

i—1
. sat Y (losloa+ulzr) ™ <1 (@33)

je{p,2}

I

0,6/5:0 1 llfm

Then the operator Tq has a unique fized point by, € Wy,. Equivalently, the problem (4.5) has a unique
solution (Up,op) € Xy, x HY, with by, € Wy,. Moreover, there exist positive constants Cr,, Co,,
depending on Csqa, v, F, o, auma, |Q|, 0, 1, and Pwna, such that the following a priori estimates hold

_ i—1
[tnllx < Cry ”ffHO,6/5;Q + HmeO,ﬂ + Z (HngO,Q + HUDH1/2,F)J ) (4.34)
Jj€{p,2}

i—1

i—1
0.0 + [luplli/2r)’ . (4.35)

lonllaivg s < Cou Y | IErlloesa + IEnlloo+ D (lgs
i€{p,2} i€{p,2}

Proof. Tt follows similarly to the proof of Theorem Indeed, we first notice from Lemma [£.7] that
T4 maps the ball Wy, into itself. Next, it is easy to see from (4.32)) (cf. Lemma and that
T4 is a contraction, and hence the existence and uniqueness results follow from the Banach fixed-point
theorem. In addition, it is clear that the estimates and follow straightforwardly from

(4.29) and (4.30]), which ends the proof. O

We end this section by establishing the well-posedness of (4.2), whose proof is omitted since it
follows analogously to the proof of Corollary We just remark that Corollary [£.10] below is derived
using the discrete inf-sup condition of b,, (cf. (4.3))) and the continuity bound of ¢, (by,) (cf. (4.12)).

Corollary 4.10 Assume that {T,}n>0 is a family of quasi-uniform triangulations. Let f; € L5/5(Q),
£, € L2(Q),g; € L2(Q), and up € HY2(T), such that and hold. Then, there exist a
unique (p, ty, o) € H xHE xHT and (by, \p) € Hg tz solution to . In addition, (up, ty, bp)
and oy, satisfy and , respectively, and for A, there exits a constant C), depending on
Csa,V,F, 0, |Q|, 0, 1, Bun,a, and P, such that

2

i—1
IAelle < Cxn D | Ifrllossse + Ifmlloe+ D (lggllog + [uplijzr)’
i=1 j€{p,2}

5 A priori error analysis

In this section we derive Céa’s estimate for the Galerkin scheme with the finite element subspaces
given by (cf. Section , and then use the approximation properties of the latter to establish
the corresponding rates of convergence. In fact, let (u,t,0) € L(Q) x LZ(Q) x Ho(dive/5; ) and
(b,\) € Hy(curl; ) x H{(Q), with b € W, be the unique solution of the problem and let
(up, ty, o) € HY x H}“l x HY and (bp, Ap) € HE X Hﬁ, with by, € Wy, be the unique solution of the
discrete problem . Then, we are interested in obtaining an a priori estimate for the global error

[u—unllosn + It —tulloo + o = anllaive 0 + D= brllewto + A= Anllo.  (5.1)
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For this purpose, in what follows we introduce some definitions. Hereafter, given a subspace X} of a
generic Banach space (X, || - ||x), we set as usual

dist (z, Xp,) = lI€l§( |z — zn|x VeeX.
Th h

We stress here that in order to derive an a priori bound for the global error , we first bound,
separately, the terms [|d — Uy x + [[o — oplldive/5;0 and [|A — Ayl1,0, being (d,0) = ((u,t,b),0) €
X x Hyo(divgs;€2) the unique solution of the problem (2.25), and (dx,04) = ((un,tn,br), o) €
X}, x HY the unique solution of the discrete problem . This is done below in Lemmas and
respectively. We begin by bounding [|d — t@p[[x + [[0 — oplldiv,,5;0- To that end, we first notice that
differently to [8] we can not apply directly the Strang-type lemma derived in [8, Lemma 5.1] since Cy,
is not included in its continuous counterpart C. Nevertheless, most of the arguments used to prove
[8, Lemma 5.1] are employed below in Lemma E for the context given by and , namely
discrete strong monotocity of A(by) (cf. (4.27)), continuity of the operator c(by) (cf. (4.13)), and
discrete inf-sup condition of B (cf. (4.28)).

Next, we define the set

V}(L; = {V_\;h e Xy : [B(V_\;h),Th] = [G,Th] V1 € Hg}, (52)

which is clearly nonempty, since holds. Note from the second equation of that u, € VS’
and then d;, — wy, € V}, for all w, € V,(E'. In addition, we recall that the discrete inf-sup conditions
(4.28) and (4.3), and a classical result on mixed methods (see, for instance, [20, eq. (2.89) in Theorem
2.6]) ensure the existence of Cq,Co > 0, independent of h, such that:

dist (6, V) < ¢ dist (8, Xp,) < Oy (dist (u, FI) + dist (t, HY) + dist (b,Ch)> (5.3)

and
dist (b, C) < Codist (b, HP). (5.4)

Throughout the rest of the paper, given any r > 0, both ¢(r) and C(r), with or without sub-indexes,
denote positive constants depending on r, and eventually on other constants or parameters.

The announced preliminary result regarding ||d — Gp[|x + |0 — o1 giv, ;0 18 established as follows.

Lemma 5.1 Assume that {Th}n>o0 is a family of quasi-uniform triangulations. Let f; € L6/5(Q),
£, € L2(Q), g5 € L2(Q), and up € HY2(T), satisfying

Cs,d C(T

i1 1
=== S Erllog/ze + IEnlloa+ D (lgrlloa+ lunllijzr)’ <35 (5.5)
M OMH,d . 2
je{p.2}
Then, there exists a positive constant C1(r), independent of h, such that
[t —tdp[|x + [lo = onllaive 550
(5.6)

<Ci(r) $ Y7 (dist (u, HY) + dist (¢, HE) + dist (b, HE))’ ™' + dist (o, H)
J€{p,2}
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Proof. We begin by noting that the first equation in (2.25)) is well-defined even dough for test functions
in X},. Then, we subtract the first equations of (2.25) and (4.5)), to obtain

[A(b)(1), V4] — [A(bp)(Un), Va] + [B(Vh), 0 —0op] =0 VVj € Xp. (5.7)

Next, let Wy, = (W, Ty, €) be an arbitrary element in V& (cf. (5.2))), adding and subtracting suitable
terms in (5.7)), we arrive at

[A(br)(Wr) — A(by)(Un), V4]
= [A(bp)(Wn), V] — [A(b)(Wr), Vi] 4 [A(b)(Wp) — A(b)(4), V1] — [B(Vh),0 — a4,

for all v, € Xp. Testing (5.8]) with v, = wy, — U € Vy,, using (4.27) (cf. Lemma and the fact
that [B(wy, — up), o, — 73] = 0 for all 7, € HY, we get

(5.8)

oama [[Wh — sk < |[A(bR)(Wr), Wi — ] — [A(b)(Wp), Wy — Up]| (59)
+{[A(b) (W) — A(b) (), W, — Tn]| + |[B(Wh — 1in), o — 7] '

)

where, using the definitions of A(b) (cf. (2.26)) and A(by,) (cf. (4.6))), and employing Lemma[4.1] and
triangle inequality, we first deduce that

[[A(by) (W), Wy, — dp] — [A(D)(Wh), Wy — Ws]| = |[c(by — b)(Wh), Wi — 4]

C 0 X7 =g = —
< %’d Hb — bthurl;Q (Hu — Wh”X + HuHX) Hwh _ uhHX

IN

C 0 TV 4 — —
;d{(”bchrl;Q + ||bp|curt) 1T — Wi llx + [[d]Ix|[b — bthurl;Q}Hwh ~dx.-

Then, using the fact that b € W, by, € Wy, and bounding ||b — by |[cur1;0 by [|U — Up||x, we arrive at

[[A(bp) (W), Wy, — ds] — [A(b) (W), W), — Gy
(5.10)

Cs,d

< (en(r)ll = Woallx + =22 x5 — alx ) [Wh — ax

with ¢1(r) depending on Cs 4, p, and 7. In turn, using Lemma and simple computations, we get
|[A(b)(Wn) — A(b)(d), W — ts]| < [[A(b)(Wn) — A(b)(T)|lx[|Wn — tnlx
< Lwy {(1 + ”bchrl;Q) (Hu = whalloge + b — ethurl;Q)

+ It —rullog + (2]

-2 - -
losia + 1w = Willo0) I = wallogo }I¥n — alx

which combined with the property (a + b)P? < 2P~1(a? + bP) for a,b > 0 and p > 1, the fact that
b € W, using (3.34) in conjunction with (3.30)) to bound |Jul|p 6.0 by r, and similar arguments to the
ones employed in (5.10]), we deduce

[A)(W5) — Alb)(i), Wy, — 05]| < ear) {5~ Wl + 5~ Wall '} Iwn — dallx . (5.1)
with ¢o(r) depending on Lyy, p, and r. In addition, we observe from ({3.6)), that

‘[B(v?/h —Uy),0 — ThH < llo = Thllaive5:0 [[Wh — dpllx  V7h € HY . (5.12)
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Thus, replacing back (5.10)), (5.11)) and (5.12)) into (5.9)), and bounding ||td||x by (3.34), we obtain

¥ — Ginllx < ea(r) {116 = Wallx + & = Wnl% " + o = Tallaiven |

Cs,d CT

M Qv a

j—1 — _
+ I£rllo6/50 + [fmllon+ > (lgfllo + [luplljzr)’ ™ p I — dallx

je{p.2}
with c¢3(r) depending on awgg, Csa, f, Lmm, p, and 7. Hence, triangle inequality || — dj|lx <
|ld — wWp||x + ||Wh, — tn||x, and the assumption (5.5)), yields

= winlx < ealr) {6 = Walx + & - Walk " + llo = Tallaivg 0] - (5.13)

with ¢4(r) only depending on awm g, Csa, tt, Lwm, p, and .

On the other hand, to estimate the term HO'—O'h”diVG/S;Q, we consider an arbitrary element 7, € HY
and use the discrete inf-sup condition (4.28)), to get

B(#), 01 — o] — [B(¥1),0 —
5MH,dHo-h_Tthiv6/5;Q < sup [ (Vh)70h 0] [ (Vh),O' Th]

VReXy ||‘7h||
hA0

, (5.14)

where, using again (5.7)) and adding and subtracting suitable terms, we obtain
[B(¥1), 0 — o] = [A(b)(5in), 4] — [A(bp)(1n), %] + [A(b) () — A(b)(5in), ¥4

In turn, similarly to (5.10) and (5.11f), using (3.34) and (4.34]) in conjunction with (3.30) and (4.31])

to bound ||ul|o 6.0, |[unlloe:0, and ||ty||x by 7, and the fact that b € W, we deduce, respectively, that

C1s,d

IN

|[A(by)(tn), V1] — [A(b)(Tr), V]| [ — i x [[tnllx [[Vnllx < es(r) [0 —tn]lx [Vallx (5.15)

and
[[A(b)(5in) — AB)(@), V)| < Lunv/3{1 + [Bllewter + (1ullosie + [unllosa)”* I — allx ¥4l x

< cg(r) [ — Un x| Vallx ,
(5.16)
with ¢5(r) and cg(r) only depending on Cj 4, 1, Lum, p, and 7. Thus, replacing back (5.15) and ((5.16))
into (5.14)), using , triangle inequality, and some algebraic manipulations, we obtain

o = onllaive,s:0 < llo = Talldive 50 + 170 — onlldives:0
(5.17)
< er(r) {llor = i llaivesi0 + 16— Gallx }

with c7(r) only depending on Cj 4, pt, Lvu, P, funa and 7. Finally, combining ([5.13)) and (5.17)), using

the fact that wy, € V}? and 7, € Hf are arbitrary, taking infimum over the corresponding discrete
subspaces V,(E' and H?, and applying (5.3)—(5.4), we conclude ([5.6)) completing the proof. O

The aforementioned result regarding ||A — Ap[1,0 is established as follows.
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Lemma 5.2 Assume that {Tp}n>o is a family of quasi-uniform triangulations. Assume further that
the data satisfy (5.5)). Then, there exists a positive constant Ca(r), independent of h, such that

IA=Malle < 02(7“){ S (dist (u, HY) + dist (¢, HE) + dist (b, HE))' ™!
j€{p2} (5.18)
+ dist (o, HT) + dist (), Hﬁ)}.

Proof. Let &, be an arbitrary element in Hz From the discrete inf-sup condition (4.3)) and simple
computations, we have that

(5.19)

B l6n — Anl < sup Lm(dn): & = AL+ [B(di), A= An].

d,cHP [d|
dp#0

In turn, subtracting (4.2c) to (2.15¢) and after adding and subtracting suitable terms there holds
(b (dr), A = Ap] = —[am(b —by),ds] + [em(br, —b)(up),dn] + [em(b)(up —u),dy],  (5.20)

for all dy, € HE. Next, using (3.5)), (3.11)) and (4.12) to bound, respectively, the three terms on the
right-hand side of ([5.20)), we deduce that

1 .. . Csa, Cs . .
[ (di), A = ]| < {Wg ot = i+ (= i+ uuux)uu—uhux} ldnlleuna - (5:21)

Thus, replacing back (5.21)) into (5.19)), using triangle inequality, (3.34]) and (4.34)) in conjunction with
(3.30) and (4.31)) to bound both ||d||x and ||dy||x by r, we get

1A= dnlhe < 1A= élha + 16— Mle < e {lE-dulx + 1A= &lha},  (5:22)

with ¢(r) depending on B, 0, t, Csa, Cs, p, and 7. Finally, combining (5.22) and (5.6|), and using
the fact that &, € Hz is arbitrary, we conclude ([5.18) completing the proof. O

We are now in position of establishing the Céa estimate of (4.2). The aforementioned result follows
straightforwardly from Lemmas and

Theorem 5.3 Assume that {Tp}r>0 is a family of quasi-uniform triangulations. Assume further that
the data satisfy (5.5). Then, there exists a positive constant C(r), independent of h, but depending on
7, Lupa, cwna, 0, i, Csa, Cs, Lwn, P, Bm and Puna, such that

lu—unlloen + It —tullog + b —brllcuro + [0 = Trlldivgs:0 + 1A = Anllie
<C(r) ¢ > (dist (u, Hp) + dist (t, Hf) + dist (b, HP))’ ™" + dist (o', Y ) + dist (A, H})
j€{p,2}

In order to establish the rate of convergence of the Galerkin scheme , we recall next the
approximation properties of the finite element subspaces H}!, H}L, Hy, HE and Hﬁ (cf. ), whose
derivations can be found in [4], [19], [20], [22], [31, Theorem 5.41] and [7, Section 3.1] (see also [12),
Section 5]):
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(AP)gr: there exist positive constants C7,Cy, and C3, independent of h, such that for each v €
WHEFLE(Q), s € HFL(Q) NLE(Q), and 7 € H1(Q) N Ho(divg,s; Q) with div(T) € Wk+1’6/5(Q),
there hold

dist (v, H}) = _inf v = villoga < CL A V],
h h

dist (s, H}) := inf Is —snllo < Coh*Is|lkr10,

I‘hEHh

and
dist (7, Hy) := _inf |17 = Talldivg 0 < Cs s {||7'Hk+1,9 + HdiV(T)||k+1,6/5;Q} :
h

(AP)y: there exist positive constants Cy and C5, independent of h, such that for each d € H*1(Q) N
Hy(curl; ) with curl(d) € H*1(Q), and ¢ € H2(Q) N HE(Q), there hold

dist (d, Hy) := diglb Id = dplewe < CyhFH {||de:+1,Q + ”CUﬂ(d)”kz—&-LQ} ;
h h

and

dist (€, Hp) := inf [l€ = &ullo < Cs A [|€]lkrasn -
&LEH;;

Now we are in a position to provide the theoretical rate of convergence of the Galerkin scheme (4.2]).

Theorem 5.4 In addition to the hypotheses of Theorems [4.9, and[5.3, given an integer k > 0,
assume that u € WH5(Q), t € H"(Q) NLE(Q), o € H(Q) N Ho(dive/5; Q) with div(e) €
WHEHLE/5(Q), b € HF1(Q) N Hy(curl; Q) with curl(b) € HF(Q), and A € H*2(Q) N HY(Q). Then,
there exists a positive constant Crate, independent of h, such that

[u—waplloge + [t —talloe + [Ib = ballcwse + [l — Trlldivy 50 + 1A = Anlli0

-1
< Crate W' { > (||u||k+1,6;9 + [[tle+1.0 + [bllrtr,0 + ||Cur1(b)||k+1,9>
j€{p,2}

+ llollk+1,0 + [[div(o) |k 16/50 + ||)‘||k+2,9} .

Proof. The result follows from a direct application of Theorem and the approximation properties
provided by (AP)gr and (AP)y. Further details are omitted. O

We end this section by introducing suitable approximations for other variables of interest, such
as the pressure p, the velocity gradient G = Vu, the vorticity w = % (Vu - Vut), and the stress
o :=v(Vu+Vu') — pl, are all them written in terms of the solution of the discrete problem ([4.2a])—
. In fact, using , , and , and after simple computations, we deduce that at the

continuous level, there hold

1%

3

(8-,

and 5:a+utt—|—<%gf—|—co)]l, with cO:?)’I/m/ng,

DN |

1
gr—c, G=t+_-grl, w=

1
p:—gtr(a)—l— 3

(5.23)
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provided the discrete solution (up, tp, up) € Hf x Hf x HY of problem (4.2a)(4.2D]), we propose the
following approximations for the aforementioned variables:

(th - tZ) )

DN |

v 1
395 ¢ Ghzth+§gf]1, wp =

and &h:ah+ut’,§+(ggf+c0> I.

1
Ph=—3 tr(oy) +
(5.24)

The following result, whose proof follows directly from Theorem establishes the corresponding
approximation result for this post-processing procedure.

Corollary 5.5 Let (u,t,0) € L5() x LZ.(Q) x Ho(divg,s; Q) and (b, \) € Hy(curl; Q) x H§(Q) be the
unique solution of the continuous problem , and let p, G,w and o given by . In addition,
let pp, Gp,wyp, and o be the discrete counterparts introduced in . Let an integer k > 0 and
assume that the hypotheses of the Theorem be hold. Then, there exists a positive constant Cpost,
independent of h, such that

I =prllog + G = Grlloga + lw = whlloo + e = anlloe

J
< Chost { 3 (HquJrLﬁ;Q + [[tlle41,0 + [[Pllrr10 + chﬂ(b)HkH,Q)
j€{p,2}

+ llollk+1,0 + [div(o)lkr16/50 + ”)‘szJrQ,Q} -
Proof. Recalling the formulae given in (5.23) and (5.24]), and employing suitable algebraic manipu-

lations it is not difficult to show that there exists C' > 0, independent of h, such that the following
estimate holds

Ip = palloe + 1G = Gallog + lw = willoe + 17 = Galloe < C {lit = tullon + o = nllaive o } -

Then, the result follows straightforwardly from Theorem We omit further details. (]

6 Numerical results

In this section we report two examples illustrating the performance of the mixed finite element method
, on a set of quasi-uniform triangulations of the respective 3D domains, and considering the finite
element subspaces defined by (cf. Section . In what follows, we refer to the corresponding
sets of finite element subspaces generated by & = 0 as simply Pop — Pg — RTyg — NDg — P;. Our
implementation is based on a FreeFemm++ code [27], in conjunction with the direct linear solver
UMFPACK [L7]. In order to solve the nonlinear problem ([4.2)), given 0 # w € L%() we introduce the
Gateaux dirivative and functional associated, respectively, to ay and Fy (cf. , ), that is

Da(w)(u,t), (v, s)] i= a/

Q

u-v+F/]w]p_Qu-v—l—F(p—Q)/]W[p_4(w-u)(w-v)+u/t:s
Q Q Q

and
[Fi(w), (v,s)] :==[F1,(v,s)] + F(p - 2) /Q w[P~?w v,
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for all (u,t),(v,s) € L5(Q) x LZ(Q). In this way, we propose the Newton-type strategy: Given
0 # ug € H}, for i > 1, solve

[am (b},), dp] + [em (b3,) (W, 1), di] + [bi(dp), X)) = [F3,dy)], 61)
b (b},), 6] = 0,
for all d, € H? and &, € H), and
[Day(wy ) (wj,, t), (Vi si)] + by (vassn),oh] = [Fi(w ), (vasn)] = [ep(b]) (b)), vil, ©2)
[br(uj,, th), 7h] = [F2,7n],

for all (vp,sp) € Hj x ]H[f1 and 75, € Hy. More precisely, we first solve the linear system with the
given u), whose solution is denoted (bi,A}). Next, we solve with the given (ul,b}), so that,
starting from u?l = (0,1E — 6, O)t, we perform just one Newton iteration to obtain (u}t7 t,ll, U}L) as an
approximate solution of it. Then, the process continues with uj for each 7+ > 1. In this way, for a
fixed tolerance tol = 1E — 6, the above iterations are terminated, which yields the number of Newton
iterations reported in the tables below, once the relative error between two consecutive iterates, say
coeff™ and coeff™ !, is sufficiently small, i.e.,

|coeff™ 1 — coeff™||
lcoeff™ |

< tol,

where || - || stands for the usual Euclidean norm in RP% with DOF denoting the total number of degrees
of freedom defining the finite element subspaces H}}, H} | HY, ng and Hﬁ

We now introduce some additional notations. The individual errors are denoted by:
e(u) := lu—wllogn, e(t):= [t —tulloo, e(o):=lo—onlldivysa,
e(b) == [b—bpllcua, eN):=[A=lla, e@):=p—mprrloa,

e(G) = |G — Gpllog, ew):=|lw—wilog, €@):=|F—an

0,92 5

where the pressure p, the velocity gradient G, the vorticity w, and the shear stress tensor & are further
variables of physical interest that are recovered by using the corresponding postprocessing formulae

pr, Gp, wp, and o, detailed in ((5.23)—(5.24]). Next, as usual, for each x € {u,t,a,b,)\,p,G,w,E'}
we let r(x) be the experimental rate of convergence given by
1 *) /e (%
o LoBC(/(5)
log(/7)
where h and h’ denote two consecutive meshsizes with errors e and ¢’ respectively.

The examples to be considered in this section are described next. In all them we take for sake of
simplicity v = 1, = 1, = 1,F = 10, and ¢ = 1, and set the vector 1 := (1,1,1)" € R?. In addition,
the mean value of tr(a%) over €, with ¢ > 1, is fixed via a Lagrange multiplier strategy (adding one
row and one column to the matrix system that solves for uﬁl, t};, and o'}L)

Example 1: Accuracy assessment with a smooth solution in a convex domain.

In the first example we illustrate the performance of the Galerkin scheme (6.1)—(6.2) (cf. (4.2])) in a
convex domain. We consider the domain €2 := (0,1) x (0,0.5) x (0,0.5), the inertial power p = 3, and
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choose the data fy, f,,, gy and up such that the exact solution is given by

sin(mxy1) cos(mwe) cos(mas)
u(x) = | —2cos(mzy) sin(mzg) cos(mxs) | , p(x) =x223 (21 —0.5),
cos(mx1) cos(mre) sin(3mwxs)

b(x) = curl(z} (z2 — 0.5)2z3 cos(ma3)?1),  A(x) = 122 33 (x2 — 0.5)(z3 — 0.5)(z1 — 1).

The model problem is then complemented with the appropriate Dirichlet boundary conditions. Table
[6.1] shows the convergence history for a sequence of quasi-uniform mesh refinements, including the
number of Newton iterations. Notice that we are able not only to approximate the original unknowns
but also the pressure field, the velocity gradient tensor, the vorticity, and the shear stress tensor
through the formula ([5.24). Note also that e(t) = e(G) since t (resp. tj) is just a translation of G
(resp. Gp,). The results confirm that the optimal rates of convergence O(h**+1) predicted by Theorem
and Corollary are attained for £ = 0. The Newton method exhibits a behavior independent
of the meshsize, converging in four iterations in all cases. In Figure [6.1] we display some solutions
obtained with the five-field mixed Py —IPy—RTy — NDg — P approximation with meshsize h = 0.0505
and 32,928 tetrahedra elements (actually representing 613,593 DOF).

Example 2: Accuracy assessment with a smooth solution in a non-convex domain.

In the second example we test the iterative method (6.1)-(6.2) (cf. (4.2)) in a non-convex domain. In
fact, we consider the Fichera’s corner domain € := (—1,1)%\ [0,1)3, where, due to the regularity of
the Neumann problem (see [I5] and [16] for details), there holds Ho(curl; Q) NH(div%; Q) € H*(Q) for
5 € (1/2, 2/3). We consider the inertial power p = 4 and choose the data f¢, f,,,, g and up so that
the exact solution is given by

— 1 (22 — x3) (22 + 73)
u(x) = 2x9 (1 — x3) (z1 + x3) . p(x) =z 2223 — Cp,
—x3 (21 — 22) (21 + 22)

b(x) := curl(sin®(rz1) sin®(rzs) sin®(rz3)1), A(x) := sin(rz) sin(ras) sin(rzs),

where ¢, € R is chosen in such a way p € LZ(Q). The convergence history for a set of quasi-uniform
mesh refinements using k£ = 0 is shown in Table[6.2] Again, the mixed finite element method converges
optimally with order O(h), as it was proved by Theorem and Corollary In addition, some
components of the numerical solution are displayed in Figure[6.2] which were built using the five-field
mixed Py — Py — RTg — NDy — P; approximation with meshsize h = 0.1414 and 42,000 tetrahedra
elements (actually representing 782,121 D0OF). We observe that for this example the second diagonal
components of the velocity gradient and its translation, namely Gagj and to 5, look quite similar
since they only differ in the term % g7 (cf. (5.24)), with gy = div(u) = 27 — 23 small in €.
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Figure 6.1: [Example 1] Computed magnitude of the velocity, translation of the velocity gradient
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field, shear stress tensor component, vorticity component, and velocity gradient component (bottom
plots).
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component, computed magnitude of the pseudostress tensor, and magnetic field (top plots); pressure
field, shear stress tensor component, vorticity component, and velocity gradient component (bottom
plots).
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